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IDT is a data-intensive limited-angle tomography  
under light-scattering and phase-loss
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Classical issues in the context of inverse problems: 
costly acquisition, imaging artifacts, and big data

Challenge #2: Reconstructed images contain artifacts: 
Due to undersampling, motion, model mismatch, and noise

Challenge #3: High computational/memory requirements:  
Due to large volumes of data to process in 3D, 4D, or 5D

“streaking” artifacts low axial resolution

Challenge #1: Acquisition is too slow or costly: 
Due to sequential and indirect acquisition of data

“missing-angle” artifacts
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Plug-and-Play Methods (PnP) tutorial for IEEE 
Signal Processing Magazine is available online

Kamilov et al, “Plug-and-Play Methods for Integrating Physical and Learned 
Models in Computational Imaging,” IEEE Signal Processing Magazine, 2022
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Remark: Minimum mean squared error (MMSE) estimator returns the conditional
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Gribonval and Machart, “Reconciling “priors” & “priors” without prejudice?” Proc NeurIPS, 2013
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Proximal operator is a 
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Learned model: Pre-trained image denoising neural network
Rudin–Osher–Fatemi Total Variation Denoising using Split Bregman

Input f (PSNR 20.15) λ = 5 (PSNR 26.00) λ = 10 (PSNR 27.87)

λ = 20 (PSNR 27.34) λ = 40 (PSNR 24.01)

TV-regularized denoising with increasing values of λ.

The plot shows the PSNR vs. λ for the previous example. The optimal λ is about 13.4.

λ

0 10 20 30 40 50

P
S
N
R

22

24

26

28

30

PSNR vs. λ for the previous example.

To illustrate the importance of the noise model, the image in this example has been corrupted
with impulsive noise. The Gaussian noise model works poorly: λ must be very small to remove all
the noise, but this also removes much of the signal content. Better results are obtained with the
Laplace noise model, which better approximates the distribution of impulsive noise.
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ABSTRACT

We introduce a new algorithm for regularized reconstruction of mul-
tispectral (MS) images from noisy linear measurements. Unlike
traditional approaches, the proposed algorithm regularizes the re-
covery problem by using a prior specified only through a learned
denoising function. More specifically, we propose a new accelerated
gradient method (AGM) variant of regularization by denoising (RED)
for model-based MS image reconstruction. The key ingredient of
our approach is the three-dimensional (3D) deep neural net (DNN)
denoiser that can fully leverage spationspectral correlations within
MS images. Our results suggest the generalizability of our MS-RED
algorithm, where a single trained DNN can be used to solve several
different MS imaging problems.

Index Terms— Image reconstruction, plug-and-play priors, reg-
ularization by denoising, multispectral imaging, deep learning.

1. INTRODUCTION

Multispectral (MS) imaging systems acquire the response from an
object or a scene over a wide range of frequency bands, including
optical, infra-red, and short-wave infra-red [1,2]. Multi-band spectra
provide rich information for detecting and classifying materials, espe-
cially those that have similar visible colors. Additionally, the higher
transmission property of infra-red bands, when compared to optical
bands, makes the MS imaging beneficial in imaging through haze or
fog. As a result, multispectral or even hyperspectral imaging tech-
niques have gained popularity in a number of important applications
in astronomy, agriculture, and medical imaging [3–6].

While MS imaging has a great potential, acquiring and processing
corresponding data is challenging due to various hardware limitations
and the high-dimensional nature of typical datasets. In particular,
the resolution and signal-to-noise ratio (SNR) of MS images is often
constrained by limitations on the size, weight, and power of sen-
sors used for data acquisition. Image reconstruction methods have
been developed for mitigating such hardware limitations by using
advanced priors on the unknown MS image. Traditional priors used
in MS image reconstruction include sparsity-based regularizers, low-
rank models, and dictionary-learning-based priors [7–11]. Recently,
however, the focus in the field has been shifting towards deep learn-
ing techniques that are based on learning the direct mapping from
the measurements to the recovered MS image [12–15]. However,
the conceptual simplicity of end-to-end learning comes with the loss
of modularity, characterized by the lack of an explicit separation
between the measurement model and the prior. This limits the gener-
alization and reuse of previously trained models.

This work was supported in part by NSF grant CCF-1813910.
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Fig. 1. We propose a new multispectral regularization by denoising
(MS-RED) algorithm for recovering a spatiospectral data-cube from
its noisy measurements. Our algorithm solves this ill-posed problem
by combining the measurement model with a learned spatiospectral
denoiser that maximally exploits all the available prior knowledge.

In this paper, we develop a new MS image reconstruction method
called multispectral regularization by denoising (MS-RED) that en-
ables the infusion of deep neural net (DNN) priors while maintaining
an explicit separation between the prior and the measurement model.
By building on the recently developed RED framework [16–19], our
method specifies the learned prior only via a 3D spatiospectral de-
noising function, trained for the removal of additive white Gaussian
noise (AWGN) from MS images. MS-RED naturally leverages both
spatial and spectral correlations in the data, while also explicitly en-
forcing fidelity to the measured data. We discuss the convergence of
MS-RED under a set of transparent assumptions on the data-fidelity
and the denoiser, and develop its fast variant based on the accelerated
gradient method (AGM). We finally demonstrate our MS-RED algor-
tihm on MS superresolution using several denoising priors, including
those based on DNNs. Our results illustrate that a single trained DNN
denoiser can provide a state-of-the-art performance while solving
multiple inverse problems without additional retraining.

2. PROPOSED METHOD

2.1. Inverse Problem Formulation

We consider the problem of acquiring a MS data cube, consisting
of two spatial dimensions and one spectral dimension. The cube is
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Learned model: Pre-trained image denoising neural network
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Learned model: Pre-trained image denoising neural network
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PnP methods integrate both models into a deep model-based 
architecture (DMBA) that can have infinitely many layers

xt  xt�1 � �G(xt�1)
<latexit sha1_base64="q7bNVugqnQEq5pxiUSr4VhOGKDQ="></latexit>

G(x) := rg(x) + ⌧(x� D✓(x))

<latexit sha1_base64="J9/hBxmF6WyeYlNDWdRgROdmRhM="></latexit>

<latexit sha1_base64="KqepG0mWw9krzrlZl+3VfgIF7wg="></latexit>

I� �rg
<latexit sha1_base64="KqepG0mWw9krzrlZl+3VfgIF7wg="></latexit>

I� �rg
<latexit sha1_base64="KqepG0mWw9krzrlZl+3VfgIF7wg="></latexit>

I� �rg

Iteration 1

<latexit sha1_base64="KeRsUvqdBfCesbL5uV2fq2XSAtw="></latexit>

s0 = x0

(a) PnP-PGM

<latexit sha1_base64="llLsUBctULUH1iEB4aTYueTBkdM="></latexit>

x1
<latexit sha1_base64="KqepG0mWw9krzrlZl+3VfgIF7wg="></latexit>

I� �rg

Iteration !

(b) SD-RED

brg =
1

B

BX

b=1

AH
ib(Aib � yib)

�
⌧D� = ⌧(I �R�)

<latexit sha1_base64="7xzDaXlE2YbfvpXlZ2zpI40v4Pc="></latexit>

<latexit sha1_base64="llLsUBctULUH1iEB4aTYueTBkdM="></latexit>

x1

Iteration 1

<latexit sha1_base64="f2LE6Tbk2sxnfUC7uBWNi3GWYno="></latexit>

I� �rg I� D � �⌧<latexit sha1_base64="f2LE6Tbk2sxnfUC7uBWNi3GWYno="></latexit>

I� �rg I� D � �⌧

<latexit sha1_base64="KeRsUvqdBfCesbL5uV2fq2XSAtw="></latexit>

s0 = x0
brg =

1

B

BX

b=1

AH
ib(Aib � yib)

�
⌧D� = ⌧(I �R�)

<latexit sha1_base64="7xzDaXlE2YbfvpXlZ2zpI40v4Pc="></latexit>

<latexit sha1_base64="f2LE6Tbk2sxnfUC7uBWNi3GWYno="></latexit>

I� �rg I� D � �⌧

Iteration !

<latexit sha1_base64="f2LE6Tbk2sxnfUC7uBWNi3GWYno="></latexit>

I� �rg I� D � �⌧
<latexit sha1_base64="f2LE6Tbk2sxnfUC7uBWNi3GWYno="></latexit>

I� �rg I� D � �⌧
<latexit sha1_base64="f2LE6Tbk2sxnfUC7uBWNi3GWYno="></latexit>

I� �rg I� D � �⌧

<latexit sha1_base64="vAUy1D1yeHyIAZrpx2ZI0pS15wk="></latexit>

xt�1
<latexit sha1_base64="vAUy1D1yeHyIAZrpx2ZI0pS15wk="></latexit>

xt�1

Figure 1: Algorithmic details of two optimization methods used in this work: (a) PnP-PGM and (b)
SD-RED. Both algorithms are initialized with x0 and perform t � 1 iterations.

where the first equality in (1a) is due to the following equivalence true for any x 2 Rn and � > 031

rg(x) = 0 , x� �rg(x) = x .

From the assumption y = Ax⇤ with x⇤ 2 Zer(R) and from (1), we have the following inclusions:32

x⇤ 2 Zer(rg) \ Zer(R) ✓ Fix(T) ✓ Im(D) ✓ Rn .

From Lemma 3 and Lemma 6, we conclude that for any x, z 2 Im(D), we have33

kT(x)� T(z)k2  ckx� zk2 with c = (1 + ↵)max{|1� �µ|, |1� ��|} .

From T being a contraction over Im(D) and with Lemma 4, we can conclude that x⇤ 2 Zer(rg) \
Zer(R) is the unique fixed point of PnP-PGM for any x0 2 Im(D). Thus, we have that

kxt � x⇤k2 = kT(xt�1)� T(x⇤)k2  ckxt�1 � x⇤k2  · · ·  ctkx0 � x⇤k2 ,

which establishes the desired result.34

B Proof of Theorem 235

In this section, we extend the analysis in Section A to the noisy measurement model y = Ax⇤ + e36

where x⇤ 2 Rn and e 2 Rm. The following analysis builds on that of CSGM in [3] by showing37

that the proof techniques used for CSGM can be also used for analyzing PnP. Note also that one can38

improve the error term in the recovery under an additional assumption discussed in Section B.1.39

Suppose all the assumptions for Theorem 2 are true and the step size � > 0 is selected in a way40

that satisfies eq. (10) of the main manuscript. First note that Lemma 3 and Lemma 6 imply that for41

x 2 Fix(T), we have that42

kxt � xk2  ckxt�1 � xk2 with c = (1 + ↵)max{|1� �µ|, |1� ��|} 2 (0, 1) . (2)

Let bx = projZer(R)(x
⇤), then we have that43
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µ
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where the first inequality uses S-REC, the second one uses Lemma 1 in Section B.1, the third one44

combines two terms by picking the larger one, and the final one uses the measurement model and the45

triangular inequality. By using the inequality above, we can obtain the bound46

kx� x⇤k2 
h
1 + 2

p
�/µ

i
kx⇤ � proxZer(R)(x

⇤)k2 + [2/
p
µ]kek2 + �(1 + 1/↵) := "/(1 + c) .

