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1. Introduction.

Let F:= (F,...,F;) : C" — C* be a polynomial map with
deg Fo > deg F3 > ... > deg I}, > degF} >0

and G a polynomial in n variables such that G|F~1(0) = 0. The Hilbert Nullstellensatz
guarantees the existence of polynomials Ay, ..., Ax such that

(1.1) G =AF1+ -+ ALF}

where s is an integer > 0. In the usual proofs of this result, one is not concerned with
estimates about the degree of the A;’s and the exponent s. This question was considered by
Brownawell [Brl] and later by N. Fitchas [Fi] and Kollar [K]. Kollar got the best estimates
under the technical hypothesis deg F;; # 2 for j > 1. Namely it is possible to solve (1.1)
with estimates

( min(k,n)

max(deg A;F;) < (1+degG) H deg F}

min(k,n)

5 < H deg F} .

\ Jj=1

The result of Brownawell-Kollar is in fact a result about homogeneous ideals which has
also an interpretation in algebraic geometry. This was pointed out by Brownawell [Br2]
(see also [T]) as follows:
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Let Pi,...,P, be the isolated prime components of the homogeneous ideal U :=
("Fy,...,"F},) where "F is the homogeneized version of F. Then, if deg F; # 2 for i > 1,
there exist integers ey, ..., e,, (depending on the decomposition of /) such that

min(k,n)
(1.3) Zezg H deg F}

Pflﬂ. Pemcu

If G =0 on F~1(0), then "G € Py N...NP,, where Py,..., P, are the isolated prime
components which do not contain Xo; it follows from (1.3) that, if

q m
S1 = E €;, So = E €;,
i=1 i=q+1

("G)* X2 e (P N...NPL)N (Paiin...nPgr) CU.

This implies, if one restricts the situation to Xy = 1,

( k
G = ZAij

J_
(1.4) deg A;F; < s1degG + s2 < (s1 + s2) max(deg G, 1)

min(k,n)

< max(deg G, 1) H deg F}

\

Note that the value of the exponent s in (1.1) (namely s = s1 + s3) which is provided that
way depends on the decomposition of the homogeneous ideal.

On the other hand, in the particular case where #F ~1(0) < +o00, there is another version
of the Nullstellensatz following the work of M. Noether. For any o € F~1(0), let

Vo (F) := min {p €N, (\/FlOa +- 4 Fkoa)p CFOy+-+ Fkoa} ;

that is the local Noether exponent of the map F' at . It is well known [GH] that

Oq
F10a+"'+FkOa .

Vo (F) < po(F) := dimg (

If G=0on F~1(0), then

(1.5) G" € (F1,...,Fy)
where
v:= max Uu(F).
a€F—1(0)
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Nevertheless, this result, which provides an exponent

= o (F) < o(F
Y B ) = (g el F)
depending only on the ideal (F1,..., F}), does not give any information on the degree of
the A;F}’s where

k
(1.6) G =) AF;.
j=1

The main objective of this paper is, under the hypothesis #F~1(0) < oo, to find some
balance between good estimates for s (that is estimates depending on the affine situation
and not on the projective one) as in (1.6) and good control on the degree of the A;F;’s
such as in (1.4).

In order to do that, we consider two different approaches.

e The first one works only if k = n, #F ~1(0) < oo, and the map (F1,..., F,) is dominant
(that is [C(X1,...,X,) : C(F4,...,F,)] < oo, or also Fi,..., F, are algebraically inde-
pendent over C). It uses essentially two ingredients.

Primo, some variants (which will be detailed in §2) of the fact that for any G € C[X], the
map

GdX; N...NdX,

Rrpg: w—
’ Fl—wl,...,Fn—wn

(where [ | denotes the total sum of residues in the sense of Grothendieck) is a rational
map.

Secondo, some very classical combinatory argument due to Perron [Pe], and which is also a
basic tool in the work of Jelonek, Ploski and Pi. Cassou-Nogues [Je|, [CN], [CNP1], [P11],
[P12]. This first approach allows us to deal with three particular situations:

(a) (Fy,...,F,) is a proper map;

(b) (Fy,...,F,) is a proper map over the origin;

(¢) (Fi,...,F,) satisfies some “separation condition” (as in [P1T]) over the origin.

(a) In case (a), Rp ¢ is in fact a polynomial, with degree controled by the Lojasiewicz
exponent § > 0 of the map (F1y,..., F,), defined as

0 := min {7’ >0, liminfw} > 0.

li¢li—oo ||C]|I"

There are in this subcase two different results; either one can profit from the knowledge of
§ and get, using Cauchy-Weil formula, that if G|F~1(0) = 0, then, if D := max (deg F}),
<j<n

v:= max V.(F),
aEF-1(0)
k
GV =Y AjF;
(1.7) ' "
deg A;F; < D(E(Z/(S(ZdegFj + udegG)) — n)
j=1
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(where E(-) denotes the integral part); or one can essentially reinterpret some algebraic
method (already introduced in [CN], [CNPI]), which gives, for some s < d (where d is the
geometric affine degree d := [C(X1,...,X,) : C(Fy,..., F,)] of the map F),

G* = zn:Aij
j=1

deg A; F; < deg GH deg F}
j=1

(1.8)

Such estimates were obtained by Pi. Cassou-Nogues in [CN]. One can compare these
estimates with (1.7) only if one has some estimate from below for the Lojasiewicz exponent.

