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Abstract. Lichtenbaum has conjectured (Ann of Math. (2) 170(2) (2009), 657-683) the
existence of a Grothendieck topology for an arithmetic scheme X such that the Euler
characteristic of the cohomology groups of the constant sheaf Z with compact support at
infinity gives, up to sign, the leading term of the zeta function {x (s) at s = 0. In this paper we
consider the category of sheaves X on this conjectural site for X = Spec(OF) the spectrum
of a number ring. We show that X; has, under natural topological assumptions, a well-
defined fundamental group whose abelianization is isomorphic, as a topological group, to
the Arakelov—Picard group of F. This leads us to give a list of topological properties that
should be satisfied by X . These properties can be seen as a global version of the axioms
for the Weil group. Finally, we show that any topos satisfying these properties gives rise to
complexes of étale sheaves computing the expected Lichtenbaum cohomology.

1. Introduction

Lichtenbaum has conjectured in [10] the existence of a Grothendieck topology for an
arithmetic scheme X such that the Euler characteristic of the cohomology groups of the
constant sheaf Z with compact support at infinity gives, up to sign, the leading term of the
zeta function ¢x (s) at s = 0. There should exist motivic complexes of sheaves Z(n) giving
the special value of {x (s) at any non-positive integer s = n, and this formalism should extend
to motivic L-functions. In this paper, this conjectural cohomology theory will be called the
conjectural Lichtenbaum cohomology. This cohomology is well defined for schemes of finite
type over finite fields, by the work of Lichtenbaum [9] and Geisser [5]. But the situation for
flat schemes over Z is more difficult, and is far from being understood even in the most simple
case X = Spec(Z).

We denote by X the Arakelov compactification of a number ring X = Spec(OF). Using
the Weil group Wr, Lichtenbaum has defined a first candidate for his conjectural cohomology
of number rings, which he calls the Weil-étale cohomology. He has shown that the resulting
cohomology groups with compact support H";VC(X , Z), assuming that they vanish for i > 3,
are indeed miraculously related to the special value of the Dedekind zeta function {r(s) at
s = 0. However, Flach has shown in [4] that the groups H{V()_( , Z) (hence H{;VC(X , 7)) are
in fact infinitely generated for any i > 4 even. This shows that Lichtenbaum’s definition is
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not yet the right one, as it is mentioned in [10]. Giving the correct (site of) definition for the
conjectural Lichtenbaum cohomology of number rings is a deep problem.

This problem cannot be attacked directly. We have first to figure out the basic properties
that need to be satisfied by Lichtenbaum’s conjectural site. This question only makes sense
if we consider the category of sheaves of sets on Lichtenbaum’s conjectural site, i.e. the
associated topos, since many non-equivalent sites can produce the same topos. In this paper,
this conjectural topos will be denoted by X; and will be called the conjectural Lichtenbaum
topos. The first goal of this paper is to figure out the basic topological properties that must
be satisfied by the conjectural Lichtenbaum topos of a number ring. To this aim, we give
in Section 5.2 a list of nine necessary properties for X7 . Our properties globalize the usual
axioms for the Weil group. From now on, we refer to them as Properties (1)—(9). They are all
satisfied by the (naturally defined) Weil-étale topos of a smooth projective curve over a finite
field, and they are in agreement with the work of Deninger (see [3]).

In Sections 4 and 5, we show that Properties (1)—(9) must be satisfied by X1 under
natural topological assumptions. Our argument is based on the following observation.
The cohomology of the topos X; associated to the arithmetic curve X = Spec(OF), with
coefficients in Z and I@ must be the same as the one computed in [10] in degrees i <3 and
must vanish in degrees i > 4. This is necessary in order to obtain the correct cohomological
interpretation (due to Lichtenbaum) of the analytic class number formula. Then we show that
such a topos has, under natural topological assumptions, a well-defined fundamental group
whose abelianization is isomorphic, as a fopological group, to the Arakelov—Picard group
Pic(X) (see Theorem 4.3). In order to prove this result, we express Pontryagin duality in
terms of sheaves and we use the notion of topological fundamental groups (as a special case
of the fundamental group of a connected and locally connected topos over an arbitrary base
topos with a point). Moreover, this argument also applies to the case of an arbitrary connected
étale X-scheme U . Here we find that the abelian fundamental group of the slice topos X /U
must be topologically isomorphic to the S-idéle class group canonically associated to U.

Properties (1)—(9) give a partial description of the conjectural Lichtenbaum topos. This
description, which can be seen as a global version of the axioms for the Weil group (see [16]),
is based on an interpretation of the S-idele class groups in terms of topological fundamental
groups (see [17]). Section 6 is devoted to the proof of the following result.

