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E measurable space, P(E) proba. on E, B(E) bounded meas. functions.
o (u,f) € P(E) x B(E) /f
o M(x,dy) integral operator on E
ME) = [ M dn)r(y)
[uM](dy) = /u(dX)M(X’dy)@[uM](f)zu[M(f)]

@ Boltzmann-Gibbs transformation : G : E — [0, 1] with x(G) > 0

W (41)(dx) = ﬁ G(x) (k)
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Linear Markov models [Time n € N, K,(x, dy) Markov transitions |

Markov chain states X, with transitions K, :

Nn = Nn—1K, = Law(X,)

@ Law of large numbers ~~ iid copies (X,’;),-Zl
L
N
M = NZ% “Nioo n
i=1
@ Time homogeneous models K, = K ~~ Occupation mesures

o 1I¢
Mn ::;ZaXp ntoo Moo = Moo K
p=1

~ Concentration inequalities for iid sequences or for Markov models
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Nonlinear/nonhomogeneous Markov models

Kn,n(x, dy) collection of Markov transitions ~ 7 probability meas.

~> Np = Np—1Knp,, = Law(X,) € P(E,)
P(X, € dx, | Xno1) = Koy ,(Xn—1,dx,)  with  Law(X,_1) = 7a—1

McKean measures :

P ((X0771, ... ,7,,) € d(Xo,Xl, ... ,X,,))

= 7’]0((1X0)K1’n0 (Xo, Xm) 000 K,,,,,nfl(x,,_l, dX,,)
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Mean field particle interpretation

@ Objective : Markov chain &, = (&%,...,6N) € EN s.t.

1
Iy =N > e Nt M
1<i<N

@ ~~ Particle approximation transitions (V1 </ < N)

5271 Rt 5,'; ~ Kn,n,’,"_l(g;;fh dxy)
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Discrete generation mean field particle model

Schematic picture : &, € EN ~s &40 € EN

Kn+1m,',v

1
51 —_— n+1
5’ — €;7+1
N
fN - n+1
Rationale :
nv._ 1
Mn ':N Z 55;', =Nioo hh = Kn+1,n,’," “Ntoo Kntim,
1<i<N

— & almost iid copies of X,

Concentration /fluctuations properties : 77,’,\’ ~Nico M 17
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9 Some applications
@ McKean diffusion type model
@ A McKean model of gases
@ Feynman-Kac models
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Nonlinear models with Gaussian transitions

McKean diffusion type model
Nn+1 = nnKn+1,n,,
with

Kn,n(x, dy)

m exp {—3 (v — dn(x, 1)) Qa (y — dn(x,m))} dy,
)

X1 = dny1 (7,,,17,,) + W1 with 7, = Law(X,,)
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A McKean model of gases

Collision-jump type model
Nn+1 = 77nKn+1,17,,

with

Kns1.0(%, dy) = / va(ds) 1(du) an(s, u) Masa (s, x), dy)
Example :
v counting on {—1,+1}, an(s, u) = 1s(u), Mny1((s,x), dy) = ds(dy)

4

Kn+1,n(xv d)/) = 77(1) 5X(d)/) + 77(_1) (LX(dY)
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Updating-prediction transformations
M, (x, dy) Markov transitions and G, : E — [0, 1]

N1 = Pri1(nn) == Ve, (M) Mny1 (1)

Markov chain X, with transitions M, and initial condition Xo ~ 7 :

~> Nonlinear flow 1,11 := 7,Knt1,,

@ Nonlinear Markov models :

Knim(x,dz) = / Spuns (%, dy) My (v, d2)

S"vnn(X7 dy) = Gn(X) 5X(d}/) + (1 - Gn(X)) an(ﬁn)(d}/)
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Mean field genetic type particle model :

M
& g ——— &n
) Sonly : ,
g | ——la — . &
§,’,V _@n\’ _ §n+1
Accept/Reject/Selection transition :
Snn,’,\’(gindx)
= enGa(€h) e () + (1= enGa(€h)) Ty 52t ()

P Gr=1a, €n =1~ Gp(&) = 1a(¢")

— FK particle models D sequential Monte Carlo, population Monte Carlo,
genetic algorithms, particle filters, pruning, spawning, reconfiguration,
quantum-diffusion Monte carlo, go with the winner, etc.
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© Stochastic perturbation analysis
@ Local sampling gaussian fields
@ A local transport formulation
@ First order analysis
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A stochastic perturbation formulation

Nonlinear transport equation

Nn+1 = ¢n+1(77n) = 77nKn+1,n,.

