ON THE KERNEL OF THE BRAUER-MANIN PAIRING
THOMAS H. GEISSER AND BAPTISTE MORIN

ABSTRACT. Let X be a regular scheme, flat and proper over the ring of integers
of a p-adic field, with generic fiber X and special fiber Xs. We study the left
kernel Br(X) of the Brauer-Manin pairing Br(X) x CHy(X) — Q/Z. Our main
result is that the kernel of the reduction map Br(X) — Br(X;) is the direct sum
of (Q/Z[%Ds & (Q/Z)" and a finite p-group, where s+t = px, —px — [ +1, for
px. and px the Picard numbers of s and X, and I the number of irreducible
components of X;. Moreover, we show that ¢ > 0 implies s > 0.

1. INTRODUCTION

The Brauer group plays an important role in arithmetic geometry. Over a finite
field, Artin conjectured that the Brauer group of any proper scheme is finite [7,
Rem. 2.5¢)]; this was proved by Grothendieck for curves [7, Rem. 2.5b)]. If X is
smooth and proper, then the finiteness of Br(.X) is equivalent to Tate’s conjecture
on the surjectivity of the cycle map for divisors on X, and for a normal crossing
scheme the finiteness follows from Tate’s conjecture for all (smooth) intersections
of the components. The next interesting case are varieties over a p-adic field K.
It is a classical result of Hasse that the Brauer group Br(X) is isomorphic to Q/Z.
Lichtenbaum [11] proved that if X is a curve, then the Brauer group Br(X) is
Pontrjagin dual to the Chow group of zero cycles CHy(X). In particular, it is the
direct sum of a finite group, of Q/Z, and of a divisible p-torsion group of corank
the genus of X times the degree of [K : Q,].

This result was generalized by Colliot-Thélene and Saito [3], and Saito and Sato
[16]. They show that if X has a proper and regular model X', then the Brauer-
Manin pairing between CHy(X) and Br(X) has left kernel Br(&X’). Moreover, for
[ # p, the l-part of Br(X)/im(Br(X') @ Br(K)) is finite and vanishes for almost
all . However, not much is known about Br(X). We prove the following:

Theorem 1.1. Let X be a regular scheme, flat and proper over the ring of integers
of a p-adic field, and let X, be the closed fiber. Then the kernel of the reduction
map Br(X) — Br(X;) is the direct sum of (Q/Z[%])S ® (Q/Z) and a finite p-
group, where s+t =1 :=px, —px — L +1 for px, and px the Picard numbers of
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Xs and X, and I the number of irreducible components of Xs. Moreover, if t > 0
then s > 0.

Note that Br(X;) is conjecturally finite. The statement on the [-corank follows
from the proper base change theorem, and the non-trivial part of the theorem is
that the p-corank is strictly smaller than the [-corank unless both vanish.

Corollary 1.2. 1) The kernel of Br(X) — Br(X;) is finite if and only if r = 0.
2) If r = 1, then the p-part of the kernel of Br(X) — Br(X) is finite.

Our construction together with a theorem of Flach-Siebel gives a map b :
PicX, — H?*(X,Ox) which is related to the Chern class map. We show in
Theorem 6.2 that s is the dimension of the QQ,-vector space spanned by image of
Pic(X,) in H*(X,Ox). In particular, H*(X,Ox) = 0 implies that the kernel of
Br(X) — Br(X;) is finite. We use this to give some explicit calculations.

Theorem 1.3. Let X be a family of abelian or K3 surfaces over SpecZ,. If
r =0, then Br(X) is finite. If r > 0, then

Br(¥) = (Q/Z[;]) © (Q/Z) ' @ P,
where P is a finite p-group.
We give an explicit example of an abelian surface with
Br(X) = (Q/Z[})) @ (Q/Z)* @ P.
Finally, we briefly discuss the intermediate groups
Br(&') — lim Br(X,,) — Br(X;)
for X, = X Xz Z/p"Z.

Notation: Throughout the paper, K is a finite extension of Q, of degree f with
Galois group G, and X is a smooth and proper scheme over K of dimension d.
We let h%% = dimy H(X,Ox), and px = rank NS(X) the Picard number.

We let Ok be the ring of integers of K and assume that X has a proper regular
model X' /O, which we can (by Stein factorization) assume to have geometrically
connected fibers. Let i : Xy — X be the special fiber, py, = rank Pic(Xj) its
Picard number and I the number of irreducible components of X;. The number

r=px,—px—1+1

plays an important role in this paper.

The Brauer group Br(.S) of a scheme S is the cohomological Brauer group, i.e.,
the group H2(S,G,,). By a theorem of Gabber [4], the Brauer group defined
using Azumaya algebras is isomorphic to Br(S), if S is projective over an affine
scheme.

For an abelian group A we let AN = lim; A/I* be the [-adic completion, ,, A
be the subgroup of m-torsion elements, T; = lim; ;s A the [-adic Tate module, and
Vi=T, ®z Q.
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2. THE BRAUER GROUP

We start by recalling some known facts on the cohomology of G,,. Recall that
f=[1K:Q,.