THEOREM 1.1. (Lichtenbaum’s formalism) Assume that F is totally imaginary. Let y :
X1 — X be any topos satisfying Properties (1)~(9). We denote by ¢ : X1 — X[ the natural
open embedding, and we set H! (X1, R) := H" (X1, @R). The following are true.

o H"(X.;, T<2 Ry (@ 7)) is finitely generated, zero for n > 4 and the canonical map
H" (Xer, T2 Ry (012)) @ R — H'(X1, R)
is an isomorphism for any n > 0.

o There exists a fundamental class € H' (X, ]ﬁ). The complex of finite-dimensional
vector spaces

o> H'N(X R) — H'Xp, R) — H'" N (X, R)— -

defined by a cup product with 9, is acyclic.
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o Let B" be a basis of H" (X, t<aRys(¢Z)) /tors. The leading term coefficient ¢ (0)
at s =0 is given by the Lichtenbaum Euler characteristic

5 0) =& [ | IH"(Xer, T<2RY+(91Z))10rs| ™" /det(H (X1, R), 6, BY).

n>0

In [14], we construct a topos (the Weil-étale topos) which satisfies Properties (1)—(9).

2. Preliminaries

2.1. Basic properties of geometric morphisms

Let S and S’ be two Grothendieck topoi. A (geometric) morphism of topoi
=" fu:8—S8

is defined as a pair of functors (f*, fi), where f*:S — &' is left adjoint to fi: S — S
and f* is left exact (i.e. f* commutes with finite projective limits). We can also define such
a morphism as a left exact functor f*:S — &’ commuting with arbitrary inductive limits.
Indeed, in this case f* has a uniquely determined right adjoint f.
If X is an object of S, then the slice category S/ X of objects of S over X is a topos as

well. The base change functor

S — §/X

Y — Y xX

is left exact and commutes with arbitrary inductive limits, since inductive limits are universal
in a topos. We obtain a morphism
S/X —S.

Such a morphism is said to be a localization morphism or a local homeomorphism (the
term local homeomorphism is inspired by the case where S is the topos of sheaves on some
topological space). For any morphism f : &’ — S and any object X of S, there is a natural
morphism

fix:S8/f*X — S/X.

The functor f /*X is defined in the obvious way: f /*X(Y — X) = (f*Y — f*X). The direct
image functor f)x . sends Z — f*X to fiZ x s r«x X — X, where X — f, f*X is the
adjunction map. The morphism f, x is a pull-back of f, in the sense that the square

/g Tix
S'/f*X —= §/X

L,

S — S

is commutative and 2-cartesian. In other words, the 2-fiber product S’ x g S/ X can be defined
as the slice topos §’/f*X.

A morphism f:S8" — S is said to be connected if f* is fully faithful. It is locally
connected if f* has an S-indexed left adjoint f; (see [8, C3.3]). These definitions generalize
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the usual ones for topological spaces: if 7 is a topological space, consider the unique
morphism Sh(T) — Sets, where Sh(T) is the category of étale spaces over 7. For example, a
localization morphism S/ X — S is always locally connected (here fi(Y — X) =7Y), but is
connected if and only if X is the final object of S.

A morphism f : 8" — S is said to be an embedding when f, is fully faithful. It is an
open embedding if f factor through f : S’ ~S/X — S, where X is a subobject of the final
object of S. Then the essential image U of the functor f; is said to be an open subtopos
of S. The closed complement F of U is the strictly full subcategory of S consisting of objects
Y such that ¥ x X is the final object of U (i.e. f*Y is the final object of S’). A closed
subtopos F of § is a strictly full subcategory which is the closed complement of an open
subtopos. A morphism of topoi i : £ — S is said to be a closed embedding if i factors through
i:&~F — S, where F is a closed subtopos of S.

A subtopos of S is a strictly full subcategory S’ of S such that the inclusion functor
i : S8 <> S is the direct image of a morphism of topoi (i.e. i has a left exact left adjoint).
A morphism [ : S’ — S is said to be surjective if f* is faithful. Any morphism f : £ — S
can be decomposed as a surjection £ — Im(f) followed by a an embedding Im(f) — S,
where Im( f) is a subtopos of S, which is called the image of f (see [7,1V.9.1.7.2]).