Note that the first two terms of "/(1+ c) above are the distance of x⇤ to Zer(R) and the magnitude of47

the error e, and have direct analogs in standard compressed sensing. The third term is the consequence48
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Figure 1: Algorithmic details of two optimization methods used in this work: (a) PnP-PGM and (b)
SD-RED. Both algorithms are initialized with x0 and perform t � 1 iterations.
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where the first inequality uses S-REC, the second one uses Lemma 1 in Section B.1, the third one44

combines two terms by picking the larger one, and the final one uses the measurement model and the45

triangular inequality. By using the inequality above, we can obtain the bound46
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Note that the first two terms of "/(1+ c) above are the distance of x⇤ to Zer(R) and the magnitude of47

the error e, and have direct analogs in standard compressed sensing. The third term is the consequence48
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• While PnP-ADMM was the first PnP method, there are variants 
based on other algorithms (such as PnP-FISTA)
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Example: Architecture of PnP-ISTA

Kamilov et al, “A Plug-and-Play Priors Approach for Solving Nonlinear Imaging Inverse Problems,” IEEE SPL, 2017



PnP does not have to be restricted to PnP-ADMM, 
MAP, implicit priors, denoisers, and point estimates

• While PnP-ADMM was the first PnP method, there are variants 
based on other algorithms (such as PnP-FISTA)

• While original PnP is interpreted as using implicit priors, there are 
formulations based on explicit regularizers (such as RED)
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Example: RED regularizer and its gradient

Reehorst and Schniter, “Regularization by Denoising: Clarifications and New Interpretations,” IEEE Trans Comput Imag, 2019

Romano et al, “The Little Engine That Could: Regularization by  Denoising (RED),” SIAM J Imaging Science, 2017



PnP does not have to be restricted to PnP-ADMM, 
MAP, implicit priors, denoisers, and point estimates

• While PnP-ADMM was the first PnP method, there are variants 
based on other algorithms (such as PnP-FISTA)

• While original PnP is interpreted as using implicit priors, there are 
formulations based on explicit regularizers (such as RED)

• While the MAP view of the proximal operator is common, CNNs 
are often trained to act as MMSE estimators over the training data

<latexit sha1_base64="szdEM4uU0a9snO6hzNBAU0I1JiI="></latexit>

D⇤
�(z) = argmin

D
E
⇥
kx� D(z)k22

⇤ <latexit sha1_base64="9/L4+O/M0l9Skv0nl65Lnlxmsao="></latexit>

MMSE estimator

for z = x+ e



PnP does not have to be restricted to PnP-ADMM, 
MAP, implicit priors, denoisers, and point estimates

• While PnP-ADMM was the first PnP method, there are variants 
based on other algorithms (such as PnP-FISTA)

• While original PnP is interpreted as using implicit priors, there are 
formulations based on explicit regularizers (such as RED)

• While the MAP view of the proximal operator is common, CNNs 
are often trained to act as MMSE estimators over the training data

‣  generally not convex 
‣ ≠ hmap(x) = -log(px(x)) 
‣ MAP estimator for the prior: p(x) ∝ exp(-hmmse(x))
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f(x) = g(x) + hKKb2(x)

Xu et al, “Provable Convergence of Plug-and-Play Priors with MMSE denoisers,” IEEE SPL, vol. 27, 2020
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Theorem: PnP-ISTA using D⇤
� monotonically converges to a stationary point

of the following composite function



PnP does not have to be restricted to PnP-ADMM, 
MAP, implicit priors, denoisers, and point estimates

• While PnP-ADMM was the first PnP method, there are variants 
based on other algorithms (such as PnP-FISTA)

• While original PnP is interpreted as using implicit priors, there are 
formulations based on explicit regularizers (such as RED)

• While the MAP view of the proximal operator is common, CNNs 
are often trained to act as MMSE estimators over the training data
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Remark: Even when the denoiser is not exact,
PnP converges up to an error bound!



PnP does not have to be restricted to PnP-ADMM, 
MAP, implicit priors, denoisers, and point estimates

• While PnP-ADMM was the first PnP method, there are variants 
based on other algorithms (such as PnP-FISTA)

• While original PnP is interpreted as using implicit priors, there are 
formulations based on explicit regularizers (such as RED)

• While the MAP view of the proximal operator is common, CNNs 
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Fig. 1. Convergence of PnP-ISTA for exact and approximate MMSE de-
noisers. The latter corresponds to DnCNN trained to minimize MSE. Average
normalized cost f(xt)/f(x0) is plotted against the iteration number with the
shaded areas representing the range of values attained over 100 experiments.
Note the monotonic decrease of the cost function f as predicted by our analysis
as well as the excellent agreement of both denoisers.

Fig. 2. Convergence of PnP-ISTA for exact and approximate MMSE denois-
ers. The latter corresponds to DnCNN trained to minimize MSE. Average SNR
(dB) is plotted against the iteration number with the shaded areas representing
the range of values attained over 100 experiments. The SNR behavior of LASSO,
implemented using ISTA with the !1-norm prior, is also provided for reference.
We highlight the excellent agreement of both denoisers and their superior SNR
performance compared to the !1 regularization.

Since x is a vector with i.i.d. elements, the exact MMSE
denoiser Dσ can be evaluated as a sequence of scalar integrals.
As an approximate MMSE denoiser, we use DnCNN with depth
4 [9]. We train 9 different networks for the removal of AWGN
at noise levels in the range from 0.01 to 0.37. The training was
conducted over 2000 random realizations of the signal x ∼ px
using the !2-loss. For each experiment, we select the network
achieving the highest SNR value under the scaling technique
from [41].

Theorem 1 establishes monotonic convergence of PnP-ISTA
in terms of the cost function f . This is illustrated in Fig. 1
for the measurement rate m/n = 0.8. The average normalized
cost f(xt)/f(x0) is plotted against the iteration number for
both exact and approximate MMSE denoisers. The shaded areas
indicate the range of values taken over 100 random trials. Fig. 2
illustrates the convergence behaviour of PnP-ISTA in terms of
SNR (dB) for identical experimental setting by additionally
including the SNR performance of LASSO as a reference. First,
note the monotonic convergence of {f(xt)}t≥0 as predicted
by our analysis. Second, note the excellent agreement between
two variants of PnP-ISTA. This close agreement is encouraging
as deep neural nets have been extensively used as practical
strategies for regularizing large-scale imaging problems. For
example, the convergence of PnP-ISTA for a modified DnCNN,
trained using the real spectral normalization, has been shown
in [23].

Fig. 3. Illustration of the recovery performance of PnP-ISTA for exact and
approximate MMSE denoisers. Average SNR (dB) is plotted against the mea-
surement rate (m/n) with the shaded areas representing the range of values
attained over 100 experiments. We also provide the performance of LASSO
and GAMP, two widely used algorithms for sparse recovery in compressive
sensing. The figure highlights the suboptimality of both variants of PnP-ISTA
compared to GAMP, which stems from their assumption that errors in every
ISTA iteration are AWGN. One can also observe the remarkable agreement
between two variants of PnP-ISTA in all experiments.

The underlying assumption in PnP-ISTA is that errors within
every ISTA iteration can be modeled as AWGN, which is known
to be false [42]. This makes both exact and approximate MMSE
denoisers “suboptimal” when used within PnP-ISTA. Unlike
ISTA, GAMP explicitly ensures AWGN errors in every iteration
for random measurement matrices, making it a valid upper
bound in our experimental setting. Fig. 3 illustrates the sub-
optimality of “optimal” ISTA for different measurement rates,
highlighting the necessity of developing more accurate error
models for PnP iterations [43].

IV. CONCLUSION

We provide several new insights into the widely used PnP
methodology by considering “optimal” MMSE denoisers. First,
we have analyzed the convergence of PnP-ISTA for MMSE
denoisers. Our analysis reveals the convergence of the algorithm
even when the data-fidelity term is nonconvex and denoiser
is expansive. Second, our simulations on sparse signal recov-
ery illustrate the potential of approximate MMSE denoisers—
obtained by training deep neural nets—to match the perfor-
mance of the exact MMSE denoiser. The latter is intractable for
high-dimensional imaging problems, while the former has been
extensively used in practice. Third, our simulations highlight
the suboptimality of “optimal” ISTA with an MMSE denoiser,
due to the assumption that error within ISTA iterations are
Gaussian. We hypothesize that a similar phenomenon is present
in the context of imaging inverse problems, which suggests
the possibility of performance improvements by using more
refined statistical models for characterizing errors within PnP
algorithms [43].

APPENDIX A
MMSE DENOISING AS PROXIMAL OPERATOR

The relationship between MMSE estimation and regularized
inversion has been established by Gribonval [27], and has also
been discussed in other contexts [25], [34]. Our contribution is
to formally connect this relationship to PnP algorithms, leading
to their new interpretation for MMSE denoisers.
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Fig. 1. Convergence of PnP-ISTA for exact and approximate MMSE de-
noisers. The latter corresponds to DnCNN trained to minimize MSE. Average
normalized cost f(xt)/f(x0) is plotted against the iteration number with the
shaded areas representing the range of values attained over 100 experiments.
Note the monotonic decrease of the cost function f as predicted by our analysis
as well as the excellent agreement of both denoisers.

Fig. 2. Convergence of PnP-ISTA for exact and approximate MMSE denois-
ers. The latter corresponds to DnCNN trained to minimize MSE. Average SNR
(dB) is plotted against the iteration number with the shaded areas representing
the range of values attained over 100 experiments. The SNR behavior of LASSO,
implemented using ISTA with the !1-norm prior, is also provided for reference.
We highlight the excellent agreement of both denoisers and their superior SNR
performance compared to the !1 regularization.

Since x is a vector with i.i.d. elements, the exact MMSE
denoiser Dσ can be evaluated as a sequence of scalar integrals.
As an approximate MMSE denoiser, we use DnCNN with depth
4 [9]. We train 9 different networks for the removal of AWGN
at noise levels in the range from 0.01 to 0.37. The training was
conducted over 2000 random realizations of the signal x ∼ px
using the !2-loss. For each experiment, we select the network
achieving the highest SNR value under the scaling technique
from [41].

Theorem 1 establishes monotonic convergence of PnP-ISTA
in terms of the cost function f . This is illustrated in Fig. 1
for the measurement rate m/n = 0.8. The average normalized
cost f(xt)/f(x0) is plotted against the iteration number for
both exact and approximate MMSE denoisers. The shaded areas
indicate the range of values taken over 100 random trials. Fig. 2
illustrates the convergence behaviour of PnP-ISTA in terms of
SNR (dB) for identical experimental setting by additionally
including the SNR performance of LASSO as a reference. First,
note the monotonic convergence of {f(xt)}t≥0 as predicted
by our analysis. Second, note the excellent agreement between
two variants of PnP-ISTA. This close agreement is encouraging
as deep neural nets have been extensively used as practical
strategies for regularizing large-scale imaging problems. For
example, the convergence of PnP-ISTA for a modified DnCNN,
trained using the real spectral normalization, has been shown
in [23].

Fig. 3. Illustration of the recovery performance of PnP-ISTA for exact and
approximate MMSE denoisers. Average SNR (dB) is plotted against the mea-
surement rate (m/n) with the shaded areas representing the range of values
attained over 100 experiments. We also provide the performance of LASSO
and GAMP, two widely used algorithms for sparse recovery in compressive
sensing. The figure highlights the suboptimality of both variants of PnP-ISTA
compared to GAMP, which stems from their assumption that errors in every
ISTA iteration are AWGN. One can also observe the remarkable agreement
between two variants of PnP-ISTA in all experiments.

The underlying assumption in PnP-ISTA is that errors within
every ISTA iteration can be modeled as AWGN, which is known
to be false [42]. This makes both exact and approximate MMSE
denoisers “suboptimal” when used within PnP-ISTA. Unlike
ISTA, GAMP explicitly ensures AWGN errors in every iteration
for random measurement matrices, making it a valid upper
bound in our experimental setting. Fig. 3 illustrates the sub-
optimality of “optimal” ISTA for different measurement rates,
highlighting the necessity of developing more accurate error
models for PnP iterations [43].

