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Abstract We define the fundamental group underlying the Weil-étale cohomology
of number rings. To this aim, we define the Weil-étale topos as a refinement of the
Weil-étale sites introduced by Lichtenbaum (Ann Math 170(2):657-683, 2009). We
show that the (small) Weil-étale topos of a smooth projective curve defined in this paper
is equivalent to the natural definition. Then we compute the Weil-étale fundamental
group of an open subscheme of the spectrum of a number ring. Our fundamental group
is a projective system of locally compact topological groups, which represents first
degree cohomology with coefficients in locally compact abelian groups. We apply
this result to compute the Weil-étale cohomology in low degrees and to prove that the
Weil-étale topos of a number ring satisfies the expected properties of the conjectural
Lichtenbaum topos.
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1 Introduction

Lichtenbaum has defined in [8] the Weil-étale cohomology of a number ring X =
Spec(OF). He has shown that the resulting cohomology groups with compact support
H";Vc (X, Z) for i < 3 are related to the special value of the Dedekind zeta function
¢r(s) at s = 0. In this paper, we refine Lichtenbaum’s construction in order to define
and compute the Weil-étale fundamental group.

As observed in [11], the Weil-étale cohomology introduced in [8] is not defined
as the cohomology of a Grothendieck site (i.e. of a topos). More precisely, Lichten-
baum defined in [8] a family of sites TF/k s for any finite Galois extension K /F and
any suitable finite set S of primes of F. Then, he defined the Weil-étale cohomol-
ogy as the direct limit lz_n)1 H*(Ty/k,s, —)- In this paper, we define a single Weil-étale

topos Xy which recovers Lichtenbaum’s computations. Here, X denotes the Arakelov
compactification of X = Spec(OF). The topos X is endowed with a morphism to
the Artin—Verdier étale topos X,;. This point of view has some technical advantages.
For example, the same definition is used in [4] to define the Weil-étale topos of an
arithmetic scheme as a fiber product.

Motivated by a question asked by Lichtenbaum (see the introduction of [8]), we
show in Sect. 3.5 that our definition of the (small) Weil-étale topos of a function field
is equivalent to the natural definition given in [7]. The same result is actually false
with the original definition of [8]. More precisely, let ¥ be an open subscheme of a
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smooth projective curve over a finite field , and denote by Set (W, Y) the topos of
Wy-equivariant étale sheaves on the geometric curve ¥ =Y ®y k.

Theorem 1.1 There is an equivalence
Y = Ser (Wi, ¥)

where Y is the (small) Weil-étale topos defined in this paper.

Section 4 is devoted to the computation of the Weil-étale fundamental group. Let
U be a connected étale X-scheme. We define the Weil-étale topos of U as the slice
topos Uw := Xw/y*U.Let K be the number field corresponding to the generic point
of U_, and let g;; : Spec (K) — U be a geometric point. The étale fundamental group
71 (Uer, q7) is a (strict) projective system of finite quotients of the Galois group G .
Replacing Galois groups with Weil-groups, we define the analogous (strict) projective
system W(U, q7) of locally compact quotients of the Weil group Wk . The following
theorem gives a computation of the fundamental group of Uy .

Theorem 1.2 The Weil-étale topos Uy is connected and locally connected over the
topos T of locally compact spaces. The geometric point qy; defines a T -valued point
D of the topos Uw, and we have an isomorphism

m(Uw, pg) ~ WU, q5)

of topological pro-groups.

The consequences of this result are given in Sect. 6. We denote by C; := Ck g the
S-idele class group associated to U (here S is the set of places of K not corresponding
to a point of U).

Corollary 1.3 Forany connected étale X-scheme U, we have an isomorphism of topo-
logical groups w1 (Uy, p[-])“b >~ Cy. In particular, for any locally compact abelian
group A, we have

H'(Uw, A) = Homeon: (Cy, A)

In particular 7 (Xw)? is topologically isomorphic to the Arakelov Picard group
Pic(X) of the number field F, and the canonical class is the canonical continuous
morphism

0 e H' (Xw,R) = Homeon: (Pic(X), R).

The previous corollary allows one to compute the cohomology of the Weil-étale topos
in low degrees and to recover Lichtenbaum’s computations.

Matthias Flach has shown in [3] that the current definition of the Weil-étale coho-
mology is not yet the right one. More precisely, the groups H{j, (X, Z) are infinitely
generated for any i > 4 even. But the conjectural picture still stands. Indeed, Lich-
tenbaum conjectures in [8] the existence of a Grothendieck topology for an arithmetic
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scheme X such that the Euler characteristic of the cohomology groups of the constant
sheaf Z with compact support at infinity gives, up to sign, the leading term of the zeta-
function ¢y (s) ats = 0. In [12], we gave a list of axioms that should be satisfied by the
category of sheaves on this conjectural Grothendieck topology for X = Spec(OF).
We denote by X this conjectural category of sheaves, and we refer to the list of
axioms that must be satisfied by X1 as Axioms (1) — (9). We also showed in [12] that
any topos satisfying these axioms gives rise to complexes of étale sheaves computing
the expected Lichtenbaum cohomology. The author’s main motivation for the present
work was to provide an example of a topos satisfying Axioms (1) — (9).

Corollary 1.4 The Weil-étale topos Xy satisfies Axioms (1) — (9).

This result shows that Axioms (1)—(9) are consistent. Moreover, it gives a natural
computation of the base change from the Weil-étale cohomology to the étale coho-
mology (see Corollary 6.13). More precisely, let y : Xy — X, be the canonical
map, and let ¢ : Xy — X be the open embedding. For any abelian sheaf A, we
denote by <2 Ry,.A the truncated complex.

Corollary 1.5 Assume that F is totally imaginary. Then, the Euler characteristic of

the hypercohomology groups of the complex of étale sheaves t<a Ry,(¢i1Z) gives, up
to sign, the leading term of the Dedekind zeta-function {p(s) at s = 0.

2 Preliminaries

2.1 Left exact sites

The category of sheaves of sets on a Grothendieck site (C, J) is denoted by (C, J)
while the category of presheaves on C is denoted by C. A Grothendieck topology J
on a category C is said to be sub-canonical if J is coarser than the canonical topology.
This is the case precisely when any representable presheaf on C is a sheaf for the
topology J. A family of morphisms {X; — X} in C is said to be a covering family
for the topology 7 when the sieve generated by this family of morphisms belongs to
J(X). A category C is said to be left exact when finite projective limits exist in C, i.e.
when C has a final object and fiber products. A functor between left exact categories
is said to be left exact if it commutes with finite projective limits.

Definition 2.1 A Grothendieck site (C, J) is said to be left exact if C is a left exact
category endowed with a subcanonical topology J. A morphism of left exact sites
', J) — (C,J)is a continuous left exact functor ' — C.

Note that any Grothendieck topos, i.e. any category satisfying Giraud’s axioms,
is equivalent to the category of sheaves of sets on a left exact site. Note also that a
Grothendieck site (C, J) is left exact if and only if the canonical functor (given in

general by Yoneda and sheafification) y : C — (C,/\j) identifies C with a left exact
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full subcategory of (C,/_\% A morphism of left exact sites f* : (C',J) — C,J)

induces a morphism of topoi f : ((7,7 ) — (C//_,\/J/ ), such that the following diagram
is commutative

C.H<—@. 7

|

C<—C

where the vertical arrows are the fully faithful Yoneda functors.
Finally, recall that for any object X of C, one has a canonical equivalence

€. DN/yX =(C/X, Tina)

where Jinq is the topology on C/ X induced by J via the forgetful functor C/X — C
(forget the map to X).

2.2 Basic properties of geometric morphisms
Let S and S’ be two Grothendieck topoi. A (geometric) morphism of topoi
f=(ff0:8 — 8

is defined as a pair of functors (f*, fi), where f* : & — &' is left adjoint to
fe + 8 — Sand f* is left exact (i.e. f* commutes with finite projective limits).
One can also define such a morphism as a left exact functor f* : S — S’ commuting
with arbitrary inductive limits. Indeed, in this case, f* has a uniquely determined right
adjoint f.

If X is an object of S, then the slice category S/ X, of objects of S over X, is a
topos as well. The base change functor

S—§/X
Y— Y x X

is left exact and commutes with arbitrary inductive limits, since inductive limits are
universal in a topos. We obtain a morphism

S/X — S.

Such a morphism is said to be a localization morphism or a local homeomorphism (the
term local homeomorphism is inspired by the case when S is the topos of sheaves on
some topological space). For any morphism f : &’ — S and any object X of S, there
is a natural morphism

frx: S'/f*X — S/X.
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The functor f/*x is defined in the obvious way: f/*X(Y - X) = (f*Y - f*X).
The direct image functor f,x « sends Z — f*X to fuZ xf +x X — X, where
X — fi«f*X is the adjunction map. The morphism f;x is a pull-back of f, in the
sense that the square

!
S/rex s 5/x

|, |

S —S

is commutative and 2-cartesian. In other words, the 2-fiber product &’ xs S/X can
be defined as the slice topos S’/ f*X.

A morphism f : 8" — & is said to be connected if f* is fully faithful. It is locally
connected if f* has an S-indexed left adjoint f; (see [6, C3.3]). These definitions
generalize the usual ones for topological spaces: if T is a topological space, consider
the unique morphism Sh(T) — Sets where Sh(T) is the category of étalé spaces
over T. For example, a localization morphism S/ X — S is always locally connected
(here fi(Y — X) =Y), but is connected if and only if X is the final object of S.

A morphism f : S’ — S is said to be an embedding when f, is fully faithful. It is
an open embedding if f factors through f : &' ~ S§/X — S, where X is a subobject
of the final object of S. Then, the essential image U of the functor f; is said to be an
open subtopos of S. The closed complement F of U is the strictly full subcategory
of S consisting in objects Y such that ¥ x X is the final object of U (i.e. f*Y is the
final object of S’). A closed subtopos F of S is a strictly full subcategory which is
the closed complement of an open subtopos. A morphism of topoi i : £ — § is said
to be a closed embedding if i factors through i : £ ~ F — S where F is a closed
subtopos of S.

A subtopos of S is a strictly full subcategory S’ of S such that the inclusion functor
i : 8’ <> S is the direct image of a morphism of topoi (i.e. i has a left exact left
adjoint). A morphism f : &’ — & is said to be surjective if f* is faithful. Any mor-
phism f : £ — S can be decomposed as a surjection £ — Im(f) followed by an
embedding Im(f) — S, where Im(f) is a subtopos of S, which is called the image
of f (see [5,1V.9.1.7.2]).

2.3 The topos 7 of locally compact topological spaces

In this paper, we denote by T op the category of locally compact topological spaces
and continuous maps. Locally compact spaces are assumed to be Hausdorff. This
category is endowed with the open cover topology J,p, which is generated by the
following pretopology: a family of morphisms (X, — X)gea is in Cov(X) if and
only if (X4 — X)qea is an open cover in the usual sense. We denote by 7 the topos
of sheaves of sets on this left exact site:

T:= (TO/PE\a_j()[?)'
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The family of compact spaces is a topologically generating family for the site
(Top, Jop)- Indeed, if X is a locally compact space, then any x € X has a com-
pact neighborhood Ky € X, so (Ky < X)xecx is a local section cover, hence a
covering family for J,,. In particular, if we denote by T op® the category of compact

spaces, then the canonical morphism 7 — (T op®, J,,) is an equivalence.
The Yoneda functor

y:Top — T
X y(X) = HomTop(_7 X)

sending a locally compact space to the sheaf represented by this space is fully faithful
(since Jyp is subcanonical) and commutes with arbitrary projective limits. Since the
Yoneda functor is left exact, any locally compact topological group G represents a
group object of 7. In what follows we consider Top as a (left exact) full subcate-
gory of 7. For example, the sheaf of 7 represented by a locally compact space Z is
sometimes also denoted by Z.

Remark 2.2 In this paper, we consider topoi defined over the topos 7 of locally com-
pact spaces since all sheaves, cohomology groups and fundamental groups that we use
are defined by locally compact spaces. In order to use non-locally compact coefficients,
one can consider the topos

—~

T' = (Top", Top)

where Top" is the category of Hausdorff spaces. Then for any topos £ (connected
and locally connected) over 7, we consider the base change £ x7 7' to obtain a
(connected and locally connected) topos over 7.

2.4 Topological pro-groups

In this paper, a filtered category I is a non-empty small category such that the fol-
lowing holds. For any objects i and j of I, there exists a third object k and maps
i < k — j. For any pair of maps i = j, there exists a map k — i such that the
diagram k — i == j is commutative. Let C be any category. A pro-object of C is
a functor X : I — C, where I is a filtered category. One can see a pro-object in
C as a diagram in C. One can define the category Pro(C) of pro-objects in C (see
[5, L. 8.10]). The morphisms in this category can be made explicit as follows. Let
X:I— CandY :J — C be two pro-objects in C. Then one has

Hom(Xi, Yj).

Homproc)(X, Y) = lim, , lim,,
A pro-object X : I — C is constant if it is a constant functor, and X : I — C
is essentially constant if X is isomorphic (in the category Pro(C)) to a constant
pro-object.
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Definition 2.3 A locally compact topological pro-group G is a pro-object in the cate-
gory of locally compact topological groups. A locally compact topological pro-group
is said to be strict if any transition map G; — G; has local sections.

If the category C is a topos, then a pro-object X : I — C in C is said to be strict
when the transition map X; — X is an epimorphismin C, foranyi — j € FI(I).In
particular, a locally compact topological pro-group G : I — Gr (T op) pro-represents
a strict pro-group-object in 7

yoG: I — Gr(Top) — Gr(T)

where Gr (T op) and Gr(7) are the categories of group-objects in Top and 7, respec-
tively. Indeed, a continuous map of locally compact spaces X; — X ; has local sections
if and only if it induces an epimorphism y(X;) — y(X;)in7.

2.5 The classifying topos of a group-object
2.5.1 General case

For any topos S and any group object G in S, we denote by Bg the category of (left)
G-object in S. Then, Bg is a topos, as it follows from Giraud’s axioms, and Bg is
endowed with a canonical morphism Bg — S, whose inverse image functor sends
an object F of S to F with trivial G-action. If there is a risk of ambiguity, we denote
the topos Bg by Bs(G). The topos Bg is said to be the classifying topos of G since
it classifies G-torsors. More precisely, for any topos f : £ — S over S, the category
Homtop . (€, Bg) is anti-equivalent to the category of f*G-torsors in £ (see [5, IV
Exercise 5.9]). It follows that the induced morphism

Be(f*G) — & xs Bs(9)
is an equivalence (see [10, Corollary 10.14]).
2.5.2 Examples

Let G be a discrete group, i.e. a group object of the final topos Sets. We denote the
category of G-sets by By;" := Bges(G). The topos By is called the small classifying
topos of the discrete group G. If G is a profinite group, then the small classifying
topos B is defined as the category of sets on which G acts continuously.

Let G be a locally ‘compact topological group. Then, G represents a group object

of T, where T := (Top, J,p) is defined above. Then

Bg := B7(G)

is the classifying topos of the locally compact topological group G. One can define
the classifying topos of an arbitrary topological group by enlarging the topos 7.
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2.5.3 The local section site

For any locally compact topological group G, we denote by Br,,(G) the category
of G-equivariant locally compact topological spaces (elements of a given universe).
The category Br,p(G) is endowed with the local section topology [Jis, which can
be described as follows. A family of morphisms {X; — X, i € I}in Bryp(G) isa
covering family for 7, if and only if the continuous map [[;.; X; — X has local
sections. Equivalently, 7, is the topology induced by the open cover topology on T op
via the forgetful functor Br,,(G) — Top. The Yoneda functor yields a continuous
fully faithful functor

BTop(G) — B67

and the induced morphism

—~

B — (BTop(G)a Jis)

is an equivalence (see [3]).

