ON THE NONLINEAR WAVE EQUATION WITH TIME PERIODIC
POTENTIAL
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ABSTRACT. It is known that for some time periodic potentials ¢(¢,z) > 0 having compact
support with respect to = some solutions of the Cauchy problem for the wave equation 97u —
Azu+ q(t, z)u = 0 have exponentially increasing energy as t — oo. We show that if one adds
a nonlinear defocusing interaction |u|"u,2 < r < 4, then the solution of the nonlinear wave
equation exists for all ¢ € R and its energy is polynomially bounded as t — oo for every choice
of q. Moreover, we prove that the zero solution of the nonlinear wave equation is instable if
the corresponding linear equation has the property mentioned above.
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1. INTRODUCTION

Our goal in this paper is to show that a defocusing nonlinear interaction may improve, in
a certain sense, the long time properties of the solutions of the wave equation with a time
periodic potential.
Consider the Cauchy problem with potential perturbation of the classical wave equation in
the Euclidean space R3
Ot — Agu+q(t,x)u =0, u(0,z) = fi(x), du(0,x) = fa(x). (1.1)

Throughout this paper 0 < q(¢,z) € C°(R x R3) is periodic in time ¢ with period T' > 0 and
has a compact support with respect to x included in {z € R3 : |z| < p}, for some positive p. It
is easy to show that the Cauchy problem (1.1) is globally well-posed in H = H'(R?) x L?(R3).
The analysis of the long time behavior of the solution of (1.1) may be quite intricate (see e.g.
[6, 1]). A slight adaptation of the arguments presented in [1] leads the following result.

Theorem 1. There exist g and (f1, f2) € H such that the solution of (1.1) satisfies :
3C >0, 3a>0 suchthat Vt>0, [|u(t, )| ws) > C e, (1.2)

The above result has been established in [1] for the Cauchy problem with initial data in the

energy space H = Hp(R3) x L?(R?) with norm
1/2
1£llo = (1AM, + 1£207) % F = (. fo),

where Hp(R3) is the closure of C§°(R3) with respect to the norm || f||z,, = Ve fllz2®s)-

In fact we show that the propagator of (1.1)

V(T,0) : H > (f1(z), fo(x)) — (u(T, z),u(T,z)) € H

has an eigenvalue y, |y| > 1 which implies (1.2).

Our purpose is to show that adding a nonlinear perturbation to (1.1) forbids the existence
of solutions satisfying (1.2). Consider therefore the following Cauchy problem

0P — Agu+ q(t, )+ [u)"u =0, u(0,z) = fi(z), Su(0,z) = fo(x), (1.3)
1
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where 2 < r < 4. We have the following statement.

Theorem 2. For any choice of q the Cauchy problem (1.3) is globally well-posed in H. More-
over, for every (fi1, f2) € H there exists a constant C > 0 such that for every t € R, the solution
of (1.3) satisfies the polynomial bound

r4+2

1908, )z + 100t Y z2ey < 2(X )7 +Clay) 7,

r4+2

lult, Y2y < 11 lzaqesy + 20t (X (0)7F2 + Clel)

where
X(0) = [ (G100 + 5ITaul? + Jalal + gl ) o
bs 2 2 2 r+2
and C' > 0 depends only on q and r.

By global well-posedness we mean the existence, the uniqueness and the continuous depen-
dence with respect to the data. The proof of Theorem 2 is based on the equality

X'(t) = %Re /}Rs(ﬁtq)]uﬁda; (1.4)

and the estimate
IX'(t)] < CX1T7 R (1).

It is classical to expect that the result of Theorem 1 implies the instability of the zero
solution of (1.3). More precisely, we have the following instability result.

Theorem 3. With q as in Theorem 1 the following holds true. There is n > 0 such that for
every 6 > 0 there exists (fi1, f2) € H , [|(f1, f2)|ln < 0 and there exists n =n(d) > 0 such that
the solution of (1.3) satisfies ||(w(nT, ), Ou(nT,-)||x > n.

We are not aware of any nontrivial choice of (f1, f2) € H such that the solution u(t,z) of
(1.3) and u(t,x) remain uniformly bounded in H for all ¢ > 0. The paper is organized as
follows. In the next section, we prove Theorem 1. The third section is devoted to the proof of
Theorem 2. First we obtain a local existence and uniqueness result on intervals [s, s + 7] with
7 =c(1+[|(f1, f2)|ln)”" with constants ¢ > 0 and v > 0 independent on f. Next we establish
(1.4) for solutions

2r42

u(t,z) € C([0, A}, H(R?)) N C'([0, A], Hy (R®)) N Ly~ ([0, A], L *(R?))

and finally, by a local approximation in small intervals we justify (1.4) for every fixed A > 0
and 0 <t < A. In the fourth section, we prove Theorem 3 passing to a system

Wyt1 = F(wy), n >0,

where F = U(0,T) is the propagator of the nonlinear equation. In the fifth section we discuss
the generalizations concerning the nonlinear equations

r—1

OPu — Agu + |u|"u + qu(t,x)|u|3u =0,r=2,3

§=0
with time-periodic functions ¢;(t+ 1}, x) = ¢;(t,z) > 0, j = 0,1,r — 1 having compact support
with respect to .
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2. PROOF OF THEOREM 1