(b) In case (b), the method that leads to (1.8) works exactly the same and provides exactly
the same result (already obtained in [CNPI]). The main difference with [CNP]] is that here
we can extend the method to some particular situation when the map is not proper at the
origin, namely in case (c).

(c) In this case, if G|F~1(0) = 0, then, for some s < d (d being again the geometric degree
of F),

G* =) A;F;
» >
deg A;F; <n(degG + 1)(deg Fy - ... -deg F,, +d)

e The second approach works in the general case where #F~1(0) < oo, but it profits from
the knowledge of the Lojasiewicz exponent ¢ at infinity of the map (Fy, ..., F}); since the
case of proper maps has already been treated, this approach is interesting in the case when
g < 0. Note that, from Brownawell [Brl], we know that

min(k,n)
g>1—(n-1) H deg Fj.
j=1
One just interprets the condition
(1.10) IEOI = &lICl [lclh>1
as a condition on the map ("F,...,"F},) on the unit sphere S?"*!. The key algebraic

ingredient is Briangon-Skoda theorem about integral closures of ideals ([BS], [LT]); if
G|F~1(0) =0, then

k

Y — Nk

(1.11) G ZlAJFJ
<

deg AjF;§ v(vdeg G + D + max(—gq,0))
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with
v:=min(n+1,k) , v:= max v.(F), D:= max (degF}).

aEF-1(0) 1<j<k
Moreover, this result can be improved if one assumes that the maximal ideal (Xg, ..., X},)
is not an embedded prime component in the decomposition of (" Fy,...,"Fy) (or the depth

of "Fy 11100 + -+ + "F} ,110q is > 2); in this case, if G|F~(0) = 0, then

k
(1.12) G" = ;AJFJ
deg A;F; <vdegG + n[D + max(—g,0)]

Note that such results englobe the result obtained in [CNP]] for “stablely inconsistant
maps” in the sense of [Fi] (#{F~!(w)} = 0 for |Jw| < 1.)

In order to be able to compare the different versions of the Nullstellensatz which we
propose here, it is of course necessary to remark that estimates (1.7), (1.11), (1.12) have the
advantage to be much more precise than (1.8) or (1.9), but need some a priori information
about the Lojasiewicz exponent (¢ in the proper case, g in the general case.) Note that, if
the maps (Fy,..., Fy,) is proper at 0, and if G|F~1(0) = 0, then, one has from (1.11)

Gty =N " A;F;
1
deg A;F; < (n+1)(vdegG + D)

(1.13)

which seems clearly in general better than estimates (1.8); this shows the real power
of Briancon-Skoda theorem. We will see that, though the first approach does not seem
to lead to such estimates, it has the advantage to be completely constructive (in terms of
computations of total sums of residues.) Another interesting remark is that the methods in
section 3 provide some effective Nullstellensiatze independently of the results of Brownawell.
Such methods could be a starting point to get some complete analytic proof of Brownawell-
Kollar results. Note also that all the results here have been obtained in the case when the
zero set of the entries is discrete. This is a rather good situation for effectivity problems,
since one knows in this particular case that the Buchberger algorithm (to get a standard
basis for the ideal) runs in subexponential time (see [CoS]). The search for estimates
depending on the affine degree instead of the projective one in such effectivity problems,
dealing with the non discrete situation, has been recently investigated in [HGi].

ACKOWLEDGEMENTS. Part of this work was inspired by discussions with A. Ploski and by
a conference he gave in Bordeaux as an invited Professor in March 1995. We also would
like to thank Pierrette Cassou-Nogues who suggested in [CN] this kind of problems in
relation with [BGVY]. This paper was written while the third author was invited at the
University of Calabria; he would like to take here the opportunity to thank warmly this
Institution.
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Let f = (f1,..., fn) be a polynomial map from C" to C™ such that #f~1(0) < oo.
For any r € C(Xy,...,X,), with no poles on V = f71(0), one can define the total sum of
residues of r with respect to f as

rXm/\.../\an]

flv"'7fn
(2-1) . (_1)"(n2 9] 7’L— 1 Z/ )] lf]( )/\l;ﬁj dfl( ) (C)dC
. (2im)" v/ lc—all=¢ L ()P '

If r, f1,..., fn belong respectively to F(X1, ..., X,), F[X1,...,X,], where F is a subfield
of C, then the total sum of residues of r with respect to f is also in F. If J(f) denotes the
Jacobian of the map (f1,..., fn),

22) DI N S (ar(a)

acV

where () is the local multiplicity of the map f at «. In particular

[rJ(f)Xm/\.../\an]
fla--'vfn

can be interpreted as the trace of the multiplication operator

m: CIX]/(fr,- oo fn) = CIXT/(f1o 5 fn)

defined (if 7 = 71 /7o), as 7 =71 - 73 *, where

Moreover, if

ClX
0= dimg — )
(fis-os fn)
the symmetric functions of the collection {r(«),a € V}, 01,...,04, can be computed in
terms of the Newton sums Sy, ..., S, of these numbers, namely

rJ(f)dX1 A ... ANdX,
fla"'vfn

Then, the characteristic polynomial of the multiplication operator 7,

(2.3) S, =

X4 — o X4 (—1)oy
can be expressed in terms of total sums of residues modulo the Newton relations.

