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Abstract

We present a multivariate central limit theorem for a general class of interacting Markov chain Monte
Carlo algorithms used to solve nonlinear measure-valued equations. These algorithms generate stochastic
processes which belong to the class of nonlinear Markov chains interacting with their empirical occupation
measures. We develop an original theoretical analysis based on resolvent operators and semigroup
techniques to analyze the fluctuations of their occupation measures around their limiting values.
© 2012 Elsevier B.V. All rights reserved.
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1. Introduction
1.1. Nonlinear measure-valued equations

Let (SO, S (1))120 be a sequence of measurable spaces. For any [ > 0 we denote by P(S®)
the set of probability measures on S®). Suppose we have a sequence of probability measures
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ACNN= P(S (l)) such that, for any [ > 1, 7D satisfies the following nonlinear measure-valued
equation

@(1)(7.[(1—1)) — 70 (1.1)

for some mappings o0 . pst=Dy — PSD). We will also use the convention ¢© (7 (-1)
— 70

In numerous scenarios, the probability measures (7 (l))lzo need to be approximated
numerically. Interacting particle methods have been previously proposed to approximate these
probability distributions [10,8]. However they suffer from several limitations detailed in [7,9]. To
bypass some of these limitations, an alternative class of algorithms known as interacting Markov
chain Monte Carlo (i-MCMC) methods has been recently introduced in [7,9]. The main objective
of this article is to present a multivariate Central Limit Theorem (CLT) for these methods. This
extends significantly our previous result established in [5] which only applies to a restricted class
of I-MCMC algorithms.

Before describing two general class of models where i-MCMC methods can be used, we
introduce the notation adopted in this paper.

1.2. Notation and conventions

We denote respectively by M(E), My(E), P(E), and B(E), the set of all finite signed
measures on some measurable space (E, £) equipped with some o-field £, the convex subset
of measures with null mass, the subset of all probability measures, and finally the Banach
space of all bounded and measurable functions f on E equipped with the uniform norm
| fIl = sup,cg | f(x)| and the Borel o-field associated to the supremum norm. We also denote
by B1(E) C B(E) the unit ball of functions f € B(E) with || f|| < 1, and by Osc|(E), the
convex set of £-measurable functions f with oscillations less than one; that is,

osc(f) = sup{|f(x) — f(W|;x,y € E} < 1.

We let u(f) = f u(dx) f (x) be the Lebesgue integral of a function f € B(E) with respect
to a measure u© € M(E). We slightly abuse the notation, and sometimes we denote by ((A) =
u(14) the measure of a measurable subset A € £.

We recall that a bounded integral operator M from a measurable space (E, £) into an auxiliary
measurable space (F, F) is an operator f +— M (f) from B(F) into B(E) so that the functions

M(f)(x) = fF M(x,dy)f(y) € R

are £-measurable and bounded for any f € B(F). By Fubini’s theorem, we recall that a
bounded integral operator M from a measurable space (E, &) into an auxiliary measurable
space (F, F) also generates a dual operator u — uM from M(E) into M(F) defined by
(UM)(f) = n(M(f)).

We denote by | M| = sup re, gy IM ()|l the norm of the operator f — M(f) and
we equip the Banach space M(E) with the corresponding total variation norm |ju| =
SUp rep, (k) 11 ( ). We let B(M) be the Dobrushin coefficient of a bounded integral operator
M defined by the following formula

p(M) = sup{osc(M(f)); f € Osci(F)}.

When M has a constant mass, that is M (1)(x) = M(1)(y) for any (x, y) € E2, the operator
uw = uM maps Mo(E) into Mo(F) and B(M) coincides with the norm of this operator.
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We also denote by (Mk)kzo the semigroup associated to M given by the recursive formulae
MF(x,dz) = f M1 (x, dy)M(y,dz), for k > 1 and MO = Id the identity transition.

For any sequence of finite signed measures (u;);>o defined on some collection of measurable
spaces (Ej, &)i=0, we define (u; ® wj)(dxi,dxj) = pi(dxj)uj(dx;), ni®*(dx;,dx]) =
(ni @ pi)(dx;,dx!) and

J
®i<k<j Mk (dxi,dxit1,...,dx}) = Hﬂk(dxk)-
k=i

For two bounded measurable functions f and g defined respectively on (E, £) and (F, F) we

define (f ® g)(x,x") = f(x)g(x").
We equip the set of distribution flows M (E)Y with the uniform total variation distance defined
by

Vi = )nz0. 1= (n)nso € ME)Y |l — wll = sup |1n, — pall-

n>0
We extend a given bounded integral operator u € M(E) — uM € M(F) into an mapping
N = ()nz0 € M(E)" = nD = (0 M)nz0 € M(F)".

Sometimes, we abuse the notation and denote the constant distribution flow by v instead of (v),>0
equal to a given measure v € P(E).

For any RY-valued function f = (f')i<j<q € B(F)“, any integral operator M from E into
F, and any u € M(F), we will slightly abuse the notation, and we write M (f) and n(f) the
R?-valued function and the point in R? given respectively by

M(f) =M. . M(fY) and w(f) = u(fD. ... w(fh).
We also simplify the notation and sometimes we write
MI(f' = MFNS? = M)
instead of
MI(f' = M(FHE(2 = MHENIE) = M ) — MDY@ M (£ (x).

Unless otherwise stated, we denote by c(k), k € N, a constant whose value may vary from line
to line but only depends on the parameter k. Finally, we shall use ) s = Oand [[, = 1.

1.3. Examples

We give here two classes of models where i-MCMC methods can be used.

Feynman—Kac models. In this context, we have

VI >0V (u, ) € (P(SP) x BTy oDy (f) = w(GiLix1(f)) /(G  (1.2)

where L;41 is a Markov transition kernel from S D into SU*D and G; : SO — RT. In this
situation, the solution of the measure-valued equation (1.1) is given by

D) =yP /) withyO(f) =E (f(Xz) 1 Gk<Xk>) (1.3)

0<k<l
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where (X;);>0 1S a Markov chain taking values in the state spaces (S (l))130, with initial
distribution 7 (® and Markov transitions (L;);>1. These Feynman—Kac models arise in a large
number of applications including nonlinear filtering, Bayesian statistics and physics; see [10,8].
Note that these models are quite flexible. For instance, the reference Markov chain may represent
the paths from the origin up to the current time / of an auxiliary Markov chain (X});>¢ taking
values in some state spaces (Sl/ )i>0 with initial distribution 7@ and Markov transitions (L;)lzl;
that is, we have

Xi=(Xp....X) eSO = (Syx---x8) (1.4)

and consequently

Li(xi—1,dy1) = 8x,_, (dyi—1)Lj(y_y, dy)). (1.5)
When G;(x;) = G/(x)), that is the potential function only depends on the terminal value of the
path x; = (x, ..., x;), the measures 7 correspond to the path space measures given for [ > 1
by

7D (dx;) o { I1 G;(x;)} 7 PUxp) T LiGg_y.dxp) (1.6)

