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1. INTRODUCTION

Let Y denote a scheme in which 2 is invertible. Recall that a symmetric bundle (V,¢q) on
Y is an Oy-vector bundle V' endowed with a symmetric morphism of Oy-modules

q:V®o,V— 0y

inducing an isomorphism between V' and its dual VV. For any integer n we let (O}, t, =
22 + .-+ z2) denote the sum of squares form of rank n on Y.

An isometry of symmetric bundles v : (V,q) — (W,r) on Y is an isomorphism of vector
bundles v : V' — W such that r(u(x),u(y)) = q(z,y) for any open affine subscheme U of Y’

and any z and y in V(U). We denote by Isom(g, ) this set. The functor
Isom(q,r) : T'— Isom(qr, r7)

is a sheaf of sets on Sch/Y’, endowed with the fppf-topology. We let Y}; denote the category
of such sheaves. We define the orthogonal group of O(q) as the group Isom(g,q) of Y. We
set O(n) = O(ty). Suppose that ¢ is of rank n, then Isom(¢,, ¢) supports a right O(n)-action
which endows it with the structure of an O(n)-torsor. Let Quad,,(Y') be the category whose
objects are symmetric bundles of rank n over Y and whose morphisms are isometries, then
the canonical functor

(1) Quad,, (Y') — Tors(Yy;, O(n))
q — Isom(ty, q)

is an equivalence of categories.

For a group H of Yy, we write By for the topos of objects of Y endowed with a left
action of H. By a result due to Grothendieck and Giraud we know that for any topos over
Yy, f: & — Yy, there is a canonical equivalence

(2) Homtopy, (€, By) ~ Tors(€, f*(H))

where Homtopy,, (€, Br) denotes the category of morphisms of Yy-topoi from € to By and

where Tors(&, f*(H)) is the category of f*(H)-torsors of £. It follows from (1) and (2), in
the particular case where £ = Yy, and H = O(n), that we have a canonical equivalence

(3) Quad,,(Y) — Homtopyfl (Y1, Bo(n))

q — {q}-

Suppose now that we are additionally given a finite flat group scheme G over Y together
with a homomorphism of Y;-group schemes p : G — O(gq). This then yields a map of topoi
B(p) : B¢ — Bo(g)- If X — Y is a G-torsor then by (2) applied to H = G and £ = Yy
we obtain a morphism Yy — Bg. Moreover, by observing that Isom(t,,q), endowed with
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the left action of O(qg), is an O(n)-torsor of Bg(,), We once again obtain via (2) a morphism
T, : Bo(g) = Bo(n)- The new form which corresponds via (3) to the composite

Yfl — BG — BO(q) — BO(n)

is referred to as the twist of q by the torsor X and is denoted gx (see [CCMT] for the precise
definitions). Using the above theoretical approach one can attach to any symmetric bundle ¢
Hasse-Witt invariants in the étale cohomology groups HY,(Y,Z/2Z). In [CCMT], Section 4,
we describe a universal formula relating the Hasse-Witt invariants of ¢ to those of the twist
ax-

The use of classifying topoi to study invariants of symmetric bundles provides us with tools
to produce results at a high level of generality. In this paper we focus on the affine case,
when Y = Spec(R) and G = Spec(A), where A carries the natural structure of a finite and
flat R-Hopf algebra. In this case the group scheme homomorphism p : G — O(q) may be
viewed as endowing V with the structure of a module over the Hopf dual of A. Our goal is
to understand the twist gx, constructed above, in terms of quadratic Hopf theory. Consider
now a G-torsor X = Spec(B), so that B may be viewed as a principal homogeneous space for

A. Under certain mild hypotheses on G, we will show that the inverse different D];} r admits
—1/2

a square root, D g /R S and that the twisted form ¢x may be realized as

(Dg/i @ V), trpr ® q)°.

Finally suppose that G is a constant group scheme and suppose initially that R is a field;
in this case our results yield the well-known twisting formulas of Serre and Frohlich, [Sel],
[F]. Twisting formulas for more general base rings R are given in [CNET| and again our
work enables us to recoup these results by appropriate specializations of the universal twisting
formula of [CCMT]

The article then concludes by considering some examples. In particular we study in detail
the twists of the underlying quadratic form of an orthogonal representation of a non-constant
group scheme which is generically of dihedral type.

2. SYMMETRIC BUNDLES AND FIXED POINTS

The goal of this section is to describe how we can associate to any symmetric bundle,
equivariant under the action of a finite and flat Hopf algebra, a new symmetric bundle by
taking fized points. Prior to describing this procedure in Proposition 2.8 of Subsection 2.2,
in the first subsection we have assembled the main notation of the paper together with some
elementary algebraic results on Hopf algebras that we will use later on.

2.1. Algebraic preliminaries. Let R be a commutative noetherian integral domain in which
2 is invertible, with field of fractions K. We consider a finite, locally free R-Hopf algebra A
and we denote by AP the dual algebra. We set Ax = A@r K, AP = AP @r K and we
identify Ag with the dual of A. We let A, € and S (resp. AP, P and SP) be respectively
the comultiplication, the counit and the antipode of A (resp. A”). We assume that S? = I 4,
which implies that (S”)? = I,p. This last condition is fulfilled when A is commutative or
cocommutative [C|, Proposition 1.11. A right A-comodule M is a finitely generated, locally
free R-module, endowed with a structure map

oy M — Mg A
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m — Zm(o) ®m() -
(m)
Define the R-linear map
Uy AP @r M — M

g®m'—>z<g,m(1) > mg) -

One can prove that vy, defines a left A”-module structure on M. Moreover, by Proposition
1.3 in |[CEPT], the association (M, anr) — (M, ) gives a bijective correspondence between
the A-comodule and the AP-module structures on a R-module M. For any A-comodule M
we define the R-submodule

MA={meM|ay(m)=mo1} .
Lemma 2.1. For any A-comodule M, then
M4 ={meM|gm=g(la)m Vge AP} .

Proof. Let M’ denote the right-hand side of above the equality. The inclusion M4 c M’ is
immediate. We now use the fact that the map
¢: Ao AP — Homp(A, A),

with p(h ® f)(a) =< f,a > h, is an isomorphism. Therefore there exist elements {hy, ..., Ay}
of A and {f1,..., f} of AP such that

Id= )" o(hi®f) .
1<i<n

This implies that for any m € M we have
ap(m) = Zflm R h; .
%

The inclusion M’ € M* follows easily. O

Since any Hopf algebra is a left module over itself via the multiplication map, it also has a
right comodule structure on its dual. Therefore it follows from the lemma that we may define
the left integrals of A and AP by the following equalities:

I(A) = A" = {z € A | ax = e(a)x,Va € A},
I(AP) = (AP) = {f € AP Juf =P (w)f = u(1)f,Vu € AP} .
We note that I(A) is not only an R-submodule of A but also a two-sided A-ideal. In a similar
way we may define the module of right integrals. A Hopf algebra is called unimodular if the
modules of left and right integrals coincide. A Hopf algebra is also endowed with a right
comodule structure induced by its comultiplication. Therefore it becomes a left module over
the dual algebra as explained previously. The description of a finite Hopf R-algebra as a

module over its dual holds in general. A theorem of Larson and Sweedler (see [Sw|, Theorem
5.1.3) states that for any finite Hopf R-algebra the action of A” on A induces an isomorphism

A~ AP @Rr I(A) .

This theorem implies that I(A) and I(AP”) are rank one projective R-modules, [C], Corollary
3.4. In the particular case where I(A) is a free R-module with 6 as a basis, then A is a free
AP-module on the left integral #. This is always the case when R is a principal ideal domain.
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Lemma 2.2. The following properties are equivalent:

i) The module of left integrals of A is a free rank one R-module.
ii) The module of left integrals of AP is a free rank one R-module.
iti) There exists 0 € A and 0P € AP such that 0P0 = 14.

Proof. We show that i) implies ii). The rest of the proof is left to the reader. Let 6 be a
basis of I = I(A). Since A is a free AP-module on @ there exists a unique 6 in AP such that
14 = 6P0. For any u of AP we have the equalities:

(ufP)0 = u(6P0) = ulg = P (u)14 = (P (u)0P)0 .

This implies that u6” = P (u)0” and hence that 6 is a left integral of A”. Let u be a non-
zero left integral of AP. Since AP is a projective R-module, it follows that I” is contained
in TP = I(AR), which is a K-vector space of dimension one. Therefore there exist non-zero
elements m and n of R such that mu = nfP. We set t = uf. This is an element of A. We
observe that
mt = (mu)f = n(6P0) =n .

