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1. INTRODUCTION

In a number of papers [2-4, 6, 7, 12] the problem of finding explicit
solutions h,,..., h,, for the Bezout equation: fih; + --- +f, h, =1 has
been considered. If f,,..., f,, are complex polynomials in n variables and
they have no common zeros in C”, the existence of explicit analytic
expressions for the corresponding polynomials A,,..., k,, has a number of
applications to systems theory and commutative algebra.

For instance, the problem of finding a closed loop controller for certain
distributed parameter systems reduces to the question of finding a matrix
with polynomial entries which is a left inverse to a rectangular matrix of
polynomials of maximal rank (see [10, 20, or 21] for details). It is easy to see
that this problem reduces to solving the polynomial Bezout equation (see
[3]). The case where the rank is not maximal has also considerable interest
in systems theory, we refer to [4] for some open questions in this case.

In several contexts, for instance, in transcendental number theory, one is
interested in finding the solutions h,,..., h, of the algebraic Bezout
equation with the smallest possible degrees. Up to recently the best estimate
known for deg ; was (of the order of magnitude of) (max deg f; )?'. Using
explicit analytic expressmns for the h;, Brownawell [11] has shown that one
can find solutions 4; with deg h; < nz(max deg f;)". This estimate is known
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to be close to optimal, as we explain in Section 3 below. Up to date no
purely algebraic proof of this bound for the degrees of the h ; has been
found. (The interested reader will find a short survey of this topic in [5].)

Similarly, in the deconvolution problem, one has functions f,,..., f,,
which are the Fourier transforms of a strongly coprime family p,, ..., g, of
distributions of compact support. One searches for a procedure to compute
explicitly distributions of compact support »,,...,», such that p, *v,
+ -+« +p,,*v, = 8. (Here #, play the role of /; in the equivalent formula-

tion i,# + --- +fi, 5, =1). This question arises in problems of robust
filtering, image processing, etc. [10]. In [7] we wrote down formulas for a
solution »,,..., », of the deconvolution problem in terms of interpolation

series. The problem we have faced until recently is that, while for the
one-dimensional case these formulas can be easily implemented, in the
higher dimensional case they are far too cumbersome. Some of them seem
to be beyond the range of symbolic languages like MACSYMA upon which
we had, perhaps too optimistically, relied. For that reason we present here a
new version of our original deconvolution formulas which assumes extra
conditions on the family u,,...,p, but has as a payoff a very simple
formula for the deconvolutors »,,..., »,. We give herein simple examples
where these extra conditions are satisfied.

The problem of finding an efficient algorithm to compute the above-men-
tioned solutions to the algebraic Bezout equation being still open, we also
analyze here the particular case in which those polynomials can be com-
puted in terms of interpolation formulas. Finding an algorithm with a low
complexity for this problem will have many important applications in the
theory of distributed parameter systems and in robotics.

We have also found that a language barrier prevented our work [7] from
being more easily available to some engineers, and we hope that the present
paper will overcome those shortcomings.

The first author would like to express his gratitude to the Université de
Bordeaux I for its hospitality while this work was carried on. His work on
the algebraic aspects of this paper are inspired by the questions raised by
the AFOSR-URI project at the University of Maryland. We also thank our
friends Dale Brownawell and B. Alan Taylor for many helpful remarks.

2. ANALYTIC CASE

We will consider only entire functions f of n complex variables satisfying
inequalities of the form

|f(z)| < A1 + |z))"dH=> e cCn, 1)
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Imz = (Imz,...,Imz,) € R", where H is a convex continuous function
in R", homogeneous of degree 1 (i.e., H(Ax) = AH(x) when A > 0). We
call such a function H a supporting function. By the Paley—Wiener theorem
[18] there is a distribution p of compact support in R” such that f = i, the
Fourier transform of p. Furthermore, the supporting function H of
cvsuppp will satisfy Hy, < H (Here cv denotes the convex hull). Con-
versely, if f = fi we can take H = H,, in (1) and m is related to the order of
p in a simple manner. Hereafter we will just write f € & (=&mM)if f
satisfies (1).
For simplicity denote p(z) = log(2 + |z|) + |Im z|. A family f;,..., I

of functions in & is said to be strongly coprime if there is a constant ¢ such
that

m
Yl ze ™,  zecn )
j=1

It is well known [14] that (2) is a necessary and sufficient condition for the
existence of functions k,..., h, € &’ such that

i - 3)

In other words, a strongly coprime family is precisely a family for which the
analytic Bezout equation (3) has a solution. If we consider (3) in terms of
the distributions p,,..., &, ¥5,..., 7, such that i ;= f/ and ﬁj =h; then
we have the identity

prrvy oo Hp,*, =8, (4)

i.e., »y,..., ¥, solve the deconvolution problem stated in [7]. We will say
sometimes that the family of distributions p,, ..., s, is strongly coprime.
It might be useful to explain why (4) is called a deconvolution problem.
If we have an unknown signal (function or even distribution or random
process) ¢ then the usual data one measures would be {,..., ¢,, given by

Y1= P ¥ = B, % P )

The way to recover ¢ is by deconvolution (which is still given here by
convolution with distributions or compact support).