0<k<I 1<k<I

where ‘o’ means ‘proportional to’. [

Interacting annealing models. These models were recently introduced in [4] and can be
reinterpreted as a special case of (1.1). In this scenario, we have S) = S and a pre-determined
sequence of probability distributions (7 ?) ;>0 of the form

exp(—=B1V (x))A(dx)
A(exp(=p1V))

where A is a reference measure, (f;);>0 1s an increasing positive sequence and A(exp(—pB;V)) <
oo. Based on this sequence, we build a sequence of mappings (é(l))lzo satisfying (1.1) as
follows. We introduce € € [0, 1) and two sequences of Markov kernels (K;);>0 and (L;);>0
where both K; and L; admit 7 ) as an invariant measure. We then set

7D dx) =

VI >0V (u, f) € (P(SP) x By oDy (f) = (W Lis1 K1 (f)  (1.7)
where V) : u € P(S) = ¥;(n) € P(S) is defined by

G d
0y () (dx) = % (1.8)

for G;(x) = exp(—(Bi+1 — BV (x)) and
Kei=(1-¢)> K.

k>0

It is easy to check that (1.1) is satisfied for the mappings (1.7). [J
1.4. Interacting Markov chain Monte Carlo methods

We introduce a sequence of ‘initial’ probability measures (v(l))lzo on (S(l))lzo. We also
introduce a Markov transition M© from S© into itself, and a collection of Markov transitions
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M ,(f) from SO into itself, indexed by the parameter I > 0, where i € P(S¢~D). We further
assume that the invariant measure of each operator M g ) s given by ) (); that is we have

Vi>=0ovue PSP oD =M.

For [ = 0, we use the convention M f,f” =M and O p) =7 O,
We now have all the elements to define the i-MCMC algorithm. The algorithm generates

a sequence of processes (X (l))lzo where X®) .= (X,Sk))nzg is the process at level k whose
associated occupation measure at iteration n of the algorithm is denoted by

1 n
©) Y 6w
" n+1 Xy

Atlevel k = 0, X@ is a Markov chain on S with X (()O) ~ v©® and Markov transitions M©;
that is

0)

P(xV edx | X)) = MO, dx).

At level £k > 1, given a realization of the chain X &=D " the k-th level chain X® is an
inhomogeneous Markov chain with X(()k) ~ v® and Markov transitions M (lfk)_l) at iteration n
n

depending on the current occupation measure n,gk_ D of the chain at level (k — 1); thatis

k — k
P(X\) e dx | X% x0) = M;(,Q_l)(x,g"), dx). (1.9)

The rationale behind this is that the k-th level chain X,Sk) behaves asymptotically as a

homogeneous Markov chain with transition kernel MJ(Tk(,)H) of invariant probability measure 7z *)

as long as n,gk_l) is a ‘good’ approximation of k=D,

These i-MCMC algorithms can be interpreted as non-standard adaptive MCMC schemes
[2,3,14] where the parameters to be adapted are probability measures instead of finite-
dimensional parameters. Algorithms relying on similar principles were first proposed in [1] and
independently in [4]. Related algorithms where we also have a sequence of nested MCMC-like
chains ‘feeding’ each other have also recently appeared in statistics [11] and physics [12].

We now give examples of such Markov kernels for the Feynman—Kac and interacting
annealing models described in Section 1.3.
Feynman—Kac models. Assume we are working on path spaces S® = (SU=D x S7) (cf.

(1.4)—(1.6)), we can select for M,(p a Metropolis—Hastings kernel of independent proposal
distribution (1 ® L) and target distribution &D (). More precisely, using the fact that

O (W @11, YD) o 1@dyi-)G)_ DLy dy})
the independent Metropolis—Hastings kernel M,(f) using p(dy;—1)Lj(y;_,.dy)) as a proposal

distribution is given by

G (y_p
Mg)(XI, dyr) = u(dyi—)Lj(y,_;. dy)) (1 A ==l

Gl (x_y)
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G, (yl/ 1)
+(1=p 1A =220 ) s @y (1.10)
( ( Grd )
where we recall that x; = (x;_2,x/_1,x)) = (x_1,%) € sO = (§U=D « S) and y; =

i1, y) € SO =D x 8). O

Interacting annealing models. In this case, we can select
M (x, dy) = eKi(x, dy) + (1 — €) U_1 (W) L (dy). (1.11)

One can easily check that M ,(Ll ) admits ¢ (w) as invariant probability measure. [

For sufficiently regular models, we proved in [7,9] that the occupation measures n,(ll) converge

to the solution 7 of Eq. (1.1), in the sense that lim,_, n,sl)(f) = n(l)(f) almost surely
for f € B(SY). The articles [5,9] also provide a collection of non asymptotic LL,-mean error

estimates and exponential deviations inequalities. The fluctuation analysis of n,(f) around the
limiting measure 77 !) has been initiated in [5] in the special case where M (x;,.) = &©(w).
In this ‘simpler’ situation, the [-th level chain X' = (X,(ll)) is given XY~D a collection of
conditionally independent random variables with X(()l) ~ v® and X,(f) ~ sb(l)(n,(ll__ll)) for
n>1.

1.5. Contribution and organization of the paper

The present article studies the fluctuations of the occupation measures (77,(11))120 associated
to the class of i-MCMC algorithms towards their limiting values (7 (l))lzo- Briefly speaking,
our analysis proceeds as follows. First, we study weighted sequences of local random fields

Vn(l) which are related to the fluctuations of the occupation measures ng) around their local

invariant measures 525(1)(772:11 )) for p < n. We show that these random fields (Vn(l))lzo converge
in law, as n tends to infinity and in the sense of finite dimensional distributions, to a sequence of

independent and centered Gaussian fields (V(l))lzo with covariance functions defined in terms
of the resolvent operator associated to the Markov transition MJ(TZ()H) and its invariant probability

measure 77 ). Finally, we deduce the fluctuations of 77,(1[) around their limiting values 7 by a
simple application of the continuous mapping theorem (or the multivariate §-method) applied to
a first order decomposition of the error /i [n,(f) — D7 in terms of the random fields (Vn(k))oikg.

The rest of the paper is organized as follows. The main result of the article is presented in
full detail in Section 2. The regularity conditions are summarized in Section 2.1. In Section 2.2
we state a multivariate CLT in terms of the semigroup associated with a first order expansion of
the mappings &) appearing in (1.1). Section 3 addresses the fluctuation analysis of an abstract
class of time inhomogeneous Markov chains. In Section 3.2, we present a preliminary resolvent
analysis to estimate the regularity properties of resolvent operators and invariant measure type
mappings. In Section 3.3, we apply these results to study the local fluctuations of a class of
weighted occupation measures associated to self-interacting chains. Section 4 addresses the
fluctuation analysis of local interaction random fields associated with i-MCMC algorithms. The
proof of the main theorem presented in Section 2.2 is a direct consequence of a fluctuation
theorem for local interaction random fields, and it is given at the end of Section 4.1. Finally, we
establish in Section 5 that the regularity conditions discussed in Section 2.1 are also valid for a
path space extension of i-MCMC algorithms.
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2. Statement of some results
2.1. Regularity conditions

Our first regularity condition is a first order weak regularity condition on the mappings &®
governing the measure-valued equation (1.1). We assume that, for any / > 0, the mappings
PUtD . p(sDy 5 p(sltD) satisfy the following first order local decomposition

