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1. Introduction and results

This note deals with continued fractions in fields of power series. For a general account
on this matter, the reader can consult W. Schmidt’s article [14]. For a wider survey on
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Diophantine approximation in the function field case and full references, the reader may
also consult D. Thakur’s book [15, Chap. 9]. Let us recall that the pioneer work on the
matter treated here, i.e., algebraic continued fractions in power series fields over a finite
field, is due to L. Baum and M. Sweet [2].

Let p be a prime number, ¢ = p® with s > 1, and let F, be the finite field with
q elements. We let Fy[T], Fy(T') and F(q) respectively denote the ring of polynomials,
the field of rational functions and the field of power series in 1/T" over F,, where T is
a formal indeterminate. These fields are equipped with the ultrametric absolute value
defined by its restriction to F,(T): |P/Q| = |T|48()~de8(@) where |T| > 1 is a fixed
real number. We recall that each irrational (rational) element « of F(q) can be expanded
as an infinite (finite) continued fraction. This will be denoted o = [a1,a2,...,ay,...]
where the a; € F,[T], with deg(a;) > 0 for ¢ > 1, are the partial quotients and the tail
a; = [a;,ait1,...] € F(q) is the complete quotient. We shall be concerned with infinite
continued fractions in F(g) which are algebraic over F,(T).

Regarding Diophantine approximation and continued fractions, a particular subset
of elements in F(g), algebraic over Fy(T), must be considered. Let r = p' with ¢t > 0,
we let H(r,q) denote the subset of irrationals « belonging to F(g) and satisfying an
algebraic equation of the particular form Aa™t! + Ba" +Ca+ D = 0, where A, B, C and
D belong to F,[T]. Note that H(1,q) is simply the set of quadratic irrational elements
in F(g). The union of the subsets H(p',q), for ¢ > 0, denoted by H(q), is the set of
hyperquadratic power series. For more details and references, the reader may see the
introduction of [4]. Even though it contains algebraic elements of arbitrary large degree,
this subset H(g) should be regarded as an analogue, in the formal case, of the subset of
quadratic numbers, in the real case. An old and famous theorem, due to Lagrange, gives
a characterization of quadratic real numbers as ultimately periodic continued fractions.
It is an open problem to know whether another characterization, as particular continued
fractions, would be possible for hyperquadratic power series.

The origin of this work is certainly due to a famous example of a cubic power series
over [y, having partial quotients of bounded degrees (1 or 2), introduced in [2]. In a
second article [3], Baum and Sweet could characterize all power series in F(2) having all
partial quotients of degree 1 and, among them, those which are algebraic. Underlining
the singularity of this context, in [9, p. 5], a different approach could allow to rediscover
these particular power series in F(2). Also in characteristic 2, other algebraic power series
over a finite extension of Fy, having all partial quotients of degree 1, were presented (see
for instance [10, p. 280]). The case of even characteristic appears to be singular for
different reasons. In this note we only consider the case of odd characteristic. Our aim
is to show the existence of hyperquadratic continued fractions, in all F(g)’s with odd g,
having all partial quotients of degree 1. In F(p), the first examples were given by Mills
and Robbins [12].

Before developing the background of the work presented in this article, we first give
an example of such algebraic continued fractions with the purpose of illustrating the
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subject discussed here. The following result is derived from an elementary and particular
case of the theorem which is stated at the end of this section.

Example. Let p be an odd prime number. Let € # 0, 1 in F,,. Let us consider the algebraic
equation, with coefficients in F,[T:

X7 TXP e (12 - 1) P72 ey x

+e(Trt — (12 = )PV f e 1)) =0

This equation has a unique root « in F(p), with |a| > |T|, which can be expanded as the
following infinite continued fraction

o= [T, (e(e— 1)) 'T, (2eT, —2¢ )"V
(e(e = 1))"“"T, (20T, —20,07) " ~V2 ],

where (a,b)’C denotes the finite sequence a,b,a,...,b of length 2k, the pair a,b being
repeated k times, with u,, = —1 if m is odd and u,, = 0 if m is even, while v,, = ¢ if m
is odd and vy, = (e — 1)71 if m is even.

To explain the existence of such continued fractions, our method is based on the
following statement, proved by the first author [7, pp. 332-333].

Given an integer | > 1, an l-tuple (ay,as,...,a;) € (Fy[T))!, with deg(a;) > 1 for
1 <i <1, and a pair (P,Q) € (F,[T])? with deg(Q) < deg(P) < r, there exists a unique
infinite continued fraction a € F(q) satisfying

a=lay,...,a,qp41] and o = Pagi1 + Q. (%)

Note that in the degenerated case, r = 1, consequently deg(P) = 0 and Q = 0, we
simply have o = eay41, where € € F. This implies the (pure) periodicity of the continued
fraction, with a period of length multiple of [. In general, the continued fraction « is
algebraic over F,(T) of degree d, with 1 < d < r+1. Indeed, from the continued fraction
algorithm, we know that there is a linear fractional transformation f;, having coefficients
in Fy[T], built from the first ! partial quotients, such that o = fi(caq41) (see the end of
Section 2). Consequently, by (x) we have a = fi((a"—Q)/P) = f(a") where f is a linear
fractional transformation with integer (polynomial) coefficients. Hence, « is solution of
the following algebraic equation of degree r + 1:

p X" — 2 X"+ (Pyi—1 — Qu) X + Quy — Py =0, (%)

where the polynomials x;,2;_1,y; and y;_1 are the continuants built from the [ first
partial quotients (see the end of Section 2). Thus, « is hyperquadratic. Moreover, it is
also true that « is the unique root in F(q), satisfying |a| > |T|, of Eq. ().
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In this note, we shall consider continued fractions in F(q) defined by (%), for a par-
ticular choice of the polynomials (a1,as,...,a;, P,Q). Here we consider p > 2, ¢ = p*
and r = p' as above. In the sequel a is given in F7. We consider the following pair of
polynomials in F,[T7:

PAT) = (T2 +a)" " and Qu(T)=a  (TP.(T) - T7).

We have deg(P,) = r — 1 > deg(Q,) = r — 2. For an integer | > 1, we let £(r,1,a,q)
denote the subset of infinite continued fraction expansions a € F(q) satisfying

a=lay,...,a, 041 and o = e Pyaip1 + €2Qq,

where a; = \iT + pi, \i € Fy, i € Fy, for 1 <4 <1 and (e1,€62) € (]F;)2 are arbitrarily
given. Note that in the extremal case, r = 1, the pair of polynomials would be P, =1
and Q, = 0 and £(1,1, a, q) would be a subset of quadratic power series, corresponding
to purely periodic continued fractions. In the sequel we assume r > 1. We observe that «
in &(r,l,a,q) is defined by the (21 4 2)-tuple (A1,..., A, i1, .., f1, €1, €2). Consequently
E(r,1,a,q) has ¢'(q — 1)"*? elements.

Our aim is to show that, under a particular choice of the I-tuple (a1, ..., a;) € (F,[T])!
and of the pair (e, €2) € (F})?, the element a defined as above will satisfy deg(a,) =1,
for all the partial quotients a, in its continued fraction expansion. These particular
expansions are said perfect and form a subset of £(r,!,a,q), which will be denoted by
E*(r,l,a,q).