Let now F' = (Fy,..., F,) be a dominant polynomial map from C" to C", i.e. a polynomial
map such that [C(Xq,...,X,): C(Fy,...,F,)] < +oo. We have the following:
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Lemma 2.1. There exists some algebraic hypersurface ¥ in C" such that, for any w €
C"\ X%, #{(, F;(¢) =w, j = ,n} < +o0 and, for any G € C[X1,...,X,], 3Rpc €
C(Xy,...,X,), with poles on E such that, for any w € C" \ X,

GdXi N ...NdX,

Fl—wl,...,Fn—wn :RF’GOU).

PROOF. For any j € {1,...,n}, 3N; € N*, 34,0 Aj N, € C[X1,..., X,], such that

.....

(2.4) Ajo(F)X)7 + Ay (F) X0+

b A (F) =0
(since [C(X1,...,X,) : C(Fy,..., F,)] < +00.) For such j, one can rewrite (2.4) as
N;j

(2.5) Aj,k:(w)XJ]'Vj_k = (Fr — wi)Qjk(F,w)
=1

k=0

where Qjx, k = 1,...,n, is in C[Xy,...,X,,Y1,...,Y,]. This can be done for each
je€{l,...,n}. For any

weC"\ ¢ [[Ajow) =07y,
j=1

one has #{F; = w;,j =1,...,n} < +o0o. For such w,

Gdet[Qj k)1 (F, w)dX1 A NdX,

1<j<n
1<k<n

ZAl,k<w) , ZAnk )X No
k—0

This follows from the transformation law for total sums of residues (see [Aiz]). On the
other hand, for any (aq,...,a,) € N",

(2.6) GXm/\.../\dX,:LU :| _

Fl—wl,...,Fn—

X XX A X
Ny
ZAlk( XN1 k ZAnk XN —k
(2.7) k=0
X¥dX

n
= Nj—k
11 Z Aj ()X
It is well known that the expression (2.7) is a rational function in w, with denominator

H (Aj0(w)) 14+max(c; —N;+1,0)

J=1



This implies that (2.6) equals Rp ¢, where Rp ¢ is a rational function of w with denomi-

nator
n n+deg G
( H Aj,o(w)> :
j=1

This completes the proof of lemma 2.1. Note that such a lemma was proved in [Biel] using
a completely different method.

e When F' = (Fy,...,F,) is a proper map then, for any G € C[Xy,...,X,], Rr¢ is a
polynomial (since the A, in (2.4) can be taken as equal to 1.) We have in fact in this
case the following more precise result:

Lemma 2.2. Let F = (Fy,...,F,) a polynomial proper map from C" to C", with Lo-
jasiewicz exponent 6 > 0. Then, for any G € C[X;,...,X,] the map

- GdXi N...NdX,
Fl—wl,...,Fn—wn

is a polynomial map from C" — C", with degree at most:

E(l/é(degG—I—m}gx (ZdegFj) +n>> —2n+1.

i#k

PrROOF. When F' = (Fy,..., F,) is a proper map, one has |F(¢)|| > n > 0 for ||{|| > R.
Therefore, it follows from Bochner-Martinelli formula in its general form (see [Aiz]| or
[BGVY]) that, for [|w| < 1,

GdX; AN...NdX,
Fl—wl,...,Fn—wn =

3

(2.8) (_1)n<n2—1> (n—1)! j:l k;é]
) /|<|| R

(2im)™

= ) Tam(R) H w

meN™
where, for any m = (mq,...,m,) € N", |m| =my +--- + m, and
ity GIIE™ | S (~17~"F \dFy, | Adg
(=)= (n+|m[-1)! j=1 j=1 k]
() = 2+ Tl
(2im) IclI=r IE]
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From the fact that | F'(¢)|| > 7||¢||° for ||¢|| > 1, the Stokes formula and standard estimates
show that

n m

ITF™ | Sy Nam | e

/ i — 57 — lim ] =0
Icl=R ||| 2(nFlm) R—oo Jic|=R

d(n+|ml) > degG—km}gx ZdegFj —(n—=1)0+n.
J#k
This implies that (2.8) is a polynomial identity which is valid everywhere.
REMARK. Note that this result (which already appeared in [BY1], [BY2] or [BGVY],
section 4) was also obtained by G. Biernat in [Biel] using a different argument (in particular

the estimate for deg(Fg) we give here does not follow from such an argument.) This was
pointed out to us by M. Elkadi. <

e When F = (F1,...,F,) is a polynomial map proper at the origin (that is Ay 1,..., Ao n
in (2.4) can be taken such that Ay 1(0) - ... Ao (0) # 0), one has:

Lemma 2.3. Let F = (F},...,F,) be a proper map at the origin; then there exists an
algebraic hypersurface ¥ in C" with 0 € X, such that for any w € C" \ X, #{¢, F;({) =
wj;,j = 1,...,n} is finite and that, for any G € C[X;y,...,X,], there exists a rational
function Rp ¢ in n variables with no poles at the origin such that, for w ¢ ¥,

GdX; N...NdX,
Fl—wl,...,Fn—wn

] = Rpc(w).

