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ABSTRACT. We examine the wave equation in the exterior of a strictly convex
bounded domain K with dissipative boundary condition d,u — v(z)0:u = 0
on the boundary I" and 0 < v(z) < 1, Va € I'. The solutions are described by
a contraction semigroup V(t) = €@, t > 0. The poles A of the meromorphic
incoming resolvent (G — )~ : Heomp — Dioc are eigenvalues of G if Re A < 0
and incoming resonances if Re A > 0. We obtain sharper results for the location
of the eigenvalues of G and incoming resonances in A = {A € C: |Re)| <
C2(1+ |ImA))~2, |[ImA| > Az > 1} and we prove a Weyl formula for their
asymptotic. For K = { € R3 : |z| < 1} and ~ constant we show that G has
no eigenvalues so the Weyl formula concerns only the incoming resonances.
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1. INTRODUCTION

Let K ¢ R4, d > 3, d odd, be a bounded non-empty domain with C'°° strictly
convex boundary I'. Let Q = R?\ K be connected and K C {x € R : |z| < po}.
Consider the boundary problem

Ugr — Agt = OinRj x €,
Oyu —y(x)0u = 0on R x T, (1.1)
w(0,2) = f1, ue(0,2) = fo

with initial data (f1, f2) € H = H'(Q) x L*(Q). Here v(x) is the unit outward
normal at € T pointing into Q and y(x) > 0 is a C* function on I'. The solution
of the problem (1.1) has the form V (¢)f = e!“ f, t > 0, where V (¢) is a contraction
semi-group in H with generator
0 1
¢=(a o)

The operator G has domain D given by the closure in the graph norm

A= I3+ IG A5

of functions f = (f1, f2) € Co (R%) x Co) (R9) satisfying the boundary condition

Oufi —7vf2 = 0 on I'. It is well known that the point spectrum o0,(G) of G in

C_ ={z € C: Rez <0} is formed by isolated eigenvalues with finite multiplicity,

0p(G) NiR = @ and G has continuous spectrum o.(G) = iR (see Section 8, [7]).
1
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Notice that if Gf = Af with 0 # f € D, Re A < 0, we have

{(A ~A)fi =0inQ,

(1.2)
Ofi—Ayfi=0onT

and u(t,xr) = V(t)f = eM f(x) is a solution of (1.1) with exponentially decreasing
global energy. Such solutions are called asymptotically disappearing and their
existence is important for the inverse scattering problems. We refer to [11], [12],
[13] for a description of the relation of asymptotically disappearing solutions to
scattering theory. On the other hand, a solution u(t,z) of (1.1) is called disap-
pearing if there exists T > 0 such that u(¢t,2) = 0 for ¢ > T. The existence of a
such solution implies that the space

H(T) = {u(t,z) : u(t,z)=0fort >T}

is infinite dimensional. Majda [8] proved that in the case 0 < y(z) < 1,Vx € T’ and
C* boundary I' and in the case y(z) > 1,Vz € T and real analytic boundary T'
there are no disappearing solutions.

Let #(z) : L?(S%™1) — L2(S%"1) be the scattering operator defined in Section
3, [7] for d odd. The existence of zp,Im zo > 0, such that Ker.”(zy) # {0}
implies that iz € 0,(G) (see Theorem 5.6 in [7]). Consequently, if 0,(G) = 0, the
operator .#(z) has trivial kernel at all regular points of . (z) with Im z > 0. (The
same property holds for the scattering operators related to Dirichlet and Neumann
problems since . ~1(z) = .#* (%) for these problems, provided that .7 ~1(z) exists).
In [7] the energy space H was decomposed with three orthogonal parts

H=D"®K"® DY, a>po

(see Section 2 in [7] for the definition of D%, K%). A function f € H is incoming
(resp. outgoing) if its component in D¢ (resp. D®) vanishes. It is easy to see that
if f is an eigenfunction of G, then f is incoming and the solution w(t,z) = V(t)f
remains incoming for all ¢ > 0. This leads to difficulties in the inverse scattering
problems.

The location in C_ of the eigenvalues of G has been studied in [11] improving
previous results of Majda [9]. It was proved in [11] that if K is the unit ball
By = {zx € R?: |z| < 1} and v = 1, the operator G has no eigenvalues. For this
reason we study the cases

(4) : maxy(z) <1, (B) : miny(z) > 1.

The case (B) has been examined in [11] and it was proved that for every 0 <

e < 1and every N € N, N > 1 the eigenvalues lie in A; U Ry, where

A.={z€C: |Rez| < C.(1+|Imz|/?*%), Rez < 0},

Ry ={2€C: |Imz| < Ay(1 +|Rez|)™, Rez < 0}.

Moreover, it was shown in [11] that for strictly convex obstacles K there exists
Ro > 0 such that the eigenvalues lie in {z € C: |z| < Ry, Rez < 0} URy. Next,
for obstacles with arbitrary geometry a Weyl formula for the asymptotic of the
eigenvalues lying in

R={\AeC: |ImA <Ci(1+|Re)|)"2 ReA < —Cy < -1}
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has been established in [12]. This formula has the form
HAj €op(G)NR: [N <7, r>CL}

= ot ([ 02 = D8 ) 0,0, ¢ oo
™ r

w4—1 being the volume of the unit ball {z € R?~! : |z| < 1}. A similar result for
the Maxwell system with dissipative boundary conditions and y(x) # 1,Vz € T,
has been proved in [13].

It is important to note that in the case (B) the properties of the exterior Dirichlet-
to Neumann operator only in the elliptic region & are important (see Section 3 for
the definition the hyperbolic, glancing and elliptic regions J#, ¢4, &, respectively).
Our analysis in [12] has similarity with that in [14], where the operator on the
boundary is not invertible in some manifold included in the elliptic region. This
phenomenon creates Rayleigh resonances for elasticity operator.

The analysis of the case (A) is more difficult and only some results for the
location of eigenvalues are known. In [11] the previous result of Majda [9] has been
improved and it was shown that the eigenvalues of G for every 0 < ¢ < 1 are
included in the region A.. By using the results in [18], it is possible to improve the
eigenvalue free regions replacing A; by {z € C: —Ay < Rez < 0} with sufficiently
large Ag > 0. The same eigenvalues free region for strictly convex obstacles K and
d = 3 can be obtained from Theorems 2.1 and 2.2 in [4].

The eigenvalues in the half plane C_ are the poles of the meromorphic incoming
resolvent (G —\)~! : H — D (see Section 2 for the definition of incoming/outgoing
solutions) and the eigenfunctions are incoming (see the analysis in Chapter IV, [7]).
Since G has continuous spectrum on iR, it is convenient to extend the incoming
resolvent. Let Rp(\) = (—Ap + A?)71 : L?(Q) — D be the incoming resolvent
of the Dirichlet Laplacian with domain D which is analytic in C_. The resolvent
Rp(A\) : L%(9Q)comp — Dioe has a meromorphic continuation in C. The same is
true for the incoming resolvent related to Neumann problem. These properties
make possible to extend the incoming resolvent (G — )\)’1 : Heomp — Dioe from
C_ to C as meromorphic function (see Section 2). The poles of this continuation
in Cy ={z € C: Rez > 0} are called incoming resonances and noted by Res (G).
If we consider the outgoing resolvent (G'— A\)~! : H — D which is analytic for
ReA > 0, we obtain the outgoing resonances as the poles of the meromorphic
continuation of the outgoing resolvent (G — X)™! : Heomp — Dioe for A € C. These
outgoing resonances and the corresponding outgoing eigenvectors have been studied
in Section 5, [7]. Moreover, z € C_ is outgoing resonance if and only if —iz is a
pole of the scattering operator .#(z) (see Lemma 5.2 and Lemma 5.4 in [7]).

Clearly,

(G=NT) = (G =N =~(=G"= (=),

where G* = (_OA _01) is the adjoint operator with domain D* determined by the

boundary condition 9, f1 + y(x)fe = 0 on I'. For for v(x) # 0 we obtain G # —G*
and if w is an incoming resonance with resonance state f, then —w is not an
outgoing resonance with resonance state f. The incoming resolvent (G — A\)~! for
Re A < —Cy < —1 is related to the problem (1.1) in R, x 2, while the outgoing one
is related to (1.1). Changing the time ¢t = —s, the problem in R;” x Q is transformed
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in
uge — Agu = 0in R x Q,
opu+v(z)0u = 0on R} x T, (1.3)
w(0,z) = f1, u(0,2) = fo.
The above problem for 0 < ~(z) is not L? well posed (see for instance, Theorem
1 and Corollary 1 in [9]), while for 0 < y(z) < 1 the problem (1.3) is C* well
posed with loss of regularity (see [4], [5]). This leads to difficulties if we wish to
develop a scattering theory related to (1.3) and to obtain a relation of the incoming
resonances with the poles of a suitable scattering operator.
Let ¢g = minger v(x), ¢1 = maxger y(z). Introduce the set

A:={2€C: |Rez| <Cy(1+|Imz|)~? |Imz|> Ay >1}.

In this paper we obtain sharper results for the location of eigenvalues and incoming
resonances for strictly convex obstacles. Our first result is the following

Theorem 1.1. Let K be strictly convex obstacle and let 0 < v(z) < 1, Va € T
There exists Ry > 0 and As > 1 depending on ¢y and c1 such that for every
N €N, N > 1, the eigenvalues of G are located in the region

({z €C: |2| < Ro} U QN) A {Rez < 0},

where
Oy ={2€C: |Rez| < By(1+ |Imz|)™", |Imz| > Ay}.
Moreover, the incoming resonances lying in A are located in

({z eC: |z| <Ry} U QN) N{Rez > 0}.

The constants Ry, As are very large. In particular, in Section 4 we show that we

must take 1

A > ——————,
min {3, ¥4}

hence As " +00o when either ¢g N\, 0 or ¢; 1. This is natural since for Neumann
problem (v = 0) we have no eigenvalues of G and all incoming resonances are in
a half plane {Rez > a > 0}, while for the ball B3 = {z € R?, |z| < 1} and
~ = 1 there are no eigenvalues. The above theorem is similar to Theorem 2.1 in
[11] concerning the case y(z) > 1, V& € I'. On the other hand, for the ball Bs and
0 <~ <1, v = const in Appendix we show that o,(G) = (). We conjecture that the
same is true for 0 < y(x) < 1, Vz € T and strictly convex obstacles K and hope to
study this question in a further work. The statement of Theorem 1.1 concerns only
the incoming resonances z € A and the distribution of the these resonances outside
A is an open problem.

To study the distribution of eigenvalues and incoming resonances we generalise
in Proposition 2.2 the result in [11] and prove a trace formula involving extended
incoming resolvent (G — )\)’1 : Heomp — Dioc and integration over curves inter-
secting the imaginary axis. Define the multiplicity of an eigenvalue or incoming
resonance A by

1
mult(\) = tr— (A —G)dz,
T1 J|z—A|=¢
where 0 < ¢ < 1 is sufficiently small. In this paper we establish a Weyl asymptotic
for the eigenvalues and incoming resonances in A.
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Theorem 1.2. Let K be strictly convex and let 0 < v(x) < 1, Vo € T'. Then the
counting function of the eigenvalues and incoming resonances of G lying in A and
taken with their multiplicities has the asymptotic
£ € (0,(G) URes (@) NA, [\ <7y 1> €}
2wg—1

= Gt (/Fu — 72(x))<d*1>/2dsm)rd*1 +0,(r'7?), r — o0, (1.4)

wa_1 being the volume of the unit ball {x € R : |z| < 1}.

