FLAT POWER SERIES OVER A FINITE FIELD
By
A. Lasjaunias and J.-J. Ruch

Abstract. We define and describe a class of algebraic continued fractions
for power series over a finite field. These continued fraction expansions,
for which all the partial quotients are polynomials of degree one, have a
regular pattern induced by the Frobenius homomorphism. This is an ex-
tension, in the case of positive characteristic, of purely periodic expansions
corresponding to quadratic power series.

§1. Introduction.

Let p be a prime number and ¢ = p® where s is a positive integer.
Let F, be the finite field with ¢ elements. We consider the ring of polyno-
mials F, [T, and the field of rational functions F,(T"), in an indeterminate
T with coefficients in ;. There is an ultrametric absolute value defined on
F,(T) by [0] = 0 and |P/Q]| = |T'|9®8F~48Q where |T| is a fixed real num-
ber greater than one. The field obtained by completion from I, (T") for this
absolute value will be denoted by F(g). We call the elements of this field
formal numbers over F,. A non-zero element of this field is represented by
a power series in the following way

O = Z 0, T" where ko€ Z, 0 € Fy and 0, # 0.
k<ko

The absolute value extended to this field is then defined by |©| = |T'|*o.

We are concerned with the continued fraction algorithm in this
field F(q). A good survey on the main properties of this algorithm in
power series fields can be found in Schmidt’s article [S]. We recall that
each element ©® € F(q) can be expanded as a continued fraction which
we denote by © = [ag, ay,as,...,ay,...| where the a; are polynomials in
F,[T]. These polynomials are called the partial quotients of the expansion.
We have dega; > 1 for ¢ > 0. The expansion is finite if and only if © is
rational. The analogue of Lagrange’s theorem holds in F(q), that is to say
the sequence (a;);>o is ultimately periodic if and only if © is quadratic
over the field F, (T") (see [S]).

Baum and Sweet ([BS1] and [BS2]|) were among the first to con-
sider the field F(2). Guided by the analogy with the field of real numbers,
they studied rational approximation to algebraic elements in F(2). They
could give an example of an algebraic and non-quadratic element having
a continued fraction expansion with partial quotients of bounded degree.
Later, Mills and Robbins [MR] have taken up this study in a more general
context. They were able to give such an example in F(p) for each prime
p greater than 3. In a first approach (¢ = 3, see [L1]) and in a more
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general context(see [LR]), we have shown the existence of elements in F(q)
algebraic over I, (T") which have a continued fraction expansion with par-
tial quotients all of degree one. In this paper, we extend the study of
this general pattern of algebraic continued fractions. These elements are
obtained as fixed points of the composition of a linear fractional transfor-
mation with the Frobenius homomorphism. A special and classical case
of this pattern is obtained by replacing the Frobenius homomorphism by
the identity, which leads to quadratic numbers having a purely periodic
continued fraction expansion.

§2. Definition and characterization of flat formal numbers.

We consider the subset F*(q) = {© € F(q), |©| < |T|~!}. Clearly,
if © is an irrational element in F* (¢) then we can expand it as the following
continued fraction

© =[0,a1,a2,...,0an,...] witha; € F,[T] for i>1.

From the sequence (a;);>1 we define both sequences (z;);>_1 and (y;)i>—_1
of elements of F,[T'] by the following recursion

r_1=1, 2g=0 and =z, =apTn_1+x,_o n>1 (1)
y-1=0, yo=1 and yp =apyp-1+yn—2 n=>1

We know that z;/y; = [0,a1,a2,...,a;] for i > 1. The sequence (z;/y;)i>0
is called the sequence of the convergents to ©. For n > 1, we obtain from
(1), |yn| = lan|lyn—1| and |x,| = |an||xn—1|. Consequently, for n > 2, by
induction we have

We recall an important property on the approximation of © by its conver-
gents. If © = [ag,a1,...,an,...] € F(g) then we have

1© = #n/yn| = lant1[THyal7*  for n>0. (3)

If ag = 0 then, by (3) for n = 0, we have |©| = |a;|~'. We consider the
sets E(q) = {\T'+p | A€ TF,,ueFy} and Eo(q) = {\T' | A € F, }. Finally
we define two subsets of irrational numbers in F*(q) by

E(q) ={©=10,0a1,a0,...,ay4,...]|a; € E(q) for i>1}
and
Eo(q) ={©® =10,a1,as,...,an,...]|a; € Ex(q) for i>1}.

We observe that if © € £(q), from (2) and for n > 1, we have |z, | = |T|"!
and |y,| = |T|".
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Proposition 1. Let [ and r be two positive integers. Assume that r = pt
with t > 0 and | > r. Let B = (a1,a2,...,a;) € E(q)" and ¢ € F,. Let
Ty, Y, Ti—r and y,—, be the polynomials obtained from B by (1). We
consider the following equation

)
p= ETTT B, B)
€Yt + Yi—rx"

Then we have:

1) E(e,B) has a unique solution in F*(q), denoted by O (e, B).
2) ©(e, B) is an irrational number and ©(e,B) = [0, B, ...].
8) If B € Eo(q) and O(e, B) € £(q) then O(e, B) € Eo(q).

