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Rotation number

Let f € Homeo (S!). Its rotation number p(f) is the average number of
laps around the circle per one iteration.
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Rotation number

Let f € Homeo(S!). Its rotation number p(f) is the average number of
laps around the circle per one iteration.
To define it formally: let f : R — R be a lift of f.

Definition
The translation number of f is defined as

()= fim 10 =x

n—o0 n
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Rotation number

Let f € Homeo(S!). Its rotation number p(f) is the average number of

laps around the circle per one iteration.
To define it formally: let f : R — R be a lift of f.

Definition

The translation number of f is defined as

()= fim 10 =x

n—o0 n

Any other lift is of the form F—i— k, and

T(f + k) = 7(F) + k.
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Rotation number

Let f € Homeo(S!). Its rotation number p(f) is the average number of

laps around the circle per one iteration.
To define it formally: let f : R — R be a lift of f.

Definition

The translation number of f is defined as

()= fim 10 =x

n—00 n

Any other lift is of the form F—i— k, and
7(F + k) = 7(f) + k.

Hence, we can define p(f) = 7(f) mod 1 € R/Z.
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Cocycles

Let

» T :(X,u) be an ergodic measure-preserving transformation;
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» T :(X,u) be an ergodic measure-preserving transformation;

» for every x € X we have £, € Homeo (S).
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Cocycles

Let
» T :(X,u) be an ergodic measure-preserving transformation;
» for every x € X we have £, € Homeo (S).

Then we have a map
F:XxSt— X xS F(x,y) = (Tx, f(y)),
a skew product or a cocycle. lIts iterations

F (x,y) = (T"x, (frn-1 0 - - o frc 0 )(v))
fn,x
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Cocycles

Let
» T :(X,u) be an ergodic measure-preserving transformation;
» for every x € X we have £, € Homeo (S).

Then we have a map
F:XxSt— X xS F(x,y) = (Tx, f(y)),
a skew product or a cocycle. lIts iterations

F"(X,Y) = (TnX7 (fT"*1x 0. ofpo fx)(y))
fn,x

satisfy the cocycle relation

fn—l—m,x = fm,T"x © fn,x-
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Rotation number

Consider a lift
F:XxRoXxR, F(x3)=(Tx &),

of the cocycle F,
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Rotation number

Consider a lift
F XxR—=XxR, F(x7)=(Tx, (),

of the cocycle F, where f, depends measurably on x.
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Rotation number

Consider a lift

F:XxR—XxR, F(x,y)=(Tx,&()),

of the cocycle F, where f, depends measurably on x.
Definition
The translation (or rotation) number of F is

T(F) — [l fn,x(y) -y

n—o00 n

for p-a.e. x € X.
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Dependence on the choice of the lift

Another choice F’ of the lift is of the form f(y) + k(x), where
k(-): X = Z:
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Dependence on the choice of the lift

Another choice F’ of the lift is of the form f(y) + k(x), where
k(-): X = Z:
This changes the translation number to
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Dependence on the choice of the lift

Another choice F’ of the lift is of the form f(y) + k(x), where
k(-): X = Z:
This changes the translation number to

T(F') = 7(F) + /X k(x) du(x).
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Dependence on the choice of the lift

Another choice F’ of the lift is of the form f(y) + k(x), where
k(-): X = Z:
This changes the translation number to

T(F') = 7(F) + / k(x) du(x).

X

In general, 7(F) mod 1 is no longer well-defined.
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Dependence on the choice of the lift

Another choice F’ of the lift is of the form f(y) + k(x), where
k(-): X = Z:
This changes the translation number to

T(F') = 7(F) + / k(x) du(x).

