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DISCONNECTION OF DISC. CYLINDERS
En=(Z/NZ)¥ xZ, d > 1, N large

“the termite in a
wooden beam”

Xo, X, ..., Xp, ... random walk on Ep

Tn = disconnection time
=inf{n > 0; {Xp, X4, ..., Xn} disconnects Ep}.

Question of H.J. Hilhorst: How large is Tn?
Where is X7,?
How does En\{Xo, ..., X7, } 100k?



Disconnection of Cylinders
Ty = disconnection time

Cn = cover time of (Z/NZ)? x {0} by X

THEOR. (Dembo-Sznitman 06) d > 1

log Ty i log Cn

() “/(/n log N m log N

=2d, Py-prob.
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To improve on (%) (Z/NZ)*' x Z ]

e

have a better understanding of the microscopic structure

The Random Interlacements

79, d > 3 (more generally: transient weighted graph)
K c 79, finite ‘

ex(x) = PX[ItIK = o], X € K, equilibrium meas. of K

cap(K) = ZK ex(x): capacity of K
Xe

Zd



N = Poisson (ucap(By))
X1 .., XNiid. SRW

start ep, (+)/cap(BL)
| Bp=[-L,LJ% L= o0

D

o~

HEuw — Z 5wj
)

ik u Poisson point meas. intensity uPe,
As K varies compatibility:

For K D K' g, obtained by “sweeping” ik , on K'.



7Y(w) € Z9 Random Interlacement at level u,

T w) N K = trace on K of traj. in
support pkry , K' O K

V(w) = Z9\7Y(w): Vacant set at level u.

THEOR. (Sznitman 07)

» ZY infinite conn. subset of Z9, ergodic under transl.
» PIZYNK = ¢] = e vk, 50

u

P0eZY|=1—¢e 70,
c(v)

u u
COV(XGI 7yEI )Nm,

X —y| = oc.



Rl and SRW on the cylinder (l): the local picture

T = (yh Zz)

o1
©

&

H 7d+1

7 can proj. 2% — Ey

X. =(Y.,Z)SRWon Ey
unif. start at height z =0



Rl and SRW on the cylinder (l): the local picture

. T 7dtl

®
/® \

: 7 can proj. 2% — Ey

o s | o X. =(Y.,Z.) SRWon Ey
i is Zi unif. start at height z=10

L= > 1{Zn=z}localtimeof Z atz

0<m<n

®x,n = ind. funct. 71 (X[Om] — X)(E {0’ 1}Zd+1 )’
local conf. by time n centered at x.

L(v,t), ve R, t>0, Brownian local time.



THEOR: (Sznitman 08) M > 1, assume:

. 0z .

lim inf|x; — x| = oo, lim —’d:vieRnggM,
N i#j N N

and

w>0,RV. st my/N2d PO o



THEOR: (Sznitman 08) M > 1, assume:

z.
lim inf|x; — x;| = oo, im =2 =v,ieR,1<i<M,
Ni;£j|' j| = oo m g : <i<
e w>0,RV. st /N2 TIOR oo
then

law
(Pxrrns - - Pogrys L2 /N, LM N ==

((1017"'>§0M7u1a--~auM)



THEOR: (Sznitman 08) M > 1, assume:

im - inf b — x| = oc, im %:VIGRJgigM,
and ™ >0, R.V. s.t. TN/N2d Pﬁ?' a >0,
e (s P L2 /NG, L2 /N 1B
(o1, som Uty ... Uy)
where
U, Un) 'R (d + DLV o) L ),

and given (Uy, ..., Uy), ©1,...,pn are indep.
with resp. dist. ZY under P, for u = Uy, ..., Upy.



THEOR: (Sznitman 08) M > 1, assume:

im - inf b — x| = oc, im %:VIGRJgigM,
and ™ >0, R.V. s.t. TN/N2d Pﬁ?' a >0,
e (s P L2 /NG, L2 /N 1B
(o1, som Uty ... Uy)
where
U, Un) 'R (d + DLV o) L ),

and given (Uy, ..., Uy), ©1,...,pn are indep.
with resp. dist. ZY under P, for u = Uy, ..., Upy.

e case SRWon (Z/NZ)9, d > 3 (Windisch 08, 10)
e SRW on cylinders Gy x Z



Percolation and RI:

can Z! be a “rainproof fabric”?
n(u) = P[0 > o,
n(u) > 0 < VY percolates (0-1 law).
u, = inf{u > 0; n(u) = 0} € [0, o], critical value.
Is u, non-degenerate?