It follows that n = me(t), and so m divides n in R, and u is a multiple of #”. We conclude
that 0 is a free generator of I(AP). O

Proposition 2.3. Assume that A is commutative, I(A) is free over R and Ak is separable.
Then AP is unimodular, I1(AP) is free over R and the restriction of SP (resp. S ) to the
module of integrals of AP (resp. A ) is the identity map.

Proof. We start by considering the restriction of S to I(Ag). It follows from [Sw|, Theorem
5.1.8, that Ax = I(Ak) @ Ker(e) as a direct sum of Ag-ideals. Let = be a non-zero element
of I(Ak). Then S(z) can be decomposed as a sum rz +y with » € K and y € Ker(e). Since
£08 = ¢ we deduce that » = 1. Therefore S(x)x = 22 +yx. We observe that yx € I(A)NKer(e).
Thus yz = 0 and S(z)z = e(x)xr = £(z)S(x). We conclude that x = S(x). Since I(A) is
contained in I(Ag) we deduce that, as required, the restriction of S to I(A) is the identity
map. We now consider A”. Tt follows from Lemma 2.2, that I(A”) is R-free. Moreover,
since A is separable, there exists a finite extension K'/K such that Axr = Ax ®x K’ is
the algebra Map(T', K'), where I is a finite group, endowed with its natural structure of Hopf
algebra. The map
K’ AP KR K' ~ Ag/
fRA—= fA

is an isomorphism of K’-vector spaces which respects the algebra and coalgebra structure of
both sides. Thus we may identify the Hopf algebras AP @z K’ and K'[T'] and therefore I(AP)
with I(K'[I']) N AP. The unimodularity of A” follows from the unimodularity of K’[I']. We
now want to prove that the restriction of S to I(AP”) is the identity map. Let 6 € AP and
0 € A be such that 670 = 14. Let A(f) = > 0g) ® 01). We deduce from the definitions that

e(070) =1r =Y _£(fo) < 07,0 >=< 0,0 >
and
e(SP(6P)0) =< 0P, 5(0) >=< 67,0 > .
Because AP is unimodular we know that 67 and SP(6P) both belong to I(AP). Since I(AR)is
is of dimension 1 there exists A € K such that S”(6P) = \P. Using that S? = I we deduce

that A € {#1}. Since the characteristic of K is different from 2 we deduce from the previous
equalities that SP(P) = 0. This completes the proof of the proposition. O
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Remark When K is of characteristic 0 and Ag is commutative, it follows from a theorem
of Cartier that Ag is separable. Therefore any finite, commutative and locally free R-Hopf
algebra, where R is a principal ideal domain of characteristic 0, satisfies the hypotheses of
Proposition 2.3. Nevertheless it is easy to construct Hopf algebras, which are not separable,
but which still satisfy these hypotheses. It suffices for instance to consider A = k[I'| where k
is a field of characteristic p and I' a finite group of order divisible by p, endowed with its usual
Hopf algebra structure. We know from Maschke’s Theorem that A is not separable. However,
we may easily check that I(A) = kw where w = 3 7. Since S(w) = w, then S restricts to
the identity map on I(A). When Ak is not separable, I(Ay) is contained in Ker(e) and thus
I(A)? = I(4)? = {0},

Let M be an A-comodule and let M4 be the largest quotient of M on which AP acts
trivially, so that My = M /ker(eP)M.

Lemma 2.4. Suppose that AP is unimodular and that I(AP) is free over R with 0P as a
basis. Let M be a projective AP -module. Then

i) M4 =60PM,
ii) M4 is a locally free R-module,
iii) The map m — 6Pm induces an isomorphism of R-modules from M onto MA.

Proof. We first observe that we can reduce to the case where M is AP-free and so is a direct
sum of copies of AP. Therefore, in order to prove the lemma, we may assume that M = AP,
In this case it follows from the very definition of the set of integrals that M4 = (AP)4 =
I(AP) = 9P AP = 9P R which proves i) and ii) of the lemma. Moreover, for g € AP, the
equality #”g = 0 is equivalent to §”¢g(1) = 0 and thus to g(1) = 0 since AP is R-torsion free.
We then deduce that the kernel of the R-module homomorphism m + #”m is the submodule
Ker(eP?)M. Therefore it induces, as required, an isomorphism from M, onto M4, O

Let (M, apr) and (N, an) be A-comodules. We shall define a comodule structure on M @ N
by considering

auN MONMEY @ AGN®A~MINRAR AR M Nw A .
The AP-module structure associated to this comodule structure is given by:

g(m®n) :Zg(o)m®g(1)n ,VgeAD,mEM,neN,
(9)

where AP (g) = Z(g) 9oy ® ga)- We say that M ®@ N is endowed with the diagonal action of
AP,
We conclude this subsection by proving a result which generalizes to a large family of Hopf

algebras a theorem well known when A = Map(T', R) and AP = R[T], [Mc| Corollary 3.3,
p-145 and p.196.

Proposition 2.5. Let A be a Hopf algebra over R. Let M and N be AP-modules. Assume
that M and N are both projective R-modules and that either M or N is projective as an AP-
module. Then M ®@r N endowed with the diagonal action of AP is a projective AP -module.
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Proof. Observe that for any AP-modules M and N, then Homp(M, N) is endowed with the
structure of an AP-module by the rule:
< gp,m >= ZQ(O) <¢,5P(gay)m > vge AP
(9)

where AP (g) = 32,y 9(0) @ 9(1)-
Lemma 2.6. For any AP -modules M and N, one has the equality:

Hom o (M, N) = Homg(M, N)*.
Proof. Let ¢ be an element of Hom 4 (M, N). Then, for all g € AP, we have

<ge,m>=_go) <@ (gay)m >=>_ g0 (g0) < e.m > .
(9) (9)
Therefore
< gp.m>=e(g) <o,m > .

This implies that

Hom 4p (M, N) € Hompg(M, N)4.

We want to prove that this inclusion is an equality. Let ¢ be an element of Hompg(M, N)4.
Then, for any a € AP and m € M, we observe that since

a=eP(a@))aqy, with AP(a) = ag) @ aq),
(a)
we may write

< p,am >= Zs ©0)) < @;a@ym > .
(a)
Using that ¢ € Hompg(M, N)? we obtain that

< p,am >= Z < aqpyp,a@ym > .
(a)

Hence we conclude that

< p,am >= Z )<Q0,SD ())a(l)m>

where (AP @id) o AP(a) = Y ag 4) ® agy)y.
We now observe that the map

AP x AP x AP - N
(a,b,¢) = a < @, SP(b)em) >
is trilinear and therefore induces
0: AP @ AP @ AP — N.
It follows from the coassociativity of AP that we have the equality in AP ®p AP @ AP:
(id ® AP) o AP (a) = (AP @ id) o AP(a).
Denoting this element by b, then we can write

O(b) =< p,am > .
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For any a1y we set AP (agq)) = al(l) ® a’(’l). It follows that

b= (id® AP) o AP(a) = Z ag) ® afyy ® afy-
(a)
Therefore we have the equality:

O(b) = Za(o) <, SD(a’(I))a’(’l)m >,
(a)

O(b) = aw) < ¢, (Y 5P (afyy)afyy)m > .

Since we know that e (a(;)) = > SP (a( )a ’(’ 1) and belongs to R for any a(y), we deduce that

which can be written

O(b) = (Z a(O)ED(a(l))) <p,m>=a<@m>.
(a)

Comparing the two expressions for ©(b) we deduce that
<, am>=a < p,m>, Ya e AP and Vm € M.

The required inclusion then follows. This completes the proof of the lemma. O

The proof of the proposition now follows closely the proof of Corollary 3.3 in Chapter V.3 of
[Mc|. We may assume for instance that M is a projective AP-module. We have to prove that
the functor P — Hom 40 (M ®p N, P) from the category of AP-modules into the category of
R-modules is exact. By the adjoint property of Hom and ® we know that for any R-module
P we have a natural isomorphism of R-modules

Yp: Homp(M ®g N, P) ~ Homg(M, Homg(N, P))

f=dp(f) :m e (n= f(m@n)).
We assert that if P is an A”-module then the adjoint isomorphism restricts to an isomorphism
of R-modules
Yo : Homyp (M ®r N, P) ~ Hom 4o (M, Hompg(N, P)).

Since the functors P — Hompg (N, P) and Q — Hom o (M, Q) are exact, the result will then
follow.