<p=yl*¢1+”'+vm*¢m' (6)

As we have mentioned in the Introduction our problem is to find easily
computable functions 4, and corresponding distributions »; solving (3) and
(4), respectively. We note that under the strongly coprime condition (2), or



54 BERENSTEIN AND YGER

even under the weaker assumption that (2) is only satisfied for real values of
z (z € R"), there are readily available tempered distributions a; solving the
deconvolution problem, namely, let

fi(2)
Y 5[

Jj=1

&,(z) = ,  zER" )

The problem is that the «; do not have compact support and furthermore,
the a; themselves are not so readily computable (except by inverting the
Fourier transform). Nevertheless there are many situations where these «;

are still very useful, among other reasons because they minimize the noisé
amplification of the deconvolution process (6) (see [7] for an example of
implementation in two dimensions). On the other hand, in many applica-
tions it is often not necessary to obtain an exact solution to (4) but one is
allowed to replace the Dirac § in (4) by a (sufficiently) smooth function u
with small support, i.e., an approximation to 8. It is this approximate
deconvolution problem that is more readily solvable, even with very good
knowledge on the support of the distributions »;, which will turn out to be
(reasonably) smooth functions.

Since the method we use relies on Koppelman-type formulas, like those
developed in {1, 9], we need the following explicit relation whose proof is an
immediate verification.

LeMMA 1. Let p be a distribution of compact support in R", 1 <k <n
and { = (§y,...,$,) € C". The holomorphic function of 2n complex variables
8.(2, §) defined by

ﬁ(Zl,...,Zk,§k+1,...,§n) _’i(zl”"’ Zk_l,fk,...,fn)

2, — $i

8i(z,8): = (8)

is the Fourier transform (for ¢ fixed) of the distribution denoted I =
I(p, &, k), which evaluated at ¢ € CP(R") has the value

<I, q)) - _if[ftkq)(tl’ R u,0,... ,O)eifk(u—lk)du
0
Xe_i(’k+1§k+1+ +t"§")dl-"(t)' (9)

( By abuse of language we have written [{(t) du(t) to denote {p, {)).

We note that for the distribution 7 we have cvsupp/ C cvsupp .
Furthermore the collection of functions g, ..., g, satisfies

81(2,8)(z = &) + -+ +8u(2. )z, = §,) = ii(2) - &(§). (10)
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Associated to these holomorphic functions we have a (1, 0) differential form
g in the variable { given by

g=g(2,§,ﬂ) = ng(z’g)d§k' (11)
k=1
Given a family of m entire holomorphic functions f,,..., f,, its zero set &
is defined as
Z={zeC" fi(z)= -+ =f,(z)=0}. (12)

In our applications we will only consider the case where the set 2 is
discrete. We say that 2 is almost real if there is constant 4 > 0 such that

Zc{zeC™|Imz| < Alog(2 + |z|)}.

It is well known that an almost real zero set £ is discrete [8, 15]. For
a Z discrete set 2, r > 0, we can define a counting function n(Z,r) =
#(ZNZB,}, B,= {z€C™ |z| <r} = Euclidean ball of center 0 and
raidus r. The distance function is d(z, ) = min(l,min{|z — {|: { € Z'}).

Given a family of n distributions of compact support in R”, p,,..., 4,
let us denote H, the supporting function of cv Uisupp p, that is,

H(0) = max max{x-6: x €suppp,;}, (8€R"), (13)

<j<n

x-0=x0,+ - +x,0,

DEFINITION 1. A family of n distributions g, ..., g, of compact sup-
port in R” is well behaved if there exist positive constants A, B, N, k, a
supporting function H,, such that 0 < H, < H;, such that the zero set Z of
the functions f, = fi,,..., f, = fi,, is almost real,

n(Z,r)=0(r4), (14)

and, denoting

n 1/2
1£(2)] = [;mmf] : (15)

the following inequality holds :

Bd(z, &) efollmd)
1+ zp”

/()| = (16)
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DEFINITION 2. A well-behaved family u,,..., p, is very well behaved if
there are constants ¢;, M, ¢; > 0, such that for every { € 2, we have

det[%(r)} ‘

i, j

[J(8)| = >+ DM (17)

This condition implies that the common zeros of fj,..., f, are simple,
that we can take k = 1 in (16), and that if {,{" € Z, { # {’ then |{ — {'|
> ¢,(1 + |£])™M for some positive constants c,, M'.

We will say also that functions f,,..., f, are (very) well behaved if the
above properties hold.

Given a family f;,..., f,, in &'R™), m > n, with no common zeros, we
introduce the following functions and differential forms. First, let g/ =
gz, ¢, ;). f; = i, be the (1,0) differential forms in ¢ given by (11), we
write g/ = Y7 _, gjd¢,. Recall the coefficients g/ are holomorphic in both z
and {. Let F be the vector-valued holomorphic function F := (f,..., f,.);
we write
1/2

|F({)| = [f 15O

Jj=1

which is a nowhere vanishing C*® function of {. Let

L&) (2) /F(f) ; (18)

/F({) . (19)

Therefore ¢ is a C® function of (z, {), ¢(, ) =1 and, as a function of
z, @ is a linear combination of the f;. Q is a (1,0) differential form in { and
its coefficients are C* in (z, ) and holomorphic in z. Finally, the n + 1
functions A;, C*® in (z,{) and holomorphic in z are defined by the
identities

¢ =9(z%) ==[

.
1=

0= (1) - [f_lf;(:)gf(z, 5)

gl/\,,_Ag.;/\...Ag”/\Q:AJd{l/\"'Ad{n, 15]3” (20)
gEA - AgT=A dG A NS, (21)