X

In general, 7(F) mod 1 is no longer well-defined. Sometimes, yes (if we
have a preferential choice of a lift).
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Dependence on the parameter

Assume that the cocycle continuously depends on the parameter E.
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Dependence on the parameter

Assume that the cocycle continuously depends on the parameter E. Then
we can choose lifts to be continuous in E.
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Dependence on the parameter

Assume that the cocycle continuously depends on the parameter E. Then
we can choose lifts to be continuous in E. In particular, choosing another

lift i,Eo(}/) + k(x) for one parameter Ej shifts the lifts for all other
parameters E by the same k(x).
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Dependence on the parameter

Assume that the cocycle continuously depends on the parameter E. Then
we can choose lifts to be continuous in E. In particular, choosing another

lift E(,Eo(y) + k(x) for one parameter Ej shifts the lifts for all other
parameters E by the same k(x).

Proposition
The increment of the rotation number p(Ep) — p(E1) is well-defined. J
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Dependence on the parameter

Assume that the cocycle continuously depends on the parameter E. Then
we can choose lifts to be continuous in E. In particular, choosing another

lift E(,Eo(y) + k(x) for one parameter Ej shifts the lifts for all other
parameters E by the same k(x).

Proposition

The increment of the rotation number p(Ep) — p(E1) is well-defined.

Proof.

Both rotation numbers get shifted by [, k(x) du(x), that cancels out. [

v
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Motivation

Discrete Schrodinger operator — SIL(2, R)-cocycle,
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Motivation

Discrete Schrodinger operator — SIL(2, R)-cocycle,
depending on the parameter (energy);
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Motivation

Discrete Schrodinger operator — SIL(2, R)-cocycle,
depending on the parameter (energy);
DOS — rotation numbers.
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Discrete Schrodinger operator

For a (bounded) function V : Z — R, one defines the discrete Schrodinger
operator with the potential V as

HV . EQ(Z) — EQ(Z),
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Discrete Schrodinger operator

For a (bounded) function V : Z — R, one defines the discrete Schrodinger
operator with the potential V as

HV : 62(2) — 62(Z)’ (Hlp),, - z/)n—l + 1/}n+1 +V(")"¢n'
upn
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Discrete Schrodinger operator

For a (bounded) function V : Z — R, one defines the discrete Schrodinger
operator with the potential V as

HV : 62(Z) — 62(2)’ (Hw)n - T/Jn—l + 1/}n+1 +V(")¢n'
upn

Dynamically defined potentials: T : (X, ) — (X, ) ergodic
measure-preserving and invertible, xo € X generic, ¢ : X = R,

Vio(n) := ¢ (T"(x0))-

Victor Kleptsyn (CNRS, Univ Rennes) Rotation numbers March 31st, 2026 8/30



Discrete Schrodinger operator

For a (bounded) function V : Z — R, one defines the discrete Schrodinger
operator with the potential V as

HV : 62(Z) — 62(2)’ (Hw)n - T/Jn—l + 1/}n+1 +V(")¢n'
upn

Dynamically defined potentials: T : (X, ) — (X, ) ergodic
measure-preserving and invertible, xo € X generic, ¢ : X = R,

Vio(n) := ¢ (T"(x0))-
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Spectrum, products of matrices, cocycles

Looking for the (generalised) eigenfunction with the eigenvalue E:

Hyy = Evy
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Spectrum, products of matrices, cocycles

Looking for the (generalised) eigenfunction with the eigenvalue E:
Hyy = Ev

wn—i-l = (E - V(n))wn - wn—l
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Spectrum, products of matrices, cocycles

Looking for the (generalised) eigenfunction with the eigenvalue E:
Hyy = Ev

wn—i-l = (E - V(n))d}n - wn—l

Q/)n—kl _ wn
( b ) = <w> ’
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Spectrum, products of matrices, cocycles

Looking for the (generalised) eigenfunction with the eigenvalue E:
Hyy = Ev

wn—i-l = (E - V(n))d}n - wn—l

<¢“Z:1):A" (Jffl), Ay = (E - Vi) -01)
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Spectrum, products of matrices, cocycles

Looking for the (generalised) eigenfunction with the eigenvalue E:
Hyy = Ev

wn—i-l = (E - V(n))d}n - d}n—l

Ynr1) Yn _(E—=V(n) -1
(o) =m(r) 2= (5707 %)
Yni1\ _ (AW
(wn)_An...A1<¢o>,
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Spectrum, products of matrices, cocycles

