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Abstract

In this paper, we study almost sure central limit theorems for sequences of functionals of general
Gaussian fields. We apply our result to non-linear functions of stationary Gaussian sequences. We obtain
almost sure central limit theorems for these non-linear functions when they converge in law to a normal
distribution.
© 2010 Elsevier B.V. All rights reserved.
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1. Introduction

Let {X,},>1 be a sequence of real-valued independent identically distributed random variables
with E[X,] = 0 and E[X?2] = 1, and define

1 n
Sy = — Xk.
’ ﬁ,;
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The celebrated almost sure central limit theorem (ASCLT) states that the sequence of random
empirical measures given by

1 Xn: 18
logn = k Sk

converges almost surely to the .4 (0, 1) distribution as n — o0. In other words, if N isa .47(0, 1)
random variable, then, almost surely, for all x € R,

1 &1
Z zl{skgx} —> P(N <x), asn— oo,
k=1

logn

or, equivalently, almost surely, for any bounded and continuous function ¢ : R — R,

1 > Lo(Se) — ElgN)], asn — oo, (1.1)
logn P k

The ASCLT was stated first by Lévy [14] without proof. It was then forgotten for half
a century. It was rediscovered by Brosamler [7] and Schatte [20] and proven, in its present
form, by Lacey and Philipp [13]. We refer the reader to Berkes and Cséki [1] for a universal
ASCLT covering a large class of limit theorems for partial sums, extremes, empirical distribution
functions and local times associated with independent random variables {X,}, as well as to the
work of Gonchigdanzan [10], where extensions of the ASCLT to weakly dependent random
variables are studied, for example in the context of strong mixing or p-mixing. Ibragimov and
Lifshits [12,11] have provided a criterion for (1.1) which does not require the sequence {X,,} of
random variables to be necessarily independent or the sequence {S,} to take the specific form of
partial sums. This criterion is stated in Theorem 3.1.

Our goal in the present paper is to investigate the ASCLT for a sequence of functionals of
general Gaussian fields. Conditions ensuring the convergence in law of this sequence to the
standard .47 (0, 1) distribution may be found in [15,16] by Nourdin, Peccati and Reinert. Here,
we shall propose a suitable criterion for this sequence of functionals to satisfy also the ASCLT.
As an application, we shall consider some non-linear functions of strongly dependent Gaussian
random variables.

The paper is organized as follows. In Section 2, we present the basic elements of Gaussian
analysis and Malliavin calculus used in this paper. An abstract version of our ASCLT is stated and
proven in Section 3, as well as an application to partial sums of non-linear functions of a strongly
dependent Gaussian sequence. In Section 4, we apply our ASCLT to discrete-time fractional
Brownian motion. In Section 5, we consider applications to partial sums of Hermite polynomials
of strongly dependent Gaussian sequences, when the limit in distribution is Gaussian. Finally, in
Section 6, we discuss the case where the limit in distribution is non-Gaussian.

2. Elements of Malliavin calculus

We shall now present the basic elements of Gaussian analysis and Malliavin calculus that are
used in this paper. The reader is referred to the monograph by Nualart [17] for any unexplained
definition or result.

Let $) be a real separable Hilbert space. For any g > 1, let §®4 be the gth tensor product of
and denote by $©9 the associated gth symmetric tensor product. We write X = {X (h), h € $}
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to indicate an isonormal Gaussian process over §), defined on some probability space ({2, F, P).
This means that X is a centered Gaussian family, whose covariance is given in terms of the scalar
product of H by E [X (h)X(g)] = (h, 8)s.

For every g > 1, let H, be the gth Wiener chaos of X, that is, the closed linear subspace of
L*(,F, P) generated by the family of random variables { H, (X (h)), h € $, |||l = 1}, where
H, is the gth Hermite polynomial defined as

g2 dr
Hy(x) = (—=D%e2 @(e

mh\,

) (2.2)

The first few Hermite polynomials are Hi (x) = x, Ha(x) = x2— 1, Hy(x) = x> — 3x. We write
by convention Hy = R and /p(x) = x,x € R.Forany ¢ > 1, the mapping I, (h®1) = Hy (X (h))
can be extended to a linear isometry between the symmetric tensor product H®¢ equipped with
the modified norm ||-[|goq = V- geq and the gth Wiener chaos H,;. Then

E[]p(f)[q(g)] = ap,q x pi(f, 8)sor (2.3)

where §, , stands for the usual Kronecker symbol, for f € HOP, g € H% and p,q > 1.
Moreover, if f € 54, we have

I,(f) = I,(f), (2.4)

where f € H4 is the symmetrization of f.

It is well known that LZ(Q, F, P) can be decomposed into the infinite orthogonal sum of
the spaces H,. Therefore, any square integrable random variable G € L%(2, F, P) admits the
following Wiener chaotic expansion:

G = E[G]+ Y _ I,(fy). (2.5)

q=1

where the f, € $H4, q > 1, are uniquely determined by G.
Let {ex, k > 1} be a complete orthonormal system in §. Given f € H©? and g € $°4, for

every r = 0,..., p A g, the contraction of f and g of order r is the element of H®P+4—2")
defined by
o0
f®g= Y (fieqn® - ®e)ner @ (8,01 @ ®ei,)ger. 2.6)

i1yeip=1

Since f ®, g is not necessarily symmetric, we denote its symmetrization by f®,g €
HOP+a=2)  Observe that f ®gg = f ® g equals the tensor product of f and g while, for
P =4q, fQ®;8g = (f, & ges, namely the scalar product of f and g. In the particular case
$ = L*(A, A, ), where (A, A) is a measurable space and u is a o-finite and non-atomic
measure, one has that §©¢ = L?(A", A®4, 1®9) is the space of symmetric and square integrable
functions on A9. In this case, (2.6) can be rewritten as

(f ®r &), .- tprg—2r) =/ J@, oo tpmr, ST, 8y)
Ar

X g(tp—r—i-], e bptg=2ry 81, -0, sp)du(sy) ... du(sy),
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that is, we identify » variables in f and g and integrate them out. We shall make use of the
following lemma whose proof is a straightforward application of the definition of contractions
and the Fubini theorem.