Proposition 2.1. 1) We have HY(X,G,,) = O(X)*, a direct sum of a Z,-
module of rank f and a finite group, and HY(X,G,,) =2 O(X)* = O(X)* x Z.

2) The group HL(X,G,,) = Pic(X) is an extension of a finitely generated
group of rank px by a finitely generated Z,-module of rank f - h*', and there is
an ezxact sequence

(1) 0 — Z'' — Pic(X) — Pic(X) — 0,

where I 1s the number of irreducible components of X.

3) The groups Br(X) and Br(X) are torsion groups with finite m-torsion for
every m. Moreover, Br(X) contains Br(X) and Q/Z = im Br(K) as subgroups
with trivial intersection, and Br(X)/(imBr(K) & Br(X)) is isomorphic to the
sum of a finite group and finitely many copies of Q,/Z,.

Proof. 1) This follows from O(X) = Ok and O(X) = K because of geometric
connectedness.
2) Consider the low degree terms of the Hochschild-Serre spectral sequence:

0 — Pic(X) — Pic(X)°* % Br(K) — Br(X).

Since Q/Z = Br(K) — Br(X) has finite kernel (as one sees with a K’-rational
point for K’/K finite), the image of Br(K) in Br(X) is isomorphic to Q/Z and
Pic(X) and Pic(X)%x differ by a finite group.

We know that Pic(X )% is an extension of the finitely generated Néron-Severi
group (of rank px) and the rational points of an abelian variety of dimension
A%, which has a subgroup of finite index isomorphic to Q" = Z:{,cho’l by Mat-
tuck’s theorem [13]. In view of H. (X, G,,) = CH(X,1 —i) and H! (X,G,,) =
CH'(X,1—1) for i < 1, the sequence is the localization sequence for higher Chow
groups

0— Of - K* = Z' = Pic(X) — Pic(X) — 0,
where we use the identification CH'(X,1) = OF, CH'(X,1) = K*, as well as
CHy(X,) =2 Z, the free abelian group on the irreducible components of X;.

3) The Brauer groups are torsion because they are contained in the corre-
sponding cohomology groups of their function fields. To prove finiteness of the
m-torsion, it suffices to show finiteness of H2 (X, j1,,), because this group surjects
onto ,,, Br(X) and Br(X) C Br(X). The finiteness of HZ (X, ji,,,) follows from the
Hochschild-Serre spectral sequence

HS(K7 Hét(X7ﬂm)) = Hs’g—t(X, :um)



4 THOMAS H. GEISSER AND BAPTISTE MORIN

because the coefficients HZ (X, ui,,) are finite, and Galois cohomology of a local
field of characteristic 0 of a finite module is finite.

The prime to p-part of the statement about Br(X)/(im Br(K) & Br(X)) is
proven in [3], see also [16, Prop. 5.2.1]. The p-part follows from the finiteness of
the p-torsion of Br(X). O

For later use we note the following facts about the cohomology of the special
fiber [14].

Proposition 2.2. The group of units H (X, G,,) is a finite group, and the
Picard group HL(X;, G,,) is finitely generated.

Estimates using /-adic cohomology. For any prime [ (including [ = p), we
have the short exact coefficient sequence

0 — Pic(X)N @z, Q — HA(X, Q1)) = Vi Br(X) — 0.

The left Q;-vector space has dimension equal rank px if [ # p, and equal to
px + fh%! for | = p by Proposition 2.1(2). Thus in order to understand V; Br(X),
we calculate H2 (X, Q;(1)). The spectral sequence

(2) Ey' = H°(K, Hy, (X, Qu(1))) = HE™ (X, Qu(1))

degenerates at Ej' by [5]. Since H?(K, H(X,Q(1))) = V;Br(K) = Q, we
obtain

dim H2,(X, Qi(1)) = 1+ dim H' (K, H},(X, (1)) + dim H2(X, Qi(1))°x.
From the divisibility of Pic’(X) we obtain a short exact sequence
0— NS(X)®Q — HZ(X,Q(1)) = V;Br(X) — 0.
This sequence splits as a sequence of Galois-modules, hence NS(X)g, = NS(X )gf
implies
dim H2 (X, Q;(1))% = dim NS(X)g, + dim V; Br(X)“% = px + dim V; Br(X)%.

The remaining direct summand of HZ(X,Q;(1)) is calculated in the following
proposition.

Proposition 2.3. The vector space H' (K, HL (X, Qy(1))) is zero-dimensional for
1 # p and has dimension 2fh%! for | = p.

