H*-FUNCTIONAL CALCULUS FOR GENERATORS OF SEMIGROUPS
THAT ADMIT LOWER BOUNDS

BENHARD H. HAAK AND PEER CHR. KUNSTMANN

ABSTRACT. We study Cp-semigroups on UMD Banach spaces under the assumption that a
single semigroup operator admits a lower bound. We establish boundedness of H*°-functional
calculi for the negative generator of such semigroups. Our approach is based on a dilation
argument: combining a recent construction due to Madani with transference results for groups
on UMD spaces, we embed the semigroup into a Co-group on a larger space and transfer
functional calculus estimates back to the original generator. As a byproduct, we obtain
quantitative exponential lower bounds for the semigroup. We also show that equivalences
due to Batty and Geyer, valid in Hilbert spaces, fail in the general Banach space setting.

1. INTRODUCTION

The bounded H°-functional calculus for negative generators of Cy-semigroups on Banach
spaces has become a central tool in modern analysis, with applications ranging from evolution
equations to harmonic analysis. For a strongly continuous group (S(t)) = (e~%4) on a Hilbert
space, Boyadzhiev and de Laubenfels [2] showed that A has a bounded H*-functional calculus
on a horizontal strip whose height is determined by the growth bounds of the group. This
result has been extended to bounded groups on UMD Banach spaces by Hieber and Priiss
[7] using transference principles. They showed that, for generators A of bounded Cy-groups,
the operator iA admits a bounded H*°-calculus on a suitable double-sector symmetric about
the real axis. This was later extended by Haase [6] to strongly continuous groups on UMD
spaces with arbitrary growth bounds, at the expense of obtaining a bounded H functional
calculus on “Venturi regions” which are unions of double sectors and strips.

A natural question is how to obtain such results for semigroups that are not groups. A
classical approach consists in dilating a semigroup into a group. For instance, the Sz.-Nagy
dilation theorem shows that a contraction semigroup on a Hilbert space admits a unitary
dilation, i.e., it can be realized as the compression of a unitary group acting on a larger
Hilbert space. Frohlich and Weis [4] constructed a dilation of Cy-semigroups on Banach spaces
with finite cotype by means of square function estimates, thereby providing another route to
functional calculus results. Recently, Madani [12] showed that a single lower bound for a
bounded operator on a reflexive Banach space suffices to construct an invertible dilation on a
reflexive space. The purpose of this paper is to combine Madani’s dilation technique with the
findings of Haase in order to derive boundedness of the H°°-functional calculus for negative
generators of Cp-semigroups from a simple lower estimate at a single time. More precisely, we
show that if a semigroup (7'(¢)) in a UMD space X satisfies

Ve e X : ||T(to)x|| > ¢z
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for some tg,c > 0, then its negative generator A admits a bounded H°-calculus on regions
that are unions of sectors and half-planes. The argument proceeds by constructing a dilation
of the semigroup to a Cy-group on a suitable UMD space Y, using Madani’s approach. The
functional calculus for the generator of the dilation group in Y that we have by Haase’s result
is then (partly) transferred back to the negative generator A of the initial semigroup.

We also record a quantitative lower estimate for semigroups that follows from the dilation
construction and may be of independent interest.

Notation and Main result. We write £(X) for the space of bounded operators on a Banach
space X. For a fixed operator T' € L(X) we write {T'} for its commutant, i.e. the algebra
of all U € L(X) such that UT = TU. For any nontrivial complex domain & we denote by
H®(0) the space of bounded holomorphic functions on &. For o € (0,7) we denote by X,
the open sector
Yo ={2€C\{0}:|argz| < o}.
We call an operator A in a Banach space X sectorial, if A is densely defined with dense range
and there exists w € (0, 7) such that the spectrum o(A) of A is contained in ¥, and we have,
for any o € (w,m),
sup{[AR(A, A)[lg(x) : A € C\ ¥g } < o0
In this case, we say that A has a bounded H* (X%, )-calculus for a fixed o > w if there exists
C > 0 such that we have
£ (D llexy < CNfllaoes,)-
for all f € H*(3,) with
2]
o T O <
for some € > 0, where the operator f(A) for such f is defined by the absolutely convergent

integral
1
A)=— A)R(A, A) dA
P =5 [ SR

with n € (w,0). Here, 0%, is parametrized such that X, lies to the left. If A has a bounded
H®> (X%, )-calculus in this sense then the map f — f(A) has indeed a unique extension to an
algebra homomorphism H*(3,) — £(X). For this and further details we refer to [5].