We now prove the assertion. We start by proving that ¢p is an isomorphism of A”-modules.
Let ¢ be an element of Homg(M ®g N, P). Then for any for any a € AP, m € M,n € N on
the one hand we have

< Yplap)(m),n >=< ap,m @n >= Za(o) < @, SD(a(g))m ® SD(a(Q))n >
(a)
where (id @ AP) o AP(a) = a 1) ® agz). On the other hand

atp(p ZG(O)@DP SP(aq))m)

and thus
< ayp(p)(m),n >= Z a3y < ¢P(¢)(5D(a(1))m)v SD(G(4)7”L >
(a)
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= Z ag) < ¢, (SP(ag))m @ (SP(aw))n >
()

where (AP @ id) o AP(a) =Y ae) ® ag) @ ay.
We now consider the map
AP x AP x AP —» P

(z,y,2) =z < ¢, SP(2)m) @ SP(y)n > .

This is a trilinear R-map and it therefore induces
d: AP @ AP @ AP = P.

It follows once again from the coassociativity of AP that

(id ® AP) o AP (a) = (AP @ id) o AP(a).
Let us denote the above element by c. It follows from the previous equalities that

®(c) =< ¢p(ap)(m),n >=<app(p)(m),n > .
Hence we have proved, as desired, that
Yplap) = app(yp), Ya € AP and ¢ € Homp(M ®p N, P).

We complete the proof of the assertion. It is easily verified that since ¢p is an AP-
isomorphism, it induces an isomorphism:

Yp : Homp(M @5 N, P)* ~ Homg(M, Homg(N, P))".

It now follows from Lemma 2.6 that this is precisely the required isomorphism. U

2.2. Equivariant symmetric bundles. A symmetric bundle over R is a finitely generated,
locally free R-module M, equipped with a non-degenerate, bilinear, symmetric form

q: M x M — R.

Let A be a finite and locally free Hopf algebra over R and let (M, q) be a symmetric bundle
over R. We shall say that (M, q) is A-equivariant if M is an A-comodule and if the following
is true:

q(gm,n) = q(m, SP(g)n), ¥Ym,n e M, Vg e AP

If, moreover, M is a projective AP-module, we shall call (M, q) a projective A-equivariant
bundle. Note that when A = Map(T, R), with T' a finite group and A" is the group algebra
R[I'], an A-equivariant symmetric bundle is an R[I']-module endowed with a non-degenerate,
[-invariant, bilinear and symmetric form.

We observe that any A-equivariant symmetric bundle (M, q) defines, after scalar extension
by a commutative R-algebra T, an Ap-equivariant symmetric bundle over T that we denote
by (]\4'717 qT).

We can attach to any R-symmetric bundle (M, q) its orthogonal group which we denote
by O(g). This is an affine group scheme over R. This group scheme is most easily defined in
terms of its associated functor of points. Suppose now that A is a commutative Hopf algebra.
Then we can associate to A the group scheme G = Spec(A). We will say that G is generically
étale when A is a separable K-algebra. In this case the notion of A-equivariant symmetric
bundle has an interpretation in terms of orthogonal representations.
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Proposition 2.7. Let A be a commutative Hopf R-algebra and let G be the group scheme
defined by A. We assume that G is generically étale. Let (M,q) be an R-symmetric bundle.
Then the following properties are equivalent:

i) (M, q) is A-equivariant.

i1) There exists a morphism of group schemes:

p:G— O(q).

Proof. For any R-algebras E and F' we denote by Hompg 414(F, F') the set of morphisms of
R-algebras f : E — F. We recall that for any R-algebra T" we have the following isomorphism

G(T) ~ Homp q14(A,T) ~ Homp q14(A7,T) .
Moreover, since A is a finitely generated projective R-module, we know that
Homyp(Ap,T) ~ Hompg(A,R) @r T .
With a slight abuse of notation we write
G(T) = Homrp qg(Ar,T) C Homp(A,R) @ T .

We assume i). For any R-algebra T, after scalar extension, M7 becomes an A?—module.
Therefore, for any g € G(T), we may define

pT(g) M — Mp, m—gm.

One easily checks that pr induces a group homomorphism from G(T') to O(qr), which proves
ii). We now suppose that i7) is satisfied. It follows from the hypothesis that there exists a
group homomorphism
pa: G(A) = Aut(My),

(here of course M4 = M ® A and not the coinvariant module as defined in Lemma 2.4). For
the element Id we obtain an A-linear map pa(Id) : M ®p A — M ®pr A which determines
by restriction o : M — M ®gr A. The map « endows M with a right A-comodule structure
(see [W], Chapter 3) and therefore with a left A”-module structure. Since there exists a finite
extension K'/K such that AR, = K'[[], any element g € AP can be written g = D oer ™Y

with 7, € K’, ¥y € . Since every 7 belongs to G(K'), then SP(y) = y~1. Since px(7)
belongs to O(gg) for any v € T we can write the equalities:

glgm,n) = ryqlym,n) = ryq(m,y"'n) = q(m, S (g)n),
yel vyel

for any m and n € M and g € AP. Hence we have proved as required that (M, q) is A-
equivariant. I

We call any morphism of group schemes p : G — O(q) an orthogonal representation of G. In
this paper we shall frequently speak either of equivariant symmetric bundles or equivalently
orthogonal representations. Observe that, when G is generically constant, an orthogonal
representation, as defined above, induces by restriction to the generic fiber an orthogonal
representation in the usual sense.

Let (M, q) be a projective A-equivariant symmetric bundle. We assume that A” satisfies
the properties of Proposition 2.3. We fix an R-basis 87 of I(A”). Under these assumptions
we use Lemma 2.4 to define a map

¢ MAx M* > R
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by setting
¢*(z,y) = a(m,y) = q(w,n)

where m (resp. n) is any arbitrary element of M such that 2 = §Pm (resp. y = 6°n). Observe
that if #”m = 6Pm/, then m — m’ belongs to Ker(¢”)M. Since

4(gu,67n) = q(u, P (9)8"n) = q(u,e”(57(9))87n) = q(u,e”(9)8”n) = 0,
for any g € Kere?, we deduce that ¢ is well defined. Moreover we note that
¢*(z,y) = aly,m) = ¢(6"n,m) = g(n, S” (67 )m) = g(n,0"m) = ¢*(y, ) .

Hence ¢* is a symmetric bilinear form on M4,
Remarks
1. For any z = 0Pm and y = 6Pn of M4 it is easily verified that

qa(z,y) = q(m, SP(07)0"n) = q(m,eP(0)y) = 2 (67 )¢ (z,y) .

If AL is not separable, then we know that e (z) = 0 for any x € I(AE), from Theorem 5.1.8
in [S]. Therefore this situation makes clear that ¢” is not in general the restriction of ¢ to M4,
since ¢* is unimodular while the restriction of ¢ to M# is zero.

2. It is important to note that the form ¢ depends upon the choice of a generator of I(AP).
Taking 0'P = A0P with A € R* as a new generator of I(A”) provides us with a new symmetric
form ¢4 = \g?* on MA. If X is a square of a unit of R, then the symmetric bundles (M A qA)
and (M4, ¢4) are isometric. As we will see, at the end of Section 2, our future constructions
will not depend upon this choice.

Proposition 2.8. Let A be a Hopf algebra and let (M, q) be a projective A-equivariant sym-
metric bundle. Suppose that AP is unimodular and that 1(AP) is a free R-module, then
(M2, ¢%) is a symmetric R-bundle.

Proof. From Lemma 2.4 we know that M4 is a locally free R-module. It remains to prove
that the adjoint map

Pga M4 — Hom(M*, R)

is an R-module isomorphism. This result, when A = Map(I', R) and I is a finite group, was
proved in Proposition 2.2 of [CNET| . This proof can be used mutatis mutandis in this more
general situation if, as in the situation considered in [CNET], the quotient M /M 4 is torsion
free. This is easily checked. We note that it suffices to prove the result when M = AP. Let
f € AP and d € R, d # 0 such that df € (AP)A. It follows from the definition of (AP)4 that
for any g € AP then g(df) = £ (g)(df). Since AP is a projective R-module it is torsion free
and thus gf = P (g)f, which proves that f € (AP)4. O

3. TWISTS OF SYMMETRIC BUNDLES

Recall that R is an integral domain with field of fractions K and that A is a Hopf R-order
in the Hopf algebra Ag. The aim of this section is to define the algebraic twist of an A-
equivariant symmetric bundle by a principal homogeneous space for A. As a first step we
show, under certain assumptions on A, how to associate to a principal homogeneous space
for A an A- equivariant projective symmetric bundle. The trace form is the key-tool of this
construction.
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We let A be a commutative Hopf algebra which is finite and flat over R. Let B be a
commutative finite flat R-algebra, endowed with the structure of an A-comodule algebra

aB:B—>B®RA.

