EIGENVALUES OF THE REFERENCE OPERATOR AND SEMICLASSICAL RESONANCES

VINCENT BRUNEAU AND VESSELIN PETKOV

Abstract. We prove that the estimate of the number of the eigenvalues in intervals [λ−δ, λ+δ], 0 < h C ≤ δ ≤ C, of the reference operator L^#(h) related to a self-adjoint operator L(h) is equivalent to the estimate of the integral over [λ − δ, λ + δ] of the sum of harmonic measures associated to the resonances of L(h) lying in a complex neighborhood Ω of λ > 0 and the number of the positive eigenvalues of L(h) in [λ − δ, λ + δ]. We apply this result to obtain a Breit-Wigner approximation of the derivative of the spectral shift function near critical energy levels.

1. Introduction

This paper is devoted to the analysis of the connection between the distribution of the semiclassical resonances z_j (h) of a Schrödinger type operator L = L(h), 0 < h ≤ h_0, and the behavior of the counting function N(L^#(h), [α, β]) = #{μ ∈ R : μ ∈ sp_{pp}L^#(h), α ≤ μ ≤ β} of the so called reference operator L^#(h) related to L(h) (see Section 2). Under the general ”black box” assumptions (2.1)-(2.7) we may define the semi-classical resonances w ∈ C_− by complex scaling [26], [23]. Let Res L be the set of resonances of L. Then for every relatively compact open domain Ω ⊂⊂ {z ∈ C : Re z > 0} the estimate N(L^#(h), [−λ, λ]) = O (( λ h^2

)_n#_{/2}) , n^# ≥ n, λ ≥ 1 implies the bound

#{w ∈ Res L ∩ Ω} ≤ C(Ω)h^{−n#} , 0 < h ≤ h_0 (1.1)

(see [26], [23] and, [27] for the classical case). Given an interval [E_0, E_1], 0 < E_0 < E_1, such that every λ ∈ [E_0, E_1] is a non-critical energy level for the principal symbol of L, a more precise result holds and recently J. F. Bony [1] proved (see also [3] for similar results concerning critical energy levels) that the condition N(L^#(h), [λ − δ, λ + δ]) ≤ Cδh^{−n#} (1.2) for all λ ∈ [E_0, E_1], 0 <^h_{C1} ≤ δ ≤ C_1, implies #{w ∈ C : w ∈ Res L, |w − λ| ≤ δ} ≤ Cδh^{−n#} (1.3) for λ ∈ [E_0, E_1] and 0 <^h_B ≤ δ ≤ B (see also [19] for the case of compact perturbations). Moreover, under the assumption (1.2) we can obtain a Weyl type asymptotics and a Breit-Wigner approximation of the spectral shift function ξ(λ, h) (see [8] for more details). Finally, there exists a close relation between the behavior of ξ(λ, h) and that of N(λ) = N(L^#, ] − ∞, λ]). This relation has been studied by S. Nakamura [16] in the case of short range perturbations of the Schrödinger 1

operator L = −h^2Δ + V (x) and by the authors [7], [8] in the setup of ”black box” long range scattering.

It is natural to expect that some information on the distribution of the resonances in a complex neighborhood Ω of [E_0, E_1] will imply (1.2) and via the results in [8] the asymptotics of ξ(λ, h). To our best knowledge it seems that there are no such results in the literature. The purpose of this paper is to show that (1.2) is equivalent to a similar condition involving the sum of the harmonic measures ω_{C −} (w, J) = ∫ J | Im w| π|t − w|^2 dt, J ⊂ R = ∂C_− related to the resonances w, Im w < 0, lying in a complex neighborhood of [E_0, E_1]. We refer to [15], [13], [18], [19], [4] for the results concerning the Breit-Wigner approximations and the harmonic measures ω_{C −} (w, .). More precisely, the condition (1.2) is equivalent to the same condition for the function

M_Ω(λ) = ∑ w∈Res L, w∈Ω, Im w≠0 ω_{C −} (w, ] − ∞, λ]) + #{μ ∈] − ∞, λ] ∩ Ω : μ ∈ sp_{pp} L}

(Theorem 1) which may be considered as an analogue of the counting function of eigenvalues. Notice that the positive eigenvalues μ ∈ sp_{pp} L coincide with the resonances w ∈ R^+ and the function M_Ω(λ) is completely determined by the resonances in Ω. In particular, from Theorem 1 we obtain a new proof of the implication (1.1) ⇒ (1.2) established by J. F. Bony [1] (Corollary 2).

We can define the spectral shift function ξ(λ, h) for L(h) and L̃(h), where L̃(h) is an intermediate operator defined in Proposition 1. On the other hand, for short range perturbations the spectral shift function ξ(λ, h) = ξ(L, L̃) can be defined for the pair of operators L, L_0 = −h^2Δ. The importance of Theorem 1 is that we have the equivalence of three conditions i) − iii) and exploiting i) and iii) we obtain after minor modifications of the arguments of Section 6 in [8] a Breit-Wigner approximation of the derivative of the spectral shift function ξ(λ, h) (Theorem 2).

In the case when we have no ”black box” and L(h) is a h-pseudodifferential self-adjoint operator in L^2(R^n ) with principal symbol l_0(x, ξ) we should stress that the assumptions (2.1)-(2.9) do not concern the eventual critical points of l_0(x, ξ) lying in {(x, ξ) ∈ R^n : |x| ≥ R_0 > 0}. Thus we can cover the case of critical energy levels choosing an appropriate weight factor r(h) with inf_{h∈]0,h0]} r(h) > 0. For non-degenerate critical points the results of J. F. Bony [3] imply the assumption i) of Theorem 1 with suitable r(h) and combining this with Theorem 2 we obtain some applications for non-degenerate critical points (see Section 4). There are only few results concerning a Breit-Wigner approximation of^{∂ξ}_{∂λ} (λ, h) near critical energy levels (see [13], [11], [12]). In this direction Theorem 2 and Corollary 3 present some general results. In Section 5 we compare our results in the one dimensional case with those obtained recently by Fujiié and Ramond [11], [12]. In the paper we denote by C positive constants, independent on h, which may change from line to line.

Acknowledgments. The authors would like to thank Jean-François Bony for many useful discussions concerning the application of Propositions 1 and 4. We would like to thank also Mouez Dimassi and the referee for their remarks concerning the paper.

2. Assumptions and results We start by the abstract “black box” scattering assumptions introduced in [26], [23] and [25].