2.1. The linear wave equation with time periodic potential. Let u(¢, z;s) be the solu-
tion of the Cauchy problem

OPu — Agu+ q(t,x)u =0, u(s,z) = fi(z), dul(s,z) = foz) (2.1)
with f = (f1, f2) € H. Therefore the operator
H> f—U(@s)f = (ult, x;s), 0ult, 5 5)) € H

is called the propagator (monodromy operator) of (2.1) and there exist C' > 0 and a > 0 so
that

Ut ) fllo < Ce 1] flo. (2.2)
Let Up(t — s)f = (uo(t,x; ), Ouo(t, z; s)), where ug solves d2ug — Ayug = 0 with initial data
f for t = s. Then we have

Ut,s)f —Up(t—s)f = —/ Uo(t — 1)Q(T)U(T,s)fdr, (2.3)

_ cos(tv/—A) sin(tV—_4) _ 0 0
Up(t) = (_ V-A ) Qt) = <q( >

where

V—Asin(ty/—A) cos(t:/A—iA t,x) 0

Using the relation (2.3) and the compact support of ¢, allows us to obtain the estimate

[U(t,s)f = Uo(t — 3) fll 2 (m3yxmrwsy < CIU(E, 8) fllo -
Moreover the support property of ¢ also yields

supp, (U(t,8)f = Uo(t — s)f) C {lz] < p+ |t —s[}.

Consequently U(t, s) is a compact perturbation of the unitary operator Uy(t — s).
Now consider the space H = H'(R3) x L?(R3) C H with norm

1/2
11 = (10 ey + 12l 2o n))

The map Uy(t) is not unitary in H. However, one easily checks that

s Al @y = Ve fillZe sy + [ fill72gms)-

[Oo@)flln < CQA+ DI f]l, VEER,

with a constant C' > 0 independent of t. Consequently, the spectral radius of the operator
Uo(T) : H — 'H is not greater than 1.
By using (2.3), it is easy to show by a fixed point theorem that for small ¢5 > 0 and

s <t < s+tp we have a local solution (v(t,x;s), 0wv(t,z;s)) € H of the Cauchy problem (2.1)
with initial data f € H. For this solution one deduces

d

dt Jrs
which yields

(|0owv(t, 23 8))* + |Vau(t, 5 8) 2 + |v(t, 33 8)|*)do = —2Re/ quivdx + 2Re/ vOvdx
R3 R3

d
S 1wt z58), Ov(t, NIT < Cull(u(t, a3 ), ot a3 5)) 1T
with a constant C; > 0 independent of f and s. The last inequality implies an estimate
[(v(t, z;5), Opu(t, z;8)) |1 < Coe® ==l fll1, s<t<s+ty, 3>0. (2.4)

By a standard argument this leads to a global existence of a solution of (2.1). Introduce the
propagator
H> f—=V(t,s)f = (v(t,z;s),0w(t,x;8)) € H
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corresponding to the Cauchy problem (1.1) with initial data f € H. For V (¢, s) we obtain an
estimate similar to (2.2). As in Section 5 in [6], it is easy to see that we have the following
properties

U(t,s)oU(s,m)=Ul(t,r), U(s,s)=1d, Ut+T,s+T)="Ul(t,s), t,s,reR.

The same properties hold for the propagator V (¢, s). In particular, V(T,0) = V((k+ 1)1, kT),
k € Nand V(nT,0) = (V(T,0))".
As above notice that V (¢, s) — Uy(t — s) is a compact operator in £L(H). For |z| > 1 we have

(V(T,0) = zI)~" = (Uo(T) — 2I) " = (Uo(T) — zI) " (V(T,0) — Up(T)) (V(T,0) — 2I)~",
hence
[I+ (Uo(T) — 2I)"H(V(T,0) — Up(T)) | (V(T,0) — 2I) ™" = (Uo(T) — 2I)~".

Set K(z) =1+ (Uo(T) — zI)~H(V(T,0) — Up(T)). For |z large enough K () is invertible. By
the analytic Fredholm theorem for |z| > 14§ > 1 the operator K(z) is invertible outside a
discreet set and the inverse K ~!(z) is a meromorphic operator-valued function. Consequently,
the operator V(7',0) € L(H) has in the open domain |z| > 1 a discrete set of eigenvalues with
finite multiplicities which could accumulate only to the circle |z| = 1.

2.2. Extending the result of [1] to H. In [1] it was proved that there are potentials ¢(t, z) >
0 for which the operator U(T,0) : H — H has an eigenvalue z, |z| > 1. In this paper we deal
with the operator V(7,0) : H — H and it is not clear if the eigenfunction ¢ € H with
eigenvalues z constructed in [1] belongs to H.