PRroOF. It follows from formulas (2.6) and (2.7) and from the fact that a denominator for

Rr ¢ in lemma 2.1 is
n+deg G

[T 4s0(w) ¢
j=1

e When F' is just dominant, few things can be said about the rational function Rr .
Nevertheless, there are two interesting situations that will be discussed later.

DEFINITION 2.1. Let F' = (Fy,. .., F},) be a dominant polynomial map from C" to C". The
map F' satisfies the separation condition over the origin if and only if there are constants
c>0,0< Ky <Kyj; <4o00,j=1,...,nsuch that for any j € {1,...,n}

(2.9) |w|| < cand F(¢) =w = |(;| < Ky j or |(j| > Ko j.

EXAMPLE. Suppose the map F = (F,...,F,) is commode in the sense of Ploski (see
for example [P1T]), that is 3¢ > 0, 3k > 0, 3K > 0 such that for any j € {1,...,n},
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either |(j| < K, or |F(¢)|| > |(j|~?. Then, the map F' satisfies the separation condition
over the origin. This is immediate to check: if F({) = w, w € (C™)*, one has, for any
Jj €{1,...,n}, either |(;| < K, or |(;| > (/i/HwH)%, for w € (C™)*, ||w|| < 1, we have, for
any j € {1,...,n}

(2.10) F()=w=|Gl <K or|g > K +1

one can take K large enough so that (2.10) remains valid when w = 0. So that (2.9) is
fulfilled with K1 ;, = K, j=1,...,n, Ko j =K +1,j=1,...,n.

REMARK. Note that the separation condition over the origin implies that the fiber F'~1(w)
remains discrete when ||w|| < 1. This follows from the maximum principle: let I' be an
irreducible branch with positive dimension of the fiber F~!(w), where ||w|| < ¢. Then, on

I', the function
1

K1 j+Ka; ¢
2 J

is a bounded holomorphic function, therefore a constant, which is a contradiction (since
this is true for any j € {1,...,n}.)

Under such separation condition, we have the following lemma.

Lemma 2.4. Let F' = (Fy,...,F,) be a dominant polynomial map from C" to C" which
satisfies the separation condition over the origin (with constants ¢, K; j, Ko j,7=1,...,n.)
Let J be the Jacobian of F, there exists some algebraic hypersurface ¥ in C", such that
for any w ¢ 3, the variety F~1(w) is discrete, the polynomial [[= (K1 + K2 5)/2) - X;)

does not vanish on it, and for any G € C[Xy,...,X,], for any w outside 3,
n Kl _|_K2 . deg G
GJ [TI(Fo2 - x;) dXi AL ANdXy | =
( H 2 ’ 1 = Rpa(w),
Fl—wl,...,Fn—wn

where R/F’G is a rational function with no poles at the origin.

PROOF. Let

. Cw X,...,Xn

If
7 (K1 + Ko
H(X):=]] (% - Xj) :
j=1

then for ||w| < ¢, H does not vanish on the set F~!(w). For w outside some algebraic
hypersurface, the fiber F~1(w) is discrete and the polynomial H does not vanish on it (this
is just classical elimination theory.) We can in fact be more precise: there are polynomials
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01,...,04 in w, with 64(0) # 0 such that, as linear operators in C(w)[X1,...,X,]/(F1 —
wi, ..., F, —wy,), one has:

d—1
(2.11) T '= - ! (Z ek(w)ﬁd‘l"“) .

For w outside the hypersurface

Y= {Al,O ce An,O Gd(w) = 0}

the fiber F'~1(w) is discrete and the polynomial H does not vanish on it. Moreover, for
such w,

(GJ/H®GYdX | A ... NdX,
F1 —wl,...,Fn—wn

equals exactly the trace of the operator

1 ! d—1—k ee €
—egé- Or(w)H )
(Ba(w))dee (,§ *

as an operator in C[Xq,...,X,]|/(Fy —w1,...,F, —w,); then from the computations in
lemma 2.1, it is a rational expression in w with denominator

n(l+(d—1) deg G)

(Ba(w))ie H Ajo(w)

It remains to see that, in fact, this rational function has no poles at the origin. Let
we C"\ %, ||lw|] < ¢ then

(GJ/H®sYdX | A ... NdX, Cla
- Z Hdeg(G)(a) :

Fy—wq,..., F,—w, a€F~1(w)

