ON KATO’S METHOD FOR NAVIER-STOKES EQUATIONS

BERNHARD H. HAAK AND PEER CHR. KUNSTMANN

ABSTRACT. We investigate Kato’s method for parabolic equations with a qua-
dratic non-linearity in an abstract form. We extract several properties known
from linear systems theory which turn out to be the essential ingredients for
the method. We give necessary and sufficient conditions for these conditions
and provide new and more general proofs, based on real interpolation. In ap-
plication to the Navier-Stokes equations, our approach unifies several results
known in the literature, partly with different proofs. Moreover, we establish
new existence and uniqueness results for rough initial data on arbitrary do-
mains in R3 and irregular domains in R™.

1. INTRODUCTION

Let © C R™ be a domain, i.e. an open and connected subset. In this paper we study
the Navier—Stokes equation in the form

uw—Au+ (u-VYu+Vp = f, (t>0)
V-u = 0
(NSE) u(0,-) = o
uloo = 0.

The equation (NSE) describes the motion of an incompressible fluid filling the
region Q under “no slip” boundary conditions, where u = u(t,2) € R™ denotes the
velocity vector at time ¢ at the point x, p = p(t,z) € R denotes the pressure, and
vo denotes the initial velocity field which is also assumed to be divergence—free,
i.e. V-vg = 0. Of course, the boundary condition is not present in case (2 = R™.
Observe already that V - u = 0 allows to rewrite (u-V)u =V - (u ® u).

Initiated perhaps by Cannone’s work ([5]) there has been a lot of interest in the
last decade in mild solutions of (NSE) (see e.g. [2, 19, 21, 24, 29]) for initial data in
so-called critical spaces. All these results rely on variations of Kato’s method ([9])
which allows to obtain global solutions if the initial data is small by a fixed point
argument (which is based on Banach’s fixed point principle or, equivalently, on a
direct fixed point iteration).

The fixed point equation is obtained from (NSE) by first applying the Helmholtz
projection P to get rid of the pressure term

u —PAu+PV-(u@u) = Pf, (t>0)
V-u = 0
(1) U(O,) — UO
u|aQ = 0.

The operator —PA with Dirichlet boundary conditions is, basically, the Stokes
operator A which — hopefully — is the negative generator of a bounded analytic
semigroup T'(-), the Stokes semigroup, in the divergence—free function space X
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under consideration. Then the solution to (1) is formally given by the variation-of-
constants formula

(2) u=T()vog—T()*PV-(u®@u)+T()*Pf.

If one can give sense to the Helmholtz projection P, the Stokes operator A and
the Stokes semigroup 7T'(+), this is a fixed point equation for u. A mild solution to
(NSE) is a solution to (2).

The nonlinearity is quadratic and may be rewritten using the bilinear map F'(u,v) :=
PV - (u ® v). The natural space for a fixed point argument yielding global solutions
would be C([0,00), X), but this rarely works for critical spaces. The idea of Kato’s
method for the critical space X = L3 on Q = R? is to use an auxiliary space Z = L4
with ¢ € (3, 6] and a weighted sup-norm with a polynomial weight ¢* and to carry
out the iteration scheme in a suitable function space with norm

1_ 3
It = w(®)llLoe @y L) + [t = 27 20u(t)|| oo v, La)-

In our paper we use the notation L2 ((0,7), X) for the space of all X-valued mea-
surable functions f such that

Il 2207y, x) = It = t* F ()l Lo ((0,r),x) < 00

As Cannone observed ([5]), Kato’s approach leads to Besov spaces in a natural way.
On suitable domains © # R™, Amann’s work ([2]) underlined the fundamental role
of real interpolation and of abstract extrapolation and interpolation scales. The
present paper takes up this point of view.

We start our main results with an abstract version of Kato’s method for parabolic
equations with quadratic non-linearity (Theorem 3.1), which clearly isolates the
properties one has to check for in order to obtain local solutions and global solutions
for small initial data. These properties [Al], [A2], and [A3] only concern linear
problems.

In the literature, there is an abstract version of Kato’s method due to Weissler
[38], formulated for parabolic equations with quadratic non-linearity. The approach,
however, is different already for the bilinear term (see Remark 3.4), and in extension
to Weissler’s result we do not only consider weighted sup-norms for functions with
values in an auxiliary space, but also weighted LP—spaces with polynomial weights
t* for p € [2,00] (the restriction p > 2 is due to the quadratic nature of the non-
linearity). Moreover, in our second main result (Theorem 3.6) we give necessary
and sufficient conditions for the properties [Al], [A2], and [A3]. We were led to
these results by our previous work on linear systems of the form

x'(t)+ Az(t) = Bu(t), t>0
(3) y(t) = Cz(t), t>0
z(0) = xo

Theorem 3.1 is actually a result on a quadratic feedback law u(t) = F(y(t), y(¢)) for
(3). In (3), C and B are unbounded linear operators (in the application to (NSE)
they are the identity on suitable spaces, see below), and [Al] and [A2] simply
mean that they are admissible for the corresponding weighted Bochner spaces. The
conditions in Theorem 3.6 (a) and (b) are generalisations of our results in [12] to
the case of not necessarily densely defined operators A. Moreover, we give here new
and very transparent proofs based on real interpolation (see Section 5) whereas the
proofs in [12] relied on H{°—functional calculus arguments.

In Section 4 we apply our abstract results to obtain mild solutions to (NSE). On R”
we reobtain Cannone’s result ([5]) on initial values in Besov spaces. In Subsection 4.2
we give a variant of a result due to Sawada ([29]) on time-local solutions for initial
values in Besov spaces Bo_ofg‘e with p € (n,00), but with a quite different proof.
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For the quadratic term we simply use the product inequality for Hélder continuous
functions whereas the keystone of the proof in [29] was a Holder type inequality for
functions in general Besov spaces. In Subsection 4.3 we show that, in close analogy
to Subsection 4.1 one may likewise use weak Lebesgue spaces as auxiliary spaces Z
which leads to mild solutions for initial values in Besov spaces that are based on
weak Lebesgue spaces. This result is new. Subsection 4.4 studies mild solutions for
arbitrary domains Q C R3, and we improve results due to H. Sohr ([32, Theorem
V.4.2.2]) and S. Monniaux ([25, Theorem 3.5]). Moreover, our approach allows to
compare both results. In Subsection 4.5 we assume that Helmholtz projection and
Stokes semigroup act in a scale of Li-spaces, ¢ € [q(, qo], and investigate how the
value of o > 2 influences existence of mild solutions for certain initial values. It
becomes apparent that, already under these relatively weak assumptions, a larger
qo allows for more initial values, where the case ¢o > max(4,n) needs an additional
gradient estimate for the Stokes semigroup. In any case, these new results make
very clear which properties one has to check for the Stokes semigroup in order
to obtain mild solutions for “rough” initial values, i.e.for initial values in certain
extrapolation spaces.

The paper is organised as follows. In Section 2 we collect basic facts on the Helmholtz
decomposition and the Stokes semigroup for arbitrary domains. Those are the ba-
sis for applications of the abstract results to (NSE) in Section 4. In Section 3 we
present our abstract results, a part of the proofs is relegated to Section 5. In an
appendix we have gathered facts on Besov spaces based on weak Lebesgue spaces
that are needed in Subsection 4.3.

2. PRELIMINARIES

Let n > 2 and let 2 C R™ be an arbitrary open and connected subset. We start
with basics on the Helmholtz decomposition in L?(2)™ where ¢ € (1,00). To this
end we define

W (Q) == {[u =u+C: ue L} (Q) and Vu € LI (Q)"}

loc

with norm [[ulyi1 ) := [[Vul z4(q)n. Since the Navier-Stokes equations involve real
q

valued functions we only consider real function spaces in the sequel.
The space W, () is a Banach space and the linear map V, : W,/ (Q) — L9(Q)",
u — Vu, is isometric. We also define

(W, () :=={¢: W, (Q2) = R: ¢is linear and continuous}

with the usual operator norm. Then (qu (Q))’ is a Banach space and the dual map
(Vo) : LYQ)" — (W} (Q)) of V, is surjective with norm < 1.

We recall the space Z(2) = C2°(Q) of test functions and the dual space 2'(§2) of
distributions on €.

Remark 2.1. If u € 2'(Q) satisfies Vu € L9(Q)" then u belongs to L{, () ([26]).

loc

Now let G9(Q2) :=ImV, = Vqul (Q) denote the space of gradients in L7(2)" and
L1(Q)) := Ker(Vy )’ denote the space of divergence-free vector fields.

Remark 2.2. It is clear from the construction that
G(Q) {feLYQ)™: Yge LI (Q): (f,g) =0} and
LLUQ) = {feLYQ": Yge G (Q): (fg) =0}

Let 2,(Q) :={¢p € 2(Q)™ : V¢ = 0} denote the space of divergence-free test
functions. The following theorem holds.
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Theorem 2.3 (de Rham). Let T € 2'(Q)™. There is an S € 2'(Q) with T = VS
if and only if T vanishes on P4 ().

Remark 2.4. This was first noticed by J.L. Lions [22, p.67] who resorted to a
result due to G. de Rham [7, th. 17, p.114]. We refer to [31] for more details and
an elementary proof.

Now we are able to prove the following representation of the space LZ(€2) which is
often taken as the definition. The argument in the proof is the same as in [22, p.67].

Proposition 2.5. For any q € (1,00), the space LL(QY) is the closure of D,(Y) in
L),
Proof. Let ¢ € 2,(Q2) and u € W;, (Q). Then

<(vq’)l¢= u) = (¢, vq’u> =—(V-¢,u) =0,
and ¢ € L1(Q). To show density of Z,(Q2) in LIL(Q) we take g € L9 (Q)" such
that (g,-) vanishes on Z,(Q2) and have to show that (g,-) vanishes on LZ((2).

By Theorem 2.3 we find v € 2/(Q2) such that Vv = g. By Remark 2.1 we have
ve Ll (Q), ie ge G7(Q). Now we use Remark 2.2. O

loc

Concerning the Helmholtz projection we quote the following theorem, which is the
essence of the approach in [30].

Theorem 2.6. Let g € (1,00). Then L4(Q)" = Li(Q) & G4(Q) if and only if the
operator Ng := (Vy)'Vq : Wi () — (W, ()" is bijective.
(

W, ()

q
o

La(Q)" N,

If the operator Ny has a bounded inverse N, : (W;, Q) — qu (), then the
projection from L1(Q2)™ onto LL(QY) with kernel GI(Q) is given by Py = I —
VN, (V). This projection is called the Helmholtz projection in LI(Q)".