2.6 The classifying topos of a strict topological pro-group

Topos theory provides a natural way to define the limit of a strict topological pro-group
without any loss of information.

Definition 2.4 The classifying topos of a strict locally compact topological pro-group
G : I — Gr(Top) is defined as

Bg = ll(_m1 Bg;,

where the projective limit is computed in the 2-category of topoi.

By ([5, VI.8.2.3]), a site for the projective limit topos B is given by (lzl)nl BropGi,
J), where ll_r)n 1 BropGi is the direct limit category and J is the coarsest topology
such that all the functors

(BropGi, Jis) —> (limi BropGi, J)
are continuous. The direct limit category
BropG = lim| BropGi
can be made explicit as follows. An object of this category is given by a locally com-
pact topological space on which G; acts continuously for some i € /. Let Z; and Z;

be two objects of Br,,G, such that Z; and Z; are given with an action of G; and G,
respectively. Then, there exists an index k € I and maps Gy — G; and Gy — G;
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admitting local sections. Then, a morphism Z; — Z; is a Gy-equivariant continuous
map Z; — Z;. Consider the forgetful functor

BropG —> Top.

One can prove that the topology J on Br,,G is induced by the local section topology
on Top via this forgetful functor, so that the topology J can be denoted by J;;. We
have obtained the following result.

Proposition 2.5 The site (Brop G, Jis) is a site for the classifying topos of the strict
topological pro-group G. In other words, the natural morphism

BG — (BTop njls)

is an equivalence.

3 The Weil-étale topos

In this section, we define a topos satisfying the expected properties of the conjectural
Lichtenbaum topos (see [12]). This yields a new computation of the Weil-étale coho-
mology. Our construction is a suitable refinement of the family of Weil-étale sites
introduced by Lichtenbaum in [8]. We denote by X = (Spec OF, X&) the Arakelov
compactification of the ring of integers in a number field F (i.e. X is the set of
archimedean places of F).

3.1 The Weil-étale topos

As an illustration of the artificiality of the following construction, we start by making
several non-canonical choices.

Data 3.1 1. We choose an algebraic closure F/F.

We choose a Weil group Wp.

For any place v of F, we choose an algebraic closure F,/F,.
For any place v of F, we choose a local Weil group W, .

For any place v of F, we choose an embedding F — F, over F.
For any place v of F, we choose a Weil map 0, : W, —> Wp.

Sk wn

These choices are required to be compatible in the sense that the diagram

Wg, — Gy,

|

WF*>GF

is commutative for any place v.
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Recall that if F/F is an algebraic closure and F/K /F a finite Galois extension
then the relative Weil group Wk is defined by the extension of topological groups

1—>CK—>WK/F—>GK/F—>1

corresponding to the fundamental class in H>(G g ,F» Ck) given by class field theory,
where Ck is the idele class group of K. A Weil group of F is then defined as the
projective limit W := lz(_m Wk F, computed in the category of topological groups. A
Weil group for the local field F;, is defined as earlier, replacing the idele class group
Ck with the mutiplicative group K, where K,,/F, is finite and Galois.

Definition 3.2 Let W}v be the maximal compact subgroup of Wg,. The Weil group
of the “residue field” at v € X is defined as Wiy == WFU/W},v. We denote by

qv : Wg, — WFU/W}VU =: Wi

the map from the local Weil group Wy, to the Weil group of the residue field at v.

Lichtenbaum defined in [8] a family of sites T/ s for K/ F Galois and S a suitable
finite set of primes of F. Then, he defined the Weil-étale cohomology as the direct
limit of the cohomologies of the sites Tk r 5. Here, we define a single site T’y inspired
by a closer look at the étale site. This allows us to define a Weil-étale topos, over the
Artin-Verdier étale topos, giving rise to the Weil-étale cohomology without the direct
limit process.

Definition 3.3 Let T be the category of objects (Zo, Zy, fy) defined as follows. The
topological space Z is endowed with a continuous Wr-action. For any place v of F,
Z, is a topological space endowed with a continuous Wjy)-action. The continuous
map fy : Z, — Zo is Wp,-equivariant, when Z, and Z are seen as W, -spaces
via the maps 6, : Wg, — Wp and g, : Wg, — Wy(,). Moreover, we require the
following facts.

e The map f, is an homeomorphism for almost all places v of F and a continuous
injective map for all places.
For any valuation v, the space Z, is locally compact.
The action of W on Z factors through Wk, ¢, for some finite Galois subextension
F/K/F.

A morphism

¢ (Zo, Zo, fo) —> (Z, Zy, 1)
in the category T’ is a continuous Wr-equivariant map ¢ : Zo — Z;, inducing a con-
tinuous map ¢, : Z, — Z, for any place v. Then, ¢, is necessarily Wy (,)-equivariant.

The category T is endowed with the local section topology Jiy, i.e. the topology
generated by the pretopology for which a family

{(Pi : (Zi,07 Zi,v, fi,v) - (Z()v Zva fv)s l S I}
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is a covering family if the continuous map [ |
any place v.

i1 Zi,v = Zy has local sections, for

Definition 3.4 We define the Weil-étale topos X as the topos of sheaves of sets on
the site defined earlier:

Xy = (T, Jis)-

Remark 3.5 One can extend the previous definition to any étale X-scheme. If one
does so, the Weil-étale topos is no longer functorial (see Sect. 3.4).

Lemma 3.6 The site (T, Jis) is a left exact site.

Proof The category Ty has fiber products and a final object; hence, finite projective
limits are representable in 7. It remains to show that s is subcanonical. But for
any topological group G, the local section topology J;s = J,p on Br,, G is nothing
else than the open cover topology (see [3, Corollary 2]), which is easily seen to be
subcanonical. The result follows easily from this fact. O

Proposition 3.7 We have a morphism of topoi
j . BWF —> Xw.

Proof The classifying topos By, is defined as the topos of y(Wr)-objects of 7 and
the site (Br,p W, Jis) is adefining site for By, (see Sect. 2.5.3). We have a morphism
of left exact sites

j* : (T)_(v Jis) —> (BTopWF: Jis)
(ZO9 ZU? fv) [ ZO

inducing the morphism of topoi j. O

We have a morphism of left exact sites

t*: (Top, Jop) — (Tg, Jis)

Zv+— (Z,Z,1dy) G.h

Definition 3.8 The canonical morphism from Xy to 7 is the morphism of topoi
t: Xy — T
induced by the morphism of left exact sites (3.1).

Consider the functor u* : 7 — By, sending an object £ of 7 to £ with trivial
y(Wr)-action. This functor commutes with arbitrary inductive and arbitrary projec-
tive limits. Therefore, we have a sequence of three adjoint functors u;, u™, u,. More
explicitly, one has uyF = F/y(Wp) and u,(F) = Homy, ({x}, F), where {x} is
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the final object of Byw,. We have a connected (u* is clearly fully faithful) and locally
connected morphism

u: BWF — 7.
The topos By, has a canonical point ¢ over 7. In other words, there exists a section
q : T — By, of the structure map u : By, — 7. Indeed, the inverse image of the
morphism ¢ is the functor ¢* : By, — 7 sending a y(Wp)-object F to F with no
action. Therefore, we have a canonical isomorphism of functor Id =~ g* o u™, hence
an isomorphism of morphisms of topoi:

ld~uoq:7 — By, - 7. 3.2)

Of course everything above is valid for any topological group G (and more generally
for any group object G in any topos &).

Proposition 3.9 One has a canonical isomorphism
u:toj:BWF—>)_(W—>T

In particular the morphism j o q is a point of Xw over T, i.e. the following diagram
is commutative.

BWF#>5(W

7

q t
1d

If there is a risk of ambiguity, the point p of Xw over T will be denoted by Px-

Proof The first claim of the proposition follows immediately from the description of
these morphisms of topoi in terms of morphisms of left exact sites. The second claim
then follows from (3.2). O

Proposition 3.10 The morphismt : Xw — T is connected and locally connected.

Proof Let us first make the inverse image functor ¢* explicit. Consider the full subcat-
egory C; of T consisting in objects (Zo, Zy, f,) such that the quotient space Zo/ Wg
is locally compact and such that the canonical morphism in 7°

y(Z0)/y(Wg) —> y(Zo/WF)

is an isomorphism. By Corollary 4.21, C4 is a topologically generating family of Tk
(see [5, I1 3.0.1]). Hence, the sheaf * L is completely determined by its restriction to
Cy, forany Lof 7.
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One can prove that that one has
t*L(Zo, Zy, fv) = Homp,, (y(Zo), u*L) = u*L(Zo). (3.3)

for any object £ of 7" and any (Zo, Zy, fy) € Ci. Indeed, we check that one has a
bifunctorial isomorphism, in £ € £ and F € Xy:

Homg,, t*L, F) ~ Homp (L, t,F),

where t*L is defined as above and t,F(Z) := F(Z, Z, Idy) for any Z € Ob(T op).
The proof of this fact is tedious but straightforward, using the fact that (Zy/Wp,
Zy/Wr, 1d) € C; and the identification y(Zo/ Wr) = y(Zo)/y(WF).

More generally, we have

Homg (F, t*L) = Homp,, (*F,u*L) (3.4)

for any object F of Xy and any object £ of 7. Indeed the family of representable
objects y(Zo, Zy, fy) is a generating family of Xw (see [5,11 Proposition 4.10]) hence
any object F of Xy can be written as an (arbitrary) inductive limit of such represent-
able objects (see [5, I Proposition 7.2]). Therefore, (3.4) follows from (3.3) and from
the fact that j* commutes with inductive limits and with the Yoneda embedding.

If £ and £’ are two objects of 7, then one has

Homg, L "L = Homgp,, G*t L', u* L)
= Homgp,,, WL, u*L)

= Homp (L', L)

since t o j >~ u and u* is fully faithful. Hence, ¢* is fully faithful, i.e. 7 is connected.
Let us define the left adjoint of *. We consider the functor defined by

nF = l/lgj*]:= ]*]:/y(WF)

where the quotient j*F/y(Wp) is defined in 7, for any object F of Xy . The following
identifications show that # is left adjoint to ¢*.

Hom7(tF, L) = Homy(u j*F, L) = Hompg,,, (*F,u*L) = Homg, (F, t*L).

It remains to show that the functor # is a 7 -indexed left adjoint to *. This means that
for any morphism x : I — J in 7, the natural transformation

ot x)* = x*ot] (3.5)
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defined by the square

1

— 1
Xw/t*I —=T/1

(t*x)* T x*
J

_ l
Xw/t*] ——=T/J
should be an isomorphism (see [6, B.3.1.1]). Here, the functor

x:T)] — TJI
L—>DNDr— (Lx;I—>1

is the usual base change and one has

v Xw/t' ] — T)J
(F—=>t*]) — (0WF - nt*J = )

where the map #t*J — J is given by adjunction. Let ' — ¢*J be an object of
Xw/t*J, and denote it by F. On the one hand, one has

1 o (t*x)*F = ty(F xyoy t*1)
and
ot/ (F— 1) =n(F) xs 1

one the other. Hence, the natural transformation (3.5) is given by the canonical
morphism from

0(F Xpeg t°1) = ur j*(F Xpeg t°1) = wy(j*F X jepey j5t°1) = uy(j*F Xyr g u™1)
to
w j*F Xy g ™ = uy j*F x g 1.
This morphism is an isomorphism because u : By, — 7 is connected and locally
connected. Indeed, the adjunction map uyu*I — [ is an isomorphism since u* is fully
faithful. Then,
w(G*F xyegu™l) = (j*F x5 1) /yWp

is canonically isomorphic to

(J*F/yWr) xy 1
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since inductive limits (in particular quotients of group actions) are universal in 7.
For a down to earth argument proving the very last claim of this proof, one can use
the fact that 7 has enough Sets-valued points, and check that (j*F x; I)/yWr —
(j*F/yWpg) x; I induces isomorphisms on stalks. O

Definition 3.11 An object F of Xy is said to be constant over T if there is an iso-
morphism F >~ *L, where L is an object of 7.

Corollary 3.12 If F is a constant object over T then the adjunction map
is an isomorphism.

Proof This follows immediately from (3.3). Indeed, if 7 = t*L then
F(Zo, Zy, o) =" L(Zo, Zy, ) = u"L(Zo) = j*F(Zo) = juj " F(Zo, Zy, fo)-

for any object (Zo, Zy, f,) of Tg. O

Definition 3.13 Let F be an object of Xyy. The object of 7
WF = (j*F)/y(Wr)

is called the space of connected components of F.

Definition 3.14 An object F of Xy is said to be connected over T if its space of
connected components #.F is the final object of 7.

Consider for example a constant object 7 = ¢*L over 7. Then, the space of connected
components of F is

WF=tt"L=L

since ¢* is fully faithful. Therefore, a constant object F = 1*L of Xw over T is
connected over 7 if and only if F is the final object of X .

Remark 3.15 Note that nF is not a topological space in general. However, this is
a topological space when F is representable by an object (Zo, Z,, fy) such that
v(Zo)/y(Wr) = y(Zoy/ Wr). Our terminology is justified by the fact that any object
of 7 is topological in nature.

3.2 The morphism from the Weil-étale topos to the Artin—Verdier étale topos

Let X be the Arakelov compactification of a number ring Or. The set X is given with
the Zariski topology. We recall below the definition of the Artin—Verdier étale site of
X. We refer to [11] for more details.
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A connected étale X-scheme is a map

where U is a connected étale X-scheme in the usual sense. The set U is a subset of
U(C)/ ~, where U(C)/ ~ is the quotient of the set of complex valued points of U
under the equivalence relation defined by complex conjugation. Moreover, Uso/ X o
is unramified in the sense that if v € X is real, then so is any point w of U lying
over v. An étale X-scheme is a finite sum of connected étale X-schemes, called the
connected components of X. A morphism U — V in the category E t% is a morphism
of X-schemes U — V inducing a map Usx — Vo Over X . The Artin—Verdier étale
site of X is defined by the category E t¢ endowed with the topology 7., generated by
the pretopology for which the coverings are the surjective families.

Definition 3.16 The Artin—Verdier étale topos of X is the category of sheaves of sets
on the Artin—Verdier étale site:

Xer i= (Etg, Jer)-

Let v be a closed point of X. Data 3.1 gives an embedding G F, = GF;hence, we
have an inertia subgroup 7, C Gp atv. _One can dgﬁne the strict henselization of X
at v as the projective limit X f)h = ll(_m U, where U runs over the filtered system of

étale neighborhoods in X of a geometric point over v. We refer to [11, Section 6.2]
for a precise definition. For v ultrametric, one has X ;ﬂh = Spec((’);-h v) where the ring

O‘;-(hv is the strict henselization of the local ring Ox_,. The generic point of X f)h is

Spec(F _I”). For an archimedean valuation v, X f)h can be formally defined as the pair
(Spec(F™),v) — (X, X ). Hence for any closed point v of X, Data 3.1 gives a
specialization map over X

Spec(F) — Spec(F) — X'f)h. (3.6)
Proposition 3.17 There exists a morphism of left exact sites

V* : (Et)_(; jet_) — (T)_(; Jis)
U +— (Uo, Uy, fr)’

The functor y* is fully faithful, and the essential image of y* consists in objects
Uy, Uy, fv) where Uy is a finite Wg-set.