The constant C'y depends on v and C,, ,* +o00 when either ¢ \ 0 or ¢; 1. The
eigenvalues and incoming resonances are symmetric with respect to real axis and
this explains the factor 2 in (1.4). If the conjecture for the absence of eigenvalues of
G is true, the asymptotic (1.4) will concern only the incoming resonances. In this
direction our result will be similar to that in [14] dealing with Weyl asymptotic of
Rayleigh resonances. In particular, for the ball Bz and v constant (1.4) implies the
existence of incoming resonances lying in a small neighborhood of the imaginary
axis. The location of the outgoing resonances is different and it is possible to
show that for non trapping obstacles the outgoing resonances in C_ are in a region
bounded by logarithmic curves. The operator iG is not self adjoint but the proof of
Theorem 4.43 in [2] can be modified to cover this case by using the representation
of the outgoing resolvent

(G-N"1= 7/ e MV (t)dt, Re X > 0.
0

The existence of incoming resonances z; with Re z; ™\, 0 is related to the loss of
exponential decay of the solutions of (1.3). Tkawa [5] studied the exponential decay
for the problem (1.3) with boundary condition

Oou+y(x)0u + d(z)u = 0on RS x T,

assuming v(z) < 1 and d(z) < —dy < 0, Vo € T" with large do > 0. In our case we
have d(z) = 0 and the existence of incoming resonances close to iR for Bz implies
that a such decay of solutions is not possible. It is interesting to study this open
problem for general strictly convex obstacles.

Our approach is based on the following ideas. The behaviour of the exterior
Dirichlet-to-Neumann operator N()\), A € A for A — A? in the hyperbolic region
A is crucial for our analysis (see section 2 for the definition of N())). Setting

A= i\f, 0 < h < 1, we are going to study the Dirichlet problem (2.12) and
the corresponding semi-classical Dirichlet-to-Neumann operator A (z,h) for z =
1+ iIm z and —ch|logh| < Im z < h%, ¢ > 0 (see Section 2). A semi-classical
parametrix for A'(z, h) and |Im z| < h%/3 has been constructed in [15]. We need a
more precise information for the parametrix in .77 and for this purpose we present
in subsection 3.1 a construction similar to that in Section 4, [20]. The trace formula
(2.7) can be transformed into (2.9) with integration with respect to complex semi-
classical parameter h= %, 0 < Reh < 1. For the analysis in Sections 5 and 6 we
need a parametrix Ty (h) for the operator N'(h) related to the problem (3.14) in

¢ which depends holomorphically of h € L. Here
L={heC: |Imh|<Cy|h|?, 0 <Reh < ho}.

To do this, we make another construction in subsection 3.2 following that in Ap-
pendix A.2 in [16].
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The location of eigenvalues and incoming resonances in A is studied in Section
4. The idea is to prove that the eigenfunction or resonances states are supported
in the hyperbolic region J#. The proof is technically complicated. An eigenfunc-
tion/incoming resonance state f of G satisfies the equation

(N(2,h) = VZy(@)f = 0. (L5)

We use a microlocal partition of unity f = Q5 f + Q%f + QF f with h-pseudo-
differential operators Q;7 Qy QY having symbols supported in the regions &, 7#, 9,
respectively. Here 0 < § < ¢3 depends of ¢p. By using (1.5) and the parametrix
for N'(z,h)QF and N(z,h) ((50) constructed in [18], [20], [21], [15], we show in sub-
sections 4.1 and 4.2 that for small § and h we have Qf f = Q¥f = 0. This makes
possible to reduce (1.5) to (N(z,h) — /z7(x))Q5 f = 0. For the last equation we
exploit the equality Im ((N(1,h) —¥)Q; f,Q5 f) = 0 and apply a Taylor expan-
sion with respect to Im z combined with the approximation of N (z,h)Q; by the
parametrix T (z,h)Qy constructed in subsection 3.1. Our argument is similar to
that used in [18], [11] for the eigenvalues free regions created by the characteristic
set of N(z,h) —/zy(x) in &.

To obtain a Weyl formula, we are inspired by the strategy in [14] (see also
[12], [13]). To do this, in Section 5 we introduce a suitable self-adjoint operator
P(h), 0 < h < hg, and study the eigenvalues of P(h). We extend P(h) as an
operator P(ﬁ) which is holomorphic with respect to h € L with Re h = h. For this
purpose we modify outside 5Z the parametrix —TN(B) constructed in subsection
3.2 and holomorphic of h € L and consider

P(R) = ~ T (h) Ao(B) + 1) + (1d — Ao()0p(y/1 + B2ry ).

Here the operator Ag (il) is chosen to be holomorphic in L and for Re b = h the
classical principal symbol of P(h) becomes

P11 ==V 1- h'2’r0($l7 5/)(1—B(h27’0(1’/,fl))+7(x/)+6(h2To($l, 6/)) \% 1+ h2’l"0(13/, é‘/)’

where ro(2’,¢£’) is the principal symbol of the Laplace-Beltrami operator —A|rp

induced on I'. The function B(t) € C*°(R : [0, 1]) defined in subsection 4.3 has the

properties: S(t) =0fort <1-9, 8(t)=1fort >1-4/2, f'(t) >0, Vt € R, with
2

0= %‘J Our modification cut the contributions from glancing and elliptic regions.

Moreover, the set

E={@"¢): p(a,¢) <0} = {(@,€): ro(a',€) <1-7*@")} o (1.6)

is independent of the choice of § and 5 and the same is true for the characteristic
set X := {(2/,&) : p1(2’,&) = 0} (see (5.7)). In Proposition 5.1 we establish the
positivity of the operator h'ﬂ:lgh), choosing h = o((1 — ¢?)). Next our argument is

similar to that applied in [14], [12], [13]. We introduce the eigenvalues
wr(h) < po(h) <. < uk(h) <.
of P(h) for 0 < h < hg. In Section 6 the trace formula for P(h) given in Proposition

6.2 and the trace formula (2.9) are compared. By using the choice of P(h), we show
that these trace formulas differ by negligible term. Thus the problem is reduced to
count for 0 < r=* < hg the number of the negative eigenvalues pg(r=*) of P(r—1).
As in [14], [12], this number is given by (6.12) and we obtain the asymptotic (1.4).
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Our arguments with some modification can be applied to cover the case of even
dimension d.

Acknowledgements. We would like to thank Johannes Sjostrand for the useful
and stimulating discussions concerning the construction of the parametrix. We
thank also Jean-Frangois Bony and Plamen Stefanov for the interesting discussions
concerning the absence of eigenvalues.

2. PRELIMINARIES

In this section we collect some facts from [11], [12] and we prove a trace formula
involving the extended incoming resolvent (G — \)~!: Heomp = Dioc. The results
in this section hold for non trapping obstacles. For A € C introduce the exterior
Dirichlet-to-Neumann map

N(X) : H¥(T) > f — dyulr € H71(T),
where u = K () f is the solution of the problem
(—A+X)K\)f=0inQ,
K(\)f=fonT, (2.1)
K(\)f: XA — incoming.

A function u(zx) is A-outgoing (A-incoming) if there exists R > py and g €

L2,,,,(R?) such that

u(z) = Ry (\)g, |z| > R,
where RE(A) = (—=Ag + A?)~! is the outgoing (+) (incoming (-)) resolvent of the
free Laplacian —Ag in R%. The resolvents R (\) are analytic in C for d odd and
they have kernels

(—1)((171)/2 (18 >(d73)/2(61)\r>

+ _
Ro(/\,x,ll)—m ZOr .

r=lz—y

Remark 2.1. Our definition of outgoing/incoming solutions coincides with that
in Chapter IV, [6]. Setting A = iu, we see that the incoming resolvent Ry (ip) =
(=Ag — p2)7t for Imp > 0 is bounded form L*(R%) to L?*(RY), hence Ry (iu)
becornes the outgoing resolvent defined in Section 3.1, [2]. Throughout our exposition
the incoming resolvents are oulgoing ones in the sense of [3], [16], [2].

It is clear that if G(f1, fa) = A(f1, f2) with Re A < 0, then f; € H?(Q) is A\
incoming solution of (—=A + A?)f; = 0. In particular, the incoming eigenvectors
defined in Section 5, [7] are the eigenfunctions of G.

Let Rp(A\) = (—Ap+A?)~! be the incoming resolvent of the Dirichlet Laplacian
Ap in Q with domain D = H?(Q) N H(Q) which is analytic for A € C_. Let
Dy = {u € L2 (Q) : x(z) € C°(RY), x(x) = lin a neighborhood of K = xu € D}.
For d odd the incoming resolvent has meromorphic extension

RD()\) : L2 (Q) — Dloc

comp
from C_ to C . The solution of the problem (2.1) with f € H3/2(I') has the form
u=e(f) + Rp(N)((A = N?)(e(f)), (2.2)

where e(f) : H3?(I') 3 f — e(f) € HZ,,.,(€) is an extension operator. Clearly, we
may find d,u|r by applying (2.2).



8 V. PETKOV

For non trapping obstacles and d odd Rp(A) is analytic in
Apg={AeC: ReA< Chlog[Im A|, Im A >Cy > 1}, Cy >0

and from (2.2) we deduce that operator N () is analytic in the same domain. More-
over, for non trapping obstacles the Laplacian with Neumann boundary conditions
has no resonances in Ag with suitable positive constants Cy, C; and this implies the
analyticity of N(\)~!.

Going back to the problem (1.2), we write for A € Ag the boundary condition as
COv = (N(\) = M) = N(\) (Id—N(/\)*l)«y)v =0,v=filr € H¥2(T). (2.3)

For A € Ag the operator C(\) : H*(I') — H* (') has the same singularities as
N()). On the other hand, N(A\)~!: H*(') — H*(T') is compact operator and
C()\p) is invertible for some Ag. Applying analytic Fredholm theorem (see [11],
[12]), the operator C()\) is a meromorphic operator valued function for A € Ay.
Here and below a meromorphic operator valued function B(z) means that B(z)
have Laurent expansion with finite number negative powers of z and coefficients
having finite rank.

For the resolvent (A—G)~! : H — D, A ¢ 0,(G), Re A < 0 we proved in [11] the
following trace formula.

Proposition 2.1. Letw C {A € C: ReX < 0} be a closed positively oriented curve
without self intersections. Assume that C(A\)~! has no poles on w . Then

1 4 1 _,0C
try %/UJ(A—G) dX = trge(r) %/WC()\) Fx AdA. (2.4)

The left hand term in (2.4) is equal to the number of the eigenvalues of G in the
domain U bounded by w counted with their multiplicities. It is clear that A € C_
is an eigenvalues of G if there exists a function 0 # f € H3/?(T) such that

() = NOF = M(2)f = 0. (2.5)

Since G has continuous spectrum on iR (see Section 8, [7]), we cannot extend
the trace formula (2.4) with the resolvent (A — G)~! for curves intersecting the
imaginary axis. To do this, we extend below the incoming resolvent.

For d odd, Rp(\) : L2,,,(2) = Dioe, N(A)~! and C()\) are meromorphic
operator valued functions in C. By using (2.3) and meromorphic Fredholm theorem,
we conclude that C(A\)~! will be meromorphic in C. If Rp(\) and N(\)~! are
analytic in some domain V C C, we can apply the analytic Fredholm theorem to
obtain that C(\)~! is meromorphic for A € V. In particular, for non trapping
obstacles there exists a > 0 such that Rp(A) : L2,,,,(2) = Dioc and N(X)~! are
analytic for Re A < a and for strictly convex obstacles K this statement holds. It is
easy to see that we can extend the incoming resolvent (G—\)"1, A & 0,(G), ReA < 0

as meromorphic function (G — X)™ 1 Heomp — Dioe for A € C, where

Dioe = {t € Hioe, () € CE(RY), x(x) = 1in a neighborhood of K = xu € D}.
Let (Z) = (G-X)"! <£) with (f, ) € Heomp. For A € C_ we have w = Au+f,

u=—Rp(\)(g+Af)+ K(N)g
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with ¢ = u|r and K (\)g determined by (2.1). From the boundary condition
0| ~RoW) (g + M) + KWa|| = xva—1], =0,

one gets
a = o (RENg+A)|+771r]
provided that C(\)~! exists. Thus we obtain

u=—RoM)(g+ M)+ KNCK) o (RO g +AD)| +2s1]. 26)

The operator C(\)~! has meromorphic extension and

RD()‘) L2 (Q) - DlOCa K()‘) : HS/Q(F) — Dloc

comp

are meromorphic operator valued functions. Consequently, (u,w) € D, yields a
meromorphic extension of the incoming resolvent (G — )1 £ . We call incoming

resonances the poles z, Rez > 0 of this incoming resolvent and denote them by
Res(@). Similarly, we can define the outgoing resonances as the poles w, Rew < 0, of
the meromorphic continuation of the outgoing resolvent (G — \)~! : Heomp —+ Dioc
which is analytic for Rew > 0 and meromorphic for Rew < 0.