IV. CONCLUSION

We provide several new insights into the widely used PnP
methodology by considering “optimal” MMSE denoisers. First,
we have analyzed the convergence of PnP-ISTA for MMSE
denoisers. Our analysis reveals the convergence of the algorithm
even when the data-fidelity term is nonconvex and denoiser
is expansive. Second, our simulations on sparse signal recov-
ery illustrate the potential of approximate MMSE denoisers—
obtained by training deep neural nets—to match the perfor-
mance of the exact MMSE denoiser. The latter is intractable for
high-dimensional imaging problems, while the former has been
extensively used in practice. Third, our simulations highlight
the suboptimality of “optimal” ISTA with an MMSE denoiser,
due to the assumption that error within ISTA iterations are
Gaussian. We hypothesize that a similar phenomenon is present
in the context of imaging inverse problems, which suggests
the possibility of performance improvements by using more
refined statistical models for characterizing errors within PnP
algorithms [43].

APPENDIX A
MMSE DENOISING AS PROXIMAL OPERATOR

The relationship between MMSE estimation and regularized
inversion has been established by Gribonval [27], and has also
been discussed in other contexts [25], [34]. Our contribution is
to formally connect this relationship to PnP algorithms, leading
to their new interpretation for MMSE denoisers.
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Fig. 1. Convergence of PnP-ISTA for exact and approximate MMSE de-
noisers. The latter corresponds to DnCNN trained to minimize MSE. Average
normalized cost f(xt)/f(x0) is plotted against the iteration number with the
shaded areas representing the range of values attained over 100 experiments.
Note the monotonic decrease of the cost function f as predicted by our analysis
as well as the excellent agreement of both denoisers.

Fig. 2. Convergence of PnP-ISTA for exact and approximate MMSE denois-
ers. The latter corresponds to DnCNN trained to minimize MSE. Average SNR
(dB) is plotted against the iteration number with the shaded areas representing
the range of values attained over 100 experiments. The SNR behavior of LASSO,
implemented using ISTA with the !1-norm prior, is also provided for reference.
We highlight the excellent agreement of both denoisers and their superior SNR
performance compared to the !1 regularization.

Since x is a vector with i.i.d. elements, the exact MMSE
denoiser Dσ can be evaluated as a sequence of scalar integrals.
As an approximate MMSE denoiser, we use DnCNN with depth
4 [9]. We train 9 different networks for the removal of AWGN
at noise levels in the range from 0.01 to 0.37. The training was
conducted over 2000 random realizations of the signal x ∼ px
using the !2-loss. For each experiment, we select the network
achieving the highest SNR value under the scaling technique
from [41].

Theorem 1 establishes monotonic convergence of PnP-ISTA
in terms of the cost function f . This is illustrated in Fig. 1
for the measurement rate m/n = 0.8. The average normalized
cost f(xt)/f(x0) is plotted against the iteration number for
both exact and approximate MMSE denoisers. The shaded areas
indicate the range of values taken over 100 random trials. Fig. 2
illustrates the convergence behaviour of PnP-ISTA in terms of
SNR (dB) for identical experimental setting by additionally
including the SNR performance of LASSO as a reference. First,
note the monotonic convergence of {f(xt)}t≥0 as predicted
by our analysis. Second, note the excellent agreement between
two variants of PnP-ISTA. This close agreement is encouraging
as deep neural nets have been extensively used as practical
strategies for regularizing large-scale imaging problems. For
example, the convergence of PnP-ISTA for a modified DnCNN,
trained using the real spectral normalization, has been shown
in [23].

Fig. 3. Illustration of the recovery performance of PnP-ISTA for exact and
approximate MMSE denoisers. Average SNR (dB) is plotted against the mea-
surement rate (m/n) with the shaded areas representing the range of values
attained over 100 experiments. We also provide the performance of LASSO
and GAMP, two widely used algorithms for sparse recovery in compressive
sensing. The figure highlights the suboptimality of both variants of PnP-ISTA
compared to GAMP, which stems from their assumption that errors in every
ISTA iteration are AWGN. One can also observe the remarkable agreement
between two variants of PnP-ISTA in all experiments.

The underlying assumption in PnP-ISTA is that errors within
every ISTA iteration can be modeled as AWGN, which is known
to be false [42]. This makes both exact and approximate MMSE
denoisers “suboptimal” when used within PnP-ISTA. Unlike
ISTA, GAMP explicitly ensures AWGN errors in every iteration
for random measurement matrices, making it a valid upper
bound in our experimental setting. Fig. 3 illustrates the sub-
optimality of “optimal” ISTA for different measurement rates,
highlighting the necessity of developing more accurate error
models for PnP iterations [43].

IV. CONCLUSION

We provide several new insights into the widely used PnP
methodology by considering “optimal” MMSE denoisers. First,
we have analyzed the convergence of PnP-ISTA for MMSE
denoisers. Our analysis reveals the convergence of the algorithm
even when the data-fidelity term is nonconvex and denoiser
is expansive. Second, our simulations on sparse signal recov-
ery illustrate the potential of approximate MMSE denoisers—
obtained by training deep neural nets—to match the perfor-
mance of the exact MMSE denoiser. The latter is intractable for
high-dimensional imaging problems, while the former has been
extensively used in practice. Third, our simulations highlight
the suboptimality of “optimal” ISTA with an MMSE denoiser,
due to the assumption that error within ISTA iterations are
Gaussian. We hypothesize that a similar phenomenon is present
in the context of imaging inverse problems, which suggests
the possibility of performance improvements by using more
refined statistical models for characterizing errors within PnP
algorithms [43].

APPENDIX A
MMSE DENOISING AS PROXIMAL OPERATOR

The relationship between MMSE estimation and regularized
inversion has been established by Gribonval [27], and has also
been discussed in other contexts [25], [34]. Our contribution is
to formally connect this relationship to PnP algorithms, leading
to their new interpretation for MMSE denoisers.

Authorized licensed use limited to: WASHINGTON UNIVERSITY LIBRARIES. Downloaded on August 06,2020 at 17:09:32 UTC from IEEE Xplore.  Restrictions apply. 

GAMP 
PnP (MMSE) 
PnP (DnCNN) 
LASSO

Xu et al, “Provable Convergence of Plug-and-Play Priors with MMSE denoisers,” IEEE SPL, vol. 27, 2020

<latexit sha1_base64="iERW8Yo8LuPjNAnwgR09HFI8nFc="></latexit>

Note how DnCNN, trained to approximate the MMSE denoiser, perfectly agrees
with the results using the true MMSE denoiser!



PnP does not have to be restricted to PnP-ADMM, 
MAP, implicit priors, denoisers, and point estimates

• While PnP-ADMM was the first PnP method, there are variants 
based on other algorithms (such as PnP-FISTA)

• While original PnP is interpreted as using implicit priors, there are 
formulations based on explicit regularizers (such as RED)

• While the MAP view of the proximal operator is common, CNNs 
are often trained to act as MMSE estimators over the training data

• While original PnP was restricted to image denoisers, there are 
tools for efficiently learning priors end-to-end (such as DEQ)
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Figure 1: Algorithmic details of two optimization methods used in this work: (a) PnP-PGM and (b)
SD-RED. Both algorithms are initialized with x0 and perform t � 1 iterations.

where the first equality in (1a) is due to the following equivalence true for any x 2 Rn and � > 031

rg(x) = 0 , x� �rg(x) = x .

From the assumption y = Ax⇤ with x⇤ 2 Zer(R) and from (1), we have the following inclusions:32
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From T being a contraction over Im(D) and with Lemma 4, we can conclude that x⇤ 2 Zer(rg) \
Zer(R) is the unique fixed point of PnP-PGM for any x0 2 Im(D). Thus, we have that

kxt � x⇤k2 = kT(xt�1)� T(x⇤)k2  ckxt�1 � x⇤k2  · · ·  ctkx0 � x⇤k2 ,

which establishes the desired result.34

B Proof of Theorem 235

In this section, we extend the analysis in Section A to the noisy measurement model y = Ax⇤ + e36

where x⇤ 2 Rn and e 2 Rm. The following analysis builds on that of CSGM in [3] by showing37

that the proof techniques used for CSGM can be also used for analyzing PnP. Note also that one can38
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Suppose all the assumptions for Theorem 2 are true and the step size � > 0 is selected in a way40
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p
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�
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p
µ
ky �Abxk2 + �(1 + 1/↵)
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µ
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p
µ
kek2 + �(1 + 1/↵) ,

where the first inequality uses S-REC, the second one uses Lemma 1 in Section B.1, the third one44

combines two terms by picking the larger one, and the final one uses the measurement model and the45

triangular inequality. By using the inequality above, we can obtain the bound46
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h
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p
�/µ

i
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⇤)k2 + [2/
p
µ]kek2 + �(1 + 1/↵) := "/(1 + c) .

Note that the first two terms of "/(1+ c) above are the distance of x⇤ to Zer(R) and the magnitude of47

the error e, and have direct analogs in standard compressed sensing. The third term is the consequence48
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PnP does not have to be restricted to PnP-ADMM, 
MAP, implicit priors, denoisers, and point estimates

• While PnP-ADMM was the first PnP method, there are variants 
based on other algorithms (such as PnP-FISTA)

• While original PnP is interpreted as using implicit priors, there are 
formulations based on explicit regularizers (such as RED)

• While the MAP view of the proximal operator is common, CNNs 
are often trained to act as MMSE estimators over the training data

• While original PnP was restricted to image denoisers, there are 
tools for efficiently learning priors end-to-end (such as DEQ)

• While original PnP was restricted to point estimates, there are 
tools for efficiently sampling from priors (such as PnP-ULA)

Laumont et al, “Bayesian imaging using Plug & Play priors: when Langevin meets Tweedie,” SIAM J Imag Science, 2022



Training PnP denoisers as diffusion models can 
enable sampling realistic images with little data 

Metric PSNR " SSIM "
Angle 60

�
90

�
120

�
60

�
90

�
120

�

FBP 25.70 27.87 31.75 0.673 0.694 0.739
RLS 27.45 30.69 34.91 0.756 0.852 0.909
TV [5] 29.13 33.01 39.06 0.811 0.902 0.963
CTNet [2] 29.72 33.39 37.95 0.824 0.895 0.952
U-Net [40] 29.47 33.45 39.22 0.851 0.910 0.972
DPIR [90] 30.40 34.35 38.92 0.845 0.916 0.970
ILVR [12] 29.64 33.06 38.97 0.846 0.911 0.968
DPS [13] 30.96 34.84 38.75 0.885 0.923 0.968
DOLCE 34.06 39.01 44.83 0.932 0.964 0.985
DOLCE-SA 34.74 39.67 45.52 0.937 0.972 0.987

Table 2. Average PSNR and SSIM results comparing test slices
with the ground truth from checked-in luggage dataset.