This result is a reformation of [10, Propositi_on 4.61] and [10, Proposition 4.62].

Let us fix some notations. For any point v € X, we define the Galois group of the
“residue field at v” as follows:

Grw) = Gr, /Iy
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while the Weil group of the residue field at v is defined as Wi,y = Wg,/ Wll%'
Note that we have a morphism oy, : W) — Gi(y) compatible with the Weil map
0y : Wg, — Wg forany v € X. Note also that for an archimedean valuation v, the
group Gy is trivial and Wi y) is isomorphic to R as a topological group.

Proof For any étale X-scheme U, we define an object y*(U) = (Uo, Uy, fy) of T
as follows. An algebraic closure F/F has been chosen in Data 3.1. The generic point
U x % Spec F is the spectrum of a finite étale F'-algebra. The Grothendieck—Galois
theory shows that this étale F'-algebra is uniquely determined by the finite G p-set

Uo := Homgpec p(Spec F,U X g Spec F) = Hom 3 (Spec F,U).

Let v be an ultrametric place of F. The maximal unramified sub-extension of the
algebraic closure F,/F, chosen in Data 3.1 yields an algebraic closure of the residue
field k(v)/ k(v). The scheme U x % Spec k(v) is the spectrum of an étale k(v)-algebra,
corresponding to the finite Gy (y)-set

Uy := Homgpeckv)(Spec k(v), U X g Speck(v)) = Hom 3 (Spec k(v), U)
Let v be an ultrametric place of F. Here, we define the set
Uy := Homz((, v), U)=v XX Uso

For any closed point v of X, we have U, = Hom 5(()_( f)h, U ); hence, the specialization
map (3.6) gives a G f,-equivariant map

fv : Uy — Up.

This map is bijective for almost all valuations and injective for all valuations. For
any place v of F, the set U, is viewed as a Wj(,)-topological space via the morphism
Wiw) — Gr). Respectively, Uy is viewed as a Wg-topological space via Wr — G.
Then, the map f,, defined above is W, -equivariant. We obtain a functor

y* Ety —> Ty.

Note that if U is the a finite sum of connected étale X-schemes U = 11 U,', then we
have

y*O) =]]r*@

where the sum one the right-hand side is understood in T5. The functor y* is easily
seen to be left exact (i.e. it preserves the final object and fiber products) and continuous
(i.e. it preserves covering families). Hence, we do have a morphism of left exact sites.

Let U = (Up, Uy, fy) be an object of T such that Uy is a finite Wg-set. Writing
Uy as the sum of its Wg-orbits, we can decompose U = I_[i c; Ui asasumin Ty. The
action of W on Uy factors through Wr/ Wl =G F, Where Wg is the connected of 1
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in W, since Uy is finite. Hence, we can see Uy as finite G g-sets. By Galois theory,
Up corresponds to an essentially unique étale F-algebra A = [[;; K;. Then, for any
i € I one has a finite set S; of places of K; and an isomorphism in 7’y:

Ui = y*(Spec(Ok;) — Si)
This shows that the essential image of y* consists in objects (U, Uy, f,) such that
Uy is a finite Wr-set.

Let U and U’ be two objects of Etg. We set y*(U) = (U, Uy, fy) and y*(U') =
(U4, U, f)). By functoriality, we have a map

Homg(U,U") — Homr, ((Uo, Uy, fv), Uy, U, f)- 3.7
We define the inverse map as follows. A morphism ¢ : (Uyp, Uy, f) — (UO, D
is given by a map of finite Gp-sets ¢o : Uy — Uj. This map gives a unlquely
determined morphism of F-algebras A" — A, where Spec(A) := U x 3 Spec(F)
and Spec(A') := U’ X g Spec(F), again by Galois theory. The morphism A — A
induces a morphism of étale X-schemes é:U0—>U precisely because ¢ induces
amap ¢, : U, — U, for any closed pomt v of X. Then ¢ > ¢ is the inverse

isomorphism to (3.7). Th1s shows that y* is fully faithful. O

The next corollary follows immediately from the fact that a morphism of left exact
sites induces a morphism of topoi.

Corollary 3.18 There is a morphism of topoi
Y )_(W —> )_(e[.

Remark 3.19 Let F be an object of X represented by an étale X-scheme U In other
words, we assume that

F=y"yO) =yy*U) = y(Wo, Uy, fo)
where U is a finite G p-set. The space of connected components
= (*F)/y(Wr) = Uo/Gr

is the object of 7 represented by the finite set Up/ G r, which is the set of connected
components of U in the usual sense.

3.3 Structure of Xy at the closed points

Let v be a place of F. We consider the Weil group Wk (y) and the Galois group G ) of
the residue field k(v) at v € X. Recall that for v archimedean, one has W,y ~ R and
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G = {1}. We consider the big classifying topos By, , i.e. the category of y (Wi ())-
objects in 7, and the small classifying topos BSGC’(‘(U), which is defined as the cate-
gory of continuous Gy y)-sets. The category of W (y)-topological spaces Brop Wi (v)
is endowed with the local section topology Jjs. Then, (B7op Wi (v, Jis) is a site for
the classifying topos By, . Respectively, let B rgers Gi(v) be the category of finite
G (v)-sets endowed with the canonical topology Jean. The site (B fsersGr(vys Jean)
is a site for the small classifying topos Bg;’ "
For any place v of F, we have a morphism of left exact sites

l: . (TX', ‘713‘) — (BToka(v), t.7lS)
(207 Z'Ua fl)) > ZU

hence a morphism of topoi
iv : BWk(v) —> Xw.

Assume that v is ultrametric. The morphism of schemes Spec k(v) — X induces a
morphism of topoi

. psm v
Uy : BGk(v) —> Xet

since the étale topos of Spec k(v) is equivalent to the category Bg:( ) of continuous

G (v)-sets. This equivalence is induced by the choice of an algebraic closure of k(v)
given in Data 3.1. For v archimedean, we still have a morphism

uy : B, = Sets = Sh(v) —> Xor.
The category of finite Gy (y)-sets endowed with the canonical topology is a site for the

small classifying topos B‘g:( - We have a commutative diagram of left exact sites

o
(BTop Wk(v)» \7[?) <~ (BfSets Gk(v)v \.71Y)

iy uy
y*

(T)_(v t7ls) (Et}_(7 L71_3)

where u*(U) is the finite G (y)-set
Uy, := Hom g (Speck(v), U).

The diagram of sites above induces the commutative of topoi of the following result,
which is proven in [4].

Theorem 3.20 For any closed point v of X, the following diagram is a pull-back of
topoi.
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% 5 sm
BWk(u) BGk(U)

iy l Uy \L
Xy —— Xu
Corollary 3.21 For any closed point v of X, the morphism i, is a closed embedding.

Proof It is well known that the morphism of étale topoi
Uy - BanlZ(U) —> Xet

is a closed embedding. The result then follows from the fact that closed embeddings
are stable under pull-backs. Indeed, the image of u, is a closed subtopos Im(u,) of
X ;. But the inverse image of Im (u,) under y is precisely the image of i, as it follows
from the previous theorem. Hence, Im (i) is a closed subtopos of Xw, and i, induces
an equivalence By, >~ Im(iy). O

3.4 The Weil-étale topos of an étale X-scheme

Remark 3.22 In this section, we define the Weil-étale topos Uy for any étale X-
scheme U . Such a definition must be functorial. According to Proposition 3.28 below,
there are two possible definitions for Uy . If one defines Uy as in Definition 3.4 for
any U étale over X, then U — Uy is not functorial. In order to get functoriality, we
define Uy as a slice topos (see Definition 3.23 and Proposition 3.24 below). The fact

that Uy is equivalent to (T, Ji5) will be used as a technical tool in the remaining
part of this paper.

Definition 3.23 Let U be an étale X-scheme. We define the Weil-étale topos of U as
the slice topos

Uw = Xw/y* ().
Proposition 3.24 One has a pseudo-functor

EIX — 3_:0}3
Ur— Uy

where Top is the 2-category of topoi.

Proof The assignment U +> Uy is obtained by composing the Yoneda embedding,
the functor y*, and the pseudo-functor (see [5, IV.5.6])

}_(W —> E_Op
Fr+— Xw/F

The result follows. O
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Proposition 3.25 We have a pull-back of topoi

- Vi _
Uw > Uy

L,

XW *V> )_(et
In other words, one has an equivalence Uw >~ Xw x %o U,;, where the fiber product
is defined in the 2-category of topoi.

Proof One has a canonical equivalence X ot / U ~ U,, as it follows from (see [3, III
Prop 5.4])

Kot /yU = (Etg, Jor) /U ~ (Etg U, Jina) = (Etg, Jor) =: Uer.

We write below y*U (respectively U) for the object y(y*U) = y*(yU) (respectively
yU ) of the topos Xy (respectively of X.0). By ([5, IV Prop 5.11]), the following
commutative diagram

isapull-back, i.e. 2-cartesian in the terminology of 5], where the vertical arrows are the
localization morphisms. The result then follows from the definition Uy := Xw/y*U.
O

For any étale X-scheme U, a site for the topos Uy is given by the category Tz /v* U
endowed with the topology induced by the local sections topology via the forgetful
functor T/ yU — T. We want to define a site for Uy analogous to Ty.LetU be
a connected étale X - scheme Again, we need to make non-canonical ch01ces

Data 3.26 1. We choose a geometric point g;; : Spec F — U over the geometric
point Spec F — X chosen in Sect. 3.1 (1). In other words, the following triangle

U
i
Spec F —= X

is required to be commutative. The geometric point g; yields a sub-extension
F/K/F, where K is the function field of U.
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2. For any closed point u of U over v € X, we choose an embedding K, — F, such
that the following diagram commutes.

*>Ku*>
— K —

Then, the Weil group of F/K is defined by

"r“%c?jl

N —

Wk = (p_]GK

where ¢ : Wp — G is the map chosen in 3.1(2). For any closed point u of U over
v € X, the Weil group of F, /K, is defined by

Wk, = (pv_lGKu

where ¢, : Wr, — Gp, is the map chosen in 3.1(4). Finally, the Weil map 6, :
W, — Wp of Data 3.1(6) induces a Weil map

O : Wk, — Wk.

Definition 3.27 Let U be a connected étale X-scheme endowed with the data 3.26.
We consider the category Ty; of objects (Zo, Zy, fu), g defined as follows. The space
Zy is locally compact and given with a continuous action of Wg . For any point u of
U, Z, is a locally compact topological space endowed with a continuous action of
Wikw)- The map f,, : Z, — Zg is continuous and Wk, -equivariant.

Thf_: action of Wg on Zg factors through Wy, g for a finite Galois sub-gxten-
sion F/L/K. The map f, is an homeomorphism for almost all points u of U and
a continuous injective map for all points of U. An arrow ¢ : (Zo, Zu, fu) —
(2, Z,,, f,) in the category Ty is a Wi -equivariant continuous map ¢ : Zo — Z,
inducing a continuous map Z, — Z, for any u € U. The category Tj; is endowed
with the local section topology Jjs.

The argument of the proof of Proposition 3.17 gives a morphism of topoi

(lev Tis) — Uet~

Moreover, the choices 3.26 above define a morphism of topoi

(Tg, Tis) —> (Tg, Tis) =: Xw.
Indeed, we have a morphism of left exact sites

(Tx. Jis) — (T, Jis)
(ZOv Z'Us fv)ve)}' > (201 Zm fu)ug[_]
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defined as follows. The space Z on the right-hand side is given with the action of
Wy induced by the morphism Wg <> Wp. For any closed point u of U lying above
v € X, the space Z, is Z, endowed with the action of Wi induced by the morphism
Wiw) <> Wk(v), which in turn induced by the morphism Wk, < W, .

We obtain a commutative square

Ty, Tis) — Uet

|

Xy —— X

since the corresponding diagram of sites is commutative. By the universal property
of fiber products in the 2-category of topoi, this commutative square gives rise to an
essentially unique morphism

(T, Jis) — Xw Xz, Ua = Uw.

Proposition 3.28 Let U be a connected étale X -scheme endowed with the Data 3.26.
Then, the morphism defined above

(Tg, Jis) — Uw.

is an equivalence.

Proof Recall that y*U = EUO’ Uy, hy), where Uy = Homy(Spec F,U) as a
Wp-set. The sub-extension F/K/F given by the point g; yields an isomorphism
of Wg-sets

Uy :=Homp(K,F)~Gp/Gx =~ Wr/Wkg,

sending g;; € Uy to the distinguished element of Wr/ Wk . This gives an isomorphism
of categories

BropWr /Uy = BropWr/(Wg/Wk).
Hence, the functor

Yy : BTopWF/UO — BTopWK
$0 1 Zo — Up —> Zy, =y ' (qp)

is an equivalence of categgries. Let ¢ : (Zo, Zy, fv) = Uy, Uy, hy) be an obiect of
the slice category T /y*U and let u € U be a closed point lying above v € X. The
action of Wk, on

Fo N (Zug) = Zug =5 (@)
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via the map Wk, — Wk is unramified, in the sense that Wll(u acts trivially on
fv_l(Zuo). Then, we see fv_l(ZuO) as a Wy, -space, where fv_l(Zuo) is given with
the topology induced by the inclusion f,"!(Z,,) € Z,. We define Z, to be the space

Zu = [, (Zuy)

endowed with its Wy ,)-action. Finally, the W, -equivariant map f, : Z, — Zp
induces a W, -equivariant map g, : Z, — Z,,, which is injective and continuous
everywhere and an homeomorphism almost everywhere. Then, the equivalence W
induces a functor

Ty /y*U — Ty
(Zo, Zy, fv) = (Uo, Uy, hy) — (Zuo, Zy, 8u)

which is an equivalence as well. Moreover, the topology induced on Br,, Wk by the
local section topology on Br,, Wr via the functor (forget the map to Up)

BropWk =~ BropWr /Uy — BropWr

is still the local section topology on B7,, Wi . The same is true for any place v of F,
and we obtain an equivalence of sites:

(Tg/v*U, Jis) — (T, Jis)

Therefore, the induced morphism of topoi

P

(Ty. Tis) —> (Tg/y*T., Jis) = (T, Tis)/y*y(0) =: Uy

is an equivalence (see [5, III Prop. 5.4] for the last equivalence). O

3.5 The Weil-étale topos of a function field

In this section, we show that our definition of the (small) Weil-étale topos of a func-
tion field coincides with the definition given by Lichtenbaum in [7]. More precisely,
let Y be an open subscheme of a smooth projective curve over a finite field k. The
most natural definition for the Weil-étale topos is given by the category S,; (W, Y)
of Wy-equivariant étale sheaves on the geometric curve ¥ = Y ®; k. On the other
hand, Definition 3.3 yields a left exact category 7" endowed with the local section
topology Jis, where we replace Top by Sets. We define below an equivalence

(Tsmv \728‘) = Set(Wk» 7)

In other words, we show that the artificial definition of the (small) Weil-étale topos
coincides with the natural one in the case of a function field. This justifies the term
“Weil-étale topos” for the topos defined in this paper.
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Data 3.29 Let Y be an open subscheme of a geometrically connected smooth
projective curve over a finite field & with function field K.

1. We choose a separable algebraic closure K /K. )
2. For closed point y of ¥, we choose a separable algebraic closure K, /K, and a
K-embedding K — K.