Now assume that a > 0 is such that Rp()) : Liomp(Q) — Dipe and N(\)~1 are
analytic for Re A < a. This implies that K()) is also analytic for Re A < a. Let
¢ C {z € C: Rez < a} be closed positively oriented curve without self intersections
such that C(\)~! has no poles on C. Let (f,g) € Heomp and let p(z) € C§°(R?) is
chosen so that ¢ =1 on supp f Usupp g. From (2.6) we give

pu = —pRo(N)(g +Af) + eKNCON ™ [0, (Ro(N)(g +AD)| +71r].

pw = Apu + f.
Since @Rp(A)(g + Af) is analytic for Re A < a, the integral over ¢ of this term

vanishes and ; ;
-1 o pu
(9) - /c(p(G - (9) "= /c (¢w> “
_ A A (f
- [ 2 ()

By the cyclicity of the trace the factor ¢ can be transferred to the right and the
trace of above operator becomes

/(Au ¥ Ago)d\ = tr/K ()7 [ouRp ()21 +1] ‘Fd)\

—tr / cOr (Ro)2AK () |y +7) A
In the last equality we used the fact that K () is analytic and following Lemma
2.2 in [14] we can transfer K (A) to the right. Since

OK(\) OK(\)
O\ = "KW, ) ’r

(—A+)?) =0,

one deduces

Q

N(A
)

i

8, (RD()\)Q)\K()\)> = -

Thus we obtain
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Proposition 2.2. Let a > 0 and let ( C {z € C: Re z < a} be closed positively
oriented curve without self intersections such that the incoming resolvent Rp(\) :
L2,mp(Q) = Dioe and N(X)™" are analytic for Re X < a. Assume that there are no

poles of C(\)™1 on . Then the extended incoming resolvent (A — G)™' 1 Heomp —
Dioe satisfies

1 B 1 . de)
tr— [ (A — Ydx =t — AT 2.
5 [0 P g KO 27)

It is clear that if the resolvent (A — G) ™1 : Heomp — Dioc has a pole at g, then
C(M\)~! must have a pole at \g. From (2.3) this means that (Id — N(\)~!\y)~! has
a pole at \g. The fact that N(\)~! is compact implies that for some f € H3/?(T)
we have

(Id = N(Xo)™ o) f =0,

hence C(Ao)f = 0. Choosing an incoming solution of (2.1) with Dirichlet data f,
from the last condition we obtain the existence of a solution v € Dy, of the problem

(—A+N)v=0inQ,
dyv — Xy(x)v=00nT, (2.8)

v : Ag — incoming.

If v € D, \g is an eigenvalues of G. If v ¢ D, we obtain an incoming resonance Ag
and a resonance state v € Dy, for which (G—\p)v = 0 in the sense of distributions.
In conclusion, the left hand side of (2.7) is equal to the sum of the multiplicities
of the eigenvalues and the incoming resonances of G included in the domain U
bounded by (.

It is easy to examine the case A € iR. First, let A\g € iR, \g # 0 and let v be an
incoming solution of (2.8). Write v = ¥v + (1 — ¢)v with a function ¢ € C§°(R?),
equal to 1 in a neighborhood of K. Then (—A + A3)((1 —¢)v) = F € L*(R%) with
F =0 for |z| > ap and some ag > 0. Since (1 — #)v is incoming, by Corollary 4.3
in [6] (see also Theorem 4.17 in [2], where outgoing solutions are incoming ones in
our sense), we deduce (1 —)v = 0 for |z| > ap and this yields v € D. The operator
G has no eigenvalues on iR, hence v = 0. We will use this result in the proof of
Proposition A.4 in Appendix. Second, let Ag = 0. Then Av = 0 and J,v|r = 0.
Since v is incoming, we have v = O(r?=%), 9,0 = O(r'~%) as |z| = r — oco. Applying
the proof of Theorem 4.19 in [2], we conclude that v = 0.

For the analysis in Section 5 it is convenient to replace C(\) by the operator
—C(\) = =N (\) + My and write (2.7) with —C()\). Next setting C(\) = *w +1,
for contour ¢ and domain U not including 0, we obtain

L *1&(/\) — 1 ] 71@
tr%i/ccm Wiy =t /CC(A) "o,

2ri

Now we pass to semi-classical parametrisation h = %, 0 < Reh < 1 and intro-
duce the operator C'(h) := ihN'(ih~!) + v = —N(h) + . We have Im A > 0 and
consider a contour ¢ C {z € C: Imz > 0}. Applying the above equality, the trace
formula (2.7) becomes

1 1N = g n-1eindi
tr o C()\—G) dAtr%i/C_C(h) C(h)dh, (2.9)
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where C denote the derivative with respect to i and C~ is the curve f ={zeC:z=
i, w € (}. The eigenvalues and incoming resonances are symmetric with respect to
real axis, since if v is a solution of (2.8) with Im Ag > 0, then @y is a solution with
Xo. On the other hand, according to Theorem 1.1 in [11],in the case 0 < y(z) < 1
for fixed dy > O there are only finite number eigenvalues A with |Im A| < dp.
Hence it is sufficient to study the eigenvalues in the half plane {Im A > 0}. Clearly,
Reh = I‘I;\l—l;\, Imh = %. For A € A we obtain |Im A| < C;|h|* and we will work

with h € L, where
L:={heC: [Imh| < Cylh|? 0 < |h| < ho}. (2.10)
The operator N'(h) is related to the problem
(h2A +1)u = 0in €,
u= fonl. (2.11)
% — incoming.
For the analysis of the location of eigenvalues and incoming resonances in Section

4 it is more convenient to work with another parametrisation A = i‘f with z =

1+ilmz, Imz| <1,0 < h < hy and Re /z > 0. Thus we have again Im A > 0.
The problem (2.1) becomes

(—=h?A —2)u=0in Q,
u= fonl, (2.12)
% — incoming.

and we introduce the operator N'(z,h)f = —ihd,u|r. We have

i

o(f) = 7 (Mzmf = VEr)
and the equation C(f) = 0 yields
(N(z,h) = V2) f = 0. (2.13)

Now we recall some definition concerning semi-classical wave fronts sets. Given

a manifold X with dimension d — 1, consider T*(X) = T*(X) U S*(X), where
S*(X) ~ {(x,008) : (x,€) € S*(X)}. The point in T*(X) will be called finite and
the points in S*(X) will be called infinite (see [1], [3], [14]). We are interested of
semi-classical distributions u(x, h) € D'(X), 0 < h < hg for which

Vx € C5°(X), |(@)(§)| < Cnh™NM (1 + |€])Y for some N,

4 being the semi-classical Fourier transform

(€, h) = / e~ %% u(z, h)dz.

Let p = (x0,&) € T*(X). Then p ¢ ﬁ/\?(u) if there exists ¥ € C5°(X) and
C(€) € C°(RI1) with (z0) = 1, (&) = 1 such that 1C(€)du(€)] < CnhN, VN.
Similarly, an infinite point p = (zg, 00&p) € S*(X) is not in VIA/YT(U) if there exists
P(z) € C§°(X) with 1(xg) = 1 such that

[pu(e)] < OnhN (1 + [¢))~N, vN
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for all &,|¢| > C in some conic neighborhood of &. Next as in [14], we introduce
the the space of symbols a(z,&;h) € S™*(T x R4~ x (0, ho]) such that
1020 a(w, & h)| < Cagh (€)™ 1P ¥(2,6) €T x R, Vo, V8.
Let S5 (I x R?~1) be the class of symbols a(z,£) € C°(T' x R471) such that
1020¢ a(x, )] < Ca (€)1 y(z,€) € T x RY!, Va,vf

and let SZ“k C S™F be the class of symbols a(z, £; h) having asymptotic expansion

a(z, & h) ~ Zhﬂk

with a; € Sﬂ;j (' x R4~1). Denote by Oph(a) the h-pseudo-differential operator

(Orn(a) ) = ()= [ v e ) )y

Set S0 =,
Lmk, L:Z’k with symbols in S, SZL’k, respectively.

Passing to ig\n_li—classical wave fronts of operators A € L™" consider the com-
pactification 7*(I') = T*(I') U S*(T'). We say that p = (z0,&) ¢ WF(A) if the
symbol of A in a neighborhood of p is in the class S7°~>°. For p = (xg,00&) €
7/”_‘\(?) \ T*(T"), we have p ¢ V[//?’(A) if the symbol of A is in the class ST 7 in
the set {(z,&) : x € Uy, é—l € Vo, |€] > C} with Uy, Vy being neighborhoods of
xo, &o, respectively.

S™:* and introduce the spaces of h-pseudo-differential operators

3. PARAMETRIX IN THE HYPERBOLIC REGION
3.1. Parametrix for N (z, h). Throughout this and following sections we assume
that the obstacle K is strictly convex. In this subsection we use the parametrisation
A= “/E 0 < h<1, z=1+1i6, while in the subsection 3.2 we will work with
A= ¥ h € L. Moreover, we assume that 6 satisfies the inequalities

—ch|logh| <0 <h®, ¢>0,0<ex 1.

Introduce local geodesic coordinates (z1, '), ' € V C R%~!, where the boundary
I locally is given by 1 = 0 and ;7 > 0 in the domain 2. In these coordinates one
has

—h*A = h’D2 + Q(z,hDy) + hao(x) Dy, Dy, = —i0,,, j =1, ...,d
with second order operator @ with symbol Q = rq(2’,&’') — z1q(z,&’). Here
ro(2’, &) = (B(2)¢,€') > ao|¢'|?, ap > 0, V& € R
and q(z',€") > qol€’|?, qo > 0. Define the hyperbolic 5, glancing ¢4 and elliptic
regions & by
H={(z',)eT*(T): 1—ro(z', &) > 0},
G ={(2',&)eT"(): 1—ro(a', &) =0},
E={,&)eT(T): 1—r0(x’, ¢') < 0}.
For 0 < § < 1 consider the function x; (z =~ (m(x £)— 1) where
(-1

Y € C*(R;[0,1]), supp 9~ C (=1, —00)
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and ¢~ (t) = 1 for t < —3/2. Let (o = (z(,&) € supp x; and let U be a small
neighborhood of {y contained in the set {(z/,£') € T*(T") : 1 —ro(a’,&’) > 6/2} C
. Choose (a',&') € C§°(U) such that v = 1 in a neighborhood of {y and
introduce the symbol p(z/,&’) := \/z — ro(2’,&’).

Our purpose is to construct a parametrix for the problem

(—=h2A —2)u=0, z € Q,

U = Oph(X(S_)fv HAIS F7 (31)
U — "f — incoming,

with f € L?(T') and to obtain an approximation for the operator
N(z,h)Opp(x5)f = —ihd,ulp.

The local parametrix of (3.1) is u,, = ®(z1)K, f with

(5 1) (@) = (2mh)~4+1 / / AW o@D g ¢ 0, 1)y )y, (3.2)

where ®(21) = x0(5), xo € C5°(R) is such that xo(t) = 1 for [¢t| < do, Xxo(t) = 2
for |t| > 2, 0 < §p < 1. This incoming condition will be arranged later by applying
incoming resolvents to local parametrix.