A particular and simpler case of this situation can be considered. Let us denote by
Eo(r, 1, a,q) the subset of £(r, 1, a, q) where a; = A\, T, for 1 <4 <, and also & (r,1,a,q) =
E*(r,l,a,q) NE(r,l,a,q). Considering the algebraic equations which they satisfy, it can
be observed that the continued fractions belonging to &y(r, [, a,q) are odd functions of
T and therefore the partial quotients must be odd polynomials of the indeterminate T'.
Consequently, the elements of £(r, [, a,q) have all partial quotients of the form a, =
AT, for n > 1, where A\, € Fy. It can be observed that the example introduced above
actually belongs to &f(p,1,—1,p), and that it is defined by the triple (A1,€1,€2) =
(1,e(e —1),¢€).

In Mills and Robbins article [12], several examples of algebraic continued fractions
are presented, some of them with all partial quotients of degree 1. The first examples,
[12, pp. 400-401], belong to &5 (p, 2,4, p), for all primes p > 5 (see [7, p. 332]). Also in
[12, pp. 401-402], we have an example belonging to £%(3,7,1,3). In this last case, the
partial quotients are not linear. Inspired by this example and using a new approach, in an
earlier work [6], the first author could present a particular family of such hyperquadratic
continued fractions, all in £*(3,1,1,3), for all I > 3. In a joint work with J.-J. Ruch [10],
a generalization of the approach introduced in [6] was developed, for all characteristics;
however, this led to unsolved questions.

Yet, other examples of algebraic continued fractions, with partial quotients of un-
bounded degrees, were also presented by Mills and Robbins [12]. One could observe
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that all these continued fractions are generated as indicated above, in connection with
a polynomial of the form (72 + a)*, for different values of an integer k. Following this,
in a larger context than the one we consider here (i.e. for different values of k, see [7]
and [8]), the first author could develop a method showing the link between all these
algebraic continued fractions. In a particular case, this method can be used to describe
continued fractions in &5(r,1,a,q), including the previously mentioned examples [12,
pp. 400-401]. However this method (introduced in [7] and developed in [8]) concerned
only elements in &y(r,l, a,q). For the simplest case, p = ¢ = r = 3, in a recent joint
work with D. Gomez [5], a modification of this approach has allowed to obtain a large
extension of the results presented in [6]. The aim of the present note is to give a full
description of these particular algebraic continued fractions for all p > 2, r and gq.
Before stating our result, it is pertinent, just for the sake of completeness, to recall
what is already known in this area. Indeed, the following could be proved [8, p. 256]:

If a € &(r,l,—1,q) and if we have (Co): [A1, A, ..., N\ + €1/€a]” = €a, then a €
E;(r,l,—1,q).

This condition must be understood as a set of several conditions implying the exis-
tence of the square bracket on the left. As an illustration, for [ = 1, (Cy) is simply
(M + €1/€2)" = ea. There are g — 1 choices for €3 and, for each one, ¢ — 2 choices for Ap,
since A\] # 0, €2, while ¢; is fixed by €] = (e2 — AT)e5. More generally, we can observe
that there are (¢ — 1)'*2 elements in &(r,1, —1,q) and a basic computation shows that,
among them, only (¢ — 1)(¢q — 2)! satisfy condition (Cp).

In this statement, note that we only consider the case a = —1. The general case is
derived from the following argument. Let « € & (r, 1, a,q) be defined by

a=[MT,...., \T,a141] and o = e1Pyoyq1 + €2Q,.

Let v, in F, or F,2, be such that v> = —a, then define 3(T) = va(vT). One can show
that § belongs to F(q) and that it is defined by

B = [—aMT, T, —aXsT,...,a(ONT, Bii1] and B =€\ P11 + €,Q 1,

where €y, = a" " leg, € = a"ta(l)e; and a(l) = 1ifl is even or —a if [ is odd. Consequently,
we have 8 € &(r,l,—1,q) and there is a one-to-one correspondence between the sets
Eo(r,l,—1,q) and & (r, 1, a,q). Accordingly, condition (Cy) can easily be generalized, and
we have:

If @ € &(r,l,a,q) and (Co): [—adi, Aoy ... a(l) (N + €1/€2)]” = a"tea, then o €
gg(r,l,a,q).

The present work is organized as follows. In the next section, we introduce the basic
results concerning continued fractions, used in this note. In Section 3, we establish an
important property of the pair (P, Q,) which plays a key role in the description of our
particular algebraic continued fractions. In Section 4, we give the proof of the theorem
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which is stated here below. In a short and last section, we make further comments and
we give an orientation toward further studies.

Theorem. Let p be an odd prime number, ¢ = p*, r = pt, with integers s,t > 1. Let | > 1
be an integer. Let (a, €1, €2) € (F)? be given. Let Py, Qq € Fo[T] be defined as above. Let
a=lai,a2,...,an,...] €F(q) be the infinite continued fraction defined by

(a1,...,a1) = (MT + pa, .o s NT + ), where (A, i) € Fy x Fy for 1 < <1,
and
a" = e Py + €Q,.

We assume that the (21+1)-tuple (A1, ..., A, 141, - -« i1, 4 €2) is such that, for1 <i <1,
we can define the pair (6;,v;) € Fy x Fy in the following way:

91 = al] + eq, v =0, and forl1<:<Il-1

di (vi — pf)
d vy = :
ar =207 + (v; — pj)? me v

(C1) biy1 =aliy, —

We also assume that the pair (e1, py) s such that we have
(02) 5[ = _a(€1/€2)r and (03) ‘u’lr‘ = 1.

Then we have o € E*(r,1,a,q). Moreover the sequence of partial quotients, defined by
ap = AT + p, for n > 1, is described as follows.

Forn € N*, we set f(n) =nr+1+1—r and g(n) =nr+1+4+ (1 —r)/2. We introduce
the following subsets of N*: I = {i e N| 1 < i<}, I*={i €I |v;,—pul # 0},
F={f"G@)|m>1andi € I} and G = {g™(i) | m > 1 and i € I*}. Note that the
subsets I'* and G may both be empty: namely if p; =0 for 1 <4 <.

Forn > 141, we define C(n) by:

Cn)=4a"' ifn¢g FUF+1)U(G+1) and

)

) ifn=f"() form>1andieI (n# f(1)),
C(n) = 2a_1(a/\§5i_1)wn71 ifn=f"0{)+1 form>1andi€l,

)

=27t (1- ail)\i_réi)frm_
_pm—1

C(n) = 4a_1(1 + a2_r(uz- — /if)26;2) ifn=g"0{)+1 form>1andiec I

Then the sequence (Ap)n>1 in K} is defined recursively, forn >1+1, by

Mot =Aert and N, =C)NL, forn>1+1.

n

While the sequence (pin)n>1 in Fy is defined, forn > 1+ 1, as follows.
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Ifn¢é GU(G+1), then pup, =0. If n = g™ (i) form > 1 and i € I*, then

m—1

/-Ln)\.;l = —,Un—&-l)\;il = (—a)(rm_l(zir)Jrl)/z((Vi - M:)éil)r /2

Remark. If [ = 1, we observe that conditions (C1), (C2) and (Cs5) reduce to aA] + ez =
—a(ey/ez)" with 3 = 0. Consequently, the corresponding continued fraction belongs to
E;(r,1,a,q). As we already observed, the example introduced at the beginning of this
section belongs to & (p, 1, —1,p) and we have the desired condition d; = —14€3 = €1 /€.
Besides, the reader may check that the description of the continued fraction given in this
example can be derived from the formulas stated in this theorem.