We have a natural map Gx — Gy, and the global Weil group Wk is defined as
the fiber product topological group Wi = Gk x g, Wi. For any closed point v of
Y, one has Gy) = Gk, /Ik,, and Wi = G, X Grwy Wi(v)- There exists a unique
Weil map Wi, — Wk such that the following diagram is commutative

WKU —— GKU

|

WKHGK

Definition 3.30 Let 7™ be the category of objects (Zo, Zy, fy) defined as follows.
The set Z is endowed with a continuous W -action. For any closed point v of Y, Z,
is a set endowed with a continuous Wy y)-action. The map f,, : Z, — Zg is Wk, -
equivariant, when Z,, and Z are seen as Wk, -spaces via the maps Wx, — W and
qv : Wi, — Wi(). We require the following facts:

e The map f, is bijective for almost all closed points and injective for all closed
points v of Y.

° "lihe action of Wg on Z factors through Wy /k, for some finite Galois subextension
K/L/K.

A morphism
¢ : (Z()a ZU’ fU) — (Z(I)v Z:;v flj)

in the category 7}, is a W -equivariant map ¢ : Zo — Z inducing a W -equivari-
ant map ¢, : Z, — Z, for all closed points v of Y.

The category T;" is endowed with the local section topology Js, i.e. the topology
generated by the pretopology for which a family

{(pl : (Zl,07 Zi,va ﬁ,U) - (ZO7 Z‘U’ fU)a l S I}

is a covering family if the map [[._; Z;., — Z, is surjective, for any point v of Y.

iel

Definition 3.31 We define the small Weil-étale topos Y;;" as the topos of sheaves on
the site (75", Jis).

Let Kk be the function field of the geometric curve Y. We have the sub-extension
K/Kk/K and we set Gir = G (K /Kk). For any closed point y € Y, we denote
by I, the Galois group of the completion of K k at y. We choose maps Iy — Ggx
compatible with Data 3.29.
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Definition 3.32 Let T%’" be the category of objects (Zo, Zy, fy), where y runs over
the closed points of Y, defined as follovls. The set Zy is endowed with a continuous
G gr-action. For any closed point y of ¥, Z, is a set endowed with a Iy-equivariant
amap fy : Zy — Zo, where I, acts trivially on Zy and I, acts on Zj via the map
Iy — G gz. Moreover, we assume that

e The map fy is bijective for almost all closed points y of Y and injective for all
closed points y of Y .

e The action of G 7 on Zg factors through G(L/K k), for some finite Galois sub-
extension K /L/Kk.

The morphisms in the category T;’" are defined as above. The local section topology
Jis on the category T%’” is generated by the pretopology of surjective families as
above.

We consider below the category Ety of finitely presented étale Y-schemes. The
site (Ety, Jer) is called the restricted étale site. Since Y is quasi-compact and
quasi-separated, the restricted étale site (Ety, Jer) is a site for the étale topos of

Y, i.e. we have

Yo = (Ety, Jet)-

Proposition 3.33 There is an equivalence

(T?Yma \71?) = 76[-

Proof The arguments of Proposition 3.17 can be generalized to this context. This
yields a natural functor Ety — T3 This functor is not essentially surjective because
an object (Zo, Zy, fy) of T‘?"” can have an infinite number of connected compo-

nents (i.e. Zo/ G g is infinite), while a finitely presented €tale Y-scheme has finitely
many connected components. However, the previous functor is fully faithful, Ety is a
topologically generating family of the site (T‘Y"”, Jis), and the étale topology on Ety
is induced by the local section topology on T‘YY”’. Hence, the result follows from ([5,
IV Corollary 1.2.1]). O

We recall below some basic facts concerning truncated simplicial topoi. We refer
to ([10, Chapter 10 Sect. 1.2]) for more details and references. A truncated simplicial
topos S, is given by the usual diagram

S —= & = &

Given such truncated simplicial topos S,, we define the category Desc(S,) of objects
of So endowed with a descent data. One can prove that Desc(S,) is always a topos.
More precisely, Desc(S,) is the inductive limit of the diagram S, in the 2-category
of topoi.
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The most simple non-trivial example is the following. Let S be a topos and let U
be an object of S. We consider the truncated simplicial topos

—_—

(S, U)e: S/UxUxU) — S/UxU) = S§/U

where these morphisms of topoi are induced by the projections maps (of the form
UxUxU—UxUandU x U — U) and by the diagonalmap U — U x U. It
is well known that if U covers the final object of S, then the natural morphism

Desc(S,U)e — S

is an equivalence. In other words, S/U — S is an effective descent morphism for
any U covering the final object of S.

We will also use the following example. Let G be a discrete group acting on a
scheme Y. The truncated simplicial scheme

GxGxY — GxY =— Y

defined by the action of the group G on Y induces a truncated simplicial topos:

(G Yede: (GXxGxV)y —% (GxVy == Vu4

—_— —_—

The descent topos of this truncated simplicial topos is precisely the category of G-
equivariant étale sheaves on Y:

S.,:(G,Y) := Desc((G, Yor)s).

Theorem 3.34 There is an equivalence

(TSm, t7ls) = SEI(ka 7)

Proof First, there is a canonical morphism of topoi

—_~—

£ @y T — By

induced by the morphism f* of left exact sites defined as follows. The functor f* sends
a Wy-set Z to the object (Z, Z, I1dz) of T;™, where W (respectively Wy (,)) acts on
Z via the map Wx — W; (respectively via Wi,y — Wy). Let EW; be the object of
B{;{,’Z defined by the action of Wy on itself by multiplications. One has f*(EWy) =
V(E Wy, EWy, Id). Adapting the proof of Proposition 3.28 to this context, we obtain
the following equivalences:

e~
sm

(T3 T [ (EW) = (T3 ) F*EWi, Jis) = (T T
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By Proposition 3.33, we have

VI FEEW) = (T3 Ji) [fH(EWy) = (T2 Tig) = (Ety, Jer) = Ver (3.8)

The morphism from f*EW; to the final object of (73", Jis) is certainly an
epimorphism, i.e. a covering morphism. We consider the truncated simplicial topos
S! obtained by localization:

Y [(fFEWix f*EWg x f*EWy) ——= Yy/"/([FEWi X f*EWy) =— Yy /f*EW)

The descent topos of this truncated simplicial topos S! is canonically equivalent to
Yy since f*EWj covers the final object:

Y3 = Desc(Sl)

By (3.8), the truncated simplicial topos S is equivalent to

St Yal/@Wex gWo) % Yu/g'Wi == Yu

where g : Y., — Sets is the unique morphism. One has g* Wy, x g* Wy = g* (Wi x Wy)
and

gWe=g" ([t =] =]]y® =y {[]¥]| =y xT)
Wi Wi Wi Wi

where {x} and y(Y) are the final objects of Sets and Y, respectively, since g*
commutes with finite projective limits and arbitrary inductive limits. We obtain

Yer/§" Wi =Yer/y(Wi X V) = (Wi X V)t
since the projection Wy x ¥ — Y is an étale morphism of schemes, and
Yer /(€ Wi X 8Wi) = Yo [y(Wi x Wi x Y) = (Wi X Wy X ¥)gy
The truncated simplicial topos S? is equivalent to

R

803 : (Wi x Wi x Y)et — (Wi x 7)et —— 7et

where the maps of this simplicial topos are given by the group structure of Wy and its
action on Y. Hence, we have equivalences of truncated simplicial topoi:

S}:SE:SE
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inducing equivalences between the associated descent topoi:
Y3l = Desc(S) =~ Desc(S?) ~ Desc(S3) = Su (Wi, Y).

]

Recall that Lichtenbaum has defined in [7] the Weil-étale cohomology as follows:
n R n Wi
Hy (Y, A) =R Ty )A

Here, A is a Wy-equivariant abelian étale sheaf on Y and F;V" is the functor of

Wi -invariant global sections 0n_7. This cohomology is precisely the cohomology

of the Weil-gale topos Se; (Wi, Y). Indeed, the latter is defined as R" (o)A, where

a : Set (Wi, Y) — Sets is the unique map from the Weil-étale topos to the final topos.
Wi

But we have canonically a, = 7

4 The Weil-étale fundamental group
4.1 Local sections

For W a locally compact topological group and 7 a closed subgroup of W, it is not
known in general that the continuous projection W — W /I admits local sections.
The result below, due to Mostert, shows that local sections do exist when W/I is
finite dimensional. We denote below by dim(X) the covering dimension of the space
X in the sense of Lebesgue. Note that for any locally compact space X, we have the
inequality

cd(X) < dim(X)

where cd(X) denotes the cohomological dimension that is used in [13].

Theorem 4.1 Let W be a locally compact topological group and let I C W be a
closed subgroup such that W /I is finite dimensional. Then, the continuous projec-
tion W — W/I has local sections. If W/I is O-dimensional, then the projection
W — W/I has a global continuous section.

Proof This is [13, Theorem 8]. |

Corollary 4.2 Let W be a finite dimensional locally compact topological group and
let I € W be a closed subgroup. Then the continuous projection W — W /I has local
sections.

Proof By [13, Corollary 2], if W is finite dimensional then so is W/I, and the result
follows from the previous theorem. O

Lemma 4.3 Let L/K be a finite Galois extension of number fields. The idéle class
group Cy, and relative Weil group Wik both have finite dimension.
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Proof Let us first note that Cy, is an open (and closed) subgroup of Wy g, hence
dim(Wr, k) = dim(Cp).
Global class field theory provides us with an exact sequence of topological groups
1-CY -G -1,

where Cg is the connected component of C ;. We mean by the term exact sequence that
C 2 is a closed normal subgroup of C; endowed with the induced topology and that G‘i”
becomes isomorphic to the group Cr/C 2 endowed with the quotient topology. The
space G‘ib is profinite hence compact and totally disconnected. Hence, dim(G‘zb )=0.
By Theorem 4.1, the continuous map C; — Gib has a global continuous section. We
obtain an homeomorphism Cj =~ Cg X G‘ib (which is not a group morphism). We
obtain

dim(Cr) < dim(C?) + dim(G4?) = dim(CY).

But the connected component C 2 is the product of R with r1 (L) +r2(L) — 1 solenoids
and rp (L) circles. Recall that a solenoid is a filtered projective limit of circles:

V:=1Ilim§S!

<«

hence V is of dimension 1. We obtain
dim(Wr k) = dim(Cr) < dim(CY) < r1(L) +2r2(L) = [L : Q]

O

Corollary 4.4 Let L /K be a finite Galois extension of number fields. The map Wx —
Wi,k has local sections. The relative Weil group Wy, k s has finite dimension, and
Wk — Wik s has local sections. For two Galois extensions L'/L/K, the map
Wrk.s — Wir/k,s has local sections.

Proof The group Wi,k s is the quotient of Wy, ,x by a closed subgroup. Hence,
Wy ,k,s has finite dimension by Lemma 4.3 and [13, Corollary 2]. The maps Wx —
Wik, Wk — Wiyk.s, and Wy g s — Wik s are all quotient maps of locally
compact groups by closed subgroups with finite dimensional targets. Those results
follow from Theorem 4.1. O

4.2 Weil groups

Again we consider a connected étale )_(_ -scheme U endowed with the Data 3.26. Thus,
we have a geometric point g;; : Spec F — U over Spec F — X, i.e. a sub-extension
F/K/F,where K is the function field of U. The Weil group of K is Wx := ¢~ !G.
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If u is a closed point of U lying over v € X, then the Weil map 6, : Wr, — Wg of
Data 3.1(6) induces a Weil map 6, : Wg, — Wg. We denote by W}(M C Wk, the
maximal compact subgroup, which should be thought of as the inertia subgroup.

Definition 4.5 We define the Weil group W (U, ¢ i) of the pair U, q {7) as the quotient
WU, q5) = Wk/Ng

where Ny is the closure of the normal subgroup in Wk generated by the images of
the maps

1
WKu — Wk, - Wk

where u runs through the closed points of U.

We will show below that this group W (U, ¢ {7) is the limit in the category of topolog-
ical groups of a projective system of topological groups, i.e. of a topological pro-group.
We can either consider this topological pro-group or we can consider its limit as a topo-
logical group. It turns out that a topological pro-group contains more information than
its limit computed in the category of topological groups. For example, there exist non-
trivial strict pro-groups whose limit, computed in the category of topological groups,
is the trivial group. Topos theory provides a natural framework to overcome this kind
of pathologies.

Let (U, qg7) be as above and let F/L/K be afinite Galois subextension, where the
algebraic closure F'/K is given by the geometric point g;;.

Definition 4.6 We consider the topological group W (U, L) defined as the quotient
WU, L) :=Wrk/Ng .

where Ny | is the closure of the normal subgroup in Wy /k generated by the images
of the maps

WII(M — Wk, —> Wr/k

where u runs through the closed points of U.

Definition 4.7 We denote by W (U, q;) the strict topological pro-group
WU, qp) :={W(U,L); F/L/KfiniteGalois}

indexed over the system of finite Galois subextension of F/K .

Recall that the term “strict” means that the transition maps
WU, L) — W(U,L)

have_ local sections. This follows from Theorem 4.1, Lemma 4.3 and from the fact that
W (U, L) is the quotient of W1,k by a compact subgroup.
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Proposition 4.8 The canonical morphism of topological groups
o W(U,qg) — li(LnW(U,L)

is an isomorphism, where the right-hand side is the projective limit computed in the
category of topological groups. Moreover, the map

W(U.q5) — WU, L)
has local sections.

Proof Consider the product decompositions
WU, qz) =~ W' (U,q5) xRand W(U, L) ~ W' (U, L) xR
where W!(—) is the maximal compact subgroup of W (—). We have
im WU, L) ~1limW'(U, L) x R

since projective limits commute between themselves (in particular with products).
Hence, it is enough to show that

WU, qp) — lim wl(o, L)

is an isomorphism of topological groups. For any L/K finite Galois, we have an exact
sequence of topological groups:

l— Ng, — WLI/K - whU,L) -1
Passing to the limit we obtain an exact sequence (since projective limits are left exact)
L= lim Ny ;= lim W}, — limW' (U, L) (4.1

. e _ _ . . _ 1 . _
By defm.ltlon of N 0 and Ny, L the inclusion Ny — Wy factors through [im N ;.
We obtain an injective continuous map

”:NUC_’IJ_’"NU,L

which has dense image, since all the maps Ny < Ny ; are surjective. This mor-
phism 7 is an isomorphism of topological groups because N; is compact. The exact
sequence (4.1) then shows that &' is injective. On the other hand, the map

wl(U,q5) — WU, L)
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is surjective for any L, hence ' has dense image. Therefore, o'

bicontinuous, since W!(U, qg) is compact. Finally, the map

is surjective and

WU.qp) — WU.L)
has local sections by Theorem 4.1. O

Let V be another connected étale X -scheme. The generic point of V is the spectrum
of a number field L and we denote by S the finite set of places of L not corresponding
to a point of V. The S-idele class group Cy s of L is defined by the following exact
sequence of topological groups

0— H Of —CL—Crs—0 4.2)

weV

where [,y (’)Zw is the product of the local units (’)Zw := Ker(L% — R.) indexed

by the sets of places of L corresponding to a point of V.

Definition 4.9 For any connected étale X-scheme V with function field L, we define
the formation module Cy; of V as the S-idele class group of L

Cy:=CLgs
where S is the set of places of L not corresponding to a point of V.