Proof. If Ny is bijective then its inverse N - ! is bounded by the open mapping
theorem, the projection P, has the desired properties and we obtain LI(Q)" =
L1(Q) & G1(Q).

Conversely, if L9(Q)™ = L1(Q) & G4(£2) then Vqul (Q) NKer(Vy) = {0} and N,
is injective. Moreover (W;, Q) = (Vg ) G1RQ), thus N, is surjective by GI(Q2) =
Vv WHQ). O

In [30], the operator — N, is interpreted as a weak version of the Neumann-Laplacian
on ). For ¢ = 2, Ny is always bijective, and Ps is the orthogonal projection from
(L?(2))™ onto L2(2). This follows from Remark 2.2 or from Theorem 2.6 via Lax—
Milgram.

Remark 2.7. Since 2(92) C qu (), Remark 2.2 shows that v € LZ(2) implies
V -u = 0 in the sense of distributions. But LZ(2) also contains information on the
behaviour of u at the boundary (see [30], [32, Lemma II.2.5.3]): for example for
bounded Lipschitz domains one has u € LZ(Q) if, and only if V- u = 0 on © and
v-u =0 on 0.
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Function spaces. For ¢ € (1,00), we use the usual notation and write Wq_1 Q) :=
(W, 4(€2))". Moreover, we let

Wao(Q) = (Weo(Q)IIV- )~ and  WH(Q) = (Wy o(Q)),

where ~ denotes the completion. Then Wq_l(Q) consists of all ¢ € W, (Q) satis-
fying
[l = sup{l(v)] = v € Wy o(Q), [ Vollg <1} < o0
The corresponding spaces of “divergence-free” vectors are
V() = Wao ()" NLEQ) and Vy(Q) = (V4(Q), |V - [l)™.

VoHQ) == (Ve () = {¢: Vy(Q) — R linear: ¢ is continuous for |V - || }

q
with the natural operator norm. Then V, () is a Banach space and V, () is Banach
space for the norm of W} (Q)" and a dense subset of V,(Q).

Lemma 2.8. The set Z,((2) is dense in (Vo(Q), | - [lwz) and in (Vq(Q), [V - lq)-

Proof. By definition it suffices to consider V(). It is clear that Z,(2) C V().
Now take ¢ € (W, (2)") such that ¢ vanishes on Z,(Q). Notice that ¢ is a
distribution on Q. By Theorem 2.3 there exists h € 2’ (Q) satisfying ¢ = Vh and h
is unique up to a constant. Since ¢ can be represented as a sum of partial derivatives
of LY -functions, we conclude that we can assume h € L9 (Q). For u € V,, we choose
a sequence (uy) in Z(Q)" such that up — u in W/ (Q)", and we finally obtain

d(u) = (Vhyu) = li]£n<Vh,uk> = _h;?l<h’ Voug) =—(h,V-u) =0
by V- u =0 (see Remark 2.7). This ends the proof. O

Coming back to the Navier-Stokes equation we notice that, for v € L7(Q2)", we have
u@u € L7(Q)"*" and V-(u®u) € Wq/_21 (©)™. Applying the Helmholtz projection to
get rid of the pressure term Vp in (NSE) thus needs extensions P, of the Helmholtz
projection Py to Wq’l(ﬂ)", q € (1,00). Those are defined by restriction (as in, e.g.,
[32], [25]): . .

Py W Q)" — V() Pyg(v) = ¢ly, 0)-

Observe that this is meaningful since V() C W;,yo(Q)”. Moreover, P, is linear
and continuous. We show that P, and P, are consistent.

Lemma 2.9. We have Py¢ = P,f for each ¢ € Wq_l(Q)" and f € L1(Q)" such
that ¢(v) = (f,v) for allv e W), ,()".

Proof. Tt suffices to check equality on V/(€2) = W, ,(€2)" N L9 (Q). For v € V,(Q)
we have

FPyp(v) = ¢(v) = (f,0) = ([, Pyv) = (Byf, v)
by Pyv =v and (Py) =P,. O
The Stokes operator. We define the Stokes operator in L2(2) by the form
method. To this end we let V := Vy = L2(Q) N (W4 ((2))" and define the closed

sesquilinear form
a:VxV—-C, a(u,v)::/W~Vud:c.
Q

The operator A associated with a is the Stokes operator on Q (with Dirichlet
boundary conditions). It is well-known that D(A”?) = V with equivalent norms
(see [18]; for the definition of fractional domain spaces see Section 3). Hence V :=
Vo = (V,||V - [|2)™ equals the homogeneous space D(A”2) and the dual space
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V! := (Vy)’ can be identified with the homogeneous space (L2(Q), [[A=72 |])~.
Observe that, by Lax—Milgram, a suitable extension A of the operator A acts as an
isomorphism Vy, — VQ_ ! The operator —A generates the bounded analytic semi-
group (T(t)) = (e7*) in L2(Q), the Stokes semigroup.

Li-theory. If there is o € (2,00) such that the Helmholtz projection Py, is
bounded in L% (Q)™ and there is a bounded analytic semigroup Ty, (-) in L% which
is consistent with the Stokes semigroup in the sense that

T, (t)f =T(t)f,  forall f € L2(Q) N Lo (K),

then Ty, (-) is called Stokes semigroup in L°(€2) or simply in L% and its negative
generator A, is called the Stokes operator in L. Observe that by interpolation
and self-duality of the Stokes semigroup we then obtain for any ¢ € [¢(, go] that the
Helmholtz projection is L9-bounded and that the Stokes semigroup extends to a
bounded analytic semigroup in LZ(£2).

3. ABSTRACT KATO METHOD

Sectorial operators. For 0 < w < 7 we denote by
S(w):={z=re": r>0, |¢| <w}

the open sector of angle 2w in the complex plane, symmetric about the positive real
axis. In addition we define S(0) := (0,00). Let A be linear operator on a Banach
space X. The resolvent set of A is denoted by o(A) and its spectrum by o(A). The
operator A is called sectorial of type w, if o(A) C S(w) and if for all v € (w, )
there is a constant M with ||AR(X, A)|| < M for all A € S(m—v). The infimum of

all such angles w is referred to as the sectoriality angle of A.

Inter- and Extrapolation spaces. Given a sectorial operator A on a Banach
space X, for each n € N, the space X, := (D(A"),||(I+A)"-| x) is a Banach space.
There are other scales of inter— and extrapolation spaces. We give the definitions
we need in the sequel, resorting to a construction in [11]: Let A be an injective
sectorial operator on X. As above, endow D(AF) with the norm ||(I + A)* - || and
R(A*) with the corresponding norm [|(I + A=1)* - ||. Let L := A(I + A)~2. Then
L(X)=D(A)NR(A) and the sum norm on D(A) NR(A) is equivalent to the norm
L7 =[[(2+ A+ A71) - ||. Endowing X; := D(A) N R(A) with this norm and
letting Xy := X makes L : Xy — X; an isometric isomorphism. Hence, by abstract
nonsense we can construct a Banach space X_; and an embedding ¢ : Xg — X_3
together with an isometric isomorphism L_; : X_; — X making the diagram

X, = D(A) N R(A)

commute. Identifying X and ¢Xy we regard L as a restriction of L_;. The operator
A_; = L:}AL,l is an extension of A and again injective and sectorial of the same
type in X_;. We define recursively for £ € N spaces X_; and injective sectorial
operators A_j in X_j, and obtain isometric isomorphisms L_j : X_; — X_gy1,
k > 1. In this framework, we now define homogeneous inter— and extrapolation
spaces for k € N: let X, := A"F(X) and X_j := A*, (X) with the natural induced
norms. Then we have a scale of spaces

.%Xn%...%qu‘)'(o::Xf—>X_1f—>...f—>X_nf—>...
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where, for each n € Z, a suitable restriction of A_,_; acts as an isometric isomor-
phism X,, 11 — X,,. For each k € N, we also let X_j, := (I +A_;)*(X) with natural
norm and denote by A_j the part of A_j in X_j. This gives rise to a scale

Lo X, oo X o Xgi= XX 1 > = X, >

where, for each n € Z, the operator I + A_,, acts as an isometric isomorphism
XnJrl — Xn

Notice that X_ = X+ X_; and X, = XﬂXk, k € N. Moreover, Xe+X_p=X_p
and X, N X_; = D(A*) N R(A*) := X, k € N (see [11, 13] for more details). We
remark that X, = X, for all k € Z if 0 € p(A). In any case we have lzll %, =
|A*z|| x for x € D(AF) and lzllx_, = |A=*z|| x for x € R(A¥).

Finally we mention that, if A is densely defined with dense range, we can define
the spaces above by completion, i.e.

Xop = (X, HAk(I + A)_Qk ) H)Nu Xk = (D(Ak)v ”Ak ’ H)Nv
Xopo= (RAS AT )™ Xop= (X 1T +4) 7)™
for each k € N, (see [16, 17, 20]). In this case, we shall also use the notation D(A) in

place of X, to make clear with respect to which operator the homogeneous domain
space is taken.

Abstract Kato method. Let X, Z, W be Banach spaces and let 7 € (0, o0]. Let
—A generate a (not necessarily strongly continuous) bounded analytic semigroup
T(-) on X.

Let B € B(W,X_;) and C € B(X1,Z) be such that C is a closed linear operator
X — Z. Finally let F : Z x Z — W be a bilinear map satisfying ||F(y, )| <
K|yl lly]] for some K > 0. We consider the abstract problem

o' (t) + Az(t) = Bu(t), t>0,
x(0) =z,
) y(t) — o >0

t),
(t) = Fy),yt) t>0
We seek for mild solutions z(-) in the space C([0, 7), X), i.e. for functions x satisfying

(5) x(t) = T(t)xo + /0 T(t—s)BF(Cx(s),Cxz(s))ds

Theorem 3.1. Let 7 € (0,00] and p € (2,00) or p = 0o in case 7 < oo. For
a€ (0,% —Y,) we assume

[A1l] The map x — CT(-)x is bounded X — LE((0,7),7).

[A2] The map (T-1(-)B)* is bounded L;/i((O,T),W) — L*>((0,7), X).

[A3] The map (CT-1(-)B)* is bounded L;%((O,T),W) — L2 ((0,7),2).
Then, under the above assumptions on the operators B, C and F', for any initial
value g € X° := D(A) (the closure being taken in X ) there exits n € (0,7] such
that the abstract problem (4) has a unique local mild solution = in C([0,n), X)
satisfying Cx € LE((0,n),Z). Moreover, if ||xo|lx is sufficiently small, then the
solution exists globally.

An essential ingredient for the proof is the following lemma taking care of the
non-linearity (see e.g. [5, Lemma 1.2.6]).