~> Mean field particle model

[55; - Kn+17n,’,"(€;—1’ )]

3~

W' = VN[ = @na(iy)] =

1<i<N
~ W, L GGaussian fields
(»
Stochastic perturbation formulation
= ®nia(n)) + o
n n \/N n )

15 / 25
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A local transport formulation ®,,=®,0®, j0...0¢,,

n — m = ®1(no)

|

ny — ®1(nd')
I
n

— m=®gon) — - -
- Poa(ny) - - =
L) e o
779’ N

4
77:’1\1—1 -

~~Key decomposition formula
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<I)0,n(770)
cl>0,n(77(,)v)
CDL,,(%V)

cl>2,n(77£\l)

‘Dn(ﬂ,',v_l)

Mn
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First order regularity properties O previous examples

(H) ®p(p) = ®n(n) =(—n) Dpn®n + R*(1,7m)

Integral operator second order measure

(8
Ppn(n) = Ppn(p) = [0 — p]Du®pn + Rd)”’"(??v 1)
4

V)l = VN [y — ]
= Z [q)q,n(dyv) - ¢q,n(¢q(77zyv—1))] = Z WpNDPm
q=0 q=0

for some integral operator D, , that enters the stability properties of ®, ,

~+ 08c(Dp,n(f)) < B(Dp,n) osc(f) < e =P os¢(f)
———

Dobrushin contraction coef.
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e Fluctuations and Concentration
properties
@ A functional fluctuation theorem
@ Concentration inequalities
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A functional Central Limit Theorem

We have the convergence in law of the random fields on B(E,) (as N T o)
n
Vr:V =VN [’7:11\1 — 1] — Vo= Z WoDp,n
q=0
with the independent centred gaussian fields W, s.t.
E(Wa(F)Wa(g)) = nn—1Knn,_,([f = Knn,_1 (F)llg — Knn,—i (8)]) -

~~ 2nd notation :

o2 uniform local variance parameter f = g € B(E) s.t. osc(f) <1
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Concentration inequalities

@ Feynman-Kac models :

o (DM, FK Springer 2004) Using Kintchine's type L,-estimates

P (|n(£) — na(F)] > €) < (1 + coeV/N) e=Ne'/an)

o (DM, A. Doucet, A. Jasra, Hal-INRIA pub. nb. 6700 (2008))
P (| [0 — ] ()] > €) < 6 eNe/aln)

with € € [0,1/2] and ci(n) related to the Dobrushin contraction coefficient of

_ Qonl(f)
© Qn(D)

Pp,n(f) with — Qpn(F)(%p) 1= Epx, | f(Xn) H Gq(Xp)

p<p<n

In addition : &, , "stable” = ¢ := sup,>q c1(n) < oco.
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Some observations

@ Rather crude uniform concentration inequalities ~ L,-bounds

@ Refinements ~» Laplace estimates for the first and second order terms

VN [77!7\’ — 1] = Z [q)q,n(név) - q)q,n(q)q(nslfl))]

n

E W;V D, + second order measures

1

q=0
~ W) independent

Proof idea :

o First order term ~~ Bennett or Hoeffding's inequalities.
o Second order-Bias type term ~» "sharp” Ly,-Kintchine's bounds.
o First & Second order terms

~> Rio’s lemma on the inverse of the Legendre transform of sums.
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Concentration for general models [DM, Rio Hal-INRIA, 6901, (2009)]

Notation : (o, uniform local variance, D, , first order integral operator)

0<p<n

7= 02 B(Dpn) < B2 = Zﬂ D,.)? and b= sup B(Dp.n).
p=0
Theorem : Vx > 0 the probability of each of the following pair of events

o = () < 5 (L4 670) +72 65 7 (e

n

Bennett term

and
In -1 2x
[y — nal(fa) < N (1+€'(x) + N By
Hoeffding term

is greater than 1 — e™, with r, ~ second order remainder measures and

(M) :%(A— log(1+24)), e(d)=(1+2)log(L+2)—A

v
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Some "direct” consequences

Notice that (eg, €1) = (af, ) with
I t
ag(t) == —t—ilog(l—Qt) and as(t):=e" —1-—t

I

Corollary 1 [Bernstein type inequalities] :

1 r
N log P ([77:1\, - nn](fn) > Nn

2
22 V2r, b*

> b* &, yYon A 2r, + 22

Z 5 (,,o—i— TV)—F <r+3)

+2)

-1

and

1 N r A2 V2r, ?
—— - > > = L
y logP ([nn ml(fa) 2 5 + A) = Bn + + 21,
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Feymnan-Kac models s.t. ®, "stable"

Time homogeneous models s.t. sup, , G(x)/G(y) < oo and

(M), 3Im>1 Fen,>0 st VY(x,y) € E? M™(x,:) > €m M™(y, ).

Notation :
Sm = sup H G(x)/G(yp)) and i (m) < m 5y 0 /€2
0<p<m
I
rn<4wsi1(m) and b, <2 dn/em
as well as

75 <4 wpp(m) o> and B <4 wpa(m)
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Corollary 2 [Uniform estimates w.r.t. time horizon] :

For any n > 0, and any x > 0 the probability of each of the following pair of
events

[77:,1\[ - nn](fn)

4 1 8(5m 2 =1 X
< Nw&l(m) (1 + € (x)) 4 : wap(m) o € W
and
4 3 2ty »(m)x
[ — nnl() < e a(m) (14 37 (x) + 21 22220

is greater than 1 — e™*.
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