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Conventional Fluorescence Microscopy Limitations

▶ Lateral resolution is limited by light diffraction phenomena

▶ Smallest resolvable distance (Rayleigh Criterion): d = 0.61λ
NA

(≈ 200nm)
λ: emission wavelength, NA: Numerical Aperture.
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Fluctuation-based Super-Resolution Methods

We want:
▶ Use of standard equipment / conventional fluorophores
▶ Harmless excitation levels / no sample fixation
▶ Improved temporal resolution

Fluorophore states

4 / 23



Fluctuation-based Super-Resolution Methods

We want:
▶ Use of standard equipment / conventional fluorophores
▶ Harmless excitation levels / no sample fixation
▶ Improved temporal resolution
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Fluctuation-based Super-Resolution Methods

SOFI (Dertinger et al., ’09)
Super resolution Optical Fluctuation Imaging

SRRF (Gustafsson et al., ’16)
Super-Resolution Radial Fluctuations

SPARCOM (Solomon et al., ’19)
SPARsity based super-resolution COrrelation Microscopy

LSPARCOM (Dardikman-Yoffe et al., ’20)
Learned SPARCOM

COL0RME (Stergiopoulou et al., ’21, ’22)
COvariance-based ℓ0 super-Resolution Microscopy with intensity Estimation
▶ Exploits sparsity in the covariance domain
▶ Estimates real intensity values
▶ Does not have artifacts
▶ Extends to 3D (3D MA-TIRF COL0RME)
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Simulated Data
GT image COL0RME-CEL0 COL0RME-ℓ1

SRRF SPARCOM LSPARCOM
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Real TIRF Data
ȳ COL0RME-CEL0 COL0RME-ℓ1

SRRF SPARCOM LSPARCOM
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Mathematical Modeling

=

(
Yt ∈ RN×N

H

∗

Xt ∈ RL×L

)
↓q

+Nt +B

q=4
L=qN

Yt = Mq(H (Xt)) +Nt +B
vec(·)−−−→ yt = Ψxt + nt + b, ∀t = 1, . . . , T

Reformulate the model in the Covariance Domain:

Ry = ΨRxΨ
T +Rn

▶ Rx is diagonal: rx = diag(Rx) ∈ RL2

+

▶ Rn = sI, if nt ∼ N (0, s1N2)

▶ Ω = {i : (rx)i ̸= 0} = {i : xi ̸= 0}

Ry ≈ 1
T−1

T∑
t=1

(yt − y)(yt − y)T

∈ RN2×N2

+
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COL0RME (COvariance-based ℓ0 super-Resolution Microscopy with intensity Estimation)

Support
Estimation

Intensity
Estimation

Find the pixels in the fine grid that contain at
least one fluorescent molecule.

(Covariance Domain)

Compute intensity values for the pre-estimated
support.
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COL0RME

Support
Estimation

Intensity
Estimation

argmin
rx∈RL2

+ , s∈R+

1

2
∥ry − (Ψ⊙Ψ)rx − sIv∥22 +R(rx;λ)

argmin
x∈R|Ω|

+ , b∈RN2
+

1

2
∥y−ΨΩx−b∥22 +α∥∇Ωx∥22 +β∥∇b∥22
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COL0RME, Support Estimation: "Hand-crafted Regularizers"

▶ CEL01: R(rx;λ) =
L2∑
i=1

λ− ∥ai∥2
2

(
|(rx)i| −

√
2λ

∥ai∥

)2
1
{|(rx)i|≤

√
2λ

∥ai∥
}

▶ ℓ1-norm: R(rx;λ) = λ∥rx∥1

▶ TV: R(rx;λ) = λ∥∇rx∥2,1

ȳ + GT CEL0 result2 ℓ1 result TV result

1Continuous Exact ℓ0 (CEL0) penalty (Soubies et al., ’15)
2An algorithmic restarting approach has been considered to improve the support