Proof. We have HL (X, Q;(1)) = V; Pic’(X) is a vector space of dimension 2h%!
for any [. Using Euler-Poincaré characteristic,

> (1) dim H(K,V) =

i

0, V' a Q-vector space;
—fdimV, V a Q,-vector space,
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it suffices to show that H'(X,Q(1))“% and H*(K, H(X,Q(1))) vanish. To
show the vanishing of HL (X, Q;(1))¢%, we note that V; Pic(X) = 0 implies that
the two left groups in the short exact sequence arising from (2),

0 — H' (K, Qu(1)) = Heo(X, Qi(1)) = Hee(X,Qu(1))“* =0
are both isomorphic to (K*)" ®z Q. By local duality
H?(K, Hey (X, Qu(1))) = Hoo(X, Qi)
and by Poincaré duality the right hand term is dual to H?1(X, Qy(d))x, which,

by the hard Lefschetz theorem, is isomorphic to HL (X, Q;(1))%x = 0. O
Comparing the two expressions for HZ (X, @1(1)) we obtain
Theorem 2.4. We have
1 + dim V; Br(X)%x for L # p;

dlm(@z Vi BI“(X> {1 + dlmV BI(X)GK + fho,l fO?“ | = P

Note that in general dimg, HZ (X, Q,(1))%* < dimg, H2(X,Q;(1))9%, or equiv-
alently, dimg, V, Br(X)¢% < dimg, V; Br(X)“x for | # p, so that it is not clear
which of dimg, V; Br(X) and dimg, V, Br(X) is larger.

If X is a regular proper model, then by Proposition 2.1(3) and the proper base
change theorem, we have

dimg, V; Br(X) = 1 + dimg, V; Br(X) = 1 + r + dimg, V; Br(X})

for [ # p, hence

dim V; Br(X)%* = r 4 dimg, V; Br(X,)
In particular, r is independent of the model if we assume Artin’s conjecture on
the finiteness of Br(Xj).

3. COMPLETIONS

We give some facts about completions needed below; the reader familiar with
completions can skip this section. For a complex A of abelian groups and integer
m, A®"Z/m is represented by the total complex of the double complex A % A
concentrated in (cohomological) degrees —1 and 0. The canonical map A — A®"
Z/m is induced by mapping A to the component in degree 0. The cohomology
of A®"Z/m can be calculated by the exact sequence

(3) 0— H'(A)/m — H(AQ"“Z/m) — ,H'T'(A) — 0.

For a prime number p, the p-completion of A" is the pro-system {A ®“ Z/p’};,
where the transition maps in the system are multiplication by p in degree —1 and
the identity in degree 0. We define continuous cohomology H(! .(A") to be the
cohomology of Rlim A”. We have a short exact sequence

0 — lim; H (A" Z/p’) — Hly(AY) — lim; H(A Q" Z/p’) — 0

cont

cont
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With the inverse limit of the sequence (3) and using lim; H (A ®@" Z/p/) =
limjl- »H(A) we obtain a diagram with exact rows and columns

0

Hi(A) —2  lim; H(A)/p

|

0 — lim! , Hi(A) —— Hi (A") — lim; Hi(A " Z/p) — O

cont

If ,, H'(A) is finite for one (or, equivalently, for all) j, then lim; i H'(A) vanishes
and ker ¢’ = ker d’. The kernel of d' consists of the p-divisible elements of H*(A)
but we are interested in the (smaller) kernel of ¢!. For an abelian group G let
(G,p) be the inverse system with constant group G and multiplication by p as
transition maps.

Proposition 3.1. The kernel of ¢ : H'(A) — H! .(A") is the mazimal p-

divisible subgroup of H'(A). The cokernel of ¢ is an extension of T,H' ' (A) by
the uniquely p-divisible group liml(Hi(A),p). In particular, it is p-torsion free.

We will discuss lim* 4; for finitely generated A; of constant rank 7 in Theorem
7.5.

Proof. The diagram gives an exact sequence
(4) 0 — kerc' — kerd' — limjl. pi H'(A) — coker ¢’ — cokere'c’ — 0.

For any abelian group G we have a sequence of inverse systems

0 —— G —— G 2 PG —— 0
Lo
0 — G y G L PG —— 0

and taking the 6-term exact derived lim sequence we get

(5) 0= T,G — lim(G, p) 5 limp/G — lim' ;G — lim"(G, p) — lim" PG — 0.
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Applying this to G = H(A) and comparing to (4) we see that lim p/ H'(A) =
N, p? H(A) = ker d* implies ker ¢ = im £, which is the maximal p-divisible group
of G by [8, Lemma 4.3a)].

By definition, the cone of the completion map ¢ of complexes is isomorphic to
the cohomology of Rlim(A, p), where the system is the complex A with transition
map multiplication by p. We obtain a diagram

0 — lim'(HY(A),p) —— H'(cone(c)) — lim(H*'(A),p) — 0

l | i

0 — coker ¢! —— H'(cone(c)) —— ker ¢+ — 0

By (5), the kernel of the right map is T, H**!(A) and we see by the snake Lemma
that coker ¢’ is an extension of T, H*'(A) by lim' (H!(A), p). O

Corollary 3.2. If H(A) is a Z)-module, then cokerc' is the direct sum of
T,H*(A) and the uniquely divisible group lim' (H'(A), p).