[0 () — oV )] = (u — ) Dis1 + 5 (w, ) 2.1)

where D;y1 : B(SU*TD) — B(SY) is a bounded integral operator that may depend on the
measure 77 and 5 (i1, n) is a remainder signed measure on SU*1) indexed by the set of probability
measures i, € P(S?). We further require that

|Z1 (s, M ()] = / (= m®*(@)|5(f. dg) (2.2)

for some integral operator 5; from B(S“*D) into the set 7(S®) of all tensor product functions
g = ai(hl ®h?), with I C N, (b}, hD)ic; € (B(SP)?)!, and a sequence of numbers
(ai)ier € R! such that

gl = lail Ih}|l Ihf] <00 and x;:=  sup flglEz(f,dg)<00- (2.3)
iel feB(St+D)

Our second set of regularity conditions are for the Markov kernels M g). We assume these
kernels satisfy the following two regularity conditions

mi(n)) = sup  BUMPY") <1 (2.4)
peP(SU=D)
and
IMP = MO = / e = VI d) 2.5)

for some collection of bounded integral operators I , from B(S DY into B(SY~V) and indexed
by the set of measures u € P(SC=D) with

sup /Fl,u(f, dg)liglh < Al fll and A; < oo.
peP(SU-D)

We end this section with some comments on this set of conditions.

The regularity condition (2.1)—(2.2) is a first order refinement of a Lipschitz type condition
we used in [7,9] to derive a series of IL,-mean error bounds and exponential inequalities.
This condition has been introduced in [5] for studying the fluctuations of the simple i-MCMC
algorithm corresponding to M ,(f ) (x,.) = & (). The regularity condition (2.4) is an ergodicity
condition on the Markov kernel M g ), Finally the regularity condition (2.5) is a local Lipschitz

type continuity condition on the kernel M g ). This condition is less stringent than the one used
in [9] where it is assumed that (2.5) holds for some operators I , = I that do not depend on
. Therefore, most of the asymptotic results presented in [9] do not apply in the present context.
Nevertheless, it can be checked that the inductive proof of the L. ,,-mean error bounds presented
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in Theorem 5.2 in [5] hold true under the weaker condition (2.5); thus, for every /[ > 0 and any

function f € B(SD), we know that 77,(1[)( f) converges almost surely to 7O f)asn — oo.
The main advantage of the set of conditions presented here is that it is stable under a state space
enlargement (see Section 5), so that the asymptotic analysis of such algorithms, including the
multivariate CLT presented in the next section, applies directly without further work to i-MCMC
algorithms on path spaces.

We illustrate these regularity conditions for the models discussed in Section 1.3. We further
assume in the rest of this section that (G;);>¢ is a collection of (0, 1]-valued potential functions
on some state space (S(l))lzo such that

VI>0 infG; > 0. (2.6)
N0

Feynman—Kac models. To establish (2.1)—(2.2), we observe that the mapping ¥; defined in (1.8)
can be rewritten in terms of a nonlinear transport equation

B0 (dy) = (1S, (dy) = / (dxX)S) e (x, d)
where

Siu(x, dy) = Gi(x)8x(dy) + (1 — Gi(x)) ¥ () (dy).

Using the decomposition

V() — ¥i(m) = (u—mS1y + 1S, —Sin) = Ui(n) — ¥(n)
- s @.7)
~ Gy Tt '

we prove the first order decomposition
Ui (w) — i) = (w =Dy + 5/_; (1, )

with the integral operators D; defined for any f € B(S(l)) by Dl/(f) = (n(Gl))_l‘S‘l,,,(f), and
the remainder measures
1 1

WG n(Gy)

51/_1(,“, mf) = [ ] (e —mS1n(f).

Using the fact that

[ L ]:m—m(Gz)
w(G)  n@Gp] T GGy

and

(=S (f) = w—=m(Grf)— (u—m(G) ()

we obtain

15 ()] < [ — ME*GI @ (G N+ I fI (e — MEHG @ G

inf G7

- / (= )2 E] (. dg)
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with the integral operator

5 (f,dg) = (860G Hdg) + 1 fldc,06,(dg)).

inf G?
We check that the mappings (1.2) satisfy (2.1) using the fact that

D () — D) = (W) — B ())Lig1 = (i — ) Dyy1 + 51 (w, n) (2.8)

with the first order operator D;y; = DI/L1+1 and the remainder measure =j(u,n) =
E/_l (u, n)L;41. The remainder measure satisfies (2.2) for

Gi(f.dg) =

inf G2 (36,0(GiL141 () (Ag) + ILi+1()dG,06,(dg))- 2.9)

We mention that in this case the parameter x; defined in (2.3) is such that
xi <2supG7/infG7.

Assume we are working on path spaces S@ = (§¢=D x S;) where G;(x;) = G;(x)) and

(Sl/ )1>0 are finite spaces. If we use for M ,(f ) (x, dy) the independent Metropolis—Hastings kernel
(1.10), (2.4) is satisfied as ||G; | < 1;e.g., [13, Theorem 2.1]. Additionally, we have

' / MD x, dyr) — MO G, dy)) £ )

< /(u—v)(dyz DLy, dy)) 1AM £
) R UGN
G, (y[/ 1)
LA /(M—V)(dw—l) 1 =)
! ‘ Gl (i)
So (2.5) is satisfied for
Lu(fide)= ) aL,m<M )(g)+||f||81 o, (@
x €85, ! Gl gy G _p
where
/n (fdolgll= > L) P + I £1 P
M Xl es) : G (xj_p) G ()

LA 1A O

<21 >

I /
X_1€8-

/
I—1
/ /
Gy (x_p)

Interacting annealing models. To establish (2.1)—(2.2), we can proceed similarly to Feynman—
Kac models. It is sufficient to substitute L;41 K¢ ;41 to Li41 in (2.8)—(2.9). In this context, the
Markov transitions given in (1.11) are such that

MO (x,dy) = (1 — ) Vi1 (w)Li(dy) = B(M)") < €
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so (2.4) is satisfied with n; = 1 and m; (1) < €. Moreover, we have

(MD — MP1f) = (1 — O[T (k) — T (WILI(f).
Using the decomposition (2.7) one proves that
I —€
inf G;_;

ML — MP1UHN < (e = V) (St Li())].
Hence condition (2.5) is satisfied with I7 ,(f,dg) = inflﬁg&q,uh(f) (dg) and A; < (1 —
E)/il’lf G1_1. ]

2.2. A multivariate central limit theorem

To describe precisely the fluctuations of the empirical measures n,(,l) around their limiting

value 7, we need a few additional notations. We denote by Dy with 0 < k < [ the semigroup
associated with the bounded integral operators Dy introduced in (2.1). More formally, we have

V1 <k<!l Di;=DiDiy1...Dy.

For k > [, we use the convention Dy ; = Id, the identity operator.

Using this notation, the multivariate CLT describing the fluctuations of the i-MCMC algorithm
around the solution of the Eq. (1.1) is stated as follows. We remind the reader that the integral
operator D;; may depend on the measure 7).

Theorem 2.1. For every k > 0, the sequence of random fields (U,Ek))nzo on B(S®) defined
below

U,gk) =n+ l[n,(qk) — 7 ®

converges in law, as n tends to infinity and in the sense of finite dimensional distributions, to a
sequence of Gaussian random fields U™ on B(S®) given by the following formula

VD! -
U® =" == vE DDy k. (2.10)

|
0<i<k [!