Lemma 3.2. Let F be a Banach space and B : E x E — E a bilinear map with
|B(e1,e2)|l < mllei]| llez|| for all e1,es € E. Then, for ally € E with ||y|| < ﬁ there

exists z € E verifying z = y + B(z, 2) and ||z||g < 2||y| &-
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The lemma is shown by resorting to Banach’s fixed-point theorem on a small ball
within £.

Proof of Theorem 8.1. (Existence) Let n > 0 and E := L2((0,7), Z) and consider
the bilinear map

(x,Z) +— (CT-1(-)B) * F (2, 7).
For zp € X we have y := CT(-)xg € E by [Al]. For 2,z € E we have F(z,) €
L;/Z((O, 1), W). Moreover, B is bounded by [A3]. If p < oo,

n l/p
Iyl ( [ et dt)
0

becomes small if 7 > 0 is small enough. For p = oo, notice that by [A1], t*T'(¢)zo
is bounded in Z and that for g € D(A) we have t*T'(t)zg — 0 in X for t — 0+
since o > 0 and T'() is strongly continuous on D(A). Thus, for all p € [2, 0] and
zo € X, we can make ||y| g arbitrary small choosing 7 > 0 small enough. If, on
the other hand, 7 = oo and ||zg]| is small enough, assumption [A1] allows to take
7 = 00.

IB%::{EXE — E

In any case Lemma 3.2 applies and shows existence of a solution z € E satisfying
z =y + B(z,z). Now put

x(t) =T (t)xo + /0 T(t—s)BF(z(s),z(s))ds

Then, by [A2] x € L*°((0,n), X). By definition of = and the fixed—point equation
satisfied by z, z(t) = Cx(t) (recall that C is closed as operator X — 7). Thus, z(-) is
a mild solution of the abstract problem (3.1) as claimed. To see that x is continuous
with values in X” we need an additional argument: By [12, Theorem 1.8], [A2]
implies R(B) C (X_1,X)g.0o = W with § =%, + 2a € (0,1). Let b € R(B). Since
T(-) is analytic, T'(t)b € D*>(A) for ¢t > 0. Moreover, | T()|/7_ x < Ct’~! whence

the integral fot T(s)bds converges absolutely within X. Since X > is a closed subspace
of X, fg T(s)bds € X >, This implies that the convolution of the semigroup with
R(B)-valued simple functions is continuous in X” and by density (recall (p, T') #
(00,00)), the solution 2 found above is indeed continuous with values in X”.
(Uniqueness) Assume the existence of two solutions u,v to (4) in C([0,7), X")
satisfying both Cu,Cv € L2((0,n), Z) and therefore satisfying both the fixed point
equation (5). Let 1o € (0,n). Using bilinearity and continuity of F' and assumption
[A3] we obtain

1C(w = V)| L2 ((0,n0),2)
[(CT(-)B) * (F(Cu, Cu) — F(Cv,Cv))|l L2 ((0,10),2)

< [[(CT()B) * (F(Cu, C(u —v))l Lz ((0,n0),2)

+ (CT()B) * (F(C(u = v), Cu)) | L2 ((0,n0).2)
< M(HF(OU, O(u - v))HLZ/g((O,ﬁo),W) + ”F(C(u - ’U), Cu)||L§/§((O,no),W))
< MJF| (||CUHLZ((0,no),Z)||C(U - U)HLg((o,no),z)

+ ||CU||L5((0,770).,Z)HC(U - U)||L§((0,no),z))
= MI|F| (ICullrz((0,n0),2) + 1CVIL2 (0,100, 2)) IC (@ = V)12 ((0,00),2)-

Now choosing 79 > 0 small enough makes ||Cull 1z ((0,n0),2) and [|CV| Lz ((0,10),2)
arbitrary small which allows to conclude Cu = Cv in L2((0,70),Z). For p < oo
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this smallness is immediate; for p = oo we argue with u € C([0,7), X”) as above.
Thus,

u(t) = T(t)xo —I—/O T(t—s)BF(Cu(s),Cu(s))ds
= T(t)xo+ /0 T(t—s)BF(Cu(s),Cv(s))ds = v(t)

for t € [0,70). Repeating the argument with zo := u(n9) € X’ yields uniqueness of
the solution as claimed. O

Remark 3.3. Notice that in a setting of linear systems theory, assumptions [Al]
and [A2] of the theorem mean weighted admissibility conditions for the observation
operator C' and the control operator B. We refer to [12] for more details.

Remark 3.4. In the applications to (NSE), the operators C' and B are suit-
able identity operators. Weissler’s result [38] assumes continuity of the bilinearity
Z x X — W. Observe that, for general operators B and C, this leads to a different
setting, whereas we are working entirely with the space Z for the fixed point argu-
ment. In applications to (NSE) this has the advantage that (tensor) products need
only be defined for elements of Z, and that we can allow for spaces X with very
rough initial data (see Section 4).

Corollary 3.5. Let additionally to the situation in Theorem 3.1 Banach spaces
W W and operators B; € B(W(j),X,l) be given and consider the ab-
stract problem

a'(t) + Ax(t) = Bu(t)+ 371, B;fi(t), t>0,
(6) x(0) =,

y(t) = Cux(b), t>0

u(t) = Fy(),y®) t>0

where the ’inhomogeneities’ f; satisfy f; € LZ;((O,T),W(j)) for some pj, B; with
Yo, + Bj € (0,1). Moreover we require
[A;2] The maps (T-1(-)Bj)* are‘bmmded L:;;((O,T),W(j)) — L*>((0,7), X).
[A;3] The maps (CT(-)Bj)* : L;Z;((O,T), W) — LP((0,7),Z) are bounded.
for all 5 = 1,...,m. Then time-local mild solutions always exist in case p < oo.

In case p = oo or in order to obtain global solutions a smallness condition on the
norms of the functions f; has to be imposed (j=1,...,m).

Proof. As for Theorem 3.1 but with y = CT'(-)zo + 72, (CT(-)B;) * f;. O

Before coming to applications in Section 4 we sum up necessary and sufficient
conditions for the assumptions [Al] — [A3] in Theorem 3.1. Notice that [A4;2] and
[A2] are of the same type whereas [A3] is a special case of [4,3].

Theorem 3.6. Assume p € (2,00] and o € R such that o+ Y, € (0,%). Then

(a) If [A1l] holds, then C is bounded in the norm (X, Xl)aJrl/pJ — Z. The
converse is true provided that X — (X_l,Xl)l/mp.

(b) If [A2] holds, then B is bounded in the norm W — (X_l,X)Q(aJrl/p)m. The
converse is true in case o > 0 or in case o = 0 and (X_17X1)1/21p/2 — X.

(c) Condition [A;3] holds provided that |CT(t)B|lw—z < ct™? fort € (0,7)
and that B+~ + Y, =1+ a + Y, where v € (0,1) and a, 3 > 0.
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A proof of the theorem and some additional results will be provided in Section 5. As
the proof will actually show, the restriction p > 2 (instead of p > 1) and a+Y, < %
(instead of < 1) in the above formulation is only due to the bilinear structure which
forces to consider the parameters 75 and 2« in part (b). We mention that in part
(a) (and in part (b) in case @ = 0) of the Theorem the embedding assumption on
the space X is optimal. This follows by choosing C' = Aete and B = Al’Z/P, see
also the discussion in [12, Section 1].

Remark 3.7. As mentioned above, condition [A;3] contains condition [A3] as
special cases letting p; = 7, and §; = 2a. Here, and for one direction of part (b)
in case a > 0, the proof bases on a classical one-dimensional convolution estimate
due to HARDY and LITTLEWOOD, see Lemma 5.7.

Remark 3.8. Suppose that 7 < oo and B+~ + ¥, <1+ a+ Y, one finds ¥ > v
such that |CT(t)B|lw—z < ¢t~ and 3+75 + Y, = 1 + a + Y,. Moreover, when
T < 00, one can without loss of generality assume A to be boundedly invertible (see
also [12, Lemma 1.3]).

The role of maximal regularity for recovering the pressure terms. From
now on we shall always use C' = Idz and B = Idy, i.e. we suppose X; — Z
and W — X_;. Consequently, the semigroup T'(¢) acts (pointwise as a bounded
operator) X — Z and W — X. In this setting, the abstract Kato problem (4) takes
the form

(t) + Ax(t) = F(z(t),x(t))
(7) _

x(0) = o

Remark 3.9. The embedding assumptions in Theorem 3.6 (a) and (b) concerning

the spaces Z and W are equivalent to pointwise growth estimates for the semigroup.
Indeed, for 0,6 € (0,1) one has

(X, X1)on < Z if, and only if ||T(t)||x -z < ct™®

and
W e (X_1,X)p0o if, and only if || T(t)|w_x < ctf™!

Proof. Since the semigroup is bounded and analytic, one has the elementary esti-
mates

IT®l%,-x,,, <Ct" and [TMHx,.x, <M
+

for n € Z. Therefore, the embedding properties for Z and W imply the growth
estimates of the semigroup acting X — Z and W — X by interpolation. Conversely,
the estimate ||T(t)||x—z < ¢t~ for ¢ > 0 implies
/ AT(Qt):cdtH < E/ |AT (2t)z]| , dt

0 z 0

)z = ¢

<e /0 | AT (t)e| dt = ¢ |l2ll x %), ,

for z € X; = X;NX which is dense in (X, X}).;. Finally, the estimate || T(t)||w—x <
ct®=! for t > 0 implies

2]l (%, x)p.0 = sup tRAT ()2 5, = sup 70| T(t)zllx < cllz|w
: >0 t>0
which finishes the proof. O

Given an abstract Cauchy problem of the form

(8) o' (t) + Ax(t) = f(1), z(0)=0
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on a Banach space W, we say that A has mazimal LP—regularity, p € [1, c0] if the
mild solution x to (8) satisfies a’, Az € LP((0,7), W) whenever f € LP((0,7), W).
We refer to [1, 6, 8, 13, 20, 37| for this relation, the problem of maximal regularity,
characterisation results, and further references on the subject.