It is clear that the A, are simply » X n determinants whole entries are
obtained from the coefficients of g', ..., g", Q. Therefore, as functions of z,
they are finite linear combinations of products of » among the functions
g/, 1 < k < n. Note that these products are just Fourier transforms of
convolutions of n distributions of the form I(p;, {,k) (see (9)).
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In order to obtain simple and easily computable deconvolution formulas
we need to assume that a strongly coprime family of distributions g, ..., s,
contains a (very) well-behaved subfamily p,, ..., u,. Furthermore, we need
some control on the relation between the support of all the p; versus the
supports of the first n. Let

H,(0) = max max{x-0: x€suppp;} (0€R"). (22)

l<j<n
One such relation between the supporting functions H,, H,, H, is given by
H, < 2H,|, (23)
and
2(n — 1)H,(8) + H,(0) < 2nH,(6) if 8+0. (24)
The last condition is equivalent to

3, >0 suchthat  r|8] < 2nH,(8) — 2(n — 1)H,(0) — H,(8).
(25)

With all this notation in place we are now ready to state the first
deconvolution formula.

THEOREM 1. Let p,,..., 1, be a strongly coprime family of distributions
such that p,,...,pn, is a very well-behaved subfamily. Assume further that
(23) and (25) hold. For any u € CP(R") with suppu C {x € R™ |x| < 1y}
one can write

A _ n+1( S’)
u(z) - gggu(g) J(g.) (P(Z,{)
Nel- A,(z,8)
1 / a(¢). 26
* LDV E . o

Formula (26) can be rewritten as
m
ﬁ(z) = Z hj(Z)f}(Z),
j=1

where the h; are given by explicit interpolation formulas and they are
Fourier transforms of a series of distributions which are computable in
terms of the original pu,,..., p,,. In the particular case where m =n + 1
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then formula (26) can be also rewritten as

gi(z,8) -+ &l"(2,$)

o a(¢) : :
9= L 05 g (e8) - g i(e0)|

fl(z) e fn+1(z)

(27)

Proof of Theorem 1. It follows the lines of Theorem 3 from our paper
[7]. It uses the Koppelman-type generalization of the Cauchy integral
representation formula, especially in the version due to Anderson and
Berndtsson [1]. First one introduces a parameter ¢ > 0, a function ¢,, and
two (1,0) differential forms in { as

> (1) +e
7,{) = 1= . 2
T @)
s(2,8) = Z::l(fj—fj)df, (29)
¥ 5(0)g,(2.6)
P e — , 30
¢8) 1F(5)] +e (0)

where, as before, f=(f,,..., f,) If($)I* = Z.,If;($)|% The procedure
from [9, pp. 402, 409}) gives two kernels K, P, (i.c., differential forms in the
variable { of type (n,n — 1) and (n, n), respectively) such that if v is a
holomorphic function in a neighborhood of By, z € By, then

o(2) = s { [ oK) + [ o@D} 6D

1
(2mi)"
These two kernels are defined as follows. Let G,(¢) = t” and G,(¢) = ; we
denote for any a € N.

dd
G{® = G{¥(z,¢) = FGllt-qu,(z,g) (32)

o

d
G = G§(z,¢) = ﬁGzL-w.(M)’ (33)

where ¢ is given by (18) and ¢, by (28). With Q, defined by (30) and Q by
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(19), we define
K(z,$)
1 G{G™s A (35)™ A (30,)" A (30)™
- agtogtay=n—1 o lay! |z — §| Xt ’
(34)
1 e
P(z,)= Y GG§(30,)" A (30)", (35)
o +ag=n a;la,!

where a, a;, @, € N. Everywhere the variable z is considered as a
parameter and the § derivative is taken with respect to {. Due to our choice
of function G,, the index «, can only take the values 0 and 1. For this
reason the expression for P, becomes particularly simple

P, =¢(30,)" + n,(30,)"" A 30. (36)

The terms (3Q,)" ! and (5Qe)" must be computed, for instance,

(39,)" = 3Q, A -+ A3Q, (n times)
= (2i)"n'A,,, J(f)e A dh, (37)
(1£F +¢)

where dA = dA($) = Lebesgue measure in C". (We have eliminated the
variables (z, {) where they were evident; we will use this convention freely
in the rest of the paper.)

It is clear that ¢, and Q, are singular when & = 0 precisely at the pomts
¢ € 2. The expression (37) shows that the strength of this singularity is in
one of the terms of P, The strategy of the proof is to try to get very
singular terms so that when ¢ — 0 the volume integrals in (31) become
sums, while the boundary integrals tend to zero when we set v = # and let
R — oo over a conveniently chosen sequence. The reason this idea works is
the following lemma [7, Corollary 4.1.1].

LEMMA 2. Let o, be the measure which is the sum of direct masses at the

points of Z; i.e., for y € CP(C") we have [ doy = L; c 2¥({). Then, the
family of measures o, given by

do(§) = ————=7 dA(Y) (38)
(1761 +e)
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converges when & — 0, to the measure
77'" d 00
- 29 (39)
n! |J($)

where, as always, J denotes the determinant Jacobian of f,..., f,.