We recall that a Banach space X has the UMD property if the Hilbert transform extends
to a bounded operator on LP(R; X) for some (equivalently, all) 1 < p < oo. We refer to [9] for
detailed discussion and references.

Theorem 1.1. Let X be a UMD space and let (T'(t))i>0 be a Co-semigroup on X with
generator —A and with growth bound |T(t)|| < Me*t, t > 0, where M > 1 and w € R.
Assume that the semigroup satisfies the lower bound

IT(to)xllx = cllzl, (x e X) (1.1)

for some tog,c > 0. Then, for any ¢ > § and any 0 > w, A+ 0 admits a bounded H* (%)
calculus.

In the final part of this section, we consider a Cp-semigroup (7(t)):>0 in an arbitrary
Banach space X and assume that tg,c¢ > 0 are such that the lower bound (1.1) holds. As
a consequence of Madani’s construction that we review in Section 2, we can then show the
following.
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Proposition 1.2. Let X be a Banach space and (T(t))i>0 a Co-semigroup on X. Assume
to,c > 0 are such that the lower bound (1.1) holds. Then we have the following:

a) For all o > 1 there exists m > 0 such that
IT(t)z|| > me”||z|, ze€X,t>0.

where v = % In(%).
b) There exists a larger Banach space Y O X, containing X as a closed subspace, and
a Co-group (S(t))ier on'Y such that T(t) = S(t) on'Y for all t > 0. Moreover, one

can achieve that 'Y is reflexive if X is reflexive and that Y is UMD if X is UMD.
Part a) seems not to have been clearly stated in the literature. Considering, in this situation,
. -1
v(t) := (inf{||T(t)z| : z € X, ||z =1}) ", ¢>0,

one has v(t + s) < v(t)y(s) for s,t > 0 by the semigroup property which implies exponential
boundedness of (t) for t — oo. However, boundedness of v(t) as t — 0+ is less clear, as there
exist semigroups (V'(t))¢>0 which are strongly continuous on (0,00) and for which ||V (¢)]|
grows arbitrarily fast as ¢ — 0+, see e.g. Example 3.1 below.

If X is a Hilbert space then one can say more than is stated above. In [1, Theorem 7.3] the
following is shown.

Theorem 1.3 (Batty-Geyer). Let T'(t) be a strongly continuous semigroup on a Hilbert space
X with generator —A. Then the following are equivalent.

a) T satisfies lower bounds, i.e. | T(t)x| > c(t)||x| for some strictly positive function c.

b) There exists a left inverse semigroup S of T on X.

c¢) There exists a Co-group extension (S(t))wer of (T'(t))i>0 on a larger Hilbert space
Y D X that contains X as a closed subspace.

In Proposition 1.2 we have seen that a single lower bound implies a) and c) on arbitrary
Banach spaces. This raises the question whether the implication a) = b) remains valid on
general Banach spaces, or at least within well-behaved classes such as UMD spaces. This is
however not true, as we will show in Example 3.2 below.

The paper is organized as follows: In Section 2 we review Madani’s construction of a
dilation. In Section 3 we prove Proposition 1.2 and give examples, and in Section 4 we prove
Theorem 1.1 and give a more precise result as a corollary to the proof.

2. MADANI’S CONSTRUCTION OF THE DILATION

We review Madani’s construction of the dilation from [12]. Since this lies at the heart of all
that is to follow we give full details.

2.1. Preliminaries. We start with with some basic facts that are easily verified.

Let X be a Banach space and p € (1,00). For any operator U € £(X) we denote by U €
L(¢,(N; X) the operator given by ﬁ(mn)n := (Uzp)n. We note that ||ﬁH = ||U].