Lemma 2.1. Let f, g € $©2. Then || f ®; g||%®2 = (f®1 f, g ®18) 5.

Let us now introduce some basic elements of the Malliavin calculus with respect to the
isonormal Gaussian process X. Let S be the set of all cylindrical random variables of the form

G=9XM),..., X)), 2.7)
where n > 1, ¢ : R" — R is an infinitely differentiable function with compact support and

h; € 9. The Malliavin derivative of G with respect to X is the element of LZ(Q, ) defined as

n a
DG =Y L (X(h),.... X(hy) hi. (2.8)
i=l1

Bx,-

By iteration, one can define the mth derivative D" G, which is an element of LZ(Q, HO™), for
every m > 2. For instance, for G as in (2.7), we have

DG = Xn:
i, j=1

Form > 1 and p > 1, D" " denotes the closure of S with respect to the norm || - ||, , defined
by the relation

2

a
8)6,'3)6.,'

(X(h1), ..., X(hp)hi @ hj.

m
IG5 = E[|G|”]+ZE(||D’G||§;®,-). (2.9)
i=1

In particular, DX (h) = h for every h € $). The Malliavin derivative D verifies moreover
the following chain rule. If ¢ : R" — R is continuously differentiable with bounded partial
derivatives and if G = (G, ..., G,) is a vector of elements of D2, then ¢(G) € D'2 and

n
De(G) =" a—;(G)DG,-.
i=1 !

Let now $ = LZ(A, A, n) with u non-atomic. Then an element u € §) can be expressed as

u = {u;, t € A} and the Malliavin derivative of a multiple integral G of the form I, (f) (with
f € $9%) is the element DG = {D;G, t € A} of L*>(A x {2) given by

DG = Dy[1,(f)] =ql4—1 (f(. D). (2.10)

Thus the derivative of the random variable I, (f) is the stochastic process g1, ( fG, t)), teA.
Moreover,

ID[I,(H]IF = ¢* /A Ly—1 (f (- 0)% u(dr).

For any G € LZ(Q, F, P) asin (2.5), we define

o0

1
L_le—Zglq(fq). (2.11)

g=1
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It is proven in [15] that for every centered G € L2(£2, F, P) and every C! and Lipschitz function
h:R— C,

E[Gh(G)] = E[I (G){(DG, —DL_IG)ﬁ]. (2.12)
In the particular case 4 (x) = x, we obtain from (2.12) that
Var[G] = E[G?] = E[(DG, —DL™'G)g], (2.13)

where ‘Var’ denotes the variance. Moreover, if G € D** is centered, then it is shown in [16] that

5 1 1
Var[(DG, =DL™'G)] < SE[IDGII 1> ElI DG @1 D*Gll7e2]7. (2.14)

Finally, we shall also use the following bound, established in a slightly different way in
[16, Corollary 4.2], for the difference between the characteristic functions of a centered random
variable in D*# and of a standard Gaussian random variable.

Lemma 2.2. Let G € D** be centered. Then, for any t € R, we have

E[e"0] — e*lz/zj <] ‘1 - E[Gz]‘
t 1 1
+'—2'~/10E[||DZG ®1 D*G ;e 1* ENIDGII]7. (2.15)

Proof. Forall 7 € R, let (1) = e/ /2E[elC]. It follows from (2.12) that
0 (t) = te" PE[e'C] + ie" 2 E[Ge"C] = te!’ PE[e'C (1 — (DG, —DL™'G)g)].
Hence, we obtain that

2 _
lo(t) — @(0)] < sup |¢'w)| < |tle" 7*E[|1 — (DG, —DL™'G)gl].

uelo, t]

which leads to
)E[ei’G] _ e—fz/Z( < t|E[]1 — (DG, —DL™'G)g]].
Consequently, we deduce from (2.13) together with the Cauchy—Schwarz inequality that

)E[ei’G] —e—f2/2( <l ‘1 —E[G2]‘ + 1| E[|EIG?] — (DG, —=DL™'G)g|]

< It ‘ - E[G2]‘ + It/ Var((DG, ~DL~1G)s).
We conclude the proof of Lemma 2.2 by using (2.14). [
3. A criterion for ASCLT on the Wiener space

The following result, due to Ibragimov and Lifshits [12], gives a sufficient condition for
extending convergence in law to ASCLT. It will play a crucial role in all of the sequel.