reconstruction quality
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COL0RME, Support Estimation

argmin
rx≥0,s≥0

F(rx, s) + λR(rx)

where F(rx, s) =
1
2
∥ry − (Ψ⊙Ψ)rx − sIv∥22

Algorithm COL0RME, Support Estimation

Require: ry ∈ RM4

, rx
0 ∈ RL2

, λ > 0

repeat

sk+1 = 1
M2 Iv

⊺(ry − (Ψ⊙Ψ)rx
k)

zk+1 = rx
k − τ∇F(rx

k, sk+1)

rx
k+1 = proxτλR(·)(z

k+1)

until convergence

return Ω = {i : (rx)i ̸= 0}, s

Definition of proximal operator: proxγR(·)(z) := argmin
x∈RL2

{ 1
2
∥x− z∥22 + γR(x)}.
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PnP - COL0RME, Support Estimation

argmin
rx≥0,s≥0

F(rx, s) + λR(rx)

where F(rx, s) =
1
2
∥ry − (Ψ⊙Ψ)rx − sIv∥22

Algorithm PnP - COL0RME, Support Estimation

Require: ry ∈ RM4

, rx
0 ∈ RL2

,�λσ > 0

repeat

sk+1 = 1
M2 Iv

⊺(ry − (Ψ⊙Ψ)rx
k)

zk+1 = rx
k − τ∇F(rx

k, sk+1)

rx
k+1

((((((((
= proxτλR(·)(z

k+1) = Dσ(z
k+1)

until convergence

return Ω = {i : (rx)i ̸= 0}, s

Plug-and-Play (PnP) methods (Venkatakrishnan et al., ’13):
Replace, within a proximal algorithm, the operator proxτλR(·) with a more
general image denoiser.

14 / 23



Choice of the denoiser

Use a gradient step denoiser of the form3:

Dσ(z) = z−∇Rσ(z), (1)

where Rσ : RL2

→ R is a scalar function defined by:

Rσ(z) =
1

2
∥z−Nσ(z)∥2, (2)

with Nσ : RL2

→ RL2

being a neural network.

Convergence Guarantees

In (Hurault et al., ’22b), they prove that Dσ(z) = proxϕσ
(z),

ϕσ :∈ RL2

→ R and derive convergence guarantees of the resulting PGD
scheme.
In each iteration:

Gσ(rx
k, sk) := F(rx

k, sk) +Rσ(z
k)− 1

2
∥zk − rx

k∥22

3(Cohen et al., ’21, Hurault et al., ’22a, Hurault et al., ’22b)
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Introducing a scaling parameter

Introduce denoiser scaling parameter4 µ > 0:

Dµ,σ(z) :=
1

µ
Dσ(µz), (3)

The denoiser step will now be:

rx
k+1 = Dµ,σ(z

k+1),

In each iteration:

Gµ,σ(rx
k, sk) = F(rx

k, sk) +
1

µ2
Rσ(µz

k)− 1

2
∥zk − rx

k∥22

4(Xu et al., ’20)
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Training the denoiser

Reminder:

rx
k+1 = Dµ,σ(rx

k − τ∇F(rx
k, sk+1))

The denoiser takes as an input the sample auto-covariance
matrix of a fluctuating temporal sequence of images.
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Training the denoiser

▶ Dataset: Create different spatial patterns → Generate fluctuating
sequences → Compute the temporal variance

↓

... →

Add Gaussian noise η ∼ N (0L2 , σ2IL2), with σ ∼ U(0, 50/255).
(500 pairs of clean-noise auto-covariance images and 100 for validation)

▶ Training: We follow the procedure suggested in (Hurault et al., ’22) and
use the code available online5.