2.2. Thetopos T of locally compact topological spaces

We denote by Top the category of locally compact Hausdorff topological spaces and
continuous maps. This category is endowed with the open cover topology J,p, which is
generated by the following pretopology: a family of morphisms (X4 — X)gea is in Cov(X)
if and only if (X4 — X)gea is an open cover in the usual sense. We denote by 7 the topos
of sheaves of sets on this left exact site:

T = (Top. Jop)-

The family of compact spaces is easily seen to be a topologically generating family for
the site (Top, J,p). Indeed, if X is a locally compact space, then any x € X has a compact
neighborhood Ky € X, so (K < X)ex is alocal section cover, hence a covering family for
Jop- In particular, if we denote by Top® the category of compact spaces, then 7 = (To;;j/jop).
The Yoneda functor
y: Top —> T
X r— y(X)zHomTop(_» X),

which sends a space X to the sheaf represented by X, is fully faithful (since Jop is
subcanonical) and commutes with arbitrary projective limits. Since the Yoneda functor is
left exact, any locally compact topological group G represents a group object of 7. In what
follows we consider Top as a (left exact) full subcategory of 7. For example, the sheaf of 7°
represented by a (locally compact Hausdorff) space Z is sometimes also denoted by Z.

In this paper, we consider topoi defined over the topos of locally compact spaces since
all sheaves, cohomology groups and fundamental groups that we use are defined by locally
compact spaces. In order to use non-locally compact coefficients, we can consider the topos

e~

T = (TOPh, jop),
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where Top” is the category of Hausdorff spaces. Then for any topos £ (connected and locally
connected) over 7, we consider the base change £ x7 7" to obtain a (connected and locally
connected) topos over 7.

2.3.  The classifying topos of a group object

For any topos S and any group object G in S, we denote by Bg the category of (left)
G-objects in S. Then Bg is a topos, as it follows from Giraud’s axioms, and Bg is endowed
with a canonical morphism Bg — S, whose inverse image functor sends an object F of S to
F with trivial G-action. If there is a risk of ambiguity, we denote the topos Bg by Bs(G). The
topos Bg is said to be the classifying topos of G since it classifies G-torsors. More precisely,
for any topos f : £ — S over S, the category Homtop . (£, Bg) is equivalent to the category

- 7S
of f*G-torsors in £ (see [7, IV. Exercise 5.9]).

2.3.1. The classifying topos of a profinite group. Let G be a discrete group, i.e. a group
object of the final topos Sets. We denote the category of G-sets by

B := By (G).

sm

The topos B" is called the small classifying topos of the discrete group G.
If G is a profinite group, then the small classifying topos B" is defined as the category
of sets on which G acts continuously.

2.3.2.  The classifying topos of a topological group. Let G be a locally compact (hence
Hausdorff) topological group. Then G represents a group object of 7, where 7 := (Tmp)
is defined above. Then

Bg := B7(G)

is the classifying topos of the locally compact topological group G. We can define the
classifying topos of an arbitrary topological group by enlarging the topos 7 .

2.3.3. Topological pro-groups. In this paper, a filtered category I is a non-empty small
category such that the following holds. For any objects i and j of I, there exists a third object
k and maps i <— k — j. For any pair of maps i = j there exists a map k — i such that the
diagram k — i =2 j is commutative. Let C be any category. A pro-object of C is a functor
X : 1 — C,where [ is a filtered category. We can see a pro-objectin C as a diagram in C. We
can define the category Pro(C) of pro-objects in C (see [7, 1. 8.10]). The morphisms in this
category can be made explicit as follows. Let X : I — C and Y : J — C be two pro-objects
in C. Then we have

Hompr(c)(X, ¥) :=1im,_, lim, , Hom(X;, Y).

iel
A pro-object X : I — C is constant if it is a constant functor, and X : I — C is essentially
constant if X is isomorphic (in the category Pro(C)) to a constant pro-object.

Definition 2.1. A locally compact topological pro-group G is a pro-object in the category of
locally compact and Hausdorff topological groups. A locally compact topological pro-group
is said to be strict if any transition map G; — G; has local sections.
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If the category C is a topos, then a pro-object X : I — C in C is said to be strict when
the transition map X; — X is an epimorphism in C for any i — j € FI(I). In particular,
a locally compact topological pro-group G : I — Gr(Top) pro-represents a strict pro-group
objectin 7:

yoG: I — Gr(Top) — Gr(7T),

where Gr(Top) and Gr(7) are the categories of group objects in Top and 7 respectively.
Indeed, a continuous map of locally compact spaces X; — X ; has local sections if and only
if it induces an epimorphism y(X;) — y(X;) in 7. Topos theory provides a natural way to
define the limit of a strict topological pro-group without any loss of information.

Definition 2.2. The classifying topos of a locally compact strict pro-group G : I — Gr(Top)
is defined as
Bg :=1im; Bg;,

where the projective limit is computed in the 2-category of topoi.