Theorem 3.10. Suppose 7 € (0,0], p € (2,00] and o € R such that a + Y, €
(0,%). Let X, Z,W be Banach spaces satisfying

9) W = (X_1, X)agaty,).000
(10) (X, X1)aty,n — Z, and
(11) X — (X,l,Xl)l/%p

and assume that —A is injective and generates consistent bounded analytic semi-
groups on X and W. Let A have mazimal L7 -regularity on W. Then for every
x € X°, the abstract problem (7) has a unique time-local mild solution

x € C([0,1), X) N LE((0,m), 2) N L ((0,m), W)
that satisfies x', Az € LI ((0,n), W) + Lt ,((0,n),2).
Proof. By Theorem 3.6, equation (7) has a time-local mild solution x as claimed

for some n € (0,7). The Priif-Simonett theorem (see [28, Theorem 2.4], also [12,

Theorem 1.13]) shows that maximal L72-regularity of A transfers to maximal L;/if
regularity in W (recall that o + Y, < Y%); this result is also true in case p = oo, as
an inspection of the proof shows (it is actually even more easy to prove than for
finite p). Let 2 be the mild solution to (7). Writing

a(t) = T(t)wo + (T * F(z,2))(t) = 21(t) + 22(t)

one deduces from maximal L;/Z(W)fregularity th?t xe € Wi = D(Aw) a.e. and
that zo is a.e. differentiable satisfying zf,, Az € Lz/fl((O, n), W).

Using Proposition 5.2, we have 2] = —Azy € L¥_((0,7), (X, Xl)a+1/p)1) for
To € ((Xfle)aP/p,lv (leXQ)a+1/px1)1—1/2(a+1/p+1),p = (Xfl’Xl)l/w

where the equality is due to reiteration. By (11), this condition holds for zg € X”.
Finally, assumption (10) finishes the proof. O

Observe if one has X — (X,l,Xl)l/z)p/Q in place of (11) one obtains ', Az €

L;/Z((O, 1), W) by similar arguments. This applies in particular in case p = oo.

For p € [2,00), the daPrato-Grisvard theorem ([6], see also [13, Theorem 9.3.9])
provides several function spaces in which negative generators of analytic semigroups
have maximal L”7>-regularity. In our situation, a particularly import class are real
interpolation spaces of the form (X _, X3)g., for some k € N and 6 € (0,1), r €
[1,00]. When 1 < p < oo, maximal LP-regularity is independent of p (see [3]). In
case p = 00, the following lemma may be used to verify L*°-maximal regularity.

Lemma 3.11. Let the injective operator —A generate a (not necessarily densely
defined) bounded analytic semigroup on W and let U be a Banach space, such that
1T 0)lw—v < ct™t for some ¢ > 0. If (W, Wa)y, o — U, then

t
€ss. sup H/ T(t—s)w(s) dsH < Cllwl|peemy,w)
t>0 Jo U

for all w € L>®(Ry, W).
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Proof. Tt is clearly sufficient to verify
o0
H/ T(s)w(s) dsH(
0

for all w € L> (R4, W). Using Proposition 5.2 one has

H/OOO T(s)w(s)ds

< Ollw|l poe ry )
2,00

W,Wa)

~ Ht s tAPT (1) /Ooo T(s)w(s) dsH

(W W)y, o Lo (Ry, W)
= Ht — /00 tAT (t45)w(s) dsH
0 . Loo(Ry, W)
< ess.ilig/o WHU}(S)HW ds
< Nuligew | o
by substituting s = to. O

Remark 3.12. By Theorem 3.10 one can give a sense to the first line in (8) for a.e.
t > 0 in the time interval under consideration. In applications to the Navier-Stokes
(NSE) equations this means that

u'(t) + Au(t) + PV - (u(t) @ u(t)) — Pf(t) =0

for a.e. t > 0. Interpreting A as —PA and the operator P as restriction P :
D' ()" — Z.(2) (see e.g. [25, 32]) we are led to

P(us — Au(t) + V(u@u) — f) =0

ifuy —Au(t) +V(u@u) — f € 2'(Q) at a fixed time ¢ > 0. Now the pressure term
Vp can be recovered by Theorem 2.3 which passes from (1) back to (NSE).

The equality A = —PA is no problem in case {2 = R"™ since then A commutes
with P. If  C R" is bounded or an exterior domain with 9Q € CU!, equality
A = —PAp holds on D(A,) = W2(Q)" N W, ()" N LL(Q) for ¢ € (1,00) where
Ap denotes the Dirichlet Laplacian on €2. On arbitrary domains 2 C R3, equality
A= —PA holds on V = Vy, see [25].

4. APPLICATION TO THE NAVIER-STOKES EQUATIONS

In this section we apply the abstract result to the Navier-Stokes equations (NSE),
where (4) corresponds to (1) and (5) corresponds to (2). In these applications we
always have C' = Idz and B = Idy which means that the necessary conditions in
Theorem 3.6 (a) and (b) boil down to continuous embeddings or via Remark 3.9 to
decay estimates for the semigroup.

It turns out that the choice of the “auxiliary space” Z is most significant. The
structure of the map F then determines the space W, and one can calculate the
exponent 7 for which ||T'(¢)||w—z < Ct7. Depending on the context, this may
hold on (0, 00) or on bounded time intervals (0,7) where 7 < co. Observe that an
application of Theorem 3.6 (c) (and Remark 3.7) requires v € (%, 1) and restricts
a and p to a + %, < 1 — v for local solutions and to o + %, = 1 — v for global
solutions. Nevertheless, we have some freedom for the choice of  and p. Once «
and p are fixed, Theorem 3.6 (a) and (b) allow to adjust the space X for initial
values appropriately.

In the sequel we discuss various choices of Z on R™ and on domains. The common
approach covers some known results, provides new proofs for other known results,
but it also yields new results on R™ and on domains.
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4.1. Lebesgue spaces on R". Here and in the following subsections we consider
the Navier—Stokes equations (NSE) on R", n > 2. For simplicity we shall omit R"
and superscripts n or n X n in notation.

Let ¢ € (n,00) and consider the case Z = L9. For u,v € Z we then have V- (u®uv) €

qul =: W. Notice that ||T(t)||Hq72l_)Hg/2 < ct=(49/2 ¢ > 0, and that H,;L — L4

provided ¥, = %, — %,, i.e. provided § = ", (see e.g. [35, Theorems 2.7.1 and 5.2.5]).
We obtain | T(t)||w—z < ct™, ¢t > 0, where y = 3 + 36 € (Y%2,1). Hence we should

which restricts p to p € [-2L, 00]. For such a p,

q—n’

n
2q

consider the space X = Bt;zlﬁn/". Then

1
have a4+ ¥, =1 —v = 5 —

(X_l,Xl)l/%p =X and (X_l,Xl)l/%pb = B;i/: /a — X

whence Theorem 3.6 allows to verify [A1] and [A2] of Theorem 3.1 easily. Indeed,
we have (X, Xl)aJrl/pJ = B;)l with s = 2a +%, + ", — 1 and C = Idz certainly
satisfies the condition of Theorem 3.6 (a) if Bj ; embeds into Z which is the case if
s=0,ie if ot =3— 4.

Moreover, (X_l,X)Q(aJrl/p)m = BZ;OO with ¢t = 4(a+Y,) + ", — 3 whence B satisfies
the condition in Theorem 3.6 (b) if W — Bt __ which happens by

q,00

o . 71777 . 717,”/ -t
(SN q q
H, H, B, B,

7

if =17 =t ie if a+Y, =5 — 4 (see [35, Theorems 2.7.1 and 5.2.5]).

Finally, using Theorem 3.6 (¢) and Remark 3.7 the values of v and p determine «
by

(12) ath=1%— 3,

and then [A1] and [A2] are satisfied by the arguments above. We sum up the above
considerations in the following theorem.

Theorem 4.1. Let n > 2, q € (n,00), and let « > 0 and p € (2,00] such that
(12) holds. Let X = B(;;-’_n/" (R™). Then the Navier-Stokes equation (NSE) admits
a time-local mild solution in C([0,7),X) for every uy € X’ = D(A) satisfying
V -ug = 0. The solution is unique in C([0,7), X) N L2 ((0,7), LY (R™)). If the norm
[[uol|x is sufficiently small, the solution exists globally.

Remark 4.2. Notice that X” = X in case p < co whereas in case p = oo, X” equals
the (homogeneous) little Besov space by 17 or the (homogeneous) little Nikolski
space g 1 (see e.g. [2, 29] for the inhomogeneous counterparts).

Remark 4.3. If we are interested in time—local solutions and use Remark 3.8 we
are led to a + ¥, < 1 — v which is equivalent to 2a + %, + ", < 1 since v =
4 35- For v = 0 we obtain Serrin’s uniqueness condition ¥+, < 1 for weak
solutions (see e.g. [32, V.1.5]). In this context we remark that the argument that
proved uniqueness in Theorem 3.1 can be used to show uniqueness of weak solutions
u,w € LP((0,7),L9(2)™) with the same initial value, but that the assumptions in,
e.g., [32, V.Thm.1.5.1] are somewhat weaker and involve energy inequalities.

Remark 4.4. (a) In case n = 3, ¢ > 3, and p = co we have a = % - % and

reobtain a result similar to CANNONE [5, Theorem 3.3.4]. There smallness
is measured in X but the initial value wug is taken in L3 and the solution is
required to belong to Cy ([0, 7), L?). Since the action T'(t) : W = Hq721 — L3
is needed, this leads to the restriction ¢ < 6 (see [5]).
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1 n

(b) The general case n > 2, ¢ >nand p = 00, @ = 5 — 70 is due to AMANN

[2] whose proof is similar to taking W = H, i for 7 = La. However, [2]
also covers the case of (sufficiently smooth) domains  C R™, we shall come
back to this in Section 4.5 below.
(¢) In[29], SAWADA shows existence of time—local mild solutions for divergence—
free initial values uy € D(A) for the inhomogeneous space X = By, ;+n/ ate
where ¢ € (n,o0], p € [1,00] and € € (0,1). Observe that Theorem 4.1
yields, for g € (n,00) and p € [qi—‘zn, o0], local solutions for divergence—free

initial values in the space X = By, ;+n/ ? (i.e. for e = 0) and global solutions

for small initial data (which is not covered by the result in [29]). Moreover,
the proof in [29] relied on a Holder type inequality for products of Besov
space functions whereas our proof simply uses the Holder inequality for the
product of two Li—functions. We also remark that we can obtain time-local
solutions for the inhomogeneous space X = By, 117+% by considering 7 < oo
and W = qu/lz We shall discuss the case ¢ = co of Sawada’s result in the

following Subsection 4.2.

4.2. Holder spaces on R"™. We seek for time-local solutions in this case. In view
of Remark 3.8, we can assume A to be boundedly invertible which simplifies the
calculation of inter- and extrapolation spaces.

For fixed € € (0, 1), we consider Z := (C°)" = (B, )" Then for u,v € Z, one has

u@uv € (C)™ C (C)" " and thus V - (u® v) belongs to the space
W= V()0 s {9 () 5 (o) € (C))
which we equip with the natural quotient-like norm
lwi)llg.ce = mE{[[(wsi)ll e = V- (wie) = (o) }-

Observe that, in a canonical way, V - (C€)"*" equals (V - (C)™)", and that W is
a space of distributions although C¢ is not. Since Riesz transforms are bounded on
C* (see, e.g. [15, Corollary 2.2]they are bounded on W, and therefore the Helmholtz
projection is bounded on W (the basic idea is that the origin, in which the sym-
bol & /(€] is not differentiable, plays no rdle when considering homogeneous Besov
spaces).