We suppose that B4 = R. We shall say that B is a principal homogeneous space for A over
R, abbreviated to PHS, when

(Id®1,0éB)2B®RBZB®RA

is an isomorphism of B-algebras and left A”-modules. We observe that A, endowed with the
comultiplication map, provides an example of such a space.

Lemma 3.1. Let Ax be a separable commutative Hopf K -algebra and let Bx be a principal
homogeneous space for A . Let Tr denote the trace form on Bi. Then (Bg,Tr) is a projective
A -equivariant symmetric bundle.

Proof. Since Bg is a principal homogeneous space for Ag, we know that By is a projective
Ag—module. Using the fact that Bg becomes isomorphic to Ag after a faithful base change, it
follows by descent theory that By is separable and therefore that the trace is non-degenerate.
Let ¢ denote the trace form on Bg. We now want to show that ¢ is an Ag-equivariant form.
As in Proposition 2.3 we fix a finite extension K’/K such that A, is isomorphic to K'[T],
where T" is a finite group. In this case Ag,, as a K'-vector space, has a basis {7,y € T'}
consisting of group like elements. Since By is an A%-module algebra, one easily checks that
every v defines an automorphism of K’-algebras of Bx+ whose inverse is S” (7). Therefore the
trace form qx+ of By is invariant under each «v € I'. Thus the Ag-equivariance of ¢ follows
from the A’ -equivariance of g . O

We now wish to generalize the above construction when working with the ring R in place
of the field K. A key-role in this case is played by the codifferent of B.

3.1. The square root of the codifferent. The codifferent of B/R is defined by
D YB/R) ={xz € Bx |Tr(zb) € R Vb€ B} .

For reason of simplicity D~!(B/R) will be abbreviated by D~!(B). In the case where R is a
field then D~1(B) = B. It follows from the Ax-invariance of the trace form proved in Lemma
3.1 that D~1(B) is an AP-module. We start by studying the codifferent of A.

Proposition 3.2. Let A be a commutative Hopf algebra and assume that Ag is separable.
Let I be the set of integrals of A. Then

i) There exists a unique primitive idempotent e of Ak and a fractional ideal A of R such
that

Ix = Ke, and I =Ae .
ii) We have the equality:
D HA)=A1A

Proof. We know from [SW], Corollary 5.1.6., that I is a one dimensional K-vector space.
Moreover, since Ak is a separable algebra, we deduce from [SW]|, Theorem 5.1.8. that Ax =
I @ Ker(g). Let u be a basis of Ix. Since it is an integral, it follows that u? = e(u)u.
Therefore, replacing u by u/e(u), we obtain a new basis of Iy which is a non-trivial idempotent.
We denote this idempotent by e. Since R is an integral domain, it follows that e(f) = 1 for
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any idempotent f of I'x. We conclude that e is the unique idempotent of Ix. Let A be the
fractional ideal of R consisting of elements x € K such that ze belongs to A. Then we have

I=IxkNA=Ae .
We consider the left A%—module structure on A% defined by
< frgx>=<g,SP(flz> Vr € Ax .
Since A is separable, the trace form is non-degenerate and induces an isomorphism of K-
vector spaces
U: A — AR = Hom(Ag, K) .
We note that
< U(fa),r >=Tr(fax) =Tr(aSP(f)z) =< ¥(a),SP(f)z >=< f* V(a),z >

for all a,r € Ak, f € A . Therefore ¥ is an isomorphism of AP-modules. It follows from
the definition of the codifferent that D~'(A) = W=1(A”). We now consider ¥(A). Since ¥
is an isomorphism of AR-modules and since A = APT we obtain that ¥(A4) = ¥(APAe) =
AAPY(e). Therefore we are reduced to determining W(e). Let x be an element of Ax. From
the direct sum decomposition of Ay, it follows that x can be written as a sum e + 2’ with
2’ € Ker(e) and A € K. Hence we have

<W(e),z >=Tr(ex) =Tr(e\+ex') .

We note that ex’ = 0. Moreover, since e is a non-trivial idempotent whose K-span has
dimension one, its trace is 1. Therefore we have proved that < ¥(e),z >= X = ¢(z) for all
z € Ag. We conclude that ¥(e) = e which is the unit element of AZ. Therefore we have
proved that W(A) = AAP and thus D~1(A4) = A1 A as required. O

Remark Observe that A is the R-ideal defined by
A=¢e(I).

Corollary 3.3. Assume that I(A) is a free R-module. Then:

i) I(AP) = A=Y, where t is the unique element of AL such that te = 14,

ii) Tr(z) =tz for any x € Bg.

iii) D~Y(B) = A~'B.
Proof. Let A € A be such that § = )e is a basis of I(A). We note that A~!t is the unique
element 67 € A% such that P9 = 1. Since there exists such an element in A”, we may
conclude that #P € AP. Tt follows from Lemma 2.2 that 6 is an R-basis of I(A”) and thus
i) is proved. We now fix an extension K'/K as in Proposition 2.3 and we identify on the one
hand the algebras Axs and Map(I', K') and on the other hand the algebras Ag, and K'[T].
Since A is contained in Axs we observe that e is the unique idempotent in Map(T", K’) such
that Ixs = K'e. Therefore, as an element of Map(I', K'), e is defined by e(y) = 1if v = 1 and
0 otherwise. Let wr = Zyer 7. One can easily check that wp is the unique element in K'[T']
such that wre = 14,,. Therefore we deduce that ¢ = wr. We now have

TTBK/K(x) =Trp,., /K () = wrax =tx, V€ Bk

as required.
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Recall that we have the commutative diagram

BorB—Y ~BapA

| i

Bg ®k Bx —=> Bx QK Ak

where ¢ (resp. @g) is an isomorphism of B (resp. By )-algebra and the vertical arrows are
injections. Let A be a generator of A. We have the equalities

D '(B® B)/B)) =B®D '(B/R)
and
DY((B® A)/B)=B®D '(A/R)=B® \ 'A.
Therefore
ox(BRXDY(B/R)) = px(B®B)=B® A
and so B®@ A\D~}(B/R) = B® B. Since B/R is faithfuly flat we conclude that D~!(B/R) =

A" B as required.
O

Corollary 3.4. We assume that Ag is separable of K-rank n and that 1(A) is R-free. Let 6
(resp OF ) denote an integral of A (resp. AP) such that 0P0 = 1. Then £(0)eP(0P) =n. In
particular if A = e(I) and AP = eP(IP) then AAP = nR.

Proof. Let Tr denote the trace form on Ag. First observe that Tr(#”8) = n. Moreover, since
the trace is equivariant, it follows that

n=Tr070) = Tr(0.5P(6P)14) = 2 (6P)Tr(6) .
Under our hypothesis, it follows from Proposition 3.2 that there exists A € R such that
A=AR and 6= )e.

It follows from the direct sum decomposition of Agx that Tr(e) = 1. Since e(e) = 1, we
deduce from the previous equality that Tr(8) = A = £(f) and so that e2(67)e(f) = n and
APA =nR. O
Remark. It can be shown that D(A) is the Fitting ideal of the module of differentials 9114/1%‘
It therefore follows from the lemma that, if n is a unit of R, then the module Q}A /R is trivial.
In this case the cover of schemes (Spec(B) — Spec(R)) is étale for any principal homogeneous
space B.

3.2. Twists of a form by a principal homogeneous space. The role played by the trace
form and by the set of integrals leads us to consider Hopf algebras satisfying the following
properties:

Definition 1 A finite and flat R-Hopf algebra A satifies hypothesis H when Ak is a commu-
tative separable K -algebra and the image under € of the set of integrals of A is the square of
a principal ideal of R.

When A satisfies H we denote by A'/2 a principal ideal of R such that

(A2 = A =e(1(4)) .
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Then, for any principal homogeneous space B of A, it follows from Corollary 3.3 that
Dfl/Q(B) — Afl/QB

is a square root of D~'(B) and that (D~Y2(B),Tr) is a projective and A-equivariant sym-
metric bundle on R. Let us denote by A\/2 a generator of A2, let 6 be the generator \e
of I(A) and let 6 be the unique element of AP such that #”0 = 14. Then, following the
construction of Section 2.2, for any A-equivariant symmetric bundle (M, ¢) and any principal
homogeneous space B of A, we can define the twist of (M,q) by B (associated to 67).

Definition 2 Let A be a Hopf R-algebra satisfying H, let (M, q) be an A-equivariant symmetric
bundle and let B be a principal homogeneous space of A. Define the algebraic twist of (M, q)
by B as the R-symmetric bundle

(Mp,dg) = (D"Y*(B) @r M, Tr @ ¢)* .