5.3. Quantitative and Qualitative Results

Table 1 and Table 2 show average PSNR and SSIM [79]
results of several methods for 150 randomly chosen slices
from each test set, respectively. The compared methods in-
clude FBP, RLS, TV [5], U-Net [40], CTNet [2], DPIR [90],
ILVR [12], and DPS [13]. Note that CTNet is a method
specifically designed for luggage dataset to reconstruct di-
rectly from sinograms. We observed that making CTNet
perform well on other datasets requires dedicated fine-tuning
so we omit its results on medical dataset for fair comparison.
U-Net corresponds to our own implementation of the archi-
tecture used in the FBPConvNet [40], and we use the same
RLS reconstruction instead of FBP to train the U-Net models.
DPIR refers to an iterative deterministic method that uses
deep Gaussian denoiser as prior for solving various imaging
inverse problems. The denoisers used in DPIR are retrained
on our CT datasets. ILVR and DPS are two sampling al-
gorithms that use unconditionally trained diffusion models
for solving inverse problems. It is worth noting that to the
best of our knowledge there is no existing work that uses
diffusion models for LACT reconstruction. We run a grid
search over the noise schedule and data-consistency hyper-
parameters for both ILVR and DPS, and we observe that
both ILVR and DPS perform better in terms of PSNR/SSIM
when using models trained separately on each dataset. Ac-
cordingly, we report the results that have the best PSNR (dB)
values. From Table 1 and Table 2, it is evident that DOLCE
is significantly better than existing approaches and signif-
icantly outperforms recent methods using unconditionally
trained diffusion models.
Visual Evaluation. We compare the visual results of
DOLCE to RLS, TV, ILVR, and DPS for ✓max 2 {60�, 90�}
in Fig. 3. In general, we observe that RLS is dominated by
the artifacts due to missing angles, while TV reduces those ar-
tifacts, but blurs the fine structures by producing cartoon-like
features. Although ILVR and DPS show better reconstruc-
tion with sharper edges than TV, DOLCE produces more
accurate reconstructions with fine details. This highlights
the SOTA performance of DOLCE using our conditionally
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Figure 4. Visual results on two different CT images. The error to
the ground truth is computed using the conditional mean E[x|y],
and the variance corresponds to per-pixel standard deviation. It
is evident that the ill-posed nature of the reconstruction task has
a direct impact on the diversity of the generated samples, and the
variances are highly correlated with the reconstruction errors.

Angle Dataset Lug. Med. Lug.+Med.

60
� Lug. 33.59 / 0.935 26.78 / 0.701 33.98 / 0.935

Med. 22.56 / 0.726 34.95 / 0.949 35.15 / 0.945

90
� Lug. 39.19 / 0.966 31.36 / 0.853 39.28 / 0.967

Med. 29.96 / 0.732 39.28 / 0.969 39.27 / 0.963

120
� Lug. 45.43 / 0.988 34.71 / 0.933 45.18 / 0.987

Med. 33.97 / 0.927 43.05 / 0.976 42.52 / 0.974

Table 3. Average PSNR/SSIM results of DOLCE on luggage and
medical images, where DOLCE uses two models separately trained
on luggage and medical and one trained on the combined dataset.

trained denoising diffusion model.

5.4. Ablation Studies

Capacity for Multiple Data Distributions. We extract ad-
ditional 150 slices randomly selected from luggage and body
CT datasets, respectively, in order to evaluate the effective-
ness of our DOLCE using model jointly trained on two

7
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with the ground truth from checked-in luggage dataset.

5.3. Quantitative and Qualitative Results

Table 1 and Table 2 show average PSNR and SSIM [79]
results of several methods for 150 randomly chosen slices
from each test set, respectively. The compared methods in-
clude FBP, RLS, TV [5], U-Net [40], CTNet [2], DPIR [90],
ILVR [12], and DPS [13]. Note that CTNet is a method
specifically designed for luggage dataset to reconstruct di-
rectly from sinograms. We observed that making CTNet
perform well on other datasets requires dedicated fine-tuning
so we omit its results on medical dataset for fair comparison.
U-Net corresponds to our own implementation of the archi-
tecture used in the FBPConvNet [40], and we use the same
RLS reconstruction instead of FBP to train the U-Net models.
DPIR refers to an iterative deterministic method that uses
deep Gaussian denoiser as prior for solving various imaging
inverse problems. The denoisers used in DPIR are retrained
on our CT datasets. ILVR and DPS are two sampling al-
gorithms that use unconditionally trained diffusion models
for solving inverse problems. It is worth noting that to the
best of our knowledge there is no existing work that uses
diffusion models for LACT reconstruction. We run a grid
search over the noise schedule and data-consistency hyper-
parameters for both ILVR and DPS, and we observe that
both ILVR and DPS perform better in terms of PSNR/SSIM
when using models trained separately on each dataset. Ac-
cordingly, we report the results that have the best PSNR (dB)
values. From Table 1 and Table 2, it is evident that DOLCE
is significantly better than existing approaches and signif-
icantly outperforms recent methods using unconditionally
trained diffusion models.
Visual Evaluation. We compare the visual results of
DOLCE to RLS, TV, ILVR, and DPS for ✓max 2 {60�, 90�}
in Fig. 3. In general, we observe that RLS is dominated by
the artifacts due to missing angles, while TV reduces those ar-
tifacts, but blurs the fine structures by producing cartoon-like
features. Although ILVR and DPS show better reconstruc-
tion with sharper edges than TV, DOLCE produces more
accurate reconstructions with fine details. This highlights
the SOTA performance of DOLCE using our conditionally
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Figure 4. Visual results on two different CT images. The error to
the ground truth is computed using the conditional mean E[x|y],
and the variance corresponds to per-pixel standard deviation. It
is evident that the ill-posed nature of the reconstruction task has
a direct impact on the diversity of the generated samples, and the
variances are highly correlated with the reconstruction errors.

Angle Dataset Lug. Med. Lug.+Med.
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� Lug. 33.59 / 0.935 26.78 / 0.701 33.98 / 0.935

Med. 22.56 / 0.726 34.95 / 0.949 35.15 / 0.945
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Table 3. Average PSNR/SSIM results of DOLCE on luggage and
medical images, where DOLCE uses two models separately trained
on luggage and medical and one trained on the combined dataset.

trained denoising diffusion model.
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with the ground truth from checked-in luggage dataset.

5.3. Quantitative and Qualitative Results

Table 1 and Table 2 show average PSNR and SSIM [79]
results of several methods for 150 randomly chosen slices
from each test set, respectively. The compared methods in-
clude FBP, RLS, TV [5], U-Net [40], CTNet [2], DPIR [90],
ILVR [12], and DPS [13]. Note that CTNet is a method
specifically designed for luggage dataset to reconstruct di-
rectly from sinograms. We observed that making CTNet
perform well on other datasets requires dedicated fine-tuning
so we omit its results on medical dataset for fair comparison.
U-Net corresponds to our own implementation of the archi-
tecture used in the FBPConvNet [40], and we use the same
RLS reconstruction instead of FBP to train the U-Net models.
DPIR refers to an iterative deterministic method that uses
deep Gaussian denoiser as prior for solving various imaging
inverse problems. The denoisers used in DPIR are retrained
on our CT datasets. ILVR and DPS are two sampling al-
gorithms that use unconditionally trained diffusion models
for solving inverse problems. It is worth noting that to the
best of our knowledge there is no existing work that uses
diffusion models for LACT reconstruction. We run a grid
search over the noise schedule and data-consistency hyper-
parameters for both ILVR and DPS, and we observe that
both ILVR and DPS perform better in terms of PSNR/SSIM
when using models trained separately on each dataset. Ac-
cordingly, we report the results that have the best PSNR (dB)
values. From Table 1 and Table 2, it is evident that DOLCE
is significantly better than existing approaches and signif-
icantly outperforms recent methods using unconditionally
trained diffusion models.
Visual Evaluation. We compare the visual results of
DOLCE to RLS, TV, ILVR, and DPS for ✓max 2 {60�, 90�}
in Fig. 3. In general, we observe that RLS is dominated by
the artifacts due to missing angles, while TV reduces those ar-
tifacts, but blurs the fine structures by producing cartoon-like
features. Although ILVR and DPS show better reconstruc-
tion with sharper edges than TV, DOLCE produces more
accurate reconstructions with fine details. This highlights
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Figure 4. Visual results on two different CT images. The error to
the ground truth is computed using the conditional mean E[x|y],
and the variance corresponds to per-pixel standard deviation. It
is evident that the ill-posed nature of the reconstruction task has
a direct impact on the diversity of the generated samples, and the
variances are highly correlated with the reconstruction errors.
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specifically designed for luggage dataset to reconstruct di-
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RLS reconstruction instead of FBP to train the U-Net models.
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Figure 4. Visual results on two different CT images. The error to
the ground truth is computed using the conditional mean E[x|y],
and the variance corresponds to per-pixel standard deviation. It
is evident that the ill-posed nature of the reconstruction task has
a direct impact on the diversity of the generated samples, and the
variances are highly correlated with the reconstruction errors.
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Table 1 and Table 2 show average PSNR and SSIM [79]
results of several methods for 150 randomly chosen slices
from each test set, respectively. The compared methods in-
clude FBP, RLS, TV [5], U-Net [40], CTNet [2], DPIR [90],
ILVR [12], and DPS [13]. Note that CTNet is a method
specifically designed for luggage dataset to reconstruct di-
rectly from sinograms. We observed that making CTNet
perform well on other datasets requires dedicated fine-tuning
so we omit its results on medical dataset for fair comparison.
U-Net corresponds to our own implementation of the archi-
tecture used in the FBPConvNet [40], and we use the same
RLS reconstruction instead of FBP to train the U-Net models.
DPIR refers to an iterative deterministic method that uses
deep Gaussian denoiser as prior for solving various imaging
inverse problems. The denoisers used in DPIR are retrained
on our CT datasets. ILVR and DPS are two sampling al-
gorithms that use unconditionally trained diffusion models
for solving inverse problems. It is worth noting that to the
best of our knowledge there is no existing work that uses
diffusion models for LACT reconstruction. We run a grid
search over the noise schedule and data-consistency hyper-
parameters for both ILVR and DPS, and we observe that
both ILVR and DPS perform better in terms of PSNR/SSIM
when using models trained separately on each dataset. Ac-
cordingly, we report the results that have the best PSNR (dB)
values. From Table 1 and Table 2, it is evident that DOLCE
is significantly better than existing approaches and signif-
icantly outperforms recent methods using unconditionally
trained diffusion models.
Visual Evaluation. We compare the visual results of
DOLCE to RLS, TV, ILVR, and DPS for ✓max 2 {60�, 90�}
in Fig. 3. In general, we observe that RLS is dominated by
the artifacts due to missing angles, while TV reduces those ar-
tifacts, but blurs the fine structures by producing cartoon-like
features. Although ILVR and DPS show better reconstruc-
tion with sharper edges than TV, DOLCE produces more
accurate reconstructions with fine details. This highlights
the SOTA performance of DOLCE using our conditionally

0.018

0
1e-5

0

FB
P

Sa
m

pl
e 

1
 (
O

ur
s)

Sa
m

pl
e 

2
 (
O

ur
s)

A
bs

ol
ut

e 
Er

ro
r

V
ar

ia
nc

e

0.025

0
1e-4

0

60° available 90° available 60° available 90° available

Si
no

gr
am

!

Figure 4. Visual results on two different CT images. The error to
the ground truth is computed using the conditional mean E[x|y],
and the variance corresponds to per-pixel standard deviation. It
is evident that the ill-posed nature of the reconstruction task has
a direct impact on the diversity of the generated samples, and the
variances are highly correlated with the reconstruction errors.

Angle Dataset Lug. Med. Lug.+Med.