We claim that |T(t)||w—z < C max(1,£~/2), ¢t > 0. Denoting by (S(-)) = (G(-))
the heat semigroup on R™, we have by translation invariance, for ¢ € (0, c0),

ISOlw-w <1 and [S@O)ly_c. <Ct",
the latter by writing S(t) 32, 9jw; = >2;(9;G(t)) * w; and using the fact that
10;G@) | < C't="2. Consequently, 1Tl —wnce <C max(t~/2,1), and it rests
to show W N C° — Z, which in turn follows from W N C* < L. To this end
we observe that any f € W belongs to BSL  and thus has a Littlewood-Paley

00,00

decomposition f =3, _, fx, for which we obtain

HkaHOO < > Il
keZ keZ
= 227 @ le) + 227 2T i)
E>0 k<0
< (X2 Il + (227 Wl

k>0 k>0
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Since we are on a finite time interval we can choose v = 1T+6 > Y5 where § > 0 is
small. Then [|T'(¢)|lw—z < ¢t~ on (0,7) for some ¢ = ¢, > 0. Such choice of
implies a + Y, =1 -7 = 1;6 < Y, whence we obtain for p the range [%, oco]. For

such a p we let X = B_2(O‘+ T)te _ = B! °*¢. Then

(X_l’Xl)l/z,p =X and (X_1,X1)1/27P/2 — B~ I+0+e X,

[e’] P/Q

Moreover,

(X, X1)ary,1 =B, —2Z and W — B! — B 11— Bl 0t

00,00

where the latter space equals (X1, X)a(a41,),00 (recall 2(a+7Y,) =1—4). We refer
to, e.g., [36, Theorem 2.8.1]. Therefore, the assumptions of Theorem 3.6 (a) and
(b) are satisfied, as well.

Theorem 4.5. Let n > 2, p € (2,00], and € € (0,1). Let o« > 0 be such that
a+ Y, < Ya. Then the Navier-Stokes equation (NSE) admits a time-local mild

solution in C([0,7), X) for every divergence—free ug € X = B_z(a+ /p)+6(R”) which
is unique in the space C([0,7), X) N LE((0,7),C(R™)).

Remark 4.6. The result by Sawada [29] also covers time-local solutions for initial
values in spaces B HE for p up to oco. However, the space for uniqueness does not
involve LP(C*) but Loofspaces with values in certain Besov spaces. This is due
to the fact that the key stone in [29] is a Holder type inequality for products in
(inhomogeneous) Besov spaces which is proved there by means of Littlewood-Paley
decomposition and paraproducts. Our proof uses the simple product inequality in
C° instead, and we obtain the second index p in X by taking L? in time. So, in our
proof, improvement comes from a better understanding of the linear ingredients for
the problem whereas in [29] it comes from a new insight for the non-linearity.

4.3. Weak Lebesgue spaces on R". In this section we consider as space Z the
weak Lebesgue space L9 for a fixed ¢ € (n,00). For the definition of weak
Lebesgue spaces and subsequently used embedding and interpolation results, see
the Appendix in Section 6. The analysis follows the lines of Section 4.1.

For u,v € L9, clearly u ® v € L?° and therefore W := H(q/ o0) Guarantees

V- (u®wv) € W. Notice that
1Ty —ps  <ect™, t>0,
(92,00)
with v = 1_455 by bounded analyticity of the semigroup. By (37) in the proof of
Lemma 6.2 we have the embedding H(Z/q — L% Thus § = "/, yields the

estimate [|[T(t)|lwoz < ct™,t >0, requ1red in Theorem 3.6 (c¢) and Remark 3.7

with v = % + 2%. Choosing « and p such that

(13) atp=1l—7=73—3,

condition [A3] is satisfied. Moreover, letting X := B(ql;)/ ¢ | the embeddings
(14) X=X X 1)y, and (X1, X0y =B, — X

hold (for a proof check the corresponding interpolation properties of vector-valued
ly—spaces [36, Theorem 1.18.2] and apply a retraction / coretraction argument).
Thus, we can employ Theorem 3.6 in the above setting for verification of the as-
sumptions of Theorem 3.1 [A1] and [A2].
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The same arguments that proved (14) also show
(X, Xl)a+1/p,1 = B(Sqm)’1 where s=—-14"7,+2(a+ 1/p),
(X1, X)a(atyy) .00 = B where  t =d(a+ )+ = 3.

(q,00),00

By the embedding property (36) (see Appendix, page 28) the first space embeds into
Z = L9 for s = 0 which holds by (13). Consequently [A1] is satisfied. Similarly,
for verification of assumption [A2], we observe that W embeds into the second space

by Lemma 6.2 provided that o + ¥, = % — % which again holds by (13).

Theorem 4.7. Letn > 2, g € (n,00) and let « > 0 and p € (2,00] such that (13)

holds. Let X := B(_ql;;l/‘; Then the Navier-Stokes equation (NSE) admits a time-

local mild solution in C([0,7), X) for every ug € X° = D(A) satisfying V - ug = 0.
The solution is unique in C([0,7), X) N L2((0,7), LL2°(R™)). If the norm of ug is
sufficiently small, the solution exists globally.

Remark 4.8. In the limit case g=n one has X=Z=L">(R") and W := H(;/;OO).
In this setting, existence and uniqueness of solutions in L>((0,7), L™ (R™)) has
been shown by Y. MEYER [24, Theorem 18.2]. In our abstract setting we need
boundedness of the convolution T'(-)% : L (R, W) — L*°(R4, Z), which holds by
Lemma 3.11 if (W, WQ)I/Z)OO — Z. By reiteration, the latter condition is equivalent

to (H(ln;‘?oo), H(l,;;‘?oo))l/%oo — L™, This embedding however holds by H(li‘?oo) —

L/ (1%9):% (see (37) in the proof of Lemma 6.2) and another reiteration identity:
(Ln/(1+6),oo,Ln/(176)700>1/2 o = L™,

4.4. Arbitrary domains in R?. To our knowledge, there are two results in the
literature on mild solutions of the Navier—Stokes equations on arbitrary domains
Q C R3, due to H. Sohr [32, Theorem V.4.2.2] and S. Monniaux [25, Theorem 3.5].
Our results allow to discuss both approaches, to compare them, and to improve
them.

Let 2 C R? be an arbitrary domain. Since there is no regularity assumed for 052,
existence of the Stokes semigroup (7'(t)) = (e~*4) is only guaranteed in L2(£2) or in
interpolation and extrapolation spaces that are associated to L2(€) and the Stokes
operator A.

Since we need the action of (T(t)) in W we take W := D(A~ /) = V5 1(Q) (see
Section 2). On R™, this would correspond to the space H{ ! but now we have
to pay more attention to the Helmholtz projection and W has to be a space of
divergence—free vectors. We observe that u,v € L*(Q)? implies u ® v € L?(Q)3*3,
V- (u®v) € Wy H(Q)?, and finally PV - (u® v) € V;(Q) = W by Section 2.
Since we have Dirichlet boundary conditions, D(A72) = V'V, C W2110(Q)3 embeds
into L%(Q), and by self adjointness of A and (complex) interpolation we obtain
D(A7+) — L3(Q)% and D(A%) — L4(Q)3. Thus, also u,v € D(A%) implies PV -
(u®wv) e W, and D(A1/4) might be the right space of initial values if we seek for
global solutions.

For Z € {D(A%), L*(Q)3} we now clearly have
1 3
IT@Ollw—z < T poacverpiase, < et~ %, 10,

i.e. ¥ = %. By Theorem 3.6 we hence should have o+ ¥, = 5. For inhomogeneities
fi € LZ; (R4, W) the condition 1+a+Y, = v;+3;+Y,, thenreads v;+3;+Y,, = 2
where ~y; satisfies | T'(¢)|lww—z < ct™, ¢t > 0.
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Suppose that X is a Banach space satisfying

(15) (L(QT(Q)7V)1/274 — X — (Lg(ﬂ)vv)l/m&
or, for some p € (8, 00|,

(16) (L3(), V), 1 = X = (L2(Q), V), p,

and in which the Stokes semigroup acts as a bounded analytic semigroup. One
obtains the pointwise norm estimates ||T(t)]|x—z < ct=% and [|T(t)|w-x <

ct*%, see e.g. [12, Lemma 1.12]. By reiteration, equation (15) can be reformulated
as

(X1, X1)pp0 = X = (X_1, X1y, 8

and a similar reformulation is possible for (16). Thus, we obtain

Theorem 4.9. Let Z € {D(A%), LA(Q)3} and p € [8,00]. Suppose that X is a
Banach space satisfying (15) for p = 8 and (16) for p > 8. For any initial value uy €
X° and any f = fo+ V- F with fy € Lgi(RjL,LQ(Q)B) and F € L%i(R+,L2(Q)3X3),
where 3; > 0, p; € [1,00] with B+ Y, =% and Bo+ Y, = Yu, there exists a unique
mild solution u to the Navier—Stokes equation (NSE) satisfying

(17) uEO([O,T),X) N Lg((O,T),Z)

where a+Y, = Ys and T depends only on the norms ||ug|| x, Hf0|\Lg1 (L2) HF||LZQ(L2).
1 2

We have T = oo if these norms are sufficiently small.

Proof. We have f; = Pfy, fo = PV - F. Taking W) = L2 and W®) = W and
observing 1+ a+ Y, = %, we only have to check ||T'(t)||p2—z < et~ ie v =%,
recall | T(t)||w—z < ct™ %, ie. 4o = T, and observe % — v = ¥4 = By + Yo
Yo —v2="1= P2+ Jp,- U

Remark 4.10. The following, which takes up an observation from [5] shows that,
for the choice of Z = D(A3/8), the space X = (Lg(Q),V)l/27p is maximal for the
result:

1
HT(')x”Lg(D(A%)) = [t t/SAT(t)x”LP(R+7%7D(A*5/S))

~

H‘r”(D(A*5/8)7D(A3/8))7/8’p ~ H‘r||(L§(Q)7K\.])1/2’p'

Remark 4.11. Sohr’s result ([32, Theorem V.4.2.2]) has Z = L4(Q)3, p =8, a =0,
B1 = B2 =0 and p; = %3, po = 4. It is remarkable that (15) does not allow to take
X = D(A’). In fact, Sohr takes weak solutions u of (NSE) which always satisfy
u € Lg.([0,n), L2(Q)) N LE.([0,1), V2(Q2)). Observe that the space X = D(AT4)
becomes admissible if we choose p > 8.