It is immediate to see that, if kq,..., k, are positive integers with k; +--- + k, < degG
and if o € F~(w),

o2 - adn _
Kii1+ Ko deg @ Kin+ Koy deg &
9 Tw T\ g T
(2.12)
ﬁ o[ < Co(ky. . kn)
= dee G — G\ .oy v
j=1 [ Ky + Koy *
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for some constant Cg(kq, ..., k,) independent of . This follows from the separation con-

dition over the origin (in fact ¢ — ¢;/((K1,;+K2,;)/2—(;) is bounded on [, <. F~Y(w),

for any j € {1,...,n}.) Therefore, since #F 1 (w) < d(Fy,...,F,) for |w|| < ¢, one has,
for ||w]| < ¢, w ¢ X,

(GJ/HdegG>dX1 A AdX,

<C

Fl—wl,...,Fn—wn
for some constant C' independent of w. Then EF,G has in fact no poles at the origin and
the lemma is proved.

REMARK 1. Suppose that (Fi,...,F),) is separated over the origin and not proper over
the origin. There are some constants K, ¢, k > 0 such that

i< =K = [[EFQOl = &[]

This implies that if ( € F~(w), w # 0, either ||| < K, or ||| > (K,/le‘)% Following
exactly the proof of lemma 2.4, one can see then that

GJ
Hdeg G+1 dXy A d Xy _ Z G(a) + e(w)
o HdegG—l—l(a)
Fy—wy,..., F, —w, a€F ™ (w)
laf| <K

where e(w) — 0 when [Jw|| — 0.

REMARK 2. In fact, what we really used in the proof of Lemma 2.4 or in Remark 1 above
was the fact that for any w, ||w|| < ¢, for any ¢ € F~!(w)

[H(Q)| = &1+ [Gi]); -5 (T4 [Cnl)

for some positive constant k.
The above remark leads us to introduce the following weaker separation condition:

DEFINITION 2.2. Let § > 0 and H be a polynomial in n variables. A dominant map
(Fy,..., F,) satisfies the (H — 9) separation condition over the origin if and only if these
are positive constants k, ¢, such that

wl <c
o S GIEPI R R

According to the above definition, we have the following:

Lemma 2.5. Let F = (Fy,...,F,) be a dominant polynomial map from C" to C" which
satisfies the (H — ) separation condition over the origin. Let J be the Jacobian of F'. There
exists some algebraic hypersurface ¥ in C" such that for any w € X, the fiber F~1(w) is
discrete, H does not vanish on it, and for any G € C[X;,...,X,], for any w outside ¥,

GJ
e TR N
Fl—wl,...,Fn—wn
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where EF’G is a rational function with no poles at the origin.

PROOF. It is exactly the same than the proof of lemma 2.4, except that estimate (2.12)
has to be replaced by the following: if ||w| < ¢ and F(a) = w, then, for £ € N,

|degG

o' ok o e
| H (o) [E(des G/)+1 = G(l-l- ||a||)6(1+E(degG/5)) = ~G

for some positive constants kg and Cg since
d(1+E(degG/6)) > degG.

Therefore the function ¢ — G(¢)/H (¢)¥(48 G/9)+1 is hounded on Ujjw)<c F~'(w), and the
lemma follows exactly as in the proof of lemma 2.4. There is also in this case a remark
analogous to Remark 1 above. <

3. A first approach to the Nullstellensatz.

The first result we will prove in this section is some explicit version of the algebraic
Nullstellensatz for proper polynomial maps F' : C" — C" with Lojasiewicz exponent 6 > 0.
The methods here are inspired of those used to provide a solution with economic bounds
(taking into account the projective degree, that is in general the product of the degrees
of the entries) for the algebraic Bezout identity (see for example [BY], [BGVY], section 5,
[E1Y], [Y].)

Theorem 3.1. Let F = (F},...,F,) be a polynomial map from C" to C" such that
1] > K = [|P(Z)]| > &]| 2]|°
for some K > 0, kK > 0, § > 0. Let G be some element in C[Xy,...,X,| such that
G|F~'(0) = 0. Then, if D := max (deg F;) and v := max v, (F)
1<j<n aEF—1(0)
G¥ =31 AjF;
(3.1)
degA;F; <D | E 2/5(2?:1 deg F; + VdegG) -n

PROOF. Let Q1 1,...,Qn,, be polynomials in 2n variables, such that deg(Q; ) < deg F;—1
forj=1,....nk=1,...,n and

(3:2) VZ € ", Ve, Fi(Z) = Fi(C) = ) Qin(Z, )2k — )
k=1

let A(Z,() be the determinant of the matrix [Q;i]i<jr<n (a Bézoutian for the map
(Fy,...,F,).) For any Z € C", the set F~!(F(Z)) is finite (since F is a proper map.)
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Then one can apply the global transformation law for multidimensional residues [Aiz] and
get, for any G such that G|F~1(0) = 0, for any Z in C"

G(X)'A(Z, X)dX 1 A+ AdX,
(3.3) G¥(Z) =
F —F(2),...,F, — Fu(2)

Let
A(Z,X) = > Ca, 2t - 22m XD X
|a|+[8]<) " deg Fj—n

One has, from (3.3), for any Z € C",

G(X) XPdX: A--- A dX,,
(3.4) GY(Z) = > Cas
|o¢|+|ﬁ|§2?degFj—n Fl_Fl(X)v"-:Fn_Fn(X)

where we used the abridged notation X? := Xf L... XP». From lemma 2.2, we know that

G(X)"XBdX, A---NdX,

= Qp[Gl(w),

F1 —wl,...,Fn—wn

where Qg[G] is a polynomial with total degree at most
E(l/é(vdegG + 18] +m]?X(ZdegFj) + n)) —2n+1.
ik
Since G” is in the ideal (F1,..., F,) because of Noether’s theorem, one has
Q4(G)(0) = 0.