From (37) we see that the first term in (36) is amenable to Lemma 2. The
second term is not singular enough, therefore it will be transformed using
Stokes’ formula in the corresponding integral of (31). Namely, due to type
considerations, one obtains the first part of the identity

di{v(©)e(2,8)((30.(2,9))"" A 0(28))

= 3{ve.(30,)" " A 0}
= vg,(30,)" " A 30 + vdg, A (30,)" " A 0.
The last identity follows from the fact that v is a holomorphic function in {

and the (2n — 2) form (3Q,)" ! is @ closed. Using this identity the
representation formula (31) becomes

1 = n—1
v(z)=—=1] v K, +nel30, A
(2) = Gy f, PO K+ ne(30) 1 0}
1 = n = 3 n-1
+— d —ndgp, A (d A , (40
@) fBRv(f){tp( Q.) —nde. A (3Q,) 0}, (40)
where the integration is in the variable { and we have suppressed the
dependency on (z, {) of the kernels.
LEMMA 3. The following identity holds
€

g A (30)" = (n - )" (41)
(17 +e)

X

| £ (-17(1(2) —f}(s“))k/i\lg" A

Jj=1

a£(%),
1

k

where the wedge products in (41) are to be taken in their natural order, e.g.,
Akﬂgk = 82 Ao AT
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Proof of Lemma 3. We start by rewriting g,,

SH@i© +e L0 -4©) +5 6 +

Jj=1 _

7)1 +e IFE) +e

SRR /(O
1+J§1(f,-() f,(:))lf(mzﬂ-

Denote f; = f,() and ¥, = ¥,(§) = (If ()| + &)”'f,. Then we have

P,

e=1+ L (f() - f)¥, Q= L8
j=1

=1

Therefore,
9.1 (30,)" " = [Z(f(2) - £)3g] A [Zag A el]"
- £ =)o n [Lanns] ]

k#j
since dy i A Y ; = 0. Using that the 2-forms ?hpk A g* commute and that
the product of two of them with the same index vanishes, we have

n—1
Y Y A gk =(n-1)! A(:?‘Pk/\gk)
k+j k#j
= (n= D=1 Agt) [ A,
k) k#j
Hence
du,n | Eong| = (- D=1 A gt A ( A «‘wk)-
k) k#j k=1

Now, we have 3y, = (If|> + &)1 3f, — (If1* + &)~ %f, 3f|>. Therefore we
can use that 3|f]> A 3|f|> = 0 and obtain

/\37; Z[f,- A TAdifiia A 974

/n\ =1 l<n<j j<k<n

k=1 (If|2 +e) (17 +¢)

n+1
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If we now expand 3|f|> = L, f, 3f,, we see that only the term f Tf remains
in the triple product above. Hence

£

n A 7, Zl|f,|2]k/\1?m
A 9y, = =1 = .

ST T (2t

n+1 A 97/('
k=1

This concludes the proof of Lemma 3. O

Lemma 3 tells us that dg, A (.éQe)"”1 A Q is the product of a measure
with a smooth density, independent of &, and the function e(|f({)}? + )" L.
Lemma 2 can now be invoked to see that the volume integral in (40)
reduces to a sum when e — 0. In fact, let us choose R so that |f({)|* =
N2+ -+ +1£,($)|* # 0 when |¢| = R. This choice is always possible
since Z is a discrete set by assumption. In this case none of ¢,, K, Q, have
singularities when ¢ = 0 and { € dB,. We set @, K,, Q, to be the corre-
spondent quantities. Therefore

v(z) = ﬁ[w U(f){Ko + ”%((aQo)n_l A Q)}

+ oy [ o(©)]0(30)" - de A (30" A 0],

Recall that f({) =0if { €2 and 1 <j < n. Using Lemma 2 and the
definition (20) and (21) of the A; we can compute explicitly the limit and
obtain

1 A n—1
0(2) = Gy, 0O Ko+ nn{(300)"™" 1 0))
An+1(z9 {)(p(z, f)

+§ 22'3 v) J($) * él(_l)nﬂ_jfj(Z)
SV C S
$€2N By J({)

Up to this moment we have only used that 2N dBz = & and that v is
holomorphic in a neighborhood of B,. To let R — oo we have to choose a
sequence R — oo judiciously. Recall that n(Z,r) = #(ZN B,) < CrA
for some positive constants A, D, and all r > 1. Let M be the smallest
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integer > C(R + 1)* + 1, divide the shell By, \ By into M concentric
subshells but choosing the boundaries to be 9B, /), 0 < j < M. There is
at least one such subshell that is free from points of Z’; choose R’ to be the
mid-radius of this subshell, then d(¢, Z) > QM) if |{| = R’. Starting
from the sequence R = ¢ = 1,2,... we construct a sequence R, ¢ < R, <
g + 1, such that for some positive constants A;, N,

|£(§)] 2 Ayg~ MM if ¢ = R, (43)

This follows from (16) and the choice of R,
We are now ready to estimate the terms in the boundary integral of (42)
for R = R,. We will assume |z| < (, < oo and consider those g such that
>C,+ 1
F1rst let us observe that the functions g/, 1 <j < m, 1 < k < n, satisfy
an estimate of the form

|g,{(z, g-) | < Cl(l + lzl)Ml(l + I§|)M1eH2(Imz)+Hz(Im§')’ (44)
for some constants M;, C, > 0. If 1 < j < n, we can replace H, by H,. We
can now estimate the coefficients of differential form Q. Denote ||Q(z, {)||

the largest absolute value of the coefficients of d{, at the point (z, {). We
proceed as follows. First,

[F) 2] £(§)] = 4g~ he™mDif |§] = R, (45)