Below we make some modifications on the argument of [1] in order to show that for the
potential constructed in [1] the corresponding operator V(7T,0) : H — H has an eigenvalue
Y, |y| > 1. For convenience we will use the notations in [1] and we recall some of them. The
potential in [1] has the form V(t,z) := b(z) + q(t)x°(x) with e > 0, where b°(z) € C§°(R?) is
supported in {0 < L < |z| < L+1} and equal to 1/ for {L+e < |z| < L+1—¢}, x°(x) > 01is
a smooth function with support in |z| < L and equal to 1 for |z| < L —¢ < L. Finally, ¢(t) > 0
is a periodic smooth function with period T" > 0. The number L is related to the interval of
instability of the Hill operator associated with ¢(¢). The number 6 > 0 is fixed sufficiently
small and the propagator K (T') related to the equation

O2u — Agu~+ qt)\(x)u=0,t>0, |z| < L

with Dirichlet boundary conditions on |z| = L has an eigenvalue 21, |2z1| > 1 with eigenfunction
¢ € HY(Jz| < L), that is K°(T)p = z1. Let S¢(T) : H — H be the propagator corresponding
to the Cauchy problem for the equation

Ot — Agu+Ve(t,x)u=0,t>0, z € R®

and let W¢(T') : H — H be the propagator for the same problem with initial data in H. The
problem is to show that for € > 0 sufficiently small W¢(T") has an eigenvalues y, |y| > 1 (here
S(T),W<(T) correspond to our notations U(T',0),V(T,0) and these operators have domains
H and 'H, respectively).

Extend ¢ as 0 outside |z| > L and denote the new function ¢ € H again by ¢. Let

y={z€C:lz—z1|=n>0} C{z: |z > 1}

be a circle with center z; such that K°(T) — zI is analytic on v and z; is the only eigenvalue
of K%(T) in |z — 21| < n. If W¢(T) has an eigenvalues on ~ the problem is solved. Assume that
W€(T) has no eigenvalues on . It is easy to see that

(WET) —2I)ro=(S4(T) — zI) o eH, z€n.
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Indeed,
(WHT) = 2I)"Hp = (SU(T) — 21)"Hp + (SUT) — 2I)"H(SU(T) = WD) (W(T) = z1) "'
and
(S9(T) = WD) (WT) = 2I) "o = 0.
Our purpose is to study
(0, (WHT) = 2I) "' o)p = (¢, (SU(T) — 2I) " o),

where (.,, ) denotes the scalar product in H and (.,.)y denotes the scalar product in H. It
was proved in [1] that for z € v one has the weak convergence in H

(ST) — 2I) Lo =0 (KO(T) — 2I) Y,
(0, (S(T) = 2I) "L o) — (0, (K(T) — 2I) ) .

Here we have used the fact that ¢ = 0 for |x| > L. Let ¢ = (¢1, p2). We claim that as e — 0
we have

(1, (S(T) = 2D) "' @)) 2 — (o1, (KO(T) = 21) " o)) o (2.5)
To prove this write

1
p1 = —Ayp with ¢ = <7 *301>.
4|z
The main point is the following
Lemma 1. We have ¢ € Hp(R3).

Proof. Since

_ |1 (; — y5)e1(y) 1 p1(y)]
o, 0@l = |- [ Wy < L[ e,

|z —y[? [z =y
we can apply the Hardy-Littlewood-Sobolev inequality. More precisely, by using Theorem 4.3
of [5] with n =3, A =2, r =2, p=6/5, we obtain that

1029 (2)|| L2r3) < Cllp1 ()|l Lo/5ms)-
Now using that ¢;(x) is with compact support and the Holder inequality, we obtain that
o1 (@)l Lo/s sy < Ciller (@)l 2w
This completes the proof of Lemma 1. O

Therefore

(=80, (ST) = 2D o)) 12 = ((Vath, Val(S°(T) = 21) 7 9)1))

L2

— o ((Vat, Va(KO(T) = 2D) 7)) = (= A0, (KX(T) = 21) ' 9))1)re
which proves the claim (2.5). Consequently,
(0, (WET) = 2I) "M p)p — (o, (KX(T) — 2I) " o). (2.6)

Moreover, Proposition 4.2 in [1] says that with a constant Cy > 0 we have uniformly for z € v
the norm estimate

I(S(T') = 2I)~||m < Co, Ve €]0, €]
Since
1(SUT) = 2I) 7 @l p2(wj<zy < CLI(S(T) = 2I) " ool a,
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the sequence (i, (W¢(T)—2zI)" 1)y is bounded for z € . Repeating the argument of Section 5
in [1], one deduces

o= AWG(T) — =) pdz) — (¢, i L<K6(T) - D) tedz), = el # 0

27 27

This completes the proof that for small € the operator W€(T') has an eigenvalue y, |y| > 1.