Also, in the simplest case (u1,u2,...,m) = (0,0,...,0), ie. « € &(r,l,a,q), (C1)
implies inductively v; = 0 for 1 < i <. Consequently, (C1) reduces to ;11 = alj, | —
a?776; ! for 1 < i < 1—1. One can check that conditions (C), (Cz) and (Cs3) then reduce
to the sufficient condition (Cjy), already stated above, in order to have « € EJ(r, 1, a, q).

Before concluding this section, we make a more general comment in order to underline
the place taken by the family of power series described here among the hyperquadratic
power series. All the known examples of algebraic continued fractions, in odd character-
istic, having all partial quotients of degree 1, are related to continued fractions generated
in the way presented above. To be more precise, let us denote by £*(¢) the union of the
sets £%(r,1,a,q), for all | > 1, all a € F} and all r = p*, with ¢ > 0. Then we conjecture
that, if & € H(q) (¢ odd) and if all its partial quotients are of degree 1, then there is a
linear fractional transformation f(z) = (az + b)/(cx + d), with (a,b,c,d) € Fy[T]* and
ad —bc € F;, and B € £%(q), such that a(T) = f(B(AT + p)) where (A, u) € Ty x Fy.

Also, it is a known fact that if « € £*(¢) and f(x) = (ax+b)/(cx+d), with (a,b, c,d) €
F,[T]* is a linear fractional transformation, then f(a) belongs to H(q). Moreover a and
f(a) have the same algebraic degree, and f(«) has also bounded partial quotients. Hence
the set £*(gq) generates a subset of elements in H(gq) with bounded partial quotients.
However, most elements in H(q) have unbounded partial quotients. The reader may see
the introduction of [6] for more information on this matter.

Finally, thinking of a famous conjecture in number theory in the classical context of
real numbers, we ask the following question: are there algebraic irrational power series,
in odd characteristic, which are not hyperquadratic and which have partial quotients of
bounded degrees?

2. Notation and basic formulas for continued fractions

Let W = w1, wa, ..., w, be a sequence of variables over a ring A. We set |IW| = n for
the length of the word W. We define the following operators for the word W.
W' = wq,ws,...,w, or W =0 if|W|=1.
W" =wy,wa,...,w,_y or W’'=0 if |W|=1.

*
w = Wp,Wp—-1y--.,W1-
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We consider the finite continued fraction associated to W to be

1
W1 = [wy, wa, .. wy] = wy + —————.
(W] = [w1, w2 Wwy] = w1 oy 1

Cat

wn,

This continued fraction is a quotient of multivariate polynomials, usually called continu-
ants, built upon the variables wq,ws, ..., w,. More details about these polynomials can
be found, for example in [13], and also in [7] (although here, trying to simplify, we adopt
different notation). The continuant built on W will be denoted (W). We now recall the
definition of this sequence of multivariate polynomials.

Set (@) = 1. If the sequence W has only one element, then we have (W) = W. Hence,
with the above notation, the continuants can be computed, recursively on the length
|[W|, by the following formula

(W) = w (W) + (W) for [W|> 2. (1)

Thus, with this notation, for any finite word W, the finite continued fraction [W] satisfies

It is easy to check that the polynomial (W) is, in a certain sense, symmetric in the
variables w1, ws, ..., w,. Hence we have (W*) = (W) and this symmetry implies the
classical formula

-
[W ] - <W//>'

The continuants satisfy a number of useful identities. First we will need a generalization
of (1). For any finite sequences A and B, of variables over A, defining A, B as the
concatenation of sequences A and B, we have

(A, B) = (A)(B) + (A")(B'"). (2)

Secondly, using induction on |W|, we have the following classical identity
W)y = (W) = (<D for W] 2 2, ®)
Now, let y be an invertible element of A, then we define y - W as the following sequence

_ _1\yn—1
y'W:ywhy 1w2a"'ay( 2

W,
With these notations, it is easy to check that we have y[W] = [y - W] and more precisely

(y-W)y=W) if |W|iseven and (y-W)=y(W) if|W|isodd. (4)
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Let us come back to the notation used in the introduction. If @ € F(q) is irra-
tional (rational), then it can be expanded as an infinite (finite) continued fraction

a = [a1,as,...,0ay,...], where the a, € Fy[T] are called the partial quotients. We have
deg(an) > 0 for n > 1. For n > 1, we set x,, = (a1,as2,...,a,) and y, = {(ag,...,a,),
with zp = 1 and yo = 0. The rational x,/y, = [a1,4a2,...,a,] is called a convergent

to a. The continued fraction expansion of an irrational element measures the quality of
its rational approximation. The convergents of a are the best rational approximations
and we have |a — 2, /yn| = |ans1|"yn| 2. If the partial quotients have bounded de-
grees then the element is said to be badly approximable. Let us recall that we also have
a = (Zpont1 + Tno1)/Ynant1 + yn—1) for n > 1, where a,11 = [ant1, Gnyo, ... is the
complete quotient.

We will also make use of the following general and basic lemma.

Lemma 0. Let W be a finite word, with |W| > 2. Let a be a variable over A, then we
have

W]+ a=[W,b],
where b = (—1)IWI=L W) =2q=1 — (W)Y (W') 1.
Indeed, we have

b+ Tpo1  Tn (—1)n1!
W1, W,y .. Wy, b = ——m = ———— = [wy,...,w,] +a.
o w2 o Ynb+Yno1 Yn  Yn(Unb+ Yn—1) oy n]

An early publication of the idea under this statement is due to M. Mendes France
(see [11, p. 209]).

3. A finite continued fraction in F,(T")

We recall that p is an odd prime number, ¢ = p® and r = p! where s and ¢ are positive
integers. For a € F};, we consider the polynomials P, and Q, in F,[7] defined by:

PAT) = (T2 +a)" " and Qu(T) =a ' (TP.(T) - T7). (5)

The following sequence (F},),>0 of polynomials in F,[T] was introduced by Mills and
Robbins [12, p. 400] (see also [7, p. 331]). This sequence is defined recursively by

Fy=1, Fr=T and F,=TF,_ 1+ F,_o forn>2. (6)
From (6), we clearly have the finite continued fraction expansion

F,/Fo_1=[T,T,...,T] (n terms).



268 A. Lasjaunias, J.-Y. Yao / Journal of Number Theory 149 (2015) 259-28/

This sequence can be regarded as the analogue in the function field case of the Fibonacci
sequence of integers. By elementary computations (see [7, pp. 331-332]), one can check
that the following formulas hold in F,[T:

Fr =P, and F._o=—2Q,.
Consequently, with (4), we can write
Py/Qs= —2F,_1/Fr_y = [-2T,~T/2,...,—2T,~T/2). (7)
Now, let v € F,2 be such that v = a/4. From (5) we get
P,(T) = (a/4) " V/2P(T/v) and Q.(T) = v(a/4)"3/2Q4(T/v). (8)
Therefore, by (7) and (8), we have
P,/Qq = (a/40)(Py/Qq)(T/v) = v[-2T /v, =T /2v, ..., —2T /v, —T /2]
and, with (4), finally
P,/Q. =[-2T,-2T/a,...,—2T,—2T/a] (r —1 terms). (9)

Let us make a remark on the infinite continued fraction w = [T, T,...,T,...] in F(p).
This element is quadratic and it clearly satisfies w? = Tw + 1 (it is an analogue of the
golden mean in the case of real numbers). One can prove, for all n > 1, the equal-
ity w"t! = F,w + F,,_;. Consequently, we obtain w” = Pyw — 2Q4. Since we have
w = w41, it follows that w belongs to &F(r,1,4,p), for all r, all p > 2 and all [ > 1.
It is well known that, also in the case of power series over a finite field, quadratic
continued fractions are characterized by an ultimately periodic sequence of partial quo-
tients. For a general element in £*(r,l,a,q), this sequence is not so and therefore this
element is not quadratic. However the precise algebraic degree of such an element is
generally unknown. Concerning this matter, we can make an observation about the ex-
ample introduced at the beginning of this article. Indeed, one could check that, for the
particular value ¢ = 1/2, this element « is actually quadratic and we have, for all p > 3,
a(T) = (vV—1/2)w((2/v/—1)T). While if € # 1/2 the algebraic degree of the correspond-
ing element might well be p + 1.

