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Abstract

For Bienaymé—Galton—Watson processes in adaptive tracking situations, we establish asymptotic results for weighted
estimators of the mean and the variance of the offspring distribution. (©) 1999 Elsevier Science B.V. All rights reserved
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1. Introduction

Consider the Bienaymé—Galton—Watson (BGW) process with adaptive control

Xp+U,

Xn-H = Z Yn,ia (1)
i=1

where the offspring distribution (Y, ;) is a sequence of i.i.d. nonnegative, integer-valued random variables with
finite mean m and finite variance ¢>. The BGW process without control has been extensively studied in the
literature (see e.g. Guttorp, 1991, and the references therein). The purpose of this note is to add an adaptive
control to the BGW process in order to estimate the unknown parameters m and ¢>. By the same token, the
adaptive control also forces the BGW process to track, step by step, a given reference trajectory.

Let F=(%,) be the natural filtration of the model. The control (U, ) is a sequence of integer-valued random
variables adapted to F such that, whatever the value of n € N, X,, + U, >1. The initial variables X, and U,
can be arbitrarily chosen. Our only assumption is that they are square-integrable and independent of (Y, ;).
Rewrite (1) as the autoregressive form

Xy =may, + &, a,=X,—1+ U,_1, (2)
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where &,=X, —ma,. Clearly, (¢,) is a martingale difference sequence adapted to [ with E[¢2 | #,_i]=0%a,. In

order to estimate m, we propose the weighted least-squares estimator 71, that minimizes the quadratic criterion

n
Z a;l(Xk — may)*.
0

k=

Consequently, we obviously have

iy =AY X where 4, = a. (3)
k=1 k=1

Set

n

a, "
by, = = and B, :;bk.

We first give three useful lemmas which immediately follow from the strong law of large numbers for
martingales. See Neveu (1972, Proposition 7.2.4), Duflo (1997, Theorem 1.3.24 and Theorem 4.3.16) and
Wei (1987, Theorem 1).

Lemma 1. Assume that

lim 4, =+oc0 a.s. 4)

n—oo
Then, m, is a strongly consistent estimator of m and for all y > 0

logA,)"*7
|rﬁn—m|2:0<(OgA")) as.,

> ak(l = b)(iy—1 —m)* = o((log 4,)"™")  as.
k=1

In addition, if (Y,,;) has a finite moment of order > 2, then

log 4,
|7, — m|2 = O(%) as., 35)
1 n
3 <An(fﬁn —m)’ + Zak(l — b ) (g1 — m)2> - as. (6)
n k=1

Remark 1. The assumption (4) always holds since a,>1 so that 4,>n.

2. Adaptive tracking

The goal of adaptive tracking is to find a control sequence (U, ) that forces the BGW process (X;,) to follow
a given reference trajectory (x,). We assume that (x,) is a predictable sequence of nonnegative, integer-valued
random variables. We have from (2)

Xy — Xy =T, + &g, (7)
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where 1, =ma, —x,. The performance of the tracking can be evaluated by the average weighted cost sequence
(C,) defined by

I~
Co= D o (X — )" (8)
k=1

The adaptive tracking is said to be optimal on average if C, converges a.s. to ¢2. In order to estimate the
variance ¢, we can also propose

1 " —1 N 2 1 . —1 A 2
Fn:;;ak Xk — mp—ar )’ Zn:;;ak (Xe — ritgar)”.

Lemma 2. If 4, =13"_ a;'el, then we always have

_ I 1
|C, —A,,|—O<; Zak Ttk> a.s. 9)
k=1
In addition, if (Y,,;) has a finite moment of order > 2, then

liminf C, =62 a.s. (10)

n—o0

with equality if and only if S;_, a; 'n} = o(n) a.s.