3. PROOF OF THEOREM 2
3.1. Local well-posedness. Consider the linear problem
8t2u —Ayu+q(t,x)u=F, u(s,z) = fi(z), dwu(s,z) = fa(x). (3.1)

By using the argument in [6], one may show that the solution of (3) satisfies the same local in
time Strichartz estimates as in the case ¢ = 0. Notice that for these local Strichartz estimates
we don’t need a global control of the local energy and we can establish them without a condition
on the cut-off resolvent (V (T,0) — z)~tp. More precisely, we have the following

Proposition 1. For every finite a > 0 and f = (f1, f2) € H,F € L'([s,s + a]; L>(R?)) the
solution of (3.1) satisfies

(s O)[| s, arzrey + 110l 2 ps,sag, L2 @3)) < C@)(I1(frs f)llre + IF N L1 s satiz2sy) > (3:2)
provided % +§ = %, p > 2 (the constant C(a) in (3.2) depends on a, p and q(t,x)). Moreover,
if (f1, f2) € H?(R3) x HY(R?) and F € L([s,s + a]; H(R?)), we have

[(w, Oeu)ll o (s, s+apm2xmty + I Vaull L2((s,54a),28.R3))
< Cl(a’)(H(fla f)ll 2 + HFHLl([s,s+a];H1(R3))) - (33)
For the sake of completeness we present below the proof. The first step is to establish

Lemma 2. Let a > 0, (fo, f1) € H(R3) and let F(t,x) € L?([s,s + a]; HY(R3)) be supported
in {(t,z) : |z| < R}. Then for every fized p € C§°(R3) the solution u(t,z) of (3.1) satisfies
the estimate

s+a
/ I pult, @), uut, 2)Fuqas)dt < C (I for f)les) + 1F Nl 2o agsrrr o)

with a constant C = C(a, ¢, R) > 0 depending only on a,¢ and R.

2

The proof is a trivial modification of the proof of Proposition 1 in [7] based on the estimate
(2.4) and the representation

s+t
(u,ug)(t,x) = Uo(t — s)(fo, f1) — / [V(t, TQ(T)Uo(T — 8)f — V(t,7)(0, F(r,z))|dT,

where

Q“>‘(«£x>8)'

Next we write u = ug + v, where ug is the solution of the Cauchy problem
(8? — A)UO = F,
{U0(5>CU) = fo, Owuo(s,x) = f1,
while v is the solution of the problem

(8t2 —A + q)'U = —Qquo,
v(s,z) = dw(s,z) = 0.
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For up we apply the Strichartz estimates for the free wave equation. On the other hand,
combining Lemma 2 and the Strichartz estimate for ug, one deduces

lqvll 1 (g5, 5ol 22m2)) < @290l L2 (s,5a), L2 @3)) < Ca'2llquoll2(ps,sta), 11 (R3))

< Co(a) (11 for f)llrues) + IF N g0 225 ) -

Since (92 — A)v = —qu — qug, we can apply the Strichartz estimates for the free wave equation
with right hand part —(qv + qug). Taking into account the estimate for
lqv + quol| 1 ([s,s+a],L2(R?))»

we complete the proof of (3.2). The proof of (3.3) is similar.

A standard application of (3.2), (3.3) is the following local well-posedness result for the
nonlinear wave equation

0P — Agu+ q(t,z)u + [u|"u =0, u(s,z) = fi(z), Ou(s,z) = folz), 2<r <4 (3.4)

Proposition 2. There exist C > 0, ¢ > 0 and v > 0 such that for every (fi,f2) € H
there is a unique solution (u,dyu) € C([s,s + 7], H}(R®) x L?(R?)) of (3.4) on [s,s + 7| with
7 =1c(1+||(f1, f2)ll%) 7. Moreover, the solution satisfies

u, Opu s str) T+ llul] 2r <C , . 3.5
[[(w, Q) [ o((s,54717) + |l ”Lf’"ﬁ([S,S+T],L§T+2(R3)) 1(F1s f2)llm (3.5)

If in addition (f1, f2) € H*(R3?) x H'(R?), then (u,0su) € C([s,s + 7]; H*(R?) x H'(R3)).

Remark 1. In the case r = 2 the Strichartz estimates are not needed because one may only
rely on the Sobolev embedding H(R3) — LO(R3).

Let us recall the main step in the proof of Proposition 2. One may construct the solutions
as the limit of the sequence (uy,)n>0, where up = 0 and wu,; solves the linear problem

ﬁfunﬂ — Atpi1 + q(t, 2)ups1 + |un| up =0, u(s, ) = fi(x), dwu(s,x) = fa(x), (3.6)
where t € [s,s + 7]. Set

s = s ez + Il 2esp

Using (3.2) for 2 < r < 4 with
1 r—2 1 1

— - = 3.7
p 2r+2° q 2r+2’ (3.7)

we obtain

lunsalls < CICA Sl + CllunlHLy o pares

Now using the Holder inequality in time, we can write

A-r A—r
||UnHLT“([&s—l—r];LiMZ(R?’)) < TR Hun||L%([875+T]7L§T+Q(R3)) < T2 HUHHS

Therefore, we arrive at the bound

e
[unt1lls < Cll(f1s )l + CT 2 Jual5 (3.8)

Assume that we have the estimate

[unlls < 2C(f1, f2)ll2-
Applying (3.8), and choosing 7 so that

4—r

72 20) (. )5 < 1,
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we obtain the same bound for ||u,+1|s. By recurrence we conclude that

[unsills < 2C[(f1, f2)lln, Vn=0.

Next, let wy, = un1+1 — u, be a solution of the problem
8,52wn — Awy, + q(t, z)wy, = |up| " un — [Upt1] tnt1, wn(0,2) = w,(0,x) = 0.