Theorem 3.1. Let {G,} be a sequence of random variables converging in distribution towards a
random variable G ., and set

1 1. .
A — - itGy —E itG o ) .1
n (1) g7 ;; k(e (e'0)) (3.16)
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If, forall » > 0,
E|A, (1)
—_— < XX

i<r G nlogn

(3.17)

then, almost surely, for all continuous and bounded functions ¢ : R — R, we have

n

1 1
] Z —@(Gr) — E[p(Gx)], asn — oo.
ogn k

The following theorem is the main abstract result of this section. It provides a suitable criterion
for an ASCLT for normalized sequences in D>,

Theorem 3.2. Retain the notation of Section 2. Let {G,} be a sequence in D> satisfying, for all
n > 1, E[G,] = 0and E[G2] = 1. Assume that

(A)) sup E[I DG4 I[§] < oo,

n>1
and
E[|D*G, ®1 D*Gpllfea] = 0, asn — oo.

Then, G, Jaw N ~ #4(0,1) as n — oo. Moreover, assume that the two following conditions

also hold:
n

1 1
(A1) — E[|ID*G ®1 D*Gy||26,]* < oo,
,;z nlog?n 1; k o

(As) Z 1 ZIE(Gsz)I

n>2”1°g n =1 ki

Then, {G,} satisfies an ASCLT. In other words, almost surely, for all continuous and bounded
functions ¢ : R — R,
1 n

1
3"~ 0(Gy — Elp(N)]. asn — oo.
logn =k

Remark 3.3. If there exists & > 0 such that E[IIDsz ®1 DZGkH2 w) = O(k™%),as k = oo,
then (Al) is clearly satisfied. On the other hand, if there exists C, a > O such that |E[G;G/]| <
C ( ) for all k < [, then, for some positive constants a, b independent of n, we have

LI QN |E[GG]| 1 n !
Z Z?Z < 3 ZZH- Z

n>2”10g L - n>2”l°g =1

.

nlog”n

<a
> nlog

which means that (A) is also satisfied.

Proof of Theorem 3.2. The fact that G, ﬂ N ~ A4(0, 1) follows from [16, Corollary 4.2]. In
order to prove that the ASCLT holds, we shall verify the sufficient condition (3.17), that is, the
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Ibragimov—Lifshits criterion. For simplicity, let g(r) = E(e'V) = e /2, Then, we have

n

EldOF = > SE [ - g0) (7~ 50)]
k, =1

_ 12 i %[E(eit(Gk—G/)) — e (E(eitGk) n E(e—itG,)) +g2(t)]

log™n /7=
e 3 () - 0) -0 (56 - )
—g(®) (E(e_i’G’) - g(t))] . (3.18)

Let + € R and r > 0 be such that |f] < r. It follows from inequality (2.15) together with
assumption (Ag) that

é
|E(E%) - 0] < = VIOEID*Gi @1 D2Gil4 1t (3.19)
where & = sup,,> E[||DG,,||4ﬁ]%. Similarly,

|B(e) — 50| < 5 VIO END2Gr @1 D*Gilieal. (3.20)
On the other hand, we also have via (2.15) that
. : Gk—=Gy
)E(e“(Gk—G”) — gz(t)‘ = ‘E(e"ﬁ ) —g(V21)

1
<V2r |1 — EE[(Gk -

1
+ & /5 E[| DX(G — G1) ®1 D*(Gi — G122

< V2r|EIGiG/l| + & V5 NI D*(Gi — G1) ®1 DX(G — G| e215.
Moreover
ID*(G — G1) @1 D*(Gi — GD) g < 21D @1 DGl
+2|D*G; ®1 D*Gillge +41D°G ®1 DGl 0o
In addition, we infer from Lemma 2.1 that

E[ID*Gk ®1 D*Gill}en] = E[{D*G ®1 D*Gy, D*Gy ®1 D*Gi)ger]
1

1 1
(E[1D%Gr @1 D*Gil2en])” (E[I1D2G1 @1 D*Gil])’

N

1 1
< SE[1D?Ge @1 D*Gillgea ] + 5 E[I1D*Gi @1 DGl Gn]
Consequently, we deduce from the elementary inequality (a + b) 3 <a 7 + b that
. 1
|E(e"@50) — 20| < V2rIEIGLGIll + ré V10 (E[ID*Gr @1 D2Gildn]*

1
E[ID*G, & D*G[3:]"). (3.21)
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Finally, (3.17) follows from the conjunction of (A1) and (A3) together with (3.18)—(3.21), which
completes the proof of Theorem 3.2. [

We now provide an explicit application of Theorem 3.2.
Theorem 3.4. Let X = {X,},cz denote a centered stationary Gaussian sequence with unit
variance, such that ) ° . _» |o(r)| < oo, where p(r) = E[XoX,]. Let f : R — R be a symmetric

real function of class C2, and let N ~ 4 (0, 1). Assume moreover that f is not constant and that
E[f"(N)*] < co.Forany n > 1, let

Gn =

- J_Z f(X1) = ELf(X0)])

where o, is the positive normalizing constant which ensures that E [GZ] = 1. Then, as n — oo,

G, la—w> N and {G,} satisfies an ASCLT. In other words, almost surely, for any continuous and

bounded function ¢ : R — R,
1 n

1
Togn ,; %gﬂ(Gk) —> E[p(N)], asn — oo.

Remark 3.5. We can replace the assumption ‘ f is symmetric and non-constant’” with

1
Z— (ELF (N Hg(WN])* Y 1o < 00 and

reZ

'Q

(ELF (N)Hg(N)])* D" p(r) > 0.

reZ

1
_v

|M8 i

Indeed, it suffices to replace the monotone convergence argument used to prove (3.22) by a
bounded convergence argument. However, this new assumption seems rather difficult to check in
general, except of course when the sum with respect to ¢ is finite, that is, when f is a polynomial.