Remark 4.12. Taking Z = D(AS/S) and p = 0o, @ = Y5 in Theorem 4.9 we obtain
an improvement of Monniaux’s result ([25, Theorem 3.5], cf. also the discussion
below). Here we may choose X = (L?,(Q),V)l/z,,s for s € [1,00]. Thus the maximal
space for initial values is X = (L?,(Q),V)yzyoo. Observe that X = D(A%) for s = 2
since A is self adjoint.

In [25] the right hand side is f = 0. Moreover, the assertion there only covers time—
local solutions. Actually, the space &r in [25] is not a Banach space, in general.
Since only time-local solutions are considered in [25], the proof can be corrected by
replacing A in the definition of the norm of & with 6 + A in case 0 € o(A). In this
context, we remark that V=V, W =V’ and D(A") = D(A") for r > 0 if 0 € p(A)
which happens, e.g., if € is bounded.
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We want to discuss the result in [25] a bit further. The approach there corresponds
to taking Z = V = D(A”). For u,v € Z, one has u- Vo € L7>(Q)3. Dualising
D(A7) < L3(Q)3 yields P : L7(Q)3 — (D(A)), and the latter space equals
W = (L2(Q),||(6 + A)~/+ - |)™ (the embedding D(A%) — L3(Q)3 might be used
as well; then P : L7(Q)3 — D(A~7), and one could choose W := D(A~7),
but the other choice is closer to what is actually happening in [25]). Now clearly
IT(t)||w—z < ct~7 on bounded time-intervals. In order to satisfy at+¥, <1-9 =
Y, choose p = 0o and a = Y;. If X is a Banach space satisfying

(Lg(Q)7 V)1/2,1 = X — (Lg'(Q)7 V)l/moo
in which the Stokes semigroup acts as a bounded analytic semigroup, then we obtain

Theorem 4.13. For any initial value ug € X° and f = fo +V - F with fy €
Lgi (Ry, L?(Q)3) and F € L2 (R4, L?(Q2)3%3), where o, 1 > 0, p1 < 00, p < 00 and
a+ Y =Y, B+ Yo, =Y, there is a unique mild solution u to the Navier-Stokes
equation (NSE) satisfying

(18) u € Cyp([0,7), X)NLE((0,7),V)

where T depends only on the norms |uol x, ||f0||Lgl(L2), I F e L2 -
1

Proof. We have f; = Pfy, fo = PV-F, W) = 2. W® = V;! Observing
1T()]|2—v < ", ||T(1§)||V;1_,V < ct™! on finite time intervals, this leads to
y1 = % and 75 = 1. Notice that 1 + a+ Y, =t =% — Y% =% = 81 + Y.
However, now that v2 = 1 we need maximal L?-regularity (on finite time intervals,
see discussion in Section 3) for the Stokes operator A in V5 ! which holds since
V;l is a Hilbert space, p < oo, and 0 < o < Yy — 1/p. O

Remark 4.14. As mentioned before, [25] has f = 0. Observe that, although the
space Z is different, the conditions on the right hand side f are the same as in
Theorem 4.9, but that v5 = 1 led to the restriction G2 = «, p2 = p < o0, since we
need the continuous action T'(-)* : L7 (V3') — LB(Vy). If F = 0 we can admit
p = oo in the assertion. Observe also that it was essential for the argument to
use the inhomogeneous space V, which in turn restricts the result to time-local
solutions.

4.5. Domains which admit an L?-theory. In this subsection 2 C R” is a do-
main for which we assume additionally that, for some ¢p € (2, 00), the Helmholtz
projection is bounded in L% (2)"™ and the Stokes semigroup is bounded analytic in
L(Q) (cf. the end of Section 2). We distinguish two cases.

Case I, n = 3 and ¢y € (2,4]: We start with a preparation. By interpolating the
semigroup estimates || T()|| < ¢t~/ for the action T(t) : L2 — LS and || T(t)|| < ¢
for the action T'(t) : L% — L% one obtains

(19) T ()| pspa < ct™20a=70 ¢ >0,
where 0 is determined by = 1z% + q% and ¢ satisfies % =104 q% (observe that
the negative t-exponent equals ¢ := %(% - = %% =L216.0).

Choose W := V;1(Q) and Z := L*(Q)? as in the previous subsection for Theo-
rem 4.9. Then still a + Y, = ¥%. We want to find spaces X associated to LZ(f2) and

A,. To this end we let Z := (L1(2), D(A,))5.1. By (19) and Remark 3.9 we know

that Z — L*(Q)® = Z. Using the Stokes semigroup in L4(Q) we calculate (as in
Remark 4.10)

1
17O 152 = 8= * ATl o 2y ~ 122, 2,
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Clearly, (Z)_, = (D(A_l)an

. 2(£2))s,1, and by reiteration,

N . = . 1 . 1
(Z) 1, Z)pp = (D(AT ), D(AP)) 2 -
Indeed, observe that %(5—1)4—%5 = 5—% = 2%—% and (1—2%)(—%)4-%.% = _%4_%,
As an illustration we remark that, for = R3, this space equals the homogeneous

1 3

o —_ = Jr -
. 2 2q
divergence—free Besov space By p.o

Theorem 4.15. Suppose qo and q are as above. Let o > 0, p € [8,00] such that
. 1 . 1
a+ Y% =%, and let X := (D(Aq_/z),D(Aq/z))_ﬁp. For any initial value ug € X°

3

2q
and any f = fo+V - F with fo € Lgi(RJﬁLQ(Q)?’) and F € L%i(R+,L2(Q)3X3),
where 3; > 0, pj € [1,00] with B1 + Yp, = Y4 and Bo + Yy, = Y, there is a unique
mild solution to the Navier-Stokes equation (NSE) satisfying

u € Cy(0,7), X) N LE((0,7), L*(2))

where T depends only on the norms |[uolx, |[follL(z2), 1F(lL(z2), and 7 = oo if
these norms are sufficiently small.

Remark 4.16. Concerning the relation of ¢ and gy we remark that a calculation

shows % =1@2- g“:qi) = i%. Hence we have ¢ = qo for qo € {2,4}, and the

special cases ¢ = 1% for ¢o = 3 and ¢ = 3 for go = '¥5. We did not use any further
properties besides boundedness of the Helmholtz projection in L% and bounded
analyticity of the Stokes semigroup in L%. Once one has

(20) 1Tl < et 20—, ¢ >0,
for some ¢1 € (g, qo], in Theorem 4.15 the spaces (D(Aq_ll/z),D(A;/f))% » can be
a1’

used in place of the spaces (D(Ay 1/2), D(AZQ))% - In this context, we remark that

s
the spaces (D(Aq_l/Q), D(AZQ))%VP actually grow with ¢. Since A~72 is an isometry,
it is sufficient to show that (Lg(Q),D(Aq))%ﬁp grows with ¢. To see this, we let

q1 € (¢, qo], write out the norms and use the semigroup property

1— -3
||55||(L3,1(Q),D(A ~ |ttt 2q1AT(t)x”LP(]R+,%,L‘11)

w)a,
~ [t tl_%T(t)AT(t)I||Lp(R+,%Lq1)
< et AT o, 2 pa,
where we used
(21) ITO)ls—po <@ 26w, ¢ >0,

in the last step, which in turn follows by interpolation of the action 7'(¢) : L%t — L%
and T'(t) : L2 — L%, recall that ¢ < 4 < 6. It is clear that, besides bounded
analytic action of the Stokes semigroup in LZ(Q) and L% (Q), the estimate (21) is
all that is needed to prove the desired inclusion in more general cases.

Case I, gy > max{n,4}: We let ¢ := qo for simplicity of notation. One can choose
Z = L9(Q)". For u,v € Z then u®@v € L”(Q)"*" V- (u®v) € Wq/_zl(Q)", and
PV .- (u®v) € V;;(Q) =: W. Notice that % > 2 by ¢ > 4. We now aim at

_1_n
(22) ||T(t)||Vq721(Q)—>Lq(Q)n <ct 27z, t>0,
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ie.y=3— 7.- Here, L9(Q2)" can be replaced by L1(Q), in which space we can use
the Stokes semigroup to obtain the equivalent condition
(23) Vo, (Q) = (D(AS 1), LER) 3 - 2 oo

by Remark 3.9. Dualising (22) (with LZ(£2) in place of L?(Q2)™) yields as another
equivalent condition

(24) IT(#)

n

_1_
||L?(Q)~>V(q/2)/(ﬂ) Sct? 2, > 07

which in turn can be reformulated by Remark 3.9 as

(25) (LE (), D(A)) 41 21 = Vigay (),

where we used the Stokes semigroup in LZ (€2). Another reformulation of (24) is
the following gradient estimate

_1_n /
(26) INT (@) fll(go) < ct™27 2| fllgs ¢ >0, f € Lg ().
We thus obtain the following new result.

Theorem 4.17. Suppose that ¢ = qo is as above and assume that one of the
equivalent conditions (22), (23), (24), (25), (26) holds. Let o > 0, p € (2,00] such

that o + Y, = 5 — 75, and let X = (D(Aq_l/z),D(AZQ))%yp. For any initial value
ug € X” and f = fo+V-F with fo € LG (Ry, L*(Q)%) and F € L (R, L*(2)3*3),
where 3; >0, pj € [1,00] with B1 + Y, =% — ", and Bo + Y, =1 =", there is a
unique mild solution to the Navier-Stokes equation (NSE) satisfying

u e Cy([0,7), X) N LE((0,7), LI()")

where T depends only on the norms |[uolx, |[follL(z2), 1F(lL(z2), and 7 = oo if
these norms are sufficiently small.