By using the inequality
0w = fwl"w| < Defo = wl (Jol" + ")

with constant D, depending only on r, we can similarly show that

1
[ tunt1 — unlls < 5”“% —Un—1|ls
which implies the convergence of (uy,),>0 with respect to the || - ||s norm.

Now assume that (f1, fo) € H?(R?) x H!(R3) and introduce the norm

lllsy := 1w, O, stryitrz oy i rey) + ”W”L?%Q (Is,s+7, L2 F2(RY))

Therefore the sequence (uy,),>0 satisfies the estimate

lun+1lls, < CI(f1s f2)laz@syx w3y + Clllunl"unll L1 ((s,s4a); 51 (R3))
and we have
4-r
unl"unll L1 (s 54a); H R3)) < CrT 2 |unlls|unlls, -

which leads to

d-r r
unt1lls; < Crll(f1s o)l m2msysmr w3y + C17 2 ||lun||sllulls1 - (3.9)

Indeed, we can write

r/24+1 2

|| U = Uy 2an/

and therefore
Oz; (u:l/Z-&-l%r/Z) = (r/2+ 1)5xjunu:/2%”2 +r/2 75%%%/2“%”2_1
yields
IVa([lunl"un)| < Cp[Vaun|lun|"
Applying the Holder inequality, one obtains

|’vx(||“n|Tun)|||L§ < Cl||vxun||L§'“+2(R3)|||Un|r||L% = ClHvxun”LgT“(RS)||unH2fir+2(R3)-
x

(R?)
Increasing, if it is necessary, the constant C' > 0 we may arrange that (3.8) and (3.9) hold with
the same constant. Therefore we obtain a local solution u(t,x) € C([s,s+7|, H*>(R3) x H*(R?))
in the same interval [s, s + 7].

Remark 2. We work in the complex setting, but if (f1, f2) is real valued, then the solution
remains real valued. Indeed, if u is a solution of (3.4) then so is u and we may apply the
uniqueness to conclude that u = u.
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3.2. Global well-posedness and polynomial bounds. Fix (fi, f2) € H. Let u be the local
solution of (3.4) obtained in Proposition 2 (with s = 0). First we prove the following

Lemma 3. The solutions

2r42

u(t, ) € O([0, A], H(R?)) N CH([0, A], Hy (R) N L ([0, A], LT T2 (R?))
of (3.4) satisfy the relation

d » . / 2
dt ——u["")dr = ;R ) dr,0<t<A. (3.10
dt Js r+2|u! )dx S Re R3( 1) |u)?daz, 0 <t < A. (3.10)

Remark 3. We show that (3.10) holds in the sense of distributions D'(]0, A[). Since the right
hand side of (3.10) is continuous in |0, A[ the derivative of the left hand side can be taken in
the classical sense.

1 2 1 2 1 2
(5100 + 5 Ve + Saluf® +

Proof. Let us first remark that [ps |ul/*2(¢, z)dz < ||u(t, x)\|j1;2R3 for 0 < j < 4, thanks to

the Sobolev embedding H!(R?) — L/T2(R3). Moreover, from our assumption it follows that
u(t,z) € C([0, A], L°(R3)) and this implies

lu|"(t, x)u(t, z) € C(]0, A], L2(R?)).

Therefore, from the equation (3.4) we deduce d%u(t,x) € C([0, A], L2(R3)).
To verify (3.10), notice that

Re(/ (0fu — Agu+ |u|"u)Oudz) = —Re( [ q(t,z)udyudz)
R3 R3

1
- ¢ 2 1 2
= 5 ([ auPan) <5 [ @l
and the integrals
/(0t2u—Azu)8tudx,/ |u|"utasdzx
R3 R3

are well defined. After an approximation with smooth functions and integration by parts we

deduce
— d 1
Re/ (afu - Axu> Oyudr = / ~(|0ul* + |V pul*)dx

R3 dt Jps 2

On the other hand,
(r/2+ D(u2az 0+ uitu20,a) = 9, (uz a2t + gy (az tH)ust?
and hence
/ |u|" vy dz = 2 c;lt ( ]u|T+2dl‘)-

Thus (3.10) holds for 0 < t < A and by continuity one covers the interval [0, A]. O

We need the following simple lemma.

Lemma 4. Let 0 <y <1 and let X(t) : [0,00) — [0,00) be a derivable function such that for
some A > 0,

IX'(t) <CX'T(t), 0<t<A.
Then

2=

X(t) < (X7(0)+Crt)7, 0<t<A.