Here (V(l))lzo stands for a collection of independent and centered Gaussian fields with a
variance function given by

EVOHD =xO1f — 2P’
+2) 7O = 2Ot = 7O, (2.11)

n>1

In the special case where Mg)(x, ) = D) for all I > 1, that is E(V(l)(f)z) =
aD[(f = 7D (£))?], the result corresponds to the one obtained previously in [5]. This special
class of i-MCMC algorithms behaves as a sequence of independent random variables with
distributions ¢® (77,(11_1)) given by the local invariant measures of MCMC chains with transition
kernels M;l(Ll) (x, +). In the more general case considered here, the additional terms on the right

hand side of (2.11) reflects the fluctuations of these MCMC algorithms around their limiting
invariant probability measures.

Finally we note that, if it was possible to sample exactly from 7 *~1 then we would have
U® = v®_ However, we need to approximate 7 *~1 using an MCMC kernel which itself
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relies on an MCMC approximation of 7w *~2) and so on. The price to pay for these additional
approximations appears clearly in (2.10).

A toy example. Consider a Feynman—Kac model where S® := (¢~ x §) with S = {1, 2} and
G;(l) — p(,31+1—,31)’ G;(Z) — q(ﬂl+1—ﬂ1)

for p =1—¢g > 0, (B1);>0 18 an increasing positive sequence and

L (1 —m41(2) m41(2) )
I+1 m1(1) 1 —mp1(1)

where
p Bi+1

() =1—-m41(2) = W

We have 7t1+1L;+1 = w41 with m1 = (m4+1(1) m41(2)) and it is easy to check that the

resulting Feynmac—Kac probability measure 7¢*1 on $/*2 admits as a marginal distribution
741 at time [ 4 1. For the sake of illustration, we derive the expression of all the terms appearing
in the variance of U® (f) in Eq. (2.10) of Theorem 2.1.

In this scenario, we have established in Section 2.1 that D;y1 = DjL;y; with D; =
Ay 17 O(G)) = S; = /m1(G)) where, recalling the notation x; = (x{, ..., x;), we obtain
) N
T ()G ()
Sy 0 (1, Y1) = Gi(x)8 () + (1 — Gj(x)) ————L,
’ m1(G))

L1 (g, yie1) = 8, VDL O yig)

SO
1
Dy, yi41) = ——~{G ()85, ) L1 O] ¥4 ) + (L= G D ().

m1(G))

Finally the Markov transition kernel MJ(TI(),) (x7, yr) satisfies

Gy
G (x_p

G _,(y_)
I PEGY PI/ S 1 LA R DY
( " ( " G (xj_y) )

Clearly even in this toy example, the expression of the variance of U®)(f) is unfortunately

analytically intractable. It is additionally only possible to compute numerically this variance for

very small values of k as the semigroup D ; and the transition matrix Mj(Tk(i) would have to be

computed for a number of values increasing exponentially fast with k. [

Since the original version of this paper [6], the authors have become aware of a recent paper
of Yves Atchadé [4] which analyzes the local fluctuations of some related algorithms; namely the
importance-resampling MCMC algorithm which is an interacting annealing model as described
in Section 1.3 and a version of the equi-energy sampler [11]. In [4], the author provides a CLT

. k) .- (k)
associated to some random measures 7, © which converge almost surely to 7, as n tends to
infinity. We provide here a multivariate CLT valid for any / (and not only / = 2). The variance

l
MO Gy = 7P i) LGy y) (1 A
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expression we obtain depends explicitly on the first order semigroup Dy ; and the fluctuations of
the i-MCMC algorithm on lower indexed levels.

3. On the fluctuations of time inhomogeneous Markov chains

To establish the proof of our main result (Theorem 2.1), it is necessary to first provide
some general results about the fluctuations of time inhomogeneous Markov chains with Markov
transitions that may depend on some predictable flow of distributions on some possibly different
state space.

3.1. Description of the model

We consider a collection of Markov transitions M, on some measurable space (S, &) indexed
by the set of probability measures n € P(S’), on some possibly different measurable space
(8’, 8"). We further assume that there exists an integer ng > 0 such that

m(ng) ;== sup ﬁ(M,’;O) < 1 and we set p(ng) = 2no/(1 — m(ng)). 3.1)
neP(S")

We also assume that for any pair of measures (17, u) € P(S’ )2 we have

1My — My 1(P) < / [ = (@IS, dg) (3.2)

for some collection of bounded integral operator I, from B(S) into 5(S’), indexed by the set of
measures i € P(S") with

sup /Fﬂ(f, dg)lgll < A|lf]l for some finite constant A < co.
neP(S")

We consider an increasing sequence of o-fields (F,),>0 on some probability space ({2, F, P).
We let n,, be a P(S’)-valued random process adapted to the filtration F;, (i.e. each probability
distribution n,, is J,-measurable). We further assume that F,, contains the o-field generated by
the random states X, from the origin p = 0 up to the current time horizon p = n of an S-valued
non homogeneous Markov chain X, with a prescribed initial distribution v € P(S), and some
transitions defined by

Vn>0 P(X,11 €dx|Fy) =M,,(X,,dx). (3.3)

For example, F,, could be o (X', X »), 0 < p < n), 1.e. the canonical sigma field associated with
the (S’ x S)-valued process (X),, X,)n>0, and 1, = ﬁ Z;:o 8x, is the flow of occupation
measures of (X)),>0. In this context, (3.3) reflects the fact that, given (1,),>0, the process
(Xn)n>0 1s a Markov chain with random Markov transitions defined in terms of the occupation
measures (1,),>0-

We further assume that the variations of (7,), are controlled by some sequence of random
variables 7(n) in the sense that

Yn>0 |n,—nn-1ll <t(n), andwesett(n) = Z T(p). 3.4)

O=p=n

For n = 0 we use the convention _ = 0, the null measure on §’.
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3.2. Regularity properties of resolvent operators

The main simplification of conditions (3.1) comes from the fact that A, has a unique invariant
measure

My = 2(n) € P(S).

In addition, the so-called resolvent operators

Py feB(S) — Py(f) = Xj[M;,1 — 2(mI(f) € B(S) (3.5)
n>0

are well defined absolutely convergent series that satisfy the Poisson equation given by

{(M,7 —Id)P, = (®(n) — 1d)
®(n) P, = 0.

Resolvent operators are classical tools for the asymptotic analysis of time inhomogeneous
Markov chains. In our context the Markov chain interacts with a flow a probability measures.
To analyze the situation where this flow converges to some limiting measure, it is convenient to
study the regularity properties of the resolvent operators P, as well as the ones of the invariant
measure mapping ¢(n) associated with M,,.

Proposition 3.1. Under the regularity conditions (3.1) and (3.2), we have

sup || Pyl < p(no). (3.6)
neP(S")

In addition, for any f € B(S) and any (u,n) € P(S") we have the following Lipschitz type
inequalities

uﬂm—éwnqnsfﬁn—mgwmwww 3.7)

and

M%—&Wﬂs/%—M@Uﬁh@ (3.8)

where (1, Tl;) is a pair of bounded integral operators from B(S) into B(S’) indexed by the set
of measures v € P(S’) such that

/ gl Ty (f. dg) < p(no)All fi

and

/ Igll 7, (f, dg) < p(no)(1 + p(ro) All £1I.