The aim of the following proposition is to give a generalization for the continued
fraction expansion (9) concerning the pair (P, Qq)-

Proposition 1. Let r, q, a, P, and Q, be defined as above. We set k = (r — 1)/2. Let
xclFy, we setw=1+ a’>~"x%. Then P, and Q, + x are coprime polynomials in F, [T

if and only if w # 0. We assume that w # 0. We define 2k polynomials in F,[T):
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)i+l

v; ==2T and vgp14i= —wED"T o for1<i<k-1,

vp = =21 — (—a)* %2 and v (z) = w (=27 + (7(1)171%)'

We set W(a,x) = v1,v2/a,v3,v4/a, ..., v25_1,v2r/a. Then we have the following equal-
ities in Fq(T):

P(Qq+2) " = [W(a,2)], (W(a,z)) = w(k)a " P,
(W'(a,z)) = w(k)a " (Qq + )

and also
(W"(a,z)) = w(k)w(_l)kﬂal_k(Qa — ),
where w(k) =1 if k is even and w(k) = w™' if k is odd.

Proof. We denote by v € F2 a square root of —a, so that £v are the only roots of F,.
Hence we see that P, and Q, + x are coprime if and only if (Q,(v) +z)(Qa(—v) +x) # 0.

From (5), we obtain Q,(£v) = Fa 'v". Therefore, this becomes 22 — a=2v?" # 0.
Observing that v?" = —a”, we obtain the desired condition.
First, since w = 1 if x = 0, we observe that W(a,0) = —2T,-2T/a,—2T,...,—2T/a.

Hence, with our notations, equality (9) can be written as

Pa _ (W(a,0)
Qa (W'(a,0))

Since the numerators of both fractions above have the same degree, r — 1 in T, it follows
that there exists u € Fy such that

(W(a,0)) =uP, and (W'(a,0)) = uQa. (10)

For a continuant built from polynomials in 7', the leading coefficient is obtained as
the leading coefficient of the product of its terms. Consequently, the leading coefficient
of (W(a,0)) is (—=2)""'a=* = a=* while P, is unitary. This implies u = a~*. Now we
observe that k can be even or odd. If p = 4m+1 then k is always even, while if p = 4m+3
then k has the same parity as t if = pt.

We set W(a,0) = a1,as2,...,a,—1 and W(a,z) = by1,ba,...,b.—1. We will use the
notation a(i) = 1if i is odd and a(i) = a~! if i is even. Hence we have a; = —2a(i)T and
b, = a(i)v; for 1 < ¢ < 2k. To shorten the writing, we denote (a;,...,a;) by A;; and
similarly (b;,...,b;) by B, ;. According to these notations we have (W (a,0)) = A ok
and (W(a,x)) = Bi,2;. From the definition of both sequences W(a, z) and W (a,0), we

)i+1

have b; = a; and bgy14; = w1 ap+1+4 for 1 <4 < k — 1. Consequently, we get

Bip1=A1x-1 and Bojp_ 1= Ayp_ 1. (11)
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But also, by (4), according to the parity of k,
Biyoop = ww(k)Agyoor and  Biygor = w(k)Akts k- (12)
Applying (2), by (11) and (12), we can write

Bi ok = B1 kBiyi,2k + B1k—1Brt2.2k = B1 xBit1,2k + ww(k) A1 p—1Akgt2,2k  (13)
Bs o, = B 1 Bit1,2k + B2 k—1Bit2,2c = B2k Bit1,2k + ww(k)As 1 Aki20k.  (14)

For notational convenience define xj, = (—a)'~*z. From the definition of v and vy,
we have

b = ar — a(k)zr, and  bypr = w (a1 +alk + 1)ag). (15)
By (2), we have By = By k—1bx + B1 x—2. Again by (2), (11) and (15), this becomes
By = A p1bp + Ao = A1 — a(k)zr Ay p—1. (16)
In the same way, by (2), (11) and (15), we get
By = Agj1bp + Az p—2 = Az — a(k)zp Az p—1. (17)
By (2), (12) and (15), since By41,2k = Br42,26bk+1 + Biy3,2k, We also get
Bit1,2k = w(k) Apga,2k (ant1 + alk + 1Day) + w(k)Agys,2n
and this becomes
Byt = w(k) (Agg1,26 + alk + 1)z Agiook). (18)
By (4), according to the parity of k, we also obtain
Apyror =alk+ 1A, and  Agioor = a(k)Ar k1. (19)

From (19), we have a(k)A1 x—1A4k+1,26 — a(k + 1)A1 g Akt22r = 0. We also have
a(k)a(k + 1)z2 = ata? ?k2? = a?"22. Consequently, by multiplication, from (16)
and (18), we get

By i Big1,2k = w(k) (AL kAks1,26 — a®"2? A -1 Akt2,2k)- (20)

In the same way, by multiplication, from (17) and (18), we get

Bo ;:Biy1,2 = w(k) (A2 xAks1,26 — * "2 Ao 1 Apyoon + X), (21)

where, according to (19), using (3) and a(k)a(k +1) = , we have
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X =a(k)alk + 1)ag(A1 k142, — Ao 141 k) = a_lavk(—l)k_1 =a k. (22)
Combining (13) and (20), using (2) and since w = 1 + a?~"2%, we get
By ok = w(k) (A1 pAkt1,26 + (w0 — a® "2?) Ay o1 Apso k) = w(k)Ar ok
By (10), recalling that u = a~*, this becomes
(W(a,z)) = Bi o, = w(k)A1 o = w(k)(W(a,0)) = w(k)a " P,.
In the same way, combining (14), (21) and (22), we obtain

Ba ok = w(k) (AzpArsrr + (w—a® "2?) A g1 Appr 2k + @ Fa)
= w(k) (AQ’Q]C + (L_k[L').
By (10), with u = a~*, this becomes
(W'(a,)) = Baar = w(k)(Az2k + a_kx) = w(k)((W'(a,0)) + a_kx)
— w(ka*(Qu + 2).
Consequently, we get

- (W(a,2)  wk)a P, -
W) = ez ~ aa @ rm) - Te@r o

Moreover, from the definition of the sequence W(a,z), we observe the “pseudo-
symmetry” between W (a, x) and W(a, —z), i.e. W(a,x) = aw D" -W*(a, —z). Finally,
using this equality, by (4) and since |W'(a, —z)| = 2k — 1 is odd, we obtain

71)k+1

(W"(a,2)) = (W"*(a,2)) = (aw' W'(a,—z)) = w(k)w V" @R (Q, — ).