Lemma 3. Assume that (4) is satisfied with limsup, ,  (a,/4,) <1 a.s. Then, for all y >0
log4,)'*7 log 4,)'*7
|pn_An|:o<M>, |Z,,—A,,|:0<M> as.
n n

In addition, if (Y,,;) has a finite moment of order > 2, then
log A, log 4
|m—AA:0<%Z>,|a—AA=O<f/) as. (1)

Remark 2. If (Y, ;) has a finite moment of order > 2, then we have by Chow’s Theorem (Chow, 1965)
together with Kronecker’s Lemma

Jon
|4, — ¢*| = 0(7) a.s.

where (4,) is a positive deterministic sequence such that
o0 1 p/2
— < 4o00.
S (z) <+
n=1

We can choose, for example, 4, =n’ with 2~ < < 1. Moreover, if (Y,,;) has a finite moment of order
> 4, then

1
|4, — a*|? :0( 0511) a.s.

The choice of the adaptive control sequence (U, ) is crucial. From relation (7), if the parameter m were known,
we would choose U, such that m,,; be as close as possible to zero i.e. U,=P(m ™ 'x,.1)—X, where P denotes
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the projection operator on N. Therefore, we propose to make use of the adaptive tracking control

1 =X, if PO, 'x041) =0,
U,= (12)
P(n%;lx,,ﬂ) — X, otherwise.

3. Main results

Theorem 4. Assume that (Y, ;) has a finite moment of order > 2 and that (x,) converges a.s. to an integer
x=0. If we use the adaptive control given by (12), then m, is a strongly consistent estimator of m

|nA1n—m|2:O(lofn> a.s. (13)
In addition, if « = max(1,P(m~'x)), then we have the central limit theorem

Vi, —m) % <0%2> (14)
the law of iterated logarithm

lim sup (@) (g — m)? = %2 as. (15)

and the quadratic strong law

Z( e —m)* = a.s. (16)

nﬂoc 1()

Theorem 5. Assume that (Y, ;) has a finite moment of order > 2 and that (x,) converges a.s. to an integer
x=0. If we use the adaptive control given by (12), then I, and X, are both strongly consistent estimators

of o?

I 1
|F,,—A,,|:O( Og"), |2,,—A,,=o(°g”) as. (17)
n n
More precisely
lim T(F A)=0c? lim lo—(z A,)=—ad as. (18)

Therefore, assume that (Y, ;) has a finite moment of order > 4. Denote by t* the fourth-order centered
moment of (Y,.;) and set p = o~ 11* + (2 — 30~ 1)a*. Then we have, for (I},) as for (X,), the central limit
theorem

VL, —a*) % (0, p), (19)

the law of iterated logarithm

lim su "
,Hoop 2loglogn

and the quadratic strong law

) (I, —*?=p as. (20)

lim —Z(Fk—a) =p as. (21)
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Remark 3. First, if (Y, ;) has only a finite moment of order 2, then (13) and (17) hold replacing the con-
vergence rates O(logn/n) by o((logn)'*7/n) for all y > 0. Next, the tracking is residually optimal since (C,)
converges a.s. to ¢ + & where ¢ = o~ !(ma — x)? which differs from zero except for x € mN*. Therefore, in
order to obtain the tracking optimality, we have to require more on (x,).

Theorem 6. Assume that (Y, ;) has a finite moment of order > 2. Choose the reference trajectory (x,) such
that

Xn = n,;ln—lzna (22)

where (z,) is a predictable sequence of positive integer-valued random variables which converges a.s. to a
positive integer z. If we use the adaptive control given by (12), then m, is a strongly consistent estimator of
m and relations (13)—(16) hold replacing o by z. In addition, (17) and (18) are also valid and the tracking
is optimal

1
IC, — 4,| =0 (05”) as. (23)
More precisely
lim —(Cy— A,)=0* as. (24)
n—oo logn

Finally, assume that (Y, ;) has a finite moment of order > 4. Then, relations (19)—(21) hold for (C,), (I},)
and (X)) replacing o by z in the definition of p.