Proof. The first result (3.6) is proved in [9]. For completeness, it is sketched here. We use the
fact that

mmm=2ﬁwmm—wm@mmm

n>0
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to check that

1P, (I < ose(M](f))

n>0

and

no—1
[Z ﬁ(MZ)} osc(f) = [Pyl <2) > M=oty

1 PO <
n>0 p>1 r=0
<m0
1 — B(My°)

The result (3.6) follows straightforwardly. The proof of (3.7) is based on the following
decomposition

[2(n) — 2GI(f) = {[2(n) — CG)IM), + S()[ My — M1} (f)

with f, = (f — ®(n)(f)). Under our regularity conditions on the integral operators M, we
find that

I[2@m) — 21N = [[P) — PIM L (f)l + My — ML 1)
< [20) — P)IM . (f)] + / Il = (@ (fur dg).

This recursion readily implies (3.7) with the integral operator given by

Vu(fodg) =) (M (fu),dg).

n=>0

Finally we observe that

/ngn T (f.dg) < Zf Il (M2 (fu).dg) < A IMECf).

n>0 n>0

Arguing as above, we conclude that

[ 1817549 < A3 oscM) < plao) 11

n>0

This ends the proof of (3.7). The proof of (3.8) follows the same type of arguments. We observe
that

P, — P, =P,(M,— M,)P, +[P(n) — P(n)1P,.
To check this formula, we first use the fact that M, P, = P, M,, to prove that
P,M, —1d)y= M, —1d)P, = (P(n) — 1d).
This yields
P,(M, —1d)P), = (P(u) — Id)P,.
Using the Poisson equation and the fact that P, (1) = 0 we also have the decomposition

P,(M, — 1d)P, = P,($() — Id) = —P,.
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Combining these two formulae, we conclude that
P,u(Mn - MM)Pn = [Pn - P/,L] —[P(u) — ‘1’(77)]1’;7.

This ends the proof of the decomposition given above. It is now easily checked that
I[P — Pyl(ON = (M — My) P (Il + / [ — @I Tu(Pu(f), dg)

=< /l[M — (@ HIu(Pu(f), dg) + T (Pu(f).dg)}.

The end of the proof follows the same type of arguments as before. This ends the proof of the
proposition. [

3.3. Local fluctuations of weighted occupation measures

This section is concerned with the fluctuation analysis of the occupation measures of the time
inhomogeneous Markov chain introduced in (3.3). In Section 4, we shall use these results to
analyze the fluctuations of i-MCMC algorithms. The fluctuation analysis of this type of models
is related to the fluctuations of weighted occupation measures with respect to some weight array
type functions.

Definition 3.2. We let )V be the set of non negative and non increasing weight array functions
w = (W, (P))o<p<n, 0<n. satisfying the following conditions

dm > 1 such that Z w,'(0) < oo
n>0
with
1 2
Ve e[0.1] @(e) = lim > wa(p) < o0
O<p<len]

and some scaling function @ such that lim, ¢,)— 0+,1-) (@ (€0), @ (€1)) = (0, 1).

We observe that the traditional and constant fluctuation rate sequences w, (p) = 1/+/n belong
to W, with the identity function @ (¢) = €. In our setup it is necessary to introduce more general
sequences; see proof of Theorem 2.1 in Section 4.

Definition 3.3. We associate to a given weight array function w € YV the mapping
W:ne MES)" > W) = (Wa())nzo € M(S)"

defined for any flow of measures n = (9,),>0 € P(S), and any n > 0, by the weighted measures

Wu(n) = Y wa(p)np.

0<p=n

The next proposition presents a pivotal decomposition formula of the weighted occupation
measures in terms of a martingale on a fixed time horizon with a negligible remainder bias term.

Proposition 3.4. We consider the flow of random measures ¢ ‘= ({y)nen € M(S)N defined for
any n > 0 by the following formula

Vn>0 ¢, =[6x, — Pu—1)].
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For n = 0, we use the convention $(n—1) = v so that {y = [6x, — v]. For any weight array
function w € W, the weighted measures W, () satisfy the following decomposition

Wa@)(f) = Y wa(p)AMp11(f) + Lau(f) (3.9)

O<p=n
with the martingale increments
AMp1+1(f) =Mp1(f) = Mp(f) == (P, (H(Xpt1) — My, Py, (/) (Xp)  (3.10)

and a remainder signed measure 1L,, such that

ILall < wa(0)(A + p(no)T(M)(2 + p(no))A.

Proof. We let P, | be the integral operator solution of the Poisson equation associated with the
Markov transition M,,, , with an invariant measure @(n,—1). By construction, we have

& (f) = 1f(Xn) = Pn-1) (O] = Py, ()H(Xn) = My, (Py,_, () (Xp).

For n = 0, we use the convention P, , = Id and M, , = v. The proof of (3.9) is based on the
following decomposition

Cn(f) = An(f) + B (f) + Co(f) + AM41 ()
with the random processes A, (f), B, (f) and C,,(f) defined below

An(f) =[Py, — Py, 1(f)(Xn+1)
By (f) = [Py,_, (f)(Xn) = Py, (/) (Xn+1)]
Cn(f) = [Mnn - Mn,,,l]Pnnq (f)(Xn)

Using the Lipschitz inequality (3.8) presented in Proposition 3.1, we prove that
A (O < Py, — Py, 1O

< / 10— 1@ T, (f. dg) < T(m)plno)(1 + p(ro) AJL £l
In addition, using the Lipschitz regularity condition (3.2), we also obtain
ICal)] = WMy, = My, (P, ()]
[ 100 = 1)@, (P, (). ) H

< tmA| Py, I fIl = () Apmo)ll f1-
By definition of the weighted measure W, (), we have

Wa(@) = Y wa(p)Ep(f)

A

O<p=n
= Y wa(PAM(f)+ Y wa(P)Ap(f) + Bp(f) + Cp(f)).  (3.11)
0<p=<n 0<p=n

From previous calculations, we have

D wa(PYAp(F) + Cp(H))] < wa(OT (M) Ap(no) 2 + pno)) I f1-

O0<p=n
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Finally, we use the following decomposition

> waPBr(f) = Y [wa(p) Py, (F)(Xp) — wa(p + D Py, ()X py1)]
O<p=n O<p=n
+ Y [walp + 1) — wa(p)IPy, (H(Xps1)

0<p=n

with the convention w,(n + 1) = 0. This implies that

< 2w, OISl + pROIf1| D Twalp) — wal(p + D]

0<p=n

> wa(p)By(f)

0<p=n

= 2+ pmo) |l fllwn(0).

The end of the proof is now a direct consequence of formula (3.11). [
Now, we are in position to state and to prove the main result of this section.

Theorem 3.5. Assume there exist a measure n and some m > 1 such that

Vi eBiS) Edn(f) —n(HI") < enln) with Y en(n) < oo.

n>0

We let V,, := W, (¢) be the sequence of random fields on B(S) associated with a given weight
array function w € W and defined in (3.9). We suppose that w € VV is chosen so that w,(0)T (n)
tends to 0 as n — oo. In this situation, V, converges in law as n — 00 to a Gaussian random
field V on B(S) such that

V(f,8) € B(S)* E(V(F)V(2) = d(ICy(f, g)]

with the local covariance function

Cy(f. 8) = Myl(Py(f) — My Py (f))(Py(g) — My Py(g))].