Proof of Theorem 3.4. First, note that a consequence of [16, inequality (3.19)] is that we
automatically have E[f’(N)4] < oo and E[f(N)4] < oo. Let us now expand f in terms of
Hermite polynomials. Since f is symmetric, we can write

o0
f=Elf(N)]+ ) cagHay,
g=1
where the real numbers ¢y, are given by (2g)!c2y = E[f(N)Ha4(N)]. Consequently,

n

oy = - Z Covlf (Xp), f(X)] = Zczqaq)'— D ok =D

kl 1 k=1

chq@q)! PN IGK (1 - :—') Lijri<ny-

q=1 rez

Hence, it follows from the monotone convergence theorem that

0 — a Zczq(Zq)'Z,o(r)zq asn — oo. (3.22)
reZ
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Since f is not constant, one can find some g > 1 such that ¢, # 0. Moreover, we also have
Zrez ,o(r)zq > ,0(0)2‘1 = 1. Hence, 0, > 0, which implies in particular that the infimum of the
sequence {0y },>1 is positive.

The Gaussian space generated by X = { X}z can be identified with an isonormal Gaussian
process of the type X = {X (k) : h € $}, for § defined as follows: (i) denote by £ the set of all
sequences indexed by Z with finite support; (ii) define ) as the Hilbert space obtained by closing
& with respect to the scalar product

(u,v)g = Z ugvip(k —1). (3.23)

k,leZ

In this setting, we have X (¢;) = X where ex = {011};c7, 611 standing for the Kronecker symbol.
In view of (2.8), we have

DG, =

Hence

IDG, 15 =

ey = - D),

k=1 kl 1

and so

n

1
IDG,II5 = ) Z F'XD XN XD f X = etk =1D).

n k=1
We deduce from Cauchy—Schwarz inequality that
1
[ELF' X0 £ XD f X S X01| < ELF (N,

which leads to

ae 1
ENDG, 5] < — (ELf ™)) <Z|p<r)|> (3.24)

n reZ

On the other hand, we also have

DG, = [ Z I (Xier ® ek,

and therefore

=

1
DG, ® D*G, =

"X f"Xpptk — Dex @ &;.
=

S

g,

Hence
E[ID*G, ®1 D*G 5],
1 & % " " " H H | 1
=— Z E[f" X f"X) "X " Xp]pk —Dp — ek —i)pd — j)

On N7 k=1
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_ (E[f"(NY*])3

X 4

D @ le@)lpw)llo(—u + v+ w)l

Op 11 u,v,We”Z
E[ /(N 4 % o 3
_ Els (U’; 1) ol (élpw) - (3.25)

By virtue of Theorem 3.2 together with the fact that inf,> 05, > 0, the inequalities (3.24) and

(3.25) imply that G, ﬂ N. Now, in order to show that the ASCLT holds, we shall also check
that conditions (A1) and (A2) in Theorem 3.2 are fulfilled. First, still because inf,>; 0, > 0,
(A1) holds since we have E[|D?G, ® D*G,l|%s,] = O(n™!) by (3.25); see also Remark 3.3.
Therefore, it only remains to prove (A»). Gebelein’s inequality (see e.g. identity (1.7) in [3])
states that

|Covlf(Xi), f(XP| < ELXi X1y Varl f(X0)]y/ Varl £ (X )] = p(i — j)Var[ f (N)].

Consequently,
1 L Var £ (N)] g
E[GiGl]| = —— C Xi), fXD]] < ——— [ — ]
|E[Gk G| o ;:1 ;:1 ov[f(Xi), f(X))] g ;:1 ;:1 lpG = j)I

Var[ £ (N)] o~ = Varl £(N)] \/z
=——=>"> < AL R .
oxovkl = r:i_llp(r)| o ] ;EZH)U)I

Finally, via the same arguments as in Remark 3.3, (A») is satisfied, which completes the proof
of Theorem 3.4. O

The following result specializes Theorem 3.2, by providing a criterion for an ASCLT for
multiple stochastic integrals of fixed order ¢ > 2. It is expressed in terms of the kernels of these
integrals.

Corollary 3.6. Retain the notation of Section 2. Fix g > 2, and let {G,} be a sequence of the
form G, = 1,(fy), with f, € H94. Assume that E[G%] =q!llfn ||%®q = 1 for all n, and that

I fu ®r fullge2g-n — 0 asn— oo, foreveryr=1,...,q—1. (3.26)

Then, G, ﬂ) N ~ A4(0,1) as n — oo. Moreover, if the following two conditions are also
satisfied:

n

1 1
(A} ZmZE I fi ®r fillgezq-n < o0 foreveryr=1,....,q —1,
n=2 k=1

3 1 4 |<fk,fz>ﬁ®q|<oo

(A%) 3 ,
ns nlog”n = ki

then {G,} satisfies an ASCLT. In other words, almost surely, for all continuous and bounded
functions ¢ : R — R,

1 "
Z“P(Gk) —> E[p(N)], asn— oo.
logn = k
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Proof of Corollary 3.6. The fact that G, Jaw N ~ A4(0, 1) follows directly from (3.26), which
is the Nualart—Peccati [18] criterion of normality. In order to prove that the ASCLT holds, we
shall apply once again Theorem 3.2. This is possible because a multiple integral is always an
element of D%*. We have, by (2.13),