PROOF: We denote by f the map defined on F*(q) by

f(.l‘) _ €xr; + .I‘l_,n.’l?: .

€Y1 + Yi—rT

If x € F*(q) we see that |y,_r2"| < |yi| and consequently |ey; + yi_rx"| =
lyi|. Similarly we have |ex; + x;—.2"| = |z;|. By (2) we also have |y;/z;| =
lai| and thus |f(x)| = |a1|~! = |T|~!. Hence f is a map from F*(q) into
F*(q¢). For a, b € F*(q), by straightforward calculation and using the
Frobenius homomorphism if » > 1, we obtain

_ _ e(yri—r — T1Y1—r)(a — b)"
f(a,) f(b) - (yl—y«aﬂ’ + Eyl)(yl_rbr n Gyl) (4)

and by taking the absolute value
(@) = FO)| = [yazi—r — z2yi—r|lyt|~*|a = b]". (5)
By (3) we have |x;_./yi—r — x1/y1] = |y1—r|"%|as_rs1|- This implies that
yizi—r — y1—r| = lYyiyi—rlyi—r|"?a1-r41]. Since |a;| = |T| for 1 <i <1,
(2) implies |y;| = |T|* for 1 < i <. Finally we obtain
lyizi—r — myi—p| = |T|"". (6)
Therefore (5) becomes
|[f(a) = F(O)] = |7+ a — b|". (7)
For a,b € F*(q) we have |a — b|" < |a — b|, then (7) implies
f(a) = f(O)] < |T|7?|a —b]. (8)
This shows that f is a contraction mapping from F*(q) into F*(g). Thus,

as F*(q) is a complete metric subspace of F(q), the equation z = f(z) has
a unique solution in F*(g), depending upon B and e.
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Assume now that this solution is rational, say © = a/b with a,b € F,[T]
and ged(a,b) = 1. Then a/b = f(a/b) implies

a erb" +x_pa” )
b N Gylbr + Yr—ra” .

We put u = ex;b" + x;_.a”, v = eyb” + y;_-a” and w = 2y — Y1TI_pr.
Then we obtain easily

UYj—p — VT, = eb"w and wvx; —uy; = a"w. (10)

If we set § = ged(u, v), since ged(a, b) = 1, both equations (10) imply that
§ divides w. Thus || < |w| and, by (6), |§] < |T|"~. Since |v| = |y|b]",
we obtain [v/§] > |T|"="*1|b|" > |b|. Hence we have v/ # b and (9) cannot
hold. This brings a contradiction. Further if © € F(q)* and © = f(0), we
have seen that |©| = |T'|~1. By (7) we can write

[f(©) = f(O)| = [T~ Hef
and this is clearly the same as
|© — a1 /yi| = T |y >

This last equality proves that z;/y; is a convergent to © and moreover
lai41] = |T|. Since z;/y; = [0,a1,a2,...,a;], we have © = [0,5,...].
The last property to be shown is linked to the fact that, under the given
hypothesis, © is an odd function of T'. An even element in F(q) is a function
of T2, and an odd element is the product of T by an even element. If p # 2,
and © € F(q) then © is an odd function of T if ©(—T) = —O(T'). Clearly
© is odd if and only if all the coefficients of even degree in the power
series expansion of © are zero. Equivalently all the partial quotients in
the continued fraction expansion are odd polynomials of T'. So if © is odd
and © € £(q) then © € &(q). Now assume that B € Ey(q). From (1) we
observe that x; is alternatively an odd (if i is even) or even (if 7 is odd)
polynomial of T', for 1 < ¢ < [. The same is true for y; with the opposite
parity to x;. To prove that © is odd, we will have to distinguish two cases.
First suppose that r is odd, hence x; and z;_, have opposite parity and
(—1)" = —1. Consequently it is easy to check that

O(T) = f(6(T)) implies —O(=T)=f(-0(-T)).

If we put ©*(T) = —©(—T) then |©*| = |©|. Since z = f(z) has a unique
root in F*(q), we must have ©* = O, i.e © is an odd function of 7. Now
suppose that r is even, hence z; and z;_,. have the same parity. Clearly ©"
is even. If z; is even then A = ex; + x;_,.O" is even and B = ey; + y;_,.O"
is odd. If z; is odd then A is odd and B is even. In both cases, since
© = A/B and observing that the quotient of two numbers of opposite
parity is odd, it follows that © is odd. So the proof of Proposition 1 is
complete.
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Remark. Irrational solutions of equations of the type x = g(z") where g
is a linear fractional transformation with integer coefficients are called al-
gebraic numbers of class I. Various rational approximation properties of
these elements have been studied by different authors, see [L2] for refer-
ences. Our aim is to show, with the above notations, how ¢ and B can
be chosen such that the corresponding number © belongs to £(¢). In this
case © is said to be badly approximable by rational numbers: indeed we
have |© — P/Q||Q|* > |T'|~! for all P,Q € F,[T] with Q # 0.