Looking for the (generalised) eigenfunction with the eigenvalue E:
Hyy = Ev

wn—i-l = (E - V(n))d}n - wn—l

Ynr1) Yn _(E—=V(n) -1
(o) =m(r) 2= (5707 %)
Yni1\ _ (AW
(wn>_A,,...A1<wo>,

this corresponds to the iterations of a SL(2, R)-cocycle

(3, 0) = (T, Ace(V)), Ack = (E‘f(x) ‘01>
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Density of states

» Density of states measure: limit of spectral measures for
finite-dimensional cut-off operators;
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Density of states

» Density of states measure: limit of spectral measures for
finite-dimensional cut-off operators;

» Distribution function: p(Fg), the rotation number of the
corresponding cocycle.
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Density of states

» Density of states measure: limit of spectral measures for
finite-dimensional cut-off operators;
» Distribution function: p(Fg), the rotation number of the
corresponding cocycle.
What can be said about its regularity?
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Density of states

» Density of states measure: limit of spectral measures for
finite-dimensional cut-off operators;
» Distribution function: p(Fg), the rotation number of the
corresponding cocycle.
What can be said about its regularity? Known: a lot.
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Density of states

» Density of states measure: limit of spectral measures for
finite-dimensional cut-off operators;

» Distribution function: p(Fg), the rotation number of the
corresponding cocycle.

What can be said about its regularity? Known: a lot.
How can we see it from the dynamical point of view?
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Log-Holder property

Consider a parameter-dependent cocycle,

Fe: X xSt = X xSY (x,y) = (Tx, fe(y)) :
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Log-Holder property

Consider a parameter-dependent cocycle,

Fe: X xSt = X xSt (x,y) = (Tx, fe(y)) :

Theorem (A. Gorodetski, VK, 2024)

Assume that:
|Oefx.el < CE)

v
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Log-Holder property

Consider a parameter-dependent cocycle,

Fe: X xSt = X xSt (x,y) = (Tx, fe(y)) :

Theorem (A. Gorodetski, VK, 2024)

Assume that:
|Oefx.el < CE)

For My := log max (2, ||&7E||C1(Sl)), we have

/ M, dp(x) = C(X) < +o00.
X
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Log-Holder property

Consider a parameter-dependent cocycle,
FE: X xSt = X xS (xy) = (Tx, fe(y)):

Theorem (A. Gorodetski, VK, 2024)
Assume that:
|Oefx.el < CE)

For My := log max (2, ||&’E||C1(Sl)), we have
/ M, dp(x) = C(X) < +o00.
X

Then the rotation number T(E) satisfies log-Hélder regularity estimate: for
some C and for all sufficiently close E;1, E; one has

C
— < ————
|T(E1) T(E2)| = IOg|E]_ _ E2|_]_

v
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Sketch of the proof

» We follow both Fg, and Fg,-images of the same point (x, y),
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Sketch of the proof

» We follow both Fg, and Fg,-images of the same point (x, y),

yl(fl) = E,X,Ej(y)7 ./ = 1’2a
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Sketch of the proof

» We follow both Fg, and Fg,-images of the same point (x, y),

ylgj) = E,X,Ej(y)v J = 1’2’

and study their (fiberwise) difference.
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Sketch of the proof

» We follow both Fg, and Fg,-images of the same point (x, y),

ylgj) = ?I‘I,X,Ej(y)v J: 1’2’

and study their (fiberwise) difference.
» First step: at most +C(g) - AE, where AE := |Ex — E1|
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Sketch of the proof

» We follow both Fg, and Fg,-images of the same point (x, y),

ylgj) = ?I‘I,X,Ej(y)v ./: 1’2’

and study their (fiberwise) difference.
» First step: at most +C(g) - AE, where AE := |Ex — E1|

> Any other step: at most M times previous difference, plus
(neglectable) +Cgy - AE again.
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Sketch of the proof

» We follow both Fg, and Fg,-images of the same point (x, y),

yI(lJ) = FI‘I,X,E_,'(y)v ./: 1’27

and study their (fiberwise) difference.
» First step: at most +C(g) - AE, where AE := |Ex — E1|

> Any other step: at most M times previous difference, plus
(neglectable) +Cgy - AE again.
» After just being a full circle ahead: again +C(g) - AE.
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Sketch of the proof

» We follow both Fg, and Fg,-images of the same point (x, y),

ylgj) = Fn,X,Ej(y)? ./: 1’27

and study their (fiberwise) difference.
> First step: at most +Cg) - AE, where AE := |E; — E|

> Any other step: at most M times previous difference, plus
(neglectable) +Cgy - AE again.