60
� Lug. 33.59 / 0.935 26.78 / 0.701 33.98 / 0.935

Med. 22.56 / 0.726 34.95 / 0.949 35.15 / 0.945

90
� Lug. 39.19 / 0.966 31.36 / 0.853 39.28 / 0.967

Med. 29.96 / 0.732 39.28 / 0.969 39.27 / 0.963

120
� Lug. 45.43 / 0.988 34.71 / 0.933 45.18 / 0.987

Med. 33.97 / 0.927 43.05 / 0.976 42.52 / 0.974

Table 3. Average PSNR/SSIM results of DOLCE on luggage and
medical images, where DOLCE uses two models separately trained
on luggage and medical and one trained on the combined dataset.

trained denoising diffusion model.

5.4. Ablation Studies

Capacity for Multiple Data Distributions. We extract ad-
ditional 150 slices randomly selected from luggage and body
CT datasets, respectively, in order to evaluate the effective-
ness of our DOLCE using model jointly trained on two
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with the ground truth from checked-in luggage dataset.

5.3. Quantitative and Qualitative Results

Table 1 and Table 2 show average PSNR and SSIM [79]
results of several methods for 150 randomly chosen slices
from each test set, respectively. The compared methods in-
clude FBP, RLS, TV [5], U-Net [40], CTNet [2], DPIR [90],
ILVR [12], and DPS [13]. Note that CTNet is a method
specifically designed for luggage dataset to reconstruct di-
rectly from sinograms. We observed that making CTNet
perform well on other datasets requires dedicated fine-tuning
so we omit its results on medical dataset for fair comparison.
U-Net corresponds to our own implementation of the archi-
tecture used in the FBPConvNet [40], and we use the same
RLS reconstruction instead of FBP to train the U-Net models.
DPIR refers to an iterative deterministic method that uses
deep Gaussian denoiser as prior for solving various imaging
inverse problems. The denoisers used in DPIR are retrained
on our CT datasets. ILVR and DPS are two sampling al-
gorithms that use unconditionally trained diffusion models
for solving inverse problems. It is worth noting that to the
best of our knowledge there is no existing work that uses
diffusion models for LACT reconstruction. We run a grid
search over the noise schedule and data-consistency hyper-
parameters for both ILVR and DPS, and we observe that
both ILVR and DPS perform better in terms of PSNR/SSIM
when using models trained separately on each dataset. Ac-
cordingly, we report the results that have the best PSNR (dB)
values. From Table 1 and Table 2, it is evident that DOLCE
is significantly better than existing approaches and signif-
icantly outperforms recent methods using unconditionally
trained diffusion models.
Visual Evaluation. We compare the visual results of
DOLCE to RLS, TV, ILVR, and DPS for ✓max 2 {60�, 90�}
in Fig. 3. In general, we observe that RLS is dominated by
the artifacts due to missing angles, while TV reduces those ar-
tifacts, but blurs the fine structures by producing cartoon-like
features. Although ILVR and DPS show better reconstruc-
tion with sharper edges than TV, DOLCE produces more
accurate reconstructions with fine details. This highlights
the SOTA performance of DOLCE using our conditionally
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Figure 4. Visual results on two different CT images. The error to
the ground truth is computed using the conditional mean E[x|y],
and the variance corresponds to per-pixel standard deviation. It
is evident that the ill-posed nature of the reconstruction task has
a direct impact on the diversity of the generated samples, and the
variances are highly correlated with the reconstruction errors.
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� Lug. 33.59 / 0.935 26.78 / 0.701 33.98 / 0.935

Med. 22.56 / 0.726 34.95 / 0.949 35.15 / 0.945
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� Lug. 39.19 / 0.966 31.36 / 0.853 39.28 / 0.967

Med. 29.96 / 0.732 39.28 / 0.969 39.27 / 0.963
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� Lug. 45.43 / 0.988 34.71 / 0.933 45.18 / 0.987

Med. 33.97 / 0.927 43.05 / 0.976 42.52 / 0.974

Table 3. Average PSNR/SSIM results of DOLCE on luggage and
medical images, where DOLCE uses two models separately trained
on luggage and medical and one trained on the combined dataset.
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ditional 150 slices randomly selected from luggage and body
CT datasets, respectively, in order to evaluate the effective-
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details. See Table 1 and Table 2 for quantitative comparisons with additional baselines. Images are normalized for better visualization.

5.2. Training details and parameters

We train and evaluate the models with Pytorch using Tesla
V100 GPUs with 16GB memory. To show the effectiveness
of our conditional diffusion model, we train a single DOLCE
model on the luggage and body CT dataset jointly, by mini-
mizing the loss in Eq. (7). We rescale each dataset globally
to make them have the same intensity range, but we do not
perform any normalization on those images. As baselines
for comparison, we also train individual models on luggage
and body CT dataset. For both two datasets, FBP and RLS
reconstructions are obtained using publicly available CT re-
construction tools such as LTT [9] and TomoPy [28]. During

training, we randomly select FBP or RLS reconstructed us-
ing ✓max 2 {60�, 90�, 120�} as the conditional input, so that
the models can handle multiple scenarios. The FBP or RLS
is normalized to intensity range of [0, 1] for better perfor-
mance and stable training. We also train two unconditional
diffusion models on each dataset and one on the joint dataset
as additional baselines. Due to GPU memory constraints,
we train all diffusion models in half precision (float16)
with a batch-size of 256. We use the Adam optimizer with a
fixed learning rate of 1.5⇥ 10�4 and a dropout rate of 0.2
for each model. We do not perform any checkpoint selection
on our models and simply select the latest checkpoint. It
takes about two days to obtain a DOLCE model.
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U-Net [40] 29.47 33.45 39.22 0.851 0.910 0.972
DPIR [90] 30.40 34.35 38.92 0.845 0.916 0.970
ILVR [12] 29.64 33.06 38.97 0.846 0.911 0.968
DPS [13] 30.96 34.84 38.75 0.885 0.923 0.968
DOLCE 34.06 39.01 44.83 0.932 0.964 0.985
DOLCE-SA 34.74 39.67 45.52 0.937 0.972 0.987

Table 2. Average PSNR and SSIM results comparing test slices
with the ground truth from checked-in luggage dataset.

5.3. Quantitative and Qualitative Results

Table 1 and Table 2 show average PSNR and SSIM [79]
results of several methods for 150 randomly chosen slices
from each test set, respectively. The compared methods in-
clude FBP, RLS, TV [5], U-Net [40], CTNet [2], DPIR [90],
ILVR [12], and DPS [13]. Note that CTNet is a method
specifically designed for luggage dataset to reconstruct di-
rectly from sinograms. We observed that making CTNet
perform well on other datasets requires dedicated fine-tuning
so we omit its results on medical dataset for fair comparison.
U-Net corresponds to our own implementation of the archi-
tecture used in the FBPConvNet [40], and we use the same
RLS reconstruction instead of FBP to train the U-Net models.
DPIR refers to an iterative deterministic method that uses
deep Gaussian denoiser as prior for solving various imaging
inverse problems. The denoisers used in DPIR are retrained
on our CT datasets. ILVR and DPS are two sampling al-
gorithms that use unconditionally trained diffusion models
for solving inverse problems. It is worth noting that to the
best of our knowledge there is no existing work that uses
diffusion models for LACT reconstruction. We run a grid
search over the noise schedule and data-consistency hyper-
parameters for both ILVR and DPS, and we observe that
both ILVR and DPS perform better in terms of PSNR/SSIM
when using models trained separately on each dataset. Ac-
cordingly, we report the results that have the best PSNR (dB)
values. From Table 1 and Table 2, it is evident that DOLCE
is significantly better than existing approaches and signif-
icantly outperforms recent methods using unconditionally
trained diffusion models.
Visual Evaluation. We compare the visual results of
DOLCE to RLS, TV, ILVR, and DPS for ✓max 2 {60�, 90�}
in Fig. 3. In general, we observe that RLS is dominated by
the artifacts due to missing angles, while TV reduces those ar-
tifacts, but blurs the fine structures by producing cartoon-like
features. Although ILVR and DPS show better reconstruc-
tion with sharper edges than TV, DOLCE produces more
accurate reconstructions with fine details. This highlights
the SOTA performance of DOLCE using our conditionally
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Figure 4. Visual results on two different CT images. The error to
the ground truth is computed using the conditional mean E[x|y],
and the variance corresponds to per-pixel standard deviation. It
is evident that the ill-posed nature of the reconstruction task has
a direct impact on the diversity of the generated samples, and the
variances are highly correlated with the reconstruction errors.

Angle Dataset Lug. Med. Lug.+Med.

60
� Lug. 33.59 / 0.935 26.78 / 0.701 33.98 / 0.935

Med. 22.56 / 0.726 34.95 / 0.949 35.15 / 0.945

90
� Lug. 39.19 / 0.966 31.36 / 0.853 39.28 / 0.967

Med. 29.96 / 0.732 39.28 / 0.969 39.27 / 0.963

120
� Lug. 45.43 / 0.988 34.71 / 0.933 45.18 / 0.987

Med. 33.97 / 0.927 43.05 / 0.976 42.52 / 0.974

Table 3. Average PSNR/SSIM results of DOLCE on luggage and
medical images, where DOLCE uses two models separately trained
on luggage and medical and one trained on the combined dataset.

trained denoising diffusion model.

5.4. Ablation Studies

Capacity for Multiple Data Distributions. We extract ad-
ditional 150 slices randomly selected from luggage and body
CT datasets, respectively, in order to evaluate the effective-
ness of our DOLCE using model jointly trained on two
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Table 2. Average PSNR and SSIM results comparing test slices
with the ground truth from checked-in luggage dataset.

5.3. Quantitative and Qualitative Results

Table 1 and Table 2 show average PSNR and SSIM [79]
results of several methods for 150 randomly chosen slices
from each test set, respectively. The compared methods in-
clude FBP, RLS, TV [5], U-Net [40], CTNet [2], DPIR [90],
ILVR [12], and DPS [13]. Note that CTNet is a method
specifically designed for luggage dataset to reconstruct di-
rectly from sinograms. We observed that making CTNet
perform well on other datasets requires dedicated fine-tuning
so we omit its results on medical dataset for fair comparison.
U-Net corresponds to our own implementation of the archi-
tecture used in the FBPConvNet [40], and we use the same
RLS reconstruction instead of FBP to train the U-Net models.
DPIR refers to an iterative deterministic method that uses
deep Gaussian denoiser as prior for solving various imaging
inverse problems. The denoisers used in DPIR are retrained
on our CT datasets. ILVR and DPS are two sampling al-
gorithms that use unconditionally trained diffusion models
for solving inverse problems. It is worth noting that to the
best of our knowledge there is no existing work that uses
diffusion models for LACT reconstruction. We run a grid
search over the noise schedule and data-consistency hyper-
parameters for both ILVR and DPS, and we observe that
both ILVR and DPS perform better in terms of PSNR/SSIM
when using models trained separately on each dataset. Ac-
cordingly, we report the results that have the best PSNR (dB)
values. From Table 1 and Table 2, it is evident that DOLCE
is significantly better than existing approaches and signif-
icantly outperforms recent methods using unconditionally
trained diffusion models.
Visual Evaluation. We compare the visual results of
DOLCE to RLS, TV, ILVR, and DPS for ✓max 2 {60�, 90�}
in Fig. 3. In general, we observe that RLS is dominated by
the artifacts due to missing angles, while TV reduces those ar-
tifacts, but blurs the fine structures by producing cartoon-like
features. Although ILVR and DPS show better reconstruc-
tion with sharper edges than TV, DOLCE produces more
accurate reconstructions with fine details. This highlights
the SOTA performance of DOLCE using our conditionally
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Figure 4. Visual results on two different CT images. The error to
the ground truth is computed using the conditional mean E[x|y],
and the variance corresponds to per-pixel standard deviation. It
is evident that the ill-posed nature of the reconstruction task has
a direct impact on the diversity of the generated samples, and the
variances are highly correlated with the reconstruction errors.