A similar discussion applies to a bounded complex of sheaves B on X by ap-
plying the above to A = Rl (X, B). Since Rl (X, B&YZ/m) = Rl «(X, B) ®"
Z/m, we define H! (X, B") as the cohomology of Rlim;(RT (X, B) @"“Z/p’)
and obtain the sequence

(6) 0— H.\ (X,B)" — H

cont(X7 B/\) - TpHgg_l(X7 B) —0
if H,71(X, B ®"Z/p) is finite.

4. THE p-ADIC COMPLETION OF X
We have an exact sequence of etale sheaves on X,

(7) 0—-K— Gm,)( — Z'*Gm’/\gs — 0.

Since pi, = ker(G,, = G,y) is locally constant on X for m prime to p, the proper
base change theorem implies that the cohomology of K is uniquely [-divisible for
any | # p, i.e., it consists of Z)-modules.

As the map O(X)* — O(X;)* is surjective with p-adically complete kernel
H°(X,K), we obtain a long exact sequence

(8) 0— HL(X,K)— Pic(X) — Pic(X,) = H2(X,K) — Br(X) — Br(&,).

The group Pic(X;) is finitely generated [14], and we let N C H2(X,K) be the
cokernel of the map Pic(X) — Pic(X;).

Proposition 4.1. The group N is finitely generated of rank r = px, —px — 1 +1,
and HL(X,K) is a finitely generated Z,-module of rank fh%'.
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Proof. Since N is finitely generated it suffices to calculate N ® Q;/Z; for | # p.
We have a short exact sequence

0— PIC(X) X QZ/ZZ — PIC(XS) X QZ/ZZ -+ N® QZ/ZZ — 0,

where the left map is injective by the proper base change theorem. The Lemma
follows from Proposition 2.1(2) by counting coranks.

The same short exact sequence shows that the subgroup Z/~! C Pic(X) injects
into Pic(X;). Hence HL (X,K) can be viewed a subgroup of Pic(X). Since it is
uniquely [-divisible, it maps to zero in NS(X)/I for all [ # p, hence it has trivial
image in the finitely generated group NS(X). Thus H) (X, K) can be viewed as
a subgroup of Pic’(X). Since the quotient is finitely generated, we conclude that
it is a finitely generated Z,-module of the same rank fh%!. O

The Z,)-module HZ (X, K) has finite p-torsion because N is finitely generated
and Br(X) has finite p-torsion. Since Br(X) is torsion, Ng & HZ(X,K)q has
dimension 7.

Consider the formal completion of X at p, i.e., the direct system of the reduc-
tions X, = X X O/p", of X modulo p™. We obtain a short exact sequence of
pro-sheaves on the topological space X,

(9) 0= K, = 0,Gnx, = Gpx —0,

where i,, : Xy — X, is the closed embedding. Let H!  (Xs, G,,0) and HE (X5, Ko)
be the continuous cohomology of the pro-sheaves (i’ G, x,)n and (K,,), on Aj,
respectively.

Since 7,, is a universal homeomorphism, the cohomology can be calculated with

the short exact sequence

(10) 0 — lim' HY(X,,Gn,) — H!

cont

(Xy, Gpne) — lim HY (X, Gpx,) — 0.

If i = 1, then the left term vanishes because the groups HY, (X, G,, x,) are finite
by properness of &,. Moreover, the natural map Pic(X) — lim Pic(X,,) is an
isomorphism by Grothendiecks formal existence theorem [6, Cor. 5.1.6, Scholie
5.1.7], so that we have an isomorphism

(11) Pic(X) = H

cont

(Xs, Gpne)-

This implies that the long exact cohomology sequence associated to the short
exact sequence (9) takes the form

(12) 0 — HL (X, Ks) — Pic(X) — Pic(X,)
— HCQOHt(Xs’ K') — Hgont(XS? Gm,') - He?t(X& Gm)
Let H! . (X,K") be the cohomology of the p-adic completion K" of K as in

Section 3.

Proposition 4.2. We have H!

cont

(X, Ko) & H: (X, KN) for all .
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To prove the proposition, we compare both sides to the p-completion (K7),,
i.e., the double inverse system 7% kC,, @ Z/p’, and show that we have isomorphisms
H (X KN = HE (X, iKY = HE (X, KDY <= HE (X, ).

cont cont cont cont

~

The first isomorphism follows from the proper base change because H* (O, F) —
H'(s,1*F) for any etale sheaf F on Spec Ok. The third and second isomorphism
follow from the following Proposition.

Proposition 4.3. 1) For fized t, we have an isomorphism of pro-sheaves on X
K Q% Z/pt S {iE K, @ Z/p' .
2) For fized n, we have an isomorphism of pro-sheaves on X,
ICn :> {ICn ®L Z/pt}t
Proof. 1) This is proven in [2, Lemma 2.