Definition. Let p,q,r be integers as above. If there is € € Iy, an integer
I > r and B € E(q)! such that ©(e, B) € E(q) then we say that O(e, B)
is a flat formal number of order r. The subset of elements © € £(q) for
which there is € € F, an integer I > r and B € E(q)" such that © satisfies

E(e, B) will be denoted by F(e,l,r,q). Further we use the notations

F(l,rq) = U Fledl,r,q) and F(r,q) = U}"(l,r,q).
ecF; I>r

At last F(q) = U,—p: F(r.q) is called the set of flat formal numbers in
F(q)-

Different examples of flat numbers have already been given ( see
[MR], [L1] and [LR]). Moreover we recall that there is a special quadratic
number contained in F(l,r,q) for all possible triple (I,7,q). Indeed, let
g = p® and let e € £(q) be defined by

e=[0,T.T,....T,...].

If k> 1 and ! > k are integers, we have shown [LR] that the following
equation holds
(_1)k_1xl +:Ul—kek

(=D)*= 1y, + yi_pek’

e —

Hence if r = p' with ¢ > 0, replacing k& by r in this equation and
since (—1)"~! = 1 in F,, we see, with our notations, that e belongs to
F(1,1,r,q). This formal number e should be viewed as the analogue of
the famous real number (v/5—1)/2=10,1,...,1,...].

In order to give a characterization of the sequence of the partial
quotients in the continued fraction expansion of a flat number, we need
to investigate the polynomials z, and y, defined inductively from (1).
These are functions of the partial quotients a;, for 7 < n. A study of those
functions is to be found in Perron’s classical treatise on continued fractions.
We use the results exposed there and similar notations (see [P] p.3-18).
We introduce a sequence of functions (K,)p>—1. We put K_; = 0 and
Ky =1. Forn > 1, K, is a function of n variables. We have K1(u1) = uq,
Ko(uy,us) = ujus + 1 and the recursive relation, for n > 1,

Kn(ul, Uy +.., Un) = UnKn—l(Ula sy Un—l) + Kn—2(U17 sy Un—2)-



It is interesting to remark that K, can be expressed by the following
determinant

up —1 0 0
1 wuy -1 0 0
0 1 ws -1 0 ... 0
K, (uy,ug,...,u,) =det| . , ) (11)
0 1 Up—1 -1
0 0 1 Up,

From (1) and with these notations, it is clear that we have for n > 0
Yn :Kn(a17a27"',a”n) and Tp = n—l(a2,a’3,"'7an)'

From © = [0,a1,...] € £(¢) and for £ > 0, we define O = [0, agy1, ak+2, .- -]
Hence ©y = ©. Moreover, for £ > 0 and n > 0, we set

Ynk = Kn(akt1,-. -, Qpgn) and ok = Kn_1(akt2, ..., 0%4n)-

Clearly (2n,k/Yn,k)n>0 is the sequence of the convergents to © and we
have %y, i /Ynk = [0, Qk+1, ..., Gktn], for n > 1 and for £ > 0. From these
definitions, it is easy to check that we have

Trk = Yn—1,k+1 for k>0 and n>0. (12)
It can also be established by induction that we have for n > m > 0
ITnYm — YnTm = (_1)myn—m—1,m+1 - (_1)m$n—m,m- (13)

From (13), by shifting the sequence of the partial quotients, we obtain for
n>m>0and k>0

Tn,kYm,k — Yn kTm,k = (_l)myn—m—l,m+1+k — (_1)mxn—m,m+k- (14)
From (13), we can also deduce, for n > m > 0,
Yn = YmYn—m,m + Ym—-1Tn—m,m- (15)

At last, shifting the sequence of the partial quotients, (15) implies for
n>m>0and k>0

Yn,k = Ym kYn—m ,m+k + Ym—1,kTn—m,m+k- (16)

With these notations we can characterize the sequence of the partial
quotients of a flat formal number.



Proposition 2. Let p,q,r be integers as above. Let © = [0,a1,a3,...] €
E(q). Then there exist ¢ € Fy and an integer | > r such that © €
F(e,l,r,q) if and only if there erists a sequence (€,)n>0 of elements in
Fy, with o = 1 and €1 = €, such that we have one of the four equivalent
properties

Ent1lnr4l — Gyle + le'l—v“
(S1) , , for n>-—1.
En+1Ynr+l = €Y, YL + TpYl—r
(S ) { En+1Tnr4l = 6m—i—ly;_m,7n=T/'777,7'~|—l + 6m‘T;_m,m‘T(m—1)1"—}-l
2 r r
Ent+1Ynr+i = Gm—}-lyn—m,mymr—{—l + 6mJJ’n_Tn,ﬂny(?w,—1)7“—i—l

form>m>0o0rm=0andn > —1.

r
(SB) 6n—{—len’—}-137(71—11’)7“,n’r~|—l - Gm—}-lfmxn_n’,n'xr,(m—l)v“—i—l

forn>n">m>0o0rm=0andn>n"> —1.

(S4)

T
6n~|—1€n—1=T;21",(1L—2)1"—}-l = €4, Ty l—r
for n>1.