Proof. Using Proposition 3.4, it is clearly sufficient to prove that the random fields

Wh(@) = wa(p)AM, (3.12)

O<p=n

converge in law to the Gaussian random field V as n — oo. To use the Lindeberg CLT
for triangular arrays of R9-valued random variables, we let f = i )i<i<d € B(S)d be a
collection of d-valued functions and we consider the R?-valued random variables W.(O)(f) =
W (O (f M1 <i<d. We further denote by F, the o-field generated by the random variables X,
for any ¢ < p. By construction, for any functions f and g € B(S) and forevery 0 < p <n we
find that

E(wn (p)AM11(f) | Fp) =0
E(w, (p)* AM 11 (f)AM,41(8) | Fp) = wa(p)*C)y(f. 8)(X)
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with the local covariance function

Cl(f. 8) = My, [(Py, ,(f) = My, Py, (P (Py, (&) — My, Py, ()],

Using Proposition 3.1, after some tedious but elementary calculations we find that

IC,(f. 8) — Cy(f. DIl < c) { / np—1 — M T f. 9). dh)

+ f Inp — nl(h) T2((f. g>,dh)}

with a pair of bounded integral operators Y/, i = 1, 2, from B(S)? into B(S’) such that

/ IRI T, 8),d) < capll £11 gl

In the above displayed formula, c(n) < oo stands for a finite constant whose value only depends
on the measure n. Under our assumptions, the following almost sure convergence result readily
follows

pli)rgo IC,(f, &) — Cy(f, &)l = 0. (3.13)

On the other hand, using Proposition 3.4, for any function 2 € B(S) we have the decomposition

Y wa(P)((Xp) = B () = Y wi(p)AM (k) + 1Ly, ()

0<p=n O<p=n

with the martingale increments AM, (k) given in (3.10), and a remainder signed measure L,
such that

1L I < wi @)1+ p(ro)T(m) (2 + p(no))A.
Using a Burkholder—Davis—Gundy type inequality for martingales, we find that for any m > 1

d

for some constants a(m) whose values only depend on the parameter m. Thus, we find that

d

Under our assumptions on the weight functions w, if we take h = C,(f, g) then by (3.13) we
obtain the following almost sure convergence result

1

1
my m 2
) 5a<m>( > wn<p)4> osc(h)

0<p=n

> wi(p)AM 1 (h)

0<p=n

1

my L 1
) sa<m>wn<0)( > wn(p>2> osc(h).

0<p=n

> wi(p)AM 1 (h)

0<p=n

Tim Y wa(p)’Cy(f, ) (Xp) = lim Y wa(p)> S(1p-1)(Cy(f: 8)).
p=0 p=0

We now combine the regularity property (3.7) with the generalized Minkowski inequality to
prove that for any function 7 € B(S) and any m > 1

{5 )

wn(P)? LD (np—1)(h) — S (W)]
p=0
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=) wap? [ Bdnp-1 — n@)")* 1, de)
p=0

< (p(no)Allhl) (wn(m2 + ) wa(p)em(p — 1)) .
p=1
This readily implies that

d

If we choose h = C;)(f, g), this yields the following almost sure convergence result

) < w, (0)*(p(no) Al

x (1 + Zem(p)) :

p=0

D wa (P [B(1p-1)(h) — S(n)(h)]
p=0

n
= lim_ 2;) wa(p)? P(0p-1)(Cy(f. 8)) = SM)(Cy (. 8)).
p:
To summarize, we have proved the following series of almost sure convergence results

Jim > wa(pYPCL(f (Xp) = lim Y wa(p)*Cy(f. £)(X,p)
p=0 p=0

— nll)ngo Z wn(p)zé(np—l)(cn(f’ g))
p=0

= 2 (Cy(f, 8))-

Therefore, we also have the almost sure convergence result
n
lim > wa () E(AM 1 () AMp11(8) | Fp) = P()(Cy(f. 8)).
p=0

Since we have Vo<p<p, wp(p) = w,(0) — 0, a8 n — o0, the Lindeberg condition is satisfied
and we conclude that the sequence of random fields W, (¢) defined in (3.12) converges in law to
the Gaussian random field V as n — oo. This ends the proof of the theorem. [

We end this section with an alternative and simpler representation of the covariance function
of the random field V presented in Theorem 3.5. We have

Cy(f, HHx) :fM,,(x,dy)[P,,(f)(y) — My(Py () ()]
Using the decomposition
Py (F)(y) = My(Py(f))(x) = [Py (f)(y) — Pp(HOT + [Py (f)(x) — My(Py(f))(x)]
= [Py(H) = Pp(HOT+[f (x) — 2 ()]
and the fact that
/Mn(x,dy)[Pn(f)(y) — Pp(H) )] = [My(Py(f))(x) = Pp(f)(x)]
= —[f(x) = 2 ()]
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we prove the formula

Cp(f, f)(x) = f My (x, dy)[Py(f)(y) — Py(£)0) — [f(x) — o) (£)T*

On the other hand, recalling that () = @(n)M,, and using again the Poisson equation we also
have

/ S () (dx) My (x, dV)[Py (1)) — Py(f))F = 28 Py (f)(f — D) ()]
and

28MP(S)(f — D(N] = 28I(f — S()(f)*]
+2) " SIM(f — SN — D)),

n>1

Hence we have proved the following proposition.

Proposition 3.6. The limiting covariance function presented in Theorem 3.5 is alternatively
defined for any function f € B(S) by the following formula

OICy(f, H = PMIS — 2 ()]
+2) B, = PNM)(f — ) ()],

n>1

4. A fluctuation theorem for local interaction fields

4.1. Introduction

This section presents the fluctuation analysis of a class of weighted random fields associated
to i-MCMC algorithms. Following the local fluctuation analysis for time inhomogeneous Markov
chains presented in Section 3.3, we introduce the following weighted random fields.

Definition 4.1. We consider the flow of random measures

VIZ0vn >0 50 =[50 - s00! )],

For n = 0, we use the convention &¢ (n_;) = v® so that 8(()1) = [8,0 — v(D7]. We associate
0

to a sequence of weight array functions (w(l))lzo e WYX the following flow of random fields
(WP (5D)),=0 on the sets of functions (B(S®));=0

Vi=0vn=0 WD) = Y wl(psl.

0<p=n

We observe that the regularity conditions (2.4) and (2.5) ensure that the collection of

Markov operators M,gl) and their invariant measures ®© () satisfy the regularity conditions
(3.1) and (3.2) introduced in Section 3.1. Also observe that the i-MCMC chain X¢*D is a time

inhomogeneous model of the form (3.3) with a collection of transitions M (l(?)' D that depend on the
Mn
(1)

flow of occupation measures 1, associated with the i-MCMC chain at level /. In this scenario,
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condition (3.4) is satisfied with
2
Vn >0 O _ O D - _c
n=0 |, —n, Il <tV(n) "
and we have
1
=0 — ) —
T (n) = E V(p) =2 E +1§2(1—|—10g(n—|—1)).