Remarks

1.We observe that, since  is defined up to the square of a unit of R, the same holds for .
Therefore, as observed in Remark of Section 2, the definition of (M B,(p) is independent, up
to isometry, of the choice of 6.

2. It follows from Proposition 2.7 that under hypothesis H we can attach to (M,q) an
orthogonal representation p : G = Spec(A) — O(q). Following the general definition of
[CCMT], Definition 6.4, we shall often refer to the twist of (M, q) by B as the twist of (M, q)
by p and X = Spec(B). We will denote this twist as (M), x, g x).

3. Suppose that R = K is a field and that L/K is a Galois extension with Galois group T
Let (M, q) be the underlying symmetric bundle of an orthogonal representation p : I' — O(q).
This is a situation where we can apply our previous construction. Let A = Map(T', K) be
the Hopf algebra defining the constant group scheme associated to I'. Since L is a principal
homogeneous space for A, we can consider the twist of (M, q) by L

(My,q1) = (L ®x M, Tr @ q)*

as introduced in Definition 2. It follows from [F], Theorem 1 and [CNET], Proposition 2.5,
that this new quadratic form coincides with the one introduced by Frohlich in [F|, Section 2.

4. TWISTS OF A FORM AND FLAT COHOMOLOGY

Let S be the scheme Spec(R) and let G be the S-group scheme defined by the spectrum of
an R-Hopf algebra A. To any R-linear map

OéB:B—>B®RA,

which endows B with the structure of a comodule algebra over A, there corresponds a mor-
phism of S-schemes

XXSG—>X.

In this correspondence the notion of PH S corresponds to the notion of a torsor for G over S.

Following Milne [M], III, Section 4, we may associate to any flat covering U = (U; — S)ier
a set of cohomology classes H'! (U, G); this is a set with a distinguished element. We define
H'(S,G) to be the direct limit over all coverings U of H'(U,G). From Theorem 4.3 and
Proposition 4.6 in [M], it follows that there exists a one to one correspondence, [X] — ¢(X),
between the isomorphism classes of G-torsors over S, that we denote by H'(S, G), and elements
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of H(S,G) under which the class of the trivial torsor (the class of A) corresponds to the
distinguished element of H'(S,G).

Let (M, q) denote an A-equivariant symmetric bundle and assume that A satisfies hypothesis
H. As per Proposition 2.7 we can associate to (M,q) a morphism of group schemes p :
G — O(q). It is routine to check that p transforms l-cocycles on G into 1l-cocycles on
O(q) and thereby induces a map p, from H'(S,G) in H'(S,0(q)). The set H'(S,O(q))
classifies the set of isomorphism classes of twisted forms of (M,q) (|D-G|, III, Section 5,
n.2). Therefore the class p.(c(X)) defines, up to isometry, a unique symmetric bundle which
we denote by (M,(x),qp(x)). We now have at our disposal on the one hand the symmetric
bundle (M,(x),q,(x))), which has an abstract definition in terms of class of a cocycle in a
flat cohomology set, and on the other hand the algebraic twist (M), x, g, x) given by a simple
explicit formula (see Definition 2 in Section 3.2). The main goal of this section is to prove
that the two bundles coincide.

Theorem 4.1. There exists an isometry of symmetric bundles

(Mp,XaQP,X) = (Mp(X)7Qp(X)) .

We keep the notation and the hypotheses of Section 3. We assume that A satisfies hypothesis
H, and in particular that the image under £ of the set of integrals of A is the square of a
principal ideal of R. We fix a generator A\1/2 of this ideal. Since Ag is separable there exists
a finite extension K’/K and a finite group I such that Ax, = Map(I', K’) and A2, = K'[T].
For the sake of notational simplicity we shall assume that K/ = K the general case can follow
similarly. We let e be the element of Ax defined by e(y) = 1 if 7 = 1 and 0 otherwise and we
denote by w the element v in K[I'l. We have seen that § = e (resp. 6P = \~1w) is an

R-basis of I(A) (resp. I(AP)) and that we have the equalities
0P0 =14, 00° = 1,0, A= APH, AP = ApP .

4.1. Representative of a torsor. Let B be a PHS of A and again let X = Spec(B) be the
associated G-torsor. It follows from the definition that the flat cover U = (X — 5) trivializes
X. More precisely the isomorphism

Y= (Id®1,a3) :B®r B — BRpgA,
induces an isomorphism of S-schemes with G-action

® = Spec(p) : X xsG— X xx X .

Let py (resp. p2) denote the first (resp. second) projection map X xg X — X. For 1 <i <2
the base change of ® by p; defines an isomorphism of schemes with G-action

CI)Z‘:(XXSX) ><5G—>(X><SX) XSX.

We know from p.134 in [M] that ®;' o @5 is a 1-cocycle representing c(X). We wish to
understand <I>1_1 o ®5 in terms of B ®p B-valued points of G.

Let ¢1 (resp. g2) denote the morphism of algebras B — B®p B, defined by (¢1 : ¢ = z®1)
(resp. ¢2 : © — 1 ® z). Extending scalars by ¢; for 1 < i < 2, the map ¢ induces an
isomorphism

vi: (B®rB)®r B — (B®rB)®gr A
of B @ B-algebras and AP-modules. It is clear that <I>1_1 o &y = Spec(gpz o <p1_1).
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Let C be the algebra B @ B. We recall the identifications of Section 2.2:
G(C) = Homalg,R(A, C) = Homal%c(Ac, C) .

We note that A¢ is of course a C-algebra and an Ac-comodule. We write Aut(A¢) the group
of its automorphisms. We observe that ¢ = @9 0 gpfl is an element of this group. For any

element ¢ of Aut(Ac¢) and f € G(C) we obtain a element of G(C) by considering f o).

Lemma 4.2. The map
0: Aut(Ac) — G(C)

Y —eor

s a group isomorphism.
Proof. Since any 1 € Aut(A¢) is a morphism of comodules, it satisfies the equality
(VRI5) 0o A=Aocq.

This implies that for all x € A¢,

A((z)) = ZWUCO) ® w1
(z)

where A(z) = >,y 20 ® z1 and so P(z) = 32, (0(¥)(2o)z1. Using this last equality, it
is easily verified that 6 is a group homomorphism and is injective. Let us now consider an
element o € G(C). The C-endomorphism of A¢ defined by

Y(@) = alwo)n:
()

is a morphism of C-algebras and Ac-comodules such that 6(¢)) = . This shows that 6 is onto
and completes the proof of the lemma. ]

We deduce from this lemma that the map ¥ = Spec(¢)) — €01 is an isomorphism of groups
from Aut(Spec(C) ®g G) onto G(C). We identify these groups via this isomorphism. Under
this identification, we conclude that g = € o , where ¢ = g0 cpfl is the element of Aut(A¢)
introduced previously, is a 1-cocycle representative of ¢(X) in G(C).

Remark As we have seen previously, for any z € A, with A(z) = Z(:C) T(g) ® (1) we have
the equality:

p(z) = (e09)(m(0))T(1) -

In the case where A(x) is invariant under the twist map (which is the map induced by c®d —
d ® c), this last equality can be written

p(z) = (e o p)z,

where A¢ is endowed with its structure of left Ag—module and where € o ¢ is considered as an
element of AZ via the inclusion G(C) C AL.
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4.2. Proof of Theorem 4.1. Let (M,q) be an A-equivariant symmetric bundle and let B
be a PHS of A. We consider the twist of (M, q) by B defined by

(Myx,4p.x) = (Mp,4p) = (A\"°Bor M, Tro gt .
The strategy for the proof of the theorem is to show that the flat covering U = (X — 9),
which trivializes X as a G-torsor, likewise trivializes the symmetric bundle (M, x, ¢, x). With
this in view we now construct an isometry of symmetric bundles

(4) (Mg, q5) ~ (B ®r Mg, dp,B),

where (¢p,p) denotes the form ¢p extended to B ®p M B. This construction will be achieved
via the next two lemmas. The results of Section 4.1 provide us with a representative of X in
H'(U,G). We will use the previous isometry to show that the image under p, of this cocycle
is a representative of the class of (M), x,qp,x).

Lemma 4.3. Let T be a finite flat R-algebra. Then
i) For any f € AR and m € My one has

0P (0 @ m) = 0" (0 SP(f)m) .
it) The map m GD()\*l/QG ® m) induces an isometry vy of symmetric bundles from

(T®rM, qr) onto (T®RMA, dar) where (MA, da) is the symmetric bundle ()\_1/2A®R
M, Tr® q)4.