We follow the construction in Section 4, [20] and for convenience of the reader
we present some details. The main difference with [20] is that we treat the case
—ch|log h| < 6 < h® for strictly convex obstacles, while in [20] the analysis was given
for h1=¢ < @ < h® for obstacles with arbitrary geometry. The symbol a(z,&’, 0, h)
will have support for (2/,¢&’) € U, so in the construction below the condition 1 —
ro(2’,&") > §/2 holds. The phase ¢ satisfies

‘Pil + (B(x)@ar, par) = 1 +1i0 + GMRMa Pley=0 = _<x/’§/> (3.3)
and has the form
M-1
(i9)’ goj x,&)
=0

with real valued phase functions ¢;. The function ¢g is a local solution of the
problem

%00\@«1:0 = —<$/7§I>

{ 00 = /1 — (B(x)V 90, Var o), (3.4)

existing for small z; and
6x1 QOO|321=0 = 1- T‘o(l}l, 5/)a

where 1 — rq > §/2. The sign of /1 —ro(2’,£’) determines the propagation of
singularities in the interior of 2. The functions ¢;, 1 < j < M — 1, satisfy the
equations

Zazl% 21 Ph—j +Z VarpiVaroh—j) =k, Pkla=0=0,1<k<M -1
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with ¢1 = 1, e, = 0, £ > 2 and the remainder R); is bounded uniformly with
respect to 6. From the above equations with & = 1 one obtains

0 0
00, 1lp 0 = —— > 2 forf >0, 3.5
im0 =g r— 2y o (3:5)
ch|log h|
005, 01,0 > — 28 10 < 0. 3.6
®1]z,=0 NGT; (3.6)

This implies
,0>0

[SCARS)

Im aw1@|w1:O = 98w1@1|m120 + 0(92) >

and for small § and z; we have
0
Im ¢ = 01 + O(z162) > %, 6 >0,

- _cxz1h[logh|

Im , 0 <0.
LWy

The eikonal equation (3.3) yields
(021 #le1=0)? = p*(1 + O(6M)),
hence for x; small enough
Dy Plas=0 = p + O(OM?). (3.7)
The amplitude has the form
a= Em: Wray(x,¢,0),
k=0
where the functions aj, satisfy the transport equations
210,004, ax + 20(B(2)Va o, Vaag) + Aag_y = 0M QWY 0 <k <m,

a0|m1:0 = 1/}) a’k|1120 = 07 k Z ]_7 a_1 = 0.
We search the functions aj in the form

M—-1

ar =Y (i0) ar;(,€,9),

J=0

with ag0lz,=0 = ¥, @ jlz,=0 = 0 for k+ j > 1. We refer to Section 4, [20] for the
determination of ay ;.
The construction of IC; implies

(WPA+ 2)uy, =Ky, f + K5, f-

Here
Kiof = [12 (20 (20)0, + @ (1)) + hao (@)@ (21) | K5 .

(K;wf)(x) = (27rh)_d+1 // e%(<y',£’)+w(w,€',9))A£¢(x75/7 0,h) f(y")dy d¢’

with

Ag_’w _ q’(.’L‘l) (OMRMCL + 9M Z hk+1Q§\’;}) 4 hm+2Aam). (38)
k=0
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By using a partition of unity on supp x5 with functions 1;, we arrange Z}]:1 Y =
X; and consider the parametrix w = Ztl uy, . Set

J
IC,;fZICM), =1,2, A;fZAQwJ

Let Ry (2, h) = (—h2A0 — 2)7! be the incoming resolvent of the free Laplacian
Ag in R? witch for Im z > 0 is an analytic operator valued function bounded from
L2(RY) to H?(R?). Let ¥ € C5°(RY) be a cut-off function such that ¥ = 1 on a
small neighborhood of K. Then the cut-off resolvent W(—h2Ag — 2) 1 ¥ is analytic
in C. Introduce the semi-classical Sobolev spaces Hj (X) with semi-classical norm

I £1lzz; ) = IRD)* fllz2x), (D) := (1 — h*Ax))/2.

For Re v/z > 1 the sut-off resolvent satisfy the estimates (see for instance Theo-
rem 3.1 in [2] and recall Remark 2.1) .

_ /oi—1, & Im2)_
[V Ry (Z7h)"1’||L2(Rd)_>H-,j(Rd) < th (h+/]z])? e j=0,1,2, (3.9)

where L > sup{|z — y| : 2,y € supp ¥} and z_ = max{0, —z}. In particular, for
Im z > 0 the exponential factor on the right hand side is equal to 1, while for
—ch|log h| < Tm z < 0 this factor is bounded by h~¢L.

Similarly, introduce the incoming resolvent R~ (z,h) = (—h?Ap — 2)~1, where
Ap is the Laplacian with Dirichlet boundary condition on I' and domain D =
H2(Q)NH(Q). Then R~ (z,h) : L>(Q) — D for Imz > 0 and YR~ (z, h)¥ admits
a meromorphic continuation in C with poles in {z € C : Imz < 0}. Since the
obstacle K is non-trapping, for

Revz > 1, Imz > —ch|logh|, 0 < h < hyg
we have the estimates (see Theorem 4.43 in [2] and Theorem 2 in Chapter X, [17])

(
VR (2, h)¥|| < CjhTle”

1,2, (3.10)

(V)= H} ()
To build a global parametrix, consider
@=w— Ry (z,)KT f— R (2, h)K5 f.

The operator K, is bounded from L?*(T) to L? (f2). To prove this, consider K5

as a h-Fourier integral operator with real phase function (y',¢’) — Re p(z,¢’,6)

1
and amplitude b(x,&’',0,h) = e*$A2_(x,§/,0,h) depending on the parameter
x1 € [0,280]. Write

b—exp(—x—le( ! —|—O(1‘1)+O(9)))A2_:exp< 16 )A—.

2h RV4 1-— To 2h
Therefore
o LAY 218 N\ o1 ) (9P
0y = Z C.,82 ( 2 ) eXp( on )(6 )(693’ b@z)

[B1]+]B2|=le|
with some symbol bg,. For small 0 < z; < 2§y and small h the product

(50) " ol 020
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is bounded since g > 1/2. For —chl|logh| < 6 < 0 the product
(c| log h|x10> 181 o ( c|log h|z16
cve i1y wp( - S22 Pty

NGT; VG

is bounded by (C|log h|)I#11h=C2 with C; > 0,Cy > 0 independent of h. Similarly,
we estimates the derivatives 3?, b. Consequently, taking into account (3.8), we have

g),HZO

10%0b] < Cap]log h| 1181 =C2 (O(th) + O(hm+2)), Oy >0

with large M and m. For § > 0 the factor |log h|l*I*1#1h=C> must be replaced by 1.
On the other hand, for small z; the phase (y/, &) —Rep(x1,£’, ) is non-degenerate
and

et (2 B0

0:5’8{’)‘ =D>0

because ¢|,—0 = —(2/,¢&’). By a standard argument we consider the h-pseudo-

differential operator (K5 )*K, with parameter x; and deduce the estimate
155 fllez@) < ANBY [ fll 22y (3.11)
with big N choosing M and m large and depending on N. Applying the estimates
(3.10), we conclude that ||R(z,h)K§f||Hi/2(F) = O(hN=3/2)||f|| 2 exploiting the
operator of restriction
Yo = O(h=?) - HA(©Q) — H/(T).

To deal with the term Ry (2, h)K] f, we will apply the argument in Appendix
A L1, [3] for KT f = F'(h). For this purpose repeating the proof of Corollary A.II.4,

[3], one proves that the semi-classical wave front set W F(F(h)) is included in the
intersection of the set of outgoing rays issued from {(y/,7’) € T*(T) : (¢v/,7) €
supp X, } with a bounded set W such that dist (W, K) > g9 > 0. The set W is
determined by the support of the derivatives ®/(z1), j = 1,2, while the wavefront

I/I,/\F(KJ) is determined by the set {(x,¢,) : (2/,£’) € supp x; } and the fact that
the phase ¢ is chosen so that ¢,, > 0 (see [3], [1]). Finally, ﬁ(Ra (z,h)F(h)) is

given by the outgoing rays issued from WF(F(h)) (By Remark 2.1, the resolvent
Ry (2, h) is outgoing in the sense of [3]). Since K is strictly convex, these rays don’t
meet the boundary I'" and

IRy (2, B)F(B) || e 0) = Om ()| fll 2, Ym € N
in a small neighborhood O of K. We conclude that u— is a solution of the problem
(—h2A - 2)(u—1a) =0, x € Q,
w—1i = —(Ro(z,))F(M))|r, z € T, (3.12)
(u — @) — incoming.
Therefore [N (z,1)(Opn(x5)f — @lr)llmp < Ok f]lL2, YN and
N (z,h)ilr = N(z, h)w|r + O(h™).

By our construction we obtain N (z, h)w|r = Tn (2, h)Opn(x; )f with a h-pseudo-
differential operator T (z, h) having principal symbol /z — ry and

I(N (2, h) = T (2, 8))Opr (x5 )| L2y < Cih™. (3.13)
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3.2. Parametrix for N'(h). In the trace formula (2.9) we have integration with

respect to h = + and it is convenient to have a parametrix holomorphic with respect
ivz
h

Reh = R€VZp and Reh = h if and only if Rey/z = |z|. This leads to difficulties if we

2]

to h. Comparing with the parametrisation A = , used in the first part, we give

wish to extend the approximation Tn(z, h) as a holomorphic function of h modulo
some remainder. To overcome this problem, we will construct another parametrix
in the hyperbolic region for h € L, where L is defined by (2.10). Setting Re h=h,
for small hg we have [Im h| < C1h2.

Next we repeat without changes the construction in Appendix A2, [16] and search
a parametrix for the problem

(=h2A —1Du =0, z€Q,
u=Opj(x;)f, x €T, (3.14)
u — incoming.

Here Opj (x5 ) is a pseudo-differential operator with large parameter
form

having the

S

(s 0 )9)(w') = ()51 [ [ R0 =G e vy

The symbol x; has compact support with respect to & and the above operator is
well defined for h € L (see Appendix Al, [16]) since

‘;flz”h;;f <o (3.15)

Notice that for A € A we study the problem (2.11).
The local parametrix in local geodesic coordinates (x1, ') introduced above has

the form ®(z1)Hp (h), where

(Hn(h)f)(x) = (2mh) ="+ // en (W@ g ¢ B) F(o ) dy'de'.
The phase function ¥ is real valued and satisfies the equation

|Vx¢|2 =1,
'(/J|w1:0 = _<xl?£l>'
In local coordinates used in the previous construction we have
(00,02 + (B(2)Varth, Vort)) = 1.

The phase v is determined as ¢ above and we obtain 0, ¥, =0 = /1 — ro(2/,&') >
V6 for (2',&") € supp X; . The amplitude has the form

(3.16)

N—1 _
a= aj(x,&n

3=0
and a;(z,£’) are determined as solutions of the transport equations

21<V1/1, V(Zj> + I(AQ)[J)(ZJ = 7A(lj_1, ] = 0, veny N — ].,
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with conditions agls,—0 = x5 (¢,€'), ajls,—0 = 0, j > 1 and a_; = 0. By using
(3.15), we may write Hx(h) as a Fourier integral operator with real valued phase

th(z’g/) making the factor

. 1 1 / !/ !
exp(i(5 — ). €) +v(.€)
in the amplitude. Thus as in Corollary A.IL.8 in [3] and (A.19) in [16], we obtain

WE(Hx(R) € {@.6y/.0) € TO\T) x T°(D) : [l]le =1,

(x, &) belongs to the outgoing ray issued from (y’,n') € supp Xg}.

Here U C R? is a small neighborhood of I' and ||£]|, is the norm of dual vari-
able induced by local coordinates. Next we construct a global parametrix by
using a partition of unity, the incoming free resolvent (—BQAO —1)7! and the
incoming resolvent (—iL2A p — 1)71 of the Dirichlet Laplacian Ap. The operator
N (h)Op; (x5 )f = —ih~d,u|r (see Section 2) has an approximation by a h-pseudo-
differential operator TN(B)Op;l(Xg) and T'(h) has principal symbol /1 — 7o (', €).
Similarly to (3.13) we get

|(N'(h) = Tn (h))Opn (x5 )l L2 my < Bnh™, h e L. (3.17)

The advantage of the above construction is that the symbol of TN(ﬁ) is holomorphic
for h € L.