Percolation and RI:
can Z! be a “rainproof fabric”?

n(u) = P[0 — o],
n(u) > 0 < VY percolates (0-1 law).
u, = inf{u > 0; n(u) = 0} € [0, o], critical value.
Is u, non-degenerate?
THEOR: (Sznitman 07, Sidoravicius-Sznitman 08)

i) Uy <oo,ford>3
i) u, >0, ford >3, and for small u, V¥ percolates in planes.

(So, u, always non-degenerate!)

Proofs: renormalization, sprinkling, path surgery.



Percolation and RI:
can Z! be a “rainproof fabric”?

n(u) = P[0 — o],
n(u) > 0 < VY percolates (0-1 law).
u, = inf{u > 0; n(u) = 0} € [0, o], critical value.
Is u, non-degenerate?

THEOR: (Sznitman 07, Sidoravicius-Sznitman 08)
i) U, <oo,ford>3
i) u, >0, ford >3, and for small u, V¥ percolates in planes.

(So, u, always non-degenerate!)
Proofs: renormalization, sprinkling, path surgery.

Uniqueness infinite cluster: (Teixeira 08)



Percolation and RI:
can Z! be a “rainproof fabric”?

n(u) = P[0 — o],
n(u) > 0 < VY percolates (0-1 law).
u, = inf{u > 0; n(u) = 0} € [0, o], critical value.
Is u, non-degenerate?

THEOR: (Sznitman 07, Sidoravicius-Sznitman 08)

i) Uy <oo,ford>3
i) u, >0, ford >3, and for small u, V¥ percolates in planes.

(So, u, always non-degenerate!)
Proofs: renormalization, sprinkling, path surgery.
Uniqueness infinite cluster: (Teixeira 08)

Connect. bounds: u small, d > 5 (Teixeira 09)
U > Uy, d > 3 (Sidoravicius-Sznitman 09)



Back to the disconnection time Ty
U =inf{u>0;3a>0, L2P[B, L 0By — 0}
Proof u, < oo also shows u, < U, < oo.

also 3u- >0, L%9P[0 " 0B,] — 0,

C(u) = inf{a >0; sup (d+ 1)L<v, %) > u}.

VER



Back to the disconnection time Ty

U =inf{u>0;3a>0, L2P[B, L 0By — 0}

Proof u, < oo also shows u, < U, < oo.
also Ju_ > 0, L8P0 E0% 9By 0.
. (0%
¢(u) mf{a_o, igﬂg(d+1)L<v,d+1)_u}

THEOR. (Sznitman 08, 09) d > 2, for~ > 0,
lim sup P[TN/NZd > y] < W[¢(uw) =], ( W Wiener meas. )
IimN,;Inf P[Tn/N?% > ~] > W[((u-) > 7]

(so Ty/N?9 and N29 /Ty tight).



Questions:

e U, = U**?

Is there “strong percolation” for u < u,.?

Does Ty/N29 % ¢(4,)?  What about X, ?

Self-induced criticality ?

What is the local picture viewed from disc. point X7, ?

What is the dimension of the infinite vacant components
near disc. point X7, ?

Universality?



Rl and SRW on the cylinder (ll): coupling

hx = N(log N)?

Ri<Di<--<R;<Dj
- returns to B, anc!_
departures from B,

THEOR. (Sznitman 08, 09)

ForO<e<1l,u>(d+1)o,N>c,x=(y,z) € Ey

3Qy coupling SRW with 7Y s.t.
QX[(X[()’Dﬂ]—X)ﬂBgIUﬂB] >1 —N73d, K:aNd/hN
and B = B(0,N'—¢)
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Rl and SRW on the cylinder (ll): coupling
hx = N(log N)?
e
B
2hy z| 2N
Ri<Di< <R <Dj
- returns to B, anc!_
departures from B,

THEOR. (Sznitman 08, 09)

ForO<e<1l,u>(d+1)o,N>c,x=(y,z) € Ey

3Qy coupling SRW with 7Y s.t.
QX[(X[()’Dﬂ]—X)ﬂBquﬂB] >1 —N73d, K:aNd/hN
and B = B(0,N'—¢)

Similarly when u < (d + 1)« with “2” instead.

For torus Teixeira-Windisch 10.