The geometric point gg; : Spec F — U gives a point of the étale topos
qp - Sets — l_]e,

and the étale fundamental group 771 (U,;, q;7) is well defined as a profinite group. This
group is the Galois group of the maximal sub-extension of F /K unramified at any
place of K corresponding to of U (regardless if such a place is ultrametric or archime-
dean). More geometrically, we consider the filtered set of pointed Galois étale cover
(v, qy) —> (U, qg)} to define the étale fundamental group

nl([]e[s q[_]) = ll(_m(v’qv) Gal(‘?/l_])
The pair
(11 (Uer, 47, liny 40y Cy) (4.3)

is a (topological) class formation (see [14, Proposition 8.3.8] and [14, Theorem
8.3.12]). This follows from the fact that if L/K is a Galois extension unramified over

U, then the G,k -module Hw eV Ozw in (4.2) is cohomologically trivial. Therefore,

one can consider the Weil group associated to this class formation (see [15]). More
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precisely, one has a compatible system of fundamental class leading to a projective
system of extensions

I — Cy— Wy 5 — Gal(V/U) - 1.

This projective system is indexed by the filtered set of pointed Galois cover of (U, q5)-

Definition 4.10 The Weil group of the class formation (4.3) is the projective limit
Wi g = Umw g0 Wojo
computed in the category of topological groups.
We have a canonical map W (U, p;) — li(_m(\;’qv) WV/U =: WU,qU‘
If W is an Hausdorff topological group, we denote W€ the closure of the commu-

tator subgroup of W, and by W = W/ W¢ the maximal Hausdorff abelian quotient
of W.

Lemma 4.11 We have topological isomorphisms
W(U, g5)* ~ Cg and W(U, L)* ~ C
for any finite Galois extension L /K.

Proof Recall that K is the number field of U and that L/K is a finite Galois exten-
sion. We have WZ]/’K =~ Ck. The morphism WLl/K — WU, L) is surjective and
closed. Hence, W (U, L)€ is the image of W} /K- On the other hand, the image of

Ny C Wik in Ck is [],eg Ok, - Since quotients commute between themselves,
we have

W, L) =wie/ [ Ok, = Cy-
velU

The proof concerning W(U, ;) is similar. O
Corollary 4.12 The topological pro-group
W, 7)™ := (WU, L)**; L/Kfinite Galois)

is constant and can therefore be identified with a usual topological group. One has an
isomorphism of topological groups

WU, q5)* =~ Cy.
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4.3 Normal subgroups

Let G be a group object in a topos S. A subgroup of G is an equivalence class of
monomorphisms of group objects H < G. A quotient of G, the dual notion, is an
equivalence class of epimorphisms of group objects G — Q.

Such a subgroup is said to be normal if the conjugation action of G on itself induces
an action on H. In other words, H is normal if there exists a commutative diagram

GxG—>G

|

GxH—H

where ¢ is the conjugation action on G (which can be defined on sections, or more
directly as the conjugation action on a group object in any category). If such an induced
action of G on H does exist, then it is unique since H < G is mono.

Let H < G be a subgroup. Consider the quotient G/H in 7 of the equivalence
relation

HxG=4,
where the arrows are given by projection and multiplication. Then G/H has a group
structure compatible with the group structure on G (i.e. the map G — G/'H is a group
morphism) if and only if H is normal in G.

In particular, let f : G — G be a morphism of group objects. The kernel of f is
defined as

Ker(f) =G xg *
where * — G is the unit section. Then, Ker(f) is a normal subgroup of G'.
4.3.1 Normal subgroup generated by a subgroup

Leti : H < G be a subgroup. Consider the category of triangles

where the maps are all monomorphisms of groups and N is normal in G. This category
is not empty since it contains /dg as the final object. The normal subgroup generated
by H in G is the projective limit in 7°

N(H) i=1lim N,
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More precisely, N'(H) is the projective limit of the functor that sends a triangle as
above to N. We check immediately that N'(H) is the smallest normal subgroup of G
containing H.

4.3.2 Subgroup generated by a family of subgroups

Let {H; — G, j € J} be a family of subgroup of G. We define analogously the
subgroup

<Hj,jel>=G
generated by the H;’s in G. In what follows, we denote by
Hi Vv Ha
the subgroup generated by two subgroups H; and H» in G.
4.3.3 Special cases

We consider now subgroups of representable group objects in 7. Let G be a (locally
compact) topological group. A topological subgroup of G is a subgroup H C G
endowed with the induced topology. A topological quotient of G is a quotient G/ H
endowed with the quotient topology, where H is a normal subgroup.

Lemma 4.13 Let y(G) be a group of T representable by a topological group G. The
following are equivalent.

1. G isdiscrete.
2. Any subgroup of yG is representable by a topological subgroup of G.
3. Any quotient of yG is representable by a topological quotient of G.

Proof By ([10, Lemma 10.29]) the unique morphism
er : T —> Sets

is hyperconnected. This means that for any set I, the (ordered) set Subgers(1) of
subobjects of 1 in Sets is in 1 — 1 correspondence with the set Subz (e 1) of su-
bobjects of e-1 in 7. Note that Subges (1) is just the family of subsets of /, and that
ex1 = y(I) is the sheaf of 7 represented by the discrete topological space /. Thus
we have (1) = (2). We have also (1) = (3) for the same reason. Let us write a more
direct proof of this fact using (1) = (2). Let G be a discrete group. If

f:yG—Q
is a quotient in 7, then the kernel

Ker(f) :=yG xg* < yG
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is a subobject of yG in 7. Therefore, Ker(f) = y(K) is representable by a usual
subgroup K C G, and we have

Q=y(G)/y(K) = y(G/K)

since the map G — G/K has (obviously) local sections (see [3, Lemma 4]).

We claim that (2) = (1) and (3) = (1). Let G be a non-discrete topological
group. We denote by G the abstract group G endowed with the discrete topology.
The injective continuous map G® — G yields a monomorphism in 7

yG‘S — yG.

This map is not an isomorphism. Indeed, the Yoneda functor is fully faithful and the
identity map G — G? is not continuous. Hence, yG? is a proper subgroup of yG. But
yG? is not representable by a topological subgroup of G, since the induced morphism
on global sections

eT,*(yG‘S) = Homrp (*, G‘S) =G — e «(yG) := Homrp,p(x, G) = G’
is an isomorphism. Similarly, the quotient
vG/yG’®

is not representable by a quotient of G, since the kernel of the map yG — yG/yG?
is not representable by a topological subgroup of G (this is yG?). O

Lemma 4.14 Let W be a locally compact finite dimensional topological group and
let N1 and Ny be two normal compact subgroups of W. Let N1 vV N be the nor-
mal topological subgroup of W generated by N1 and N, endowed with the induced
topology. Then, N1 vV N> is compact, and the canonical map

YN1V yNy —> y(N1 VvV N2)
is an isomorphism of subgroups of yW. Moreover, one has
yW/(yN1V yN2) = y(W/Ni Vv Na).

Proof The subgroup y(Nj VvV N2) — y(W) contains both yN; and yN;. Hence, it
contains (YN V yN>) as well, i.e. one has

(N1 V yN2) = y(N1V N2) = yW
We show below that the inverse inclusion holds.
Any element of N1 vV N3 is of the form xy for x € Nj and y € N,. We have a

continuous map

N XNy > WxW—> W,
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where the second map is the multiplication. The image of this map is precisely N1 V Na;
hence, we obtain a surjective continuous map

N1 x Np — N; V Nj.

This shows that N1 v N3 is compact. Note that this map is not a morphism of groups
in general. This map induces a bijective continuous map

Ny x Na/(N{ N Ny) — N1V N> 4.4)
where the group (N7 N N>) acts on the space N1 x N; by
o(x.y)=(xo"" oy

for any 0 € (N1 N N>) and (x,y) € Ni x Np. The map (4.4) is also closed since
N1 x N2 /(N1 N N>) is compact, hence we get an homeomorphism

N1 x N2/(N1 N Nz) >~ N1 V Na.
The map N1 x N» — Ny x N /(N1 N N3) is a local section cover by Corollary 4.2.
Indeed, (N1 N N3) is a closed subgroup of the compact group N1 x N, and N1 x Np
is finite dimensional since Nj and N3 are two compact subgroups of W which is finite
dimensional (see [13, Corollary 2]). Hence, the map

Y(Ni x N2) = y(Ni V N»)

is an epimorphism in 7 (again, this is not a morphism of groups in general).
It follows that y(N| v N3) is the image of the map

Y(N1 X N2) = y(W x W) — yW,

where the second map is the multiplication. In other words, one has the epi-mono
factorization

Y(Ni x N2) = y(N1 V Np) — yW.

But the image of y(N; x N3) in y(W) is contained in (yNj V yN3) (check this on
sections), hence we have

Y(N1V N2) = (yN1 V yNy) — yW

We obtain y(Nj vV N2) = (yN1 V yN3) (recall that the set of subgroups of yW has is
an ordered set). In particular, one has

yW/(y(N1) V y(N2)) = yW/y(N1 vV N2) = y(W/N; Vv N»)
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where the last equality follows from the fact that W — W/N; Vv N, has local sections,
since N1 VvV N, is a compact subgroup of the locally compact and finite dimensional
group W (see Corollary 4.2). O

Remark 4.15 The previous result generalizes immediately to the case of a finite
number of compact normal topological subgroups {N; C W, 1 < j < n}.

Let L/K be a finite Galois extension of number fields (inside the fixed algebraic
closure F/K) and let

- CL—> Wik - Grgk —> 1

be the associated relative Weil group. Let v be a place of K and let VT/}(U be the image
of the composite morphism

W[]<v — Wk, = Wg - Wk

endowed with the induced topology. We consider the topological normal subgroup
N (WIIQ) of W,k generated by Wll(,, . We consider also the normal subgroup NV (y Wll(v)

of yWr,k generated by yV~V}(U.

Lemma 4.16 With the notations above, the group N (VT’II(D) is a compact subgroup of
WL/K-

Proof Let F/L/K be a finite Galois sub-extension. The image of W}(U in Wg/F is
topologically isomorphic to W,fw /Ky i.e. one has

vl 1
WKw - WLw/Ku :

Here, WLlw /K, is the maximal compact subgroup of Wr /k,, which is in turn given
by the group extension

1— L:) — WLw/Kv — G(Ly/Ky) — 1

where w is a place of L lying above v. More precisely, WLlw e is given by the following
extension

1 - Of — WLlw/KU — I(Ly/Ky) — 1

where I (L, /K,) is the usual inertia subgroup of G(L,,/K,). The map WLIW/KU —
Wk sits in the (injective) morphism of group extensions

1 or., WLlw/KU ——I(Ly/K,) — 1

|,

1 Cr Wik —> G(L/K) — 1
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We thus have WLlw /K, N Cp = Ozw where the intersection makes sense inside Wy k.
The conjugation action of Wy, on Cy corresponds to the Galois action. Hence for
any n € Wk, we set o = ¢(n) and we have

nOf n ' =0] ccCp

o(w)

We denote by N, := N (VT/}(U) the normal subgroup generated by W,fw /K, in W k.

We obtain lev OZW C N, N Cr and a quotient map (hence surjective, continuous,
and open)

cy:=cL/[]Of, — CL/(N,NCL).

wlv
On the other hand, we have
¢(Ny) = G(L/K"™) C G(L/K)
where K*" /K is the maximal subextension of L/K unramified above v, since ¢ (N,)

is the normal subgroup of G(L/K) generated by /(L,,/K,). We have the following
commutative diagram with exact rows:

| —=N,NCy N, G(L/K") —= 1

1 CL WLk G(L/K)——=1

11— Cr/CLNNy —> Wk /Ny, —> G(K""/K) —>1

1 C})(lm W[léun/K - G(KMI’Z/K) —1

In the diagram above, W}éun/K is the extension of G(K""/K) by C%.. :=
Cron/ [Ty (’)Ix%n corresponding to the fundamental class (note that [, le%n is
a cohomologically trivial G(K*" /K )-module since K" /K is unramified at v). It can
be seen from the diagram above that Cr/Cr N Ny is a G(L/K"")-invariant quotient
of Cp. To reach the same conclusion, one can also observe that the group Cr N N,
contains the group generated by the family

{ac(@) ' =ana"n™, aeCr, o€ G(L/K"), n € Ny, 0 := ()}

since ao(@)™' € Cp and ana~'n~! € N, forany « € C and n € N,. Let

Hy(G(L/K""), C}) be the maximal G(L/K"")-invariant quotient of C}, endowed
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with the quotient topology. We obtain a continuous, surjective, open map
Ho(G(L/K""),C]) —> CL/CLN Ny.
Considering the norm map, we obtain a commutative triangle

Ho(G(L/K""),C]) ————=CL/CLN N,

Iy

HY(G(L/K"™). C})
More precisely, the norm map N can be decomposed as follows:
N: Hy(G(L/K"),C}) - CL/CL N Ny - Cgun — HY(G(L/K"™), C}). 4.5
The kernel and cokernel of the norm map N are given by the following exact sequence

0— H Y(G(L/K"™),CY) — Ho(G(L/K"™),C})
— HYG(L/K"™),CY) — H'(G(L/K"™),CY) — 0

It follows from class field theory that H! (G(L/K""), C}) and I/-I\O(G(L/K””), C?)
are both finite. In particular, the continuous, open and surjective map

CL/CLN Ny —> Clun

has finite kernel. It is a finite étale Galois cover (in the topological sense), hence a local
homeomorphism. Hence, C;,/Cp N N, is Hausdorff, i.e. C;, N N, is closed in Cy.
But N, is contained in WLI/K, hence C; N N, is a closed subgroup of C}, where Ci
denotes the maximal compact subgroup of Cy. Therefore, C;, N N, is compact, and
N, is an extension of the finite group G(L/K"*") by Cr N N,.. Hence, N, is compact
as well. O

Lemma 4.17 We keep the notations of Lemma 4.16. One has the equality
NOWg)=yNWg,).
of subgroups of y(Wp k) inT.

Proof Following the notations of the previous proof, we set

N, = N(VT/}{U) and N, := N(yVT/}(U).
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We have the following morphism of exact sequences of group objects in 7, where the
vertical maps are all monomorphisms.

I ——= Ny xywyx YCL Ny YG(L/K"") —1
| I
I yCr yWijxk —= yG(L/K) —1

The subgroup Ny xyw, , yCy. contains

YWk Xawie ¥CL = (W ik N CL) = y(OF,) (4.6)

since the Yoneda functor commutes with fiber products. Hence, N, XyWy,k yCp,
contains the conjugates in yWp /k of the subgroup (4.6):

nOf ™ =ymOF n) =05 .,

for any n € W,k with o = ¢ (). Thus, N, X yWy,k yC, contains the subgroup of
yWy,k generated by those subgroups:

< YOF (0 €GL/K) >=y(< Of .0 € GL/K)>) =y ][]0}, |
w|v

where the first identity follows from Lemma 4.14. Let 0 € G(L/K""), and consider
the topological subgroup of C; given by

(Id — 0)(Cp) :={ac(@)"", a € Cp}.
Then (/d — o)(Cr) is compact, since it is the image of the continuous morphism

Ci —> CL
o —> aa(a)_l

where C i is the maximal compact subgroup of C . Using this fact and an argument
similar to the proof of Lemma 4.14, we see that we have the inclusion

y((Id —0)(CL)) = Ny Xyw, ¢ YCL
of subgroups of yWy k. Therefore, Ny X yw, ,x YCr contains the subgroup of yWp,/x

generated by all the subgroups considered above:

<y|[]o5, |ytd—o)CL) Vo € GL/K™) > — Ny xyw,, ¥CL.

wlv
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We have above a finite number of compact subgroups of Wy /x. By Lemma 4.14, we
obtain

¥(©) =y [ <[]0}, :(1d —o)(CL)Vo € G(L/K™) > | < Ny Xy, ¥CL.

wlv

where © (=< Hw|v (’)Zw;(ld —0)(Cp)Vo € G(L/K"") > is atopological subgroup
of Cr. Note that we have

CL/® = Hy(G(L/K"™), C}).