4. LOCATION OF THE EIGENVALUES AND INCOMING RESONANCES

Recall that an eigenfunction f of G with eigenvalue A satisfies the equation
C(\)f = 0. The same is true for the incoming resonances A. We will use the
parametrisation A = i\hﬁ, z=1+1ilmz, [Imz| < 1 introduced in Section 2 and the
equation (2.13).

Denote by (.,.) the scalar product in L?(I") and by ||.|| the L?(T") norm. Through-
out this section we choose 0 < § < ¢ and impose the condition

, V1-—¢c2
— 69 < —chllogh| <Im z < mln{57 B \/3} = Jp. (4.1)
C1

Hear 0 < ¢y < ¢; < 1 are the constants introduced in Section 1 and § was used
in the construction of the parametrix in the hyperbolic region in Section 3. In
subsection 4.1 there are no restrictions on § > 0, in subsection 4.2 we take § < 3
and in subsection 4.3 we choose § < ¢g.

In [11] it was proved that for 0 < y(z) < 1 the eigenvalues A of G are located in
the region

{AeC: Re) < C.(1+[ImA)Y* Red<0},0<e < 1.

Since Re A = —Imh‘/; <0, Im\= Reh‘/;, Re/z < /2, for fixed £ < 1/6 and small
h we deduce

0 <Imz < Coh'/*~= <nl'/3.

We choose 0 < h < min{d®,dp}. For fixed § if h is small enough, 0 < Im z <
h'/3 implies the inequality on the right hand side of (4.1). In Section 5 we take
h = o((1 — ¢1)?) in the proof of Proposition 5.1, so for ¢; 1 we must work with
h small enough. Our purpose is to show that 0 < |[Im z| < Byh" for every integer
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N if A =iy/z/h is eigenvalue or incoming resonance. This implies the statement of
Theorem 1.1.

The principal symbol of a parametrix for A/(z, h) —~4/z in hyperbolic and elliptic
regions becomes (see subsection 3.1 and Section 5 in [20])

Vz—ro—7z=p—1/z, (4.2)

where

p(z’ &) = \/1+ilm z — ro(z', ).

Denote by
Si={(,¢) e T*(I): ro(a, &) =1 —~*(")} C A,
the singular set, where the operator Opy,(1/1 — 79 —7) is not elliptic. Then 1—~? <
1—c3 <1— 6 implies
L c{(@,¢&): ro<1-46}.

Introduce a partition of unity on R given by

YT+ + YT () =1, VEER,
where ¥9(t) € C§°(R; [0, 1]), ¥°(t) = 1 for |¢t| < 1, 4°(¢) = 0 for |t| > 3/2, while

YE(t) € C®(R;[0,1]), supp ¥~ C (o0, —1), supp T C (1, +00).

Define

i€ = p (LY g gy = o (A 2

and notice that X N (supp X3 U supp Xg_) = (. Let Qj;t = Opy, (Xf;t), QY = Opr(xY)
be h-pseudo-differential operators. For h'/2 < § one obtains the estimates
Q4 L2y 2y < Qjy 5 = £,0
with constants @); independent of h and 4. In fact,
agawf(

el gup ro —1

la|<d (z/,§)eT*(T)

)| =@i=+0
and an application of Proposition 3.1 in [18] implies the estimate of HQ%H L2512-

4.1. Analysis of Qg' f. First we treat the elliptic region &, where we have a
parametrix S(z, h) with principal symbol (4.2), such that for small i one has

IV (2, h) = S(2,h)QF || < Aih (4.3)
with constant A; > 0 independent of h. This implies

(N2, h) = S(2,h)QF f,QF f)| < A2h]|QF fII*.

Here and below we denote by A; different constants independent of h. These
constants may depend of §, while by B; we denote different constants independent
of § and h.

Choose a function ((t) = (14§ — t)a(t) with a(t) € C*(R;[0,1]), a(t) =1
for t <146, a(t) =0 for t > 1+ % and introduce the symbol r. = 7o + ((ro).
Obviously, r. = rg for rg > 1+ %5 and

re = 10(1 — a(ro)) + (1 + 8)a(ro) > 146, (2, &).
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Therefore

ro(1 —¢(ro))
V1—r,+itlmz + /1 —1r¢ + itIm 2
vanishes on the support of X;; and Opp(R,) g'éf can be estimated by O(h*>°)||f].
2 2

Let s, := /1 —r. + ilm z. Then |[Im/z| = m | \Imz\ . On the other hand,

Re:\/1—7“e+itImz—\/1—r0+itImz:

2Ref =
Ims. =Re\/re — 1 —ilmz > v/ro — 1.
According to (4.1),
|Im z| < \f < \/?

and we give

Imz Te — 1
I (5.~ ) 2 Vi T -t > Ve by i,

where 0 < ¢y < % In fact, for ro <1+ 55 we arrange § > 4c3(2 + %) taking
i\

35~ 22
2 farm 23

For ro > 1+ %6 we obtain r, = r¢ and

0<CQ§

)
4e24+1<(1—4chH(1 + 32 ) < (1 —4c3)ro

which is satisfied for 7(5 > 4c3(2 + 35) By a standard argument we deduce

tm ((S(z,h) = WE)QF £ Q5 F) = e2(Opn(VIT70)Q5 1.QF ) — Ash]| Q5 1%
(4.4)
Consequently,
IV (2 0) = WRQE Flir-12 1@ Flare = €2l QF Flles = Adhll @ F13o

and for small h one obtains

105 s < ol (U )0z 1 (4.5
with constant Co > 0 depending of §. The estimate (4.5) holds for every function
f € H'/? and not only for eigenfunctions. In Section 6 we will use it for the proof
of (6.5).

As an application of (4.4) we will show that C(f) = 0 implies Qf f = 0. Assume
that || f]] = 1 we observe that

((S(z.h) = Ven)Q5 f.QF f) = (QF (S(2,h) = V) f,QF f) + ([S(2, 1), Q5 1f, Q5 f)

(Va1 QE1£.QE ) = ((15(2,0), @41 = V27 QEDS.QF F) + Os(h) Q3 £11

Here in the second equality we used the fact that (M (z,h) —v/z7)f = 0. On the
other hand, the symbol of the commutator [Opy (s.), Qé ] modulo a remainder bN e,
has the form

(ih)? =
bves= D - O [De(s2)DE(G) — DE(GIDE(s)| = Y b

: J! ~ —
1<j<N-1 la|=j =1

<.
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with D,/ = —i0,/, Dgr = —i0;/. The derivatives D%, (x{) yield a factor 1%/, while
the derivatives Dg s yield a factor (1 — re + ilm 2)1/2=lel Since 7, > 1 + %5, by
using the condition h'/3 < 5 we estimate

b1 < JW( ) VB < DRI/, (el €), 1< j < N — 1

with constant C; depending of the derivatives of ¢ and ry and independent of &
and h. A similar estimate holds for h|ﬂ|/2\8f/bj\7 |8 < d, and for the remainder
bne,5. Consequently,

1S (2, 1), Q5 1 p2 12 < BsVoh'/? (4.6)

with a constant Bs > 0 independent of A and §. The same argument can be applied
to estimate the commutator [, Q(ﬂ Thus we obtain a upper bound

[t ((S(2,h) = W2)QF £, £ )| < (BsVahY/® + Ash)|QF fI1

with constant Bg > 0 independent of § and A5 > 0 depending on §. Combing this
V3

35 and using h'/? < §, we deduce

with (4.4), taking co =

73
N

We fix § and the constants Az, As. Choosing h small enough, we obtain Qj{f =0.

1Q3 11 < (BsVoR'? + (4g + A5)n*36) |QF 111

Remark 4.2. In this subsection the argument works without restrictions on 0 <
0 <1

4.2. Analysis of Q{f. First, using Q'géf =0, from C(f) = 0 we deduce
2
Consider
Re (Q8(-N (e, k) + V21 ) (@5,f + Q4,0 Q81 ) =
It is easy to estimate the terms involving Q5 5 since
2
supp x4 N supp X%& = 0. (4.7)

In the hyperbolic region we have a paramterix Tn(z,h) and we can apply (3.13).
This implies

(Q3(=N(z,h) + V2)Q3, [, Q3f) < Cnh™ Q5 f11°
and we give
Re (Q8(-N(z,h) +7vZ)Q%, £, Q81 ) < Cnh™ Q311
Next
Q57Q%, = [Q5,7Q% +7Q3(Q%5 — 1) + Q5.
The commutator on the right hand side has a norm O(%) = O(6?) and for the
second term we use the fact that X% s = 1 on the support of x%. Consequently,
o Q312 < Re (vv/ZQ81, Q3F ) < Re (QIN (2, 1)Q%,/, Q87 )
+(ONh™Y + Br?)[|Q3 f1? (4.8)
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with constant B7 > 0 independent of  and h.

The problem is reduced to an estimate of the term involving N(z, h)Q%

35 and we
2

prove the following
Lemma 4.1. For Im z satisfying (4.1) and h small enough we have

IV (2, 1)Q% sl 22 < Bsv/s + Agh'/* (4.9)
with Bg > 0 independent of 6 and Ag > 0 independent of h.

Proof. We consider several cases concerning Im z.
1. Im z > h'/3. Following the results in [18], [19], [21] for Im z > h!'/27¢ and
e = 1/6, we obtain

h
|V (1) = Opn ()@Y 2222 < Crp— < Crbl?

with constant C7 > 0 independent of A and depending on 4. For Im z < ¢ on the
support of X% s we have [T —rg +ilmz| < \/@. Applying Proposition 3.1 in
[18] we deduce
||Oph(p)Q%5||L2—>L2 < BgVs.

. h?/3 <Imz < h'/3. In this case, we will apply Proposition 3.3 in [20]. Set
A= —iA= % and for f € L?(T) consider the problem

(A+X)u=0inQ,

u=@Q%f onT, (4.10)

u — (i)) — incoming.

N
~

Here we replace 62 in Section 3, [20] by §. Since Im z > 0 and u is iy/z/h-incoming,
u is decreasing for || = r — oo. Hence we may use an integration by parts to
obtain Lemma 3.1 in [20] for unbounded domains and the proof of Proposition 3.3
in [20] works. To apply this proposition, we need the conditions

1§|Im5\|§5Re5\, Re A > Cs > 1.

Obviously,
< Im 2

ImA\=h"t'—"+

o 2Re vz’
The analysis of the proof of Proposition 3.3 in [20] shows that it is sufficient to take
Cs = 61% and % > % > 511/8 holds. On the other hand, for Im z > h?/3 and
small h one gets

ReA=h"'Reyz>h"!.

| < 1 < Im 2
= K133 © 2hRe vz
and Im z < 26(Re /z)? is satisfied by (4.1). Now the estimate (3.11) in [20] for the
solution u of (4.10) yields

||N(Z, h)ng”L?(F) < Bjp <\/g+‘lm5\|*1/4) ||fHL2(F) < By (\/34»23/8}11/12) ||f||L2(F)

with a constant Byg > 0 independent of § and X. We replace § by 30 /2 changing
the constant Byg.