If (T(t))t>0 is a Cp-semigroup in X then (f(t))tzo is a Cp-semigroup in £,(N; X). Strong
continuity follows from strong continuity on finite sequences and

sup |T(t)|| = sup |T()]| < oo.
te0,1] te(0,1]
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Now suppose that F' is a closed subspace of ¢,(N; X). We denote by Yr the quotient space
0,(N; X)/F and write [x] = x + F for the co-class of x € £,(N; X).

Lemma 2.1. If F is invariant under U, where U € £(X), then ®p(U)[z] = [Ux] defines an
operator ®r(U) € L(YF) and we have ||Pr(U)| < ||U].
If (T'(t))e>0 is a Co-semigroup in X and F is invariant under all operators T'(t), t > 0,

then (@F(T(t)))t>0 is a Cy-semigroup in Y.

Proof. The assertion on ®p(U) is standard. The semigroup property of (®#(7'(t))) is inherited

~

from (7T'(t)) and strong continuity follows from
@R (T ()] = []llve = Tz = 2llve < [T ()2 = allg,mx) = 0 (t = 0+)
for all € ¢,(N; X). O

We shall also need the right shift R on /(,(N;X) defined by R(zi,z2,23,...) =
(0,1, x2,x3,...). We note that R is an isometry onto its range and that R commutes with

every operator U, U € L(X).

2.2. Madani’s dilation. We assume that 7" € £(X) satisfies the lower bound
[Tz)| = cllzll, =X, (2.1)

where ¢ > 0. Madani constructed a dilation of T' to an isomorphism .S on a Banach space Y
that contains (an isomorphic copy of) X as a closed subspace ([12]). Moreover, Y is reflexive
if X is reflexive, which was the main motivation for the construction.

We denote by j : X — £,(N; X) the injection j(z) = (z,0,0,...). The idea is to construct a
suitable G € £(£P(N; X)) with closed range and commuting with 7" such that, for F = ran (G)
and the quotient space Y := Yp = {,(N; X)/ran (G) with natural quotient map ¢ and S :=
O (T), we have

(N X) —T 5 4,(N; X)
lq q

il Y S .Y (2.2)
X T y X

with ¢t :=¢qoj: X — Y being an isomorphism onto its range and .S being an isomorphism of
Y. This was achieved by Madani [12] elaborating on some ideas from [1].

Theorem 2.2 (Madani [12]). Fiz a > 1 and p € (1,00) such that a > 2'7VP. Let T € £L(X)
satisfy (2.1) where ¢ > 0. Let G := I — STR.
(i) Then F :=ran (QG) is closed and for Y := Y with quotient map q the map 1 := qoj :

X — 'Y is an isomorphism onto its range and we have

lezlly <llzllx < allzlly, =eX.
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(ii) The operator S := ®p(T) : Y — Y is an isomorphism with ||S| < |T|| and [|S7Y| <

% and the following diagram commutes.

y — 2 Ly

T

x T ,x

(131) If X is reflexive then Y is reflexive.

Remark 2.3. (a) For fixed @ > 1 we can choose p € (1,00) such that 2!~/ < o. Hence
|S~1|| can be made arbitrarily close to L.

(b) The construction respects other geometric properties of the Banach space X. Below we
shall use that Y is UMD if X is UMD, see, e.g. [9, Proposition 4.2.17]. But also a lot of other
properties persist such as, e.g., uniform convexity or B-convexity or Pisier’s property (). We
do not elaborate on this further.

Proof of Theorem 2.2. Step 1: The construction of F. Let G =1 — %fR By the assump-
tion on a and p, we have

(la| + 16])? < |aal? + |ab|P a,beC. (2.3)
By the triangle inequality and (2.1) we infer
1Gzlle,myx) = (= Dlzll,  z € L(N; X),

and so F' = ran (G) is closed by « > 1.

