
RANDOM WALKS AND RANDOM
INTERLACEMENTS

A.-S. Sznitman
ETH Zurich

Journée Neveu
Bordeaux, Août 2010



DISCONNECTION OF DISC. CYLINDERS
EN = (Z/NZ)d × Z, d ≥ 1, N large

X0,X1, ...,Xn, ... random walk on EN

TN = disconnection time
= inf{n ≥ 0; {X0,X1, ...,Xn} disconnects EN}.

Question of H.J. Hilhorst: How large is TN?
Where is XTN?
How does EN\{X0, ...,XTN} look?



Disconnection of Cylinders

TN = disconnection time

CN = cover time of (Z/NZ)d × {0} by X

THEOR. (Dembo-Sznitman 06) d ≥ 1

(∗) lim
N

logTN
logN = lim logCN

logN = 2d , P0-prob.



To improve on (∗)

have a better understanding of the microscopic structure

The Random Interlacements

Zd ,d ≥ 3 (more generally: transient weighted graph)
K ⊂ Zd , finite

eK (x) = Px [�HK =∞], x ∈ K , equilibrium meas. of K

cap(K ) =
�
x∈K

eK (x): capacity of K
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µK ,u Poisson point meas. intensity uPeK

As K varies compatibility:

For K ⊃ K � µK �,u obtained by “sweeping” µK ,u on K �.



Iu(ω) ⊆ Zd : Random Interlacement at level u,
Iu(ω) ∩ K = trace on K of traj. in

support µK �,u , K � ⊃ K

Vu(ω) = Zd\Iu(ω): Vacant set at level u.

THEOR. (Sznitman 07)
� Iu infinite conn. subset of Zd , ergodic under transl.
� P[Iu ∩ K = φ] = e−u cap(K ), so

P[0 ∈ Iu] = 1− e−
u

g(0) ,

cov(x ∈ Iu, y ∈ Iu) ∼ c(u)

|x − y |d−2 , |x − y | → ∞.



RI and SRW on the cylinder (I): the local picture

π can proj. Zd+1 → EN

X. = (Y.,Z.) SRW on EN
unif. start at height z = 0

Lzn =
�

0≤m<n
1{Zm = z} local time of Z. at z

ϕx ,n = ind. funct. π−1(X[0,n] − x)(∈ {0,1}Zd+1
),

local conf. by time n centered at x .
L(v , t), v ∈ R, t ≥ 0, Brownian local time.
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THEOR: (Sznitman 08) M ≥ 1, assume:

lim
N

inf
i �=j

|xi − xj | =∞, lim
N

zi
Nd = vi ∈ R, 1 ≤ i ≤ M,

and
τN ≥ 0, R.V. s.t. τN/N2d Prob.−→ α > 0,

then
(ϕx1,τN , . . . , ϕxM ,τN , Lz1τN/Nd , . . . ,LzMτN /Nd)

law−→
(ϕ1, . . . , ϕM ,U1, . . . ,UM)

where
(U1, . . . ,UM)

law
= (d + 1)

�
L(v1,

α

d + 1), . . . , L(vM ,
α

d + 1)
�
,

and given (U1, . . . ,UM), ϕ1, . . . , ϕM are indep.
with resp. dist. Iu under P, for u = U1, . . . ,UM .

• case SRW on (Z/NZ)d , d ≥ 3 (Windisch 08, 10)
• SRW on cylinders GN × Z
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Percolation and RI:
can IuIuIu be a “rainproof fabric”?

η(u) = P [0 Vu←→∞],
η(u) > 0⇐⇒ Vu percolates (0 -1 law).
u∗ = inf{u ≥ 0; η(u) = 0} ∈ [0,∞], critical value.

Is u∗ non-degenerate?

THEOR: (Sznitman 07, Sidoravicius-Sznitman 08)
i) u∗ <∞, for d ≥ 3
ii) u∗ > 0, for d ≥ 3, and for small u, Vu percolates in planes.

(So, u∗ always non-degenerate!)

Proofs: renormalization, sprinkling, path surgery.

Uniqueness infinite cluster: (Teixeira 08)

Connect. bounds: u small, d ≥ 5 (Teixeira 09)
u > u∗∗, d ≥ 3 (Sidoravicius-Sznitman 09)
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Back to the disconnection time TNTNTN

u∗∗ = inf
�
u ≥ 0; ∃ α > 0, Lα P

�
BL

Vu←→ ∂B2L
�
→
L
0
�
.

Proof u∗ <∞ also shows u∗ ≤ u∗∗ <∞.

also ∃u− > 0, L6d P
�
0 ∗−Iu−∩Z2←→ ∂BL

�
→
L
0.

ζ(u) = inf
�

α ≥ 0; sup
v∈R

(d + 1)L
�
v ,

α

d + 1

�
≥ u

�
.

THEOR. (Sznitman 08, 09) d ≥ 2, for γ ≥ 0,
lim sup

N
P

�
TN/N2d ≥ γ

�
≤W [ζ(u∗∗) ≥ γ

�
, (W Wiener meas. )

lim inf
N

P
�
TN/N2d > γ

�
≥W [ζ(u−) > γ

�

(so TN/N2d and N2d/TN tight).
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Questions:
• u∗ = u∗∗?

• Is there “strong percolation” for u < u∗?

• Does TN/N2d law−→ ζ(u∗)? What about XTN ?
Self-induced criticality ?

• What is the local picture viewed from disc. point XTN?

• What is the dimension of the infinite vacant components
near disc. point XTN?

• Universality?



RI and SRW on the cylinder (II): coupling

THEOR. (Sznitman 08, 09)
For 0 < ε < 1, u > (d + 1)α, N ≥ c, x = (y , z) ∈ EN
∃Qx coupling SRW with Iu s.t.
Qx [(X[0,Dz

K ] − x) ∩ B ⊆ Iu ∩ B] ≥ 1− N−3d , K = αNd/hN
and B = B(0,N1−ε)

Similarly when u < (d + 1)α with “⊇” instead.

For torus Teixeira-Windisch 10.
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