So the proof of Proposition 1 is complete. O

4. Proof of the theorem

Throughout this section, the integers p, ¢ and r, as well as a € F} and F,, (g in
F,[T], are defined as above. Moreover, as above, we set k = (r — 1)/2. We need the
following lemma, which is a straightforward consequence of Lemma 0 from Section 2 and
of Proposition 1 from Section 3.

Lemma 1. Let by € Fy[T] and y € F,. For a € F; and x € F,, assuming that w =
1+a?""22 # 0, as above we denote by W (a, ) the sequence of the r — 1 partial quotients
of the rational function P,(Qq +x)~1. Then, for X € F(q), we have the formal identity:

[bo,y - W(a,x)] + X = [bo,y - W(a,z),Y],
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where

Y = w0 (wa P2 X T — ya(Q, — 1) P Y).

a

Proof. According to Lemma 0 in Section 2, we can write
[bOa Y- W(aa Jf)] +X = [bOa Y- W(CL, J?), Y] s
where Y is linked to X as follows

Y = (1) Yy W(a,2)) X = ((y- W(a,2))" Wy - W(a,z)) " (23)

We recall that (y - W(a,z)) = (W(a,x)), since the sequence of terms is of even
length r — 1. In the same way, since r — 2 is odd, we also have ((y - W(a,z))") =
y(W"(a,x)). Applying Proposition 1, we have (W (a, z)) = w(k)a=*P, and (W"(a,z)) =
w(k)w(*l)kHal*k(Qa — z). Consequently, (23) becomes

1)k

Y =w(k)2a®* P72 X! — yaw' (Qu — )P L. (24)
Since w(k)~2 = WD and 2k = r -1, (24) implies the conclusion of this lemma. O

The proof of the theorem relies on the following proposition.

Proposition 2. Let p, g and r be as above. Let a = [a1,a9,...,an,...] be an irrational
element of F(q). For an integer n > 1, we set f(n) = (n — 1)r + 1+ 1. For an index
n > 1, we assume that a, = \T + jin, where (A, pn) € Fy x By and that o, and agy)
are linked by the following equality

Oé:L = 61’nPaCYf(n) + 62,71,@0. + Un,

where (€1,n,€2.n,Vn) € (IE?;)2 x Fq. We set §, = aX], + €2.5,.
First we assume that 8, # 0. We set m, = (vp, — ul)6, "t and w, = 1+ a?> "n2. We
assume that wy, # 0. The word W (a, ) is defined in Proposition 1. Then we have

af(n) = 617)711)\27_' and af(n)_H, ey af(nH_,«_l = (761,716;1) . W(a,ﬂn).
Moreover we have oy, 1 = €1 n11Pa0f(ni1) + €2,n+1Qa + Vny1, where

1—r —1, (=1)kF-1
€l,n+1 = QA el,nwgl )

Finally, if 6, = 0 then we have ay(,) = el_}b)\;T, but deg(afmy+1) > 1.
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Proof. By hypothesis, we have a,, = [A\yT + i, @ g1] and also

ay, = €10 Patf(n) + €2.1Qq + Vn. (25)

Therefore, combining the first equality with (25), and since a;, = [a],, o], ,], We can
write

[)\ILTT + 1y — €2.0Qa — Un, aZLH} = €10 Palf(n)- (26)

Recalling that P, and @, satisfy the equality 7" = TP, — aQ,, we obtain, with our
notation,

MIT" —€,Q0 = A TPy — 6,Qq- (27)
Combining (26) and (27), we get

ANT Py —0nQa + 1y, — Un
fl,nPa

,El’nPaa;Jrl = Ozf(n). (28)

Assuming that §,, # 0, with our notation, since 7, = (v, — u”)d, 1, (28) can be written
as

ei}l)\r —€n 15, P YQu + ) + €1, nP Qapi = Qpny- (29)

Applying Proposition 1, we have P,(Qq + m,)"t = [W(a,m,)]. We set y = —e1 .0,
Then we have

—e1,00, ' Pa(Qa + ) "t = y[W(a,m)] = [y W(a,m,)].

Consequently, if we set by = €7 TEN'T and X = €1, TaPr gty (29) becomes

bo + +X = apm), (30)

[y ' W(av Wn)]

which is [bo, y- W (a, m)]+ X = ap(n). Since wy, = 1+a?~"72 # 0, we can apply Lemma 1
above. We get

[eta AT (€10, ) - W(a,m), Y] = g (31)
This lemma gives

Y =l e P (wna" a4+ a6, (Qa — ). (32)

n

We have |Y| = |P,; *al,_ 1| > 1, consequently (31) implies
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Af(n) = €1, n)\ T and apm)41s- - Qfn)4r—1 = (—el’négl) -W(a, ).

But also Y = af(n)4r = Qf(nt1). Hence, by (32), we get

wr(l_l)keiipaaf(nﬂ) = wna" gy +ad,  (Qa — ) (33)
and (33) becomes

Ay = el T Paay (i) — @270 w0 Qu + 02T b et (34)
From (34), we obtain the desired formulas for €1 11, €201 and vp11.
Finally if 6,, = 0, from (28), we get

ro_ T 1
(N’n ) n+l + _ —1 )\TT+ Z
€1,n Py,

*1nn

Qf(n) = €1 1)\TT+

We have |Z| < |T|™', consequently we get afu,) = € n/\TT and deg(afn)+1) =
deg(Z71) > 1.
So the proof of Proposition 2 is complete. O

Proof of the theorem. We start from « € £(r, 1, a, q), satisfying
o = e Pyagq1 + €2Qq. (I)
Recalling that a1 = AT + pq, we set
(DL1) 6 =aX +e2 and (Ny) v =0. (36)

In the sequel from the triple (3, vy, t,) in Fz, if 4, # 0, as above, we define 7w, =
(v — pn)o,t and w, = 1+ a®> "72. By (C4), or by (C3) and (C3) if I = 1, we have
51 # 0 and a" 7262 + (v1 — pf)? # 0. Therefore we have §1w; # 0 and we can apply
Proposition 2. Hence, with f(1) =1+ 1, we get r partial quotients, from a;11 to ajy,
all of degree 1. The following equality holds

ay = €12Pap(0) + €22Qq + 12, (2)

where €; 2, €22 and v are as stated in Proposition 2. Observe that as = AT + po if
[ > 1, but also if [ = 1. Indeed, if [ = 1, then az = ay) = 61_1/\7£T. Consequently, we can
consider 9o and we have

(DLy) 62 =aX; —a® "(w161)"" and (Na) va =a® " (v — pf)wi 672

If | = 1, we might have d, = 0 and this would imply « ¢ £*(r, 1, a,q). However, if [ =1
we will see here below that do = a'~"(61¢;1)" # 0. If I > 1, again by (C}), or by (Cs)
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and (C3) if I = 2, we have § # 0 and we = 1+ a®>~"73 # 0. Consequently, Proposition 2
can be applied again. This process can be carried on as long as we have a,, = A\,T + pp,
and §,w, # 0. As long as this process carries on, J,, and w,, are defined by means of the
following recursive formulas:

6n = aXN —a* " (wp_16,_1)"" (DLy,)
and for w,,, since w, = 1+ a?>~" (v, — u")?5,2, via
Vp = a*" (Vn—l - N:z—l)w;ildgzl = a2irﬂ'n—1(wn—15n—l)71~ (Nn)
At each stage, we have
ay, = €10 Paty(n) + €20Qu + Vi, (In)
where €3 5, = 6, — a\),. While € ,, is defined recursively by €; ;1 = €; and

o 1-r -1 -1F-1
€ln =0 € p W : (En)

