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Let H be a Hilbert space and E a Banach space. In this note we present a sufficient
condition for an operator R : H — E to be —radonifying in terms of Riesz sequences in
H. This result is applied to recover a result of Lutz Weis and the second named author
on the R-boundedness of resolvents, which is used to obtain a Datko-Pazy type theorem
for the stochastic Cauchy problem. We also present some perturbation results.

1 Introduction

The well-known Datko-Pazy theorem states that if (7'(¢));>0 is a strongly continuous semigroup on
a Banach space E such that all orbits T'(-)x belong to the space LP (R, E) for some p € [1,00), then
(T'(t))¢>0 is uniformly exponentially stable, or equivalently, there exists an ¢ > 0 such that all orbits
t — €T (t)z belong to LP(R,, F). For p = 2 and Hilbert spaces F this result is due to Datko [3],
and the general case was obtained by Pazy [11].

In this note we prove a stochastic version of the Datko-Pazy theorem for spaces of y—radonifying
operators (cf. Section 2). Let us denote by v(R,, E) the space of all strongly measurable functions
¢ : Ry — FE for which the integral operator

f / FO() di

is well-defined and «-radonifying from L?(R,) to E.

Theorem 1.1a (Stochastic Datko-Pazy Theorem, first version). Let A be the generator of a strongly
continuous semigroup (T'(t))i>0 on a Banach space E. The following assertions are equivalent:

(a) Forallz € E, T(")x € y(Ry, E).

(b) There exists an € > 0 such that for all x € E, t — e*'T(t)x € v(Ry4, E).
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If E is a Hilbert space, y(R, F) = L?(R, F) and Theorem 1.1a is equivalent to the Datko’s theorem
mentioned above.

As explained in [10], y—radonifying operators play an important role in the study of the following
stochastic abstract Cauchy problem on E:

{dU(t) = AU(t)dt+ BdWg(t), t>0,

(SCP) (4. U© = o.

Here, H is a separable Hilbert space, B € B(H, E) is a bounded operator, and Wy is an H-cylindrical
Brownian motion. Theorem 1.1a can be reformulated in terms of invariant measures for (SCP)( A,B)
as follows.

Theorem 1.1b (Stochastic Datko-Pazy theorem, second version). With the above notations, the
following assertions are equivalent:

(a) For all rank one operators B € B(H, E), the problem (SCP) 4 gy admits an invariant measure.
(b) There exists an € > 0 such that for all rank one operators B € B(H,E), the problem

(SCP)(A_,’_E p) admils an invariant measure.

For unexplained terminology and more information on the stochasic Cauchy problem and invariant
measures we refer to [2, 9, 10].

2 Riesz bases and y-radonifying operators

Let H be a Hilbert space and E a Banach space. Let (7,)n>1 be a sequence of independent standard
Gaussian random variables on a probability space (Q, F,P). A bounded linear operator R: H — E
is called almost summing if

N
IRl () 7= sup|| > o Rh < 00,
n=1 L2(Q,E)
where the supremum is taken over all N € N and all orthonormal systems {hq,...,hx} in H.

Endowed with this norm, the space oo (H, E) of all almost summing operators is a Banach space.
Moreover, Yo (H, E) is an operator ideal in B(H, E). The closure of the finite rank operators in
Yoo (H, E) will be denoted by v(H, E). Operators belonging to this space are called ~y-radonifying.
Again v(H, F) is an operator ideal in B(H, E).

Let us now assume that H is a separable Hilbert space. Under this assumption one has R € v (H, E)
if and only if for some (every) orthonormal basis (hy,),>1 for H,

N

M := sup
N>1

< o0.
L2(Q,E)

YnRhy
1

n=

In that case, ||R||,_(x,z) = M. Furthermore, one has R € v(H, E) if and only if for some (every)
orthonormal basis (hn)n>1 for H, 37, < ynRhy converges in L?(Q, E). In that case,

> AnRhy,

n>1

1Rl .m) =

L2(Q,E)
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If E does not contain a closed subspace isomorphic to ¢y, then by a result of Hoffmann-Jgrgensen
and Kwapien [8, Theorem 9.29], v(H, E) = Yoo (H, E).

