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I—A parametric variance reduction framework

Monte-Carlo framework

v

Compute E(Z) using a Monte-Carlo method
» Suppose we know that

E(Z) =E[H(6,X)],0 € R?

v

Aim: use the previous representation to reduce the variance.

v

Find a way to minimize the variance.

v(0) = Var(H(0,X)) = E[H(6,X)*] - E[Z)*

v

30* s.t. VOv(O) = v(0*).
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A parametric variance reduction framework

The algorithms I

Q Draw (Xy,...,Xy) to compute 0, an estimator of 6*.
@ Draw (X},...,X}) independent of (Xi,..., Xp,) and compute

1 n
= _Z (Gan,

3
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A parametric variance reduction framework
The algorithms II

Draw (Xi,...,X,) anddo fori=1:n
Q Compute an estimator 6; of 0* using (X3, ..., X;)
Q Updateé;
i

1 .
$iv1 = mfﬁ mH(einiH), with o = 0.

Remarks:
» No need to store the whole sequence (Xj, ..., X;;) for computing ¢,
> Eu=1¥" HO-1,X)
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Common frameworks I

> Importance sampling framework in a Gaussian setting
If G~ A (0,1;). Forall @ € R4,

’

_g.g- 102
e 2 f(G+0)

E[f(G]=E

2
v(0) =E |00+ fz(G)] —E[f(O)2.

vis strongly convex if 3¢ > 0 s.t. E[|f(G)**€] > oo.

Arouna (2004 and 2005), Lemaire and Pageés (2008), Jourdain and L.

(2009)
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Common frameworks II

> Escher transform
Let X be a r.v. in R? with density p and 0 € R%.

po(¥) = p(x) VO withy (@) = logIE[eH'X].

Let X have py as a density, then

p( X(('?))
po(X9)

—EIf001%.

’

E[f0] =E | f(X9)

(X)

0)=F 2 P
v [f(X) po(X)
vis strongly convex if 3¢ > 0 s.t. E[|f(G)|?*¢] > oo and

limyp|—.oo po(x) = 0 for all x.
Kawai (2007 and 2008), Lemaire and Pages (2008).
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I—A general adaptive result

© A general adaptive result
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A framework for adaptive Monte-Carlo procedures

An adaptive strong law

Assume E[Z] =E[H (8, X)] for all 8 and v(0) = Var(H(8, X)) is strongly
convex. Let (X;;,n=0) beiid~X. ¥,=0(Xy,...,X).

Theorem 1

Let (01) n=0 be a (F,)—adapted sequence with values in R% s. 1. foralln=0,
0 <oco p.s.

(H1) For any compact subset K RY, supgex ElIH(@,X) 2] < oo
1 n
(H2) inf v(@)>0 and —) v(B)<oo
feRd

nizo
Then,
]- n a.s
En==) H@Oi_1,X) — E2).
nizy oo
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Remarks on the assumptions

» (H1) : No need of E [supg ¢ |H(0, X)|?] < co by the use of locally
square integrable martingales. If 8 — E[|H(0, X) 2] is continuous,
(H1) is equivalent to E[|H(8, X)|?] < oo for all § € R?.

> (H2) : is clearly true when 8,, converges to a deterministic constant
0 and vis continuous at f,.

» No assumption to be checked along the path (6,,) ;.

|
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[ A general adaptive result

A Central Limit Theorem

Theorem 2
Let the sequence (6, n = 0) be adapted to &,. Assume (H1), (H2) and
> 0,— 0" ps.
» In>0s.t. 60— E[|H(O,X)|>™"] is continuous ar0* and finite V0 € RA.
> v is continuous at0* and v(0*) > 0
Then,
ﬁz(%fn— [E[Z]) —2— N (0,0(0™).

Moreover; assume that
» 3> 0s.t. 0— E[H@,X)|*™"] is continuous at0* and finite V0 € R%.