6n~|—1€n=T;1",(n—l)r—}-l = €Ty —r

Remark. The case r = 1, i.e. when the Frobenius homomorphism is re-
placed by the identity, is the most simple and also already known since
then © is quadratic (see [S| p.141-142) . In that case this proposition
implies

© =[0,a1,as,...] € F(1,q) & (ai)i>1 is purely periodic.
Assume that © = [0,a1,as,...] € F(1,q). By (S4), we have for n > 1

{ En+1€n—10n4] — €Ap

€nt1€n = €.
From the second equation we get €s,41 = € and €3, = 1 for n > 0.
Hence the first equation becomes a,y; = 6(_1)n+1an. By iteration we

obtain a,yo = €%r2a, with u,s = (=1)"*! + (=1)"*"*+L If [ is odd
Up,2 = 0 and thus a, 49 = a, for n > 1. Otherwise, by further iteration
we obtain anig = €'mka, with u,, = (=1)"F 4 (=1)HFn+t 4o
(—=1)(B=DiHn+1 and since [ is even uy, , = k(—1)"*!. Hence €'+ = 1 at
least for £ = ¢—1 and consequently a,, 4 (4—1y = a, for n > 1. Reciprocally
if ®© = [0,a4,...,ar,a1,...,ar,a1,...] then it is well known that © =
(xp + 1-10)/(yr + y—10) and therefore © € F(1,q) .

PROOF: First we shall prove that © € F(e,[,r, q) if and only if (S7) holds.
Assume that © = [0, a1,...,a,,...] € £(g) and satisfies © = f(O) where
f(x) = (ex; + z1—rx") /(ey; + yi—rx"). For n > 0, we set

{ Up = €X1Yy + Ti—r T, an

Up = G?le:; + yl—TxZ



Thus we have for n > 0

== r(22). (18)

Up, Yn

According to (7) we can write for n > 0

1© — un/va] = [£(©) = flzn/yn)l =TT 7HO — @ fyal".

Since © € £(q) implies [© — zn/yn| = |T|7 ya|™? and clearly |v,| =
[y1]|yn|", this becomes

1© = wn/vn] = [T|7 fvn| 72 (19)

It is known that if |© — P/Q| < |Q|™2 then P/Q is a convergent to ©.
Thus there exists an integer m such that w,/v, = %, /ym. Since we
also have |© — x,,/ym| = [T ym| =2, we deduce |v,| = |y,|. Further
[Yym| = |T|™ and |v,| = |T|"*! shows that m = rn + [. Consequently
Un /Uy = Trnti/Yrn+1, With ged(uy,, v,) = 1. This implies that there exists,
forn >0, €,41 € ]F; such that

{ En+1Tnr4l = 675[3/:; + xl—rl'; (20)

En+1Ynr+l = G?le:; + yl—rl'z

Putting n = 0 in (20), we see that ¢; = €. If we define ¢y = 1 we have
proved that (S7) holds for n > —1. Reciprocally (S1) implies immediately
by division that we have for n > 0

Tnrtl _ f($_n )

Ynr+1 Yn
Thus, by letting n go to infinity, we obtain the desired equation © = f(O),
with € = ¢;. To complete the proof of the proposition we need to show
that the four systems (S7), (S2), (S3) and (S4) are equivalent. We first

prove that (S7) implies (S2). Let n > m > 0 or m = 0 and n > —1 be
integers. By (12), (15) and (16), we have

{ Yn = YmYn—m,m + Ym—-1Tn—m,m (21)

Tn = TmYn—-mm T Tm—1Tn—m,m
Using (21), the first equation of (20) can be written
Ent1Znr+l = Yn—m,m (€T + Tir ) + Ty g (€T1Y a1 + Ti—r Ty 1)
and finally, applying (20) again,
€nt1Tnr+l = €m+1Yn—m mTmr+l T €EmTy_m mT(m—1)ri-

It is clear that the second equation in (S3) can be obtained in the same
way, hence (S3) holds. We next prove that (Ss) is implied by (S3). Let
n >n' > m > 0 be integers. For brevity sake, (S2) will be written as

Ent1Tnr4l — An + B, and €n+1Ynr+l = Cn + Dy, (22)



and similarly we can write
€n'+1Tn'r41 = An’ + By and €n'+1Yn'r4+1 = Cn’ + Dy (23)

We put X = Ent1Tnr+i€n' +1Yn'r4+1 —En/ L1 Tn/r+1€n+1Ynr4i- By (13) we can
write

X = enprn1(=1)" a0 niyr it (24)
On the other hand, by (22) and (23), we also have

X = (AnCn — AwCy) + (A Dy — Api D)

25
+ (BnCn/ - Bn/Cn) + (BnDnl - Bnan). ( )

It is easy to check that A, C, — A,,C,, = B, D, — B, D, = 0. By (14),
we have

AnDn’ — An’Dn = 6m+16m(—1)(n’_m)r+1$m,~+1y(m_1)7«_1_111777;_”/7n/ (26)
and
BnCn/ - Bn’Cn = €m+1€m(_1)(n,_m)rx(m—l)r—{—lym?“—i—lx;—n’,n’- (27)
Finally we obtain, from (25), (26), (27) and using (14),