We will apply the above notions to the space H = L?(R, H) where H is a separable Hilbert space.
For an operator-valued function ¢ : Ry — B(H, E) which is H-strongly measurable in the sense
that ¢ — ¢(t)h is strongly measurable for all h € H, and weakly square integrable in the sense that
t — ¢*(t)x* is square Bochner integrable for all z* € E*, let Ry, € B(L?*(Ry, H), E) be defined as
the Pettis integral operator

Ry(f):= | o(t)f(t)dt.

Ry
We say that ¢ € vy(R4, H, E) if Ry € y(L*(Ry, H), E) and write
Pl ey m,m) = (R lly(z2 ey ), ) -

If H =K, where K = R or C is the underlying scalar field, we write (R, F) for v(R,, H, E). For

almost summing operators we use an analogous notation.

For more information we refer to [4, 6, 9, 10].

Hilbert and Bessel sequences. Let H be a Hilbert space and I C Z an index set. A sequence
(hi)ier in H is said to be a Hilbert sequence if there exists a constant C' > 0 such that for all scalars
> aihi

(Oli)ieb
2\ % Yo
(en) <e(er) -
el

iel
The infimum of all admissible constants C' > 0 will be denoted by Cx({h;: ¢ € I}). A Hilbert
sequence that is a Schauder basis is called a Hilbert basis (cf. [14, Section 1.8]).

The sequence (h;);cr is said to be Bessel sequence if there exists a constant ¢ > 0 such that for all

scalars («;)ier,
e 2 Y2
(o) < ([Sen] ) -

icl
The supremum of all admissible constants ¢ > 0 will be denoted by Cp({h; : i € I}). Notice that
every Bessel sequence is linearly independent. A Bessel sequence that is a Schauder basis is called
a Bessel basis. A sequence (h;);cr that is a Bessel sequence and a Hilbert sequence is said to be a

Riesz sequence. A sequence (h;);cr that is a Bessel basis and a Hilbert basis is said to be a Riesz
basis (cf. [14, Section 1.8]).

Z Oéihi

iel

In the above situation if it is clear which sequence in H we refer to, we use the short-hand notation
Cy and Cp for CH({hl NS I}) and CB({hi NS I})

In the next results we study the relation between ~-radonifying operators and Hilbert and Bessel
sequences.

Proposition 2.1. Let (fn)n>1 be a Hilbert sequence in H.
(a) If R € voo(H, E), then

< Cx Ry (1, B)- (1)

sup
N>1 L2(Q,E)

N
> mRfn
n=1
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(b) If R€~y(H,E), then Y. v, Rfn converges in L*(Q, E) and

n>1

> ARt

n>1

< Cu ||Rlly(1,p)- (2)
L2(Q,E)

Proof. (a): Fix N > 1 and let {hq,...,hn} be an orthonormal system in H. Since (fy)n>1 is a
Hilbert sequence there is a unique T' € B(H) such that Th,, = f, forn=1,..., N and Tx = 0 for all
x € {hy,...,hy}t. Moreover, ||T|| < Cy. By the right ideal property we have Ro T € v (H, E)
and, for all N > 1,

N N
> mRfn = 1> wRTh, <R Tyt < Co | Rl ).
n=1 L2(Q,E) n=1 L2(Q,E)
(b): This is proved in a similar way. O

Proposition 2.2. Let (f,)n>1 be a Bessel sequence in H and let Hy denote its closed linear span.