The proof of the previous lemma shows that ® is a subgroup of finite index in N, NCp,,
since the norm map N has finite kernel (see (4.5)). More precisely, we have the fol-
lowing exact sequence of topological groups

1 > H — C1/® = Hy(G(L/K"),C}) — CL/N,NCL — 1

where H’ is a finite subgroup of ﬁ_l(G(L/K””), C?}). In particular, © is open in
N, N Cr. We have monomorphisms

y® — NU XyWL/K yCL — y(NvaL)~

This implies that \Vy, X yw, ,x YCr is representable by a topological group, as it follows
from Lemma 4.13.
Now the exact sequence

1 = N, Xywx YCL = Ny, = yG(L/K"™) — 1

and the fact that the Yoneda functor y : Top — 7 commutes with (disjoint) sums (of
topological spaces) show that V,, is itself representable. Hence, )V, is representable by
a topological group N, and we have continuous injective morphisms of topological
groups

® <> N, < N,

since the maps y® < and yN] < yN, are both monomorphisms in 7. But ® is
open in Ny, hence N} is a topological subgroup of N, i.e. N], C N, is endowed with
the induced topology.

Moreover, N, = le/) is normal in yWy &, hence sois N in W, LK (since Yoneda
is fully faithful). Finally N, must contain W1]<u and we get N, = N (W}(U) = N, hence

Ny = YN, = yN(Wg ).



The Weil-étale fundamental group II 111

4.4 A generating family for the Weil-étale topos

Let U be a connected étale X-scheme endowed with Data 3.26. We denote by K the
function field of U. In this section, we define a simple topologically generating family
for the site (7j, Jis) (hence a generating family for the topos Uw). This has already
been used to show that Uy is connected and locally connected over 7, and this will
be necessary to compute the fundamental group of Uyy.

Let us fix a finite Galois sub-extension F/L/K, an open subset V of U, a point
u of U and a locally compact topological space T'. In this section, we denote by N
the closed normal subgroup of Wi,k generated by the subgroups W}g C Wik for

any closed point v € V. Let (N, VT/}(u) be the subgroup of W,k generated by N and
VT/}(M. This subgroup is compact hence closed. We define an object of T};

Grvur =(GoxT,Gy xT,gy)

as follows. If u is not in V', we consider

Go = Wr/x/(N, Wi )
as a Wi -space and

Gy = Wr/k/(N, Wy )
as a Wy (y)-space for any point v of V C U. Then we set G, = Wiy on which Wi,
acts by multiplication, and G, = ¥ anywhere else. The group Wg (respectively Wy (y))
acts on the first factor of Gg x T (respectively of G, x T'). The map

g :GyxT — GoxT
is the identity for any point v of V C U, and the continuous map
Su: Wiy x T = Wi, /Wy x T —> Wik /(N,Wg ) x T

is induced by the Weil map Wg, — Wk.
If u € V we define G v, as above except that we set

Gu = Wik /(N.Wg,) = Wr/k/N.

Notation 4.18 We denote by G; v, 7 the object of T}; defined above. If T = x is the
one point space, then we set G1, v, := GL v .«

For any space T of T op, one has a product decomposition in 7;:

GrLvur =GLvuyxt*T

where t*T = (T, T, Idr) is the constant object of Ty; associated to the space T
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Definition 4.19 Let G be the full subcategory of T}; consisting in objects of the

form Gr. v 4,1, where F/L/K is a finite Galois sub-extension, V is an open subset of
U, uisapointof U, and T is a locally compact topological space. The category G
is endowed with the local section topology Jjs.

Theorem 4.20 The canonical morphism

UW — (G[]v \713)
is an equivalence.

Proof We have a composition of fully faithful functors
GU - Ty — UW

where the second functor is the Yoneda embedding. The local section topology on
Gy is the topology induced by the local section topology on Ty via the inclusion
Gy — Tg. Hence, J;s on Gy is the topology induced by the canonical topology
of Uy via the composite functor defined above. But the Yoneda embedding takes a
topologically generating family of a site to a generating family of the corresponding
topos. Hence, it remains to show that G is a topologically generating family for the
site (T, Jis). In other words, we need to prove that any object of 7;; admits a local
section cover by objects of G 3.

Let (Zo, Zy, fv) be an object of Ty;. The action of Wk on Z factors through Wy /k,
for a finite Galois extension L /K. Since the group W,k is locally compact, its action
on the space Z yields a continuous morphism of topological groups

p: Wrk —> Auty,,(Zo)
where the group Auty,,(Zo), of homeomorphisms of Z, is endowed with the com-

pact-open topology. The space Zy is Hausdorff hence so is the topological group
Autr,,(Zo). It follows that the kernel of p is a closed normal subgroup of Wy /k:

Ker(p) € Wk/F.

Let V be the open set of points of U such that f, is an homeomorphism. Take the
generic point u = ug of U and T = Z as a topological space. Let N be the closed
normal subgroup of Wy ,x generated by the subgroups VT/IIQ C Wy k for any closed
pointv € V. The action of Wg on Z factors through W, /N, since the kernel of the
continuous morphism p is closed in Wy ;. Hence p induces a continuous morphism

Such an action is given by a continuous map

Gox T :=Wrk/N xZy— Zy
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which is Wg-equivariant. This map has an obvious global continuous section. We
obtain a morphism in 7;

gL,V,M(),Z() i (ZO’ ZU’ fU)

which is a global section cover over any point v € V.
Letu € U — V. Here, we consider

gL,V,u,Zu = (GO X Zus GU X Zu» gv)v

with G, = Go = W x/(N, WIIQ,) for any v € V. The second projection gives a
Wi (u)-equivariant continuous map

Ou:GyuxZy:=Wrw X Zy — Z,
which has a global continuous section. Then there exists a unique morphism in 7y;
¢:GL,vuz, —> (Zo, Zy, fo)

inducing ¢, at the point u € U. Indeed, the given Wi (u)-€quivariant continuous map
fu: Zy — Zg provide us with a Wk -equivariant map

b0 : Go x Zy = Wik /(N, Wg ) x Zy — Zo
For any point v of V, the same map ¢, := ¢ is also Wy (,)-equivariant and continuous:
by : Gy x Zy = Wik /(N, Wi ) x Zyy —> Zo =~ Zy.
We have obtained a local section cover of Z := (Zy, Zy, f,) by objects of G;:
GLVuezo = 2, GLVuz, — ZforuelU —V}

Hence, (the essential image of) G; is a generating full subcategory of Uw endowed
with the topology induced by the canonical topology. The result then follows from
([5, TV Corollary 1.2.1]). O

Corollary 4.21 Consider the full subcategory Cpg of Ty consisting in objects
(Zo, Zy, fy) such that the canonical morphism in T

vZo/yWg —> y(Zo/Wk)

is an isomorphism with Zo/ Wk locally compact. Then, Cy; is a topologically gener-
ating family of Tp;.
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Proof 1Tt is enough to show that
Grvur =(GoxT,GyxT,gy)
satisfies those properties. The map
Wrk — Woyk/(N, Wi )
admits local sections by Corollary 4.2, since Wy g is locally compact and finite dimen-

sional, and (N, W1 ) is compact hence closed. The map Wx — Wp g admits local
sections by Corollary 4.4. We obtain an epimorphism in 7°

YWk = y(Wryk/(N, W ).

Hence, the quotient of the action of yWg on y(Wr,k /(N, VT/}(H)) is the final object
of 7. Thus, the quotient of

¥(Go x T) := y(Wk /(N, Wi ) x T) = y(Wr/x /(N, Wi ) x yT
under the action of y Wk is yT, since inductive limits (in particular quotients of group
actions) are universal in 7 .
On the other hand, the quotient of the topological space
Gox T =Wk /(N.Wg ) x T
by the action of the topological group Wx is the locally compact space T'. O

Remark 4.22 The space of connected components of Gy, v .7 is

nGrvur =T.

4.5 The category SLC7 (Uy) of sums of locally constant sheaves
Let U be a connected étale X-scheme endowed with Data 3.26. In this section, we

denote by ¢ : Uy — 7 the canonical map. This morphism 7 is connected and locally
connected (see Theorem 4.27 (i)).

4.5.1 Locally constant sheaves
Recall that an object £ of Uy is said to be locally constant over T if there exists

a covering morphism F — 1 of the final object of Uy, an object S of 7 and an
isomorphism over F

LxF>~t*S x F.
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Definition 4.23 An object £ of Uy is said to be locally component-wise constant
over T if there exists a epimorphism F — 1 where 1 denotes the final object of Uy,
an object S — nF of 7/t F and an isomorphism over F

LxF>~t"S X,*,!]:]:.

Proposition 4.24 An object L of Uy is locally component-wise constant if and only
if L is locally constant.

Proof Any locally constant object is locally component-wise constant. Indeed, if £ is
locally constant, then one has

LXxF2t*Sx F=1"S x t"0F Xpepy 7 F =1°(S x tF) Xper, 7 F.

The converse is also true. Let £ be a locally component-wise constant object. There
exist F covering the final object, S — #F and an isomorphism over F

LxF>~t"S X,*,!]:]:.
By Theorem 4.20, there exists an epimorphic family {F; — F,i € I} where F; is

represented by an object Gy, v;.4;,7; of G. Choosing a point of T; for any element i
of the set 7, we obtain a map

g:= HygL,-,v,-,u,-,* - HygL,-,V,-,u,-,T,- - F -1
iel iel
which is a cover of the final object of Uy . Then we have

LXG=LXFXFG2t"S Xpy7g FXxFG=1"S Xpuy,7 G
= l*(S XnF 1hG) X0 G g.
Hence, one can assume that 7 = G. Note that 1§ is the object of 7 represented by the
discrete set 7, so that S — #G = I can be seen as a family of objects S; of 7, indexed
by the set 1. We set G; := Gy, v, u;,« and we have L x G; >~ S; x G;. Forany i, j € |

we consider an object K = G v, « of Gy e_ndowed with amap K — G; x G;. Then
we have an isomorphism in the slice topos Uw /K

SixK~LxK>~S§; xK. “@.7)
But K is connected over 7 (i.e. nK is the final object of 7') and it follows that
Uw/K — T is connected, so that there exists a (unique) isomorphism S; ~ S; in 7
inducing (4.7). We obtain an isomorphism § >~ [ [, S; > S;, x I over I and one has

LXxG=8x,6G§=8x1G=8;,x§G

where i is some fixed element of /. Hence, L is locally constant. O
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The category of “sums” of locally constant objects can be defined as follows (see
[1], and [2, section 2] for more details). For any F covering the final object of Uy,
one defines the push-out topos

Uw/]:4> UW

lgf

T/t\F — Splr(Uw)

By definition of the push-out topos, an object of Splj:(l_/W) isatriple (£, S, x) where
L is an object of Uy, S an object of 7 /¢!F and x is an isomorphism in Uy /F

;CX.F.ZI*S Xt*ty]:f'

The morphisms in the category Spl ]_—(UW) are the obvious ones.
The inverse image functor

or: Splf(l_fw) — Uy
L, S, x)— L

is fully faithful, and its essential image is precisely the full subcategory of Uy con-
sisting in locally component-wise constant objects split by F.

Given two epimorphisms F — ¢ and ' — ¢ and any map 7' — F, we have a
canonical morphism Splz (Uw) — Splz(Uw) such that the triangle

Ow ——> Splz (Uw)

\Lp]-".}'
OF )

Spl=(Uw)

is commutative. Hence, two different maps f; : 7/ — F and f, : 7' — F yield two
morphisms p }_-, £ and ,o;-, - Which are isomorphic.

Definition 4.25 The topos SLC7(Uy) is defined as the projective limit topos
SLCT(Uw) = Lim Splr(Uw)
where F runs over a small cofinal system of coverings of the final object of Uy .
The canonical morphism

o: Uy — SLCT(Uw), 4.8)
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induced by the compatible maps o, is connected and locally connected (see [2,
Theorem 2.2]) so that SLC7(Uyw) can be seen as a full subcategory of Uy, which we
call the category of sums of locally constant objects.

4.5.2 The role of the fundamental group
The purpose of the fundamental group is to classify the category of sums of locally
constant objects. The Weil-étale topos Uy is connected and locally connected over

T (see Theorem 4.27 (i)). Consider a 7 -point p of Uw (see Theorem 4.27 (ii)), i.e. a
section of the structure map

t: 0w — 7.
Composing p and the morphism (4.8), we obtain a point
p: 7T — Uy — SLCT(Uw)
of the topos SLC7 (Uyw ) over T . The theory of the fundamental group in the context of
topos theory shows the following. We refer to [9] and [2, Sect. 1], or [2, Sect. 2] (and [1]

for more details) for a different approach. There exists a “pro-discrete localic group”
71 (Uw, p) in T well defined up to a canonical isomorphism and an equivalence

B7T1(L_/W,p) ~ SLCT(Uy),

where B, g, » is the classifying topos of (U, p). Moreover, the equivalence

above identifies the inverse image of the point p : 7 — SLC7(Uyw) with the forgetful
functor B, 7, e 7 . In our situation, the “pro-discrete localic group” 1 (Uyw, p)
is in fact (the “limit” of) a strict pro-group in 7, as it follows from Theorem 4.27.
More precisely, 71 (Uyw, p) is pro-represented by a strict locally compact topological

pro-group in the sense of Definition 4.7, and B, j,, ) is the classifying topos of

71(Uw, p) in the sense of Definition 2.4.

4.6 Computation of the fundamental group

Recall that one has a morphism
Jj:Bw, — X w.
Lemma 4.26 If L is a locally constant object of Xw over T, then the adjunction map
L— juj L

is an isomorphism.
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Proof Let L be a locally constant object of X over 7. There exist an object S of
7, an epimorphism F — e where e is the final object of Xy, and an isomorphism
L x F >~ t*S x F over F. Consider the morphism defined by base change of the
adjunction map:

LxF — juj LxF. 4.9)
For any object { — F of Xy /F one has (using several adjunctions):

Homg,  rU, Juj L x F) = Homg, U, Jei* L)
= HomBWF(j*Z/{,j*ﬁ)
= HomBWF/j*]:(j*Z/I, FEL x F))
~ HomBWF/j*y:(j*Z/{, JE(*S x F))
= HomBWF(j*U,j*t*S)
= Homg U, j.j*t*S)
= Homg  rU, jij"t*S x F)

Hence, we have an isomorphism over F
Jei L X F = j j*t*S x F,

and a commutative diagram

LxF t*S x F

| g

Jei*Lx F——> j,j*t*"S x F

where the map 1*S x F — j,j*t*S x F is an isomorphism by Corollary 3.12. This
shows that the morphism (4.9) is an isomorphism. But 7 — e is epimorphic, so that
the base change functor X w = X w/F is faithful, hence conservative. Therefore, the
adjunction map

L—> j.j*L
is an isomorphism. O

The following theorem is the main result of this paper. Data 3.1 gives a geometric
point g3 : Spec F — X. Then, we defined a 7-point of X (see Proposition 3.9):

pX:T—>Xw.
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Recall also that the Weil-étale topos of a connected étale X-scheme U is defined as
the slice topos

U w = )_( w / Y * 0 .
We consider below the topological pro-group W (U, ¢ ) introduced in Definition 4.7.

Theorem 4.27 For any connected étale X-scheme U, one has

(i) The topos Uy is connected and locally connected over T.
(i) A geometric point qy; of the scheme U over gy induces a T-valued point pg
over px of the Weil-étale topos Uy, and respectively.
(iii) One has an isomorphism of topological pro-groups

mi(Ow, pg) =~ WU, qp).