Therefore,

1
0.1 < 777

C,(1+ |ZI)M1eH2(Imz)(1 + Rq)MleHz(lmz)
Alq_NleHo(Imr)

12
£ 101 ]

which leads to
10(z, £) || < Cyq™retadmd)—Hoimd), (46)
The constant C, depends in fact on z, but |z| < C; and N, = M; + N,. (In

fact C, can be estimated in terms of e22U™2) and polynomials in |z|.)
Similarly, with possibly different values for the constants C;, N, appearing
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below, we have

[30(2,0)] < CygPeriim-asiams o

13Q4(z, §) || < CigMre?Halimn-2ty(im ) (48)

oo(2.0)| = g e )
|F(z)]| )

lo(z,8)| < m < CygMe  Hollm2), (50)

To estimate K, we recall that a, can only take the values 0 and 1 in (34).
In case a, = 0 we have to estimate terms of the form q>3“"1<p(5Q0)"‘*, with
0 < a; < n — 1. There are powers of ¢ that we will disregard, the estimate
is then the function of Im ¢,

Since H, > H,, the worst case estimate occurs when @, = n — 1. Hence the
terms corresponding to a, = 0, a5 + @y = n — 1, in the definition of K|,
can all be estimated by

‘pg— (5Q0)a1|| < e—(n+a1+1)Ho+2alHl.

C3qN3e—2nH0(Im§)+2(n—l)Hl(Imz)’ |§| = Rq' (51)

The terms with a; =1, a5 + a; = n — 2 corresponds to the estimate of
llpg 1 (3Q¢)™ A 3Q|. The worst case occurs this time when a; = n — 2
and we obtain an estimate of the form

CBqN3e—2nH0(Im§)+2(n~2)H1(lm§)+2H2(Im{), |§| — Rq' (52)

In (42) we have one more term to estimate for |{ |" =R,

"‘Po(‘—')Qo)n_l A Q" < C3qN3e—2nHo(Im§)+2(n—1)H1(1m§)+H2(Im§). (53)

The conditions (23) and (25) imply that the largest exponential factor in
(51), (52), and (53) is the one in (53) and it satisfies

—2nHy(Im¢) + 2(n - 1)Hy(Im¢) + Hy(Im¢) < —r|Im¢|. (54)
Since we have assumed that ¥ € C§°( E,O ), we have
[3(8) | < G(1 + [5]) ™M Penl™il, peen, (55)

which allows us to conclude that, with v = 4,

Jim [ a(6)[Koz.8) + noo(z,)(206)"" A 0(2.5)] = 0. (56)
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To conclude the proof of Theorem 1 we need to show that the series
appearing in the representation formula (26) converge absolutely and
uniformly in compact subsets of C” to functions in &’. Since we have
assumed that & is almost real, the estimates of all the terms A o @y J ~1are
in terms of powers of |{|. Using that n(Z,r) = O(r*) and |@({)| de-
creases as fast as |§| ™™ for { € &, we have the desired convergence once
N, is chosen sufficiently large. The support of all the distributions thus
obtained is contained in the convex set K whose supporting function is
(n+1)H, O

Remarks 1. One can see that the condition 2 H, > H, cannot be relaxed
if the other conditions of the theorem remain the same, otherwise the
exponent in (52) would become positive and we would not be able to prove
(56).

2. A way to weaken the conditions in Theorem 1 is to impose some
better lower bound on |F| than (45) that only depends on the first n
functions. We will do so in Theorem 2 below.

3. It is clear that one only needs u € CJ¥( E,o) for N sufficiently large
to obtain (26).

The following example shows how Theorem 1 enormously simplifies the
computation of the deconvolution formula proposed in [7].

Let p;, p,, 4 be the characteristic functions of the squares centered at 0,
of sides parallel to the axes and of lengths 2y3,2y2,2, respectively. One
can easily show [7, 17] that p,, p1, is a very well-behaved family with

Hy(Im¢) = \/f(|lm§1| +|Im§2|)

Here Hi(Im¢) = H,(Im§) = V3 (|Im¢;| + |Im{,|). In this case the main
hypotheses (24) reduces to verify that 4/2 — 3y3 > 01. Since |x,| + |x,| =
yxZ + x3 for x € R% we have r, = 4y2 — 3y3 > 0.2. The variety 2 in
this case is given by

N N

={|l—=,—|: j, ke Ull—=,—=1: j, ke .
VRl I 2V

(There were about forty different types of terms in [7] to compute.)

Before we proceed to state Theorem 2 we need to point out that the
representation formula (31) does not depend on the particular choice of the
differential forms g/ we have chosen, rather on the fact that (10) is satisfied.
That is,

n

X gl(z,8)(z = &) = fi(2) = £(3).

k=1
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Now, let f = f and h(z) = sin Bz, for some B > 0, and denote by g the
differential forms associated to f by (8) and (11). Let us define a differential
form y by

Bz, —sin B
kLR R R )
7 —§

Y(2,0) = 1) 2

writing y = Xy, d{, we have

n(z, 8z = &) + - #2280z, = £,) = F(2)h(2) = F(§)R(E).