The operator L(h) = L, 0 < h ≤ h_0, is defined in a domain D ⊂ H of a complex Hilbert space H with an orthogonal decomposition

H = H_{R0} ⊕ L^2(R^n \ B(0, R_0)), B(0, R_0) = {x ∈ R^n : |x| ≤ R_0}, R_0 > 0, n ≥ 1. Below h > 0 is a small parameter. We suppose that D satisfies 1l_Rn_{\B(0,R0)}D = H^2(R^n \ B(0, R_0)), (2.1) uniformly with respect to h in the sense of [23]. More precisely, equip H^2(R^n \ B(0, R_0)) with the norm ‖ < hD >^2 u‖_L2 , < hD >^2= 1 + (hD)^2, and equip D with the norm ‖(L + i)u‖_H. Then we require that 1l_Rn_{\B(0,R0 )} : D −→ H^2(R^n \ B(0, R_0)) is uniformly bounded with respect to h and this map has a uniformly bounded right inverse.

Assume that 1l_{B(0,R0 )}(L + i)^{−1}is compact (2.2) and (Lu)|_{Rn \B(0,R0)} = Q ( u|_{Rn\B(0,R0 )} ) , (2.3) where Q is a formally self-adjoint differential operator Qu = ∑ |ν|≤2 a_ν (x; h)(hD_x)^ν u (2.4)

with a_ν (x; h) = a_ν (x) independent of h for |ν| = 2 and a_ν ∈ C^∞_b (R^n ) uniformly bounded with respect to h.

We assume also the following properties: There exists C > 0 such that l_0(x, ξ) = ∑ |ν|=2 a_ν (x)ξ^ν ≥ C|ξ|^2, ∀ξ ∈ R^n , (2.5) ∑ |ν|≤2 a_ν (x; h)ξ^ν −→ |ξ|^2, |x| −→ ∞ (2.6) uniformly with respect to h.

There exist θ_0 ∈]0,^π_2 [, ϵ > 0 and R_1 > R_0 so that the coefficients a_ν (x; h) of Q can be extended holomorphically in x to Γ = {rω : ω ∈ C^n , dist (ω, S^{n−1}) < ϵ, r ∈ C , r ∈ e^{i[0,θ0]}]R_1, +∞[} (2.7) and (2.5), (2.6) extend to Γ.

Let R > R_0, T_{R̃} = (R/R̃Z)^n, R̃ > 2R. Set H^# = H_{R0} ⊕ L^2(T_{R̃} \ B(0, R_0)) and consider a differential operator Q^# = ∑ |ν|≤2 a^#_ν (x; h)(hD)^ν on T_{R̃} with a^#_ν (x; h) = a_ν (x; h) for |x| ≤ R satisfying (2.3), (2.4), (2.5) with R^n replaced by T_{R̃}. Consider a self-adjoint operator L^# : H^# −→ H^# defined by

L^#u = Lφu + Q^#(1 − φ)u, u ∈ D^#,

with domain D^# = {u ∈ H^# : φu ∈ D, (1 − φ)u ∈ H^2}, where φ ∈ C^∞_0 (B(0, R); [0, 1]) is equal to 1 near B(0, R_0). Denote by N(L^#, [−λ, λ]) the number of eigenvalues of L^# in the interval [−λ, λ]. Then we assume that N(L^#, [−λ, λ]) = O( ( λ h^2

)_n#_{/2} ), n^# ≥ n, λ ≥ 1. (2.8)

Finally, we suppose that with some constant C ≥ 0 independent on h we have sp L(h) ⊂ [−C, ∞[, (2.9) where sp (L) denotes the spectrum of L.

Following [23], [25], we define the resonances w ∈ C_− by the complex scaling method as the eigenvalues of the complex scaling operator L_θ. Denote by Res L(h), the set of resonances. We will say that λ ∈ R is a non-critical energy level for Q if for all (x, ξ) ∈ Σ_λ = {(x, ξ) ∈ R^{2n} : l(x, ξ) = λ} we have ∇_{x,ξ}l(x, ξ) ≠ 0, l(x, ξ) being the principal symbol of Q. Since L(h) tends to −h^2Δ, for λ > 0 fixed, the set of the critical points of the Hamiltonian l(x, ξ) in Σ_λ is compact. Then taking R_0 sufficiently large, we can suppose that λ is non critical for Q and we can construct Q^# so that λ is non critical for Q^#, too.

We fix E_1 > E_0 > 0 and introduce an intermediate operator L̃(h) having no resonances in a complex neighborhood of [E_0, E_1] and each λ ∈ [E_0, E_1] is a non critical energy level for L̃ (see Proposition 1). Moreover, the estimate (3.1) makes possible to introduce the spectral shift function ξ(λ, h) for the pair (L(h), L̃(h)) (see Section 3) and, as in [8], we define ξ(λ, h) = lim_{ϵ→0, ϵ>0} ξ(λ + ϵ, h). Our main result is the following.

Theorem 1. Assume that L satisfies the assumptions (2.1) − (2.9) and suppose that each λ ∈ [E_0, E_1] is a non-critical energy level for Q and Q^#. Then for any real valued function r(h), h ∈]0, h_0] such that inf_{h∈]0,h0]} r(h) > 0, the following assertions are equivalent:

i) There exist positive constants B_1, C_1, ϵ_1, h_1 such that for any λ ∈ [E_0 −ϵ_1, E_1 +ϵ_1], h ∈]0, h_1] and h/B_1 ≤ δ ≤ B_1 we have #{μ ∈ R : μ ∈ sp(L^#(h)) ∩ [λ − δ, λ + δ]} ≤ C_1δr(h)h^{−n#} . ii) For every complex relatively compact neighborhood Ω ⊂ {z ∈ C : Re z > 0} of [E_0, E_1], independent on h, there exist positive constants B_2, C_2, ϵ_2, h_2, depending on Ω, such that for any λ ∈ [E_0 − ϵ_2, E_1 + ϵ_2], h ∈]0, h_2] and h/B_2 ≤ δ ≤ B_2 we have ∑ w∈Res L(h)∩Ω, Im w≠0 ω_{C −} (w, [λ − δ, λ + δ]) + #{μ ∈ R : μ ∈ sp_{pp}(L(h)) ∩ [λ − δ, λ + δ]} ≤ C_2δr(h)h^{−n#} .

iii) There exist positive constants B_3, C_3, ϵ_3, h_3 such that for any λ ∈ [E_0 −ϵ_3, E_1 +ϵ_3], h ∈]0, h_3] and^h_{B3} ≤ δ ≤ B_3 we have |ξ(λ + δ, h) − ξ(λ − δ, h)| ≤ C_3δr(h)h^{−n#} . Remarks. 1. In the assertion ii) it is sufficient to establish the bound for one complex neighborhood Ω of [E_0, E_1] with constants depending on Ω. Then for every other complex neighborhood Ω_1 ⊃ Ω the sum of the harmonic measures related to the resonances lying in Ω_1 \ Ω is easily estimated by O(h^{−n#} ) by using the bound of the function counting the resonances. On the other hand, it is clear that if every λ ∈ [E_0, E_1] is a non-critical energy level for Q the same is true for a small neighborhood of [E_0, E_1].