Therefore

Qs[G](w) = Z w; Q[ﬁj] [G](w) .

for some polynomials QE]. Formula (3.4) can be written as

(3.5) av(Z) = 3 S casFu(2)2° Q0 [G)(F(2)).

ol +8<) ) deg Fy—n k=1

It is clear that (3.5) is a formula of the form

j=1

14



where

deg A, F; < max [la| + D deg(Qs[G])]
|a|+[BI<) ) deg Fj—n

<max | || + D E(l/é(udegG—Hm+mgx2degFj+n>)—2n—|—1
© ik

<D E(2/§<zn:degFj+udegG>>—n . o

j=1

REMARK. When F = (F},...,F,) is proper over the origin, and G|F~1(0) = 0, then one
knows from lemma 2.3 that

NslGl(w)
(ﬁA ( )>n+|ﬁ|+vdegG
j,0{w

[Gl(w) =

where N3[G] is a polynomial in w vanishing at 0 and the A; ¢ come from (2.4). The same
method as above can be applied for ||w| <« 1 and we obtain for || Z]| close to 0,

NIG)(F(2))

(3.6) GY(2) = > CasFi(2) 2%

n n+|8|4+v deg G
lal+181<3 " deg Fy—n (HAJ,OF(Z))
j=1

where

N[G)(w) = 3w NG (w).

Raising denominators in (3.6) provides also some effective Nullstellensatz since A;(0) # 0.
The problem one has doing that is that the bounds for the degrees of the A; and the

N, ﬁ[j J[G] can only be estimated using for example Perron’s theorem ([Pe], Satz 57) and the
transformation law.

In fact, with respect to the Nullstellensatz, nice estimates (for the case of maps proper over
the origin) can be obtained following a method due to A. Ploski and Pi. Cassou-Nogues.
In order to be complete, we will recall here their result and its proof.

Theorem 3.2 [CNPl|. Let F = (Fy,..., F,) be a dominant polynomial map from C" to
C" proper over the origin, and G € C[X] such that G|F~(0) = 0, then for some exponent
s < d=deg(F),

G =31 AjF;

deg A;F; < deg G'deg F} - - -deg F),

15



ProOF. For any w close to 0,

#F H(w)=d=[C(X1,...,X,) : C(F1,..., F,))
if the points are counted with multiplicities. Let S;(w),...,Sq(w) be the Newton sym-
metric polynomials in the values (G(¢1(w)),...,G(Ci(w))), where {(1(w),...,C a(w)} =
F~Y(w). Since for 1 < j <d

_[GiJdXy AL A dX,
o Fl—wl,...,Fn—wn

Si(w)

(J as usual being the jacobian of F'), it follows from lemma 2.3 that S; is a rational

function with no poles at 0. The same is true for the symetric functions o (w), ..., oq4(w)
of {¢1(w),...,¢4(w)}. For any w close to zero and such that F'~!(w) contains only simple
points,

G — o1 (w)G¥ 4 (=1)%og(w) € (Fy —wr,..., Fy —wy).

If
Aj(w)

oj(w) = Ao(w)

with A; € Clw], then one has the polynomial identity
(3.7) Ag(F)GY — A (F)G¥ - 4 (=1)%44(F) =0

where Ag(0) # 0, A1(0) = ... = A4(0) = 0 (all G(¢;(0)) are zero since G|F~1(0) = 0.)
One has also an equation for G

(3.8) Ag(F)G®* + A1 (F)G* '+ 4+ Ay(F) =0

(s < d) which is irreducible over C[F}, ..., F,] and such that A(0) # 0, A;(0) = ... =
As(0) =0. Let

Q(Xl,,Xn,Y) ZEO(X)YS+ +A/S(X)

Since the polynomials (F1,..., F,,G) are algebraically dependent, there exists from Per-

ron’s theorem ([Pe], Satz 56 & 57, pages 125-126) some polynomial Q in n + 1 variables
such that

O(Fy,...,F,,G)=0
degwn+1Q>O
~/, deg Fy deg F,, ,,deg G
deg,, Q(w] yoe W w0 ) < deg Gdeg Fy ... deg I,

We now use an argument of Jelonek (see the proof of proposition 12 in [Je].) Since Q is
irreducible, Q divides Q, so that we can compare the weighted degrees:

deg F1 deg F), deg G ~ deg F4 deg F, deg G
deg,, Q(w] yee e, W ywp ) < deg,, Q(w) yee W LWy