1
| = E[G}] = E[(DGy, —DL™'Gy)g] = p E[|DGklI],

where the last inequality follows from —L~'G; = éGk, using the definition (2.11) of L~

In addition, as the random variables || DG ||j23 live inside the finite sum of the first 2¢ Wiener
chaoses (where all the L? norms are equivalent), we deduce that condition (Ag) of Theorem 3.2
is satisfied. On the other hand, it is proven in [16, page 604] that

-2
E[ID*Gr ®1 D*Gill}en] < q (q—l)4Z(r )vz( ) (2g —2—2r)!

x| fx ®r fx ”57)®2(q7r) :

Consequently, condition (A’) implies condition (A1) of Theorem 3.2. Furthermore, by (2.3),
E[G Gi] = E[Iq(fk)lq(fl) = q!(f, f1)s®q. Thus, condition (A}) is equivalent to condition
(A2) of Theorem 3.2, and the proof of the corollary is done. [J

In Corollary 3.6, we supposed g > 2, which implies that G, = I,(f,) is a multiple integral
of order at least 2 and hence is not Gaussian. We now consider the Gau551an caseq = 1.

Corollary 3.7. Let {G,} be a centered Gaussian sequence with unit variance. If the condition
(A2) in Theorem 3.2 is satisfied, then {G,} satisfies an ASCLT. In other words, almost surely, for
all continuous and bounded functions ¢ : R — R,

n

1 1
Z“/)(Gk) —> E[p(N)], asn — oo.
logn = k

Proof of Corollary 3.7. Letr € R and r > 0 be such that |¢| < r, and let A, (¢) be defined as in
(3.16). We have

1 "1 . 2 . 2
EIA (D2 = _El:eltGk_eft /2)(o—11G1 _ ot /2]
0f = 3 el ) )
1 "1 . 2
_ 2 [ E(eitGr=GDY _ o=t ]
log® n Pyt kl [ ( )
1 L e_tz E 2
— (GkGt
= — (e —1
log?n kgl ki ( )
L 7§ EGGDI
h log? n oy kl

since |[e* — 1] < elxl |x| and |E(GrGy)| < 1. Therefore, assumption (A>) implies (3.17), and the
proof of the corollary is done. [J



1618 B. Bercu et al. / Stochastic Processes and their Applications 120 (2010) 1607-1628
4. Application to discrete-time fractional Brownian motion

Let us apply Corollary 3.7 to the particular case G, = BH /nfl, where B is a fractional
Brownian motion with Hurst index H € (0, 1). We recall that B = (B/),> is a centered
Gaussian process with continuous paths such that

1
E[BHBH] = z(z”’ 527 —s|2H>, 5.1 0.

The process B! is self-similar with stationary increments and we refer the reader to Nualart [17]
and Samorodnitsky and Taqqu [19] for its main properties. The increments

Ye =B, - B, k>0,

called ‘fractional Gaussian noise’, are centered stationary Gaussian random variables with
covariance

1
p(r) = EWYirr] = S (Ir +1P7 1 — 127 =20 M), r e 2. (4.27)
This covariance behaves asymptotically as
o(r) ~HQH — D[r*172 as|r| — 0. (4.28)

Observe that p(0) = 1 and:

(1) ForO < H < 1/2, p(r) < Oforr #£ 0,
Z|p(r)| <oo and Zp(r) =0.
reZ reZ

(2) For H =1/2, p(r) =0ifr £0.

(3) For1/2 < H < 1,

PIGIEE

reZ

The Hurst index measures the strength of the dependence when H > 1/2: the larger H, the
stronger the dependence.

A continuous-time version of the following result was obtained by Berkes and Horvath [2]
via a different approach.

Theorem 4.1. For all H € (0, 1), we have, almost surely, for all continuous and bounded
functions ¢ : R — R,

n

1 H i H
> B /KM — Elp(N)], asn — oo,
k=1

logn

Proof of Theorem 4.1. We shall make use of Corollary 3.7. The cases H < 1/2and H > 1/2
are treated separately. From now on, the value of a constant C > 0 may change from line to line,
and we set p(r) = %(|r + 1P + r =125 =217 PH), r € Z.

Case H < 1/2. For any b > a > 0, we have

b—a b—a
sz—a2H=2H/ ngf B8
0 (x +a)1—2H 0 xl—ZH
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Hence, for [ >k > 1, we have [2f — (1 — k)2 < k21 50

1

Thus
oy ey LSy
znlog i = nlog n I 4 KI+HH
I N M
= nlog n i I 1A
1
<C -
n>2nlog nzl ;nlogn
Consequently, condition (A3) in Theorem 3.2 is satisfied.
Case H > 1/2.Forl > k > 1, it follows from (4.27)—(4.28) that
k—11-1 k—11-1
\E(BI BN = > EIBfL, — BYBE, — B <D 1pl -
i=0 j=0 i=0 j=0

<k ) lp( < CRPHTL

r=—I+1

The last inequality comes from the fact that p(0) = 1, p(1) = p(—1) = (225 _ 1)/2 and, if
rz2,

1 1
lo(=r)| = [p()| = ‘E[(B,Jrl BMBIM| = HQH — 1)/ du/ dv(v — u)2H 2
0 r
< HQH - 1)[ r — w1 2du < HQH — D(r — 1?72,
0
Consequently,
|ELB{' B/"]|

1 <~ |E[GxG]|
Z 72 kk l Z leJrHZ k1+H

n

n>2”10g = i3 n>2 1og =

Finally, condition (A3) in Theorem 3.2 is satisfied, which completes the proof of Theorem 4.1.
O

5. Partial sums of Hermite polynomials: the Gaussian limit case

Let X = {Xi}rez be a centered stationary Gaussian process and for all r € Z, set
p(r) = E[XoX,]. Fix an integer ¢ > 2, and let H, stand for the Hermite polynomial of degree
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q; see (2.2). We are interested in an ASCLT for

n
Vo= Hy(Xp), n>1, (5.29)
k=1

in cases where V,;, adequately normalized, converges to a normal distribution. Our result is as
follows.