N
(a) If sup || >° vnRfn < 00, then R € vo(Hy, E) and
N2>1||n=1 L2(Q,E)
N
IRy r4,.8) < C5" sup||> " ynRfn . (3)
N>1 ne1 L2(Q,E)

(b) If 3= YR fn converges in L*>(), E), then R € v(Hy, E) and

n>1

> AnRfn

n>1

IRy, 1) < Cp'

(4)

LZ(Q,E)'

Proof. Let (hy)n>1 an orthonormal basis for Hy. Since (fr,)n>1 is a Bessel sequence there is a unique
T € B(H, E) such that T'f, = hy, and Tz = 0 for x € H}-. Notice that |T]| < Cz'. On the linear
span Hy of the sequence (fy)n>1 we define an inner product by [x,y]r := [Tz, Ty]x. Note that
this is well defined by the linear independence of the sequence (fy,)n>1. Let Hp denote the Hilbert
space completion of Hy with respect to [-,-]r. The identity mapping on H; extends to a bounded
operator j : Hy — Hp with norm ||| < C’gl. Clearly, (jfn)n>1 is an orthonormal sequence in Hy
with dense span, and therefore it is an orthonormal basis for Hp. It is elementary to verify that
the assumption on R may now be translated as saying that R extends in a unique way to an almost
summing operator (in part (a)), respectively a vy-radonifying operator (in part (b)), denoted by Rr,
from Hr to E. We estimate

Z a7ljh7l Z a7LThn

n>1 n>1

< Cg'

Z anhn

n>1

Yo
=C5! <Zan|2) .
H

n>1

Hr H
From this we deduce that (jh,)n>1 is a Hilbert sequence in Hr with constant < C]gl. Hence we
may apply Proposition 2.1 to the operator Ry : Hr — E and the Hilbert sequence (jhy)n>1 in Hr
to obtain the result. O
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As a consequence of the above results we obtain:

Theorem 2.3. Let (fn)n>1 be a Riesz basis in the Hilbert space H.

(a) One has R € vo(H, E) if and only if sup Z R fn < 00. In that case (1) and (3)
n=1 L2(Q,E)
hold.
(b) One has R € v(H, E) if and only if Y. ynRfn converges in L?(Q, E). In that case (2) and (4)
n>1
hold.

The following well-known lemma identifies a class of Riesz sequences in L?(R). For convenience we
include the short proof from [1, Theorem 2.1]. Let T be the unit circle in C.

Lemma 2.4. Let f € L?*(R) and define the sequence (fn)nez in L*(R) by f,.(t) = 2™ f(t). Define

F:T—Ras
27rzt . Z|ft+k
kEZ

(a) The sequence (fn)nez is a Bessel sequence in L*(R) if and only if there exists a constant A > 0
such that A < F(e2™) for almost all t € [0,1].

(b) The sequence (fy)nez is a Hilbert sequence in L*(R) if and only if there exists a constant B > 0
such that F(e*™*) < B for almost all t € [0,1].

In these cases, C% = ess inf F' and C% = ess sup F' respectively.

Proof. Both assertions are obtained by observing that for I C Z and (ay,)ner in C we may write

2 (k+1) ' 2
>ty > / zanemww
nel L2(R) kez’F nel

Za eQTI"rthf t+k
k€EZ nel

2
27rit) dt.

=]

E an, e27rnzt

nel

The following application of Lemma 2.4 will be used below.

Ezample 2.5. Let p € [0,1) and a > 0. For n € Z let

fn (t) = eiat+2ﬂ(n+p)it:ﬂ-[o,oo)(t)'
Then (f,)nez is a Riesz sequence in L?(R) with constants C% = :2; - and Cf = ega -. Indeed, let
f(t) = ematt2meit, (t). For allt € [0,1),
o2 t 2a(t+k) e2all=)
i (t+ k) e e —
Sl R =Y T

keZ k=0

Now Lemma 2.4 implies the result.
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3 Main results

In this section we use Proposition 2.1 to obtain an alternative proof of [10, Theorem 3.4] on the
R-boundedness of certain Laplace transforms. This result is applied to strongly continuous semi-
groups to obtain estimates for the abscissa of R—boundedness of the resolvent. From this we deduce
Theorem 1.1a as well as bounded perturbation results for the existence of solutions and invariant
measures for the problem (SCP) 4 5.

Let (ry)n>1 be a Rademacher sequence on a probability space (£2,.#,P). A family of operators
T C B(F) is called R-bounded if there exists a constant C' > 0 such that for all N > 1 and all
sequences (T},))_; € 7 and (x,)Y_; C E we have

n=1
N
]EH Z TnlnTn
n=1

The least possible constant C' is called the R-bound of 7, notation Z (7). Clearly, every R-bounded
family .7 is uniformly bounded and sup;¢ o ||T|| < Z(7).