16



Now, one can rewrite (3.8) as

AVQ(O)GS = -GF* <i Fkéo’k(F)> + iGs—l (i Fkéj,k(F))

where

Aj(w) = A4;(0) + Y wpBji(w).
k=1
This provides the Nullstellensatz with the convenient estimates. <
When (Fy,..., F,) is dominant and separated over the origin (definition 2.1) one has:

Theorem 3.3. Let F = (Fy,...,F,) be a dominant polynomial map from C" to C"
which is separated over the origin; let G € C[X], G|F~1(0) = 0; then, for some s < d =
[C(Xq,...,X,): C(F,..., F),

G*® = iAij

1
deg A;F; < n(degG + 1)[deg F} - - - deg F), + d]

PROOF. One can suppose that F' is not proper over the origin. Let G € C[Xq,..., X,],
G|F~'(0)=0. Let Ky j, K24, j =1,...,n be the constants attached to the fact that the
map F is separated at the origin (see definition 2.1) and

T (Kja K
HX):=]] (% - XJ) .

1

Consider, for ||w|| < 1, and such that #F~!(w) = d, the Newton sums SEG), e S((iG) of

the values
{ GGy (w)) G(Ga(w)) }
HIeGH (¢ (w))’ " HIeGHL ({4 (w))

where F~1(w) = {¢1(w), ..., (s(w)}. Following remark 1 after the proof of lemma 2.4, the
functions SjG can be written near the origin as

G(a J
SJ('G)(“’) = Z (Hdegc(:Jr)l(a)) +¢j(w)

acF 1 (w)
lall<K

where K is a constant and lim €;(w) = 0. Therefore, since G|F~!(0) = 0, one has

w—0

(@) — -
S;77(0)=0, j=1,...,d.

17



(@) (G)

The same is true for the symmetric polynomials o;77,...,0,"" of the values
G(G(w)) G(Ca(w))
H@es GO (G (w)) W7 Hee G ((q(w))

where F~1(w) = {¢1(w),...,Cs(w)}. As in the proof of theorem 3.2, for any w close to
zero such that #F ! (w) = d and F~1(w) contains only simple points, one has:

G ‘ (@) G = (@)
(HdegG+1) 01 (W(m) +-to, N (w) € (FL —wi,..., Fy —wy).

If G is the rational function —————, then one has the identity:
Hdeg G+1 y

AP (PIG = AP F)G 4+ ()AL () =0,

where ©
@)y — A5 (W)
0, (w) = @,
Ay (w)
with AgG)(O) # 0, AgG)(O) =...= AEIG)(O) = 0. There is some equation for G of the form
(3.9) APV + ADP)GT 4+ AD(F) =0

which is irreducible over C[F},...,F,] and such that géG)(O) £ 0, A90) = ... =
gilG)(O) — 0. Since G is now a rational function G = G/H8 G+ we cannot apply
Perron’s theorem immediately as in the proof of the theorem 3.2. In order to find a sub-
stitute argument, we use some variant of the famous Rabinowicz trick. Let us add some
additional variable Xg; the polynomials

(F1(X),...,Fo(X), HI® 9T (X) — X,G(X), Xo)

are algebraically dependent; there exists, by Perron’s theorem ([Pe], Satz 56 and 57), some
polynomial Q% in n + 2 variables such that

(3.10)
QG(Fl, . ,Fn,Xo,HdegGJ'_l — X()G) =0
deg,, QG(wfegFl, .. .,wgean,wnH,wZ(ergGH)) <ndegF---degF,(degG +1).

Then, substituting Xo = H48%+1/G in (3.10), one gets:

1
(3.11) Qo5 (Fl, .. F,, 5) =0

18



where
O (X1,..., Xp, Xnt1) = Q% X1, ..., Xp, Xnt1,0).

One has
(3.12) deg,, QG(w(lieg oo ,wien 4y 1) <ndegFy ---deg F,(deg G +1).

~ G
Since (FY,..., F,) is dominant, the relation (3.11), multiplied by GA%Bwnir 0 provides an

equation for G (which is such that (3.9) divides it, so that we have estimates on the weighted
degrees of the A,iG) thanks to estimates (3.10).) The relation (3.9) can be rewritten as

(313) ZA/I(CG)(F)GS—k;Hk(degG-i-l) =0.
k=0

Since ESG)(O)H (0) # 0, the equation (3.13) solves the Nullstellensatz. One can rewrite
(3.13) as

G* =) A;F;
1
deg; Fj < n(degG + 1)deg Fy - - -deg F, + sn(deg G + 1)
< n(degG + 1)[deg F} - - - deg F}, + d|.
This concludes the proof of Theorem 3.3. <

When F = (F,...,F,) is dominant and satisfies the (H — §) separation condition in
definition 2.2, one has a similar result.