Moreover, also by Proposition 2, we have a,, = AT+ i, for f(n) < m(f(n+1). Let us

describe these partial quotients. We recall the notation a(i) = 1if 4 is odd and a(i) = a~*

if ¢ is even. Combining Proposition 1 and Proposition 2, the following equalities hold:

Af(n) = €10y (Ln.o)
Ayai = 20() (5aerh) 7Y for1<i <k (Ln.)
and

Myai = 20() (e ) TV WEDT for k41 <i<r— 1. (L)

And also
Piny+i =0 for0<i<r—Tlandi#kk+1. (My)
ppmy+k = (—a) X p )4k /2. (My, 1)
B+t = —Hf ()R (1) Hk+1AT () 11 (My 111)

From the equalities (L, ;), by multiplication, we easily get the following equalities for
1<i<r-—2

Af(n)+kAf(n)rhr1 = 40wt (Xn)

and for ¢ #£ k

A fm)4idfn)itr = da” " (Xn,i)



276 A. Lasjaunias, J.-Y. Yao / Journal of Number Theory 149 (2015) 259-28/

Our aim is to show that the quantities §,, and w,, can be defined, through the recursive
formulas (DL,,) and (N,,), up to infinity. That is to say that we have d,w, # 0 at
each stage. The first hypothesis of the theorem, namely (C}), implies that we can define
recursively, by the above formulas (DL;) and (N;), 6; and w; in Fy, fori =1,...,1— 1.
Conditions (C5) and (C3), will turn out to be important to keep the process going on.
Now, by (Cs) and (Cs), we observe that we also have §; # 0 and w; = 1. Consequently,
the hypotheses (C1), (C2) and (C3) imply that Proposition 2 can be applied repeatedly
at least [ times. It follows that we have a,, = AT + pm, for 1 < m < f(I+1). In
order to have all the partial quotients of degree 1, up to infinity, we shall prove that
Imwm # 0 for all m > 1+ 1 = f(1). For m > f(1), we can write m = f(n) + i where
n>1and 0 <i <r — 1. Therefore we want to prove that wy(n)4idpn)4+i # 0 for n > 1
and for 0 < ¢ < r — 1. To prove this, we shall show by induction that, for n > 1 and for
0 <7 <r—1, the following equalities hold:

Opmy =" (ern0n)" and (Do)
Opny+i = (@/2)Np(yy for 1 <i<r—1, (Dn.s)
together with
Wfn)+k = w,, and (On,k)
Wimy4i =1 for 0 <i<r—1andi# k. (Oni)

Note that if ;w; # 0 for j < m = f(n) + 4, and (D,,;) and (O, ;) hold, then we have
OmWm # 0.

The proof of the equalities (D,, ;) and (O,, ;) will follow by induction from (DL,,),
(En)y (Nn), (Ln,;z‘)v (ﬂ"[n,,é) and (Xn,;i)-

First, we prove that (Dj ) and (O1 ) hold. Using (Cs), (Cs), (DL1) and (L1,), we
have w; = 1, §; = —aefe; ", 1 = aA] + €2 and A\j41 = efl)q. Hence, from (DL;41), we
get

Sp1) = 01e1 = a4y — a7 (wid) T = aN, 67 0 Tehe T = a' T (6161Y)"

Besides, since w; = 1, we have m; = 0. Consequently, by (N;y1), we get v;41 = 0. By
(My), we have py 1 = 0. It follows that m1 = 0 and wyq) = wi41 = 1.

Let n > 1 and 0 < i <r — 1. First, we shall prove that for 0 <i <r -2, (D, ;) and
(O,,,;) imply (Dy, s41) and (Oy i41). Secondly, we shall prove that (D,, ,—1) and (Oy,r—1)
imply (Dy41,0) and (Op+1,0). The proof is divided into five cases, each comprising two
parts.

e Case 1:1=0. By (D, ), we have 65, = a”“*l(eiién)’”. Furthermore, by (Ly 1),
we have A\finy 11 = 2((57161_,;)_1. Therefore, with wy,y = 1, from (DLjf(ny41), we get:
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Of(n)+1 = a)‘}(n)+1 - ‘12_7'("Jf(n)‘sf(n))_1
= a)\f(n az_rar_l(éneii) -

= a)‘f(n)+1 - (a/z)A?(n)-ﬁ-l = (G/Z)/\?(n)-l-l'

Hence (D,, 1) holds.

By (On,0), we have ws(,) = 1 and, consequently, ¢,y = 0. By (Nf(n)41), We obtain
Viy+1 = 0. If k > 1, (M, 1) implies pif(n)41 = 0. Therefore, vf(,)41 = u;(n)ﬂ and
Weny4+1 = 1. Thus (O,1) holds. If & = 1 (i.e. r = 3), the second part of Case 3 below
must be applied.

e Case 2:i# 0,k—1,k,r—1. By (D, ;), we have 67(,)4+; = (a/2)\}
Wf(n)+i = 1. Furthermore, by (X, ;), we have Af(,)4; = 4a~ /\f(ln)JrZJrl
(DLj(n)4i+1), we get:

Fn)ti and, by (O,,,),
Therefore, from

pm)+i+1 = N}y rirs — @ (Wi 4i0f(ny+i)
r 2—r —1 r
- a’)\ f(n)+i+1 — a ( A% n)+z)

= aA;(n)+i+1 —2a'7" (ar/4)>‘f(n)+i+1 = (Q/Q)A;(n)+i+1'

Hence (D, i+1) holds.

By (O,.i), we have wf(,)4+; = 1 and consequently 7s(,)41; = 0. By (Npm)4iq1), we
obtain vf(,)4i41 = 0. Since i + 1 # k, k + 1, (M, ;1) implies fi¢(n)4i+1 = 0. Therefore
V(m)+it1 = Ky 4it1 @0d Wien)ipr = 1. Thus (Op,i41) hold.

e Case 3:i =k—1.1f k > 1, by the same arguments as in the first part of the previous
case, since i # k, we see that (D, ;) and (O,, ;) imply (D ;41). Hence (D, ) holds. If
k=1 (i.e. r = 3), the first part of Case 1 must be applied.

By (Dn.k), we have 6¢(,)41x = (a/2)\] Fn)+k- BY (On,k—1), we have w(py4x—1 = 1 and
Tfm)+k—1 = 0. Hence, from (Ny(,)4%), we obtain v¢(,y 1 = 0. Therefore, using (M, 1),
we get:

2—r T 25-2
Wi(n)+k = 1+a (Vf(n)Jrk - ,uf(n)+k) 6f(n)+k
g, _ 2r
=1+a*"4a 2(Mf(n)+k)\f(1n)+k)
=1+4+4a™" ((—a)likﬂ'n/Q) o

_1+a2r7" (1+a2r2) —OJ,Z.