X = 6m+16m(_1)(nl_l)r+l_1$2—n’,n’xf’,(m—l)H—l (28)
We observe that (—1)"*! = 1 in F, for all p. Hence comparing (24) to
(28) we have proved (S3). Now the first equation of (Sy) is obtained from
(S3) by taking n’ = n — 2 and m = 0. So this equation holds for n > 1.
The second equation of (Sy) is obtained from (S3) by taking n’ =n — 1
and m = 0 and hence also holds for n > 1. Thus clearly (S3) implies (Sy).
It remains to prove that (Sy) implies (S1). By (12) and (16), we can write
forn >1

Tor (n—2)r+1 = Tr (n—2)r+Yr,(n—1)r+i + Tr—1,(n—2)r+1Tr (n—1)r+l (29)

From (S4) we have for n > 1 and m >0

-1 -1
L2 (n—2)r4+l = Gén_1€n+1a;$7«,l_r
et (30)
Trmr+l = €€ 1 0€m 1 Trl—r
Combining (29) and (30) we obtain
€n+1Yr,(n—1)r41 + €n—1Tr—1,(n—2)r+l = Gna:r (31)

Again by (12) and (16), we can also write for n > 0

Tnr+l = T(n—1)r+1Yr (n—1)r+l1 + T(n—1)r+l—-1Tr (n—1)r+l- (32)
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Multiplying (32) by €,41 and combining with (31), we obtain

€nt1Znr+l = €nlpT(n_1)r41 + X (33)
where X = €11 (n—1)r41-1%r,(n—1)r+1 — En—1Tr—1,(n—2)r+1% (n—1)r+-

The second equation of (S4), implies €,417, (n—1)yr41 = €n—1Tp (n—2)r+i-
Therefore we get

X =€ (xr,(n—Z)r—{—l‘T(n—l)r—}-l—l - xr—l,(n—2)r+lx(n—1)r+l)- (34)

Using (13), we can write

Tr—1,(n—2)r+l = (‘T(n—l)r—}-l—ly(n—Z)r—{—l - y(n—l)r—}-l—lx(n—Z)r—{—l)w

and
Ty (n—2)r+1 = (x(n—l)r+ly(n—2)r+l - y(n—l)r+l$(n—2)r+l)w,

with w = (=1)®=27+ From these two equalities and (34) it follows that
X is equal to

€n—1T(n—2)r+i (‘T(n—l)r—}-ly(n—l)r—{—l—l - y(n—l)r—}-lx(n—l)r—{—l—l) (_1)(n—2)r+l

Finally, by (13), this becomes
X = 1T(m_2)rti- (35)
Hence, by (33) and (35), we have proved for n > 1
€En+1Tnr4l = Gna2$(n—1)r+l + €n—1T(n—2)r+i- (36)

In a similar way, we could prove the same identity with y instead of .
Now let us prove by induction that the first equation of (Sy), i.e.

En+1Tnr4+l = Ey:L'Tl + .T:L.’El_r, (37)

holds for n > —1. Clearly (37) is true for n = —1 and n = 0. Assume it is
true for £k <n and n > 0. From (36) and (37), we can write

€n4+2T (n4-2)r4+1 = a;+1(€xly77; + l'l—v“x;) + G‘le;_l + xl—rl'z_y

Using the Frobenius homomorphism and the recursive definition of the
sequences (2 )n>—1 and (Yn)n>—_1, we obtain

r r
En+2T(n42)r+l = €TI1Yp 11 + T)—rTpyq-

Hence (37) holds for n 4+ 1 and by induction for all n > —1. Using the
corresponding identity to (36) with y instead of x, with the same arguments
we also have for n > —1

En+1Ynr+l = Ey:;yl + xzyl—r-
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This shows that (S1) holds for n > —1. Thus the proof of Proposition 2
is complete.

63. The case r = 2 and some general properties.

In this section we state some consequences of Proposition 2. Clearly
the complexity of the system (Sy) is growing with . Beside the trivial
case r = 1 considered in the remark following Proposition 2, it is possible
to investigate throughly the case r = 2 and we do so in Proposition 3
and 4. This case illustrates the fact that in general the existence of a
sequence (an)p>1 of polynomials of degree one in F,[T] solution of (S4)
will depend upon the choice of € and also of the first [ partial quotients. In
Proposition 5 we obtain some general properties on the sequences of the
two coefficients of the partial quotients by studying the system (S4). At
last, in Proposition 6, we give some properties of stability for flat numbers.

Proposition 3. Let ¢ = 2° with s > 1 and |l > 2 be integers. Let
A1, A2, ..., A and € be given in F,. We consider the sequence (Ai)i>1 in
I, defined recursively for n > 1 by

Al4on—1 = )\721)‘1_16(_1)”+1
Ai42n = AL

Let x;_o,y1_2,x; and y; be the polynomials built from (AT, \T, ..., \T)
by (1). Let © be the irrational element in F(q) defined by the continued
fraction expansion © = [0, \{T, X\oT, ..., A\, T,...]. Then © satisfies the
algebraic equation

yl_2®3 + 1'1_2@2 + €y;© + ex; = 0.

