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Setup Large deviations A singular example

Setup

Shift space:

↭ A finite alphabet

↭ ! = AN. Notation: x = x1x2x3 · · · → !
↭ ω = left shift, i.e. (ω(x))i = xi+1

P is a ω-invariant probability measure on !
↭ Marginals: Pn(x1, x2, . . . , xn)
↭ P subject to decoupling assumptions (see below)

Examples:

↭ Bernoulli (I.I.D.): Pn(x1, . . . , xn) = p(x1)p(x2) · · · p(xn)
↭ Markov: Pn(x1, . . . , xn) = ε(x1)Px1,x2Px2,x3 · · ·Pxn→1,xn

↭ Gibbs measures (in various senses)

↭ Non-Gibbsian measures
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Setup Large deviations A singular example

Decoupling assumptions

u1 u2 · · · un

u

v1 v2 · · · vm

v

Pn(u) · Pm(v)

Pn+m(uv)

vs

Weakly dependent measures (Lewis, Pfister, Sullivan ’95). ↑Cn = eo(n)
such

that ↓n,m → N, u → An
, v → Am

,

C→1
n Pn(u)Pm(v) ↔ Pn+m(uv) ↔ CnPn(u)Pm(v)

Limitation: Implies that suppP = !

For Markov chains: Pij > 0 ↓i , j
For statistical mechanics: no hard-core interaction
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Setup Large deviations A singular example

Decoupling assumptions (continued)

u1 u2 · · · un

u

v1 v2 · · · vm

v

Pn(u) · Pm(v)

Pn+|ω|+m(uϑv)
vs

u1 u2 · · · un ϑ1 · · · ϑr

ϑ

v1 v2 · · · vm

Asymptotically decoupled measures (Pfister ’02). ↑Cn = eo(n), ϖn = o(n)
such that ↓n,m → N, u → An

, v → Am
,

↓ϑ → Aεn , Pn+|ω|+m(uϑv) ↔ CnPn(u)Pm(v)

↑ϑ = ϑu,v → Aεn such that Pn+|ω|+m(uϑv) ↗ C→1
n Pn(u)Pm(v)

NB: may have, e.g., Pn(x1, . . . , xn) ↘ e→n2
, highly non-Gibbsian!

Limitation: suppP topologically mixing. For MC: irreducible and aperiodic

Selective lower decoupling (CJPS ’19). ↑Cn = eo(n), ϖn = o(n) such that

↓n,m → N, u → An
, v → Am

, ↑ϑ = ϑu,v with 0 ↔ |ϑ| ↔ ϖn such that

Pn+|ω|+m(uϑv) ↗ C→1
n Pn(u)Pm(v)

For Markov chains: only irreducibility required
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Standard families of measures

ε-mixing

measures

Repeated quantum

measurements

Hidden Markov

models

Bowen–Gibbs

measures

DLR–Gibbs

states
g-measures

Markov measures

Bernoulli measures (I.I.D.)

“Gibbsian”

Selective lower dec.: →u, v , ↑ϑ, Pn+|ω|+m(uϑv) ↓ C→1
n Pn(u)Pm(v)

5/7



Setup Large deviations A singular example

Large deviations

Decoupling assumptions allow one to prove Large Deviation Principles for

Time averages:
1

n

n→1∑

i=0

f (ωi (x))

Empirical measures:
1

n

n→1∑

i=0

ϖϑi (x)

Return times:
1

n
lnRn(x)

Log-probability:
1

n
lnPn(x1, . . . , xn)

Entropy production:
1

n
ϱn(x), ϱn(x) = ln

Pn(x1, . . . , xn)

Pn(xn, . . . , x1)
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Setup Large deviations A singular example

“Keep–Switch” quantum instrument [BCJP21]

0 1q1

1≃ q1

1≃ q2

q2

F (001101100101100101100...)
=KSKSSKSKSSSKSKSSSKSK...

Let A = {K ,S} and define P on AN by P = Q ⇐ F , where Q = above MC

If q2 = 1≃ q1: Blackwell–Furstenberg–Walters–van den Berg measure

P is non-Gibbsian

1
n
ϱn ⇒ s↑ a.s. (here actually ϱn(x) = ln Pn(x1,...,xn)

Pn(xn ,...,x1)
)

Non-Gaussian CLT: (ϱn ≃ ns↑)/
⇑

n law≃≃⇒ Z1 ≃ |Z2|
Rate function for ( 1

n
ϱn)n↓1 di#erentiable once but not twice

s

I (s)

7/7
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Thank you!
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