10 V. PETKOV AND N. TZVETKOV
Proof. First assume that X (¢) > 0 for all 0 < ¢ < A. We have
L x| = oxw| < o
Hence .
X(t) = ‘ /0 (XYY (7)dr + X”(O)‘ < X7(0) + Oyt

and we obtain the assertion for X (¢) > 0. In the general case, we apply the previous argument
to X(t) + €, € > 0 and we let ¢ — 0. This completes the proof. O
2r42
Let u(t,x) € C([0, A), H2(R?) N C([0, A], HL(R3)) n L,”~* ([0, A], L2 *2(R?)) be a solution
of (3.4) and let

1 1 1
X(t) = / (5100l + = |Voul® + sqlul® + u["*?)dz .
R3 2 2 2

r—+2
The support property ¢(t,z) = 0 for |x| > p and the Holder inequality imply

| [ @lulPde] < Cllutt sy < Collutt DlErongercyy

Therefore ,
| X'(t)] < CoX 72 (t) = O X' "7 ()
and applying Lemma 4, we deduce

r+2
X(t) < (Xm(o) + chgt) T 0<t<A (3.11)
As a consequence of (3.11) we get
1 T Cor \ '3
(I19sut, Mi2@s) + I Vault, I7z@s)? < V2 (X 2(0) + = 2t>

and therefore

10t Yl 2wy + IVault, ) 2ges) < 2(X72(0) +

On the other hand,

r+2

X(0) < Ay ue) 0,2) (1 + [} (s ) (0,2) )

with a constant A, depending on r. Hence from (3.11) we get

CQT t)rg?
r+2

CQT r;;Q
t <t <A 12
CryFosiza o

10t Y 2wy + IVault, M 2ges) < 2(X72(0) +

2r

< 2477 () (0,2) 777 [1 4 s ) (0, ) ] 7 +

Finally, from

u(t,z) = u(0,x) +/0 Owu(T, z)dr

one deduces

o C 'r'tZ
lu(t, @)l 2oy < N0, 2) | 2qus) + 26 (X772 (0) + =) ™
This yields a polynomial bound for the solutions

2r4+2

u(t,z) € C([0, A], H(R?)) N CH([0, A], Hy(R)) N Ly~ ([0, A, L7 2(R?)).
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Now we pass to the global existence of solution of (3.4). We will deal with the case 2 < r < 4,
while the case r = 2 can be covered by the Sobolev embedding theorem. We fix a number a > 0
and our purpose is to show that (3.4) has a solution for ¢ € [0, a] with initial data f € H. We
fix p,q by (3.7) and let the Strichartz estimate (3.2) holds in the interval [0, a] with a constant
Cy > 0. The above argument yields a local solution u(t, z) with initial data f = (f1, f2) € H
for t € [s,s+ 7]. Recall that 7 = ¢(1 + || f||%) 7. Introduce the number

ﬁ
By := |[flln + a(Bi + Baa) >,

where By > 0 and By > 0 depend only on || f|l# and . This number should be a bound of the
energy of the solution u(t,z) in [0, a] with initial data f € H if the above argument based on

Lemma 3 and Lemma 4 works. However, the proof of Lemma 3 cannot be applied directly for
functions u(t,x) € C([0,a], HL(R?)) N C([0,a], L2(R3)).

Define 7(a) := ¢(1+ B,)~”? < 1 with the constants ¢ > 0, > 0 of Proposition 2 and observe
that the local existence theorem can be applied in the interval [s, s + 7(a)] C [0, a] if the norm
of the initial data for ¢ = s is bounded by B,. To overcome the difficulty connected with
Lemma 3 and since we did not prove in Proposition 2 the continuous dependence with respect
to the initial data in H, we need to apply an approximation argument in [s, s + ¢(a)], where
the number 0 < €(a) < 7(a) will be defined below. For simplicity we treat the case s = 0 below.

By the local existence let u(t,z) be the solution of (3.4) in [0,7(a)] with initial data f =
(f1, f2) € H. Choose a sequence g, = ((gn)1,(gn)2) € H*(R?) x H'(R3) converging in H to
(f1, f2) € H asn — oo and let wy, (¢, z) be the solution of the problem (3.4) in the same interval
[0, 7(a)] with initial data g,. Then by Proposition 2,

2r42

wn(t, ) € C([0,7(a)], HF([R?) N CH([0,7(a)], Hy(R®)) N Ly 2 ([0,7(a)], LT (R?)).
Set v, = w,, — u. We claim that for n — oo we have
[[(n, (vn)D)lloo.ean,r) + lonll 2 (0,ea)), L2 ®3)) — 0
with 0 < ¢(a) < 7(a) defined below. Clearly, v, is a solution of the equation
O2vp — Avy + q(t, 2)v, = |u|"u — |wy|"w,.
Applying (3.2), one obtains

1o, ()}l otz + llonll 2esz
(et ? (0.e(@) L2 (B9))

< Cullgn — flln + Calllu| v — |wn! wnHLl( [0,e(a)],L2 (R3)) (3.13)

and

(b = fwnl"wa) (&, Mgz < Cllon(t, M gzrsa (e, Yz + lwalt, ez )-

Since % + % + (1 — T%) =1, by the generalized Hélder inequality in the integral with respect
to t in (3.13) for large n > ng we get

Calllu"u — [wn|"wnl| L1 ((0,e(a)), L2 (R?))