Then,

1 n
Y B2 2 4 01) with o2==Y HOi1,X)*-&

On oo G Sl

|
J. Lelong (ENSIMAG-LJK) Journées MAS 2010 - Bordeaux 11/26



A parametric variance reduction framework A framework for adaptive Monte-Carlo procedures
A general adaptive result

Computing the optimal parameter

The Gaussian framework revisited

[ Computing the optimal parameter

© Computing the optimal parameter
@ Randomly truncated algorithm: Chen’s technique
@ Averaging
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[ Computing the optimal parameter

Variance minimisation

» vis strongly convex
> vis infinitely differentiable and

Vou(B) = VoE [(H(6,X)%)] =E[U®, X)]
» Minimizing v is equivalent to finding 0* s.t.

E[U6*,X]=0
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Randomly truncated procedure

» Let (y)p=0s.t. ¥, yn=+oc0and ¥, y2 < +oo.
For 6y € Ky and a = 0, we define
0,;4.% =0n—Yn+1UOn Xn+1),
if0n+% €Ky, Oni1=0,

if0n+1 ¢Kan 0,1 =00 Ape1=apn+1.
2

+1 Apt1 = Ap,

a, = number of truncations up to time n.
On+1 = g-Kan (0,, —Yn+1 U(gn;XrHl))

> 0, is #,—measurable and X, is independent of &,.
» Introduced by Chen and Zhu (1986).

|
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a.S convergence
Let u(@) =E[U(0O, X)].
Theorem 3 (L., 2008)

Assume
> (H3) uis continuous and
360* e R%, u(@*) =0 and VO € RY, 0 # 6%, (6 - 0*|u(®)) > 0.
> Forall g>0, sup;p <, E[UG,X)*] < co.
Then, the sequence (0,),, converges a.s. to 0* and the sequence (), is a.s.
finite.

» Previous results from Chen and Zhu (1986), and Chen, Gao and Guo
(1988).
» (H3) satisfied if U is the gradient of a strictly convex function

|
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Moving window average

Assume y, = (n++)“ withl/2<a<1.
For all 7 > 0, we set

R y p+lt/ypl
Hn(r)=7p Y 6; withp=sup{k=1:k+1/yr<nmAn.
i=p

> Averaging smooths the convergence.

» Averaging from a strictly positive rank reduces the impact of the
initial condition.

v

If (6,,) , converges, so does (én(r))n forall 7> 0.

True Césaro averaging : Polyak and Juditsky (1992), Pelletier (2000),
Andrieu and Moulines (2006).

v
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[ The Gaussian framework revisited

General problem I

> Generalised multidimensional Black-Scholes Model
dS; = S:(u(t, Sdt+o(t,S;) - dWy), So =x
» Payoff ¢/(S;, t < T), price
Vo =Ele " T(S,, t< 1))
» Can be approximated by
Vo =Ele " "9(Sy,..., S1,)]

With G~ .A(0, I)
2
¥ = E[w(G)] = E | w(G + Ag)e™0-6-"2"

with 0 € R” and Ae R¥P, p<< d.
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[ The Gaussian framework revisited

General Problem 11

2
» Minimise v(0) = E [w(G+A0)2e‘2A‘9'G‘|A9'2] =E [u/(G)ze_AB’G*%

2 2
VO =E [A* (A0 — G)w(G)ze—Ae.GJr%] U0, G) = A* (40 — G)¢(G)2e—A9.G+%

2 —_A* 2 —240-G+|AG)?
VU(H)=fE[—A*GW(G+A6)2e'2AH'G+A92] U™(6,G) =-A"Gp(G+Ab)e

» we can write Vv(0) = E[U%(0, G)] = E[U} (0, G)] to construct two
estimators of 6*: (6),, and (62),
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- The Gaussian framework revisited

Bespoke estimators
We define

0l., =9k, (0L = Yns1 U 0L, Gps1))  involves p(G)
02, = Tk, (0% = Yns1 U*(0%, Gps1))  involves p(G + AD?)
and their averaging versions (éT n)nand (55,,) ne

For the different estimators of 6*, we can define as many approximations

of E(¢(G)
ZH(B, LG, &= ZH@ 1 G,

n — ~ —_
ZH(Hli—l,Gi). §2n=;ZH(92i—1,Gi).
i=1

i=

:I'—'
—

2
with H, G) = ¢(G+A9)e_A9'G_% and where the sequence (G), has

already been used to build the (6,,), estimators.
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Complexity of the different estimators

We assume : complexity =~ number of evaluations of ¢.