3. —ch|logh| <Imz < h2/3. In this case we have [Im z| < 2/3 and a semi-
classical parametrix for the exterior Dirichlet-to-Neumann map AN (z, h) for strictly
convex obstacle has been constructed in Chapter 10 of [15]. In particular, the
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estimate (10.32) in [15] for the principal symbol ne.:(z’,&’; h) of N(z, h) in suitable
local coordinates yields

1080 meat (', €3 h)| < Cap(|1 = 7o + B2/3)1/27P,
where &; is the dual variable after a second microlocalisation. The derivatives with

respect to z’ are estimated by O(|1 — r|*/? 4+ h'/3) and applying Proposition 3.1
in [18] once more, we deduce

I (e QS oo < By (VG + /%)

with a constant By; > 0 independent of § and h. Combining the estimates in the
three cases we deduce (4.9). (]

Remark 4.3. The estimate (4.9) is not optimal. The term h'/'2 comes form the
case 2, where we have used the results of [20] established for obstacles with arbitrary
geometry. For strictly convex obstacles we may apply the parametriz constructed
in Section 5, [11] for h?/3 < Tmz < h%, 0 < € < 1. However, Theorem 5.2 in
[11] yields an estimate for H/\/'(z7h)0ph(xg/2)|| = O(h¢/*) and some extra work is

necessary. Moreover, if h/? < §, then h should be taken very small for e < 1.
Going back to (4.8), we obtain the estimate
collQ3FII* < (BizVs + Aioh'/ 1) Q5 f11

with a constant Bis > 0 independent of §. We fix § = % and then Aig will
12

be fixed too. Finally, for small h we arrange A;gh'/'? < ¢y/2 and conclude that
Q8f =0.

For further references notice that for all f € H'/2, § < ¢Z and small h we have
an estimate similar to (4.5)

h
108 lmvs < Cul (L =) @8 (@.11)

with constant Cy > 0 depending of §. To do this, consider

Re (—(N(j;’h) +7)Q31.Q87)

and apply (4.9) for the norm of NV (z,h).
4.3. Analysis of Q5 f. Set f; := Qj f and consider
0=Tm ((N(zh) = W2)f5 . fy)

=T ((Tw(zh) = W25 £ ) + OBMIIf5 2,
where T (z, h) is the parametrix in the hyperbolic region constructed in subsection
3.1. The operator Tn(1,h) is self-adjoint, hence Im (Tx(1,h)f5 , f5 ) = 0. This
implies
[ (T (20 0) = W) 53 £ )|

=t sl [Re (P - D) i )| - oM a2
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with z; =1+ itlm z, 0 <t < 1, |Im 2| < ¢§. Introduce the operator

F=on(5 =5
= Ph 2y/z — 1o 2/
As in Lemma 3.9 in [18] and Lemma 4.1 in [11] we obtain
aTN(Zta h) Y — = — — —
Re (5757 — gz )i Ji) ~Re(FUDLAD| < Al P (413)
with constant A;; independent of h. Next Re (Fg,g) = £((F + F*)g,g) and the
principal symbol of the self-adjoint operator %(F + F*)is

1 Y
R — :
2 e(\/1+iﬂmzfro \/1—|—itImz)
Let B(t) € C>*(R;[0,1]) be such that S(t) = 0 for t < 1 — 0 and S(t) = 1 for
t>1-46/2, 5'(t) > 0, Vt € R. Introduce the symbol

o', &) 1= ro(1 — 8(r0)) + (1~ 3 )B(ro)

and notice that 5
1 =7 = (1 =ro)(1 = B(ro)) + 55(ro)-
Then ro = 7y on supp x; and for 1 —§ < ry <1 —6/2 one deduces
~ ) 1)
1—7g > 5(1 —B(ro)) + 55(7“0) =4/2,
because 1 — 22 > 1 — ¢Z > 0. Consequently,
1—7g>6/2, V(' &) e TH(T).

Moreover,

To — To
V1+itlmz — 7o ++/1+itlmz — 7o
implies [|Opp(Rp) f5 || = O(R™)| f5 |- The same is true for the operator with symbol

1 1
Vitilmz -7 I+iflmz —ro
We are going to study the operator with principal symbol

Rh:\/1+itImz—F0—\/1+itImz—r0:

1 g
e R ~ . 4.14
s(@',€'; 2) e<\/1+iﬂmzfﬁ) \/1+itlmz> (19

Our purpose is to prove that for Im z satisfying (4.1), the symbol s(a’,&’;2) is
elliptic.
Set y = /1 +t2(Im 2)2, ¢ = /(1 — 70)2 + t2(Im 2)2, and let

5= ye®, 1 — 7o +ilmz = ge, 0 < || < /4, 0 < || < 7/4,
Therefore

s(a’,¢;2) = Re (

o—it/2 o—iv/2 1
L

Va VY VY4

1 ycos? % —y2qcos? £

VT \/ycos% + \/qcos ¥

{\/gjcos% - ’y\/acos%
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1 y(14costp) —v*q(1 + cos p)
2\/yq \/ﬂcos% + /qcos

On the other hand,

1—-7 1
y(1 + costp) — v%q(1 4+ cosp) = y(l + TTO) - nyq(l + 5)

_ 1l - 2 2
—yq{y (1—7‘0+Q)—WQ(1+?J)]-
Write the symbol in the brackets [...] as
t2(Im 2)?
=2(2(1 =7 Sl W1 1— 72 4 £2(1 2
s=9? (20 70) + S ) =+ 9) (1= 7o) + (I 2)?)

> ()[Rl =270 - o)) =7 27+ O]
> (1+y) [do —~*(Im 2)?
with
do = (1 —70)(L = 7*(1 = o)) = (1 —70)(1 — ¢} (1 — 7o) = G(7o).
The function G(7y) has a maximum for 7o = 1 — ﬁ =cgand c3 <1 —4/2. Let
ming, ejo,1-s/2) G(Fo) = di. If ¢ < 1/2, then dy = g(l —c%g). For 0 <3 <1—4/2,

we have
5 25y sl 2 1
4y — {2(1 —cig) if 3 <6 <

2 e 2 1
17C1, lfCl > m

For simplicity we use the crude estimate dy > (1 — ).

By (4.1)
Vo T 1 [do

do o _do do
3/2 = 420372 T §(1 4 §2)3/4°
(ya)*2(Vy+ @) — 4y*q 8(1+462)

Notice that for some values of (z) the term

and we obtain

!/ !/
1z2) >
s(@,€52) =

y2

Y = —?
Y ATt i-70)

could be positive. On the other hand,
2

Y 1
— = — + O(|Im =
Trularir) 41— OUMD
and for 7o = 0, Im z = 0, the function Y may take negative values. For this reason
we simply estimate Y from below by —v2. Finally,

d
Re (F(;). f3) 2 (g gap — k)15 17

1+

with Aj2 > 0 independent of h. Assuming f; # 0 and taking together (4.12) and
(4.13), for small h we have

[Im z| < Byh™, VN € N.
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Now for A = i\hﬁ with z = 1 + ilm z one obtains

Revz > 1, [Im 2| =

and for 0 < h < §g we deduce

|Imz|

2Re /2

7
h

< [ImA| <

S

B 1
IRe \| = ‘72 < ZNpN=1 < Oplim A=V Im A > —.
h 2 do

Next

Vo _ a1
2c1 2c0 — 2

\/1 c1

and from (4.1) we give dp < min{cZ, }. This completes the proof of Theorem

1.1.

5. PROPERTIES OF THE OPERATOR P(h) FOR REAL h

In the section we use the notations of preceding sections. Let he L, h=Re h.
Introduce a function a(z’, &) € C°(T*(I") : [0,1]) such that

0, if rg > 1 — @lie)
1, ifrg <1-— 3&

a(e, &) =

) ?

where 0 < £, < 1 satisfies the inequality 5(1+¢1) < 6. Let T (h) be the parametrix
in the hyperbolic region 4# constructed in subsection 3.2 for the problem (3.14)
with boundary data Opj, («) f. Recall that this parametrix is holomorphic for helL.
As in (3.17) we obtain

(./\Nf(iz) - TN(B))Op;l(a) = Rn(h)Opj,(a), hel

with ||Rylr2ay—mray = O(|R|Y). The operator —Tn(R)Opy(a) is self-adjoint.
However for h?rq > 1 the principal symbol —v/1 — h2rq of Tn (h) is not real valued
(see the end of Section 3). To deal with a holomorphic in h operator, we add some
additional terms. We fix § = 5 and consider the function 8(t) € C*°(R;]0,1])
1ntroduced in the previous sectlon with this (5 Recall that S(ro(2’,£’)) = 0 for

<1- C—O and B(ro(a’,£')) =1 for ro > 1 — 2. This choice of ¢ is not related to
that in Sectlon 4. In fact, in the proof of Theorem 1.1 we have choose § < ¢g and
we obtained an eigenvalue free region Qy depending of ¢y and ¢; and small h. The
function 8 and § will be fixed and there are no confusion. Later in Section 6 we
will use the functions y*, x? and the small parameter w will different from ¢ fixed
here.
Set A(h) = Op(1—p(ro(2’, h¢')). In the following Op(a) with symbol a(x’, h&’; h)
denotes the classical pseudo-differential operator

(Op(a)f) () = (2m)~ / / A a(a! e h) )y e’

and similarly if one has h at the place of h. Obviously,
sup(1 — B(ro(a’,¢'))) Nsupp a2’ &) = 0. (5.1)
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Let
Q(h) = =T (h)A(h) + () + (Id — A(h)Op(\/ 1 + h2ro).
To extend Q(ﬁ) for h € L we must extend holomorphically for h € L the operator

A(h). Since the symbol of this operator vanishes for large [|{'[|, we may apply
Proposition A.1 in [14]. According to this result, for small hg and h € L there

exists an operator R(h) such that
O5R(h) = O(|h|®): H™* — H*,Vk >0,Ys >0

and Ag(h) = A(h) + R(h) extends holomorphically to the domain L. Moreover, the
extension Ag(h) has the form Ag(h) = B(h; TZI) with a classical pseudo-differential
operator B € L%°(T) and p ¢ WF(A(h)) implies p ¢ WF(Ag(h)). After this
manipulation we introduce the operator

P(h) i= =T () Ag(R) +(x) + (Id — Ao(R))Op(\/1+ 2ro )
which is holomorphic for i € L. Notice that (5.1) implies
WF(Id — A(h)) N WF(Op(a(a’, he')) = 0,
e WF(Id— Ay(h)) N WF(Op(a(z', he')) = 0.
This leads to
(C(h) = P(R)Op(a) = — (N(h) = T (B) Ao(R) ) Op(e) + O(|A|)

=~ (W(R) = T (1)) Opla) + O(HI®) = O(AM).  (5:2)

In this section we study the self-adjoint operator P(h) for Re h = h with principal
symbol

p1(2’, he') == —/1 — h2ro(1 — B(h%rg)) + v(x) + B(h3re)\/1 + h2r.

2

Choose 0 < 2n=1-c2 <1—26, g9 = ﬁ For two operators L1, Lo we say
that Ly < Lo if (Lyu,u) < (Lau, u).

Proposition 5.1. For small h depending of eg we have the inequality

h%h) + P(R)Op((1+ h#ro) ") P(h) = eoOp(V/1 + h2ro).  (5.3)

Proof. We have

dpi o (1=PB(h*ro) = B(h*ro)
_hro( \/1—]7,27“0 \/1—|-h2’l“0>

+2h2708' (hro) (VT = W7o + /14 h2ro )

and one obtains h %L > 0, V(z',¢).