Theorem 3.4. Let F = (Fy,..., F,) be a dominant polynomial map from C" to C" which
satisfies the (H — 0) condition for some H € C[X] and § > 0. Then, for G € C[X] such
that G|F~1(0) = 0, one has for some s < d(F1y,...,F,),

G* =) AjF
1
deg A;F; < deg H(E(degG/d) + 1)(deg F' - - - deg F}, + d).
PROOF. Let G € C[X] such that G|F~1(0) = 0. We let now:

~ G
G = HE(deg G/)+1

We use lemma 2.5 instead of lemma 2.4. We obtain as before a relation of the form (3.9),

with the same conditions on géG), e ,A’gG). On the other hand, by the same argument
than in the proof of Theorem 3.3, there is a relation

(3.14) QN Fy,...,F,,G)=0
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with
degw Q(G) (wclieg Flv ) wieg Fn7wn+1) S deg Fl e deg Fn degH <E<deg G/(S) + 1) :

Since (3.9) divides (3.14), one has

G* =) A;F;
1
deg A;F; < degFy ---deg F,, deg H(E(deg G/6) + 1) + s(E(deg G/6) + 1) deg H
< deg H(E(degG/d) + 1)(deg F - - - deg F,, + d). &

4. Some consequences of Briancon-Skoda theorem.

In this section, we prove that for maps with a negative Lojasiewicz exponent, the
Nullstellensatz can be solved with estimates (1.11) or (1.12).

Theorem 4.1. Let F = (F\,...,F,) be a polynomial map from C" to C* such that
(4.1) X[ > K = [|F(X)[| = s[| X7
for some K > 0, ¢ < 0 and k > 0. Let G € C[Xy,...,X,], G =0 on F~(0); then, if

v :=min(n + 1,k), v := aergg@c(())(u@, D := 112]&%(1@ deg F},

{ G = ) A
deg A;F; < ~v(vdegG + D + |q]).

PROOF. From (4.1), for any X = (X0, X) = (Xo,...,X,) € C""L, X0 £ 0, | X| > k| Xol,

(@)

that is
1 X
4.3 xXalld < Zxyld ||
(4.3) ol < x| F (%)
SO
1
k 2
1 ~ |2
(4.4) \XO||‘1|+D < _||XH\q| (}:‘hFj(X)‘ |X0‘2(D—degFj))
K
1

Let G € C[Xy,...,X,], G=0on F71(0); then G* € (Fy,...,Fy) by Noether’s theorem.
There exists some constant C' > 0 such that, for any X € §2"+1 .= {X € C"* || X| =1},

"ar(X)| < P
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On the other hand, because of (4.4), 3C" > 0 such that for any X € S271 with |X,| <
2/K,

(4.5) Xol+P < " F(X))| .
On the unit sphere S27+1,

"G (X)Xl 1P| < ¢ F(X))

for some C” > 0. So for any X € C"*1\ {0}

6 (A1) (xo/1X1) | < o o (R1E0)])
So for any X € C"T1\ {0}
"G ()| 10l 7P < Xl PH e (/01X )|

Then for X € C"*1\ {0},

1
2

_ k 2
(46) "G (X)| 1% [P < )| X, |l dea (Z "F(X) HXOHZ@—O‘QW)
1

The inequality (4.6) remains valid in C"*'. At any point Z in C"*', the germ at Z of

hG”XJ)qHD is in the integral closure of the ideal generated by the germs of "Fy, ..., "F},
at this point. Then, by Briangon-Skoda theorem ([BS], or [LT] for an algebraic version)

2l
(hGVX(|)Q|+D) € (hF17 ) th)loc :

So, there are polynomials Ay, .. Ag € C[Xo,...,Xy] such that
YA~ o -
(4.7) ("ar Xt =3 AR ().
1

Taking Xo =1 in (4.6), we get the result. <
Under some additional hypothesis, we have

Theorem 4.2. Let F = (F\,...,F,) be a polynomial map from C" to C* such that
X[ = K = [|[F(X)[| = s[|X]|?
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for some constants K > 0, ¢ <0, kK > 0. Assume that the depth of the ideal
h h
Fi 100+ + " Fg 04100

in Oy is bigger than 2. Let G € C[X1,...,X,], G = 0on F~1(0); then, ifv := max )(z/a),
a€F~1(0
D := max deg(Fj),

1<j<k
k

G = ZAij

1

with the estimates
deg(A,;F;) <vdeg G+ n(D +|q).

PROOF. It is exactly similar to the proof of theorem 4.1. At each point Z € C"*1\ {0}
such that |Zp| < 2|Z], it follows from (4.5) and Briangon-Skoda theorem that

(X(T)L(‘QHD))E S nt107 + -+ " 107

At each point Z € €1\ {0} such that |Zo| > £/ Z],
(hGy)g chm nt1057 + -+ "F n+1075.
So, at any point Z € C"*1\ {0},
(4.8) (XKG1HRG) €My 1O+ o+ " Finn O

Because of the hypothesis, it follows (as kindly pointed to us by Roger Gay) from [Ban],
corollary 4.3 page 42 (which is in fact a variant of Hartogs theorem), that (4.8) is also

valid at Z = 0. So, once again
k
n D v T v oy
XgUaHPIhGy = N7 A5 (X)) Fy(X).
1

Taking Xy = 1 provides the result.
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