» After just being a full circle ahead: again +C(g) - AE.

» How many multiplications by M, is required to reach 1 from
C - AE?
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Craig-Simon Theorem

Theorem (Craig-Simon, 1983)

For any ergodic discrete Schrodinger operator, if the function ¢ : X — R!
is such that

/ l0g(1 + [¢(x)])du(x) < oo,
X

then the integrated density of states N(E) is log-Holder continuous, i.e.
for any compact J C R, for some C > 0 and any Ey, E; € J with
|E1 — E»| < 1/2 one has

IN(Ey) — N(Ey)| < C (log |y — E5| 1) "
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Formula for the rotation number

Let f € Homeo (S!), v1,v2 be two measures on the circle.
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Formula for the rotation number

Let £ € Homeo(S'), v1,v2 be two measures on the circle. Assume that f
has no fixed points.
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Formula for the rotation number

Let £ € Homeo(S'), v1,v2 be two measures on the circle. Assume that f
has no fixed points.

Lemma

If at least one of two measures v1, v, is f-invariant, then

o(F) = [ il F()) da).

S
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Formula for the increment of the rotation number

Let f¢ € Homeo, (S!).
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Formula for the increment of the rotation number

Let fe € Homeo, (S'). Let vg be (some) fg-invariant measure,
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Formula for the increment of the rotation number

Let fe € Homeo, (S'). Let vg be (some) fg-invariant measure, and Uk be
its (infinite) lift on the line.

Lemma

E) = () = | 7 (I () () ().
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Formula for the increment of the rotation number

Let fe € Homeo, (S'). Let vg be (some) fg-invariant measure, and Uk be
its (infinite) lift on the line.

Lemma

E) = () = | 7 (I () () ().

('Assume monotonicity or take signs into account.)
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Formula for the increment of the rotation number

Fe: a cocycle over T, acting ergodically on (X, p).
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Formula for the increment of the rotation number

Fe: a cocycle over T, acting ergodically on (X, p).

ve: (some) Fe-invariant measure, projecting into p,
g K
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Formula for the increment of the rotation number

Fe: a cocycle over T, acting ergodically on (X, p).
ve: (some) Fg-invariant measure, projecting into p,

VE x: an (infinite) lift on the line of the conditional measure over the
point x € X.
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Formula for the increment of the rotation number

Fe: a cocycle over T, acting ergodically on (X, p).
ve: (some) Fg-invariant measure, projecting into p,

VE x: an (infinite) lift on the line of the conditional measure over the
point x € X.

Theorem (P. Duarte, A. Gorodetski, VK, 2024)

o) = ) = [ o ([sl0):Feun(0)) dvs((x 1)),

X VB, Tx

v
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Sketch of the proof: translating measures
Definition

For probability measures my, m> on R and v on St, let

&y (my, mp) = /R [m1((~00, ¥]) — ma((~00,y])] d(y),

where U is a (infinite, 1-periodic) Radon measure that is the lift of v on R.

v
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Sketch of the proof: translating measures
Definition

For probability measures my, m> on R and v on St, let

&y (my, mp) = /R [m1((~00, ¥]) — ma((~00,y])] d(y),

where U is a (infinite, 1-periodic) Radon measure that is the lift of v on R.

v

Remark

q)u(mla m2) = E¢V(§1’ §2)7
where &; ~ m; and
17([3, b))a a< b,

q)l/(a? b) = 0, a = b7
_’Ij([bv a))7 a> bv
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Translating measures: an illustration