2

9 N
< C2]EHZ T
n=1

Following [10], for an operator T € B(L?(R.),E) we define the Laplace transform T : {\ €
C: ReA >0} — E as
T(\) :=Tey.

Here ey € L%*(R,) is given by ex(t) = e *. For a Banach space F and a bounded operator

O : F — B(L*(R.), E) we define the Laplace transform © : {\ € C: ReX > 0} — B(F, E) as

~

Oy = (:);\y()\) ReA >0, y € F.

The following result is a slight refinement of [10, Theorem 3.4]. The main novelty is the simple proof
of the estimate (5).

Theorem 3.1. Let F be a Banach space. Let © : F — 7o (L*(R.), E) be a bounded operator and
let § > 0. Then © is R-bounded on the half-plane {\ € C: ReX > ¢} and there exists a universal
constant C' such that

R ({(:)()\) . Re) > 5}) < @|\%.

Proof. Let 6 > 0. Consider the set {\ € C: Re\ = §}. Fix o € [%,%0d] and p € [0,1). Forn € Z
let g, : Ry — C be given by

gn(t) _ efatJr(ner)&'t'
By a substitution, this reduces to Example 2.5, whence (g,)n>1 is a Riesz sequence in L*(R;) with

1 ki
constant 0 < Cy < (%) 72 where C' := 271'628”27_1. For y € F, we may apply Proposition 2.1 to obtain

N

> (Oy)gn

C\
< CulOyll 0. < ()" 101 1l

L2(Q,E)

N
> 6o — (n+p)diy
n=—N

L2(QL,E) (5)

The rest of the proof follows the lines in [10]. O
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In what follows we let (T'(t));>0 be a strongly continuous semigroup on E with generator A. We
recall from [9, 10] that the problem (SCP) 4 5 admits a (unique) solution if and only if 7'(-)B
belongs to v([0,T7], H, E) for some (all) T' > 0. Furthermore, an invariant measure exists if and only
if T'(-)B belongs to v(R4, H, E).

The next theorem improves [10, Theorem 1.3], where the bound sg(A) < 0 was obtained.

Theorem 3.2. Assume that for all x € E, T(-)x € Yoo(R4, E). Then sr(A) <0, i.e., there exists
an € > 0 such that {R(A\, A) : Re\ > —¢} is R-bounded.

Proof. By the closed graph theorem there exists an M > 0 such that ||7'(-)z|,_ (e, &) < M|z|. By
Theorem 3.1, {A € C: ReA > 0} C p(A4) and

R{RO,A): Rel > d}) < (6)

<l

for all § > 0, where ¢ := CM with C the universal constant of Theorem 3.1. The following standard
argument shows that this implies the bound

s(4) < ——. (7)

Choose 6 > 0 and let yu € 0(A) be such that Rep > s(A) — 6. With A = 715 + i Imy it follows that

1 v ReA 1
— > di > > = —.
s(A) + 6 > dist(\,0(A)) > RO A = e 9¢2

4c?

Thus s(A) < — 42 + 4. Since § > 0 was arbitrary, this gives (7).

Now let g := ﬁ. For A with —eg < Re) < 3gg we may write

R(A\, A) = > (g0 — ReA)"R(go + iTmA, A)"+1.

n>0

Fix 0 < € < g9. We claim that {R(\, A): Rel = —¢} is R-bounded. To see this let ()5 be
a Rademacher sequence on (Q,.%,P), let (A\;)X_, be such that Re\, = —e, and let (z4)X_ | be a
sequence in FF. We may estimate

K K
ZTkR()\k,A):Ck = Z ZTk(a’-:o Jr&?)”R(a?o +Z’Im)\k,A)”+1xk
k=1 L2(Q,E) n>0 k=1 L2(Q,E)
K
< Z(E() +€)n ZTkR(EO +iIm)\k,A)”+1xk
n>0 k=1 L3(Q,E)
¢ n+l; K
< go+e)"| — TET
B ,g)( 0Fe) (\/5) kz:; K L2(Q,E)
1 K
= Z TkTk )
fomElD L2(Q,E)

where we used that €9 = Y,.2. This proves the claim. Now the result is obtained via [13, Proposition
2.8]. O
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As an application of Theorem 3.2 we have the following bounded perturbation result for the existence
of a solution for the perturbed problem.