Step 2: Lower bounds for the injection .. Recall we defined Y = ¢,(N; X)/F with
quotient map ¢ as well as ¢ = ¢ o j. This implies immediately ||¢|| < 1. On the other hand,
(2.3) ensures

Iyl < (ly = 2llx + ll2l1x)7 < llaly — 2) % + llezk
Applying this inequality as well as (2.1) iteratively to a sequence (zi) € £,(N; X), we obtain
2l < llatw — 211 + laz %
< lla(a - 20) I + 2T %
< lla(e — 20)l% + a(&Tz1 — 2)[% + oz
< lla(e — 2)l% + a(&T=1 — 2)[% + 12T 2%
< la(z — 2[5 + la($T21 — 22) |5 + lla($T22 — 23) |5 + l|lazs]|
etc. We infer that
o
Wﬂ&ga%@—zﬂ@ﬁ%ﬁ}]ﬁT%—zHﬂﬁ:aﬂU@%—U—%TMAmey
k=1
This implies ||z||x < a|¢(x)|y, so that ¢ : X — Y is injective and has closed range.

Step 3: Construction and invertibility of S. Since T and G commute, F = ran (G) is
invariant under 7', so that

S=0p(T):Y —»Y, S(z]) =Tz
is well-defined, cf. Lemma 2.1. For every z € ¢,(N; X') we have

Gz=2z— %fRz €ran(G) = F.
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Hence in the quotient space Y,

[2] = [STRz]. (2.4)
Now let L[y] := ¢ [Rz] for any z € [y]. This is well-defined, since RG = GR implies that
F = ran (G) is invariant under R. Now we calculate

SL[z] = 2 S[Rz) = 2 [TR2] = 2 TRz &2 [

so that L is a right inverse of S. In the same way,
LS[z] = L[Tz) = ¢ [TR2] == [2].
We observe that ||S|| < ||T']| and that ||S_1H =|L| < % 0

Remark 2.4. Theorem 2.2 extends to settings where Ty € L(X,Y) admits lower bounds: let
X,Y be Banach spaces, and |Tiz|y > c||z||x. Then T admits a dilation to an invertible
operator S. The idea is to consider the space Z = {,(Z<o; X) ® lp(Z>0;Y') and the bounded
operator T' given by T(zp)n = (wn)n where for all n # 0, w, = 2,41 and wy = %lel. Now,
ITz||z > ||zllz and we can apply Theorem 2.2. As in the main result, if X,Y are reflexive,
so is Z, and the same is true for the UMD property.

Remark 2.5. Let P : (,(N; X) — X be the projection onto the first component, so that
Poj = Ix. We observe that, in the above construction, no bounded projection w: Y — X with
the property P = mwoq can exist (unless X = {0}, of course). Indeed, observe that Ix = PoGoj.
Hence, assuming P = o q leads by go G = 0 to the contradiction Ix =moqoGoj=0.

The following corollary sharpens some of Madani’s findings slightly.

Corollary 2.6 (Madani [12]). Under the assumptions of Theorem 2.2, the map ® := ®p :
{TY - L(Y), U ®U) := Pp(U) is an algebra homomorphism satisfying

1
Sl le@ < vl UefTy,
for which the diagram
1

X — X
commutes, i.e. ®(U)r = 1U. More precisely, for allU € {T} and z € X, we have

1
SUzlx < @)y < [|Uz]lx. (2.5)

Proof. Let U € {T}', so that U and T' commute. Then also U and 7' commute, and hence U

and G commute, which implies that U leaves F = ran (G) invariant. Thus ®(U) := ®p(U) is
well-defined, c¢p. Lemma 2.1.
Clearly, ®(Ix) = Iy, and by definition ® is linear. Now let U,V € {T'}. Then

UV = [0V,  U)(V)[2] = [0 V2],
Since UV = UV on £p(N; X), the multiplicativity follows. Finally, observe

SU)ix = (U)]j(2)] = [Uj()] = [j(Uz)] = (Ux)
6



Using the norm equivalence on ¢(X) from Theorem 2.2 and the previous identity we obtain,
forall z € X,

1
NUzlx < @)y = [lWU)lly < [Uzllx.

This implies éHUHL(X) < ||®(U)llg(yy on the one hand, while [[®(U)[z]]| = ||[(7,z]|| <
1U]lecxy 2]l implies [[@U) [ zvy < [Ulle(x)- O

3. RESULTS AND EXAMPLES CONCERNING SEMIGROUPS

Proof of Proposition 1.2. Fixing a > 1 we choose p € (1,00) such that o > 21=1/7. Applying
Theorem 2.2 and Corollary 2.6 to T = T'(tp) weobtain Y, ¢ : X — Y and ® : {T'(to)} — L(Y).
We define S(t) := ®(T'(¢t)) for ¢t > 0, which is a Cp-semigroup in Y by Lemma 2.1, and have
that S(—tg) : ¥ — Y is bijective with |[[S(to)~!|| < 2. But a Co-semigroup extends to a
Co-group if one of the semigroup operators is invertible, see e.g. [8, Theorem 16.3.6]. Hence
we obtain a Cy-group (S(t))er in Y extending the given semigroup.