2. The assumption iii) does not depend on the choice of the operator L̃. This follows from the equivalence of ii) and iii), as well as from the observation that if we have two operators L̃_i, i = 1, 2, with the properties of Proposition 1, then ξ(L, L̃_1) − ξ(L, L̃_2) = ξ(L̃_2, L̃_1) and for ξ(L̃_2, L̃_1) we obtain easily iii) since the operators L̃_i, i = 1, 2, have non-trapping energy levels in [E_0, E_1]. In the case of short range perturbations we can take L̃(h) = L_0 = −h^2Δ and the estimate (3.1) (see Section 3) holds for the coefficients of L and L_0. Thus we can define the spectral shift function related to L and L_0.

3. If L is h-pseudodifferential operator in L^2(R^n ), then the assumptions (2.2)-(2.9) don’t exclude the existence of critical points (x, ξ) of the principal symbol of L lying in B(0, R_0). Thus Theorem 1 covers the case of critical energy levels and we will present some applications in Sections 4 and 5.

The assertion ii) is independent of the choice of a reference operator L^#(h) so we obtain the following.

Corollary 1. Let L^#_1 , L^#_2 be two reference operators for L satisfying the conditions (2.1) − (2.9) and suppose that each λ ∈ [E_0, E_1] is a non-critical energy level for Q, Q^#_1 and Q^#_2 . Then L^#_1 satisfies i) if and only if L^#_2 satisfies i).

From the implication i) ⇒ ii) we deduce an upper bound for the counting function of resonances in small domains. In fact, as in the proof of Lemma 6.1 in [19], for 0 < y < δ and |x − λ| < δ we have ∫_{λ+2δ} λ−2δ y (x − μ)^2 + y^2 dμ ≥ ∫_{δ/y} −δ/y 1 1 + r^2 dr ≥ π/2. Thus we deduce ∑ w∈Res L(h)∩Ω, Im w≠0 ω_{C −} (w, [λ − 2δ, λ + 2δ]) + #{μ ∈ R : μ ∈ sp_{pp}(L(h)) ∩ [λ − δ, λ + δ]}

≥ 1 2 #{z ∈ Res L(h), Im z ≠ 0, |z − λ| ≤ δ} + #{z ∈ Res L(h) ∩ [λ − δ, λ + δ]} and we obtain the following.

Corollary 2. The assumption i) of Theorem 1 implies the existence of positive constants C, B , b, h_0 such that for any λ ∈ [E_0 − b, E_1 + b], h ∈]0, h_0] and h/B ≤ δ ≤ B we have #{z ∈ C : z ∈ Res L(h), |z − λ| ≤ δ} ≤ Cδr(h)h^{−n#} .

In the non-critical case we can take r(h) = 1 and this corollary gives a new proof of a recent result of J. F. Bony [1] (see also [19] for the case of compact perturbations). In the critical case the statement of Corollary 2 implies the results of J. F. Bony [3] for differential operators L and dimension n ≥ 2 (see Section 4). The results in [3] in the case n = 1 for h-pseudodifferential operators L are more precise since the upper bounds r(h) is replaced by r(δ).

We may obtain a Breit-Wigner approximation for the derivative of the spectral shift function ξ(λ, h) defined before Theorem 1. In fact, by using the assertions i) and iii) of Theorem 1 and repeating with minor modifications the arguments of Section 6 in [8], we obtain the following generalization of Corollary 1 in [8].

Theorem 2. Assume that L satisfies the assumptions (2.1) − (2.9) and suppose that [E_0, E_1] is a non-critical energy level for Q and Q^#. Let r(h), h ∈]0, h_0], be a real valued function such that inf_{h∈]0,h0]} r(h) > 0. Then if one of the assumptions i) − iii) of Theorem 1 holds, then for each E ∈]E_0, E_1[ there exist constants C_2 > C_1 > 0, h^′_0 > 0 so that for |λ − E| ≤ C_1h, h ∈]0, h^′_0], we have ∂ξ ∂λ (λ, h) = − 1 π ∑ |E−w|≤C2h, w∈Res L(h) Im w |λ − w|^2 + ∑ |E−w|≤C1h, w ∈sppp L(h) δ(λ − w) + O ( r(h)h^{−n#} ) . (2.10)

3. Proof of Theorem 1

The proof of Theorem 1 is based on a representation formula for the spectral shift function (see Theorem 1 in [8]). Given a Hamiltonian l(x, ξ), denote by

exp(tH_l)(x_0, ξ_0) = (x(t, x_0, ξ_0), ξ(t, x_0, ξ_0))

the trajectory of the Hamilton flow exp(tH_l) passing through (x_0, ξ_0) ∈ Σ_λ. Recall that λ ∈ J is a non-trapping energy level for l(x, ξ) if for every R > 0 there exists T (R) > 0 such that for (x_0, ξ_0) ∈ Σ_λ, |x_0| < R, the x-component of the trajectory of exp(tH_l) passing through (x_0, ξ_0) satisfies |x(t, x_0, ξ_0)| > R, ∀|t| > T (R). We introduce an intermediate operator exploiting the following result of J. F. Bony (see also [24]).

Proposition 1 ([2]). Let L satisfy the assumptions of Section 2 and let 0 < E_0 < E_1. Then there exists a differential operator L̃(h) = ∑ |ν|≤2 ã_ν (x; h)(hD_x)^ν ,

satisfying the assumptions (2.4) − (2.7) and the following properties:

(a) There exists n > n such that we have | | |a_ν (x; h) − ã_ν (x; h) | | |≤ O(1)⟨x⟩^{−n}, |ν| ≤ 2 (3.1) for x ∈ Γ introduced in (2.7), uniformly with respect to h,

(b) The operator L̃ has no resonances in a complex neighborhood Ω_0 of [E_0, E_1] and Ω_0 is independent on h,

(c) There exists an open interval I_0 ⊂]0, +∞[ containing [E_0, E_1], such that each μ ∈ I_0 is non-trapping energy level for L̃.