We consider several cases.
1. 0 < h?rg <n. Then /1 — h2rg > /T =1, B(h*rg) = 0 and

n
1-h2rg+y< —\/1-n+c = ——ee.
°oTY = " ! ca++v1—n
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This implies
2

2
h@—i- P > ( n V14 h2rg > 260/ 1+ h2rg.  (5.4)

an F TR (e + VT
2. 7 < h?rg <1 — 6. Then B(h%rg) = 0 and
d 2
R P > n > v/ 1+ h2rg. (5.5)

% \/1—|—h27"0_\/1—h27‘0
3. 1—(5<h27“0§1—%.Weobtain

dp1 pi 1—B(h*ro) | B(h*ro)
Wi T g = 1 -9)( N NG —5/2)

1-— 1-— 1-—
o > 0 v1+ h2’l“0 > 75\/ 1+ h27“0. (56)

2-0/2 2-0/2 2
4. h?rg > 1— g. Therefore, (h%rg) = 1 and
2
P
————= >V 1+ h?r.
T > Vi
Clearly, n < 12;5 and 2g9 = 4({77;7) < n. Taking together the estimates (5.4), (5.5),
(5.6), we get

dp1 p?
h—— 4+ ———— — 29/ 1+ h2rg > 0.
dh T+ R, 0 0=

By the sharp semiclassical Garding inequality we deduce

2
(hop(22) s + Op( iz )1 7) 2 220 (Op(VTHR20) 1. 1) = ol oo

The norm of the low order terms on the left hand side of (5.3) can be estimated by

Cah||fI2, €3 > 0. Finally, h(Cal|fI,,. + Ca £

choosing h small, and this completes the proof. ([l

N—

can be absorbed by eo|| f]1%,: 2

Remark 5.4. The choice of gq is independent of § and the function 3(rg) and g =
o((1—c1)?), sogo \y 0 as c1 /1. We have a similar phenomenon in the case v(z) >
1, Vz € T (see Remark 2 in [12]), where g = o((1 — &)?), ¢o = minger y(z) > 1.
On the other hand, h depends of o and we must take h < hg = o((1 — ¢1)?).

Let 0 < h < hg <1 and let

be the eigenvalues of the self-adjoint operator P(h). We repeat without changes the
arguments of Section 4 in [12] and Section 4 in [14]. For convenience of the reader,
we mention briefly the main steps and we refer to [12], [14] for more details. The
number of negative eigenvalues

ko = #{k : pr(ho) <0} = (2who)~ ¢~V / / dx'd¢’ + O(hy*t?)
p1(z’,¢")<0

is finite and

£={(",€): pi(a’,€) <0} ={(2,€) : r0(a’,€) <1 —~*()}. (5.7)
In fact, p; <0 implies
) §1772 §1fc(2).
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On the other hand, 5(rg) > 0 yields 1o > 1 -5 =1— % and this contradicts the
above inequality. Thus (2/,§') € £ <= B(ro(2’,¢’)) = 0 and we obtain (5.7).
Notice that kg is independent of § and the function 8. For k > kg the eigenvalues
1k (ho) are positive. By applying (5.3), we show that uy(h) are locally Lipschitz
functions and the derivatives %) are almost defined. Repeating the argument in

[12], [14], for pk(h) € [—a,a], 0 < a < 1,h € [h1, ha], one establishes the estimates
€0

o hduk(h)
2 = dh
We discuss briefly only the proof of lower bound in the above estimate. Let hy
be small and let py(h1) have multiplicity m. For h sufficiently close to h; one has
exactly m eigenvalues and we denote by F(h) the space spanned by them. We
denote by a(h) the derivatives of a(h) with respect to h. Let ho be close to hy and
let e(hs) be a normalised eigenfunction with eigenvalue ug(hs). We construct a
smooth extension e(h) € F(h), h € [hy, ha] of e(hy) with |le(h)|| = 1, é(h) € F(h)*.
Obviously, e(h1) will be normalised eigenfunction with eigenvalue py(h). Since
pur(h) € [—a,a], h € [h1, hs], we have ||P(h)e(h)]] < a. To estimate hd“giéh) from
below, we apply (5.3). For a = \/g we have

dpus(h)
dh

< co, k> ko.

h = (hP(h)e(h),e(h)) > eo(Op(v/1 + h2ro)e(h), e(h))

—(Op((1 + h?rg) "2 P(h)e(h), P(h)e(h)) > g9 — a® > £0/2.
Consequently, for h € [hy, ha] one has

ha
E E
pur(ha) — p(hy) > 50 htdh > ﬁ(hQ — hy)
h1 2
and
o du(h)
2 - dh

The above inequality combined with the continuity of ug(h) implies that if for
h < hg, k > ko we have ui(h) < 0, then there exists unique h < hy < hgy such
that pg(hyx) = 0. Clearly, the operator P(hy) is not invertible. Thus we are led to
count for 0 < 1 < hg the number of the negative eigenvalues of P(1/r) which can
be expressed by well known formula.

Repeating without any change the argument in [14], we choose p > d and con-
struct intervals Iy , containing hy, with length [Ty, ,| ~ RP! and |ug(h)| > kP for h €
(0, ho] \ Ik, p- Next, one constructs closed disjoint intervals J ,, |k ,| = O(hPT24)

so that
U Iy p = U Jiep
k>ko k>ko

and we obtain the following

Proposition 5.2 (Prop. 4.1, [14]). Let p > d be fized. The inverse operator
P(h)~' 1 L? — L? exists and has norm O(h™P) for h € (0, ho] \ ©p, where Q, =
Uk Jk,p. Moreover, the number of intervals Jy, , that intersect [h/2, h] for 0 < h < hg
is at most O(h'~P).
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6. RELATION BETWEEN THE TRACE FORMULAS FOR P(h) AND C/(h)

In this section we study C(h) and P(h) for complex h € L. Moreover, § = 73
and [ are fixed as in the preceding section. We obtain without changes many
statements of Sections 5, 6 in [14]. We refer to [14] for the details and below precise
citations are given. First, one repeats the proof of Lemma 5.1 in [14] exploiting
Proposition 5.1. Thus we get

~ h
Hp(h)ilHL(H—l/Q,Hlﬂ) < C| | , h >0, Imh;’éO (61)

Im
Second, as in Section 5 in [12], one introduces an elliptic operator M (ﬁ) holomorphic
in L such that P(h) — M(h) : O4(1) : H™* — H*®, Vs. A modification is necessary
since the principal symbol p; vanishes on the set ¥ = {(2/,&') : p1(2/,¢’) = 0}. For
this purpose we repeat the argument of Section 5 in [12] and for convenience of the

reader we present the proof.
Consider a symbol o(z’,¢’) € C3°(T*(T'); [0,1]) such that

m/g):{l’( §) e T*(I), ro(e', ><1—1};0,
o @) e D), molel ) 21

Introduce the operator
M(h) = P(h) + Op(o(a/, he').
The principal symbol of M (k) has the form
m(a’,he') = —/1— h2ro(1 = B(h*ro)) + v(x) + B(h*ro)V/1 + hrg + o(z', hE').
The operator M (h) is elliptic since for h%rg < 1 — 12 we have m > y(x) > ¢, for
1-— % <h*rg<1-— % we get B(h*rg) = 0 and

11
m > vy(z) — /1 —h2rg > y(z) — 1/ —=co,

12

while for 1 — i < h2r0 <1- é we obtain m > vy(z) — /1 — h?rg > y(z) — \/gco.
Finally, for h?rg > 1 — <2 we have 8(h%rg) = 1 and m > v(z).

Consequently, m € 50,17 the operator M ~1(h) : H® — H**! is bounded by O,(1)
and WE(P(h) — M(h)) C {(z/,€): 70 < 1— %} By applying Proposition A.1
in [14], we can extend homomorphically o (', he’) to n(z’,&';h) for h € L. Thus
M (h) has a holomorphic extension

M(h) = P(h) + Op(n(a’, €'s 1))

for b € L and WE(P(h) — M(R)) C {(a',€) : mo < 1 — 28} The last relation

implies P(h) — M(h): O4(1) : H=* — H*, Vs.

Next, one deduces the estimate

= h
IP(R) Y| e (e o1y < Co—nm T ,h>0,Imh #0 (6.2)

m

applying (6.1) and the representation

Pl=M"'-MYP-MM''+M Y P-MPYP-MM*'  (63)
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combined with the property of P(h) — M(h) mentioned above. Following [14],
introduce a piecewise smooth simply positively oriented curve 7., as a union of
four segments: {h € Ji,, Imh = £h?*'} and {h € d.J},, |Imh| < AP*1}, where
Jip is one of the intervals in 2, defined in Proposition 5.2. Then we have

Proposition 6.1 (Prop. 5.2, [14]). For every h € 4y, the inverse operator P(h)~!
exists and ~ R
IP(h) " | ecme ey < Csh™P, h € Y p.

For the operator P(fz), we obtain a trace formula repeating without any change
the proof in [14]. Let pr(hg) = 0, k > ko. Define the multiplicity of hy as the
multlphclty of the eigenvalue ,uk(hk) and denote the derivate of A with respect to
hby A.

Proposition 6.2 (Prop. 5.3, [14]). Let 7 C L be a closed positively oriented C*
curve without self intersections which avoids the points hy with pg(hg) = 0. Then

r—/ dh

is equal to the number of hy, in the domain bounded by T.

Introduce an operator x € Lgl’o(l") which is holomorphic for h € L so that

WE(x) € {(@,€) € T*(T) : ro(a’,€) <1 37 Y
WF(1-x) C{(@,§) e T*(I) : ro(a’,€)) > 1~ %}

We apply (6.3) for P~1(1 — x), and exploiting
WE(P(h) — M(h)) NWF(1 - y) =0,
we get ~
Pl =P I+ M (1—x)+Ki, h €y (6.4)
with K; : O(|h|®) : H™® — H*®, Vs. For the analysis below consider a product
X1 P~ X2, where x1,x2 € L% are such that WF(x1) N W F(x2) = 0, and WF(x1)
— 2
or WF(x2) is disjoint from {(2/,&') : 79 < 1— 5%} Applying once more (6.3), we
deduce x1 P txa : O(|h|*) : H™% — H®, Vs. )
We pass to the analysis of the inverse of the operator C'(h). First choosing small
w > 0, introduce a partition of unity on T(T")
1=xg +xd + X3,
where the functions 7 (z/,¢’), j = 0,4 have been introduced in Section 4. We
2
replace § by w to avoid a confusion with § = %0 fixed above and choose w < c2.
Let Q), = Op(xZJ(JCIN, h¢')), j = 0,+. The estimates (4.5) and (4.11) can be written
as estimates for C(h) = —N'(h) + (), because
N(h Z) —ihd 'LI,|F ~ ~ o~
N ~— = —ihd,ulr = N(h).
N L — kol = NG
Notice that for the proof of (4.11) we must take w < 3 sufficiently small. From
these estimates we deduce

1L = Qo) fllese < NQLf v + 1QF Fllar
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< B(ICRQL 172 + ICHIQE fll-112)

with constant B > 0 depending of w and small h. We fix w < % and obtain
112 < BOICE) flli-2 + 20CHRIQE Fll 172

HICEQ fll-172) +1Q s

By using a parametrix Sy (h) in the elliptic region, we have C(R)QF = Sn(h)QF +
RN, RN = O(|h|N) Then

C(h)QY = QEC(R) +[Sn(h), @51+ O(IhI™)

and it easy to estimate the norm of the commutator [Sx(h), Q}] by O(|h]). Also
by using the parametrix Tn (;L) in the hyperbolic region, we obtain the same result
for the commutator [T (%), Q5]. The terms with norms O(|h|) can be absorbed by
the left hand side of the last inequality and we give

1 hrsse < Br(ICEfll 172+ 1Q fllrsa)- (6.5)

Introduce the operator C(h) := C(h)+ X, where ¥ € LSZ’O depends homomorphi-

cally of h € L and WF(R) is included in a neighborhood of . To do this, choose
¢ € Cg°(T*(I');[0,1]), so that

: ! ! < _%
C(xl,fl) _ 17 if ’I"O(LU 75 ) <1 57‘27
0, if ro(2/, &) > 1 — =2,

Extend ¢ homomorphically to 6 forjz € L as we have proceeded above with 7, and
define the operator x with symbol (. Obviously,

WE() € {(.€) e T(0): ry <1 20},

Moreover, it is easy to see that C (ﬁ) is elliptic operator. Indeed, choose a symbol
m € C5°(T*(T);[0,1]) satisfying

0, if ro(2’,&") > 1 - 4.

and set v = Opp(n1). We apply (6.5) for (1 —v)f and deduce

[ =0)fllg/2 < B (Il(l =v)C(h) fllg-172+[C(R), V] fll g-1/2 +0(|h\°°)||f|\m/2)~

(6.6)
Since WF(1—v) NWEF(X) =0, we have (1 —v)C(h) = (1—v)C(h) + O(|1|>*) and
we may replace (1 — v)C(h) by (1 —v)C(R) in the last inequality. On the other
hand, C (iz) is elliptic in the hyperbolic region and similarly to (4.5) we give

los e < Ba(ICE 172 + ARIF g2 ) (6.7)

The commutator [C'(h), v] yields a term with norm O(|h|) and taking together (6.6)
and (6.7), we conclude that

I fllzr1/> < Bs||C(h) fll g1/, b € L. (6.8)
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This proves that C'(h) is invertible with inverse C~!(h) holomorphic for h € L.