We now examine the growth bound of (S(—t))s>0. We have, for 0 < § < to,

1S(—nto — 6)|| < Ke(em
where K = max{||S(—9)]| : 0 < <tp}. A standard calculation thus yields

me” |z < [[St)z] =€ Xt >0,

for v = % In($) and some m > 0. Now by (2.5) we obtain, for any = € X,

14 m 1%
IT@)zllx 2 (1T E)elly = [SE)ex]| = me” ] = — e |z O

Example 3.1. The following example shows that strong continuity of a semigroup on (0, 00)
does not imply growth bounds as t — 0+. In particular, a function v : (0,00) — [0,00)
satisfying y(t + s) < v(t)y(s) for all s,t > 0 can grow arbitrarily fast for t — 0+.

Consider X = LP(Ry) x LP(Ry) and let

H2)-(% 6 (7)

where ¢ : Ry — Ry is a function of class C'. Let us assume additionally $(0) = ¢'(0) = 0
and that ¢' : Ry — Ry is strictly increasing with ¢'(x) — oo for x — oo and ¢'(logz) < x
for x > 1. A direct calculation shows

. —tqﬁ(ac) 1 tew
exp(tA) =e < 0 1 > ,

and it follows that |lexp(tA)| ~ sup,~o e *?® max{1,te*}. Now sup,-qe t*® =1 and for
t € (0,1) we thus have

sup ¢ 2@ max{1, te®} = max{1,sup{te” @ : z > log(1/t)}}
>0

and

x
sup  texp(z —t¢(z)) =texp (t sup (; - qb(x)))
z>log(1/t) z>log(1/t)

7



Let ¢*(s) := sup,~q (sx — ¢(x)) denote the convex conjugate, or Young dual function of
¢ and observe that, for s > 1 and under our assumptions, the sup is attained at xo with
@' (xg) = s > ¢'(log s) which means xy > logs. Hence

1
w (om)=s(l). e
a>log(1/t) 1 t

As a consequence, the operator norm of the semigroup can grow arbitrarily fast as t — 0+.
For exzample, if ¢(z) ~ x1og®* (x), then ¢*(s) ~ exp®*t1(s) as s — co.

Example 3.2. The following example shows there exist semigroups on non-Hilbertian Banach
spaces that do allow a lower estimate, but no left inverse semigroup.

Recall that every infinite dimensional, non-Hilbert Banach space contains a closed non-
complemented subspace, see [11]. So let Z a UMD Banach space, and W C Z a non-
complemented, closed subspace. We let 1 < p < o0,

X=L"R_;Z)® LP(Ry; W),

and (T(t))e>0 the left shift semigroup on X. It is isometric on X since we shift from W into
Z and both carry the same norm. Fiz ty > 0. We let

) w — X ) Z — X
: _1 , : _1
J0 w1 o Lio,40) ® w I F o L t0,0) ® 2

X = W

Mo! 1

to
f(t)dt
0
Observe that Myjo = Iy and that j1Iw = T (to)jo. Now assume towards a contradiction that

S(to) € L(X) is a left inverse to T'(to). Then
P = M()S(to)jl S L(Z)

[ = t;pf

satisfies
P? = (MpS(to)j1)* = MoS(to) T(to)jo MoS(to)j1 = MojoMoS(to)jr = P
so that P is a projection satisfying ran (P) C ran My C W. Finally, for w € W,
Pw = MyS(to) j1 w = MpS(to) T(to)jo w = Mpyjow = w,

which contradicts W being not complemented. This example shows that the obstruction to a
generalization of Theorem 1.3 lies in Banach space geometry.