The property (a) guarantees that for every f ∈ C^∞_0 (R) the operator f(L) − f(L̃) is “trace class near infinity”. More precisely, if we denote L_2 = L and L_1 = L̃, given f ∈ C^∞_0 (R), independent on h, and χ ∈ C^∞_0 (R^n ) equal to 1 on B(0, R_0) we can define tr_{bb}[f(L_j)]^2_{j=1}, as in [23], [25], by the equality

tr_{bb} ( f(L_2) − f(L_1) ) = [tr(χf(L_j)χ + χf(L_j)(1 − χ) + (1 − χ)f(L_j)χ)]^2_{j=1}

+tr[(1 − χ)f(L_j )(1 − χ)]^2_{j=1} , where we use the notation [a_j ]^2_{j=1} = a_2 − a_1. The spectral shift function ξ(λ, h) is a distribution in D^′(R) such that < ξ^′(λ, h), f(λ) >_D′_{(R),D(R)}= tr_{bb} ( f(L(h)) − f(L̃(h)) ) , f(λ) ∈ C^∞_0 (R) . Applying Theorem 1 of [8] in the domain Ω_0, we deduce that there exists a function g_+(z, h), holomorphic in Ω_0, such that for μ ∈ I_0 = W_0 ∩ R, W_0 ⊂⊂ Ω_0 we have ξ^′(μ, h) = 1 π Im g_+(μ, h) + ∑ w∈Res L∩Ω0, Im w≠0 − Im w π|μ − w|^2 + ∑ w∈Res L∩I_0 δ(μ − w), (3.2)

where g_+(z, h) satisfies the estimate

|g_+(z, h)| ≤ C(W_0)h^{−n#} , z ∈ W_0 (3.3)

with C(W_0) > 0 independent on h ∈]0, h_0].

Property (c) shows that L̃ has no critical energy levels λ ∈ [E_0, E_1]. In the following, we fix an open interval I_0 ⊂ R^+ ∩ Ω_0 containing [E_0, E_1] so that each λ ∈ I_0 is a non-critical energy level for the operators Q, L̃ and we introduce open intervals I_2 ⊂⊂ I_1 ⊂⊂ I_0 containing [E_0, E_1]. We suppose that |λ − z| ≥ η_0 > 0 for λ ∈ I_1, z /∈ Ω_0.

Consider a function θ ∈ C^∞_0 (] − ϵ_4, ϵ_4[), θ(0) = 1, θ(−t) = θ(t) such that the Fourier transform of θ satisfies θ̂(λ) ≥ 0 on R. Assume that there exist ϵ_0 > 0, δ_0 > 0 so that θ̂(λ) ≥ δ_0 > 0 for | λ |≤ ϵ_0 and introduce the function ( F^{−1}_h θ ) (λ) = (2πh)^{−1} ∫ e^{itλ/h}θ(t)dt = (2πh)^{−1}θ̂(−h^{−1}λ). The next lemma, established in [8], yields a connection between the derivatives of the functions M_{φ,Ω0} and N^#_φ .

Proposition 2 ([8]). Let φ ∈ C^∞_0 (I_1; R^+ ) and let

N^#_φ (μ) = tr ( φ(L^#)1_{]−C}#_{,μ]}(L^#) ) , G_φ(μ) = 1 π ∫ ]−∞,μ] Im g_+(ν, h)φ(ν)dν,

M_{φ,Ω0} (μ) = ∑ w∈Res L∩Ω0, Im w≠0

∫ ]−∞,μ] − Im w π|ν − w|^2 φ(ν)dν + ∑ w∈Res L∩]−∞,μ] φ(w). (3.4)

Then there exists ω_φ ∈ C^0_0 (R) such that d dλ (F^{−1}_h θ ∗ M_{φ,Ω0} )(μ) = d dλ (F^{−1}_h θ ∗ N^#_φ )(μ) − G^′_φ(μ) + ω_φ(μ)h^{−n} + O(h^{1−n#} ), (3.5)

where O(h^{1−n#} ) is uniform with respect to μ ∈ R.

For our argument we need a Tauberian theorem involving the factor r(h). A such theorem can be obtained by modifying the proof of the Tauberian theorem in [17], [20]. For the sake of completeness we present a version of the Tauberian theorem related to a real valued function r(h), h ∈]0, h_0] such that inf_{h∈]0,h0]} r(h) > 0.

Theorem 3. Let σ(λ, h), h ∈]0, h_0], be a set of real valued increasing functions. Assume that there exist a, b, c ∈ R and d ∈ N independent of h so that σ(λ, h) = 0 for λ ≤ a, σ(λ, h) = c for λ ≥ b, σ(λ, h) = O(h^{−d}) uniformly with respect to λ ∈ R and h ∈]0, h_0].

Then the following assertions are equivalents:

i) There exists positive constant C_1 such that for any λ ∈ R, h ∈]0, h_0] we have | | | d dλ (F^{−1}_h θ ∗ σ(., h))(λ) | | | ≤ C_1r(h)h^{−d}. ii) There exists positive constant C_2 such that for any λ ∈ R, h ∈]0, h_0] and η ≥ 0 we have σ(λ + η, h) − σ(λ − η, h) ≤ C_2(η + h)r(h)h^{−d}. Moreover, ii) implies

iii) There exists positive constant C_3 such that for any λ ∈ R, h ∈]0, h_0] we have |σ(λ, h) − (F^{−1}_h θ ∗ σ(., h))(λ)| ≤ C_3r(h)h^{1−d}. Proof. We assume i) and we are going to prove ii). It is clear that we can assume that η is bounded. Since σ(λ, h) is constant outside [a, b], it is sufficient to prove ii) for δ bounded and λ in a compact set. As in the proof of the Tauberian theorem (see [20] or [17] for more details), the inequality θ̂(ϵ) ≥ δ_0 for |ϵ| ≤ ϵ_0, implies |σ(μ + ϵh, h) − σ(μ − ϵh, h)| ≤ 2πh δ_0 d dλ (F^{−1}_h θ ∗ σ(., h))(μ), |ϵ| ≤ ϵ_0, ∀μ ∈ R. Exploiting i) for η ≤ ϵ_0h, we have σ(μ + η, h) − σ(μ − η, h) ≤ Cr(h)h^{1−d}. On the other hand, for η ≥ ϵ_0h applying the above inequality for μ = λ + η − (2j + 1)ϵ_0h at the right hand side of σ(μ + η, h) − σ(μ − η, h) ≤ [η/ϵ_0h] ∑ j=0 ( σ(λ + η − 2jϵ_0h, h) − σ(λ + η − 2(j + 1)ϵ_0h, h) ) , we obtain σ(μ + η, h) − σ(μ − η, h) ≤ C( η ϵ_0h + 1)r(h)h^{1−d} and this implies ii).