Theorem 5.1. Assume that ) .., [p(r)|? < oo, that )., p(r)? > 0 and that there exists
o > 0 such that er\>n lp(r)|? = O(m~=%),asn — oo. For any n > 1, define

Vi
on

where V,, is given by (5.29) and o,, denotes the positive normalizing constant which ensures that
law

E[G%] = 1. Then G, — N ~ #(0,1) as n — o0, and {G,} satisfies an ASCLT. In other
words, almost surely, for all continuous and bounded functions ¢ : R — R,

Gy =

1 &1
Z —@(Gy) — El[p(N)], asn — oo.
logn =k

Proof. We shall make use of Corollary 3.6. Let C be a positive constant, depending only on ¢ and
0, whose value may change from line to line. We consider the real and separable Hilbert space £
as defined in the proof of Theorem 3.4, with the scalar product (3.23). Following the same line
of reasoning as in the proof of (3.22), it is possible to show that onz = q!'Y ez p()? > 0.
In particular, the infimum of the sequence {o,},>1 is positive. On the other hand, we have
G, = I;(fn), where the kernel f, is given by

o= et
n= —-—= &,
Un\/ﬁkzlk

with e = {8x1}1e7, 81 standing for the Kronecker symbol. Foralln > landr =1,...,q — 1,
we have
1 1 _ _
Fi® fo=— > k=10 @
On =1
We deduce that
1 < .. g— g—
T A plk =1 pli — j) plk— )T pl — jT".
o n*, L7,
l’j? i)
Consequently, as in the proof of (3.25), we obtain that || f, ®, f, ||%®(2q72r) < A, where
1 _ _
An=—— Y @I eI o)™ [p(—u + v +w)[~"
Oplt u,v,webD,

with D, = {—n, ..., n}. Fix an integer m > 1 such that n > m. We can split A, into two terms

Ap = By m + Cp.m where

1 _ -
Bym = —— E Lo lp)I" )" |p(—u+v+w)?™",
0,

n= oy, v,webDy,
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1
Com=—= Y lp@l oI o) |p(—u+v+w)|?™".

opn u,v,webDy
lulVIv|V|w|>m

We clearly have

1 3 o Ccm?
Bum < —IIpll dam+1)° < —.
“n n
On the other hand, D, N {ju| V |[v| V [w| > m} C Dymu Y Dymv U Dp m w wWhere the set
Dy = {lul > m, |v| < n, |w| < n} with similar definitions for Dy, , , and Dy p 4. Define

1
Comu =~ Z lo@)" eI [p)1*™" |p(—u+v+w)|*™"

n uvvvweDn,m,u

with similar expressions for Cy, ., and Cp, 1. It follows from the Holder inequality that

r

q

1
Comu < — | D lp@lp®)|
n

o, n
u,v,WEDy y y

X

> le@)lflp(—u+ v+ w) : (5.30)

U, v, WEDy . u
However,
Yo @l <@+ 1) Y Ip@)? )Y lp@)? <Cn Y lp@)le.
u, v, WEDy ym u |u|>m veZ lu|>m
Similarly,
o lelllp(—u+v+w)? < @n+ 1Y [p@I? Y [pw)l? < Cn
u, 0, WEDy 1 u vEZ weZ
Therefore, (5.30) and the last assumption of Theorem 5.1 imply that for m large enough
5 ar
Comu < C < > |p<u)|q) <Cm™ v,
|u|>m
We obtain exactly the same bound for C, ., and C, . Combining all these estimates, we

finally find that

3
m _oar __ar
|l fr ®r fn”f)®(zq » & < C x inf {— +m 4 } < Cn 3ataer

m<n n

by taking the value m = n e . This ensures that condition (A/l) in Corollary 3.6 is met. Let us
now prove (A’). We have

(fe: fidpma =

ZZp(z—;)

i=1 j=I

f Z lo(r)1e,
UkU

SO (A ) is also satisfied (see Remark 3.3), which completes the proof of Theorem 5.1.

k ]
ZZZW - DI,
j=1

i=1
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The following result contains an explicit situation where the assumptions in Theorem 5.1 are
in order.

Proposition 5.2. Assume that p(r) ~ |r|"PL(r), as |r| — oo, for some B > 1/q and some
slowly varying function L. Then ) .., |p(r)|? < o0 and there exists a > 0 such that
er\>n lp(M)|? = 0m™ %), asn — .