Remark

&, (my, my) is the v-measured average (signed) translation cost between
my and mo,
q>If(rr'l: m2) = Eq)l/(gla 52)

—
/n\ ma
& v o
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Translation for F
Definition

Let v} be any probability measure on X x R that projects to 11 on X x S*.
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Translation for F
Definition

Let v; be any probability measure on X x R that projects to v1 on X x St.
Define

T(Fi o1, 00) = / By 1o (V7 (B)u ) dia().
X

Victor Kleptsyn (CNRS, Univ Rennes) Rotation numbers March 31st, 2026 19/30



Translation for F
Definition
Let v; be any probability measure on X x R that projects to v1 on X x St.
Define
T(Fivssn) = [ ®unr 0 70 (B)ovh ) i)
X

Remark

If V| is a measure that is supported on a graph of a map v : X — R, then
T(I? ;V1,12) Is the average v x-measured shift between the graph of v and
its I?-image.

v

X ﬁ(Tx)(

N
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Translation for F: the key proposition

Definition

Let vy be any probability measure on X x R that projects to v1 on X x St.
Define

T(Fovn, i) = /X Bun 1 (v 1r (B)/hy) da().
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Translation for F: the key proposition

Definition

Let vy be any probability measure on X x R that projects to v1 on X x St.
Define

(Fron ) = /X Bun 1 (v 1r (B)/hy) da().

Proposition
If at least one of the measures vy, v, projecting to p, is F-invariant, then

p(F) = T(:E; Vi, 17).
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Plausibility check

Remark

If v1 is F-invariant, for every x € X the measures v{ 1, and (E()*y:’lx
project to the same measure v1 1 on the circle, hence the

U Tx-transport cost between them does not depend on the choice
of Vo,
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Plausibility check

Remark

If v1 is F-invariant, for every x € X the measures v{ 1, and (E()*Vix
project to the same measure v1 1 on the circle, hence the

U Tx-transport cost between them does not depend on the choice
of Vo,

If vy is F-invariant, shifting a part of v1 x on the fiber over x € X
shifts its image over Tx € X by the same v,-distance, thus not
changing the integral in the definition of T (F;v1,1v2).
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Deducing the main result

Proof of the main theorem.

p(,::Ez) - p(ﬁﬁ) = T('EEz; VE17VEz) - T('EEﬁ VEI’VE2)
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Deducing the main result

Proof of the main theorem.

p(,::Ez) - p(’EE1) = T(’EEz; VE17VEQ) - T(’EEﬂ VE17VEQ)

= /X [¢VE2,TX(V/E1,TX7 (fE2,X)*V;:'1,x) - (DVEZ,TX(VIEl,Tx? (fEl,X)*VlEl,x) d,u(x)
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Deducing the main result

Proof of the main theorem.

p(ﬁEz) - p(’EE1) = T(’EEz; VE17VE2) - T(EEﬂ VE17VEQ)

= /X (@ve, 72 Vs, 1 (s Vs ) = Py (Vi s (B )| ()

:/); |:¢VE21TX((fE17X)*Z//E1,X7(fEQ,X)*V/E]_’X)] du(x)
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Deducing the main result

Proof of the main theorem.
p(ﬁEz) - p(’EE1) = T(ﬁEz; VE» VE2) - T(EEﬂ VE;» VE2)
= /X |:¢VE2,TX(V/E]_,TX7 (fE2,X)*V;:'1,x) - CDVEZ,TX(VIEl,Tx? (fEl,X)*VlEl,x)} d,u(x)
— [ [®re v o) )] i)

= /X’Ing,Tx([FEl,x(yx FEz,X(y)) dVEl (X’y)
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Deducing the main result

Proof of the main theorem.

p(ﬁEz) - p(’EE1) = T(ﬁEz; VE17VE2) - T(EEﬂVEwVEQ)

= /X (@ve, 72 Vs, 1 (s Vs ) = Py (Vi s (B )| ()
— [ [®re v o) )] i)
= [ P el le s (9. o)) s (x.)