_il T T
sm@mwvwwmwwﬂowmwny+mmmmmw

1—
< 2D, Cp (|If [l + 1) e(@) ||vn||Lp ([0,e(a)],LY)"
Here D, is a constant depending only on r and we used that by Proposition 2
[wn < Callgnlln < Ca(llfll1 +1), n = no (3.14)

L7E( ([0,e(a)],LZ"F*(R?))
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with a similar estimate for [|u|| 242 . Clearly, 1 — ™1 =2 — 7 > 0 and we
L2 ([0,¢(a)],L3" 2 (R?)) P

2
choose 0 < ¢(a) < 7(a), so that

_r+l 1
2D,CT (B, + 1) e(a) 7)) < .
Then we may absorb the term on right hand side of (3.13) involving w,,, v and letting n — oo,
we prove our claim. Moreover, for almost all ¢ € [0, ¢(a)], taking into account (3.14), we have

[ (1t 7%~ a7+ e

< Dyllu(t, ) — walt, 2) 2oy (1t 2) 75 g + m DI ) )d —noe

Consequently, we have

1 1
/Rg (5 (100w + 19w+ aluf?) + — a2 do

1 1
e /R (5000l +90ul® + gluf) + —— |ul™**)da
in the sense of distributions D’(0, €(a)). The equality (3.10) for 0 < ¢t < €(a) holds for w,, and
passing to a limit in the sense of distributions, we conclude that (3.10) holds for u(t,z) for
0 < t < €(a) and hence for 0 < t < €(a). The right hand side of (3.10) is continuous with
respect to t, hence the derivative with respect to ¢ is taken in a classical sense. Thus we are
in position to apply Lemma 4 for the u(t, z). Finally, we deduce (3.12) for the solution u(¢, z)
and the norm ||(u,ut)(t,.)||# for ¢t € [0, €(a)] is bounded by B, introduced above.

Now we pass to the second step in the interval [e(a),2¢(a)] C [0,a]. As it was mentioned
above, we have a bound B, for the norm of the initial data (u(e(a),z),us(e(a), z)). By the
local existence we have solution in [e(a), 2¢(a)] and u(t, x) is defined in [0, 2¢(a)]. On the other
hand, we may approximate the initial data (u(e(a), z), u¢(e(a),z)) by functions g7(12) € H?x H!
and by the above argument the solution u(¢,z) in [e(a),2¢(a)] is approximated by solutions
wg)(t,x) for which (3.10) holds for e(a) < ¢t < 2¢(a). Thus (3.10) is satisfied for wu(t,x) for
€(a) <t < 2¢(a) and combining this with the first step, one concludes that the same is true
for 0 < ¢t < 2¢(a). This makes possible to apply Lemma 4 for 0 < t < 2¢(a) and to deduce
(3.12) with uniform constants leading to a bound by B,. We can iterate this procedure,
since 7(a),€(a) depend only on | f||+,C, and r, while B, depends on ||f||#,a and r. The
solution u(¢,z) will be defined globally in a interval [0, a(a)] with 0 < a — a(a) < €(a). Since
a(a) > a—e(a) > a—1 and a is arbitrary, we have a global solution (¢, x) defined for ¢ > 0. An
application of Lemma 4 justifies the bound (3.12) for u(¢,z) and for all £ > 0 with constants
depending only on || f|l» and r. A similar analysis holds for negative times t.

Remark 4. It is likely that in the case r = 2 by using the approach of [8] one may obtain
polynomial bounds on the higher Sobolev norms H°(R3) x H"1(R3), o > 1, of the solutions

of (3.4).

3.3. A uniform bound. As a byproduct of the (semi-linear) global well-posedness, we have
the following uniform bound on the solutions of (3.4).

Proposition 3. Let R > 0 and A > 0. Then there exists a constant C(A, R) > 0 such that
for every (f1, f2) € H such that ||(f1, f2)|[n < R the solution u(t,z) of (3.4) satisfies

HUHLr+1([o,A};L§T+2(R3)) < CA R)((f1, f2)lln- (3.15)
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Proof. Thanks to the global bounds on the solutions, we obtain that there exists R’ = R'(R, A)
such that if ||(f1, f2)|lx < R, then the corresponding solutions satisfies

sup H(U(t, ')7 atu<t7 )HH S R/ .
0<t<A

Denote by 7 = 7(A, R') > 0 the local existence time for initial data having H norm < R/,
i.e. 7 =¢(1+ R')”7 with the notations of Proposition 2. Next we split the interval [0, 4] in
intervals of size 7. In every interval [k7, (k 4+ 1)7] we apply the estimate (3.2) with F' = 0 and
constant C'4 independent on k. Thus we obtain a bound

|u(t, =) <CHI(F, )l 1< k+1< A/r.

”L%([kT,(k+1)r],Lir+2(R3))

By using the Holder inequality for the integral with respect to ¢, we obtain easily (3.15). O

4. PROOF OF THEOREM 3

Let
HS f—=Us)f = (v(t,z;s),v(t,x;8)) € H

be the monodromy operator corresponding to the Cauchy problem (3.4) with initial data f for
t = s. For U(t,s) we have the representation

Ut $)f = V(L s)f — / V(t,7)Qo (U, 8) fITU(r, ) f)dr, (4.1)

Q0:<(1) 8)

Therefore we can write U(t +T,s+T)f as

where

t+T
Vit+T,s+T)f — V(t+T,7)Qo(|U(r, s+ T)f"U(r,s +T)f)dr
s+T

which in turn can be written as
t
V(t,s)f — / V(t,)Qo(U(r+T,s+T)f|'U(T+T,s+T)f)dr.