5https://github.com/samuro95/Prox-PnP
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Preliminary Results on Simulated Data∗

y1 diag(Ry) Ω̂ = {i : (r̂x)i ̸= 0} Ω = {i : (rx)i ̸= 0}

Gµ,σ ∥rxk+1 − rx
k∥2/∥rx0∥2

∗ Only for deblurring (q = 1 and L = N) and using a diagonal temporal
covariance matrix Ry.
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Sensitivity to denoising and scaling parameters

µ = 0.4 µ = 0.7 µ = 1

σ = 5/255

σ = 10/255

σ = 20/255
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Results on Experimental HD SMLM Data

▶ High-density Single Molecule Localization
Microscopy acquisitions

▶ Real dataset created for the 2013 SMLM
challenge

▶ The dataset contains T = 500 images, the
FWHM of the PSF is 351.8 nm.

y Ω Ω

(µ = 0.9) (µ = 1.1)
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Results on Ostreopsis confocal Data

▶ Real biological sample of the
unicellular alga Ostreopsis

▶ The dataset contains
T = 500 images, the FWHM
of the PSF is 229 nm.

y Ω Ω

(µ = 0.8) (µ = 0.9)
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Results on Ostreopsis confocal Data

▶ Real biological sample of the
unicellular alga Ostreopsis

▶ The dataset contains
T = 500 images, the FWHM
of the PSF is 229 nm.
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Conclusion and Future Work

Conclusion:
▶ A learned from the data proximal operator of a non-convex

regularization function (or a Denoiser) can capture better the geometry
of specific structures (e.g., filaments)

Future Work:
▶ Test the approach including also a down-sampling operator

(Super-Resolution)
▶ Take into account the complete covariance matrix Ry of our

diffraction-limited images.
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Thank you :)

e-mail: vasiliki.stergiopoulou@inria.fr

Do you have any questions?
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Preliminary results for PnP-COL0RME (Super-Resolution)

y

Ω̂ = {i : (r̂x)i ̸= 0} Ω = {i : (rx)i ̸= 0}∗

∗ For this reconstruction, only the temporal auto-covariances were used.
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Model reformulation in the Covariance Domain

yt = Ψxt, ∀t = 1, . . . , T
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Model reformulation in the Covariance Domain
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Model reformulation in the Covariance Domain

yt = Ψxt + nt + b, ∀t = 1, . . . , T =⇒ Ry = ΨRxΨ
T +Rn
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COL0RME (COvariance-based ℓ0 super-Resolution Microscopy with intensity Estimation)

Support
Estimation

Intensity
Estimation

▶ Covariance Domain:
yt = Ψxt + nt + b

↓

Ry = ΨRxΨ
T +Rn

Ry ≈ 1
T−1

T∑
t=1

(yt − y)(yt − y)T ∈ RN2×N2

rx = diag(Rx) ∈ RL2

+ Rn = sI, s ∈ R+

vec(·) ↓

ry = (Ψ⊙Ψ)rx + sIv

✓ Exploit the independent statistical behaviour
of the fluorescent emitters

✓ Shrink the PSF

× We cannot compute real intensity values

ry = (Ψ⊙Ψ)rx + sIv

▶ Sparsity on rx

▶ Output: Ω = {i : (rx)i ̸= 0} = {i : xi ̸= 0} , s

▶ Image Domain:
yt = Ψxt + nt + b

▶ Smoothing of signal intensities on the estimated
support Ω and smooth background

▶ Output: x = 1
T

T∑
t=1

xt,b
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vec(·) ↓

ry = (Ψ⊙Ψ)rx + sIv

✓ Exploit the independent statistical behaviour
of the fluorescent emitters

✓ Shrink the PSF

× We cannot compute real intensity values

ry = (Ψ⊙Ψ)rx + sIv

▶ Sparsity on rx

▶ Output: Ω = {i : (rx)i ̸= 0} = {i : xi ̸= 0} , s

▶ Image Domain:
yt = Ψxt + nt + b

▶ Smoothing of signal intensities on the estimated
support Ω and smooth background

▶ Output: x = 1
T

T∑
t=1

xt,b
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COL0RME: Hyper-parameter Tuning

Support
Estimation

Intensity
Estimation

argmin
rx∈RL2

+ , s∈R+

1

2
∥ry − (Ψ⊙Ψ)rx − sIv∥22 +R(rx;λ)

argmin
x∈R|Ω|

+ , b∈RN2
+

1

2
∥y−ΨΩx−b∥22 +µ∥∇Ωx∥22 +β∥∇b∥22
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▶ λ: λ = γλmax, γ ∈ (0, 1)
λmax: a reference value, defined as the smallest regularization
parameter for which the identically zero solution is found.