Proof. As mentioned above we have Z = LI(Q)" and W = Vq_; (©2). We have

v = 3 + 5- which explains the condition on « + %,. Notice that w® = L2(Q)

yields y1 = g and since W@ = W, q5 = . To verify [4;3], by 3.6 requires
Bi+Yp +11 = a+Yp+1 and a+Y,+v = 1 - both are guaranteed by the assumptions
on (/2 and py/. Moreover, we have (X_17X1)1/21p/2 — (X_l,Xl)y27p = X by
reiteration, and an argument as in Remark 4.10 shows that X satisfies [A1]. Finally,
assumption [A2] follows from (23) by reiteration. O

Remark 4.18. If Q is bounded and 02 is of class C*! then Theorem 4.17 may be
applied to any ¢ € (n,00). It is well-known that the Stokes semigroup is bounded
analytic in all L2, ¢ € (1,00). Moreover, condition (26) is satisfied for any ¢ €
(n,00). This follows from

1T, oy < ct”3, >0,

|| Lg,
and

(27) VT (¢) <ct , t>0,

@2y
where the latter is due to the fact that A,y has a bounded H%-calculus in
L((T%),(Q) ([16, Thm.9.17]), hence has bounded imaginary powers, which leads to
D(Az2 ) = [L,(,q/2)l(Q),D(A(q/2y]1/2 = V(%)/ (observe that 0 € p(Aq,)) and thus

92)’
homogeneous and inhomogeneous domain spaces coincide). The result on mild so-

lutions in this case is due to Amann [2].
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5. PROOF OF THEOREM 3.6

For a sectorial operator in a Banach space X, real interpolation spaces between
X and inhomogeneous spaces Xy, are well-studied, see [4, 23, 36]. In this section
we provide the results on real interpolation of homogeneous spaces needed for the
proof of Theorem 3.6. The following result is an analogue of [36, Theorem 1.14.2].

Proposition 5.1. Let X be a Banach space and A be an injective, sectorial operator
on X. Then, form e N, (X, Xm) s a quasi-linearisable interpolation couple in the
sense of [36, Definition 1.8.3]. Moreover, for p € [1,00] and 8 € (0, 1), an equivalent
norm on (X, X,)e.p is given by ||X — X0 A™ (X + A) 7"z Loy da A X) -

Proof. Let E,, == X 4+ X,,. Clearly, E,, = (I + A)™(X,,) and |le||g,, = [[A™(I +
A)"™el|| x. We borrow a decomposition technique inspired by [20, Proposition 15.26]:
let a; be defined by Zf:l_l ajz? = (1+2)*™ — (1+2™)(1+ 2)™. Therefore, setting
z = /\l/mA, we obtain for all z € E,,,
2m—1
r = [)\Am(l + /\1/"‘A)7m:17 + Z a; N’ AT(1 + /\1/"‘A)2m:17]

j=m
m—1
+ {(1 + A A) T+ 3 N AT (1 Al/mA)mx]
j=1

(all operators are bounded). Call the first term in brackets V(A)x and the second
one Vi(A)x. A direct calculation shows quasi-linearisability. Hence,

K\ 2, X, Xm) ~ Vo)l x + ViVl %, -
Notice that
—\—m
A0 A (T4 N A) " = XOA™ (N m 4 Ay TR M AM (1 A) Mg
Thus, it remains to show
Vo0 + AVi )]

For the estimate “<”, notice that

~ || A (L 4 N A) .

an

j+m . .
A AT 4 N A) 72 = (A A)I (T A A)=  NAT(T 4 A A)
where the first expression is bounded by sectoriality of A.
Finally, let f(A) := AA™(1+A/m A)~™ . Then for z € E,, and z = y+ 2z withy € X
and z € X,
Nz = FNy + fN)z = FNy +AATTAT™) f(N)A™z,
whence by sectoriality of A,

[f Nzl x < [[f(Nyllx + MA|z]|,, -

Taking the infimum over all such decomposition yields || f(\)z||x < ¢ K (X, z, X, X,,)
and the proof is finished. O

The following result corresponds to [36, Theorem 1.14.5] and gives another equiv-
alent norm on (X, X,,)e,, in the case of analytic semigroups. We omit the proof
since it is identical to the non-homogeneous case.

Proposition 5.2. Let T'(+) be a bounded and analytic semigroup on a Banach space
X and —A its generator. If A is injective, then for p € [1,00] and 6 € (0,1), an
equivalent norm on (X, X,)e,p is given by [t =D A™T(t)z|| Lo (r, at/e,x)-

The following result is an analogue of [36, Theorem 1.14.3 (a)].
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Lemma 5.3. Let X be a Banach space and A be an injective, sectorial operator
on X. Then, for k,j,m € Z with k < j < m, we have

(Xk,Xm) j,kk — Xj — (Xk,Xm)J;kk 50"
Proof. We can assume k = 0. Let € D(A™) = X N X,,, C (X, Xm)]'/ml. Then, by
[36, 1.14.2/(1)], for some constant ¢,

1

= / (LA™ (¢ + A) 2 .
0
Therefore, by sectoriality of A,

147][

IN

m /°° AT (4 A2 de
0

_ cm/ 679 49 (£ + A)™ £ [A®E + A)1] ]| &
0

IN

Mo [0 [A+ A7) % < Bl ¢

m)]‘/wnvl '

The second embedding follows also by sectoriality of A from
[ A+ A" = [ A™ I (t+ A) A || < Mg,
which is true for all z € X;. O

The assertion does hold for arbitrary interpolation indices 6 € (0,1) but we shall
not introduce fractional homogeneous spaces (see [11, 13]) since the above version
is sufficient for our purposes.

5.1. Results on assumption [A1]. In this section we discuss boundedness of the
map

(28) U, : X — LP((0,7),2), U, (x) =CT(t)x

for p € [1,00] and o € (=¥, 1 — ¥,). We start our considerations with a simple
necessary condition for boundedness of W, : boundedness of the set

(29) (Ao + A7 A >0}

in B(X, Z). Indeed, writing the resolvent of A as Laplace transform of the semigroup
and using Holder’s inequality we have for x € X7 and A > 0

[CA+ 4) 'z

IN

/OOHtO‘CT(t)Ht_O‘e_’\t dt
0

o v,
(/ o g= APt dt>
LP(R+7Z) 0

s=Ap't P , , 1/1)’
2 Mnxnx(w) +apr(1+<k—1—a>p))

IN

Ht — t*CT(t)x

1
= KXt gy,

where I' is the usual Gamma function and the number K depends only on p and
the norm M of the map x — CT(-)z. Next we treat the special case p = oo.

Proposition 5.4. Let A be an injective sectorial operator of type w < ™/ on a Ba-
nach space X and let C € B(X1,Z). Then the following assertions are equivalent:
(i) The map ¥, is bounded X — L ((0,7),2)
(ii) The set {A\'=*C(A+ A)~t: X > 0} is bounded in B(X,Z).
(iii) C is bounded in the norm (X, Xp)a1 — Z.
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Proof. From the necessary condition (29) it follows directly that (i) implies (ii).
Assume that (ii) holds. For z € D(A) we have

(30) Cz = /000 ACAN+ A) 2z L2,
Indeed, convergence follows from (ii) since for small A > 0,
IX* A+ A) 7 || < A2
by sectoriality of A. For A\ — oo, we have
IA* A + A) 7 || < A7 Aa|

also by sectoriality of A. Equality in (30) follows immediately from formula [36,
1.14.2/(1)]. Therefore, for € D(A), we obtain

1Cl 2

IN

¢! /OOHAHYC(A +A) TN AN+ A) |, R
0

IN

c-lM/O IAAGN+ A)al|y 2 ~ 2l k0,

where we used Proposition 5.1. So (ii) implies (iii).
Finally, let (iii) hold. By Proposition 5.2 we then have
|t*CT(t)x < M|jeT(

Hz ‘TH (X, X1)a

~ M/ Hto‘lo‘ATt—i—stXS

IN

M||:v|\/ s e (s ) o
sZot M||:CH/ *(140)" "4,

The second estimate used the fact that, for bounded analytic semigroups, the op-
erators (tA)T(t), t > 0 are uniformly bounded. O

Theorem 5.5. Let 1 < p < q < oo and A be an injective sectorial operator of type
w < ™/ on a Banach space X and let C € B(X1,Z). Let a € (—Y,,1 —Y,). Then
the following assertions hold:

(a) If U, is bounded X — LE(Z), then it is also bounded X — La+1/ (Z)

(b) If U, is bounded La+1/ /q(Z) and if X — (X_l,Xl)l/mp, then zt is also
bounded X — LP(Z).

Theorem 3.6 (a) is a corollary of this result letting ¢ = oo. Before giving a proof
we point out its main argument, a simple reiteration observation.

Key Observation 5.6. Let numbers p, ¢ € [1,00] and 6 € (0,1) be given. Then,

((X_17X)07q7(X’X1)9q)1 0,p ((X 1’X1)9/2,q’(X_l’Xl)l/er%,q)l*G,p

(31) ()

Y2,p°

The first equality in (31) holds by Lemma 5.3 and reiteration for the real method.
The second equality is the reiteration formula, see [36, Theorem 1.10.2].
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Proof of Theorem 5.5. (a). If ¥, is bounded X — LZ(Z), then by the necessary
condition (29) and Proposition 5.4, ¥, is bounded for X — L% , (Z). Therefore,

at¥p
1,
o /
(/ Htl/p—l/q“‘O‘CT(t)xqut> q
0
1
o /
( JA e e O dt) q
0

o8] l/q n 1_p/q
( / HtaCT(t):chdt> . <sup taJr/PHCT(t):cH)

0 t>0

R

ellal[™ -l = c|l]
Now let (b) hold. By the necessary condition (29) and Proposition 5.4, C'is bounded
in norm F — Z, where F := (X, X)g1 with 6 := a+7%,. The part Ag of A_;
in F is injeqtive and sectorial in E. The.refore7 we can dgﬁne .E"_l = B (Ap)
and obtain F_; = (X_1, X)p,1 whence (E,l,E)l_ep = (X,l,Xl)l/zp by letting

g = 1 in Observation 5.6. Taking this into account, we obtain by C € B(E, Z) and
Proposition 5.2

IN

IN

[t = tO‘CT(t):vHLP(R+7Z) < Mt~ tO‘T(t):vHLp(R%E)
= Mlt— ta+1/PT(t)xHLP(R+,dt/t,E)
= MHt = taJrl/pAT(t)xHLP(R+,dt/t,E',1)
< Mallp,py,,, =Mlelx_, %)),
Thus ¥, is bounded X — L2 (Z) since by assumption X < (X,l,Xl)l/z)p. O

5.2. Results on assumption [A2]. Theorem 3.6 (b) is in fact covered by [12,
Theorems 1.8 and 1.9]. We shall shortly sketch basic idea of proof. Necessity of the
boundedness of B as stated in Theorem 3.6 (b) follows from

(32) R(B) C (X—le)z(aJFI/p),oo
Indeed, consider the function u(s) := 1y, ;yuo. Then assumption [A2] shows
[T(t) = T(Ja)] Buol| x| < capt” >0
with 6 = %(ap + 1). By [13, Theorem 6.4.2] we therefore also have
[t'=AT(t)Buo| 5, < Cap,  t>0

whence (32) follows from Proposition 5.2. Conversely, by analyticity of the semi-
group T'(+), we have the pointwise estimates

[T ()] x—x < e and [[Toa(t)llx , x et

Thus, by real interpolation, (32) implies ||T(¢)B||lw—x < Mt~ for all t > 0 where
v=1-2a—7, (see [12, Lemma 1.12]). Thus

’/OtT(t—s)Bu(s)ds
<<f (b= 15~ s uls)llw ds.