Proof. By a Riemann sum argument, it is immediate that ) .., [o(r)|? < oo. Moreover, by
[4, Prop. 1.5.10], we have Z|r|>n lp(r)]4 ~ #nl_ﬂqu(n) so we can choose o = %(,361 -
1) > O (for instance). [

6. Partial sums of Hermite polynomials of increments of fractional Brownian motion

We focus here on increments of the fractional Brownian motion B (see Section 4 for details
about BH). More precisely, for every ¢ > 1, we are interested in an ASCLT for the g-Hermite
power variation of B | defined as

n—1
Vo= HyBI, - B, n>1, 6.31)
k=0

where H, stands for the Hermite polynomial of degree g given by (2.2). Observe that
Theorem 4.1 corresponds to the particular case ¢ = 1. That is why, from now on, we assume that
g > 2. When H # 1/2, the increments of B are not independent, so the asymptotic behavior
of (6.31) is difficult to investigate because V,, is not linear. In fact, thanks to the seminal works
of Breuer and Major [6], Dobrushin and Major [8], Giraitis and Surgailis [9] and Taqqu [21], it
is known (recall that g > 2) that, as n — oo:

oIf0<H<1—ﬁ,then

Vn law

Gy = 40, 1). (6.32)

op /N
oIfH:l—%,then

‘/n law

— — (0, 1). 6.33
op/nlogn ©.D ( )

oIfH>1—2L,then
q

G, =

law

G, =nt--ly L G (6.34)

where G has a ‘“Hermite distribution’. Here, o,, denotes the positive normalizing constant which
ensures that £ [Gﬁ] = 1. The proofs of (6.32) and (6.33), together with rates of convergence, can
be found in [15] and [5], respectively. A short proof of (6.34) is given in Proposition 6.1 below.
Notice that rates of convergence can be found in [5]. Our proof of (6.34) is based on the fact that,
for fixed n, Z, defined in (6.35) below and G, share the same law, because of the self-similarity
property of fractional Brownian motion.
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Proposition 6.1. Assume H > 1 — %, and define Z, by

n—1
Z, = nd1-1-1 ZHq (" (Bl 1yyn — BI), n> 1 (6.35)
k=0

Then, as n — oo, {Z,} converges almost surely and in LZ(Q) to a limit denoted by Z~,, which
belongs to the qth chaos of B,
Proof. Let us first prove the convergence in L2(Q). Forn,m > 1, we have

n—1lm—1

_ q
E[ZyZn] = qlnm)? ' YY" (E[(B{Z+1)/,, — B{J,) (Bl 1ym — Bf/’m)]) :
k=0 1=0

Furthermore, since H > 1/2, we have for all s,¢ > 0,
t N
E[BYBH] = HQH — 1)/ du/ dvju — v|*A 2.
0 0

Hence

E[ZnZn] = ¢'HI(2H — 1)

1 n—1m—1 (k+1)/n (+1)/m 1
e 3p o Y B I G
nm i — 1= k/n [/m

Therefore, as n, m — oo, we have

E(ZpnZm] — q'HI(2H — 1)4 / lu — v|PH=24dydv,
[0.112

and the limit is finite since H > 1 — i. In other words, the sequence {Z,} is Cauchy in LZ(.Q),

and hence converges in L2(£2) to some Zoo.

Let us now prove that {Z, } converges also almost surely. Observe first that, since Z, belongs
to the gth chaos of BY for all n, since {Z,} converges in L?({2) to Zs, and since the gth chaos
of B is closed in L2(£2) by definition, we have that Z, also belongs to the gth chaos of B . In
[5, Proposition 3.1], it is shown that E[|Z, — Z« |2] < Cn24—1-24H for some positive constant
C not depending on n. Inside a fixed chaos, all the L”-norms are equivalent. Hence, for any
p > 2, wehave E[|Z, — Zoo|P] < CnP 12741 Since H > 1 — ﬁ, there exists p > 2 large
enough that (¢ — 1/2 — gH)p < —1. Consequently

D ElZy — Zool] < o0,

n>1
leading, for all ¢ > 0, to

> PlZy — Zoo| > £] < 00.

n>1
Therefore, we deduce from the Borel-Cantelli lemma that {Z,} converges almost surely to
Zy. O

We now want to see whether one can associate almost sure central limit theorems with the

convergences in law (6.32)—(6.34). We first consider the case H < 1 — ﬁ
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Theorem 6.2. Assume thatg > 2 and that H < 1 — —q and consider
— Vi
"o
as in (6.32). Then, {G,} satisfies an ASCLT.
Proof. Since 2H —2 > 1/q, it suffices to combine (4.28), Proposition 5.2 and Theorem 5.1. O

G

Next, let us consider the critical case H = l—i. In this case, ) .7 |p(r)|9 = co. Consequently,
as it is impossible to apply Theorem 5.1, we propose another strategy which relies on the
following lemma established in [5].

Lemma 6.3. Ser H = 1 — %. Let §) be the real and separable Hilbert space defined as
follows: (i) denote by & the set of all R-valued step functions on [0, o0), (ii) define $) as the
Hilbert space obtained by closing & with respect to the scalar product

(110,17, 1p0, s]> = E[BBM.
Forany n > 2, let f, be the element of $°9 defined by

1 n—1

—— 15
on/nlogn ;3 k-t

where o, is the positive normalizing constant which ensures that q!|| fn||523®,, = 1. Then, there

exists a constant C > 0 depending only on q and H such that, foralln > landr =1, ...,q9—1,
/s ®r fallgoeg-2n < Clogm) ™72,

Jn= (6.36)

We can now state and prove the following result.

Theorem 6.4. Assume thatg > 2 and H = 1 — 5-, and consider
Va

on/nlogn

as in (6.33). Then, {G,} satisfies an ASCLT.