To avoid the dotted reconstruction (For CEL0 penalty) :

▶ We restart the algorithm repeatedly with a new initialisation each time,
that depends but is different to the previous reconstruction.

▶ The final support image is the superposition of the multiple
reconstructions.

: Solution of Run 1
+: Initialization of Run 2
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+ , b∈RN2
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1

2
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▶ µ: We can use the discrepancy principle, a well-known a-posteriori
parameter-choice strategy to efficiently estimate the hyper-parameter.
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x∈R|Ω|

+ , b∈RN2
+

1

2
∥y −ΨΩx− b∥22 + µ∥∇Ωx∥22 + β∥∇b∥22

▶ µ: We can use the discrepancy principle, a well-known a-posteriori
parameter-choice strategy to efficiently estimate the hyper-parameter.

Discrepancy principle strategy6

The regularization parameter µ will be chosen such that:

∥y −ΨΩx̂µ − b̂∥22 = ν2DP ∥n∥22 (4)

νDP ≈ 1 is a ’safety factor’, ∥n∥22 = N2 s
T

, s: the estimated noise variance.

We can define the function f(µ) : R → R as:

f(µ) =
1

2
∥y −ΨΩxµ − b∥22 −

ν2DP

2
∥e∥22 (5)

and we want µ∗ : f(µ∗) = 0.
We can find iteratively µ∗ using the Newton’s method:

µn+1 = µn −
f(µn)

f ′(µn)
(6)

6Per Christian Hansen,Discrete Inverse Problems: Insight and Algorithms, Society
for Industrial and Applied Mathematics, USA, 2010
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COL0RME: Hyper-parameter Tuning

argmin
x∈R|Ω|

+ , b∈RN2
+

1

2
∥y −ΨΩx− b∥22 + µ∥∇Ωx∥22 + β∥∇b∥22

▶ β: Does not require fine tuning
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COL0RME: Intensity and Background estimation

Support
Estimation

Intensity
Estimation

argmin
rx∈RL2
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COL0RME: Intensity and Background estimation

▶ Retrieves real image intensity information
(the only super-resolution method exploiting temporal fluctuations)

→ use the intensity information for 3D reconstruction in e.g.,
MA-TIRF (Multi-Angle Total Internal Reflection Fluorescence)
microscopy acquisitions.
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▶ Retrieves real image intensity information
(the only super-resolution method exploiting temporal fluctuations)

→ use the intensity information for 3D reconstruction in e.g.,
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microscopy acquisitions.

▶ Correct artifacts:
ȳ + GT CEL0 result ℓ1 result TV result
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COL0RME: Intensity and Background estimation

▶ Results obtained using 500 frames:
GT CEL0 result ℓ1 result

▶ Evaluation using the PSNR (Peak Signal-to-Noise Ratio) metric
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Simulated data

Diffraction limited frames
Low Background & SNR ≈ 15.5dB

Size of the image: 40 x 40
Pixel size: 0.1 µm
Video rate: 100 fps

Acquisition time: 5 s

SOFI-tool approximation:

Temporal profile of a single
molecule from SOFI-tool

Real Temporal profile of a pixel.

Spatial pattern: Microtubules dataset from the SMLM challenge 2016 6

Temporal profiles: SOFI simulation tool (Girsault et al.. 2016)
6http://bigwww.epfl.ch/smlm/datasets/index.html
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