The same argument applies with the roles of vg, and vg, interchanged. [

v

Victor Kleptsyn (CNRS, Univ Rennes) Rotation numbers March 31st, 2026 22/30



Key proposition: sketch of the proof

» A change of variable by applying F everywhere implies

7'(/':7 v, 1) = 7'(/-:, Fiv1, Firn).
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Key proposition: sketch of the proof

» A change of variable by applying F everywhere implies
7'(/':7 v, 1) = 7'(/-:, Fiv1, Firn).

Thus, if at least one of the measures 11, 15 is F-invariant, we can add
or remove F, from each of v and vs».

Victor Kleptsyn (CNRS, Univ Rennes) Rotation numbers March 31st, 2026 23/30



Key proposition: sketch of the proof

» A change of variable by applying F everywhere implies
7'(/':7 v, 1) = 7'(/-:, Fiv1, Firn).

Thus, if at least one of the measures 11, 15 is F-invariant, we can add
or remove F, from each of v and vs».

» How much F™*7 shifts v4: first apply F™, then F:

T(Em+naylay2) = T(Em7l/lay2) +T(I::na F:nylaVZ)-
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Key proposition: sketch of the proof

» A change of variable by applying F everywhere implies
T(F,v1,v0) = T(F, Favy, Favo).

Thus, if at least one of the measures 11, 15 is F-invariant, we can add
or remove F, from each of v and vs».

» How much F™*7 shifts v4: first apply F™, then F:
T(Fm—i—n, v, VZ) = T(Em7 v, V2) + T(I::na Fxfnyla VZ)-

» In the assumptions of the proposition, it is simply
T(F V1,I/2)+T(F I/1,l/2) and thus

T(F",I/l,l/g) =n- T(F, I/1,V2).
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Key proposition: sketch of the proof

» A change of variable by applying F everywhere implies
T(F,v1,v0) = T(F, Favy, Favo).

Thus, if at least one of the measures 11, 15 is F-invariant, we can add
or remove F, from each of v and vs».

» How much F™*7 shifts v4: first apply F™, then F:
T(Fm—i—n, v, VZ) = T(Em7 v, V2) + T(I::na Fxfnyla VZ)-

» In the assumptions of the proposition, it is simply
T(F V1,I/2)+T(F I/1,l/2) and thus

T(F",I/l,l/g) =n- T(F, I/1,V2).

» Finally, %T(F",l/l,ljz) — p(F).
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Random dynamical systems

For the independent iterations (Bernoulli measure):
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Random dynamical systems

For the independent iterations (Bernoulli measure):

yf:fl: the (forward) stationary measure for the parameter Ej;

Victor Kleptsyn (CNRS, Univ Rennes) Rotation numbers March 31st, 2026 24 /30



Random dynamical systems

For the independent iterations (Bernoulli measure):

1/7:51: the (forward) stationary measure for the parameter Ej;

Vg,: the backward stationary measure for the parameter E;;
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Random dynamical systems

For the independent iterations (Bernoulli measure):

VEIZ the (forward) stationary measure for the parameter Ej;

Vg,: the backward stationary measure for the parameter E;;

Theorem (P. Duarte, A. Gorodetski, VK, 2025)

p(E2) — p(E1) = Er(vE x vg )(Kr £ 6,)-
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Random dynamical systems

For the independent iterations (Bernoulli measure):

VEIZ the (forward) stationary measure for the parameter Ej;

Vg,: the backward stationary measure for the parameter E;;

Theorem (P. Duarte, A. Gorodetski, VK, 2025)

p(E2) — p(E1) = Er(vE x vg )(Kr £ 6,)-

]

.