O0<p=n 0<p=n

Finally, we recall that for any m > 1 we have

VI>0VfeB (S E(n®(f) —xPHImn < bm)e(l) (4.1)

1
vn+1
for a collection of finite constants b(m) whose values only depend on the parameter m (see for
instance [9]). Using Theorem 3.5, we can prove that the random fields

v — wd o) 4.2)

associated with a given weight array function w) € W converges in law to a Gaussian random
field V¥ as n — oo such that

V(f, g) € BSD)?* EWVD(HVD(e) =xDCcOf, o)1 (4.3)

Here the covariance functions C”)(f, g) are defined in terms of the resolvent operator P(()l D

associated to the Markov transition M7(1<)1—1) and the fixed point measure D (7 =Dy = 7O with
the following formula

C(l)(f g) = M(l(l 1)[(P((1 1)(f) M(l()z 1)P(ll 1)(f))(P((z 1)(8) Mj(Tl()z 1)P(ll 1)(8))]

The main objective of this section is to prove the following theorem.

Theorem 4.2. We consider a collection of weight array functions (w(l))zZo e WN. In this

situation, the corresponding flow of weighted random fields (Vn(l))lzo defined in (4.2), converges
in law, as n tends to infinity and in the sense of finite dimensional distributions, to a sequence of
independent and centered Gaussian fields (V(l))lzo with covariance functions defined in (4.3).

Using this result, the proof of the multivariate central limit Theorem 2.1 follows exactly the
same arguments as the ones we used in the proof of Theorem 2.1 in [5, Section 6].

Proof of Theorem 2.1. We let S* := SS¥~! be the k-th iterate of the mapping S : n € M(SO)N
= 8(n) = (Su(M)nz0 € M(S“))N defined for any 1) = (71x)n=0 € M(S)" by

iz 0 Syn=-—— > np.

0<p<n

We observe that the time averaged semigroup S* can be rewritten in terms of the following
weighted summations

1
SK() = —— (k)
2 (1) - +10<p<nsn (p)np
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with the weight array functions s,gk) = (s,(,k) (p))o<p<n defined by

1
Vk>1V0<p<n s¥tD(p) = E——C) and s (p):=1.
> <p<n sD(p) ngq:sn G D™ (q) D (p)

We also know from Proposition 6.1 in [5] that

1
lim — Y 5%tV (g)? = @2k)!/k?
n—-oon

O<g=n

and, for any k > 1, the weight array functions w® defined by
¥n=0v¥0<p<n wd(p)=sP(p) / Y 592
O0=g=n
belong to the set VV introduced in Definition 3.2.

Moreover, using Proposition 5.2 in [5], we have the following multilevel expansion

n® —7® =" s D ix + 5F (4.4)
0<I<k

where Z®) = (En(k))nzo is a flow of signed random measures such that
1
¥m =1  sup E(5ONHIM" < bm)clk)(logn + 1)*/(n + 1).
feB(5H)

Here b(m) stands for some constant whose value only depends on the parameter m. This
multilevel expansion implies that

1

k) _ (k)7 _ I+1), \»

Vv (n+ Din, /4 ]—O<§l<k n+10<§ sn o (q)
== <g=n

_ _ —=(k)
X W,i" D(s* l))D(k—l)—H,k + =,

with the weighted distribution flow mappings W *~) associated to the weight functions w ¢+
and a remainder signed measure ?;k) such that
= (k)
sup  E(IZ," (/) = e(k)(og(n + 1)*/y/(n + 1.
feBi(s®)

The proof of Theorem 2.1 is now a direct consequence of Theorem 4.2. [J
4.2. A martingale limit theorem

This section is mainly concerned with the proof of Theorem 4.2. We following the same lines
of arguments as the ones used in Section 3.3 devoted to the fluctuations of weighted occupation
measures associated with time inhomogeneous Markov chains.

First, we introduce a few notations. For any k > 0 and any © € P(S (k_l)), let Plgk)

be the resolvent operator associated to the Markov transition M I(Lk) and its invariant measure
P () e P(S®). We also set

p® () =2 /(1 — myp(mp))

with the pair of parameters (ny, my) defined in (2.4).



1326 B. Bercu et al. / Stochastic Processes and their Applications 122 (2012) 1304-1331

Using Proposition 3.4, we find that the weighted measures W,gk) (%)) satisfy the following
decomposition

WREO ) = D wiP(mAML () + L)

O<p=n

for any f € B(S®) with the martingale increments
k k k k k k
AMYY () =M (f) = MP(f) = (P( L HES) - Msz DP( . 1>(f)(X("))>

and the remainder signed measure L,Sk) which are such that
ILEN < fwi® O +2p® () (1 + log(n + D)2 + p© (1)) A} —> 4500 0.

We consider a sequence of functions f = (fi)lsigd, with d > 1, and f! = (fki)kzo €
szo B(S®), and we let W (f) = (W(")(fi))lsifd be the R¢-valued and F"-adapted
process defined for any / > Oandany 1 <i < d by

WPy = > wR e (.
0<k<l

From the previous discussion, we find that
WD = MP G+ 47 ()
with the F"-martingale Ml(”) (f") given below

MP Y =Y AMP (Y with AMP(F) = Y w®P(p)AMY (f)  @.5)

0<k<l 0<p<n
and the remainder bias type measure ﬁl(n) =Y <k<l L,gk), such that
lim £ = 0.
n—oo

Theorem 4.2 is now a direct consequence of the following proposition (see for instance the
arguments used in Section 4.2 in [5]).

Proposition 4.3. The sequence of martingales /\/ll(n)( f) defined in (4.5) converges in law as
n — oo to an R-valued Gaussian martingale M;(f) = (./\/ll(fi))lfl-fd such that for any
[ > 0 and any pair of indexes 1 <i,j <d

(M, M =Y 7P1e® i, 1

0<k<l
with the local covariance functions a®[1c® i, £ defined in (4.3).

Proof. The proof of the proposition is along the same lines as the proof of Theorem 3.5. First,
we consider the decomposition

[(n+1)+n

MP =30 v

i=0
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where forevery 0 <i <I(n+1)+n,withi =k(n+1)+ pforsome0 <k <l,and0 < p <n
VI (f) = w® (p) AMS) (fio).

We further denote by g}”) the o-field generated by the pair of random variables (X, () X () iy
for any pair of parameters (k, p) such that k(n + 1) + p < i. By construction, for any ﬂow of
functions f = (fi);>0 and g = (g1)1>0 € [[;50 B(S") and for every 0 < i < I(n + 1) +n, with
i=k(n+1)+ pforsome0 <k </, and 0 < p < n, we find that

EV" () 1G) =0
BV (V@) 167 = wd (0P (f o) (X))

with the local covariance function

k k k k k
C;; )(ﬁ g) = M]g(k)—l) |:( ((k) D (fr) — f}(k) 1 ((k) 1)(fk))
p

pl p pl

k k k
X (P,g(k)—n (8k) — M((k) 1)P( . 1)(gk)):|
p—1

p 1
Under our Lipschitz regularity conditions (2.4) and (2.5), Proposition 3.1 applies to the mappings

@® and the resolvent operators P,Ek). As in the proof of Theorem 3.5, after some tedious but
elementary calculations, we obtain

ICO(f. ) — CO(f. )] < c(k){ / iy = 7SI T (o @), dh)

/ D =2 ® =010 702 ) (i 800, dh)}

where TJ(TIE,){;'.” «-1» I = 1,2, is a pair of bounded integral operators from B (§%)2 into B(S*—D)
such that

/Ilhll 2 wteny (fies 86, dh) < (I ficll N1gill-

Combining the generalized Minkowski integral inequality with (4.1) we prove the following
almost sure convergence result

lim [C(f.g) — CP(f. &)l =0.
p—00

Arguing as in the proof of Theorem 3.5, we obtain the following almost sure convergence result

n n
; ©) ()2 ®) Y — 1 ©) ()2 ® (k)
nlgr;ozown (P’CP(f.0) (X)) = lim an (P CO(f. )X
p= p=0

= lim Zw(k)(p) Ol )

_ qs<k><n<k (€Wt g) = xR (€S 9.