2) The pro-system {KC, @“Z/p'}, is quasi-isomorphic to the pro-complex {/C, %
K}, where the transition maps in the left system are multiplication by p. It
suffices to show that the left-system is Artin-Rees zero. For this we fix s such
that p°* > n and show that the (n + s)-fold transition map in the system is the
Z€ro map.

The stalks of IC,, are sections over strictly local Z /p"-algebras, and every section
of IC,, over a local Z/p"-algebra A can be written as 1+x with x € pA. Tt suffices
to show that (14 z)?""" =1 for all z € pA. The monomials (7 n;S)xj vanish for

j > p® >n because v € pA and p" = 0 in A, and they vanish for 0 < j < p® by
the following lemma. O

Lemma 4.4. For fized s we have vp((pn:s)) >n for all0 <u < p°.

Proof. From Legendre’s formula we get

(-SG5

where for a real number z, |x| denotes the largest integer which is not larger
than z. For real numbers z and y we have |z +y| — |z] — |y] >0, and |z +y| —
|z] — |y| =1, if 2 4+ y is an integer but x,y are not. If z = p"™* and 0 < u < p*,
then ]% is an integer but 1% is not for v = s,...,n+s, and the Lemma follows. [

5. COMPARISON OF SEQUENCES

The natural maps i*G,, x — .G, x, induce maps H: (X, G,,) — H}

cont(XS7 Gm,’)
and H! (X,K) — H!, (X, K.), hence a map between the sequences (8) and (12).
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By Proposition 4.2 we obtain a diagram

0 — HL(X,K) —— Pic(X) —— Pic(X,) —— HZ(X,K) ——

| | |

(X,K") —— Pic(X) —— Pic(X,) —— H?

cont

0 — H!

cont

(X, k") ——

— Br(X) — HX(X,,G,) —— H3(X,K)
(13) bl ’ l
— H?ont(X&Gm,') — Hth(stGm) % H3 (XJCA)-

cont
Thus HL(X,K) = HL . (X,K"), we have an isomorphism ker a 2 ker b, and a
sequence

0 — cokera — cokerb — kercNimu — 0.
Lemma 5.1. We have T,H%(X,K) =0, and the composition
N — H2(X,K) — lim H2 (X, K)/p"
18 injective.
Proof. Since ,» H. (X, K) is finite for ¢ < 2, we obtain a short exact sequence
0 — lim H. (X, K)/p" — H., (X, K") = T,H (X, K) — 0.

For i = 1, H:(X,K) = HL (X, K") implies that this group is p-adically com-
plete and that T,HZ(X,K) vanishes. For ¢ = 2, the sequence implies that
lim HZ(X,K)/p" C H2,,(X,K"), and that the map from N to the latter group

is injective by diagram (13). O

Proposition 5.2. The torsion subgroup TorH2(X,K) is a finite p-group, and
HZ2(X,K)/tor is an extension of Q' by L,y with s+t =r.

Proof. Since C' = HZ(X,K) is a Z,-module, Cio, consists of p-power torsion.
But every torsion group contains a basic subgroup [15, Thm. 10.36], i.e., C has
a pure subgroup B which is a direct sum of cyclic groups and such that C/B
is divisible. Since T),C vanishes, we have C' = B, and then the finiteness of ,C
implies finiteness of Cl,.

Now C' = C/Cio is a Zg)-submodule of Cy = Ng = Q" because Br(X) is
torsion. It thus suffices to prove the following lemma.

Lemma 5.3. Every Z)-submodule M of Q" with Mg = Q" is an extension of
Q' by Z},) with s +t=r.

Proof. We proceed by induction on 7. If r = 1, then M is a Z,)- submodule of
Q. Every element of M can be written as ap", where a € Z(Xp) and u € Z. If
there exist elements with arbitrary large negative u, then M = Q, and if not,
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M = p~*Z, for some v, hence M is isomorphic to Z,. If r > 1, let 7: Q" — Q
be a non-trivial homomorphism with kernel Q"~!, and consider the diagram

0O — MNQ"™! — M —— (M) —— 0

! | |

0 Qr—l s Qr 3 Q — 0.

By induction hypothesis M N Q"' has a free Z,)-submodule with uniquely di-
visible quotient, and 7(M) is either isomorphic to Z,) or to Q. In the former
case, we have M =2 M NQ '@ Zpy, and in the latter case, M still has a free
Zpy-submodule with uniquely divisible quotient. 0

Corollary 5.4. We have

ker (Br(X) — Br(&;)) = (Q/Z') & (Q/2)' & P
with s +t = r, P a finite p-group, and Q/Z' = @/Z[%] Moreover s = 0 is
equivalent to r = 0.

Note that Artin’s conjecture states that Br(Xj) is finite.