Therefore we can associate y to the product f- h. It is also clear that as a
function of z, the y, are Fourier transforms of distribution of compact
support, easily computable terms of p and B. Obviously we can replace
sin Bz, by sin Bz; without any problems; hence, given a family f;,..., f,
we can construct an augmented family f,, ..., f,, fui1=fisin Bzy,..., f,,,
= f,, - $in Bz, ..., foys1ym = [ - 5in Bz,. The corresponding g/ for j >
m + 1 are computed following the procedure (57). It is clear that if
fis--+s [, Was strongly coprime, the augmented family remains strongly
coprime. If f,,..., f, form a very well-behaved family we will keep the
notation H,, H,, H, to indicate the support functions corresponding to the
m original members of the augmented family fi, ..., fi,s1ym

THEOREM 2. Let f,,..., f,, be a strongly coprime family such that the
subfamily f,, ..., f, is very well behaved. There are constants B, > 0, r, > 0,
such that for any B > By, and any u € C§°(B, ), the representation formula
(26) is valid for the augmented family f,, ..., f,., .- -, fin+1ym defined above if
either of the following two conditions holds:

H,<2H, and 2(n-1)H, < (2n-1)H, (58)
2H <H, and 2(n-2)H,+H,<(2n-1)H,. (59)

Proof. The proof is exactly the same as that of Theorem 1 except for
improvements on the estimates (46), (47), and (50) for the new Q and ¢.
Recall that it is there where all the functions f),..., f,.1» appear. Let
Fy==(f---» fnsym) and keep the notation F=(f,,..., f,) as before.
We have

|Fi(£)| =1 F(¢) (1 + [sin BG|? + - -+ +[sin BE,1%)* =|F(§)| - 8(¢).
(60)
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It is clear that for some positive constants c,, ¢, we have

19'({) = (1 + |sin B§1l2 + -+ +|sin Bgniz)l/z

W[ ,2Bm | o L., 4 ,2B1Img, ]2
nlc 1 1 < ]

v
o

> CneZ(B/n)Ilmi’h > c'%(B/")IImII,

where |Im {|, = 2%, {Im )|, {Im {| = [Z}_,)Im {;|*]'/2 We estimate first
g/, j=m+ 1, for |z — {| = 1, since that is the only case that appears in
the proof of (56). As it follows from (57) we have, for some i, k (1 < i < n,
1 <€ k < m), the estimate

Ig(=, €)1 < e[| ,(6) (1 + fsin B2)'7" + |42, )]
<Cc(1+ |z|)N‘(1 + KI)N’eB“‘“‘i‘
X [[FEN8(Q) + efaimagHymd)]

It follows that

(n+1)ym ]1/2

IlQ(z,f)llsm%m[ Y lgiz 0|

Jj=1
< G+ 2N + |§|) MeBltmzl +Hy(dm2)

e H(Im{) ‘F(f)lﬂ(f)
x{ RGINEEG] }

Therefore, for a positive constant C, depending on z, we obtain

19(z2, ) < (1 + [EDYM[1 + MmO HolmO=(B/muims] - (61)

Similarly,
|F1(2)| N, Ho(Im$)—(B/n)|Im¢
lo(z, ) Smscz(uL [£]) MeHolim O~ (B/miImi,
Finally,
_ af k(z,
130(2.0)] < C 194,11 g4z, 8)]

m 2
1<j,k<(n+1)m |F1(§)|
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Now, for j 2 m + 1 we have forsome 1 <i<n,1<!<m,
[8£,(5) || =llsin Bg, - 8£,(%) + £,(§) B - cos B, dt|
< G+ D™ 3(5) e +|F(2) [9(2)).
It follows that

a+ 1™

————|F(£) '8 (£)” + 2| F(£) |9 ()2 atm)
O] [IFG@)Po()* + 21F(2) 19(2)

130(z.0) | < ¢,

+0(§)e2Hz(Im§)]

< G(1+ ) ™1 + 2¢HImd)— Ho(lmy)

+ g2 Ha(Im D)= 2Ho(Im§)—(B/m) | Img 1]
Choose B, > 0 such that
2H,(Im¢§) — 2Hy(Im¢) + (By/n)|Im¢|, < 0. (63)
When B > B, we will have ||Q(z, {)|| < C,(1 + [¢])™ and
130(z, ) || < Cy(1 + [§1) MmO HolmD), (64)
where C, still denotes a constant depending on z of the form
C, = const(l + |z|)MeMmn)+Blmzi,
We can now return to the proof of Theorem 1 at the point where we
obtained the estimates (51), (52), (53). Ignoring powers of g, the exponential
factors are

exp(—2nHy(Im¢{) + 2(n — 1) Hy(Im¢) — (B/n)|Im¢|,) (51)
exp(— (2n — 1) Hy(Im §) + 2(n — 2) H,(Im¢) + H,(Im¢)) (52)
exp(—(2n — 1) Hy(Im ¢) + 2(n ~ 2) H,(Im ¢)). (53)

Under hypothesis (58) the largests of these three is (53") and its exponent
satisfies

~(2n = 1)Hy(Im¢) + 2(n — 1) H,(Im¢) < —rIm¢|, (53")

for some 7, > 0. If the hypothesis (59) holds, then the largest exponent is
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(52") and we define r, > 0 by

-(2n - 1)Hy(Im¢) + 2(n - 2)H (Im¢) + Hy(Im¢) < —rp|Im §J.
(527)

In either case the rest of the proof is the same as that of Theorem 1.