Angle Dataset Lug. Med. Lug.+Med.

60
� Lug. 33.59 / 0.935 26.78 / 0.701 33.98 / 0.935

Med. 22.56 / 0.726 34.95 / 0.949 35.15 / 0.945

90
� Lug. 39.19 / 0.966 31.36 / 0.853 39.28 / 0.967

Med. 29.96 / 0.732 39.28 / 0.969 39.27 / 0.963

120
� Lug. 45.43 / 0.988 34.71 / 0.933 45.18 / 0.987

Med. 33.97 / 0.927 43.05 / 0.976 42.52 / 0.974

Table 3. Average PSNR/SSIM results of DOLCE on luggage and
medical images, where DOLCE uses two models separately trained
on luggage and medical and one trained on the combined dataset.

trained denoising diffusion model.

5.4. Ablation Studies

Capacity for Multiple Data Distributions. We extract ad-
ditional 150 slices randomly selected from luggage and body
CT datasets, respectively, in order to evaluate the effective-
ness of our DOLCE using model jointly trained on two
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Table 2. Average PSNR and SSIM results comparing test slices
with the ground truth from checked-in luggage dataset.

5.3. Quantitative and Qualitative Results

Table 1 and Table 2 show average PSNR and SSIM [79]
results of several methods for 150 randomly chosen slices
from each test set, respectively. The compared methods in-
clude FBP, RLS, TV [5], U-Net [40], CTNet [2], DPIR [90],
ILVR [12], and DPS [13]. Note that CTNet is a method
specifically designed for luggage dataset to reconstruct di-
rectly from sinograms. We observed that making CTNet
perform well on other datasets requires dedicated fine-tuning
so we omit its results on medical dataset for fair comparison.
U-Net corresponds to our own implementation of the archi-
tecture used in the FBPConvNet [40], and we use the same
RLS reconstruction instead of FBP to train the U-Net models.
DPIR refers to an iterative deterministic method that uses
deep Gaussian denoiser as prior for solving various imaging
inverse problems. The denoisers used in DPIR are retrained
on our CT datasets. ILVR and DPS are two sampling al-
gorithms that use unconditionally trained diffusion models
for solving inverse problems. It is worth noting that to the
best of our knowledge there is no existing work that uses
diffusion models for LACT reconstruction. We run a grid
search over the noise schedule and data-consistency hyper-
parameters for both ILVR and DPS, and we observe that
both ILVR and DPS perform better in terms of PSNR/SSIM
when using models trained separately on each dataset. Ac-
cordingly, we report the results that have the best PSNR (dB)
values. From Table 1 and Table 2, it is evident that DOLCE
is significantly better than existing approaches and signif-
icantly outperforms recent methods using unconditionally
trained diffusion models.
Visual Evaluation. We compare the visual results of
DOLCE to RLS, TV, ILVR, and DPS for ✓max 2 {60�, 90�}
in Fig. 3. In general, we observe that RLS is dominated by
the artifacts due to missing angles, while TV reduces those ar-
tifacts, but blurs the fine structures by producing cartoon-like
features. Although ILVR and DPS show better reconstruc-
tion with sharper edges than TV, DOLCE produces more
accurate reconstructions with fine details. This highlights
the SOTA performance of DOLCE using our conditionally
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Figure 4. Visual results on two different CT images. The error to
the ground truth is computed using the conditional mean E[x|y],
and the variance corresponds to per-pixel standard deviation. It
is evident that the ill-posed nature of the reconstruction task has
a direct impact on the diversity of the generated samples, and the
variances are highly correlated with the reconstruction errors.

Angle Dataset Lug. Med. Lug.+Med.

60
� Lug. 33.59 / 0.935 26.78 / 0.701 33.98 / 0.935

Med. 22.56 / 0.726 34.95 / 0.949 35.15 / 0.945

90
� Lug. 39.19 / 0.966 31.36 / 0.853 39.28 / 0.967

Med. 29.96 / 0.732 39.28 / 0.969 39.27 / 0.963

120
� Lug. 45.43 / 0.988 34.71 / 0.933 45.18 / 0.987

Med. 33.97 / 0.927 43.05 / 0.976 42.52 / 0.974

Table 3. Average PSNR/SSIM results of DOLCE on luggage and
medical images, where DOLCE uses two models separately trained
on luggage and medical and one trained on the combined dataset.

trained denoising diffusion model.

5.4. Ablation Studies

Capacity for Multiple Data Distributions. We extract ad-
ditional 150 slices randomly selected from luggage and body
CT datasets, respectively, in order to evaluate the effective-
ness of our DOLCE using model jointly trained on two
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with the ground truth from checked-in luggage dataset.
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Table 1 and Table 2 show average PSNR and SSIM [79]
results of several methods for 150 randomly chosen slices
from each test set, respectively. The compared methods in-
clude FBP, RLS, TV [5], U-Net [40], CTNet [2], DPIR [90],
ILVR [12], and DPS [13]. Note that CTNet is a method
specifically designed for luggage dataset to reconstruct di-
rectly from sinograms. We observed that making CTNet
perform well on other datasets requires dedicated fine-tuning
so we omit its results on medical dataset for fair comparison.
U-Net corresponds to our own implementation of the archi-
tecture used in the FBPConvNet [40], and we use the same
RLS reconstruction instead of FBP to train the U-Net models.
DPIR refers to an iterative deterministic method that uses
deep Gaussian denoiser as prior for solving various imaging
inverse problems. The denoisers used in DPIR are retrained
on our CT datasets. ILVR and DPS are two sampling al-
gorithms that use unconditionally trained diffusion models
for solving inverse problems. It is worth noting that to the
best of our knowledge there is no existing work that uses
diffusion models for LACT reconstruction. We run a grid
search over the noise schedule and data-consistency hyper-
parameters for both ILVR and DPS, and we observe that
both ILVR and DPS perform better in terms of PSNR/SSIM
when using models trained separately on each dataset. Ac-
cordingly, we report the results that have the best PSNR (dB)
values. From Table 1 and Table 2, it is evident that DOLCE
is significantly better than existing approaches and signif-
icantly outperforms recent methods using unconditionally
trained diffusion models.
Visual Evaluation. We compare the visual results of
DOLCE to RLS, TV, ILVR, and DPS for ✓max 2 {60�, 90�}
in Fig. 3. In general, we observe that RLS is dominated by
the artifacts due to missing angles, while TV reduces those ar-
tifacts, but blurs the fine structures by producing cartoon-like
features. Although ILVR and DPS show better reconstruc-
tion with sharper edges than TV, DOLCE produces more
accurate reconstructions with fine details. This highlights
the SOTA performance of DOLCE using our conditionally
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Figure 4. Visual results on two different CT images. The error to
the ground truth is computed using the conditional mean E[x|y],
and the variance corresponds to per-pixel standard deviation. It
is evident that the ill-posed nature of the reconstruction task has
a direct impact on the diversity of the generated samples, and the
variances are highly correlated with the reconstruction errors.

Angle Dataset Lug. Med. Lug.+Med.

60
� Lug. 33.59 / 0.935 26.78 / 0.701 33.98 / 0.935

Med. 22.56 / 0.726 34.95 / 0.949 35.15 / 0.945

90
� Lug. 39.19 / 0.966 31.36 / 0.853 39.28 / 0.967

Med. 29.96 / 0.732 39.28 / 0.969 39.27 / 0.963

120
� Lug. 45.43 / 0.988 34.71 / 0.933 45.18 / 0.987

Med. 33.97 / 0.927 43.05 / 0.976 42.52 / 0.974

Table 3. Average PSNR/SSIM results of DOLCE on luggage and
medical images, where DOLCE uses two models separately trained
on luggage and medical and one trained on the combined dataset.

trained denoising diffusion model.

5.4. Ablation Studies

Capacity for Multiple Data Distributions. We extract ad-
ditional 150 slices randomly selected from luggage and body
CT datasets, respectively, in order to evaluate the effective-
ness of our DOLCE using model jointly trained on two
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so we omit its results on medical dataset for fair comparison.
U-Net corresponds to our own implementation of the archi-
tecture used in the FBPConvNet [40], and we use the same
RLS reconstruction instead of FBP to train the U-Net models.
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for solving inverse problems. It is worth noting that to the
best of our knowledge there is no existing work that uses
diffusion models for LACT reconstruction. We run a grid
search over the noise schedule and data-consistency hyper-
parameters for both ILVR and DPS, and we observe that
both ILVR and DPS perform better in terms of PSNR/SSIM
when using models trained separately on each dataset. Ac-
cordingly, we report the results that have the best PSNR (dB)
values. From Table 1 and Table 2, it is evident that DOLCE
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trained diffusion models.
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the artifacts due to missing angles, while TV reduces those ar-
tifacts, but blurs the fine structures by producing cartoon-like
features. Although ILVR and DPS show better reconstruc-
tion with sharper edges than TV, DOLCE produces more
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Figure 4. Visual results on two different CT images. The error to
the ground truth is computed using the conditional mean E[x|y],
and the variance corresponds to per-pixel standard deviation. It
is evident that the ill-posed nature of the reconstruction task has
a direct impact on the diversity of the generated samples, and the
variances are highly correlated with the reconstruction errors.

Angle Dataset Lug. Med. Lug.+Med.

60
� Lug. 33.59 / 0.935 26.78 / 0.701 33.98 / 0.935

Med. 22.56 / 0.726 34.95 / 0.949 35.15 / 0.945

90
� Lug. 39.19 / 0.966 31.36 / 0.853 39.28 / 0.967

Med. 29.96 / 0.732 39.28 / 0.969 39.27 / 0.963

120
� Lug. 45.43 / 0.988 34.71 / 0.933 45.18 / 0.987

Med. 33.97 / 0.927 43.05 / 0.976 42.52 / 0.974

Table 3. Average PSNR/SSIM results of DOLCE on luggage and
medical images, where DOLCE uses two models separately trained
on luggage and medical and one trained on the combined dataset.
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results of several methods for 150 randomly chosen slices
from each test set, respectively. The compared methods in-
clude FBP, RLS, TV [5], U-Net [40], CTNet [2], DPIR [90],
ILVR [12], and DPS [13]. Note that CTNet is a method
specifically designed for luggage dataset to reconstruct di-
rectly from sinograms. We observed that making CTNet
perform well on other datasets requires dedicated fine-tuning
so we omit its results on medical dataset for fair comparison.
U-Net corresponds to our own implementation of the archi-
tecture used in the FBPConvNet [40], and we use the same
RLS reconstruction instead of FBP to train the U-Net models.
DPIR refers to an iterative deterministic method that uses
deep Gaussian denoiser as prior for solving various imaging
inverse problems. The denoisers used in DPIR are retrained
on our CT datasets. ILVR and DPS are two sampling al-
gorithms that use unconditionally trained diffusion models
for solving inverse problems. It is worth noting that to the
best of our knowledge there is no existing work that uses
diffusion models for LACT reconstruction. We run a grid
search over the noise schedule and data-consistency hyper-
parameters for both ILVR and DPS, and we observe that
both ILVR and DPS perform better in terms of PSNR/SSIM
when using models trained separately on each dataset. Ac-
cordingly, we report the results that have the best PSNR (dB)
values. From Table 1 and Table 2, it is evident that DOLCE
is significantly better than existing approaches and signif-
icantly outperforms recent methods using unconditionally
trained diffusion models.
Visual Evaluation. We compare the visual results of
DOLCE to RLS, TV, ILVR, and DPS for ✓max 2 {60�, 90�}
in Fig. 3. In general, we observe that RLS is dominated by
the artifacts due to missing angles, while TV reduces those ar-
tifacts, but blurs the fine structures by producing cartoon-like
features. Although ILVR and DPS show better reconstruc-
tion with sharper edges than TV, DOLCE produces more
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Figure 4. Visual results on two different CT images. The error to
the ground truth is computed using the conditional mean E[x|y],
and the variance corresponds to per-pixel standard deviation. It
is evident that the ill-posed nature of the reconstruction task has
a direct impact on the diversity of the generated samples, and the
variances are highly correlated with the reconstruction errors.
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Med. 22.56 / 0.726 34.95 / 0.949 35.15 / 0.945
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� Lug. 39.19 / 0.966 31.36 / 0.853 39.28 / 0.967

Med. 29.96 / 0.732 39.28 / 0.969 39.27 / 0.963
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Med. 33.97 / 0.927 43.05 / 0.976 42.52 / 0.974

Table 3. Average PSNR/SSIM results of DOLCE on luggage and
medical images, where DOLCE uses two models separately trained
on luggage and medical and one trained on the combined dataset.

trained denoising diffusion model.