Theorem 3.3. Let P € B(E) and B € B(H, E). If (SCP) 4 ) has a solution, then (SCP) 4, p 5
has a solution as well.

Proof. For w € R denote A, = A —w and T,(:) := e T(-). It follows from [10, Proposition
4.5] that for all w > wo(A4), T,(1)B € y(R4, H, E). From [7, Corollary 2.17] it follows that for all

w > wo(A4) + 1,
c

w—wo(A) =1’
where c is a constant depending only on T'. Choose w1 > wg(A)+1 so large that oe AT I|IP] < 1.
By [10, Lemma 5.1], R(i-, Ay, )B € v(Ry, H, E).

Denote by (S(t))i>0 the semigroup generated by A+P (cf. [5, Section III.1] or [12, Chapter III})
and let S,,, (t) := e “1tS(t), t > 0. Since

R{R(\Ay): Red >0}) <

R ({R(is,Au,)P: s € R}) < R({R(is,Aw,): sER})|P||=:C <1,
it follows from iR C p(A,,,) that iR C o(A,, + P) and

R(is, Ay, +P)B =Y (R(is, Aw,)P)"R(is, Aw,)B =: Ra p, (s)R(is, Au,)B.

n=0

Moreover, as in Theorem 3.2, and using the fact that C < 1, {Ra,p.w,(s) : s € R} is R-bounded
with constant —15. From [6, Proposition 4.11] we deduce that

IR (i, Awy +P)Bllyr,m,m) < 126 1R Awy) Bllyw,m,m)-

Now [10, Lemma 5.1] shows that Sy, (\)B € v(Ry, H, E). It follows from the right ideal property
that for all £ > 0,

ISC)Bllyo,6,m,m) < €M |Swy ()Blly0,6,11,5)
and the result can be obtained via [9, Theorem 7.1]. O

Concerning existence and uniqueness of invariant measures we obtain:

Theorem 3.4. Assume that s(A) < 0 and that {R(is, A) : s € R} is R-bounded. Let B € B(H, E)
such that (SCP) , py admits an invariant measure. Then there exists a 6 > 0 such that for all
P € B(E) with |[P|| <&, (SCP) (44 p p) admits a unique invariant measure.
Proof. Let § > 0 such that R ({R(is, A) : s € R}) < Ys. Then, if |P|| < 6,
R ({R(is,A)P: s € R}) < R({R(is,A): seR}|P|=C<1.

As in Theorem 3.3 it can be deduced that

|R(i-, A+P)Blly@.m.5) < 12 |1R(i, A) Blly(2.11.5) -
The existence of an invariant measure now follows from [10, Proposition 4.4 and Lemma 5.1].

By [10, Corollary 4.3], for uniqueness it suffices to note that R(A, A + P) is uniformly bounded for
ReA > 0. O
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In particular, the R-boundedness of {R(is, A): s € R} implies that an invariant measure for
(SCF’)(A’B)7 if one exists, is unique. On the other hand, if iR C go(A) but {R(is, A) : s € R} fails to
be R-bounded, then Theorem 3.2 shows that there exists a rank one operator B’ € B(H, E) such that
the problem (SCP) 4 /) fails to have an invariant measure. As a result we obtain that if (SCP) 4 p)
fails to have a unique invariant measure, then there exists a rank one operator B’ € B(H, E) such
that the problem (SCP) 4 p) fails to have an invariant measure.

Proof of Theorems 1.1a and 1.1b. If T(-)x € (R4, E) for all x € E, then by Theorem 3.2 s(A) < 0
and {R(is,A): s € R} is R-bounded. Thus, Theorem 3.4 applies to the bounded perturbation
P=¢-Ig. O
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