Proof. The kernel of Br(X') — Br(X,) is isomorphic to HZ(X,K)/N. Let A be
the kernel of the composition N — H2(X,K) — Q' of Proposition 5.2, and let
B be its image. By Proposition 5.2 we obtain a diagram

0 —— A —_— N B s 0

! | |

0 —— (Zp)*®F —— HZ(X,K) s Qf s ()

where [ is a finite p-group and all vertical maps are injective. Tensoring with Q
we see that A is finitely generated of rank s and B is finitely generated of rank
t. We obtain a short exact sequence of cokernels

0—(Q/Z)" & F' — Hy(X,K)/N — (Q/Z)" — 0,

where F' is a quotient of F. Because (Q/Z')° is injective, H3 (X, K)/N is an
extension of (Q/Z)'®(Q/Z')* by F', and this is isomorphic to (Q/Z)'®(Q/Z')*® F
with F' a quotient of F’ by the following Lemma. O

Lemma 5.5. Let E be an extension of a divisible group D by a finite group F.
Then E= D & F' for F' a quotient of F.

Proof. Let E’ be the maximal divisible subgroup of F, and let K and D’ be the
kernel and image of the composition £/ — E — D, respectively, so that we
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obtain a diagram with vertical inclusions

0 > K > F > D' > 0
b
0 > I >y B > D > 0.

Finiteness of F' implies finiteness of K, which implies that the divisible groups
E’, D', and D all have the same [-corank for all . Hence the injection D" — D
is an isomorphism, and £ = E' & F/K. O

6. RELATIONSHIP TO THE CHERN CLASS MAP, EXAMPLES
We have the following theorem of Flach-Siebel [2, Lemma 1].
Theorem 6.1. We have H'(X,Ox) = H! (X, K") @z, Q,.

The Theorem together with the sequence (12) and Proposition 4.2 induces an
injection

ﬁiN@%HZ

cont

(X, Ka)o = H*(X, Ox)
which we can extend to a map

Bo, : N ®Q, — H*(X,0x).
Theorem 6.2. We have s = dimg, im g, and t = dimg, ker 3o, .

In other words, s is the dimension of the Q,-vector space spanned by the
abelian group N of rank 7.

Proof. Consider the following commutative diagram.

0 0 0 0
0 — HL (XK, —  Picx™» 1 Picxr 2y H2 (X, K,)
0 —— Hgont(XSaICO) - Hth(XaZp(l)) — Hezt(XSaZp(D) E— Hgont(XsJC-)

0 — % T,Brx %% T,Brx, —— 0

0 0
The upper (non-exact) row is obtained by completing the cohomology groups in
(12), the exact middle row is obtained by p-completing the coefficients in (9).
The columns are exact coefficient sequences. The middle left horizontal map is
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injective because HY(X,Z,(1)) — HZL (X, Z,(1)) is surjective, hence so is the
upper left horizontal map. A diagram chase shows that ker g/im f ker o
(which has rank ¢ by Theorem 1.1). On the other hand, the diagram

PicX ® Z, — PicX,®Z, — N®Z, —> 0

! |

PicX" —1& Picax™» ——5 NV — 0
shows that Pic X*/im f =2 N ® Z,, a Z,-module of rank r, and that (im g) ®z,
Q, = im fg,. Combining this with the canonical short exact sequence
0 — kerg/im f — Pic X'/im f — Pic X"/ ker g — 0
we see that Pic X"/ ker g & im ¢ has rank s. O
If W denotes the Witt vectors of the residue field, then in the good reduction
case we have a commutative diagram of Berthelot-Ogus [1, Cor. 3.7],

Picx % H*X,F'Q%) —— H?(X, Q%) —— H*(X,0x)

| H

Pic X, =y H?2 (X,/W)F=P —— H2 (X,/W)ow K,

crys crys

and we obtain 8 as the composition from the southwest to the northeast corner,
which vanishes on Pic X’ because the upper row is the zero-map.

Examples: Abelian and K3 surfaces. We calculate Br(X) for X an abelian
scheme or a family of K3 surfaces over Z,.

Theorem 6.3. Let X be an abelian scheme or a family of K3 surfaces over Z,.
If r =0, then Br(X) is finite. If r > 0, then
Br(X) = (Q/Z') ® (Q/Z) " @ (finite).

Proof. Since Tate’s conjecture is known for abelian varieties [17] and K3 surfaces
over a finite field [12], [10], we know that Br(AXj) is finite. Then r = 0 implies
that Br(X) is finite. If r > 0, then since H*(X,Ox) = O we obtain that s < 1
by Theorem 6.2, but since s = 0 implies r = s +¢ = 0 we must have s =1. [

We give an example of an abelian surface with » > 1, showing that Br(&X)
contains a divisible p-group.

Proposition 6.4. If X is a simple abelian surface over F,, then rank Pic(X;) =
2. If X, is the product of two elliptic curves Ey and Ey over F,, then rank Pic(X;) =
4 if Ey are Ey are isogenous, and rank Pic(X;) = 2 if they are not.

Proof. This follows by considering Weil numbers. 0J

The Picard numbers of X can be calculated explicitly in many cases.
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Example 6.5. Let X' /Z, be the Jacobian of the smooth projective curve of genus
two defined by the equation y*> = x® — 1. The 5th roots of unity us act on X in
the obvious way, so that Z[(5] acts on any factor of Xg. By the classification
of endomorphism algebras of abelian varieties we see that Xg is simple and that
End(Xgz)o = Q((s). The rank of the Néron-Severi group of X is 1, because it is
a subgroup of End(X)q which is Q by [18].