ProoOF: Let ¢ and [ be as stated above. According to Proposition 1 with
r = 2, we know that the following equation

2
g = SOt T2 T2 (38)
€Y1 + Y—2x

has an irrational solution © in F(q) such that © = [0, \1T, ..., NT, aj41, .. ..
Moreover since the first [ partial quotients are linear, they all are linear
and hence we can put a; = \;T for « > 1. By Proposition 2 with r = 2,
we have © € £(q) if and only if there is a sequence (€, )p>0 such that

(S4)

2
€En4+1€n—1T42n—44] = €A, T2 ]2
for n>1.

€En+1€nT22n—241 = €EL2,1—2
It is easy to check that we have

T42n—44+1 = 02n—24102n—14102n4] + G2n_24] + G2n4]
T2,2n—2+1 = G2n+1 (39)
Z2i1—2 = Qaj-.
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Therefore (S4) and (39) imply
Aon—2t1xon—141A2n 1 T? + (Aan_o1 + Aanst)T = €€, L 1en L AZNT? (40)

and
€nt1€ndonii T = eNT (41)

for n > 1. From (40) we obtain Ag,_o4; = 2,4 and thus Aoy = N
for n > 1. Combining this with (41), it follows that €,y1€, = € for
n > 1. With the initial conditions, this leads to ee;}rle;il = (D"
Comparing the coefficients of T in both sides of (40) and since Ag;, 21, =
Aon+1 = A, we obtain A\jyon_1 = A,%)\l_le(_l)nﬂ for n > 1. In conclusion
© = [0,\T,...,A,T...], with the sequence (A;);>1 defined as in the
proposition, satisfies (38). Thus © satisfies the desired equation and the
proof is complete.

With the notations introduced above, this last proposition shows
that, in case of characteristic 2, if I > 2, B € Ey(q)! and € € [y are
arbitrary then O(B,¢) € F(2,q). In the next proposition, also in the case
of characteristic 2, we see that if B is chosen arbitrarily in E(q)! then in
general ©(B, €) is no longer in F(2, q). In this proposition we use, whenever
this has a sense, the symbol for continued fractions [uy, us, ..., u,,] where
the u; are in I, .

Proposition 4. Let ¢ = 2° with s > 1 and | > 2 be integers. Let B =
(a1,...,a;) € E(q)! and e € F be given. For1 <i <1 we set a; = \iT+pu;
with \; € ]F; and p; € Fy. For1 <14 <1l—1 we set a; = ,ul)\l_l)\i + p;.
We define a subset I C {1,...,1—1} such that

I = {Z . [ai][ai_l,ai] e [011, .. .,Oji] 7£ 0}

Fori € I we setw; =[0,0a3,...,a2] € F,. Finally we define the subset of
F, G(B) = {w; :i € I'}. Then we have

1) ©(¢,B) € F(1,2,q) if and only if € ¢ G(B).
2) If 1 < q then for all B there exists € € Fy such that ©(¢, B) € F(l,2,q).

3) If 1 > q then there exists B such that for all ¢ € F; we have O(e, B) ¢
F(l,2,q).

Proor: By Proposition 2, with ¢ = 2° and [ > r = 2, we know that
O©(e, B) € F(1,2,q) if and only if there is a sequence (e, )n>0 such that (S4)
holds for n > 1. We have ©(e, B) = [0,a4,...,a;,a;41,-..]. Extending the
notations of this proposition, we put a; = \;T + p; and o; = ulAflAi + u;,
for i > 1. By (S4) and (39) as in the previous proposition, an elementary
calculation shows that ©(e, B) € F(l,2, q) if and only if there is a sequence
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(€n)n>0 such that we have for n > 1

Myon—1 =€ T2 A2\
)‘l+2’n = 66;}_16;1)\1 (42)
itn = Nan )l

2
€nt+l = EnQy, + €1

The third equation shows that «,, = 0, for n > [. Hence, the last equation
implies €,4+1 = €,_1, for n > [. Consequently (42) will have a unique
solution (a;);>1 if and only if B and € are such that ¢ # 0 for 2 < ¢ < [.
So we only have to study the last equation of (42), for 1 <n <{—1. This
equation can be written as

€n

1 .
M+l = ai +— with g, = .
n €n—1
This can be written formally, using the usual symbol for continued fraction,
as
n = [O‘/?L—l,ai—%'--,a%ve] for 2§n§l

It is clear that €; # 0 for 2 <4 <[ is equivalent to n; # 0 for 2 < ¢ < [.
If ¢ € I then w; exists in I, and we have n;y1 # 0 if and only if € # w;.
Therefore (42) has a solution if and only if € ¢ G(B), which ends the proof
of the first part of the proposition.

Moreover since |G(B)| <1 — 1, if I < ¢ then we have |G(B)| < [F;|.
Therefore we can always find € € F; and € ¢ G(B) and this proves the
second part.

At last assume that [ > ¢ and thus |F;| <1 — 1. In that case it is
possible to choose B and particularly the ¢ — 1 first «; such that the w; for
1 <i < g—1 take all the values in F, . So € ¢ G(B) is impossible and the
proof is complete.