4. PROOF OF THE MAIN RESULT

As mentioned in the introduction, the argument relies on Madani’s dilation that we re-
viewed in Section 2 and the functional calculus for groups obtained by Haase on strips us-
ing transference methods. For a nontrivial complex domain & we denote by H{°(0) the
space of functions f € H®(0) for which z — zf’(z) is bounded on &, and we define
E(O) = {f € HX(O) : sup,es(1 + |2])2|f(2)] < oo}. For @« € R and B > 0 we define
open half-planes H, and and open strips Stg by

H, = {z € C: Re(z) > a}, Stg = {z € C:|Re(2)| < B}.
8



The result we shall use states that, for a group (U(t))wer in a UMD space with ||U(¢)]] <
Me¥ltl t € R, the generator has a bounded H?(Sty)-calculus for any n > w. The precise
construction of the functional calculus is reviewed in the proof.

Proof of Theorem 1.1 . Replacing A by A 4+ w + § with > 0, if necessary, we may suppose
w < 0 for the growth bound, i.e. exponential stability of the semigroup, and have to show
that A has a bounded H>(%,)-calculus for all o > 7.

Part b) of Proposition 1.2 and subsequent remarks ensure that the space Y we obtained by
application of Theorem 2.2 and Corollary 2.6 to T' := T'(t9) is again a UMD space and that
the Co-semigroup (®(T'(t))),., extends to a Co-group (S(t))icr in Y. These operators satisfy

St) =Tt  (t>0). (4.1)

Let —A denote the generator of (7'(¢)) and —Ay the generator of (S(t)) (and not ¢ Ay which
is customary if one only deals with groups). From Proposition 1.2 we know that

me’ |yl < ISyl < Me [yl (yeY,t>0)

for some v < w < 0, and some m, M > 0. In particular, the group type of S (see [5, p.302])
is < —v and the spectrum of Ay lies in the strip

Sty ={z: |Re(z)| < —v}.

Fix n > —v. Let us write &(St,) := {f € H®(St,) : |f(2)] = O((1 + |z|)72)}. Then by
Haase’s generalisation [6, Theorem 3.6] of the Hieber—Priiss theorem [7], Ay admits a bounded
H{°(Sty,)-functional calculus, that is, there exists some C' > 0 such that, for f € €(St,) and
o € (—v,n), the absolutely convergent integral

FAv) = o [ FERG, Av)ds (4.2)
T Jo St
satisfies || f(Ay)|| < C|fl e (st,), see [6, Cor. 3.4]. Now consider f € E(H_;). By holomorphy,
the right hand boundary of the curve integral in (4.2) can be shifted to the right, i.e. from
Re(z) = o to Re(z) = r, for any r > 7. Letting r — 400, uniform boundedness of the
resolvents and the decay of f make this curve integral vanish, so that

f(Ay) = _1/ +.Rf(z)R(z,Ay) dz (4.3)

21

t>0

with absolutely converging integrals, which gives us a functional calculus on E(H_,) for Ay
with the estimate ||f(Ay)|| < C||f|lze@m_,)- The absolutely converging integral
1
FA) =5 F(2) R(z, A) dz (4.4)
Tt JRe(z)=—n

defines a bounded operator f(A) € L(X) for all f € E(H_,). By the properties obtained in
Corollary 2.6, we may apply Laplace transform to (4.1) and obtain

R\ Ay) = ®(R(M\, A)) (Re(N) < —w).
Furthermore this entails f(Ay) = ®(f(A)). Using Corollary 2.6 again we conclude
[f (D) < all@(f(A)llery = allf(AV)lleyy < aCllfll e ew_,))-

We also have

((f9)(A)) = (f9)(Ay) = f(Ay)g(Ay) = ©(f(A))2(g(A)) = 2(f(A)g(A)),
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so that the assignement f — f(A) is multiplicative. Let
z

TR

We set fn(2) := 0n(2)%f(2). Then f, € E&H_,), f, — f pointwise, boundedly, and

1 fn(AN < Cllfallase@_,) < CNFllae@.,)-

By the convergence lemma, see e.g. [5, Chapter 5], f(A) is bounded on X and f,(A) — f(A)
strongly, i.e. A has a H{°(H_,) functional calculus. Shifting both the operator and the function
class, we obtain that A 4+ 7 has a bounded H{°(Hj) functional calculus and it is well known,
see e.g. [6, Lemma 4.5], that A + 7 then has a bounded H*°(%,) functional calculus for all
o> 3.