Proof. We first observe that it suffices to prove the lemma when T' = R. The general case
will follow by extension of scalars. Let f be an element of A”. Since AP is contained in
AP = K[T'| we write f = nyer zy with 2, € K. Since AP acts diagonally over A @ M
and since 8P~ = P, we obtain that for any m € M and v € T
0P (f0@m) = 0P (zn0@m) =) 070 @z ~tm) = 070 © SP(f)m),
el ~yel
as required. .

Let v : M — M4 be the R-linear map defined by m GD(A_1/29®m). We start by proving
that v is surjective. Let y be an element of M“. We deduce from Lemma 2.4 the existence of
a finite set of elements z; of A and m; of M such that y = ), GD()\_l/Qa:i ® m;). Since 6 is
an AP-basis of A, for an integer i, there exists an element f; of AP such that z; = f;f. Using
i) we deduce that

y=>Y 0°P(fx200m) => 0P(A20 @ SP(fiymi) = 0P (A ?0 @ @),

with x = 3, SP(f;)m;. So we have found x € M such that y = v(x).
Let us now consider € : Ax @ x Mg — My defined by a®m +—< €,a > m. Since the action
of AQ is diagonal, for any m € Ax we have
0P @m)) = (a)m,
where AP(OP) = 9(%) ® H(Dl) and o = ) < ¢, H(DO)G) > 08). We first observe that
<&, 9(%)9) >=< 9(%), 6 >. Moreover, since A is commutative, we know that AP is cocommu-
tative. It follows from these facts that

a=> <b),0>00) = <00),0>00 =060".
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Since, as recalled at the beginning of this section, we know that 0” = 1,p, then we have
proved that
P (0 @m)) =m, Vm € My .

We conclude that v is an isomorphism whose inverse is given by p : z — A/ 2&(x). In order
to complete the proof of the lemma we must show that v is an isometry. The proof consists
of a verification by hand of the equality:

Ga(OP A 20 @ m), 0P (A V20 @ m)') = q(m,m’), Ym,m' € M .

Remark As a consequence of the lemma, we observe that there is an isometry
(M7 q) = (MA7 q~A)
which proves Theorem 4.1 in the case when X is the trivial torsor.

We now return to the isomorphism ¢ : B ®r B — B ®r A introduced at the beginning of
this section. This morphism induces an isomorphism

p=(p®Id): Bor(\"/*Ber M)~ Bar (A ?Acr M)
of B and AP-modules. Recall that A” acts on the left-hand side (resp. the right-hand side)
via its diagonal action on (A\"Y/2B @ M) (resp. (A\"Y/2A4 ®p M)). Therefore, taking fixed
points by AP, we see that ¢ induces an isomorphism of B-modules

¢:B®pMp— BQp My .
Lemma 4.4. The isomorphism ¢ induces an isometry of symmetric bundles
(B®g Mg, Gp,5) ~ (B®g Ma,{a,B)-
Proof. This is an easy verification that we leave to the reader. ([l
We can now complete the proof of the theorem. It follows from Lemmas 4.3 and 4.4 that
¢ 'ovp: (B®rM,qp) — (B®r Mp,ipp)

is an isometry. Let C' = B®p B and let ¢; : B — C,1 < ¢ < 2 be the morphisms as considered
prior to Lemma 4.2 at the beginning of this section. For 1 <4 < 2 the map ¢! o vg induces,
by scalar extension, an isometry:

¢t ove: (C®r M, qc) — (C®r Mg, dpc) -

This implies that o = (¢ ove) "L o(py ove) = vg' o(P1o@; 1) Uc is a 1-cocycle representative
of (M, x,4q, x). Our goal is now to describe this map.

Let ¢ (resp. m) be an element of C' (resp. M). Since $1 o $5 ' commutes with action of
AP it follows from the definitions that

(Pr08;") ovelc®@m) =07 ((prowyYA20) @ (c@m)) .
It is easily checked that that A(f) = AA(e) is invariant under the twist map. We then deduce

from Remark, Section 4.2 that (1005 1) (A™1/20) = A=1/2(g716), where g is the representative
of ¢(X) we constructed previously in Subsection 4.1. It now follows from Lemma 4.3 that

0" ((p1093 YA20) @ (cwm)) = P (A2 (g710) ® (com)) = 0P (A2 @ g(c@m)) .

This implies that o(c®@m) = v; (0P (A\"V20 @ g(c@m))) = g(c®m). This tells us that p(g)
is a representative of (M, x,q, x) and so completes the proof of the theorem.
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5. EXAMPLES

5.1. The unit form. Let A be a commutative, finite and flat Hopf algebra over a principal
ideal domain R. Let 6 denote a generator of the module of integrals of A. We define the form
k on AP x AP by the equality:

k(u,v) =< SP(u)v,0 >
for all u,v € AP,

Proposition 5.1. The following properties hold.

i) The pair (AP, k) is an A-equivariant symmetric bundle.
ii) If A satifies hypothesis H, then, for any principal homogeneous space B of A, the twist
of (AP, k) by B coincides with the symmetric bundle (D~'/2(B), Tr).

Proof. The form r is non-degenerate, (|C|, Corollary 3.5). Moreover, since we know from
Proposition 2.3 that S(#) = 6, we note that for all u,v € AP

k(u,v) =< SP(u)v,0 >=< SP(u)v, S(0) >=< SP(v)u,d >= k(v,u)
so that the form is indeed symmetric. Finally we observe that
k(tu,v) =< SP(tu)v, 0 >=< SP(u)SP (t)v,0 >= r(u, SP(t)v) .

We therefore conclude that the form is A-equivariant.

In order to prove (ii) we shall now assume that A satisfies H. In this case we can provide
a new description of (AP, k). From now on we use the notation of Section 3 and Corollary
3.3. We let 0 (resp. 6”) be the generator Ae (resp. A~'t) of I(A) (resp. IP(A)) , where A
is an R-basis of £(I(A)). We consider the map ¢ : u — A~Y2uf from AP onto D~1/2(A).
We wish to show that this isomorphism of A”-modules induces an isometry from (AP, k) into
(D~Y2(A), Tr). Hence we need to show that for all u,v € AP

k(u,v) = Tr((A"2u0) (A" 200)).
It follows from the definitions that
< 8Py, 0 >= X < SP(u)v,e >

while Tr((A~Y2uf)(A\~Y2v0)) = At((ue)(ve). Writing u = > ver Uyy and v = 3 5 pvsd, we
easily check that

< SP(u)v, e >= t((ue)(ve) = ZUWU%
vyel’

which is the required equality. Let B be a PHS for A. We wish to describe the twist of
(AP k) by B. From the very definition of the twist and from our previous observations we
obtain that

(AB,&p) ~ (D™Y3(B)® AP, Tr @ k)* = (D™*(B) @ D~ /*(A), Tr @ Tr)* .
We now deduce from Lemma 4.3 ii) that
(DY3(B) @ DY2(A), Tr @ Tr)* ~ (D~'*(B), Tr) .
This proves that (D~Y2(B),Tr) is the twist of (AP, k) by B. O
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Remarks
1. If A satisfies H, then the integral 6 used in the proof of the proposition has been chosen
according to the stipulations of Section 3. It follows that (A", k) is independent of this choice,
up to isometry. We refer to (AP, k) as the unit form of AP.
2. The Hopf algebra A = Map(I', R), with I" a finite group, obviously satisfies H. In this
situation we choose for 6 the integral of A defined by 6(g) = 1 if g is the identity and 0
otherwise. We observe that A is the group algebra R[I'] and that the form « is given on
elements of I' by

RO Y) =<y 1,0 >= 0, .
It follows from these equalities that {y € I'} is an orthonormal basis for k. Therefore the
symmetric bundle (AP, k) is the usual unit form of .
3. When G is generically constant, of odd order, (Ax = Map(I', K'), with I of odd order), we

know from [BL], that after scalar extension to K, the forms become I'-isometric. Therefore
we have the following isometries of equivariant symmetric bundles:

(D~Y2(B),Tr) ®r K ~ (K[, k) ~ (AP k) .

This result leads us naturally to compare (D~Y2(B),Tr) and (AP, k) both as R-symmetric
bundles and also as A-equivariant symmetric bundles in the general situation.

5.2. An orthogonal representation of y,,. Consider the R-algebra A = (R[T]/(T™"—1)) =
R[t] with the following additional structure: a comultiplication A : A — A ®r A induced by
t — t®t, a counit € induced by ¢ — 1 and an antipode S : A — A induced by t + t~1 = "1,
This is then a Hopf R-algebra which represents the Spec(R)-group scheme p,, of n-th roots
of unity. Its dual AP = Hompg(R][t], R) represents the constant group scheme Z/nZ over
Spec(R).