This yields the almost sure convergence

Tim (MP (), MP @) = (f.9) = Y 7@(CW(f 9.
0<k<l
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Using the same arguments as the ones used in the proof of Theorem 4.4 in [5], we conclude that

the R?-valued martingale /\/ll(n) (f) converges in law as n tends to infinity to a martingale M;(f)
with a predictable bracket given for any air of indexes 1 < j, j/ < d by

(M, M =07, 7.
This ends the proof of the proposition. [

5. Path space i-MCMC models

The aim of this final section is to show that the multivariate CLT discussed in Section 2 can
be generalized directly to analyze the fluctuations of the occupation measures of (X,(,k))osksl
around the limiting tensor product measure ®p<x<; 7 ® for any time horizon [ > 0. To do this,
we check here that the regularity conditions discussed in Section 2.1 remain valid on path spaces.

Let us fix a final time horizon / for (1.1) and consider the path space model given by

Vn >0 X[l] (X(O) (l)) e sl .— 1_[ NGO
0<k<l

For every 0 < k < [ we denote by n® € P(§®)) the image measure of a measure 1 € P(S!') on
the k-th coordinate level set S of the product space SI := ]_[0S k<t S () Using this notation, it

is easy to check that X ’[11] is an S'l-valued self-interacting Markov chain with transitions defined
by

[ - [
P(X e dx | (XU oz pzy, X = [} G (X dx) (5.1)

with the occupation measures r;,[,l_l] and the collection of transitions M [l[}_u defined by the
Mn

following formulae

1
-1 [ 1 (k) k !
pli=1 .= — Zaxu n  and My 1(X“,dx):ol_[ M(k B (X0 axh
<k<l
where x = (xo, R xl) € S[”, dx = dx" x --- x dx' and we have used here the convention

M (O) = MO Itis straightforward to check that (5.1) coincides with the i-MCMC algorithm
nn
assoc1ated to the limiting evolution equation

20 = g1y with 7 = 7O g ... @ 7D
and the invariant measure mapping
ol . we 73(5[1—1]) — dj[l](,u) =70 g 43(1)(“(0)) R ® @(D(M(l—l)) c P(S[l]).

To describe the main result of this section, we need to introduce some additional notation. For
any 0 < k1 < kp, we set

Slki k] . 1_[ SE and  glkokl . O, <k<ky 7% ’]D(S[kl,kz]).
k1 <k<ky

For any 0 < k < [, any pair (11, t2) € P(SOK) x P(sk+2+11y and any integral operator D
from S® into S®*+1, we denote by 1 ® D ® s the operator from ! into SU+1]

(1 ® D ® u2)((x1, x2, x3), dy1 x dyr x dy3) = pu1(dy1)D(x1, dy2) a2 (dy3)
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where (x1, x2, x3) € SUT = (S04~ @ §® @ SI+LA) and (yy, y2, y3) € S = (S0M @
S(k+1) ® S[k+2’l+1]).

Proposition 5.1. For any | > 0, the mappings P! and the collection of Markov transition
kernels Ml[j[]z—u satisfy the set of regularity conditions (2.1), (2.4), and (2.5) as long as the

corresponding conditions are met for the marginal mappings ®* and the transitions M;(Lk(’)“”

where 1 < k < l. In addition, the mappings 'Y satisfy the first order decomposition (2.1) with
bounded integral operators D41 from S 1V into U1 given by

Dy =7 @ Diyy + Z 708 @ Dy @ gkt
0<k<

Before presenting the proof of this proposition, we emphasize that this latter directly implies
that the multivariate CLT stated in Section 2.2 is also valid for the path space i-MCMC algorithm

discussed above. In other words, for every k > 0, the sequence of random fields (U,Ek])nzo on
B(S*1) defined by

U[k] _f[n[k] [k]] —

converges in law, as n tends to infinity and in the sense of finite dimensional distributions, to a
sequence of Gaussian random fields U'¥! defined as U®) by replacing the semigroups Dy, 1, and
the limiting measures 7 ) by the corresponding objects on path spaces.

Proof of Proposition 5.1. With some obvious notation, we have
! k
iz 1 (MU )" = oz (M%), )",
Using the fact that

I ®o<k<t n® = @<t ™l = Y ™ — 7@
0<k<l

for any sequence of probability measures u*, n(k) e P(S™), with 0 < k < I, we prove that

BUMUL_ ) = D BMIG)") < — 1+1 > m(me) < 1

0<k<l 0<k<l
as Soon as

log(l + 1) )
No<k<t log(1/my(ng)) )

We prove the pair of regularity conditions (2.1) and (2.5) by induction on the parameter /. We
use the notation Dy, =y, Z[; myy, ny and Iy, the corresponding objects introduced in the
statement of conditions (2.1), (2.4), and (2.5). The results are clearly true for m = 0 with

n = nyy = (Mo<k<i ni) X (1 +

0
() :=7® and Mr[;,[}” — MO
In this case, we readily find that

Doy = Dy =0, = =0, mpo] = mo, noy=no and I, = 10, =0.
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Assume now that the result has been proved at some rank /. For any measure ;o on S/1 =
SU=11% §O we denote by /=11 and 1V its image measures on S/~ and §@. In this notation
we have

@[1+1](M) — @[l](,u[l—l]) ® ¢(l+1)(ﬂ(l))
and

I+1 I I+1
MUE (@, ), dx x dy) = MU, dx) x MOS0, dy)
for any (u,v) € SUH = (SU1 % §O) and (x,y) e SUFI = (S x SU+D) After some
elementary computations, using the decomposition

[(p[l—H](M) _ q‘;[l-l-l](n[l])] — @[l](ﬂ[l_l]) ® @(I-H)(,u(l)) _ @[l](n[l—l]) ® @(l—i-l)(n(l))
— @[l](n[l—l]) ® [QS(H‘I)(M(I)) _ Qs(l+1)(7.[(l))]
+ [@[”(M[l_]]) _ @[l](ﬂ[l—l])] ® @(H—l)(n(l))
+ [¢[Z](M[1_l]) _ dj[l](ﬂ[l_l])]
® [@(H‘I)(I_L(l)) _ @(H-l)(ﬂ.(l))]

we find that the first order condition (2.1) is satisfied with an integral operator Dy from S g
into SU*11 defined for any f € by

Dips1y(u, d(x, y) = &) (dx) Dyy1y(u, dy) + Dy, dx) 84D (x D) (dy)
= 7N (dx) D1y (u, dy) + Dyy(u, dx)m "+ (@y).

Condition (2.5) is proved using the same type of arguments. This ends the proof of the
proposition.  [J
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