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1. (Slides) Recall classical facts about:

(a) Etale fundamental group;

(b) ℓ-adic Lie groups

2. State our main result and some of its corollaries

3. Sketch the proof
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Etale fundamental groups of schemes: Definition

X: connected scheme

C
(1)
X : category of finite étale covers of X

x : Ω→ X: geometric point y Fx: C
(1)
X → FSETS

Y
p
→ X 7→ Yx

Thm.: C
(1)
X is a Galois category with fiber functor Fx : C

(1)
X → FSETS.

π1(X, x) := Aut(Fx) is endowed with a profinite group structure:

π1(X, x) = lim
←−

Πx,p,

where Πx,p = Im(π1(X, x) → S(Yx)) and the projective limit is over all con-

nected (Galois) Y
p
→ X.

The profinite group π1(X, x) is the étale fundamental group of X with base point

x.

C
(1)
X

Fx //

eq.
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FSETS

C(π1(X, x))
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o
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Facts:

1. Two fiber functors are always isomorphic hence π1(X, x) does not depend

on x up to a unique inner isomorphism.

2. Functoriality: the functor from Galois categories pointed with fiber functors
and fundamental functors to profinite groups is an equivalence of categories.

f : X ′ → X

y f ∗ : C
(1)
X → C

(1)
X ′

y π1(f) : π1(X
′, x′)→ π1(X, f(x′))
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Etale fundamental groups of schemes: Additional assumptions

1. X: locally noetherian, normal, connected scheme with generic point η

C
(2)
X : category of finite separable k(η)-algebras étale over X

k(η) →֒ k(η): fixed algebraic closure (geometric generic point)

C
(1)
X

Rational function ring//

Normalization
oo C

(2)
X

′Usual′

Galois theory
//oo C(Gal(MX |k(η))) ,

where k(η) →֒ MX is the maximal algebraic subextension of k(η) →֒ k(η)

unramified over X.

π1(X, η) = Gal(MX |k(η)).

2. k: field
X → k of finite type and geometrically connected

(∗) 1 // π1(Xk)
// π1(X) // Γk

// 1
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Etale fundamental groups of schemes: Facts (elementary)

1. U <op π1(X) ←→ XU → XkU
connected;

U ⊳op π1(X) ←→ XU → XkU
Galois,

where k →֒ kU = MU
X ∩ k finite field extension.

2. U <op π1(X)

(a) y U geo := U ∩ π1(Xk) <op π1(Xk) ←→ XU ×kU
k → Xk.

(b) For any x ∈ X(k),

(∗) 1 // π1(Xk)
// π1(X) // Γk

//

sx

jj
1

and sx(Γk) < U if and only if

XU

��
X kx

oo

xU

``

Notation: If dim(X) = 1,

gU : genus

γU : k-gonality

of (a smooth compactification of) XU .
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ℓ-adic Lie groups: Definition and facts (non elementary)

X: topological space.

Chart(X): set of triples (U, φ, n), where U ⊂op X;
φ : U→̃U0 ⊂op Zn

ℓ homeomorphism.

Notation: C = (UC, φC, dim(C)).

C ∼ C ′ ⇔ φC′ ◦ φ−1
C : φC(UC ∩ UC′)→̃φC′(UC ∩ UC′)

φC ◦ φ−1
C′ : φC′(UC ∩ UC′)→̃φC(UC ∩ UC′)

are ℓ-adic analytic maps.

Atlas(X): set of subsets A ⊂Chart(X) such that C, C ′ ∈ A ⇒ C ∼ C ′;

X =
⋃

C∈A

UC.

A ∼ A′ ⇔ C ∈ A, C ′ ∈ A′ ⇒ C ∼ C ′.

Mℓ: category of ℓ-adic manifolds :

Objects: (X,A) with X a topological space and A ∈Atlas(X)/ ∼;

Morphisms: Continuous maps which are ℓ-adic analytic maps in the charts.

y Gℓ <Mℓ: subcategory of ℓ-adic Lie groups.