We consider the symmetric bundle (V] ¢) consisting of the R-free module V', of rank 2, with
basis {€1,€2} and the symmetric bilinear form ¢ defined by

q(ek,ex) =0for 1 <k <2 and g(e1,e2) =1/2.

We note that when R contains a square root of —1, then (V, ), is isometric to (R?, 2% + y?).
It is easy to check that the R-linear map defined by

ale]) =1 ®t, ale) =@t !

induces an A-comodule structure on V' and that (V, q) is an A-equivariant symmetric bundle.
Note that the morphism of group schemes, p : u, — O(q) associated to this form is defined
for any R-algebra C' by the group homomorphism p¢ : 1, (C) — O(qc) where, for £ € p,(C),
pc(§) is given on the basis {e1,e2} by

pc(€)(e1) = &e1, pe(é)(e2) =& lea .

When R contains a square root of —1, this is a representation of p, into O(2).

Our goal is now to study the twists of this form by torsors. We now assume that R is
a discrete valuation ring of characteristic 0 and of residual characteristic p different from 2.
We take A = ((R[T]/(T? — 1)) = R]t]). For any unit y € R*, we let B, be the R-algebra
R[X]/(XP —y) = R[z]. The R-linear map « : By, — B, ® A defined by a(z*) = 2 @ tF,0 <
k <p—1, endows B, with a structure of a A-comodule algebra. Let z be a p-th root of y in
an algebraic closure of the fraction field of R and let C' be the algebra R[z]. The map T' — zX
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induces an isomorphism of C-A comodule algebras from C'® A onto C ® B,,. This proves that
B, is a PHS for A. Checking by hand we verify that

A =e(I(A) = pR .

We now assume that R contains a square root of p, denoted by pl/2 so that A satisfies hy-
pothesis H. For any unit y of R the twist of (V,¢q) by By is the R-symmetric bundle

(Vysay) = (0P Rlz] @ V), (Tr © 9)*) .
Proposition 5.2. For any unit y € R there exists an isometry of R-symmetric bundles:
Vig) = (Vy, qy) -
Proof. Tt suffices to check that the set
{el,=p " e, ch, =p e e}

is a R-basis of V,, and that the R-linear map given by (e1 ~ ¢ ) and (g2 y~ el

an isometry from (V,q) onto (Vy, qy).

) induces

0

5.3. A dihedral representation. We construct an example of an orthogonal representation
of a non-commutative group scheme which induces, by restriction to the generic fiber, a
dihedral representation as defined in [F].

5.3.1. The Hopf algebra. Let D denote a dihedral group of order 2n with n > 2 and with
generators and relations:
D= {(o,7| o"=1=1% tor=0"").

R denotes an integral domain in which 2 is invertible. We let K denote the field of fractions
of R and we suppose that p, C R. We let Hx denote the group algebra K [D], endowed with
its structure of non-commutative Hopf algebra. For any character ¢ of (o) we let ey be the
idempotent n=! 3" o #(<)s! of K (o). We consider the split maximal R-order M in the
group algebra K (o)
M =d4R.ey D R(0)

where ¢ ranges over the abelian K-valued characters of the cyclic group (o). Recall that M
is an R-Hopf order in the group algebra K (o) with

Aley) = Z ea ® eg.
o,Blo.f=¢

We then let H denote the R-order in K [D] given by the twisted group ring M o (7); so that
we may write

Mo (1) = R(7) @) Rog (1) if n is odd
and
Mo (1) = R(T) @ R.eq () @y, Roy (7) if n is even,
where 6 is the unique quadratic character of (o) if n is even, where 69’¢ denotes the sum over

the orbits of abelian characters ¢ of order greater than 2, modulo the action of the involution
o — o~ and where we have set

Roy (1) = (Rey + Reg) o (1) with Tey = eg7 .
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Lemma 5.3. H is an R-Hopf order in Hpg.

Proof. Basically we need to show that A(H) C H ® H. Since H is generated over R by 7
and the various ey, it will suffice to show that

A(r) e H® H, and A(ey) € H® H.
The first follows from the definition of A and the second from our previous equalities. O

Henceforth we identify H [? = Map (D, K) ; so that Spec (H Ilg ) is the constant group scheme
over Spec (K) associated to D. We then define A to be the R-dual

A= HP =Homp (H,R);

then Spec (A) is a non-constant (but generically constant) group scheme over Spec (R). We
note that, since H is a finitely generated projective R-module, it follows that AP = (HP)P
is naturally isomorphic to H. We will identify these Hopf algebras.

Lemma 5.4. Since 2 is invertible in R, the modules of integrals for the Hopf orders H and
A are:

i) I(H)=2R.ep =n"'R.Y ,cpd;
ii) I(A) = Rn.lyp where for d € D, lop(d) =1 if d = 1p and 0 otherwise.
Moreover, for any principal homogeneous space B for A, we have the equality:
DB =nB

Proof. 1t follows from Corollary 3.4 that i) and i) are equivalent. We shall prove ). Let
¢o be the trivial character of < o >. We observe that e(eg,) = 1 while e(eg) = 0 Vo # ¢o.
Therefore x € I(H) if and only if

egr =0 V) # ¢o, ep,r =z and 72 = x .

We deduce immediately from these equalities that x € 2Rep as required. Let B be a PHS for
A. It follows from ¢i) and Corollary 3.3 that Dp = nB. g

5.3.2. The equivariant symmetric bundle. We fix an abelian character x of the cyclic group
(o) with order greater than 2, and we consider the quadratic R-module (M, q):

M = R(o)o(r).e = R.ey, + R.Te,, = R.ey + R.ex7
endowed with the quadratic form
1 _
q(z,y) = itr (x.1.9),
where tr : K [D] — K denotes the usual trace map where for d € D
tr(d) =2n if d = 1p and 0 otherwise .

Lemma 5.5. (M, q) is an A-equivariant symmetric bundle.
Proof. Tt is immediate from the definition that M is an H = AP-module. Note that
1 1
q (dz,dy) = itr (dv.ryd ™) = 5757’ (x.7Y) = q(z,y)

so that ¢ is indeed D-invariant. Of course we also have

1 1
q(ey,ex.T) = itr (GXT26X) = itr (ey) =
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g, €) =0=q(ex.T, ex.7);
and so ¢ is an R-perfect pairing on M, and in fact is seen to have discriminant -1. ]

5.3.3. Twists of the form. Let B be a PHS for A over R. The structure map
ap:B—-B®A
induces an isomorphism of B-algebras and H-modules
igQap: BRrB~B®rA
(recall that H acts on each side via the right-hand factors). We put C' = (¢) and set E = BC.
Proposition 5.6. F is a PHS for A® and Dye/p = AC.

Proof. Because B and A are R-flat we have the isomorphism induced by taking the C-fixed
points:
B:B@RE:B@)RAC.

We know that B is finite and flat and hence faithfully flat over R. Moreover it follows from
the definitions that A® is a finite and free R-module. This implies that B ® g A and thus
B®p FE is flat over B and so that E is flat over R (|[W], XIII, 1.3.3). We have therefore shown
that E is a commutative, finite and flat R-algebra.

Let ¢ : D — (7) be the quotient group homomorphism with kernel C. Because 2 is invertible
in R, we know that R (7) is the unique maximal R-order in K (7); and so in particular we see
that Spec (R (7)) is a closed subgroup scheme of Spec(H ). We recall the inclusions

AY ¢ A=Homg(H,R) C Ax = Homg(K|[D], K).
The group D acts on A via the rule that for all f € Ak, and for all v € D
fram f(y ).

It therefore follows that for any f € A and for any character ¢ of C' we have:

7f(ep) = flego1) = d(0 ™) fe) and 7 f(eyT) = (o) f(esT) -
Therefore, by using the description of H above, we deduce that dually Map ((7) , R) identifies
as AY and so Spec (AC) identifies as a quotient group scheme of Spec (A).

We now observe that 8 induces an action map
v:E®rE — E®gA°.

In order to show that - is an isomorphism it suffices to prove that B is faithfully flat over E.
One checks easily that A is free over AC. Therefore B®g A is free over B AC and similarly
B ®pg B is free over B®pg E. Using once again that B is faithfully flat over R we deduce that
B is flat over E. Since B is finite over E we conclude that it is faithfully flat over £ and thus
that + is an isomorphism. We have proved that E is a PHS for A®. Since by definition A is
étale over R, then Dyc /g = AC 0

We recall that M denotes the split maximal R-order in K[C]. If we let L denote the ring
of fractions of F then Mg = E ®r M is the split maximal order in L[C]. We consider the
duals N = Hompg (M, R) and Ng = N ®r E = Homg (Mg, E); by duality these are the
minimal Hopf orders in Map (C, K) and Map (C, L) respectively. Then we have

Dyrjr = nN and Dy p = nNg .