Passing to C~'(h), consider the operator
D=C7 ()1 —x)+ P (h)x, h € iy
We have o
CD=1+(C-C)C™'1—x)+(C—P)P 'y
Let & = Op(a) € LY%" with symbol a(z’, he’) be the operator introduced in the
preceding section. Clearly,

d(l+e

WE(@) € {(.¢): n<1- Dy R -8 € {(@€): ro 21— 20y

Then (C — P)(1 —&)P~'x : O(|h|*) : H=® — H*. On the other hand, according
to (5.2), one has
(C—P)a=Rna (6.9)
with Ry : O4(|R|N) : H® — H*. Applying (6.2),we conclude that
(C—P)P I =O,(|hN"P), H* = H*, h € .

Next C—C = —x and WF(X) "W F(1—x) = 0 implies YC~'(1—x) = O([h]*) :
H™* — H*. Finally, CD = Id + O(|h|N-P) and we can take IV arbitrary large. We
obtain an inverse D(Id + O(|h|N~P))~! of C(h) and this implies the following

Proposition 6.3. For h € Vk,p We have
IC™ (M)l e (are,mae+1y < Cslh] 7P (6.10)
Similarly to (6.4), we get
C™Hh) = C7 (M) (1 =) + P (B)x + Ka(h), h € ey (6.11)
with Ky(h) : O4(|h|N=P): H™* — H?.

Now we are going to compare the traces involving C' (fl) and P(fz) and our argu-
ment is very similar to that in [14]. First, using (6.11), we have

1 L 1 . -
tr— C~Yh)C(h)dh = tr—; P7Y(h)xC(h)dh 4+ O, (|h|N7P).
2mi /s, 2mi /)y,
since C~*(h)(1 — x) is holomorphic. Next write
P (h)xC(h) = (1 = &) P~ (h)xC(h) +aP~! (h)xC(h)

and observe that WF(1 — &) N I/If/\l?(x) = (). Thus the norm of first term on the
right hand side is estimated by O(|h|*°). For the second one we apply the cyclicity
of the trace and obtain

p*l(ﬁ)x(()(ﬁ) - P(ﬁ))a + P Y(R)xP(h)a.
By using Cauchy formula for the derivative %(C(ﬁ) — P(h)) and (6.9), we deduce
that P*I(E)X(C’(ﬁ) fP(/E))a = O(|h|N=P). To handle the term P~ (h)xP (k)& by

the cyclicity of the trace we transfer the operator & on the left and conclude that

1 o 1 R -
tr— P (h)xC(h)dh = tr— P~ (h)xP(h)dh + O(|h|N 7).
2ri o, T Sy
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Finally, taking into account (6.4) and the analyticity of M ~1(1 — x), we give

1 . 1 o -
fro— P=Y(R)xP(h)dh = tr— P=Y(R)P(R)dh + O(h|>).
27 - 2mi Yeop

The difference

1 o 1 o
fr—e / C R C(R)dh — tr—— / PRy P(h)dh
2mi e 2mi -

is a negligible term, hence this difference is zero. Repeating the argument in [14],
[12], we obtain a bijection between (0, ho] 3 hy < p; € (0,(G) URes (G)) and we
must count the negative eigenvalues py(r—!) of P(r=1), r > C,. By the well known
formula we have

ﬁ{k : /,Lk('r_l) S 0} = (27‘[’)d_1‘/p ((l/ <o dx/dﬁl + Ory('f‘d_z). (612)

Applying (5.7), the integration is over {(a/,&) : ro(a’,&') < 1 —~2%(2')} and we
obtain the leading term in (1.4). This completes the proof of Theorem 1.2.

APPENDIX

In this Appendix we assume that K = By = {r € R® : || < 1} and v > 0 is a
constant. We will prove the following

Proposition A.4. For K = Bs and 0 < v < 1 the operator G has no eigenvalues.
Proof. Consider the dissipative problem
(A +X)u=0in|z| > 1,
Oru— Myu =0, onl|z| =1, (A1)
u — A — incoming.

Set in (A.1) A = iu. The incoming solution of (A.1) in polar coordinates (r,w) €
R* x S? has the form

el ht (ur) .
u(r,w, i) —Z Z an,mm nym (W)

CON
Here A" (r) = Toi12@ e the spherical (modified) Hankel functions of first kind,

/2
Y,,.m(w) are the eigenfunctions of the Laplace-Beltrami operator —Ag» with eigen-

values n(n + 1) and

n=0m=—n

Ufjgj=1 = fw) = Z Z nm Yn,m (W)

n=0m=—n
To satisfy the boundary condition we must have
C(n; p,Y)an,m =0, Vn, —n <m < n,
where
h9>(ur))

C(n;p,7y) = @( D)

—ipy, n e N;Impy > 0.

r=1
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Our purpose is to prove that C(n;u,v) # 0 for Imp > 0 and all n € N. This
implies @y, = 0 and f = 0. Hence u = 0 since the Dirichlet problem has no
eigenvalues. We have the representation

WY@ = ()R, (2;)

with .
R, (z) := Z En I m' Z emz™

m=0
It is well known that the zeros of HfL le /2( z) are located in the domain Im z < 0, so

R, (z) # 0 for Rez > 0. Taking the derivative with respect to r, we obtain

Cloiur) = (1 =i — 3 Lt Dbl (L))

— ml(n —n)! 24 24
Setting w = i, we will study for Rew > 0 the equation
i 1-— '7 = m —1
~Cnig=y) = 52+ g::o(m +1)emw™(Ro(w))
_ (1 =7)Rn(w) + an:o 2(m + 1)Cm(7)wm+1 _ Z::r:lo b (7)w™ —0 (A.2)
2wR, (w) 2wR,,(w) ' '

The coefficients by, () have the form

b (7) = (L = y)em + 2mepy—1, m=1,.

2n
brr(7) = 201+ e = 200+ 1) E () =1 -,

We fix 0 <y <1 and for 0 < e <1 consider the polynomlal
n+1

£) = Zbk(w)wk
k=0

Let w;(n;e) = 1,...,n + 1 be the roots of the equation B,,(w;e) = 0 with respect
to w. By using the result of Fujiwara (see [10]), we obtain an upper bound for
lwj(n;e)], j=0,...,n+ 1 given by
bn by 1/2 b 1/(n+1)
2max{ (£7) ‘ 1(£9) ‘ ) 0(€7) ’ } = Mp(e).
bn+1 bn+1 2bn+1

Since by,41 is independent of v and € and 0 < br(ey) < bi(0), 0 <e <1, k =
0,...,n, we deduce

PIEEED)

bi(e7) ’1/"
anrl

M, (£) < My (0), 0 < e < 1.

To estimate M,,(0), observe that the sequence b,11(ey) > b,(e7) > ... > bi(e) >
1 — &7 is decreasing. Indeed,

(n+k—1)! tn+k 1 (n+k—1)!

—Cp1 = — = — k2 .
e Rl T ey | By eiiray v Rl eray T +n)
Thus the maximal term in the above upper bound becomes
2bn - n n— -
() _ (A—ey)en+2ncna 1 M & o
bnt1 (n+1)cy n+1l n+1 n+1

and we take M, (0) = 1.
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Consider the contour w = aU S C {w € C: Rew > 0}, where
a={weC:|w|=2,Rew >0}, f={w=iyeC: |y <2}.

By using the factorisation of B, (w;¢), we give

| By (w;e)| > bpy1, Vw € a, 0 <e < 1. (A.3)
On the other hand, B,,(w;e) # 0 forw € 5,0 <& < 1. Indeed, B, (0;e) = 1—ey #0
and for w = iy,y # 0 one has C(n 72y757) # 0. In fact, R > QL = —iA yields

A € iR\ {0} and in Section 2 it was shown that there are no eigenvalues and
incoming resonances on iR \ {0}. If C'(n; —iXg,ev) = 0 for some A9 € R and some
n, taking a, , # 0 and ag» = 0, k # n, we obtain a function f # 0 such that
C(—iXg)f = 0 which is impossible. We claim that there exists dg(n) > 0 such that

|Bp(w;e)| > do(n), Yw e 8, 0 <e <1 (A4)

Assume (A.4) not true. Then there exists a sequence {iym,em} € B x [0, 1] such
that

1
| B (iym; em)| < —, ¥m € N.
m

Choosing convergent subsequence {ym,,&m,} and passing to limit (ym,,em,) —
(yo,€0) € B x[0,1], we obtain a contradiction with By, (iyo, o) # 0. This proves the
claim.

Now consider the integral

1 B/ (w;e)
= — = dw, 0<e<1.
an(€) 2mi /w B, (w;e) W= Es

Here gy (¢) € N is equal to the number of the roots of B, (w;e) = 0 counted with
their multiplicities lying in the interior of the domain bounded by w. We will
prove that g, (¢) depends continuously of € € [0, 1], hence ¢, () is constant. Let
€1,€2 € [0, 1]. Write

= Bp(w;e1) 1By (w;en) ! ([B;(w;al) — B (w; )] By (w; 2)

+ B, (w; 22) [ B (w3 £2) — Bu(wie)])
On the other hand,

B, (w;e1) — Bp(w;ea) = (2 —e1)y Z cpw™

and a similar equality holds for BJ (w;e1) — B}, (w;e2). Taking into account (A.3)
and (A.4), we have an upper bound

|B (w, 5)|<max{ } Ywew, 0<e<1 (A.5)

n+1 50
and we conclude that ¢,(g) is continuous. This implies ¢,(¢) = ¢,(0) = 0 since
for Neumann problem (v = 0) we have no roots of the equation B, (w;0) = 0 with
Rew > 0. O
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Remark A.5. A shorter proof of Proposition A.4 may be given by using the con-
tinuity of the roots w;(n;e) with respect to €. If we have a root w;j(n;e) with
Rew;(n;e) > 0 for some 0 < ¢ < 1, then for ¢ N\, 0 we obtain Re w;(n;0) >
0, wj(n;0) # 0 since the roots wj(n;e) cannot cross the imaginary axis. This leads
to a contradiction with the fact that By, (w;0) # 0 in {Rew > 0}. The above proof
is based on complex analysis and the same approach could be useful for the general
case of strictly convex obstacles.

We may apply another perturbation argument. Consider the polynomial

n+1
Fo(win) =Y b (1 +n)uw™
m=0

for |n| < 1. Let w;(n) be the roots of F,(w;n) = 0 with respect to w. Clearly, for
|| small enough we have a simple root w(n) such that w(0) = 0 and %ij (0;0) = 2.
The other roots of F,,(w;0) = 0 are different from 0 and they have strictly negative
real part (see Appendix in [11]). The root w(n) must be real, otherwise we will
have two perturbed roots for n close to 0. Taking the derivative with respect to 7,

we obtain

OF, , OF, L

%(w(ﬁ)vﬂ)w (n) + Tn(w(ﬁ)ﬂl) =0

and for n = 0 we deduce w’(0) = 1/2. This implies +w(n) > 0 for +n > 0 and
small |n| (w(n) < 0 for n < 0 follows also from the fact that B, (w;vy) = 0 with
0 < v < 1 has no positive real roots). For v = 1 +n > 1 the root w(n) yields an

eigenvalue A = _ﬁ(n) < 0, while for v = 1 -7 < 1 we have an incoming resonance
A= —ﬁ > 0. The other roots w;(n) with Rew;(0) < 0 remain in the half

plane {Re z < 0} for small |7].
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