Facts:

1. The forgetful functor Gℓ → TOPGRP is fully faithful;

2. Let G ∈ Gℓ then:

(a) For any H <cl G, H ∈ Gℓ and H →֒ G ∈HomGℓ
;

(b) For any H ⊳cl G, G/N ∈ Gℓ and G ։ G/N ∈HomGℓ
.
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ℓ-adic Lie groups: Uniform pro-ℓ groups

ℓ > 2 (for simplicity);

G: pro-ℓ group;
P1(G) := G, Pn+1(G) := Pn(G)ℓ[Pn(G), G], n ≥ 1.

G is a uniform pro-ℓ group if:

1. G is topologically finitely generated;

2. G/Gℓ is commutative;

3. [Pn(G) : Pn+1(G)] = [G : P2(G)], n ≥ 1.

Assume that G is a uniform pro-ℓ group and let d := d(G) be the minimal
number of generators of G:

G = < g1, . . . , gd >

Facts: G →̃ Pn+1(G)

g 7→ gℓn

is an homeomorphism.

y Define: g +G g′ = lim
n→+∞

(gℓn

g
′ℓn

)ℓ−n

(g, g′)G = lim
n→+∞

[gℓn

g
′ℓn

]ℓ
−2n

1.
α: (Zd

ℓ , +) →̃ (G, +G)
(λ1, . . . , λd) 7→ λ1g1 +G . . . +G λdgd

is a continuous group isomorphism (in particular, this endows G with the

structure of a ℓ-adic Lie group).

2. (G, +G, (, )G) is a Zℓ-Lie algebra.

Thm: Let G be a topological group. Then G ∈ Gℓ if and only if G contains an

open subgroup which is a a uniform pro-ℓ group U <op G.

In that case, the chart α−1 : U → Zd
ℓ is compatible with the structure of ℓ-adic

manifold on U induced from the one on G and d(U) does not depend on U : we

call it the dimension of G.

11



12



ℓ-adic Lie groups: Lie correspondance

G, G′ ∈ Gℓ;

H(G, G′):set of pairs (U, f), where U <op G and f : U → G′ ∈ HomGℓ
.

(U, f) ∼ (V, g) ⇔ there exists W <op U ∩ V such that f |W = g|W .

y Gℓ → G̃ℓ, where G̃ℓ is the category with:

Objects: Ob(Gℓ);
Morphisms: HomG̃ℓ

(G, G′) = H(G, G′)/ ∼.

y Lℓ: category of finite dimensional Qℓ Lie algebras.

Define a functor:
Lie : Gℓ → Lℓ

as follows:

• G ∈ Gℓ, U <op G uniform pro-ℓ y Lie0(U) := (U, +U , (, )U);

y Lie(G) := Lie0(U)⊗Zℓ
Qℓ;

• f : G→ G′ ∈HomGℓ
, U ′ <op G′ uniform pro-ℓ, U <op f−1(U ′) uniform pro-ℓ

y Lie0(f) := f |U : (U, +U , (, )U)→ (U ′, +U ′, (, )U ′);
y Lie(f) := Lie0(f)⊗Zℓ

Qℓ : Lie(G)→ Lie(G′).

Thm:

Gℓ
Lie //

��

Lℓ

G̃ℓ

eq.

??
�

�
�

�
�

�
�

�

Facts:

1. 1→ K → G→ Q→ 1 short exact sequence in Gℓ

⇒ 1→ Lie(K)→ Lie(G)→ Lie(Q)→ 1 short exact sequence in Lℓ;

2. There exists U <op G such that Lie(Uab) = Lie(U)ab(= Lie(G)ab).
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ℓ-adic Lie groups: Example

U := Id + ℓMd(Zℓ) <op G := GLd(Zℓ) is a uniform pro-ℓ subgroup and the

logarithm:

ℓ−1ln: (U, +U , (, )U) →̃ (Md(Zℓ), +, [, ])

Id + ℓu 7→
∑

n≥1

(−1)n+1ℓn−1

n
un

induces an isomorphism of Zℓ-Lie algebras.

⇒ Lie(G) = (Md(Qℓ), +, [, ]).

Facts:

1. For any g0 ∈ G, with:
φg0

: G →̃ G
g 7→ g0gg−1

0

one has:

Ad(g0) := Lie(φg0
): Lie(G) →̃ Lie(G)

u 7→ [g0, u] = g0u− ug0.

2. Any compact subgroup of GLd(Qℓ) is conjugate to a subgroup of GLd(Zℓ).
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