Now we return to the general case. So we have ¢ = p*, r = pt
where p is an arbitrary prime number and s > 1, ¢ > 0 are integers. For
the next proposition we introduce the following notations. If © € £(q) we
put © = [0,a1,az,...] where a; = \;T + p; with A\; € F; and p; € F, for
1> 1. We put v; = p,i)\i_l for 4+ > 1. Moreover, to simplify the writing, we
set for y > 1and 7> 1

jti—1 jti—1

7Ti,j = H )\k and Ui,j = E Yk
k=j k=j

with 79 ; = 1 and ¢ ; = 0. Now we can state the following proposition.

Proposition 5. Let ¢ € F, and © € F(e,l,r,q). Let (en)n>o0 be the
sequence of elements in ¥y corresponding to © by Proposition 2. Then we
have :
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1) €n = 7rn7“,l—7“+2(7rn,1)_r fO’f’ n>1.

2) (ﬂ—r—l,(n—Z)r—{—l—{—2)2 )‘(n—2)r+l+1)‘(n—1)r+l+1 = (AnAn—l)T fO’f’ n = 2.

3) ifr =2, orprai41 = Or(n=1yr+i+2 = 0 and Ynrii41 = Y41 forn > 0.

PROOF: Let us consider z; 4, for K > 0 and ¢ > 1, as a polynomial in 7.
With the above notations, we easily see by induction that

i—1 i—2
Tig = Ti—1 kg2l + M1 py20i1ks2T ™"+ ... (43)
From (S4), combining the two equations, we have for n > 1
€n+1€n—1L2r (n—2)r+1 — azen%—lenl’r,(n—l)r—}-l

By comparing the coefficients of highest degree in T" on both sides of this
equation, we obtain directly with (43)

€n—1T2r—1,(n—2)r+i14+2 — Azenﬂ-r—l,(n—l)r—}-l—}-Z for n>1.

This becomes

€n  Tr(n—2)r+i+2 for

> 1. 44
€n—1 )\Z "= ( )

Since €, = [[_; €x/€k—1, we obtain the first point of this proposition.

From (S4), combining the two equations, we have for n > 2

_ .7
€n€n—2T2r (n—3)r+l = Gp_1€n—1€n—2Tr (n—3)r+l

By comparing the coefficients of highest degree in T" on both sides of this
equation and using (43) again, we get

A\
671’7'(-21"—1,(n—3)1"—}-l—}-2 - )‘n_1€n—17rr—1,(n—3)r+l+2

and this becomes

r
n _ n—l for n>2. (45)
€En—1 7T1",(n—2)1"+l+1

Finally, comparing (44) and (45), we obtain for n > 2 the second point of
the proposition.

For the last point we will use (S3). By comparing the coefficients
of highest degree in T in both sides of (S3), we get the following equality

_ _ r
X = €n+1€n' +1T (n—n/)r—1,n'r+i4+2 = Em4+1mTy_p/ 1 n/+2Tr—1,(m—1)r+1+2-

Now comparing the coefficients of degree in T" just below the highest, using
(43) and assuming that r > 2, we obtain

XO—(n—n’)r—l,n’r—}-l—}-Z = Xo-r—l,(m—l)r+l+2-
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Thus we have o, _niyr—1n/r+i42 = Or—1,(m—1)r+i+2 for . >n" >m >0
orn >n'> —1and m = 0. Taking now n’ =n — 1, we get

Or_1,(n—1)r+i+2 = Or—11—r42 for n >0. (46)
While taking n’ = n — 2, implies
O2r—1,(n—2)r+14+42 = Or—1,1—7r+42 for n>1. (47)

By (46) and (47) we obtain o2, _1 (n—2)r4i+2 = Or_1,(n—2)rt+i+2 for n. > 1.
Hence we have o, (,_2)r4142 = 0 for n > 1 or equivalently

Or (n—1)yr4i+2 =0 for n>0. (48)
Therefore, for n > 0, we can write

Or—1,(n—1)r+1+2 T Ynr+i+1 = Or—11—r4+2 + V41

and , by (46), this implies

Ynr+l+1 = Yi+1 for n>0. (49)

Finally, from (48) and (49), it follows that
Ornryi41 =0 for n>0.

So the proof of this proposition is complete.

Remark. We recall here another property of the sequence (ey),>0 which
has been proved in [LR]. With the above notations, if u; = 0 for i > 1 then
€an = 1 and €9, 11 = € for n > 0 (as in Proposition 3 above). Further, by
taking the value at zero in the polynomials in T' of both equations of (Sy),
we observe that the sequence (f1;)i>1 satisfies the same system (Sy) as the
sequence of the partial quotients (a;);>1 does.

We state a last proposition.
Proposition 6. Let e € F; and © € F(e,l,7,q). Then we have :
1) If X € Fy and p € Fy then ©'(T) = O(A\T + p) € Fle,1,7,q).

2) If A € F} then ©' = X\© € F(¢,1,r,q) with

€ = e\" if T is even
¢ = NV T if 1 is odd

3) There exists e(k) € Fi such that © € F(e(k),lx, %, q) for every integer
k>1, withly = (1+74-- 4+ 1),
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4) There exists e(k) € Ty such that ©y € F(e(k),lx, 7, q) for every integer
k>0, withly =14+ k(r —1).