» Non-adaptive algorithms : we need 2n samples to achieve a

convergence rate v v(6*)/n.
Complexity: 21, efficient only when v(0*) < v(0)/2.

» Adaptive algorithms : we need n samples to achieve a convergence

rate v v(0*)/n.

Estimators ¢! &2 & &
Complexity 2n n 2n 2n

F1G.: Complexities of the different estimators
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(- Numerical implementation

Basket Option : (L4, 'S, — K), where (o', ...,0% e R?

p K y Price VarMC Varé? Varé?
01 45 1 721 12.24 1.59 1.10
55 10 0.56 1.83 0.19 0.14
0.2 50 0.1 3.29 13.53 1.82 1.76
0.5 45 0.1 7.65 43.25 6.25 4.97
55 0.1 1.90 14.74 1.91 1.4
09 45 0.1 824 6947 1020 7.78
55 0.1 2.82 30.87 2.7 2.6

TAB.: Basket option in dimension d = 40 with r=0.05, T =1, S(i) =50,01=0.2,

w'=1foralli=1,...,dand n=100000.

Estimators

MC &

&

CPU time

0.85 09 1.64

TAB.: CPU times for the option of Table 1.
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- The Gaussian framework revisited

Barrier Basket option: (X2, @'S;.— K)+ 1yyicp vien, sl 511
j

By, \/EID 0 0 0
Btz \/t_llp vh—tlp 0 0

By, : o ViIno—In—2Ip 0
Biy vt Vb-tlp ... Vini—-in—2Ip Vin—in-1lp

where Ip is the identity matrix in dimension D.

\/EIDI G+ Af corresponds to
e Viz—tlp (By +611,By, +013,..., By +0tn)*.

0 € R° whereas Ge R'20,

Vin—In-1Ip
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Barrier Basket option

K y Price VarMC Varé® Varé  Var Var &  Var &2 Var
02+MC 02+MC
reduced reduced reduced
45 0.5 2.37 22.46 4.92 3.52 2.59 2.64 2.62 2.60
50 1 1.18 10.97 1.51 1.30 0.79 0.80 0.80 0.79
55 1 0.52 4.85 0.39 0.38 0.19 0.24 0.23 0.19
TAB.: Down and Out Call option in dimension I = 5 with 0 = 0.2,
So = (50,40, 60, 30,20), L= (40, 30,45,20,10), p=0.3, r=0.05, T =2,
w=1(0.2,0.2,0.2,0.2,0.2) and n = 100000.
Estimators MC & &  62+MC 02 + MC
reduced reduced reduced
CPUtime 1.86 1.93 3.34 4.06 1.89 2.89 3.90

TaB.: CPU times for the option of Table 3.
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[ The Gaussian framework revisited

led  2e4  3ed  ded  Sed  Ged  7ed  Bed  9ed  10ed

FIG.: approximation of 6* with FIG.: approximation of * without
averaging averaging

|
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- The Gaussian framework revisited

Conclusion

» It always reduces the variance
» The extra computational cost can be negligible
» No regularity assumptions on the payoff

» Averaging improves the robustness of the algorithm w.r.t the step
sequence but adds an extra computational cost

» To encounter the fine tuning of the algorithm, one can use sample
average approximation (Jourdain and L., 2008), but it cannot be
implemented in an adaptive manner which increases its
computational cost
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