Let ka~(t,5) = 1(,4)(s)(t—s)"7s™* for s,t € (0,7). Therefore, the study of the
kernel ko~ which may or may not induce a bounded integral operator K, ., :

IN

t
ST E=9B] s st uts)lw ds

X
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L?(0,7) — L°°(0,7). The following lemma is taken from [14, Theorem 7], see also
[33, Theorem BJ).

Lemma 5.7 (Hardy, Littlewood). Let 1 < g < p < oo and v € (0,1). Then, for
any numbers 0 < o < B < 1 satisfying 1 + o« — f—~v =Y, =Y, > 0, the operator

f(s)
(t—s)Y

oo

@00 [
0

is bounded LE(Ry) — LE(Ry). This also holds if p=q = oo orif a = =0.

The original proof of Hardy and Littlewood is incorrect (in [14, displayed formula
after (4.14) of p. 579], see also a comment and a corrected proof in [33, p. 504]).
We provide here a short interpolation argument.

Proof. (1) Let p = q = oo. It suffices to verify k(t,-) € L*(R,) with a uniform norm
bound for ¢t € (0,7) where k(t,s) := Lo (s)(t—s) 7t*s~". A simple substitution
shows that the characterising condition is

B,y<1l and 1+a=p0+7.
(2) Next we consider the case v = 3 = 0. Since t =7 € weak-L /7, a version of Young’s
inequality (see e.g. [10, Theorem 1.2.13]) yields t~ 7% : L® — L" for 1+ Y. = Y, 4+,
r,s & {1,00}.

(3) The general case now follows by complex interpolation: (see e.g. [36, Theorem
1.18.5]) of (1) and (2):
L% = [LS,LE/‘;]g and LP =[L", Z/‘;]g
provided that ¥, = (1 — 6)Y, and ¥, = (1 — 0),.. Moreover, by (2),
t7 V% L% — L holds for 1+ Y. =Y+~
and by (1),
t*'y*:L?,/‘;—>L°° holds for 5,7y <6 and 0+« =[(+ 0.

Yo

Under the assumptions on «, (3,7, p, ¢ all of the above conditions are satisfied. [

Thus, Ko 5, given by ka(t,8) = 1(g,4)(s)(t—s)"7s™* for s,t € (0,7) is bounded
L?(0,7) — L°°(0,7) provided that one of the following conditions holds:
(i) p=1 7<oc0 a<0 ~v<0
(i) p=1 7=00 a=0 v=0
(iii)) p>1 7<oc a+¥<l v+Y¥% <1l a+y+Y% <1
(iv) p>1 7= a+¥<l vy+¥% <1 a+vy+Y% =1

(33)

Observe that condition (iv) implies & > 0 and v > 0. In case a > 0 the assertion
of Theorem 3.6 (b) now follows immediately. In case a = 0 we follow a different
strategy. Instead of analysing boundedness of the convolution operator T'(-)% we
can study boundedness of the map

(34) O, L2((0,7), W) — X, () = /0 ") Bu(t) dt

for p € [1,00] and @ = 0. Therefore in some sense we are in dual situation to
the discussion of assumption [Al] and indeed similar methods can be employed.
We shall discuss boundedness of @, in (34) for general a and then deduce the
remaining step for Theorem 3.6 (b) as a special case.

Proposition 5.8. Let A be an injective sectorial operator of type w < T/ on
a Banach space X. Let B € B(W,X_1) and let o € (0,1). Then the following
assertions are equivalent:
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(i) The map ®, is bounded LL (W) — X.
(i) The set {A\'"*(A\+ A_1)"tB: X\ > 0} is bounded in B(W, X).
(iif) B is bounded in the norm W — (X_1, X)1—q.00-

Proof. The implication (i) = (ii) is similar to Proposition 5.4.
Let (ii) hold, and let u € U. By Proposition 5.1, we have

IBull %, x), 0.~ sub||]NT*A_i(A+A) 7' Bul| ¢

A>0
= sup|| AN+ A) ' Bul| < K |ul.
A>0

Hence (ii) implies (iii). Finally, if (iii) holds, then, by Proposition 5.2,

/ooot“T1(t)Bu(t)dtH < /OmHtaAlewBu(t)HMt

X
< /000 it;%)HsO‘A,lT,l(s)Bu(t)||X71 dt
< c/o 1Bu®ll i, .t
= CHU|\L1(R+,U) |\B||U_>(X,1,X)1,a,mv
which proves the last implication. O

Theorem 5.9. Let 1 <r < p < oo and A be an injective sectorial operator of type
w < ™/ on a Banach space X. Let B € B(W,X_1) and let o € (—Y,1—Y,/). Then
the following assertions hold:

(a) If @, is bounded LE(W) — X, then it is also bounded Loy, —y, (W) — X.
(b) If @, is bounded Lg+]/T_1/p(W) — X and if (X,l,Xl)l/z)p — X, then it is
also bounded LE (W) — X.

Proof. (a). By assumption we have

Proposition 5.8 shows that @ is bounded L(llJrl/ , (W) — X whence
P

These two estimates allow interpolation by the complex method with 6 € (0,1)
chosen such that ¥, =6 -1+ (1 —6)Y,. Applying [4, Theorem 5.5.3], one obtains

(t)HLP(]R+,W) :

[t mputy dtH <o [[#You
0

Rt Y ig 1
/0 t/r =T () Bu(t) dtH <eo|t” ()| g, -

/00 tl/rfl/PJraTil(t)Bu(t) dtH <cs HtTu(t)‘
0

L™ (R4, W)’

where 7 = 0(%. — 1) + (1 — 0)(%- — ¥,) = 0, and the assertion is proved.

(b). If @, is bounded Lg+1/T_]/p(W) — X, then B is bounded in norm W — F
where F := (X_1,X)1_o.00 with 0 = (a + ¥,/)/1. Notice that F1 = (X, X1)1_0.00,
and that we have (F, F1),, = (X_l,Xl)yzyp by letting ¢ = co and § = 1 — o in
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Observation 5.6. By (X_l,Xl)l/mp — X we thus have

/OO $*T_1(s)Bu(s) ds
0

X

IA
o

/0 ST (5) Bu(s) ds

(FvFl)UwP

= ¢ t'—>/ s“t' "7 AT (s +t)Bu(s) ds
0

LP(Ry,dt/t,F)

= ¢ t'—>/ satl_o‘_l/P’_l/PAT—l(s—i—t)Bu(S)ds
0

LP (R4, F)
Notice that the operator-valued kernel K (s,t) := s*t~*AT_4(s + t) satisfies

s«

t+s
since T'(-) is bounded analytic. The scalar kernel k(-,-) is homogeneous of degree
—1 and, by @ € (=Y%,,1 —Y,), the function

|K (s, t)]| < M =: k(s,t)

1
SO‘_ /P

1+s
is integrable over R. By [34, Lemma A.3], we thus obtain
< ||Bull ey, ry < ull e, w),

/00 s*T_1(s)Bu(s) ds
0 X

as desired. O

S+ S_I/Pk(s, 1) =

6. APPENDIX

Weak Lebesgue-spaces, weak homogeneous Besov- and Triebel-Lizorkin
spaces. Recall the following defining norm of weak Lebesgue (or Marcinkiewicz)
spaces LT for q € [1,00)

1
IFIES(X) = sup - p({z e X | f@) > )7,
and set L°° = L. It is well known (see [36, 1.18.6]), that the spaces L%,

q € (1,00) can be realised as real interpolation spaces between L%-spaces:

o TO _ 74,00 1_1-0 , 6
(L , L )e,oo_L where riirn +q1

Consequently lifting with (7 —§)~ 72 allows to define the spaces H .00 s correspond-
ing real interpolation spaces of H;-spaces:

(35) Li0 — — — — — — L¥®— — — - — = L
<1—6>S/2l l(l—zs)%
Y
R Hjm— === - - ;,
We have thus ||z(/z:  ~ [|(1 —6)72|| .o . By [36, Theorem 2.4.2], H . = Fo ooy
in our notation and Hy ., = F;,z,(oo) the notation of Triebel’s book [36]. Indeed,

Fémoo>2 = (Fifo,?’ F;Dslﬂ)evoo = (HZS?O’H;Sl)evOO
= (_6)3/2 (LPO 5 Lpl)@,oo = (_5)3/2 L = H;oo
To define homogeneous spaces H;)Oo and stnq and to prove analogous properties we

employ the same technique but lift with 672 instead of (I — 5)_72. The analogue
of the above identity for homogeneous spaces holds as well.
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Lemma 6.1. By ; — H; — By ., j=0,1 with r = max(qo, q1,2)
Proof. For q; > 2 this follows from
Hy =F] o = F] . =By 4 — B »

5,495 43,495
and for ¢ < 2 this follows from Hj = Fj , & B . — B,
Minkowski’s inequality in (x). O

where we use

Real interpolation of the embedding in Lemma 6.1 with (6, p) and using a result of
Peetre [27, Theorem 1] (see also [36, Remark 4,Section 2.4.1]) yields the following
embedding which is valid for all s € R

(36) B(S ») Hg,p - B(Sq,p),

q,p),min(p,r max(p,r*)*

Here, TL* =1-0+ g. Notice that Peetre’s proof holds in case of homogeneous

spaces as well since it is essentially an embedding result for interpolation spaces of
vector-valued [j-spaces. Precisely, one uses that the mappings

S Blgryp = (L") Sfi=(f*05)5% 0

S B(Sq”p — (L) Sf = (f*0i)7%
are coretractions in the sense of [36, Definition 1.2.4] (see also [36, (2.3.2/12)] for

more details).

Lemma 6.2. H;zloo — ng,oo),oo provided that —1 —"/, = t.
Proof. Notice that by the well-known Sobolev embedding, Hj — L7 where s > 0

and & = 7 — s. A scaling argument (i.e. regarding norm estimates for u(\-) with
A > 0) yields the estimate
ullg: < OO llullg + X7 | F7HE = [P F(u)g)

Now multiplication with \7* = X7a=% and letting A\ — oo gives the embedding

A~ Tar

of the homogeneous space H; — L9 . In particular, we have Hq].q; — L% . Real
interpolation of this embedding for adequate values qg, g1 and 6 yields

(37) H(nq/(;oo) = (Hqé;;’Hq{;; )9100 — (qua qu )9100 = Lq,oo
Now apply (36) with s = 0 in () to conclude HZ/‘; e & B?q_roo)m. Finally,
lifting by ="/, — 1 proves the lemma. O
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