Proof (1) Composing the localizationmap/; : Xw/y*U — Xyw witht, we obtain
the canonical morphism

IU:UW =Xw/y*U — Xy — 7.

The morphism /j; is locally connected, since it is a localization map, i.e. a
local homeomorphism (the left adjoint of l;i] is I (F — y*U) := F). By [6,
(C3.3.2], the class of locally connected morphisms is closed under composition.
Hence, t; is locally connected, i.e. t* has a 7-indexed left adjoint tg- This
functor is defined as follows #;, = 1 o I3, so that we have

tgy =t olg(F — y*U) = t(F).

for any object F — y*U of the slice topos Uy . Let I dy* ¢ be the final object
of Uy . Then

tg(Id,. ) = 1(y*U) = {%}

is the final object of 7 since U is connected (see Remark 3.19). It follows from
([6, C3.3.3]) that #; : Uw — T is connected and locally connected.
One can also give the following easier—but less canonical—argument. By Prop-
osition 3.28, (T, Jis) is a site for the topos Uy. The proof of Proposition 3.10
is still valid by replacing T with Tj; (without any other change). This shows
that Uy is connected and locally connected over 7.

(ii) A geometric point g : S, pec F — U gives a point of the étale topos

qp - Sets — Uel

where qz“-] is the usual fiber functor. We obtain a morphism

Po =49 Xq5 Px T = Sets Xsers T —> U X%, Xw =: Xw
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defined over 7. One can recover the geometric point g from pg;. Indeed, let
pi : T — Uw be a T-point of Uy . Then, we have a point of the étale topos

Sets —> T —> Uy —> Uy, (4.10)

where the map Sets — 7 is the canonical one (see [5, IV4.10]). By ([5, VIII
Theorem 7.9]), the category of points of the étale topos of a scheme is equivalent
to the category of geometric points (algebraic and separable) and specialization
maps. Then, the map (4.10) corresponds to the given geometric point ¢; of U.
However, two distinct 7 -points of Uy over p; caninduce the same Sets-valued
point of U, hence the same geometric point.

(iii) We make the choices listed in Data 3.26. Proposition 3.28 yields an equivalence

(Tg, Jis) — Uw.

This equivalence provides us with the morphism

i Bwg — (T, Jis) ~ Uy

corresponding to the generic point of the connected étale X -scheme U. Then
the 7-point p;; defined in (ii), using the geometric point g; of U given by
Data 3.26, is isomorphic to the map defined over 7

p=jou:7T — BWK—>(T[1H7LV)ZUW

where 7 — By, is the canonical 7 -point of By, (see Proposition 3.9). In
order to ease the notations, we denote here by j and p the maps j; and pj;.
Finally, we denote by u : By, — 7 the canonical map, i.e. the map induced
by the morphism of groups Wx — 1.

If £ is an object of Uy, then j*L is the object p*L of 7 endowed with an
action of y(Wg). In other words, j*£ comes with a morphism of groups in 7°:

y(Wg) — Aut7(p*L).
The following proof consists in two steps:
Step 1 We define a projective system of Galois torsors in the topos Uy .
Let_F /L/K be a finite Galois subextension given by a geometric point g :

Spec F — U over X. Consider the topological group W (U, L) of Definition 4.6.
The morphism of left exact sites

tg : (Top, Top) — (T, Jis) (4.11)
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factors through the morphism

(BTOPW(UsL)s \.715‘) — (T[_]v \,718‘) (4 12)
Zv+— (Z,Z,1dy) ’
where Wk acts on Z via the morphism Wx — W(_U , L). Respectively, Wi, acts
on Z via the morphism Wy, = W,/ W}(M — W(U, L). We obtain a commutative
diagram of topoi

By > By 1)

| ]

Uw T

Ui
where the map By, — By, 1 is induced by the surjection
Wx — Wx/NU,L) =W (U, L).
The map 7 : Uy — By .1y corresponds to the torsor
Tors(U, L) := n*EW (U, L)

where EW (U, L) is the universal torsor of BW(U,L) given by WU, L) acting on
itself by multiplications. Note that TORS(U, L) is a torsor of group W (U, L), which
is connected over 7T . Indeed, its space of connected components

ti,TORS(U, L) = yW(U, L)/yWg
is the final object of 7, since yWg — yW(l_j , L) is an epimorphism in 7. The_z last
claim follows from the fact that Wx — W/(U, L) has local sections since W (U, L)
is finite dimensional (see Theorem 4.1 and Lemma 4.3). The topological pro-group
WU, qp) :={W(U, L), for F/L/K finite Galois}

yields a projective system of connected torsors

{Tors(U, L), for F/L/K finite Galois} (4.13)
This projective system of torsors is given by compatible maps to classifying topoi.

By the universal property of projective limits, the pro-torsor (4.13) corresponds to an
essentially unique morphism

Uw — lim By g 1) = By ,4;)

into the classifying topos of the topological pro-group W (U, g )
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Step 2 The pro-torsor (4.13) is universal.

In other words, we have to show that any locally constant object £ of Uy over T is
trivialized by a torsor of the form TORS(U, L). This is the technical part of the proof.

Step 2.1 Let £ be such a locally constant object. There exist an object S of 7, an
epimorphism F — e where e is the final object of Uy, and an isomorphism

LXF~t*SxF (4.14)

over F. Since the full-subcategory G of Uw defined in Sect. 4.4 is a generating
subcategory (see Theorem 4.20), one can assume that F is representable by a sum of
objects in G:

F=]1%=y%vurm

iel
For any index i € I, a point of the topological space T; # ¢ yields a morphism
GL. Vi =G, Viwx — GL. VT,
in the category 77;, where * denotes the one point space as usual.
Recall that Gz, v, v, is defined as follows. Here F/L;/K be a finite Galois sub-
extension, V; is an open subset of U, u; is a point of U and T; is a separated topo-

logical space. We denote by N; the closed normal subgroup of WL /K generated by
the subgroups W1 C Wy, k for any point v € V;. Let (N;, W K ) be the compact

subgroup of Wy, /k generated by N; and W}(u. The object
Gi = yGL, vi = Y(Gi0,Giu, giu)
is then defined as follows. Assume that u; is not in V;. We consider
Gio= Wi,k /(Ni, Wéui)
as a Wi -space and

Giy=Wr,/k/(Ni, VT/}(W)

as a Wy(y)-space for any point v of V; CU. Then we set G;.y; = Wiy, on which Wy,
acts by multiplication, and G; , = ¥} anywhere else.

Note that the image of G; in the final object yU of Uy, i.e. the support of the sheaf
G, is precisely the subobject of yU given by

Vi U{y) — U.
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The family

Gi—yU,iel)
is an epimorphic family, i.e. a covering family of the final object of the topos Uy
for the canonical topology. Indeed, the corresponding family of 7} is a local section

cover, as it follows from the facts that a map from an non-empty space to the one point
space is a local section cover and that we have

Ui =0. (4.15)

iel
Step 2.2 Applying the base change functor along the map (given by any point of ;)
Gi =YL, viwy — YL, viu, 1 = Fi
to the trivialization (4.14), we obtain an isomorphism over G;:
LxG =LxXF)XF G="SxF)xg G =1t"SxG;
where S is an object of 7. Applying in turn the functor j*, we get an isomorphism

JTLxyGio=j"(LxG)xj (t"S x G) = j*1*"S x j*Gi =u*S x yGio
(4.16)

over y(G; o) = j*G;, i.e. an isomorphism in the topos By, /yGi 0.

Assume for a moment that the action of yWg on p*L (given by the object j*L
of By, ) factors through W, k. In other words, suppose that one has a commutative
triangle

yWg

|

yWi,/k — Aut 7 (p*L)
Then j*L is an object of the full subcategory
BWLI- e Bwyg .
Recall that

Gio= Wi, /k/(N, W}Qi).
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But there is a canonical equivalence

Bw,,x/YGi0 = Bwy, /YWy x| (Ni, Wg )

= Bw,,,x/(OWL,/k /y(Ni, Wllql.)

~ B il
N; W
N Wk, )

where the second equality follows (by [3, Lemma 3]) from the fact that the projection
Wik —> Wi,k /(Ni, W}g}i )

admits local sections, as it follows from Corollary 4.2 and Lemma 4.3. Let us make

the equivalence above more explicit. The homogeneous space G; ¢ has a distinguished

(non-equivariant) point * — G; o, and we have

Bw,,x /yGio — B(N,-,VT/,I(U_)

(X = yGio) > X Xy, *
Under this equivalence, the base change functor

BWL[/K — BWLi/K/yGi,O
Fr+— F xyGip

takes a yWy,/x -object F of 7 to the same object of 7:
F =F xyGio XyG;, *

endowed with the induced y(N;, VT/}Q.)-action. Therefore, (4.16) means that
y(Ni, V’iv/ll(u_) acts trivially on j*L, i.e. y(N;, VT/}(U_) is in the kernel of the map

yWr, k —> Autr(p*L). 4.17)
Hence, the action of yW,,x on p* L factors through
YWLk [Y(Nie Wi, ) = y(Wi i /(Ni, W, ).
The same argument shows that the action of yWx on p*L factors through yWy, k.,

i.e. that the commutative triangle considered above exists. Indeed, by (4.16) one has
an isomorphism

JLx yWr ik = (J*L % yGi0) XyG,9 YWL: /K
~ W*S x yGiy) XyGio YWL /K
=u*S x yWr,/k
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where we consider the object of By,

YWixk =yWk/Wp) =yWg/yW] .
Note that Wii , which is the closure of the commutator subgroup of W, ,, is compact in
Wk . Then, the previous argument shows that the action of y Wg on p* L factors through

yWi,k = yWk/y Wzl, (this last identification is valid by Theorem 4.1, Lemma 4.3
and [3, Lemma 3]). In summary, we have proven the following

Proposition 4.28 The action yWx — Aut(p*L) induces a morphism
pi : yWr,;k — Auty(p*L)
foranyi € I, and we have
Y(Ni, Wi, ) = Ker(pp).
Step 2.3 Choose an object G;, (i.e. an index i € ). We have a morphism
pig : YW,k —> Autr(p*L).

Let Nj, be the closed normal subgroup of Wy, ,x defined above. We have an open sub-
set Vi, C U such that W}% C N, forany v € V;,. We claim that for any u € U — V;,,
the subgroup yVT/}(u CyWi, /x is in the kernel of p;,, i.e. one has

YWk < Ker(pi); foranyu € U — V. (4.18)

Letu € U — Viy- By (4.15), there exists an index i € [ such that the support of G;
contains u, i.e. one has:

u € V; U{u}l.

Proposition 4.28 then shows that the subgroup yWII(M C yWr,/k is in the kernel of
the morphism

pi : yWr,;k — Autr(p*L).
Hence the subgroup yW}(u C yWk is in the kernel of the morphism
p:yWk — Autr(p*L).

It follows that the image of y W11<u iny WLiO /K isinthe kernel of p;,. But the continuous
surjection

Wll(u — Wll(u C WLiO/K
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admits local sections (using Theorem 4.1 and the fact that W}(H is finite dimensional),
hence induces an epimorphism in 7. Thus the image of yW}(M in yWi, /k is yVT/,l(u -
y(Wp, io/ k), which is therefore in the kernel of p;,. We have proven (4.18).

Let N (WIIQ,) be the normal topological subgroup of Wy, io/K generated by the sub-
group VT/}(M. By Lemma 4.17, N(W,l(u) is compact and we have

NOWg) = yN Wy ).
where N (y W}g) is the normal subgroup of YW, /k generated by yW}(u. We obtain
yN(W}(u) = ./\/(yVT/Il(u) — Ker(pi).

Therefore, the subgroup of YW, /k generated by yN;, and yN (W}(u)’ for any
uel— Viy» 1s contained in Ker (p;,):

< yNiy; yN(W}(u); for any u € U— Vie > <= Ker(pi,)
The topological subgroup of WL, /K. generated by Nj, and N (VT/[LH) for any

uel— Vio» 1s normal and compact. Hence, this subgroup is precisely N U, L),
which is the closed normal subgroup of Wi, /k generated by all the subgroups

VT/,I(M C WL,-O/K forany u € U (see Sect. 4.2).
Lemma 4.14 then shows that
YN, Li)) = Ker(piy)
and that the morphism p;, induces a morphism from
YWi/k /YN, Liy) = y(Wr, /x /N (U, Lig)) = yW (U, Liy)
to the automorphism group
Autr(p*L).
Therefore, we have an isomorphism
J*Lx yW(U, Liy) ~u*S x yW(U, L;,)
in the topos By, /y WU, L;,), where S is an object of 7. In other words, we have
J*L x j*Tors(U, Li,) ~ u*S x j*TorRs(U, L;,)
since

J*TORS(U, Liy) = yW (U, L;,)
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where TOrs(U, L;,) is the torsor corresponding to the morphism

n:Uy — BW([J,L,-O)

defined in Stepl.

Step 2.4 The torsor TORS(U, L;,) is locally constant over 7, since any torsor is
trivialized by itself, hence Lemma 4.26 applies. We obtain an isomorphism over
Tors(U, L;,):

L x TorS(U, Liy) == jsj*(L x TORS(U, Lj,))
= ]*]*E X j*j*TORS(U, Lio)
=~ ju(j*L x j*ToRS(U, Li,))
~ j.(u*S x j*Tors(U, L;,))
>~ ju*S x juj*Tors(U, L;,)
=~ jujt"S X juj*TORS(U, Liy)
~ t*S x Tors(U, L;,).

This shows that any locally constant object £ of Uy over 7T is trivialized by a torsor
of the form TORS(U, L). Hence, the pro-torsor (4.13)

{Tors(U, L), for F/L/K finite Galois}

is universal. The pro-group object of 7 defined by this pro-torsor is the projective
system of its Galois groups:

yW(U,qp) :={yW(U, L), for F/L/K finite Galois}.
Equivalently, this pro-group object of 7 is obtain by applying the fiber functor p;ij:
yWU,qp) = p§ {Tors(U, L), for F/L/K finite Galois}.
This yields an isomorphism of pro-group objects in 7°
mi(Ow, py) =~ y WU, qp).

Hence, 1 (Uw, pg) is a topological pro-group canonically isomorphic to WU, q5)-
O

5 Weil-étale Cohomology with coefficients in R

Let g be a connected étale X-scheme. For any topos 7 : £ — 7T defined over 7, we
set R := t*(yR), where yR is the sheaf of 7 represented by the standard topological
group R.
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Lemma 5.1 Let j : By, — Uw be the canonical map. We have j*ﬂi = R and
R"jxR =0 foranyn > 1.

Proof The identification j*@ = RR follows immediately from
HomT[/ ((ZOv Zuv fu)v (R’ R, Id)) = HOmBTanK (ZO, R)

whege (Zo, Zy, fu) }§ any object of Tj;. By Theorem 4.20, the site (G, Ji5) is a site
for Uy . Then R" j,R is the sheaf on (G, Jj5) associated to the presheaf

P"j.R: Gy —> Ab
Gr.vur — H"(Bwg /(G GLv.ur) R)

for any n > 1. Recall that one has
J*GLvar = Wik /(N,Wg ) x T

where N is the closure of the normal subgroup of Wy k generated by the images
of the maps Wll(v — W,k where v runs over the closed points of V. C U (see

Sect. 4.4). One can write Wik /(N, W}(u) = Wk /A where A is a compact subgroup
of Wk. The map Wx — Wk /A has local sections as it follows from Theorem 4.1
and from the fact that Wx /A = Wi,k /(N, VT/}(M) is finite dimensional. We obtain
yWk /yA = y(Wg/A), and the following identifications:

Bw /(G G, v.ur) = Bwe /yYWr/k /A X T)
= Bw/(OWr/k/yA x yT)
= (Bwy /(YWr/k/yN)/yT
= B)/T

Therefore, for any n > 1, one has
P"j R(GL.v.u1) = H"(BA/T, R).