Now let us assume ii) fulfilled. Then d dλ (F^{−1}_h θ ∗ σ(., h))(λ) = 1 2πh ∫ R θ̂(μ − λ h )dσ(μ, h) and this implies | | | d dλ (F^{−1}_h θ ∗ σ(., h))(λ) | | | ≤ C 2πh (σ(λ + h, h) − σ(λ − h, h)) + 1 2πh ∞∑ k=1 ∫ kh≤|μ−λ|<(k+1)h θ̂(μ − λ h )dσ(μ, h). Combining this with the estimate |θ̂(ν)| ≤ C(1 + |ν|)^{−2} and applying ii), we deduce | d dλ (F^{−1}_h θ ∗ σ(., h))(λ)| ≤ Cr(h)h^{−d} + C 2πh ∞∑ k=1 1 k^2 r(h)h^{1−d}, which yields i). Here we have used that |σ(λ ± (k + 1)h, h) − σ(λ ± kh, h)| ≤ Cr(h)h^{1−d}. The proof of ii) ⇒ iii) follows from the relation σ(λ, h) − (F^{−1}_h θ ∗ σ(., h))(λ) = 1 2π ∫ R (σ(λ, h) − σ(λ + νh, h))θ̂(ν)dν, where we have used that θ(0) = 1. □

Remark. In the applications below we will use the estimate σ(λ + η) − σ(λ − η) ≤ C_2ηr(h)h^{−d} for^h_B ≤ η ≤ B. Since σ(λ, h) is increasing, this is equivalent to the assumption ii) of Theorem 3 for η ≥ 0.

Proof of Theorem 1. We assume i) and we are going to prove ii). Let [E_0, E_1] ⊂ I_2 ⊂⊂ I_1 ⊂⊂ I_0 be as above and let each μ ∈ I_0 be a non critical energy level for Q, Q^#. Choosing φ ∈ C^∞_0 (I_1; R^+ ), φ = 1 on I_2 as above, we will show that for^h_{B2} ≤ δ ≤ B_2 we have

M_{φ,Ω0} (λ + δ) − M_{φ,Ω0} (λ − δ) = O_φ(δ)r(h)h^{−n#} , λ ∈ [E_0 − ϵ_2, E_1 + ϵ_2]. (3.6)

According to Theorem 3, to obtain (3.6) it is sufficient to show that d dλ (F^{−1}_h θ ∗ M_{φ,Ω0} )(μ) = O(r(h)h^{−n#} ) (3.7)

uniformly with respect to μ ∈ R. Exploiting the assumption i), Theorem 3 and the Remark above, we get the estimate d dλ (F^{−1}_h θ ∗ N^#_φ )(μ) = O(r(h)h^{−n#} )

uniformly with respect to μ ∈ R. This implies (3.7) using the representation of Proposition 2.

Now let Ω ⊂⊂ {z ∈ C : Re z > 0} be a relatively compact open neighborhood of [E_0, E_1] in {z ∈ C : Re z > 0} containing Ω_0. Then taking into account (1.1), we obtain ∑ w∈Res L∩(Ω\Ω0), Im w≠0

∫_{μ+δ} μ−δ − Im w π|ν − w|^2 φ(ν)dν ≤ Cδ η^2_0 h^{−n#} , ∀δ > 0.

Consequently, the function

M_{φ, Ω}(μ) = ∑ w∈Res L∩Ω, Im w≠0 ∫ ]−∞,μ] − Im w π|ν − w|^2 φ(ν)dν + ∑ w∈Res L∩]−∞,μ] φ(w)

satisfies the estimate

M_{φ, Ω}(λ + δ) − M_{φ, Ω}(λ − δ) ≤ C_φδr(h)h^{−n#} , λ ∈ [E_0 − 2ϵ_2, E_1 + 2ϵ_2], h C_1 ≤ δ ≤ C_1 with a sufficiently small ϵ_2 > 0. Moreover, the constant C_φ > 0 depends on η_0, Ω and C_φ is independent on h. Since φ is equal to 1 on a neighborhood of [E_0, E_1], we deduce ii).

The proof of the implication ii) ⇒ i) is very similar. As in the analysis of the function M_{φ,Ω0} (μ), the estimate of N^#_φ (λ + δ) − N^#_φ (λ − δ) is a consequence of the bound d dλ (F^{−1}_h θ ∗ N^#_φ )(μ) = O_φ(r(h)h^{−n#} ), μ ∈ R.

According to the representation given in Proposition 2, we have to prove that d dλ (F^{−1}_h θ ∗ M_{φ,Ω0} )(μ) = O_φ(r(h)h^{−n#} ). (3.8)

First, using the notations introduced above, notice that M_{φ,Ω0} (λ + δ) − M_{φ,Ω0} (λ − δ) ≤ M_{φ, Ω}(λ + δ) − M_{φ, Ω}(λ − δ) + C_φδh^{−n#} . Secondly, it is clear that M_{φ, Ω}(λ + δ) − M_{φ, Ω}(λ − δ) ≤ ∑ w∈Res L(h)∩Ω, Im w≠0 ω_{C −} (w, [λ − δ, λ + δ])

+#{μ ∈ R : μ ∈ sp_{pp}(L(h)) ∩ [λ − δ, λ + δ]} ≤ Cδr(h)h^{−n#} , where in the second inequality we have used ii). Combining these estimates, we get M_{φ,Ω0} (λ + δ) − M_{φ,Ω0} (λ − δ) ≤ C_φδr(h)h^{−n#} , h C_2

≤ δ. (3.9)

It is clear that for 0 ≤ δ ≤^h_{C2} the last estimate remains true if we replace C_φ by^{Cφ}_{C2} (δ + h). Thus we can apply Theorem 3 for M_{φ,Ω0} (λ + δ) − M_{φ,Ω0} (λ − δ) and this implies (3.8). By using that φ is equal to 1 on a neighborhood of [E_0, E_1], we complete the proof of i). The equivalence ii) ⇔ iii) is a consequence of (3.2) and (3.3). □

4. Applications of Theorems 1 and 2

First we will examine the connection between the condition (1.3) and Theorems 1 and 2. We have the following.

Proposition 3. Assume that L satisfies the assumptions (2.1) − (2.9) and suppose that each λ ∈ [E_0, E_1] is a non-critical energy level for Q and Q^#. Assume that for λ ∈ [E_0 − ϵ_2, E_1 + ϵ_2], ϵ_2 > 0 and 0 <^h_B ≤ δ ≤ B we have #{w ∈ C : w ∈ Res L, |w − λ| ≤ δ} ≤ Cδh^{−n#} . (4.1) Then we can apply Theorem 1 and Theorem 2 with r(h) = ln(1/h).