5.4. Ablation Studies

Capacity for Multiple Data Distributions. We extract ad-
ditional 150 slices randomly selected from luggage and body
CT datasets, respectively, in order to evaluate the effective-
ness of our DOLCE using model jointly trained on two
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Training PnP denoisers as diffusion models can 
enable sampling realistic images with little data 

Liu et al, “DOLCE: A Model-Based Probabilistic Diffusion Framework 
for Limited-Angle CT Reconstruction,” arXiv:2211.12340, 2022
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Limited-angle CT with ✓max  60�. Note how DOLCE can synthesize

realistic-looking 3D reconstruction from very little data!



Outline for the rest of the talk

๏ Plug-and-Play Methods for Inverse Problems (IEEE SPM 2022) 
Integrating physical models and learned deep priors

๏ Deep Continuous Artifact-Free Fields (Nature MI 2022) 
A new PnP framework for continuous image recovery

๏ Online Deep Equilibrium Learning (NeurIPS 2022) 
A new PnP framework for efficient prior learning



ODER is a PnP method for learning end-to-end 
optimal image priors for large-scale problems
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PnP models achieve SOTA performance  
when the image prior is trained at the fixed points



PnP models achieve SOTA performance  
when the image prior is trained at the fixed points

PnP can be interpreted as a model-based implicit network

physical forward model

learned CNN prior
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Figure 1: Algorithmic details of two optimization methods used in this work: (a) PnP-PGM and (b)
SD-RED. Both algorithms are initialized with x0 and perform t � 1 iterations.

where the first equality in (1a) is due to the following equivalence true for any x 2 Rn and � > 031

rg(x) = 0 , x� �rg(x) = x .

From the assumption y = Ax⇤ with x⇤ 2 Zer(R) and from (1), we have the following inclusions:32

x⇤ 2 Zer(rg) \ Zer(R) ✓ Fix(T) ✓ Im(D) ✓ Rn .

From Lemma 3 and Lemma 6, we conclude that for any x, z 2 Im(D), we have33

kT(x)� T(z)k2  ckx� zk2 with c = (1 + ↵)max{|1� �µ|, |1� ��|} .

From T being a contraction over Im(D) and with Lemma 4, we can conclude that x⇤ 2 Zer(rg) \
Zer(R) is the unique fixed point of PnP-PGM for any x0 2 Im(D). Thus, we have that

kxt � x⇤k2 = kT(xt�1)� T(x⇤)k2  ckxt�1 � x⇤k2  · · ·  ctkx0 � x⇤k2 ,

which establishes the desired result.34

B Proof of Theorem 235

In this section, we extend the analysis in Section A to the noisy measurement model y = Ax⇤ + e36

where x⇤ 2 Rn and e 2 Rm. The following analysis builds on that of CSGM in [3] by showing37

that the proof techniques used for CSGM can be also used for analyzing PnP. Note also that one can38

improve the error term in the recovery under an additional assumption discussed in Section B.1.39

Suppose all the assumptions for Theorem 2 are true and the step size � > 0 is selected in a way40

that satisfies eq. (10) of the main manuscript. First note that Lemma 3 and Lemma 6 imply that for41

x 2 Fix(T), we have that42

kxt � xk2  ckxt�1 � xk2 with c = (1 + ↵)max{|1� �µ|, |1� ��|} 2 (0, 1) . (2)

Let bx = projZer(R)(x
⇤), then we have that43
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kx⇤ � bxk2 +

2
p
µ
kek2 + �(1 + 1/↵) ,

where the first inequality uses S-REC, the second one uses Lemma 1 in Section B.1, the third one44

combines two terms by picking the larger one, and the final one uses the measurement model and the45

triangular inequality. By using the inequality above, we can obtain the bound46

kx� x⇤k2 
h
1 + 2

p
�/µ

i
kx⇤ � proxZer(R)(x

⇤)k2 + [2/
p
µ]kek2 + �(1 + 1/↵) := "/(1 + c) .

Note that the first two terms of "/(1+ c) above are the distance of x⇤ to Zer(R) and the magnitude of47

the error e, and have direct analogs in standard compressed sensing. The third term is the consequence48
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PnP models achieve SOTA performance  
when the image prior is trained at the fixed points

Performance of PnP models is significantly improved by 
going beyond AWGN denoisers to artifact removing (AR) priors
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Figure 4: Visual evaluation of PnP/RED and two methods using generative models as priors on
the CelebA HQ [77] dataset at 10% CS sampling. Note the visual and quantitative similarity of
PnP and RED when both are using AWGN denoisers. PnP using an artifact-removal (AR) prior
visually matches the performance of ILO based on StyleGAN2, which highlights the benefit of using
pre-trained AR operators within PnP. Best viewed by zooming in the display.

Table 3: Average PSNR (dB) values for several algorithms on test images from CelebA HQ.

Method

CS Ratio
10% 20% 30% 40% 50%

TV 32.13 35.24 37.41 39.35 41.29
PULSE [34] 27.45 29.98 33.06 34.25 34.77
ILO [35] 36.15 40.98 43.46 47.89 48.21
RED (denoising) 35.46 41.59 45.65 48.13 52.17
PnP (denoising) 35.61 41.51 45.71 48.05 52.24
PnP (AR) 39.19 44.20 48.66 51.32 53.89

PnP and RED yield similar visual recovery performance. The enlarged regions in the image suggest
that PnP (AR) better recovers the fine details and sharper edges compared to other methods.

4.2 Image reconstruction in Compressed Sensing MRI

MRI is a widely-used medical imaging technology that has known limitations due to the slow speed
of data acquisition. CS-MRI [75, 76] seeks to recover an image x⇤ from its sparsely-sampled Fourier
measurements. We simulate a single-coil CS-MRI using radial Fourier sampling. The measurement
operator A is thus A = PF , where P is the diagonal sampling matrix and F is the Fourier transform.

The priors for PnP/RED were trained using the brain dataset from [58], where the test set contains
50 slices of 256⇥ 256 images (i.e., n = 65536). We train seven variants of DnCNN, each using a
separate noise level from � 2 {1, 1.5, 2, 2.5, 3, 4, 5}. Similarly, we separately train the AR operators
for different CS ratios (m/n), initializing the weights of the models from the pre-trained denoiser with
� = 2. For these sets of experiments, we also equipped PnP/RED with Nesterov acceleration [79]
for faster convergence. We compare PnP/RED against publicly available implementations of several
well-known methods, including TV [31], ADMM-Net [57], and ISTA-Net+ [58]. The last two are
deep unrolling methods that train both image transforms and shrinkage functions within the algorithm.

Table 2 reports the results for five CS ratios. The visual comparison can be found in Fig. 3 (bottom).
It can been seen that PnP/RED with an AWGN denoiser matches the performance of ISTA-Net+
and outperforms ADMM-Net at higher sampling ratios, while PnP with an AR prior improves over
PnP/RED with an AWGN denoiser [78]. Note also the similarity of PnP and RED performances.
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Figure 4: Visual evaluation of PnP/RED and two methods using generative models as priors on
the CelebA HQ [82] dataset at 10% CS sampling. Note the visual and quantitative similarity of
PnP and RED when both are using AWGN denoisers. PnP using an artifact-removal (AR) prior
visually matches the performance of ILO based on StyleGAN2, which highlights the benefit of using
pre-trained AR operators within PnP. Best viewed by zooming in the display.

Table 3: Average PSNR (dB) values for several algorithms on test images from CelebA HQ.

Method

CS Ratio
10% 20% 30% 40% 50%

TV 32.13 35.24 37.41 39.35 41.29
PULSE [36] 27.45 29.98 33.06 34.25 34.77
ILO [37] 36.15 40.98 43.46 47.89 48.21
RED (denoising) 35.46 41.59 45.65 48.13 52.17
PnP (denoising) 35.61 41.51 45.71 48.05 52.24
PnP (AR) 39.19 44.20 48.66 51.32 53.89

ment rates are summarized in Table 1. We observe that the performances of PnP and RED are nearly
identical to one another. The result also highlights that PnP using the AR prior provides the best
performance2 compared to all the other methods, outperforming PnP using the AWGN denoiser by at
least 0.57 dB on BSD68. Fig. 3 (top) shows visual examples for an image from Set11. Note that both
PnP and RED yield similar visual recovery performance. The enlarged regions in the image suggest
that PnP (AR) better recovers the fine details and sharper edges compared to other methods.

4.2 Image reconstruction in Compressed Sensing MRI

MRI is a widely-used medical imaging technology that has known limitations due to the low speed of
data acquisition. CS-MRI [80, 81] seeks to recover an image x⇤ from its sparsely-sampled Fourier
measurements. We simulate a single-coil CS-MRI using radial Fourier sampling. The measurement
operator A is thus A = PF , where P is the diagonal sampling matrix and F is the Fourier transform.

The priors for PnP/RED were trained using the brain dataset from [62], where the test set contains
50 slices of 256⇥ 256 images (i.e., n = 65536). We train seven variants of DnCNN, each using a
separate noise level from � 2 {1, 1.5, 2, 2.5, 3, 4, 5}. Similarly, we separately train the AR operators
for different CS ratios (m/n), initializing the weights of the models from the pre-trained denoiser with
� = 2. For these sets of experiments, we also equipped PnP/RED with Nesterov acceleration [83]
for faster convergence. We compare PnP/RED against publicly available implementations of several
well-known methods, including TV [33], ADMM-Net [61], and ISTA-Net+ [62]. The last two are
deep unrolling methods that train both image transforms and shrinkage functions within the algorithm.

Table 2 reports the results for five CS ratios. The visual comparison can be found in Fig. 3 (bottom).
It can been seen that PnP/RED with an AWGN denoiser matches the performance of ISTA-Net+

2We did not use RED with the AR prior in our experiments since it is expected to closely match PnP.
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performance2 compared to all the other methods, outperforming PnP using the AWGN denoiser by at
least 0.57 dB on BSD68. Fig. 3 (top) shows visual examples for an image from Set11. Note that both
PnP and RED yield similar visual recovery performance. The enlarged regions in the image suggest
that PnP (AR) better recovers the fine details and sharper edges compared to other methods.

4.2 Image reconstruction in Compressed Sensing MRI

MRI is a widely-used medical imaging technology that has known limitations due to the low speed of
data acquisition. CS-MRI [80, 81] seeks to recover an image x⇤ from its sparsely-sampled Fourier
measurements. We simulate a single-coil CS-MRI using radial Fourier sampling. The measurement
operator A is thus A = PF , where P is the diagonal sampling matrix and F is the Fourier transform.