Hence (O, 1) holds.
o Case 4: i = k. By (Dny), we have 0pn)+r = (a/2)A} n)+k and, by (O,x),
Wen)+k = wy,. Furthermore, by (X,, 1), we have wyAp(n)4r = 4a~ I There-

F(n)+k+1
fore, from (DLjf(n)4r+1), We get:
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Spmythi1 = @My ihir — @ (Wrn) 1k pn) k)
= a)\;(n)JrkH a? (2a_1w_’°)\f(rn)+k)
= Xy i1 — 200 (@7 )N ) = (@/2) N6 i
Hence (D, k+1) holds.
By (On,k—1), we have m¢(ny1,—1 = 0and vy(py4r = 0. By (X, 1), we have wp A p ()41 =

_1/\_n)+k+1 By (Dyk), we have 0pn)1r = (a/2)\} Using (M, p+1), from
(Nf(n)+k+1), we get:

f(n)+k*

2—1r r _
Vitmy+kt1 = 0" (Vpn) 4k — Hog(n)+ k)W) f(n +k5f(n)+k

2—r -2

=—a H?(n)%wﬁr((am))‘}(n)%)
= —4a_7"/f}(n)+k(Wn)‘f(nﬂk)_r)‘;(:lHk

= —4a " W4 (407 )‘;(n)-i-k-i-l) )‘f(Tn

= = (1A 001 ) 1) = )b

Consequently, 7¢(,)41+1 = 0 and wypy4rp41 = 1. Hence (O, x41) holds.

o Case 5:1 =r—1. Recall that f(n+1) = f(n)+7r. By (Dn,r—1) and (Op »_1), we have
Of(nt1)—1 = Of(my+r—1 = (@/2)N} () 1oy a0d Wni1)—1 = Wem)+r—1 = 1. By (Lnr—1),
(*1)’“

we have Afpy4ro1 = 20716, e_l and also, by (Lny1,0), Aptny1) = )\gﬂei}l_‘_l.

k
By (Fn+1), we also have €] nw,(L R Le1.np1wn. Moreover, by (DLy,41), we have

wpdp) "t =a""2(a)\" 5n 1). Therefore, from (DL (,11)), We get:
n+1 + f(n+1)

8f(nt1) = AN} (i) GQ_T(wf(nH 104 ntny-1)

:a)‘r(n-‘rl (20,71A Cz)—i—r 1)

= aXj(uy1) — 2277 (2a715neinw,(fl)k)7r

=aN}(q1) — a(a”lel n+1wn5n)7r

2
_ r —r —r24r+1 —r r—2 r T
= A 1€ n41 — @ €1 n+1( (a)‘n+1 - 5n+1))

r

= ernrn (AN —a' (@A = 0)) = @ (e On)

Consequently (Dj,+1,0) holds.

By (On,r—1), we have ms(,)4p—1 = 0. Thus, from (Ny(,41)), we get vipq1) = 0. By
(Mpy1,0), we have fif(n41) = 0. Therefore, m¢(,,1) = 0 and wy(,41) = 1. Consequently,
(On+1,0) holds.

Thus we have proved that §,,w,, # 0, for m > 1 and this implies that o € £*(r, 1, a, q).

Now we turn to the description of the sequence of partial quotients a,, = A\,T + .
The first [ values of both sequences (\,,)n>1 and (pn)n>1 are given, as well as d;, v; and
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w; for 1 <4 < . We recall that, for n > 1, we have g(n) = nr+1—k = f(n) + k
According to (O, 1), we have wgy,) = wy,. According to (O, ;) for i # k, if m > [ and
m # g(n), we have w,, = 1. For ¢ € I, we have w; = 1 if and only if ¢ ¢ I'**. Consequently,
by iteration, we obtain

wp=1 ifn¢ GUI* and w,=w] ifn=g™(i)form>1andiel* (35)
We start by the description of the sequence (fin)n>1+1. For n > 141, if n ¢ G, we have
wp, = 1 and therefore 7, = 0. This implies, according to (1, ;) for 0 <4 < r — 1, that
Un =0ifn ¢ GU(G+1). Let i € I* and m > 1, since v, 41 = a®> "1, (w,d,) "t and
Tgmi)—1 = 0, we get vgm(;) = 0, and we have

Tgm(i) = —Hgm(i)0gm(y form>1and i€ I*. (36)

We set n' = ¢g™~1(4), then g™ (i) = f(n') + k. Applying (M, 1) and (D, 1), we have

k)r " _
(Hgm (@ Agm(y) = (@) ™H /2 and 61 =207 AT ) (37)
From (36) and (37), we get
7Tgm(i) = —2a_1(ugm(i))\g_ﬂ£(i))r = (—a)(l_k)r_lﬂ':;/. (38)

We set A = (—a)1=F7=1 Then (38) becomes mym ;) = A}y By iteration, we get
Tgm (i) = At for m > 1 and i € I*, where u,, = (rm —=1)/(r —1). (39)
Hence, if n = g™ (i) for i € I* and m > 1, by (M, 1) and (39), we have

At = (=) T gna /2 = (—a) TR A2

m—1

= (—a)" (i — )57 Y)" /2, (40)

where v, = (1 — k) + ((1 — k)r — Dup—1. It is elementary to check that v, =
(r™=1(2 — r) 4+ 1)/2. Recalling that, by (M, s+1), we also have i, Ayl = —pni1 A, 4y,
with (40) we have completed the description of the sequence (fin,)n>1-

Finally we turn to the description of the sequence (A, )n>1+1. We recall that, according
o (L1,0), we have A\j41 = efl)\g. Hence, this description will follow from computing
C(n) = A1 Ap forn > 14+1.Ifn = g™ (i)+1fori € I* and m > 1, thenn—1 = f(n')+k,
where n’ = g™~ 1(i). Consequently, applying (X, x) and (35), we have

—1

)\n>\n—1 = )‘f(n’)+k+1)‘f(n’ 4k = 4a_1w_,1 = 4a_1wi_r

—4a (14 a® " (v — )67 (41)
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According to (L, ) and (D, ), we have Af,y = € n)\n and 0f(n) = at=" (€] 15 n)"
Hence, we obtain directly

1 —1(s—1yr\"
d; )\f(n) = (6,1 A7) (42)
For i € I and m > 1, from (42), we get 6]77'1L(i)>\;m(i) (6;,,1 1) fm 1(i) ) . Conse-
quently, by iteration, we get
SN = armfl(di_l)\lr)rm ifn=f"@)form>1andie€l. (43)

We set n’ = f"71(i). By (Lno) and (Lys 1), since Apgy41 = 2(61_7;,5,“)*1, from (43),
we obtain

m— rm_l
Ay t1 A pny = 260 N0, = 20" TN (ST (44)

Hence, by (44), we have

A1 = 2a*1(a/\§5{1)rm ifn=f"G\)+1form>1andie€l. (45)

We set n = f™(i) for m > 1 and i € I, with n # f(1). We have n = f(n') with n’ > 1.
Consequently, by (Dy/—1,-1), we get

On—1=0f(m)—1 = Of(n'—1)4r—1 = (@/2)Af(nr—1)4r—1 = (a/2)A}_1. (46)

Asn>1+1,thenn—1>14+1and n—1¢ G. Therefore, by (35), we have w,_1 = 1.
Consequently, by (L, o) and by (E,,), since w,—1 = 1, we have

An = €1y = a' €L 1 A pn)- (47)
Combining (46) and (47), we obtain
(a)\nfl)\n)r =a" (20,_15”,1)0/1_7“617’,}7471)\]0(”) = 2677,71617’71171)\f(n)~ (48)

Also, by (Lyn—1,r—1), since wy,_1 = 1, we have
Mf(m)-1 = Af(n-1)4r—1 =207 Op_reg, . (49)
Combining (48) and (49), we obtain
(@n1An)" = @A f(m) 1A s (m)- (50)
Hence, by iteration from (50), we get

a)\fm(i),l)\fm(i) = (a)\f(i),l/\f(i))ﬂyhl for m > 1 and 4 7& lel (51)
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and also
m—2
a)\fm(l)_l/\fm(l) = (a/\fQ(l)_lAfz(l))r for m Z 2.
Now, let n > 2, as above we have

Nk
/\f(n) = 61_7;)\2 and >\f(n)—l = 2(1715”_161_,:1_16‘}7&_11) .