9B, (0) i0Esw, (7)
Z+1

W

Yy -1

Victor Kleptsyn (CNRS, Univ Rennes) Rotation numbers March 31st, 2026

24/30



Random dynamics point of view

an,Ez 0:-0 ~Wl,Ez(y0) - FWn,El O---0 ~V'/l,El(yO) =

Victor Kleptsyn (CNRS, Univ Rennes) Rotation numbers



Random dynamics point of view

E/Vn,E2 0:-0 ~Wl,Ez(y0) - EVn,El 0:--0 ~Wl,El(y0) =

E :(an,Ez ©---0 ij+17L:2 © ij,Ez OTw;_1,E © W1,E1(YO) -
Jj=1

y

- an,E2 00 ij+1,Ez ° ijfl © ij—l:El © fW1,E1(y0))

y
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Random dynamics point of view

?;Vn,E2 0:-0 ~Wl,Ez(y0) - FWn,El 0:--0 ,f\‘;Vl,El(yO) =

E :(an,Ez 0---0 ij+17E2 o fijEz Olw;,_1,E © W1,El(yO) -
=1

y

— fwa,£, © -+ O ij+1,Ez ° ij7E1 OTw;_1,E © fW1,E1(y0))

y

Almost all summands are either almost 0, or almost 1, depending on
whether for the corresponding random image y, distributed w.r.t. uf:fl,

shifting from ?;.O,El(y) to @752(y) makes it jump over the repulsion
point z for the rest of the composition, that is distributed w.r.t. vg .
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Regularity of the rotation number

Theorem (P. Duarte, A. Gorodetski, VK, 2025)

p(E2) — p(E1) = Er(vE x vg )(Kr £ E,)-
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Regularity of the rotation number

Theorem (P. Duarte, A. Gorodetski, VK, 2025)

p(E2) — p(E1) = Er(vE x vg )(Kr £ E,)-

Corollary

The rotation number is at least as regular (from the point of view of the
modulus of continuity) as the stationary measures (Hélder, log-Holder,
Lipschitz; anything below C*!).
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Regularity of a stationary measure

Let M be a smooth closed Riemannian manifold, and take a measure i on
Diff! (M) such that

3y >0 /Hfﬂugiﬁlw) du(f) < .
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Regularity of a stationary measure

Let M be a smooth closed Riemannian manifold, and take a measure i on
Diff! (M) such that

3y >0 /Hfﬂumlw) 1(F) < oo.
Take a stationary measure v on M:

v= /(f*y) du(f) = px*wv.
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Regularity of a stationary measure

Let M be a smooth closed Riemannian manifold, and take a measure i on

Diff! (M) such that
3y >0 /HfﬂHDﬂl(M) 1(F) < oo.
Take a stationary measure v on M:
v= /(f*y) du(f) = px*wv.

Theorem (A. Gorodetski, VK, G. Monakov)

If there is no common invariant measure for p-almost all f, then v is
Holder:
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Regularity of a stationary measure

Let M be a smooth closed Riemannian manifold, and take a measure i on

Diff! (M) such that
3y >0 /Hfﬂumlw) 1(F) < oo.
Take a stationary measure v on M:
v= /(f*y) du(f) = px*wv.

Theorem (A. Gorodetski, VK, G. Monakov)

If there is no common invariant measure for p-almost all f, then v is
Holder:

3C,a>0: VxeM, Vr>0 v(B/(x))< Cr®.

Victor Kleptsyn (CNRS, Univ Rennes) Rotation numbers March 31st, 2026

27/30



Texts

» Anton Gorodetski, Victor Kleptsyn, Log Holder continuity of the
rotation number, Ergodic Theory and Dynamical Systems, 45:12
(2025), pp. 3749-3759; preprint arXiv:2410.15462

» Pedro Duarte, Anton Gorodetski, Victor Kleptsyn, The fibered
rotation number, preprint arXiv:2512.00195

» Anton Gorodetski, Victor Kleptsyn, Grigorii Monakov, Holder
regularity of stationary measures, Invent. math. (2025); preprint
arXiv:2209.12342.

Victor Kleptsyn (CNRS, Univ Rennes) Rotation numbers March 31st, 2026

28/30


https://doi.org/10.1017/etds.2025.10195
https://arxiv.org/abs/2410.15462
https://arxiv.org/abs/2512.00195
https://doi.org/10.1007/s00222-025-01389-y
https://arxiv.org/abs/2209.12342

Victor Kleptsyn (CNRS, Univ Rennes) Rotation numbers



Thank you for your attention!

Victor Kleptsyn (CNRS, Univ Rennes)
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