PROOF: The first point of this proposition is obvious. Indeed if ©(T) =
[0,a1(T),a2(T),...] then ©(T) = [0,a1(AT + p), a2(AT + p),...]. Con-
sequently the four polynomials x},y;, z;_,. and y;_,., corresponding to ©’
are obtained from x;,y;, ;—, and y;_, changing T into AT 4+ p. Thus if
© satisfies E(e, B) then © satisfies E(e, B') where B’ is obtained from B
changing T into AT + p. Observe that © € £(q) if and only if ©” € £(q).

If © = [0,a1,0az,...] and A € F; it is clear that ©' = \O =

[0, \" a1, Aaz, A tag, Aag, . ..]. Again denoting by x},y],z]_,. and y;_,. the

four polynomials corresponding to ©’, it is easy to check that we have for
n>1

x, =, Y = A"y, if n is odd

o\ , o (50)

I = Ay, Yl = Yn if n is even

Observe that © € £(q) if and only if © € £(q). We suppose now that
© satisfies E(e, B). We will have to consider four cases according to the
different parities of r and [. Assume first that r is odd and [ is even. Then
, by (50), we obtain

0 = \O = A (6951 + a?z_T@T) eX " lay +ay_ (0)

v+ y_,0r ) Xyl +y ()T

This proves that © belongs to F(¢,1,7,q) with € = eX\"~1. The proof in
the three cases left is obtained in the same way and so we omit it.

Let us prove the third point of the proposition. We use induction
on k. Since © € F(e,l,r,q), the result is true for &k = 1 with ¢(1) = e. We

write
€x; + x;—.O"

€Yt + Yi—r or
Assume that there is €(k) € F;, such that we have

0 = fe1(©7).

© = fe),i, (@rk) with [y = (1+7+--+r* 1)

Then we can write
k r
O = fei ((fe(k),lk(@r )) )
Using the Frobenius homomorphism, a simple calculation leads to

A+ Bor"

s 51
¢+ Do (51)

where

A = e(k)" (emy, + mi—ray,), B=eny; . + Ty
C=e(k) (emy;, +yi—rx],), D= €YY, _ph T YI—rT], _ -
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Now we know, by Proposition 2, that there is a sequence (€, ),>0 of ele-
ments in Fy, with € = 1 and €; = €, such that we have

Ent+1Tnr+4l = Gyle + x:L'Tl—T‘
(S1)

Ent+1lYnr+l = Gyzyl + ‘T;yl—v“ fOT‘ n > _17

Replacing n by I or I, — r* in both equations of (S;), we obtain directly

{ A= E(k)Telk+1.’L'le+l, B =€, _pk 1Ty, p1—pk+1 (52)

— T o
C= G(k) €l +1Yrip+1, D= €l —rk+1Yrl +l—rk+1-

Since 7l + 1 = lk41, putting e(k + 1) = e(k)"qkﬂel_kl_rk“, we see that
(51) and (52) imply © € F(e(k + 1),lxs1,7**1, q). Thus the proof of this

point is complete.

Let us prove the last point. Since © = [0,a1,a2,...] € F(e, 1,7, q),
we know that there is a sequence (€,,)n>0 of elements in F;, with eg = 1
and €; = ¢, such that we have

(S4)

{ €n+1€n—1T2r (n—2)r+1 — a:LG‘Tr,l—r
En+1€nTr (n—1)r4+1 = €Tpr|—r fOT' n > 1.
It is easy to check that this is equivalent to

{ €n—1T2p (n—2)r+l = 671a;$7’,(71—1)7’—{—! (53)

€n+1Tr (n—1)r4+l = €n—1Tr (n—2)r4l for n =1

Given k > 0, wet set G, = an4r for n > 1 and €, = en+ke,;1 for n > 0.
Further for ¢ > 1 and j > 0 we set Z; ; = z; ;1% Now we write (53)
replacing n by n + k. With these notations and with I, =1+ k(r — 1), we
have

{ gn—l£2r,(n—2)r+lk = gnd;nz Nr,(n—l)r—{—lk (54)
€n+1~%r,(n—1)r+lk = gn—ljjr,(n—2)7“+lk for n > 1.
We observe that €y = 1 and that z;; is obtained from the sequence

(@n)n>1 as x;; is obtained from the sequence (ay),>1. By (54), we
see that the sequences (@p)n,>1 and (€,)p>1 satisfy (Si). Consequently
Ok = [0,d1,as,...] is an element of F(e(k), g, 7, q) with e(k) = exy1€; "
So the proof of Proposition 6 is complete.

Before concluding we make a last observation. Since flat numbers
are algebraic over F,(T'), the question of their exact degree is open. If
© € F(r,q) then clearly we have 2 < [F,(0,T) : F,(T)] < r+ 1. Although
we could not prove it, it is reasonable to believe that, except in the trivial
case r = 1, we have [F,(©,T) : F,(T)] = 2 if and only if there exist
A1, A2 € Fy and A3 € F; such that ©(T) = A1e(AT + A3). In connection
with this remark, it is easy to check that if © € F(l,r,q) N F(l',r, q) for
[ # 1’ then ©" is quadratic over F,(T") and thus © also.
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