Proof. It is sufficient to prove that the assertion ii) of Theorem 1 holds with r(h) = ln(1/h). It is easy to show that (4.1) implies ∑ w∈ (Res L) ∩Ω , 0<| Im w|≤Aδ ω_{C −} (w, [λ − δ, λ + δ]) ≤ O(δ)h^{−n#} , h B_2

≤ δ ≤ B_2. (4.2)

In fact, taking into account the estimate ∫_β α | Im w| |ν − w|^2 dν ≤ π, −∞ ≤ α < β ≤ ∞, (4.3) we obtain ∑ w∈Res L, Im w≠0, |w−λ|≤2δ ∫_{λ+δ} λ−δ | Im w| π|t − w|^2 dt ≤ Cδh^{−n#} . (4.4) On the other hand, for |t − λ| ≤ δ ≤ 1/2 we get ∑ w∈Res L, 0<| Im w|≤Aδ, |w−λ|>2δ | Im w| |t − w|^2

≤ C log^1_δ∑

k=1 ∑ 2k δ<|w−λ|≤2k+1δ, | Im w|≤Aδ | Im w| |t − w|^2 ≤ C log^1_δ∑

k=1 Cδ(2^{k+1}δ)h^{−n#} (2^kδ)^2 ≤ Ch^{−n#} , and after an integration over the interval [λ − δ, λ + δ] we obtain immediately (4.2) since the case δ > 1/2 is trivial.

To obtain the assumption ii), we will show that ∑ w∈ (Res L) ∩Ω, Im w≠0 ω_{C −} (w, [λ − δ, λ + δ]) ≤ O(δ) max ( log 1 δ , 1 ) h^{−n#} , h B_2

≤ δ ≤ B_2. (4.5)

To see this, first we apply (4.2) with A = 2. Next for |t − λ| ≤ δ ≤ 1/2 we have ∑ w∈ (Res L) ∩Ω, | Im w|≥2δ 1 |t − w|

≤ C log^1_δ∑

k=1 ∑ 2^k δ≤|w−λ|≤2^{k+1}δ 1 |t − w| ≤ C log^1_δ∑

k=1 C2^{k+1}δh^{−n#} 2^kδ ≤ C ( log 1 δ ) h^{−n#} .

So writing | Im w| |t − w|^2 = 1 2i ( 1 t − w − 1 t − w ) , we obtain (4.4) for δ ≤ 1/2. The analysis of the case 1/2 < δ ≤ B_2 is trivial. □

Remark. There are examples, where the result of Proposition 3 is sharp. In fact consider the case n = 1 and let L(h) = −h^2Δ + V (x). If V (x) has an absolute non-degenerate maximum at only one point α, then the analysis in [22] shows that (4.1) holds, while following the approximation of the resonances given in [5], [21], [10] the assumption iii) of Theorem 1 is satisfied with r(h) = log^1_h . We will discuss with more details this example in the next Section.

Next consider a classical h-pseudodifferential operator L(h) = L on L^2(R^n ) with symbol l(x, ξ; h) ∼ ∑ j≥0 l_j (x, ξ)h^j , l_j (x, ξ) ∈ S^{−j}_0 (< ξ >^2), where we use the notations of [9] for the symbols of h-pseudodifferential operators. Assume that there is no ”black box” and that L(h) satisfies the conditions (2.2)-(2.9). Moreover, we suppose that there exist constants C_1 > 0, C_0 > 0 so that

l_0(x, ξ) ≥ C_1|ξ|^2 − C_0, ∀(x, ξ) ∈ R^n , (4.6)

l_0(x, ξ) being the principal symbol of L. As we have mentioned in Section 2, the symbol l_0(x, ξ) may have critical points. Given a critical point E_c ∈ [E_0, E_1], we assume that the set C of the critical points of l_0(x, ξ) on the surface {(x, ξ) ∈ R^n : l_0(x, ξ) = E_c} is a submanifold of T^∗(R^n ) such that the Hessian of l_0(x, ξ) is non degenerate on the subspace normal to C. This implies that E_c is an isolated critical point of l_0(x, ξ) and the conditions on C are the same as those in [6], [3]. Moreover, the assumption (2.6) shows that C is a finite union of connected compact sets C = C_1 ∪ ... ∪ C_N . Let (r_j , s_j) be the signature of the Hessian of l_0(x, ξ) on the subspace normal to C_j . The codimension of C_j is equal to r_j + s_j. Notice that if L is a differential operator, the ellipticity condition (4.6) implies (see [3]) that r_j + s_j ≥ n + 1. In order to apply Theorem 1, we need the following result of J. F. Bony.

Proposition 4 ([3]). Under the above assumptions on the set of the critical points C for E in a small neighborhood of E_c, h ∈]0, h_0] and h/B ≤ δ ≤ B we have #{μ ∈ R : μ ∈ sp_{pp} L^#(h), |μ − E| ≤ δ} ≤ Cδr(δ)h^{−n}, where in the general case r(δ) = ( |E − E_c| + δ )_{−1/2} . Moreover, if for all 1 ≤ j ≤ N we have r_j + s_j ≥ 2, then r(δ) = | log(δ + |E − E_c|)| and if for all 1 ≤ j ≤ N we have max{r_j , s_j} ≥ 2, then r(δ) = 1. The proof in [3] is based on the estimation of the trace norm ‖ ‖f (L# − E δ )‖ ‖_{tr}

for a cut-off function f ∈ C^∞_0 (R; [0, 1]), f = 1 on [−1, 1] following the tools developed in [6]. Under the above assumptions the critical points are isolated and by using a finite covering of [E_0, E_1], we obtain a global version of Proposition 4 with constants B > 0, C > 0 and h_0 > 0 which are uniform with respect to E ∈ [E_0 − ϵ, E_1 + ϵ], ϵ > 0.

Corollary 3. Under the above assumptions on C, we can apply Theorems 1 and 2 for the hpseudodifferential operator L with r(h) given above.

5. Breit-Wigner approximation near critical energy levels In this section we assume that the critical manifold C has the form described in Section 4. Thus the assumption i) of Theorem 1 holds and we are going to discuss the form of the sum of harmonic measures related to the resonances. Throughout this section we assume that L(h) = −h^2Δ + V (x), where V (x) is real valued on R^n and |V (x)| ≤ C(1 + |x|)^{−n−σ}, σ > 0. Moreover, we suppose that V (x) is holomorphic in the domain {x ∈ C^n : | Im x| ≤ tan θ_0| Re x|} ∪ {x ∈ C : | Im x| ≤ δ_0} for 0 < θ_0 < π/2 and δ_0 > 0.

Denote by ξ(λ, h) the spectral shift function related to L(h) and L_0(h) = −h^2Δ. Let l(x, ξ) = |ξ|^2 + V (x) be the symbol of L(h) = L and let the set C of the critical points of l(x, ξ) have the form described in the previous section.