Ifp=—1 (mod 5), then X, has good reduction at p and X, is isogenous to E?,
where E is an elliptic curve over F, satisfying |E(F,)| = p+ 1. Hence the rank
of the Néron-Severi group of the special fiber is 4, r = 3, and we obtain

Br(X) = (Q/Z)) & (Q/Z)* @ (finite).
7. THE INVERSE SYSTEM OF BRAUER GROUPS

We discuss the maps in the diagram
(14)
Br(&X) ——  HA(X,,G,,)

| |
(Xs, Go) — lim HZ(X,,G,,) —— 0,
where the lower sequence is (10) for i = 2. As a first result we have

Proposition 7.1. The kernel of lim H2(X,,G,,) — HZ2(X,,G,,) is a finitely
generated Z,-module of rank at most f - h%2.

0 — lim' Pic(&X,) —— H?

cont

Proof. From the exact sequences
(15)  H*(X,,Ox,) = H2(X,,Gp) = Ho (X1, Gy) — H (X, Ou,)

we inductively see that the kernel K,, of H2(X,,G,,) — H(X,,G,,) is a finite
p-group. Taking the limit we obtain

0 — lim K,, — lim H2(X,,,G,,) — HA(X,,G,,).

This shows that the kernel is a pro-p group. But the finitely generated Z,-module
H?(X,Oy) surjects onto the kernel of the composition

H2 (X, Ga) = lim H2 (X, Gy) — H2 (X, Gy),

cont
hence it surjects onto the kernel of the second map because the first map is
surjective. ([l

Theorem 7.2. The map Br(X) — H?

cont

Grothendieck [7, Lemma 3.3] showed that the natural map Br(X) — lim Br(&},)
is injective if the system (Pic(AX},)), is Mittag-LefHler. But if (Pic(X,,)), is Mittag-
Leffler, then H2 ,(Xs,Gpe) = lim H2 (X, G,,), hence the Theorem is a general-
ization of [7, Lemma 3.3]. The theorem follows by diagram (13) from the following

proposition.

(Xs, Gpe) is injective.
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Proposition 7.3. The map a : H3(X,K) — HZ2 . (X,K") is injective, and its
cokernel is the finitely generated free Z,-module T,H3 (X ,K) if r = 0, and the
direct sum of T,H3(X,K) and an uncountable, uniquely divisible group if r > 0.

In particular, the cokernel of a is a torsion free Zy,)-module.

Proof. We showed that C' = HZ (X, K) is a Z,)-module with finite torsion and
C = C/Cly is an extension of Q' by L,y with s 4+t = r. Since Br(X) is torsion,

kera = ker (Br(X) — HZ (X, Gp)) C Cror

cont

is finite. Moreover, a factors as

a:C—CN— H: (X, K"),
where the second map is injective with cokernel T, H2 (X, K). We have a diagram
0 — Cior » C C —— 0
0 —— Cf) > O ch —— 0.

tor

The lower row is exact on the left because C is torsion free and on the right
because lim' C.,/p" = 0. The injectivity of Cio, — C\. — C” implies that a is
injective. By Corollary 3.1, the cokernel is the direct sum of T,H2 (X, K) and
the uniquely divisible group lim'(H2 (X, K),p). By Proposition 5.2, and the fact

that lim(Zy,),p) = lim'(Q*, p) = 0, we have a sequence
0 — lim(HZ (X, K), p) = Q" — lim'(Z},), p) — lim' (HZ, (X, K), p) — 0.
Taking the long exact derived lim-sequence of the sequence of inverse systems

S ( n) S : T\ S
0= (Z{y).p) = (Zj,),id) = (Z/p")* — 0

we obtain (Z,/Z))* = lim' (Z{,), p), hence the result. O

Corollary 7.4. Assuming finiteness of Br(X;), Br(X) agrees with the torsion
subgroup of lim* Pic(X,,) up to finite groups.

Proof. Finiteness of Br(X;) implies finiteness of Br(A,,) by the sequence (15),
and this implies that lim H2(X,,G,,) is a pro-finite group. It follows that any
divisible group maps to zero in lim H2 (X,,, G,,), hence the divisible part of Br(X)
injects into lim' Pic(&,). On the other hand, the torsion free group cokera is a
subgroup of the cokernel of Br(X) — HZ ,(X,,G,,) of finite index by (13) and

cont

finiteness of Br(Xj). O

We are comparing our results to results about lim'Pic(&,). The groups
Pic(X,) are finitely generated of constant rank, and as the derived limit of
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finite groups vanishes, we can consider the torsion free quotients Pic(A},) in-
stead. Since Pic(&,) — Pic(&X,—1) has finite kernel and cokernel, the maps

Pic(X,) — Pic(X,_1) are injective, hence the images T' of Pic(X) in each group
are isomorphic. We obtain an exact sequence of pro-systems

0— T — Pic(X,) — Q, — 0,

hence lim' Pic(X,) 2 lim' Pic(&,) = lim' Q,,, where each @Q,, is finitely generated
of rank r.