Consider the pull-back square

T)T —*—~T

b

Ba/T —— By

This pull-back square is obtained by localization since By/EA =7 and (Bp/T)/
(EA x T) =T /T. One checks immediately that such a pull-back satisfies the Beck—
Chevalley condition d*c, >~ a,b* (this is a special case of the Beck—Chevalley con-
dition for locally connected morphisms). But b* is a localization functor, hence it
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preserves injective abelian objects. We obtain
d*R™(cy) ~ R" (a,)b*. 6D
The sheaf R™ (ay) (@) is the sheaf associated to the presheaf

P"(ax)(R) : Top —> Ab N
T —> H’”(T/(T X T’),R) = H™(Sh(T x T/), CO(R))

where CO(R) denotes the sheaf of germs of continuous real-valued functions on the
locally compact space T x T”, and Sh(T x T') is the topos of sheaves (i.e. of étalé
spaces)on T x T'. The isomorphism H” (7 /(T xT'), R) = H"(Sh(T xT"), C°(R))
follows from the fact that the big topos 7 /(T x T’) of the space T x T' is cohomolog-
ically equivalent to ShA(T x T”) (see [5,1V 4.10]). But T x T is locally compact hence
paracompact, so that the sheaf C%(R) ) is “fin” on 7' x T’ hence acyclic for the global
sections functor. We obtain P (a,)(R) = 0 for any m > 1, so R™(ay)(R) = 0 for
any m > 1. Then it follows from (5.1) that R (cx)(R) = 0 forany m > 1, since d* is
faithful. Moreover, by (5.1) with m = 0, the sheaf c, (R) can be identified with a, (R)
with trivial y A-action, which is in turn represented by the space Homy,,(T, R) on
which A acts trivially. Hence, the Leray spectal sequence

H"(Bp, R"(c)(R)) = H"™(BA/T,R)
degenerates and yields
H"(B/T.R) ~ H" (B, Homy,,(T. R))

By ([3, Corollary 8]), we have H" (Bj, HomTop(T, R)) = O for any n > 1, since
A is compact and Homy,, (T, R) is a locally convex, Hausdorff and quasi-complete
real vector space. We have shown the following:

P"jR(GLv.ur)=H"(BA/T.R) =0
for any n > 1 and any object G v , 1 of G. Hence R”j*@ =O0foranyn >1. 0O
Proposition 5.2 We have H”(UW, @) =R forn=0, 1 and H”(UW, ]ﬁ) =0forn=>2.

Proof We use the spectral sequence associated with the morphism j : By, — Uw
and obtain H"(Uy,R) ~ H "(Bwyg, R) thanks to the previous Lemma. The latter
group can be computed using the product decomposition Wx = Wl x R and the fact
that W}( is compact (see [3]). O
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6 Consequences of the main result
6.1 Direct consequences

In this section, U denotes a connected étale X -scheme with fgnction field K. We con-
sider the classifying topos of the topological pro-group W (U, g;;), which is defined
as the projective limit:

By (@7,q5) = im By i1,

Recall from Sect. 4.5 the definition of the category SLC7(Uyw) of sums of locally
constant objects over 7 . The following result, which is an immediate consequence -in
fact a rewriting- of the previous theorem, gives an explicit description of the category
of sums of locally constant objects.

Corollary 6.1 There is an equivalence defined over T and compatible with the
point p:

SLCT(Uy) ~ By 0.45)

This equivalence is canonically induced by Data 3.26.

Corollary 6.2 The fundamental group w1 (Uy, p i) is pro-representable by a locally
compact strict pro-group indexed over a filtered poset.

If G is a group object of 7, then we consider the internal Hom group object
G” := Hom7(G, yS").
For a locally compact topological group G, one can show that
(YG)PP = y(G*)

is represented by the maximal Hausdorff abelian quotient G*? of G (see [12]). Let
G be a pro-group object of 7 given by a covariant functor G : I — Gr(7), where
Gr(7) denotes the category of groups in 7, and I is a small filtered category. We
consider the pro-abelian group object G DD of T defined as the composite functor

(—)PP oG : 1 — Gr(T) — Ab(T).

Recall from Definition 4.9 the definition of the abelian topological group C;.

Corollary 6.3 The pro-group object w1 (Uy, pU)D D of T is essentially constant,
hence can be identified with an actual topological group. Then, we have a canonical
isomorphism of topological groups

rg - CU >~ ﬂ](Uw,pU)DD.
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Proof The pro-group object 71 (U, pU)D D is the projective system of abelian objects
given by the groups (yW (U, L))PP for K /L/K finite and Galois. But one has

WU, L)PP = y(W(U, L)*) = yCy.

for any K /L /K. The second equality has been proved in Sect. 4.2. O

_ We simply denote by 7 : Uw — T the canonical map. Since the Weil-étale topos
Uy is defined over the base topos 7, the cohomology groups of Uy have a topological
structure. To make this precise, we introduce the following notion.

Definition 6.4 The 7 -cohomology of Uy with coefficients in A is defined as
Hy Uy, A) = R" () (A)
Corollary 6.5 For any abelian object A of T, one has
HYOw,t*A) = A and H°(Uy,1*A) = A(x)
where A(x) denotes the group of global sections of the abelian object A of T.
Proof We have
HY Oy, t*A) i= 1" A = A

since 1 : Uy — T is connected, i.e. t* is fully faithful. Let e7 be the unique map
et : T — Sets. We have

HO(Ow, t* A) i= (e14 o tz) 1* A = e, A = A(%).

Corollary 6.6 For any abelian locally compact topological group A, one has
Hyp(Uw.t*A) = Homy,,(Cg. A) and H'(Uw,1*A) = Homeon (Cgy, A).
Proof Let A be an abelian locally compact group. One has
Hy (U, 1"yA) = Homy (i (Uw, pg), yA)
= lim Homp(yW (L. ). yA)
= lim y(Homy,,(W(L, U), A))
= lim y(Homp,,(W(L, U)*, A))

= y(Homy,,(Cp. A)).

Here Hom,,(Cy, A) is the group of continuous morphisms from Cy; to A, endowed
with the compact-open topology.
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Consider the unique map ez : 7 — Sets. This map has a canonical section s7
such that ez, = s%-. Hence, the direct image functor ez : 7 — Sets commutes with
arbitrary inductive limits (see [5, IV.4.10]). Then the first cohomology group

H'(Ow, 1*A) = e7 Hy (Ow, t*A)
= eryyHomyp,, (Cg, A)
= Homcon:(Cz, A)

is the discrete group of continuous morphisms from Cy; to A. O
Corollary 6.7 There is a fundamental class

6 € H'(Uw, R) = Homeon (C, R)
given by the canonical continuous morphism 0 : Ci; — R.

Remark 6.8 Recall that Cg—— = Pic(Spec SpecZ) = R7. For any U, the fundamental
class 6 is the pull-back ofpthe logarithm morphism:

SpecZ i=log € Hl (Spec ZWs ﬂé) = Homcont(Rj;’ R)

along the map U — Spec Z.

The maximal compact subgroup of Cy, i.e. the kernel of the absolute value map
Cy — RZ,is denoted by Cllj. The Pontraygin dual (C ll-])D is a discrete abelian group.

Proposition 6.9 For any connected étale X -scheme U, we have canonically

H"(Uw,Z) =17 forn=0
=0 forn=1
:(C;?)D forn = 2.

Proof The result for n = 0 follows from Corollary 6.5. By Corollary 6.6, we have
H'(Uw,7) = Hom(Cy,Z) = 0.
Moreover, we have an isomorphism
H'(Ow.S") = Hom.(Cy5.8") = CP.
The exact sequence of topological groups 0 — Z — R — S' -0 induces an exact
sequence 0 - Z — R — S! — 0 of abelian sheaves on Uyw, where R := t*(yR)

and S! := ¢ *(ySh). The induced long exact sequence

0=H"(Uw,Z)— H (Uw,R)— H (Uy,S"Y — H*(Uw,Z) — H*(Ow,R)=0
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is canonically identified with
0 — Homc(Cg,R) — Hom.(Cy,S") — H*(Uw,Z) — 0

and we obtain H2(Uw, Z) = (Cll—/)D- o

6.2 The Weil-étale topos and the axioms for the conjectural Lichtenbaum topos

Lichtenbaum conjectured in [8] the existence of a Grothendieck topology for an arith-
metic scheme X such that the Euler characteristic of the cohomology groups of the
constant sheaf Z with compact support at infinity gives, up to sign, the leading term of
the zeta-function {x (s) at s = 0. We call the category of sheaves on this conjectural
site the conjectural Lichtenbaum topos, which we denote by X r.In[12, Sect. 5.2], we
gave a list of axioms that should be satisfied by the conjectural topos X , in the case
where X = Spec(OF). We refer to them as Axioms (1)—(9). We also showed in [12]
that any topos satisfying these axioms gives rise to complexes of étale sheaves comput-
ing the expected Lichtenbaum cohomology. The main motivation for the present work
is to provide an example of a topos (the Weil-étale topos) satisfying Axioms (1)—(9).
This shows that that Axioms (1)—(9) are consistent, and this gives a natural computa-
tion of the base change from the Weil-étale cohomology to the étale cohomology (see
Corollary 6.13 below). Axioms (1)—(9) are recalled in the proof of Theorem 6.12.

The morphism y : Uy — U, induces a morphism @y of fundamental pro-groups.
Applying the functor (—)PP, we obtain a morphism ¢” of abelian fundamental
pro-groups.

Corollary 6.10 The composite morphism
(pgD org: Cg x> T (Ow)* — 71 (Uer)*

is the reciprocity law of class field theory.

Proof The fundamental group
mi(Uw, pg) = WU, qp) := {W(U, L), forK/L/K finite Galois}
can be seen as the automorphism group of the pro-torsor
(Tors(U, L) := x*EW(U, L), for F/L/K finite Galois}
in Xy . Consider the morphism of fundamental groups induced by y:
@i mOw. pg) — m1(Uer. q7)

It follows from the definition of y, in terms of morphism of left exact sites (see
Proposition 3.17), that ¢; is the morphism of topological pro-groups from

(WU, L),K/L/K finite Galois}
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to
(G(L'/K), K/L'/K finite Galois unramified over U}

Here the morphism ¢; is given by the compatible family of morphisms WU, L) —
G(L"/K), where L"" is the maximal sub-extension of L/K unramified over U.
Indeed, the previous statement follows from the fact that the following square is com-
mutative, where K; /K is the maximal sub-extension of K /K unramified over U:

Uy ———> Usu

—

By (0,450 7 Békyx

The commutativity of this square in turn follows from the description of these mor-

phisms in terms of morphisms of sites, which is given in Proposition 3.17 and (4.12).
Hence, the morphism (pg D o r is given by the family of compatible morphisms

CU ~ W(U, L)ah N G(Lun/K)ab

indexed over the finite Galois sub-extensions K /L /K . Let us fix such a sub-extension
L/K. We consider the usual relative Weil group Wy k, which is given with maps
Wik — Grjk and Cg =~ WZ?K, where Ck is the idele class group of K. The
corollary now follows from the commutative diagram

Cx Wb G(L/K)*

| ] |

CU = W(U, L)ab - G(Lun/K)ab

since the first row is the reciprocity map of class field theory. O

Remark 6.11 Let K;/K be the maximal sub-extension of K /K unramified over U.
The map

limgg :limm(Uw, pg) = WU, q5) — lim 7 (Uer, 45) = G(K/K)
sits in the following commutative square

Wx —— Gk

i

WU, q5) — G(K;/K)
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Theorem 6.12 The Weil-étale topos Xy satisfies Axioms (1)—(9) of [12, Sect. 5.2].

Proof Recall from [12, Sect. 5.2] the following expected properties of the conjectural
Lichtenbaum topos.

1.

There is a morphism y : Xw — X,

The topos Xy is defined over 7. The structure map Xy — 7 is connected locally
connected and X has a 7-point p. For any connected étale X-scheme U, the
object y*U of Xy is connected over 7.

There is a canonical isomorphismry; : Cy == my U W)“b such that the composition

CL_/ ~ ﬂl([_fw)ab — ﬂl(Uet)ab

is the reciprocity law of class field theory, where the second morphism is induced
by y. B B

The isomorphism r; is covariantly functorial for any map V — U of connected
étale X-schemes.

For any Galois étale cover V — U of étale X-schemes, the conjugation action on
771 (Vi )2? corresponds to the Galois action on Cy;.

The isomorphism r; is contravariantly functorial for an étale cover.

For any closed point v of X, one has a pull-back of topoi:

oy .
> sm
Bwy,) BG,

X |/ —— X et
For any closed point w of a connected étale X-scheme U, the composition
Bw, iy — Uy —> Bc[/
is the morphism of classifying topoi induced by the canonical morphism of topo-

logical groups Wiw) — Cp. o
For any étale X-scheme U, one has H" (Uwy, R) = 0 for any n > 2.

Indeed, Axiom (1) is given by Corollary 3.18 and Axiom (2) is given by Theo-

rem 4.27 (i) and (ii). Axiom (3) is given by Corollary 6.3 and Corollary 6.10. The
fundamental group is functorial by Proposition 3.24. Then Axioms (4)—(6) follow
from the usual functorial properties of the Weil group (see Remark 6.11). Axiom (7)
is given by Theorem 3.20. Axiom (8) follows immediately from the description of the
morphisms

Uy — BW(U,L) — BCU and i, : Bw,,, = Uw

in terms of morphisms of left exact sites (see (4.12) and Theorem 3.20 respectively).
Finally, Axiom (9) is given by Proposition 5.2. O
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We denote by ¢ : Xw — Xw the natural open embedding, and by H!Xw, A) =
H"(Xw, ¢.A) the cohomology with compact support with coefficients in the abelian
sheaf A.

Corollary 6.13 (Lichtenbaum’s formalism) Assume that F is totally imaginary. We
denote by t<3 Ryy the truncated functor of the total derived functor Ry,. Then one
has:

H"(X,,, T<2 Ry (@ Z)) is finitely generated and zero for n > 4.
The canonical map

H"(Xer, <2 Ry(01Z) @ R —> H'(Xw, R)

is an isomorphism for any n > 0. o
o There exists a fundamental class & € H'(Xw, R). The complex of finite dimen-
sional vector spaces

s HN Xy R) > HY (X, R) = H'™ (X R) - -

defined by cup product with 6 is acyclic.
e The vanishing order of the Dedekind zeta function {r(s) at s = 0 is given by

ord,—ofr(s) = D (=1)" ndimg H! (Xw. R)

n>0

o The leading term coefficient {y.(s) at s =0 is given by the Lichtenbaum Euler
characteristic:

(o) =+ [ [ " (Xer, rar Rys(@1Z))iors| ™" /det(H] (X1, R), 6, B¥)

n>0

where B" is a basis of H" (X, <2 Ry« (@1 Z))/tors.

Proof By [12, Theorem 6.3], this follows from Theorem 6.12. |

Acknowledgments 1 am very grateful to Matthias Flach for his comments and for many stimulating
discussions related to Weil-étale cohomology.
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