By (E,), we have

(*l)k r—1
w,_{ =a Wn—-1€1,n—1€1,n-

From (53) and (54), we obtain
)‘f(n)—l)‘f(n) = 2ar_25n,1wn,1/\;.

Recalling that, by (DL, ), we have a®>~"(8,,_1wn_1) " = a\!, — §,, we obtain

Ap(my—1Apm) = 2M7 (aX, = 6,) T =247 (1 —a""A;"6,)

Combining (51) and (56), we get

T‘m_l

Afm(i)y—1 A fm(5) = 2a_1(1 — a_l)\ifréi)f form>1landi#1€l.

Besides, according to (56), we have

1 -1
aAp)-1Apz) = 2(1 = a” A dp)

From (42), we get
a_l)‘f(q)‘sf(l) = (a7'A\781)"
Hence, by (58) and (59), we have
a>\f2(1)_1)\f2(1) = 2(1 - a_l)\frél)_r.

Combining (52) and (60), we get

>\f’"(1)—1/\fm(1) = 2a71(1 — ailx\l_r(sl)ir for m > 2.

281

(52)

(53)

(57)

(58)

(61)

In summary, according to (41), (45), (57) and (61), we have obtained the values stated
in the theorem for C'(n) if n € FU (F 4+ 1)U (G 4 1). Let us turn to the last case
n¢ FU(F+1)U(G+1). We have n > [ + 1, consequently there exist nqy > 1 and
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i=0,...,r—1suchthat n—1= f(n;)+iand n—1¢ (F — 1) UF UG. There will be
four cases according to the value of i.
o Case 1:1# 0,k,r — 1. According to (X,, ;), we have

M=1An = Ap(na)ids(n) +it1 = da” . (62)

e Case 2:i = k. Here we have n—1 = g(ny) and, since n—1 ¢ G, we have n; ¢ GUI*.
Therefore, by (35), we have w,, = 1. Consequently, according to (Xp, ), we have

An—1An = Apin) 45 A fna)+h41 = da” o b =4da™h (63)

For the last two cases, i =0 or i =7 — 1, we need the following. If n ¢ F'U I then there
are three integers m > 0, no > 1 and j =1,...,r — 1 such that n = f™(f(ng) + 7). Set
ny = f(n2) + 4. By (42) and by iteration, since n = f™(n3), we can write

m rm

SN = a6 A ) (64)

By (Dp,.j), with j # 0, we get 6,1\" = 2a~!. Consequently, by (64), the previous

373
argument implies:

ng FUI = §,'\ =2a"" (65)
e Case 3: i =0. Here we have n — 1 = f(ny). Hence, according to (44), we have
Anc1Ap = /\f(nl)/\f(nl)Jrl = 2(5;11/\21. (66)
Sincen—1¢ F and n— 1 = f(n1), we have ny ¢ F U I. Therefore, by (65), we have
SoiAn = 2a~'. Consequently, (66) becomes A,—1A, = 4a™".

e Case 4:i=r —1. Here we have n = f(n1) +r = f(n1 + 1). According to (56), we
have

— S -1
/\n—l)\n = Af(n1+1)71)‘f(n1+1) = 2a ! (1 —a 1)‘n1+16n1+1) . (67)

Since n ¢ F and n = f(ny + 1), we have ny + 1 ¢ F U I. Therefore, by (65) we have
Al 4100, 41 = a/2. Hence, from (67), we get

Aocidn =20 (1—a A" 0 1) =207 (1—a'a/2) " =4a”'.  (68)

In summary, according to (62), (63), (66) and (68), if n ¢ FU(F +1)U(G+1), we have
obtained C(n) = 4a~!. Hence the description of the sequence (\,,),>1 is over.
So the proof of the theorem is complete. 0O
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5. Last comments

We want to come back to the statement of the theorem presented in this note. Starting
from « € £(r,1,a,q), we have proved that the three conditions (C1), (C2) and (Cs) are
sufficient to have a € £*(r,l,a,q). However, condition (Cj) is particular and clearly
necessary. Indeed, by repeated application of Proposition 2, it allows to have the first
(up to the rank [ +r(I — 1)) partial quotients of degree 1. While conditions (C3) and (Cs)
are useful to keep this repetition of Proposition 2 up to infinity and to obtain a sequence
of partial quotients having a relatively simple pattern. Then it is natural to ask whether
conditions (C3) and (C3) are also necessary to have a € £*(r,l,a,q). We know that
the subset (7,1, a, ) is finite, consequently all the elements can be tested by computer.
We have done so for r = ¢ = p and for small values of p and I. We have observed
that, for a € &(p,l,a,p), if (C1), (C2) or (C3) is not satisfied then o ¢ £*(p,l, a,p).
Consequently we conjecture that this set of conditions is not only sufficient but also
necessary when the finite base field is prime. However, this is not generally so if the
base field is not prime. Indeed, it was a surprise to discover in &y(r,l, a,q), with ¢ > p,
certain continued fractions belonging to &;(r, 1, a, q) but for which the condition (C3) of
the theorem stated here is not satisfied. This phenomenon has been explained in [8] and
an example in £5(3,1,2,27) has been given there [8, p. 258]. Note that for this type of
examples the sequence of partial quotients has a much more complex pattern than the
ones presented in this note.

With the conditions of our theorem, let us give a short and global description of
the structure of this sequence of partial quotients. We can write this infinite continued
fraction expansion « = [a1, as,...,an,...| in the following way:

a=[Wa] = [Wo, Wi,...,Wi,.. ],

where, for m > 0, we define the finite word

Wm = a,fm(l)7 afm(l)_H, ce ,afm+1(1)_1.
Note that we have Wy = a1, ..., a;, which plays the role of the “basis” of the expansion.
We also have Wy = aj41,. .., a4 and so on. We can check that |W,,| = Ir™ for m > 0.

Define, for n > 1, the following word of length r:

Wf(an) = Afn)s Af(n)4+1y---5Af(n)4+r—1-

Then with this notation, we see that W,,11 is built upon W,,, by concatenation, in the
following way

Wint1 = Wf(af""(l))’ Wf(afm(l)Jrl)a W agpmiaay-a).
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We see that the pattern of these sequences is somehow very regular. Let us come back to
the original examples, due to Mills and Robbins [12, p. 400]. They belong to & (p, 2,4, p)
for all p > 3 and they are defined by (A1, A, €1,€2) = (A1, =A1(1+2X1) 71, 1,2), with \; €
5 and Ay # —1/2. Here, we have G = (), w, = 1 and p, = 0 for n > 1. The conditions
of the theorem are satisfied and the description of the sequence (A,)n,>1 follows. In
1988, shortly after the publication of these examples, J.-P. Allouche [1] could show the
regularity of this sequence (\,,),>1, by proving that it is p-automatic. It should probably
be possible to extend this type of result to all the sequences presented in this note.
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