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The Digital Tree:

Analgsis and Applications
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o A (hnite) tree associated with a

(Hinite) set of words over an
alphabet A.

——

TS .__c]uipl:)ecl with a randomness

model on Worcls, we get a

random tree, indexed bﬂ the

ﬂuml:)er n OF WOT’AS.

o Characterize its Drobabilistic

properties, mostlg with
COMPLEX ANALYSIS.
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I Digital Trees &
Al gorithms




set of words

<--> partial tree

word <--> branch
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E={a.., bba.., bbb..}
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E={a.., bba.., bbb..}
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Analysis?
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leader
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2. Expectations

+ Bernoulli vs Poisson models

o Mellin tec}mologg

o Fluctuations and error terms
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With S, the expected tree size when the tree contains n elements
and S(x) the Poisson expectation:

n

S(x) = Z?ne—X%.

n>0

The Poisson expectation S(x) is like a generating function of {S,}.

Go back —“depoissonize” — by Taylor expansion. E.g.:

Many variants are possible and one can justify that

Sp = S(x) 4 small when x = n. (elementary)
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(It exists in strips of C determined by growth of f(x) at 0, +00.)
Property 1. Factors harmonic sumes:

Z A (px) XU ( Z )\,u_5> *(x).
(A ) (A1)

Property 2. Maps asymptotics of f on singularities of f*:

1
(S — So)m

N

fr —  f(x) =~ X_50(|OgX)m_1.

Proof of Py is from Mellin inversion + residues:

Flx) = — / T ()X ds.

2[7‘(‘ oo
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Mellin and Tries

p=q=1/2] S(x)= ZZkg(X/2k), with g(x) =1— (1 + x)e™™.

@ Harmonic sum property:

S*(s) = 3 2K2k) - (s + 1) (s) = '[(Sffff'l)
1 —2

@ Mapping properties: S* exists in —2 < R(s) < —1. Poles at
sk = —1+ 2ikm/log 2, for k € Z.

Location of pole (sg) ~» Asymptotics of f(x) &~ x—*

So =0+ iT o x~7e'T o8 x
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Memoryless sources (1)

1
Correspond to p # g. Dirichlet series is

1 — p—s o q—s'
Theorem (Knuth 1973; Fayolle, F., Hofri 1986, ...)

Let H:=plogp~!+ glogqg—! be the entropy.

e In the periodic case, :ogp c O, there are fluctuations in S,,.

og q

e In the aperiodic case, :g% Z Q:
. n _ 1
Sn Yy — 3 d Dn Yy — |O n,
H " H 8

Philippe Robert & Hanene Mohamed relate this to the
periodic/aperiodic dichotomy of renewal theory (2005+).
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3. Distributions

TS Analgtic clepoissonization &
Saczldle~Points

o Gaussian laws ...
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Profile of tries, after Szpankowski et al.
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4. General sources

® Comparing and sortiﬂg real numbers

o Continued fractions

o Fundamental intervals...
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Comparing numbers & sorting by continued fractions

d C

5 8]

sign (5 - 5 ) = sienad - be)

Requires double p

recision and/or is unstable with floats.

(Computational geometry, Knuth's Metafont,. . .)
~~ HAKMEM Algorithm (Gosper, 1972)

36

1 J8(8 I

hE i o550 1

Theorem (Clémen

B —— 3
+7 : +7 )
o e

t, F., Vallée 2000+ )

Sorting with continued fractions: mean path length of trie is

Konlogn+ Kin+| Q(n) |+ Kz + o(1),

~ blog?2

KO >

T

and | Q(n) ~ nt/*

og2 (log?2)? og2¢’(2) 1
ylog2  (log2)” _ log2¢’(2) 1

|
2 2 4 2

Ky =18

Is equivalent to Riemann Hypothesis.
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5. Other trie algorithms

o | eader election

o The tree communication protocol

o “Patricia” trees
o Data Coml:)ression: Lempel~Zi\/...

o Probabilistic counting

o Quicksortis O(n (log %) ...
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/

leader

leftmost boundary of a
random trie (1/2,1/2).
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tfrie with arrivals

]

(ngn-cgm

utative iteration semigroup)
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