G, =

Proof of Theorem 6.4. We shall make use of Corollary 3.6. Let C be a positive constant,
depending only on ¢ and H, whose value may change from line to line. We consider the
real and separable Hilbert space §) as defined in Lemma 6.3. We have G, = I,;(f,) with f,
given by (6.36). According to Lemma 6.3, we have forallk > landr = 1,...,g — 1 that
I fi ® filgoes—2 < C(logk)~'/2. Hence

n

> 1 Zluf@fu <C 1 > 1
k k Qr Jkllg®q-2r) X B k\/@

n>2 nlog”n k=1 1> log”n i —

1
<C — < 00.
;n10g3/2n

Consequently, assumption (A)) is satisfied. As regards (A}), note that
k=111

ZZP(]—l)q
okalw/klog Vilogl s —0 =

(fi» [i)pea =
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We deduce from Lemma 6.5 below that 02 — 62 > 0. Hence, foralll > k > 1
k—11-1

®q | X - 4
[(fies fidgea| < WWZZV)(] i)l

i=0 j=0
C k—11—1—i

klogk,/llogl 12(; ,Z_:l el
Vk klogl
C——— 1< .
J9ogk,/llogl ,;,'p(m llogk

The last inequality follows from the fact that Zi:—l lp(r)|? < Clogl since, by (4.28), as
Ir| — oo,

p(r) ~ (1 - 1) (1 - i) |14
q 2q

Finally, assumption (A)) is also satisfied as

|fkﬁﬁ®q! 1 &S |fkflfa®’7|
<2 !
> Z ];

n>2”10g mi=2 S nlog’n

N

In the previous proof, we used the following lemma.

Lemma 6.5. Assume that ¢ > 2 and H = 1 — 5. Then,

1\ 1\?
02—>2q! 1 —— 1—— ) >0, asn— oo
8 q 2q

Proof. We have E[(Bk+1 BH)(BIJrl B/")] = p(k — 1) where p is given in (4.27). Hence,

n—1

n—1
E[V?] = Z E(H, (B, — BHH, (B, - BI)) = ¢! Z ok —1)?

k=0 k=0
n—1n—1-I
oS Y 0= S - 1 -1y
=0 r=—I |rl<n
— g ( S o) = Y (irl+ 1>p<r>q) :
|rl<n Irl<n

On the other hand, as |r| — o0,

o)l ~ (1 — l>q (1 — i>q i
q 2q) 1Irl
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Therefore, as n — oo,

I 1\? 1 1\? 1\?
q ~ - — -~ - - —
|r|Z<np(r) (1 261) (1 q) Z I 2<1 2q> (1 q) toen

O<|ri<n
and
1\? 1\ 1\? 1\?
> (Il + 1)p)? ~ (1—-) (1—-) Zl~2n<1——> <1——> .
|ri<n 2q q |ri<n Zq q
Consequently, as n — o0,
E[V? 1\? 17
aj:M—mq! 1--) (1—-—) . O
nlogn q 2q
Finally, we consider
G, =n?1-M=ly, (6.37)

with H > 1 — % We face in this case some difficulties. First, since the limit of {G,} in (6.34)
is not Gaussian, we cannot apply our general criterion Corollary 3.6 to obtain an ASCLT. To
modify the criterion adequately, we would need a version of Lemma 2.2 for random variables
with a Hermite distribution, a result which is not currently available. Thus, an ASCLT associated
with the convergence in law (6.34) falls outside the scope of this paper. We can nevertheless make
a number of observations. First, changing the nature of the random variables without changing
their law has no impact on CLTs as in (6.34), but may have a great impact on an ASCLT. To
see this, observe that for each fixed n, the ASCLT involves not only the distribution of the single
variable G, but also the joint distribution of the vector (G, ..., G,).

Consider, moreover, the following example. Let {G,} be a sequence of random variables
converging in law to a limit G. According to a theorem of Skorohod, there is a sequence {G};}

1
such that for any fixed n, G} = G, and such that {G '} converges almost surely, as n — 0o, to a

. . 1 . . .
random variable G, with G*, "= Goo. In this case, we say that G* is a Skorohod version of G,,.

Then, for any bounded continuous function ¢ : R — R, we have ¢(G}) — ¢(G%,) a.s. which
clearly implies the almost sure convergence

1 & N .
> 796G — 9(GL).
k=1

logn

This limit is, in general, different from E[¢(G?,)] or equivalently E[¢(G )], that is, different
from the limit if one had an ASCLT.
Consider now the sequence {G, } defined by (6.37).

Proposition 6.6. A Skorohod version of

n—1
G, = nd(—H-1 Z Hy(BE, - B (6.38)
k=0
is given by
n—1
G =2y =n?"DN"H, (" (B{ 1y, — BEY)- (6.39)

k=0
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Proof. Just observe that G} faw G, and G} converges almost surely by Proposition 6.1.

Hence, in the case of Hermite distributions, by suitably modifying the argument of the Hermite
polynomial H, in a way which does not change the limit in law, namely by considering Z,, in
(6.39) instead of G, in (6.38), we obtain the almost sure convergence

n

1
Y —0(Z) —> 9(Zoo).
k=1 k

logn

The limit ¢(Zy) is, in general, different from the limit expected under an ASCLT, namely
Elp(Zso)], because Z, is a non-constant random variable with a Hermite distribution [8,21].
Thus, knowing the law of G, in (6.38), for a fixed n, does not allow us to determine whether an
ASCLT holds or not.
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