EXAMPLE. As [7] shows the family u,, u,, p, obtained by taking p, =
characteristic function of the unit square = x;_; 1;x(-1,1) #, @ rotation of
g, by 36° and p, a rotation of u, by 45° satisfies the first conditions of
Theorem 1 and Theorem 2 with H,(8) = |8|, since the squares contain the
unit disk. One can easily convince oneself that the hypothesis (24) does not
hold (e.g., take 8 = (¢,0), ¢ > 0.) On the other hand, one can take H,(8) =
H,(8) = J_ 2 ||, since all the squares are contained in the disk of radius v2.
We are in the situation of hypothesis (58) and its verification reduces to the
fact that

n=3-2y2 >0.
Furthermore, B, = 4(\/5 — 1) works in this case.

3. PoLYNOMIAL CASE

The conditions on Theorems 1 and 2 imply that the convex set defined by
H, contains a ball. If we want to prove an algebraic version of (26), the fact
that this condition is not satisfied plays a role. Such a representation was
stated in [3, 4] without proof. We analyze here the conditions under which
it is valid.

THEOREM 3. Let py,..., p,, be a family of polynomials in C" without
common zeros, suppose further that:

(a) D=max,_;_,degp;=degp, for1 <i<n.
(b) F={zeC" p(z)=0;1 < i< n) is discrete.

(¢) J(z) = Jacobian determinant of p,,..., p, at z is # 0 for all
ze€Z.

(d) py,--., p, have no common zeros at infinity, i.e., #% = D"
Then

e M) ity (o) 3 08

where @, A; are defined as in (18)-(21) with respect to the polynomials
Pir---s P

. (65)
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Remarks 1. The functions g/ defined by (8) are obviously polynomials
of degree D — 1. It follows that (66) has the form

pi(2)Ay(z2) + -+ +p,(2)4,(z) =1 (66)

for some polynomials 4; € C[z,,..., z,] of degree of most n(D — 1). This
follows from the fact they are given as n X n determinants involving the gj.

2. As before, the case m = n + 1 leads to a particularly pleasing form
of (66),

gi(z,8) -+ g*i(z.%)
BRI R :
J@) Paei() |gh(z,8) - g2, 8) |
Pl(z) Pn+1(z)

1-% (67)

3. The two statements in condition (d) above are really a form of
Bezout’s theorem [19]. The meaning of the expression “p,,..., p, have no
common zeros at infinity” is that if we introduce homogeneous polynomials
H(zp,...,2,) = 28p[21/20, . .-, 2,/2o] then the subset of C"*' defined
by {z,=0,H, = --- = H =0} is {0}. This is equivalent to the state-
ment

n 1/2
|p(z)|=[§lllp,-(z)|2] >Clz|®  if|z] 2Re2 1. (68)

If we call pY(z) the leading homogeneous polynomial of pj, then the
estimate (68) is also equivalent to

{(zeCn pl(z) = - =p%z) = 0} = {0). (69)

We also note that (69) implies (b) above. That is, condition (d) above
implies condition (b).

Proof of Theorem 3. The proof is the same as that of Theorem 1. This
time we take v =1 and R arbitrary > R, (cf. (68)). One can estimate
1@ (z, Sl < C/I81, 119Q (2, §)Il < C/I8I12 [9o(2, §)| <
C/181%119Q0(2 §)Il < C/|$1%if |§] =R and |z] < K< R — 1, withC =
C(k) > 0. These estimates imply that the boundary integral in (40) tends to
zero when R — o0. O

If p,,..., p, are such that their leading terms pj‘-’ satisfy (69) but their
degrees deg p; = D; are not all equal or max{ D;:1 < j < n} is smaller than
D = max{D;:1 < j < m}, then we can still prove a version of Theorem 3.
That corresponds to the analytic counterpart of Theorem 1, that is, to
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Theorem 2. For the moment we continue to assume that J(z) # 0 Vz € &

={p = =p, =0}
Let L,(z) = uyz; + - -+ +u,z, be a linear homogeneous polynomial with
generic coefficients. The condition that {z € €™ L, = pJ = --- = pJ = 0}

# {0} is an algebraic condition on the coefficients of L,. Therefore we can
choose L, such that for any integer d; > 0 we have {[p{Lfi = pJ = -+ =
p9 = 0} = {0}. Continuing in this fashion we can choose L,,...,L,,
dy,...,d,, such that for any choice of constants ¢,,..., ¢,, if we define
P =p(L;+ €)% then {p) = --- ) =0} = {0} and deg ;= D for 1 <
j < n. It is clear now that for most choices of &, we still have that all
common zeros of p¥ = --- p° are simple and p} = -+ B, Ppirr-ees P
have no common zeros. Theorem 3 can now be applied to this new family;
one obtains polynomials 4,

A;p;=1, degd,<n(D-1), (70)
Jj=1

and such that they have a representation of the type (65).

We remark that a representation such as (65) cannot be valid if the
P1>---» D, have common zeros at infinity. For instance, in the example of
Masser and Philippon in [11],

=2l =220 Pu1 =y~ L Pa= 1 — 2,207
one knows that 8 = D" — D"~ ! is the best estimate possible for the degrees
of A; solving the polynomial Bezout equation. The polynomials

D_ ,D? D _ D}
TR U ok R (- b
17 “ny 2 no o, D 3= —2Z, S _ D
1 2 2723
2 -1 n—1
[z"“_2 -z ] 1-2028
sln n n n
An—l =Tz, _ D ’ An = 1— D-1>
Zp-2 Zy-1 Zp-12n

have exactly this degree. On the other hand, if we had a representation like
(65) we could conclude that there are solutions 4 of the polynomial Bezout
equation with deg 4; < n(D — 1) as in (70).