4. Proofs

Proof of Theorem 4. We always have a,>1 so that 4,>n and (m,) converges a.s. to m. Therefore, (a,)
and (4,/n) both converge a.s. to o = max(1,P(m~'x)). Thus, (13) immediately follows from (5). Moreover,
assume that (Y, ;) has a finite moment of order § > 2. From (1) and Rosenthal’s inequality (see Petrov, 1995,
Theorem 2.12), we have for all n>1, E[|e,|*|#,_1] = O(a,/f/z) so that

ZE[|sk|ﬁ|97k_1] =0(n) as.
k=1

Consequently, the Lindeberg’s condition is satisfied (see Duflo, 1997, p. 48). Hence, we deduce (14) from the
martingale central limit Theorem (see Brown, 1971, Theorem 2). In addition, (15) follows from the martingale
law of iterated logarithm (see Stout, 1970, Theorems 1 and 2 and Duflo, 1997, Corollary 6.4.25). Furthermore,
(nby,) converges a.s. to 1 so that B, ~ logn a.s. Therefore, since

Au(riy —m)?* =o(logn) as.

we obtain from (6) that

l n
nan;C @ kz:;ak(n%k_l —m)y =0’ as. (25)
which directly implies (16). [
Proof of Theorem 5. We have seen that (4,/n) converges a.s. to o. Hence, (11) immediately implies (17).

On the one hand, we have

X, — nclnflan = an(m - ";lnfl) + &
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Consequently,

n

”(Fn - An) = Z ak(”clk—l - m)2 + Rna (26)
k=1

where R, =o(logn) a.s. by (25). Therefore, again by (25) and (26), we obtain the first convergence of (18).
On the other hand, we also have

X, — m,a, = an(l - bn)(m — My—1) + (l — bu)en.
Consequently,

n(Zy = A) =Y ar(1 = b (g — m)> = 2P, + O, + R, (27)
k=1

where R, = o(logn) a.s. by (25) and

Py=) a;'bigt, On=> a;'bie.
k=1 k=1
From Chow’s Theorem (Chow, 1965) together with Kronecker’s Lemma, we have

lim P,= > as. (28)

n— 00 logn

In addition, (Q,) converges a.s. to a finite positive random variable. Therefore, since b, =0(1) a.s., the second
convergence of (18) follows from (25), (27) and (28). Furthermore, set

n
2 —1.2 2
Mn:n(A,,—O'):E Wi, Wn=a, €, —0".
k=1

From (1), E[e} | #,_1] = a,©* + 3a,(a, — 1)* so that E[W? | F,_1]=a, 't* + (2 — 3a, ' )o* where 1* is the
fourth order centered moment of (Y, ;). Thus, (M,) is a square-integrable martingale with increasing process
({(M),) such that
M),

lim u =p as.,

n—o0 n
where p = a7 !'1* + (2 — 307 !)g* > 0. If (¥,;) has a finite moment of order 8 > 4, we also have from (1)
and Rosenthal’s inequality

n
S EW|P? | Fi1]=0(n) as.
k=1
Consequently, as in the proof of Theorem 4, Lindeberg’s condition is satisfied. Hence, we obtain from the
martingale central limit Theorem

%Mn L HO,p), Vil — )L N0, p). (29)

Relation (19) clearly follows from (17) and (29). In addition, by the martingale law of iterated logarithm

. n
h/?lsogp (210glogn) (4, — >’ =p as. (30)
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Thus, we directly obtain (20) by (17) and (30). Finally, from Duflo (1997, Theorem 4.3.16) together with
(30), we find that

1 <~/ M\ N VAN
lim —— =p~!, i =) = .
i 2 () =07 i () =0 e

k=1 k=1

n

. 1 22
nlgglo 1Ogn;(zlkfa) =p as. 31)

Therefore, (18) and (31) imply (21) completing the proof of Theorem 5. [

Proof of Theorem 6. We always have from (12) together with (22), a, = z, so that (a,) and (4,/n) both
converge a.s. to z. Thus, we prove Theorem 6 exactly as before except for relations involving (C,). In fact,
from (2) and (22), those relations have been already proved since X, —x, =X, —ni,_1a, so that C,=1,. [
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