By Jensen [9, Thms. 2.5, 2.7], if the groups A; in a countable pro-system are
finitely generated, then lim' A; = Ext(M,Z), where M = colim Hom(A4;,7Z) is a
countable torsion free group. Moreover, if lim' 4; does not vanish, then

(16) lim' 4; = Q™ & EP(Q,/Z,)"

where ng is the cardinality of the continuum 2%, and n, is either 2% or finite
(possibly zero). We give a more precise statement in a special situation.

Theorem 7.5. Let A; be an inverse system of finitely generated groups of con-
stant rank v and transition maps with finite cokernel. If im' A; does not vanish,
then 0 < n, < r in (16). If the cokernels of the maps in the system are finite
p-groups, then lim* A; vanishes or n, < mny for alll # p, and ny = ny for I,1I' # p.

Proof. We can assume that each group A; is a free abelian group of rank r and
proceed by induction on r. If r = 1, we let M = colim Hom(A;,Z). Choosing
any non-zero element of M identifies M ® Q with Q, hence the inclusion M —
M ® Q = Q identifies M with a subgroup of Q, which is of the form Z[{p~**},],
where p runs through the primes and e, is an integer or infinity. A different choice
of an element of M changes finitely many e, by a finite amount.

Lemma 7.6. Let M = Z[{p=“*},] C Q, where p runs through the primes and
ep s a non-negative integer or infinity. If all e; are finite and almost all vanish,
then M = 7 and Ext(M,7Z) = 0. Otherwise

Ext(M,Z) = Q™ & H(Q,/Z,)™,

where ng = 2%, n, = 0 if e, is infinity, and n, = 1 if e, is finite.
For example,
(@Q/Z), M =Z[p~]
Tor EXt(M, Z) = @p/Zp, M = Z(p)
Q/z, M = Z[p~!|infinitely many p|

Proof. The case M = Z is easy, so that we assume M % Z. The long exact
Ext’(—,7Z) sequence associated to the short exact sequence 0 — Z — M —
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M/Z — 0 together with Hom(M,Z) = 0 because M % Z gives
0—Z — Ext(M/Z,Z) — Ext(M,Z) — 0.

Let us first consider the torsion subgroup Tor Ext(M,Z). The six term se-
quence associated to derived tensor product — ® Z/p” together with the fact
that Ext(M,Z) is divisible gives

(17) 0 — , Ext(M/Z,Z) — , Ext(M,Z) — Z/p"Z — Ext(M/Z,Z)/p" — 0.
Now M/Z = @, Z/p*, where we set Z/p® = Q,/Z, if ¢, is infinity, and then

(18) Ext(M/Z,Z) = Hom(M/Z,Q/Z) = | | Z,/p",

where we set p» = 0 if e, is infinity. In particular, if e, is finite, then the
left and right groups in (17) have the same cardinality, so that ,» Ext(M,Z) has
cardinality p” for all r, hence the p-primary torsion of Ext(M,Z) is Q,/Z,. On
the other hand, if e, is infinity, then the left group in (17) vanishes whereas the
right group is isomorphic to Z,/p"Z,, hence we obtain ,» Ext(M,Z) = 0.
Finally, note that Ext(M/Z,Z), hence Ext(M,Z), has the same cardinality
as the continuum by our hypothesis on e, and the description in (18). Since
Ext(M,Z) is divisible and Tor Ext(M,Z) is countable, we get the statement of
the Proposition. O

We continue the proof of Theorem 7.5. The case r = 1 follows from the Lemma
because lim' A; 22 Ext(M,Z) for M = colim Hom(A4;,Z). If the transition maps
have p-groups as the cokernel, then M = Z or M = Z[p~*°] in which case we get
the claimed statement on the n,,.

For general r, we can, by performing elementary column operations (which
corresponds to changing the basis of the next group in the inverse system), assume

a; 0 0
that the transition maps are given by matrices M; = | x % x |. Thus there is
*  x K

a subsystem (A!) consisting of free groups of rank r — 1 and a quotient system
(A”) consisting of free groups of rank 1. By hypothesis a; # 0. If the a; are +1
for almost all i, then lim A” 2 Z and lim"' A? = 0, and we have a sequence

0 — lim 4} — lim 4; — Z > lim" A, — lim" 4; — 0.

If 6 has finite image, then the parameters n, for (4;) and (A]) agree. If § has
infinite image, then the parameters n, of A; are one larger than the parameters
for A.. If a; is different from £1 for infinitely many 4, then lim A7 = 0 and we
obtain a sequence

0 — lim' A} — lim' A; — lim" A7 — 0.
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In this case the parameters n, of A; are the sum of the parameters n, of A} and

of A. O
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