First we will treat the case n = 1. An application of Corollary 3 yields the following.

Proposition 5. Assume n = 1 and let the set of the critical points in l^{−1}([E_0, E_1]) have the form C = ∪^N_{i=1}{(α_i, 0)} with V (α_i) = E_i, V^′(α_i) = 0, V^{′′}(α_i) ≠ 0, i = 1, ..., N. Then for each E_i, i = 1, 2, ..., N, h ∈]0, h_0] and for |λ − E_i| ≤ C_1h, C_2 > C_1, we have ∂ξ ∂λ (λ, h) = − 1 π ∑ |Ei−w|≤C2 h, w∈Res L(h) Im w |λ − w|^2 + O ( h^{−1} log 1 h ) .

Our next purpose is to obtain an estimate of the term involving the harmonic measures. Consider the simplest case when the manifold C is given by a single point {(α, 0)}, where

V (α) = max_{x∈R} V (x) = E_c, V^′(α) = 0, V^{′′}(α) = − 1 2ρ^2 < 0, ρ > 0. The resonances in a disk D(E_c, r) for r > 0 sufficiently small have the form (see [5], [21], [10])

w_k = E_c − i(k + 1 2 ) 1 ρ h + O(h^2), k ∈ N and for |λ − E_c| ≤ C_1h <^1_{2ρ} h we obtain − 1 π ∑ |E_c−w_k|≤^r_2 Im w_k |λ − w_k|^2 = − 1 π ∑ 1 2ρ h≤|E_c−w_k|≤^r_2 Im w_k |λ − w_k|^2 = ρ πh C/h∑ k=1 1 k + O(h^{−1})

= ρ πh ∫_{C/h} 1 dx x + O(h^{−1}) = ρ π h^{−1} log 1 h + O(h^{−1}).

Thus applying Theorem 1 in [8] in the disk D(E_c, r/2), we get for λ ∈ R, |λ − E_c| ≤ C_1h ∂ξ ∂λ (λ, h) = ρ π h^{−1} log 1 h + O(h^{−1}) (5.1)

and we obtain the result of Theorem 2.2 in [11] concerning the case of an unique non-degenerate maximum point.

Next assume that C = {(α_1, 0)} ∪ {(α_2, 0)}, α_1 < α_2, with

V (α_i) = max_{x∈R} V (x) = E_c, V^′(α_i) = 0, V^{′′}(α_i) = − 1 2ρ^2_i < 0, ρ_i > 0, i = 1, 2. Following the results of [10], the resonances in a disk D(E_c, rh), r > 0, have the form

w_k = E_c +

S_0 − (k + 1/2)πh + ih log 2 K log h + O ( h (log h)^2 ) , k ∈ N if E_c − Re w_k = O(h/ log h) and

z_k = E_c +

S_0 − (k + 1/2)πh K log h + O ( h log h ) , k ∈ N in the exterior of this domain, where S_0 ∈ R and K =^1_2 (ρ_1 + ρ_2).

First we are going to estimate for |λ − E_c| ≤ C_1^h_{log 1h} , C_1 ≤^π_{2K} , the sum − 1 π ∑ |Ec−z|≤rh, z∈Res L(h) Im z |λ − z|^2

≤ #{z ∈ ResL(h) : |E_c − z| ≤ rh, |E_c − Re z| < πh K log^1_h }O ( h^{−1} log 1 h )

+ Ch log^1_h

C log^1_h∑

k=1 ∑ kπh K log 1h ≤|Ec−Re z|< (k+1)πh K log 1h z∈Res L(h), |Ec−z|≤rh

1 |λ − Re z|^2

≤ Ch^{−1} log 1 h ∞∑ k=1 1 k^2

+ C_2h^{−1} log 1 h = C_3h^{−1} log 1 h . Here we have used the fact that there are only finite number resonances z for which |E_c − z| ≤ rh, kπh K log^1_h ≤ |E_c − Re z| < (k + 1)πh K log^1_h , k ∈ N. By using the lower bound

− Im z ≥ C_0 h log^1_h , C_0 > 0, |E_c − z| ≤ rh, E_c − Re z = O(h/ log h), z ∈ Res L(h), a similar argument yields − 1 π ∑ |Ec−z|≤rh, z∈Res L(h) Im z |λ − z|^2 ≥ C_4h^{−1} log 1 h , C_4 > 0.

On the other hand, an application of Theorem 1 in [8] yields the representation ∂ξ ∂λ (λ, h) = − 1 π ∑ |Ec−z|≤r/2, z∈Res L(h) Im z |λ − z|^2 + O(h^{−1}). (5.2)

In a recent work, Fujiié and Ramond [11] proved that for |λ − E_c| ≤ C_1^h_{log 1h} we have π ∂ξ ∂λ (λ, h) = ρ_1 + ρ_2 2 ( 1 + γ (1 − γ^2) cos^2(σ_i/h) + γ^2 ) h^{−1} log 1 h + O(h^{−1}),

where the function γ(λ, h) is holomorphic in [E_c − ϵ, E_c + ϵ] + i[−Ch, Ch], ϵ > 0, while the function σ_i(λ, h) is real valued on the real axis and holomorphic in a disk D(E_c, Ch). Moreover, for λ ∈ (E_c − δ, E_c + δ) ⊂ R, δ > 0, we have 0 < γ(λ, h) < 1. Comparing the leading terms in these representations, for |λ − E_c| ≤ C_1^h_{log 1h} we get − ∑ |Ec−z|≤r/2, z∈Res L(h) Im z |λ − z|^2 = ρ_1 + ρ_2 2 ( 1 + γ (1 − γ^2) cos^2(σ_i/h) + γ^2 ) h^{−1} log 1 h + O(h^{−1}).

For γ small we have spikes at each zero of cos(σ_i/h), while the spikes in (3.2) are related to the real part of the resonances.

To treat the case λ ∈ R, C_1^h_{log 1h} ≤ |λ − E_c| ≤ rh, we apply Proposition 5. Notice that we

have at most O ( log^1_h ) resonances in D(E_c, rh) and the upper bound of the imaginary part of the resonances implies − ∑ |Ec−z|≤rh, z∈Res L(h) Im z |λ − z|^2 = − ∑ |λ−z|≤C2 h log 1h , |Ec−z|≤rh, z∈Res L(h)

Im z |λ − z|^2 + O ( h^{−1} ( log 1 h )_2)

. (5.3)

To estimate the sum at the right hand part of (5.3), we need a more precise information for the resonances z ∈ Res L(h) lying inside the domain |λ − z| ≤ C_2^h_{log 1h} .