The priors for PnP/RED were trained using the brain dataset from [62], where the test set contains
50 slices of 256⇥ 256 images (i.e., n = 65536). We train seven variants of DnCNN, each using a
separate noise level from � 2 {1, 1.5, 2, 2.5, 3, 4, 5}. Similarly, we separately train the AR operators
for different CS ratios (m/n), initializing the weights of the models from the pre-trained denoiser with
� = 2. For these sets of experiments, we also equipped PnP/RED with Nesterov acceleration [83]
for faster convergence. We compare PnP/RED against publicly available implementations of several
well-known methods, including TV [33], ADMM-Net [61], and ISTA-Net+ [62]. The last two are
deep unrolling methods that train both image transforms and shrinkage functions within the algorithm.

Table 2 reports the results for five CS ratios. The visual comparison can be found in Fig. 3 (bottom).
It can been seen that PnP/RED with an AWGN denoiser matches the performance of ISTA-Net+

2We did not use RED with the AR prior in our experiments since it is expected to closely match PnP.

8
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ODER achieves nearly 2.5x improvement in 
training time on IDT for the same image quality

Lo
ss

1.966e!"

Ti
m

e 
(h

r)

Training loss against time Training time against epoch

Time (hr)

40.82 dB

SN
R
 (
dB

)

Training SNR against time

Time (hr) Epoch

SN
R
 (
dB

)

EpochEpochTimes (s)

Lo
ss

1.966e!"

<latexit sha1_base64="B5kEMjPXeDc0+GY0qmtbUJ9zgmM="></latexit> R
el

at
iv

e
R

es
id

ua
l

�F
(b

)�
b
� 2

�b
� 2

Re
la

ti
ve

re
si

du
al

Training loss against Epoch Validation SNR against EpochBackpropagation against time

Non-Acc.

Acc.

Figure 1: Illustration of training effectiveness of ODER on IDT for two minibatch sizes w 2
{100, 250}. The results for RED (DEQ) with b = 500 is also provided for reference. The left figure
plots the loss against time in hours for different values of w evaluated on the training set. The middle
and right figures plot the corresponding SNR against time and the amount of time required to reach a
certain epoch for different values of w. By using minibatches 1  w  b, ODER can achieve nearly
2.5⇥ improvement in training time over RED (DEQ) for the same final imaging quality.

Table 1: IDT image recovery for different input SNR (dB) values on images from [77]. We also
present per-iteration memory usage for the model and measurements, and average test-times.

Method
Input SNR (dB) Size Time

15 20 25 Model Meas. CPU GPU

TV 38.34 38.77 38.85 —– 3.56 GB 215.3s 32.24s
U-Net 38.35 38.89 39.02 118.2 MB —– 2.811s 0.089s
ISTA-Net+ 38.37 38.94 39.27 1.21 MB 3.56 GB 7.081s 0.216s
SGD-Net (100) 39.62 40.26 40.47 29.7 MB 0.71GB 6.697s 0.207s
RED (Denoising) 39.52 40.04 40.41 118.2 MB 3.56 GB 285.5s 7.528s
ODER (100) 40.28 41.42 41.94 29.7 MB 0.71 GB 63.31s 2.051s
ODER (250) 40.57 41.50 41.96 29.7 MB 1.76 GB 118.7s 3.628s
RED (DEQ) 40.54 41.51 41.95 29.7 MB 3.56 GB 202.3s 6.362s

better controlling the limited GPU memory. Both ODER and RED (DEQ) were trained using SGD,226

while all other methods were trained using Adam [78].227

Fig. 1 compares the average loss and SNR achieved by RED (DEQ) with b = 500 and ODER with228

w 2 {100, 250} during training. It took 67.49 hours to train RED (DEQ) for 180 epochs. It took229

24.76 and 39.23 hours to train ODER with w = 100 and w = 250, respectively, for the same number230

epochs. Table 1 provides the final SNR achieved by ODER and several baseline methods on the231

test data. The runtimes in the table corresponds to the average inference time that excludes the232

model loading. ODER with (w = 100) is around 3⇥ faster than RED (DEQ) on both GPU and CPU.233

Fig. 2 (left) highlights the faster convergence of ODER compared to RED (DEQ) to the similar SNR.234

ODER is memory efficient due to its online processing of measurements. The memory considerations235

in IDT include the size of all the variables related to the desired image x, the measured data yi, and236

the variables related to the measurement operator {Ai}. ODER addresses the problem of storing and237

processing the measurements and the measurement operators on the GPU during end-to-end training.238

Table 1 shows the total memory (GB) used by ODER and RED (DEQ) for reconstructing a 416⇥ 416239

pixel permittivity image. While RED (DEQ) requires 3.56 GB of GPU memory in every iteration,240

ODER with w = 100 requires only 0.71 GB, which is about 20% of the full volume.241

5.2 Image Reconstruction in Sparse-View CT242

We consider simulated data obtained from the clinically realistic CT images provided by Mayo243

Clinic for the low dose CT grand challenge [79]. Specifically, 2070 2D slices of size 512 ⇥ 512244

corresponding to 7 patients were used to train the models. The test images correspond to 55 slices245

randomly selected from another patient. We implement the measurement operator A and its adjoint246

7
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ODER achieves SOTA reconstruction performance 
in parallel MRI and sparse-view CT
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Figure 3: Visual evaluation of several well-known methods on two imaging problems: (top) Re-
construction of a brain image from its radial Fourier measurements at 10% sampling with b = 96
simulated coil sensitivity maps; (bottom) Reconstruction of a body CT image from b = 90 projection
views. Note the similar performance of ODER and RED (DEQ), and the improvement over RED and
RED (Unfold) due to the usage of DEQ learning. Best viewed by zooming in the display.

Table 3: Average SNR (dB), SSIM values and running time for several methods on MRI images. The
last two columns provide the average test-times for a 320⇥ 320 image using 96 simulated coils.

Method
MRI Set1 [23] MRI Set2 [83] Time

10% 20% 10% CPU GPU

TV 20.88 0.9059 24.87 0.9445 24.84 0.9674 122.2s 7.591s
U-Net 23.07 0.9329 26.42 0.9562 26.04 0.9712 0.683s 0.011s
ISTA-Net+ 22.95 0.9298 26.31 0.9546 25.82 0.9693 8.993s 0.264s
RED (Unfold) 23.37 0.9363 26.81 0.9591 26.37 0.9744 8.744s 0.231s
RED (Denoising) 23.29 0.9352 26.85 0.9598 26.42 0.9748 272.4s 7.511s
ODER 24.08 0.9442 27.22 0.9649 27.03 0.9783 120.0s 3.005s
RED (DEQ) 24.10 0.9451 27.41 0.9660 27.10 0.9789 166.9s 4.577s

6 Conclusion and Future Work271

This work proposes ODER as a new online DEQ learning method for RED, theoretically analyses272

its convergence and accuracy, and numerically illustrates its applications to three imaging inverse273

problems. ODER extends the DEQ approach in [35] by performing randomized processing of274

measurements. Our mix of theoretical and numerical results indicate that ODER can reduce the275

computational/memory complexity of training and testing, while achieving similar imaging quality276

as RED (DEQ). The future work can explore to further relax our assumptions and design distributed277

variants of ODER to enhance its performance on parallel compute architectures.278

7 Broader impact279

This work is expected to impact the area of imaging inverse problems with potential applications280

to computational microscopy, medical imaging, and image restoration. There is a growing need281

in imaging to deal with noisy and incomplete measurements by integrating multiple information282

sources, including physical sensor models and learned priors characterizing the properties of the283

desired image. The ability to accurately solve inverse problems might lead to new imaging tools for284

diagnosing health conditions, understanding biological processes, or inferring properties of complex285

materials. Learning based methods, including ODER and PnP/RED, have the potential to enable286

new technological capabilities; yet, they also come with a downside of being much more complex.287

While we aim to use our method to enable positive contributions to humanity, one can also imagine288

nonethical usage of imaging technology.289
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Note the similar performance of ODER and RED (DEQ), and the improvement

over RED (Denoising) and RED (Unfold) due to DEQ learning!



Outline for the rest of the talk

๏ Plug-and-Play Methods for Inverse Problems (IEEE SPM 2022) 
Integrating physical models and learned deep priors

๏ Deep Continuous Artifact-Free Fields (Nature MI 2022) 
A new PnP framework for continuous image recovery

๏ Online Deep Equilibrium Learning (NeurIPS 2022) 
A new PnP framework for efficient prior learning



DeCAF is a PnP method that enables the recovery 
of continuous images represented by neural fields



Liu et al, “Recovery of Continuous 3D Refractive Index Maps from Discrete Intensity-
Only Measurements using Neural Fields,”Nature Machine Intelligence, 2022
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DeCAF is a PnP method that enables the recovery 
of continuous images represented by neural fields

• Traditional PnP formulations seek to reconstruct images 
represented using a pre-defined pixel grid

• DeCAF is a variant of PnP that continuously represents the 
desired image by using a coordinate-based neural network

• Continuous representation in DeCAF decouples the representation 
of the solution from any pre-defined pixel grid

• We tested DeCAF on a large-scale 3D IDT problem, where it is 
difficult to have ground-truth training data for the refractive index
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DeCAF is a PnP method that enables the recovery 
of continuous images represented by neural fields

DeCAF maps coordinates to image values using a deep network
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DeCAF is a PnP method that enables the recovery 
of continuous images represented by neural fields

DeCAF maps coordinates to image values using a deep network

Image formation is formulated as a stochastic PnP algorithm
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DeCAF is a PnP method that enables the recovery 
of continuous images represented by neural fields

DeCAF maps coordinates to image values using a deep network

Image formation is performed by integrating DeCAF into PnP
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The key benefits of DeCAF include:  
(a) representation is decoupled from any pre-defined voxel grid 
(b) subimages can be synthesized at will during optimization 
(c) image prior is trained on natural images



DeCAF can recover high-quality 3D RI volumes  
from experimentally collected 2D IDT images
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Note how DeCAF outperforms SIMBA by about 1.5⇥ dB on simulated data;
SIMBA is a traditional (discrete) online PnP method!



DeCAF (ours) [Ling et al 2019]

Lateral view

DeCAF can recover high-quality 3D RI volumes  
from experimentally collected 2D IDT images
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Note the optical sectioning ability of DeCAF on
this Diatom Algae sample!
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Note how DeCAF can synthesize di↵erent parts of
this Diatom Algae sample on any grid!
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Lateral view

DeCAF can recover high-quality 3D RI volumes  
from experimentally collected 2D IDT images
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Note the optical sectioning ability of DeCAF on

this Human Buccal Epithelial Cells sample!



DeCAF (ours)
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DeCAF can recover high-quality 3D RI volumes  
from experimentally collected 2D IDT images
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Note how DeCAF can be used to synthesize any slice of

this Human Buccal Epithelial Cells sample along the z dimension!



To conclude

๏ PnP is one of the most influential class of methods across 
computational imaging and inverse problems

๏ DeCAF is a PnP framework for directly reconstructing an 
image continuously represented by a neural field

๏ We presented three recent extensions of the PnP models for 
solving large-scale inverse problems in IDT, CT, and MRI

๏ ODER is a framework for training implicit online neural nets 
with theoretical error bounds on the accuracy

๏ DOLCE is a conditional diffusion model for sampling realistic-
looking images from few limited-angle CT data
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