Proposition 5.7. B is a PHS for Ng over E.
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Proof. The inclusion map C < D induces dual maps

M < H

{ 4

KC — KD
A — N
{ {

Map (D,K) — Map(C,K)
and the isomorphism Id ® ap induces a map

B®rB +B®rA - BOrN 2B EQrN =2 B®pNg;

as M acts trivially on F, this map actually factors through B ® g B, and so in summary we
have produced the action map

B®EB—>B®ENE.

In order to show that this injective map is in fact an isomorphism we shall show that their
discriminants coincide. By the tower formula we know that

Dp/p = DB/RDE‘}R = Dp/r =nB;

here the second equality comes from Proposition 5.6 and the third equality comes from Lemma
5.4. Since we know that Dy, /g = nNEg we conclude that the map is indeed an isomorphism.
O

Next we consider the ring E over the maximal order R (7). By the above we may write F
as a direct sum of two rank one free R-modules F = E, @& E_ where 7 actson E; = R
trivially and on E_ by —1. Choosing a generator § for E_ over R, we have an element of
with the property that 2 € R; moreover, as E is a (7)-torsor, we know that in fact 6% € RX.

We now apply a somewhat similar analysis to B viewed initially as an M pg-module. We
assume R to be a local ring. We may then write B = @B, with x ranging over the abelian
characters of (o), and with each B, a free rank one R-module, with generator ¢, and with
tyte divisible by t,4 (see 2.e in [CEPT]); since B/E is an Ng-torsor by Proposition 5.7 we
can write:

B = E[X]|mod(X" — a™)
for some o™ € £, with a = a."a € R*.

We now assume that A satisfies H which reduces to requiring that nR is the square of a
principal ideal. For the sake of simplicity we shall assume that n is a square of R when it is
not a unit. We denote by n'/2 a square root of n. Moreover we choose X as (o)-character of
a. These preparations being in place, we can now determine the twist of (M, q) by B which
is defined, according to Definition 2, by:

(MB7 q~B) = (CB ®R M7 Tr ® q>A7
where ¢ = 1 (resp. n~'/2) if n is a unit (resp. otherwise).

Proposition 5.8. We have the following equalities:
i) Mp = Rey @ Rey, where we set

g1 =ca’ ®ey+ca®eyT and €3 = cda’ ® ey — cd @ exT.



HOPF ALGEBRAS AND QUADRATIC FORMS 25
ii)
p(e1,21) = 2a, Gp(e2,e2) = —2a6%, p(e1,e2) = 0.
Proof. We recall from the definition that
Mp = (cBor M) ={2€cBar M |uz=¢cP(u)z Yu c AP}.
One easily checks from the definition of AP = H that
(¢B®gr M)* = (¢B®gr M)P.
We now observe that Propositions 5.6 and 5.7 provide us with a free R-basis of B. Moreover,
we know the action of D on the elements of this basis. Hence by a straightforward computation
we obtain the equality:
(cB®r M)® = R(ca” @ ey) + R(cda™ ® ey) + R(ca ® ex7) + R(cda ® exT).
It now suffices to take the c-fixed points of the right-hand side of the equality above to obtain
i). In order to prove ii) we shall assume that n is not a unit; the easier case where n is a unit
is left to the reader. From the definitions we obtain that
(Tr © g)(e1,21) = 2Tr(n~"aa")q(ey, ex7) = da, (Tr @ g)(e1,22) = 0
and
(Tr @ q)(e2,62) = —2Tr(n"'6%aa™)q(ey, exT) = —4ad>.

Finally we have to compare the forms Tr ® g and (Tr ® q)A on Mpg. Using Lemma 2.4 and

Lemma 5.4, we note that Mp = 0° Mg, with 6P = n~! > wep - Then, for any element m
and n in Mp, we have:

(Tr & q)(0°m,0"n) =n~" > (Tr ® q)(um, 0"n)

ueD
= 2(Tr ® q)(m,0Pn) = 2(Tr @ ) (#Pm, 6Pn).
We conclude that G = (T ® q) and so i) follows from the previous equalities. O

Remark We observe that the discriminant of the form Gp is equal to —42, up to a square.
Therefore, if —1 is a square of R, since we know that 62 is not a square of R, we deduce that
the discriminant of ¢p is not a square and thus that the forms ¢ and ¢p are not isometric.

REFERENCES

[BL] Bayer-Fluckiger, E., Lenstra, H-W.: Forms in odd degree extensions and self-dual normal bases. Amer.
J. Math. 112(1990), 359-373.

[C] Childs, L.N.: Taming wild extensions: Hopf algebras and local Galois module theory. American Mathemat-
ical Society, Mathematical survey and Monographs, 80(2000)

[CEPT] Chinburg, T., Erez, B., Pappas, G., Taylor, M.J.: Tame actions of group schemes: integrals and
slices. Duke Math. J. 82(1996), no. 2, 269-308.

[CNET] Cassou-Nogués, Ph., Erez, B., Taylor, M.J.: On Frohlich twisted bundles. AMS Russian Translations,
Series 2, 219(2006).

[CCMT] Cassou-Nogués, Ph., Chinburg, T., Morin, B., Taylor, M.J.: The classifying topos of a group scheme
and invariants of symmetric bundles. ArXiv 1301. 4928, to appear.

[Es-K-V] Esnault, H., Kahn, B., Viehweg, E.: Coverings with odd ramification and Stiefel-Whitney classes. J.
reine angew. Math. 441(1993), 145-188.

[F] Frohlich, A.: Orthogonal representations of Galois groups, Stiefel-Whitney classes and Hasse- Witt invari-
ants. J. reine angew. Math. 360(1985), 84-123.

[J1] Jardine, J. F.: Universal Hasse-Witt classes. Algebraic K-theory and algebraic number theory, 83100,
Contemp. Math., 83, Amer. Math. Soc., Providence, RI, 1989.



26 PH. CASSOU-NOGUES, T. CHINBURG, B. MORIN, AND M. TAYLOR

[J2] Jardine, J. F.: Cohomological invariants associated to symmetric bilinears forms. Exp. Math. 10(1992),
97-134.

[K] Kahn, B.: Equivariant Stiefel- Whitney classes. J. Pure Appl. Algebra 97(1994), no. 2, 163-188.

[Kne] Knebusch, M.: Symmetric bilinear forms over algebraic varieties. Conference on Quadratic Forms—1976
, pp- 103-283 ed. G. Orzech. Queen’s Papers in Pure and Appl. Math., 46, Queen’s Univ., Kingston, Ont.,
1977.

[Mi] Milne, J.S.: Etale cohomology. Princeton Mathematical Series, 33. Princeton University Press, Princeton,
N.J., 1980.

[R] Reiner, I.: Mazimal Orders. L.M.S Monographs, Academic Press, 1975.

[Sa] Saito, T.: The sign of the functional equation of the L-function of an orthogonal motive. Invent.math.
120(1995), 119-142.

[Sel] Serre, J-P.: L’invariant de Witt de la forme Tr(z?). Comment. Math. Helv. 59(1984), no. 4, 651-676.

[Se 2] Serre, J-P.: Corps locauz. Hermann, Paris, 1968.

[Sn] Snaith, V.P.: Stiefel-Whitney classes of bilinear forms - a formula of Serre. Can. Bull. Math. 28(1985),
no. 2, 218-222.

[Sw] Sweedler, M.: Hopf Algebras. W.A. Benjamin, New York, 1969.

[T] Taylor, M.:Hopf orders and Galois module structure. DMV Seminar 18, Birkhduser, 1992.

[W] Waterhouse, W.C.: Introduction to Affine Group Schemes. Springer-Verlag, New-York, 1979.

PuiLippE Cassou-Noguiss, IMB, Univ. BorbpEAUX 1, 33405 TALENCE, FRANCE.,
E-mail address: Philippe.Cassou-Nogues@math.u-bordeauxl.fr

TED CHINBURG, DEPT. OF MATH, UNIv. oF PENN., PHiLA. PA. 19104, U.S.A.
E-mail address: ted@math.upenn.edu

BAPTISTE MORIN, UNIV. PAUL SABATIER 1, 31062 TOULOUSE, FRANCE.,
E-mail address: Baptiste.Morin@math.univ-toulouse.fr

MARTIN J. TAYLOR, MERTON COLLEGE, OXxFORD OX1 4JD, U.K.
E-mail address: martin.taylor@merton.ox.ac.uk