We would like now to show that the condition (c) for the simplicity of the
zeros in Theorem 3 is not necessary. Regretfully, we only know how to do
this in the case where m = n + 1.

THEOREM 4. Let py,..., p,.1 be a fimily of polynomials in C" without
any common zeros, D =degp, = --- =degp,>degp,.; and {p}=
- =pP =0} ={0}). Then we can find polynomials A; of degree <
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n(D — 1) satisfying the identity Y7 *'A ;P; = 1. The coefficients of the A; can
be written in terms of the values of p, ,, and values of the derivatives of p, , 1,
and the coefficients of gf'*(z, ¢) (when considered as polynomials in z), all of
these evaluated at the points of Z= {{: p(§) = --- = p,($) =0}).

Proof. For 0 <¢; <1 the function 1/p, ., is holomorphic in a neigh-
borhood of II = {|p,| <&,...,|p,| <¢,}. This set is a compact poly-
nomially convex set. (The compactness follows from condition (68)). By
Sard’s theorem one can choose the ¢; so that the sets {|p,| = ¢;} are real
analytic submanifolds of C”. (In fact, we only need it in a neighborhood of
I1.) For an v € 5 (II) we have that integral

Resy (vdl, A -+ AdL,) = ._1_f U(;)M (1)
" mi)" el =e T py(8) e pa(§)
Ip..|==v,.
is independent of choice of o,,...,0, as long as 0 <o, <e¢; and the

{Ip;l = ;) are smooth. Furthermore, if v is in the ideal generated by
P1>---» P, in H(II) then this residue is zero. Therefore, it depends only on
the values of v at 2 and a certain number of derivatives of v at 2 (as it
follows from the Nullstellensatz as presented, e.g., in [13, 16]). In other
words, the integral (71) can be considered as an operator defined by a
certain linear combination of the Dirac masses §, and their derivatives
(9'/3¢) 8;, { € Z, applied to the holomorphic function v. This operator
is very hard to compute explicitly except in very simple cases but it is
perfectly defined as the common value of all the integrals (71). It is called
the residue current of Z.
Let us consider now the polynomial B(z) defined by

gi(z,§) - g™ (2,%)
B(z) = Res,—— 3 © A A, (T2
(z) S2 ) 2(2.0) - gz 0) S A - AdS,. (72)

pi(z) -+ Pn+1(z)

n+1

This polynomial is in fact of the form X724 ,(z)p,(z), with 4; polynomi-
als of degree < n(D — 1) whose coeffcients are computed in terms of the
values of derivatives of p,,, and the coefficients of g/ (as polynomials in
z) evaluated over 2. The only problem is to show B(z) = 1. We fix values
0;, 0 < o; < ¢;. Consider complex numbers a;,..., a, sufficiently small and
so chosen that:

i) All the common zeros of p, — ay,..., p, — a, are simple and lie in
1 1 pl 1 pn n p
{lp1l < 301,-.., 1P, < 30,}.
(i) p, — ay,..., P, — @,, P,.1 have no common zeros.
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Note that p, — a;,..., p, — @, still do not have any common zeros at

oo. Let us denote 2, = {z€C™ p,—a,= -+ =p,— a,=0}. Then
Resg (vdl; A --- AdE,)
_ 1 ( o(£) dt, A - NdE,
@mi)" Mei=a" (py(8) = @) - (2(6) ~ )
|Pn|‘=an
= X v(§)/I(5), (73)
teZ,
where

a(pl_al""’Pn—an) - a(pli""Pn)
a($,---,%,) 3($1,---,8,)
and the last identity follows from Stokes’ theroem. (Replace the contour by

little spheres about the distinct points of Z,). This last identity is the
effective computation of the residue current of Z,, namely,

Res, = Y J(§)~ 8§
{eZ,

J(§) =

The first identity in (73) shows that Res, — Resy as o — 0, ie., the
residue currents at a = 0 are continuous when acting on holomorphic (n,0)
forms. On the other hand, by Theorem 3 we have

gi(z,8) - g2, %)
RCSZG p l(g—) g},(z,{) g,’,'“(z,{) dg'l AN /\dfn 1.
" Pl(z) I Pn+1(z)

(Note that the g/ corresponding to p; and to p, — a; coincide.) By

continuity we obtain B = 1. This concludes the proof of Theorem 4. O

Remarks 1. We can obviously obtain the same result without assuming
the degrees of p,, ..., p, coincide or that they are larger or equal than that
Of pn+1'

2. The reasoning of Theorem 4 extends to a strongly coprime family of
n + 1 elements whose first n members form a well-behaved family. Under
the other conditions of Theorem 1 or Theorem 2, we obtain a series
representation of the solutions of Bezout equation which we computed in
terms of the residue current associated to &. This time the series converges
after grouping of terms.

3. The interest of the theorems in this section lies in the search for

explicit algorithms to obtain solutions 4; for the algebraic Bezout equation

{f‘A ;p; =1 which satisfy Brownawell’s estimate, deg 4; < 3pnD¥, p =
min(n, m).



74 BERENSTEIN AND YGER

4. CONCLUSION

We have shown how explicit solutions to the analytic and algebraic

Bezout equations can be obtained under natural restrictions on the original
functions fj,..., f,,- This work has applications to the implementation of
deconvolution for multidetector systems.
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