Now consider the case n ≥ 2. In this situation Corollary 3 yields for |λ − E| ≤ C_1h the representation ∂ξ ∂λ (λ, h) = − 1 π ∑ |E−w|≤C2h, w∈Res L(h) Im w |λ − w|^2 + O(h^{−n}). (5.4)

Let us discuss the simplest case when the set K of trapping points of L(h) lying in l^{−1}(E_c) is given by a single point {(α, 0)} so that V (α) = E_c, ∇_xV (α) = 0.

Assume that the Hessian of V (x) at α is non-degenerate and let (n − d, d), d ≥ 1, be the signature of this Hessian. Then the linearization of the Hamiltonian field H_l at (α, 0) has eigenvalues ±iλ_j, 1 ≤ j ≤ n − d, ±λ_j, n − d + 1 ≤ j ≤ n with λ_j > 0 (see [21], [22]). Following the results in [21], [14], the resonances of L(h) in a disk D(E_c, Ch) admit an asymptotic representation and the condition d ≥ 1 implies easily that − Im w ≥ c_0h, c_0 > 0, ∀w ∈ D(E_c, Ch) ∩ Res L(h). On the other hand, the result of [21] says that the number of the resonances w lying in D(E_c, C_2h) is at most C_0 and for |λ − E_c| ≤ C_1h, C_1 < C_2 we obtain the estimate − 1 π ∑ |E−w|≤C2h, w∈Res L(h) Im w |λ − w|^2 = O(h^{−1}). (5.5)

In contrast to the case n = 1 for n ≥ 2 the sum of the Breit-Wigner factors is bounded by a term having a lower order than the remainder O(h^{−n}) in (5.4). In this direction we notice the analysis of the radial case in [12] concerning the partial scattering phases σ_l(λ, h), l ∈ N, for a potential having an absolute maximum (d = n). By using the asymptotics of^{∂σl}_{∂λ} (λ, h), l ∈ N, it seems difficult to obtain a representation for^{∂ξ}_{∂λ} (λ, h) like (5.4) with remainder O(h^{−n}).

References

[1] J.-F. Bony, Majoration du nombre de résonances dans des domaines de taille h, Inter. Math. Res. Notes, 16 (2001), 817-847.

[2] J.-F. Bony, Minoration du nombre de résonances engendrées par une trajectoire fermée, Commun. P.D.E. 27 (2002), 1021-1078.

[3] J.-F. Bony, Résonances dans des petits domaines près d’une énergie critique, Annales H. Poincaré, 3 (2002), 693-710.

[4] J -F. Bony, J. Sjöstrand, Trace formula for resonances in small domains, J. Funct. Anal. 184 (2001), 402-418. [5] P. Breit, J.-M. Combes and P. Duclos, On the location of the resonances for Schrödinger operators in semiclassical limit II: Barrier top resonances, Commun. P.D.E. 12 (1987), 201-222.

[6] R. Brummelhuis, T. Paul, A. Uribe, Spectral estimates around a critical level, Duke Math. J. 78 (1995), 477-530. [7] V. Bruneau, V. Petkov, Representation of the spectral shift function and spectral asymptotics for trapping perturbations, Commun. P.D.E. 26 (2001), 2081-2119.

[8] V. Bruneau, V. Petkov, Meromorphic continuation of the spectral shift function, Duke Math. J. (to appear). [9] M. Dimassi, J. Sjöstrand, Spectral asymptotics in the semi-classical limit, London Mathematical Society, Lecture Notes Series 268, Cambridge University Press, 1999.

[10] S. Fujiié, T. Ramond, Matrice de scattering et résonances associées à une orbite hétérocline, Ann. Inst. H.

Poincaré (Physique théorique), 61 (1998), 31-82.

[11] S. Fujiié, T. Ramond, Breit-Wigner formula at barrier tops, Preprint, 2001.

[12] S. Fujiié, T. Ramond, Semiclassical phase shift and time delay at a barrier top for the radial Schrödinger equation, Preprint, 2002.

[13] C. Gérard, A. Martinez and D. Robert, Breit-Wigner formulas for the scattering poles and total scattering cross-section in the semi-classical limit, Commun. Math. Phys. 121 (1989), 323-336.

[14] N. Kaidi, P. Kerdelhué, Forme normale de Birkoff et résonances, Asymptotic Analysis, 23 (2000), 1- 21. [15] R. Melrose, Weyl asymptotics for the phase in obstacle scattering, Commun. P.D.E. 13 (1988), 1431-1439. [16] Sh. Nakamura, Spectral shift function for trapping energies in the semiclassical limit, Commun. Math. Physics, 208 (1999), 173-193.

[17] V. Petkov, D. Robert, Asymptotique semi-classique du spectre d’hamiltoniens quantiques et trajectoires classiques periodiques Commun. P.D.E. 10 (1985), 365-390.

[18] V. Petkov, M. Zworski, Breit-Wigner approximation and the distribution of resonances, Commun. Math. Phys.

204 (1999), 329-351.

[19] V. Petkov, M. Zworski, Semi-classical estimates on the scattering determinant, Annales H. Poincaré, 2 (2001), 675-711.

[20] D. Robert, Autour de l’approximation semi-classique PM, 68, Basel, Birkhäuser 1987. [21] J. Sjöstrand, Semiclassical resonances generated by non-degenerate critical points, Lecture Notes in Math. 1256, 1987, Springer, p. 402-429.

[22] J. Sjöstrand, Geometric bounds on the density of resonances for semiclassical problems, Duke Math. J. 48 (1989), 1-57.

[23] J. Sjöstrand, A trace formula and review of some estimates for resonances, in Microlocal analysis and spectral theory (Lucca, 1996), 377–437, NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci., 490, Dordrecht, Kluwer Acad. Publ.1997.

[24] J. Sjöstrand, A trace formula for resonances and application to semi-classical Schrödinger operators, Séminaire EDP, Ecole Polytechnique, 1996-1997, Ex. No. II.

[25] J. Sjöstrand, Resonances for bottles and trace formulae, Math. Nachrichten, 221 (2001), 95-149. [26] J. Sjöstrand and M. Zworski, Complex scaling and the distribution of scattering poles, J. Amer. Math. Soc. 4 (1991), 729-769.

[27] G. Vodev, Sharp polynomial bounds on the number of the scattering poles for perturbations of the Laplacian, Commun. Math. Phys. 146 (1992), 39-49.

Département de Mathématiques Appliquées, Université Bordeaux I, 351, Cours de la Libération, 33405 Talence, France vbruneau@math.u-bordeaux.fr petkov@math.u-bordeaux.fr