By the uniqueness of the solution of the equation

Ut s)f = V(ts)f — / V(t,7)Qo(U(r, ) fITU(r, 5) f)dr,

one deduces U(t +T,s+T) = U(t, s). Moreover, one has the property
U(p,m) =U(p,s)oU(s,T), p,r,sER.
For the solution u(t,z;0) of (3.4) (with s = 0) with initial data f € H, set
wy, = (uw(nT, z;0), Ou(nT, x;0)) =U(nT,0)f, n € N.

Therefore

Wns1 = U((n+ )T, 0)f =U((n+ 1)T,nT) oU(nT,0)f = U(T,0)w,. (4.2)
Setting F = U(T,0), we obtain a system

Wnt1 = F(wy), n>0. (4.3)



14 V. PETKOV AND N. TZVETKOV

with a nonlinear map F : H — H. Consider the linear map L = V(T,0) : H — H. Our purpose
is to how that L is the Fréchet derivative of F at the origin in the Hilbert space H. We use
the representation

T
F(h)=Lh /0 V(T, T)QQ(|U(’T,$;h)|TU(T,$;h))dT,

where u(t,x;h) is the solution of (3.4) with s = 0 and initial data h at time 0. Using the
Strichartz estimate and Proposition 3, we obtain for ||A]|; < 1 the bound
_ . r+1 r+1
OE?ET ||f(h) LhH1 < CH’LL(t,l‘, h)| LT+1([O,T];L§T+2(R3) < CHh’Hl ’
where C' > 0 depends on T but is independent of h. This implies immediately that L is the
Fréchet derivative of F at the origin.
For the exponential instability at u = 0 we use following definition (see [2]).

Definition 1. (i) The equilibrium u = 0 is unstable if there exists € > 0 such that for every
d > 0 one can find a sequence {u,} of solution of (4.3) such that 0 < [Jup|l1 < 9§ and ||uy|1 > €
for some n € N.

(ii) The equilibrium u = 0 is exponentially unstable at rate p > 1 if there exist € > 0 and
C > 0 such that for every 6 > 0 one can find a sequence {un} of solution of (4.3) satisfying
0 < |Juollr <6 and |lun|l1 > CpN|luollr for any N for which we have

max{||u0H1, veuy H’U,NHl} § €.

Clearly, the exponential instability implies instability. We consider the case when the spec-
tral radius r(L) of L is greater than 1. The analysis in Section 2 shows that there exist positive
potentials ¢(¢,z) > 0 for which r(L) > 1. We will apply the Rutman-Dalecki theorem or a
more general version due to D. Henry (Theorem 5.1.5 in [4]). This theorem says that if the
Fréchet derivative L of F at zero is such that

|F(u) — Lu|; < b\|u||1+p whenever |Jull; < a (4.4)

for some a > 0, b > 0 and p > 0 and if the spectral radius r(L) of L satisfies r(L) > 1, then F
is exponentially unstable at © = 0. In our case the condition (4.4) holds with p = r and a = 1.
Thus we obtain the following

Theorem 4. Assume that the linear operator L has spectral radius v(L) > 1. Then F is
exponentially unstable at w = 0 with rate r(L).

It remains to observe that Theorem 4 implies Theorem 3.

Remark 5. The above argument showing nonlinear instability crucially relies on the fact that
we deal with a semi-linear problem, i.e. the solution map of (3.4) is of class C* on H. It is
worth to mention that there are examples of problems which are not semi-linear (the solution
map is not of class C') for which one can still get the nonlinear instability of some particular
solutions (known to be linearly unstable). In such cases a "more nonlinear approach” is needed.
We refer to [3, 9] for more details on this issue.

5. GENERALIZATIONS

We can consider more general nonlinear equations
r—1

Ofu— Agu+ ul"u+ Y gt z)|ufu=0,r=23 (5.1)
j=0
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with smooth time-periodic functions ¢;(t + Tj,z) = ¢;(t,z) > 0, j = 0,---,r — 1 having
compact support with respect to x. For solutions

2r42
ult, ) € C([0,7], H*(R?)) n CH([0, 7], H'(R?)) N L7 ([0, A], L7 (R?))
we obtain
r—1
Re(/ (OFu — Agu + |u]7"u)ﬂtd:v> = —Re(/ qu(t,xﬂu]juﬂtdx)
R3 R3 150
d r—1
- it24 J+2g
dt§</33+2q|u| x)+z +2/ Jelul ™ dz
and .
‘/ \u|]+2d:z‘ <(j (/ ]u|r+2al:v)l_m j=0,---,r—1.
] + 2 RS ) ) )
Setting

1 1
x(= [ (GluPa 5P tm+§j Sl ) el 0) ) e 0 < < A,

one deduces

r—1 _
| X'(t)] < BTZX(t)l’% < B.(1 +X(t))1*ﬁ12.

Therefore we can apply Lemma 4 to the quantity Y'(¢) = 1+ X (¢) which implies, as before, the
global existence and the polynomial bounds of the solutions of the Cauchy problem for (5.1).
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