Since A is sectorial of angle 7 and 0 € o(A), [10, Prop. 6.10] shows that A has a bounded
H>(X,) functional calculus for all o > 7. O

oa(2) = o(n2) — o).

An inspection of the proof shows that a little more can be said. For a,7 € Rand § <o <7
we consider the following sets

Koor:=(a+%s) U {z: Re(z) >r}=(a+ %,) UH,. (4.5)
For such sets the following folklore lemma becomes relevant.

Lemma 4.1. Let n > 0. Then for any e >0, a € R, and o > 5 there exists Cc 40 > 0 such
that

[ fllzee @) < Ceo 1l Ho (Koa——e)
Proof. We use Cauchy’s formula and combine the estimates from two repesentations. We limit
our attention to the case a > —n, since otherwise K, 4, = a + ;.

For z € H_, we distinguish 2 cases: we fix 0’ € (3,0) and define the bounded zone K by
Re(z) > —n and

n+a
_al < %, ¢
|z —a|] < max{ a, |cos(a’)]}
For z € K we use . O
y z
= — d
Zf (Z) 27_‘_7/ / (C _ Z)2 C?
|¢—z|=¢/2
leading to
1 4z AM
|2 f'(2)] < e £l oo (Kpg——e) < - £l o0 (K g ——e)-

For z in the complement H_, \ K we use the fact that |arg (z)| < ¢’ < o, which allows a
suitable choice of § € (0,sin(oc — 0’)) to write
1 2f(¢)
!
= — dc.
S =5n / (SRR
I¢—2|=0]z—al

Using ’Z—CL| > 2a we have
1| |<—| |<—3’ |
22 z a 225,

which leads to

21d|z — al |z 6
TS ety —ap W=y S G 1N E
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Ka,a,—n—a

SN

FIGURE 1. The region K, 4 ., two cases for a point z in the half-plane H_,
and respective integration paths.

The following is a corollary to the proof of Theorem 1.1.

Corollary 4.2. Under the assumptions of Theorem 1.1 the operator A has a bounded
H*(Ky,q,—0)-calculus for any 0 > w, o > 5, and a € R.

Here, for f € H*®(K, 4p) satisfying in addition |f(2)| = O((1 + |z])~?) for some & > 0,
the operator A is defined by the absolutely convergent integral

fA) =1 FOVR(A, A) dA,
2mi Jox

a,—6/

where o' € (§,0) and ¢ € (w,0). This defines a functional calculus f +— f(A), and
boundedness of an H*(K, 4, g)-calculus means that there exists C' > 0 with || f(A)[[¢(x) <
C||f||Hoo(Ko_,a’_0) for all such f. Again, we then have a unique extension to a bounded algebra
homomorphism H*(K,, _¢) = £(X) via the convergence lemma.

Proof. Again, we resort to the case w < 0 and have to show the assertion for § = 0. Since we
saw in the proof that A has a bounded H°(H_,) functional calculus for all > —v, Lemma 4.1
11



implies that it also has a bounded H*°(K, ) functional calculus for all n > —v, all ¢ > 5
and all a € R. The freedom of a € R allows shifting, so that A+ n has a bounded H*(Ky 4.0)
functional calculus for all @ € R and all 0 > 7. Now we can mimic the main idea of the proof
of [10, Prop. 6.10]. Let I" be the boundary curve of K,/ o _¢r where o’ € (§,0) and ¢’ € (w,0).
Then for bounded holomorphic functions f € K, 40 with |f(2)| = O((1 + |2])~° for |2| — oo
and some § > 0, we have three convergent integrals,

;m/f(A)R(A,A)dAz ;m/f(A)R(A,A,?)dH;;Z./f(A)R(A,Am)R(A,A))dA
I I I

:f(An)+;m/Fm)R(A,AM)R(A,A))dA.

but the right hand side allows an upper estimate against || f||o. The standard approximation
argument then gives a bounded H* (K, 4 o)-functional calculus for A. O
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