2.4.  The Arakelov—Picard group

Let F be a number field and let X, be the set of archimedean places of F. We denote by
X = (Spec OF, X ) the Arakelov compactification of the ring of integers in F. We consider
the idele group Ir and the idele class group Cr of F. For any place v of F, we denote by
F, the corresponding local field and by O;ﬂ the group of local units, i.e. the kernel of the
absolute value K — R.(. Note that we have O;ﬂ =S! for v complex and (’)Xv = {=£1} for
v real. The group O;v is always compact. The Arakelov—Picard group Pic(X) is defined as
the cokernel, endowed with the quotient topology, of the continuous map [ [, O;U — Cp.For
any place v, the map F,* — Cr induces a continuous morphism

Wi := F) /O —> Pic(X), (1)

where Wy, is the Weil group of the ‘residue field k(v)” atv € X. The absolute value Cr —
R- ¢ factors through Pic(X). We obtain a canonical continuous morphism Pic(X) — R-g
endowed with a continuous section. The Arakelov class group Pic! (X) is the kernel of this
map. In other words, we have an exact sequence of topological groups

0 — Pic'(X) > Pic(X) = R.g — 0.

3. Pontryagin duality and topological fundamental groups

3.1.  Pontryagin duality

Let X and Y be two objects in a topos £. There exists an internal Hom-object Homg (X, Y)
in & such that there is a functorial isomorphism

Hom(Z, Homg(X, Y)) >~ Hom(Z x X,Y) =Homg;,(Z x X, Z X Y) 2)

for any object Z of £. Indeed, the (base change) functor Z — Z x X commutes with
(arbitrary) inductive limits since inductive limits are universal in the topos £. Therefore, the
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contravariant functor
E — Set

7 —> Home(Z x X, Y)

sends inductive limits in £ to projective limits in Set. Hence this presheaf on £ is a sheaf for
the canonical topology. Since the sheaves on a topos endowed with the canonical topology
are all representable, this functor is representable by an object Homg (X, Y) of £.1If G and A
are both group objects in £ such that A is abelian, then we denote by Homg (G, A) the group
object of £ given by

E — Ab
Z +— HomGr(g/Z)(Z x G, Z x A),

where Ab and Gr(€/Z) denote respectively the category of (discrete) abelian groups and the
category of group objects of the slice topos £/Z.

Let 7 be the topos of sheaves on the site (Top, J,p), where Top is the category Hausdorff
locally compact topological spaces and continuous maps endowed with the open cover
topology Jop. Recall that the Yoneda functor

y: Top —> T
X = y(X)=Hompp(—, X)

sending a topological space to the sheaf represented by this space is fully faithful and
commutes with arbitrary projective limits.

Let X and Y be two Hausdorff locally compact topological spaces. We denote by
Homg,,(X,Y) the set of continuous maps from X to Y endowed with the compact-open
topology. This topological space is Hausdorff and locally compact. Then the sheaf of 7°
represented by @TOP(X , Y) is precisely the internal object Hom+(y(X), y(Y)) defined
above, since Hompp(X, Y) satisfies (2). Indeed, we have

Hom7,,(Z x X, Y) = Hompyp(Z, HomTop(X, Y))

for any Hausdorff topological spaces Z. Hence the sheaf Hom(y(X), y(Y)) is represented
by HomTop(X , Y), i.e. we have a canonical isomorphism in 7 :

Homz(y(X), y(Y)) = y(Homg,,(X, Y)).

If G and A are two Hausdorff locally compact topological groups such that A is abelian
then the abelian group of continuous morphisms Homy,,(G, A) is also endowed with the
compact-open topology, and we have

Homz(y(G), y(A)) = y(Homy,, (G, A)).

Note that y(G) and y(A) are two group objects in 7 since the Yoneda functor y commutes
with finite projective limits.

Definition 3.1. Let G be a group object of 7. We denote by G the internal Hom-group-
object of 7:
GP := Homy(G, y(S"),

where S! is endowed with its standard topology. If A is an abelian object of 7, then the
abelian object AP is said to be the dual of A.



108 B. Morin

For any group object G of 7, there is a canonical morphism
dg:G —> GPP. 3)

The discussion above shows that if G = y(G) is represented by a locally compact abelian
topological group G, then y(G)P is represented by the usual Pontryagin dual GP :=
Homy,, (G, S of G, endowed with the compact-open topology. Therefore, the following
result is given by Pontryagin duality for Hausdorff locally compact abelian groups.

THEOREM 3.2. Let A be an abelian object of T representable by an abelian Hausdorff
locally compact topological group. Then we have a canonical isomorphism

dy: A~ APP

COROLLARY 3.3. If y(G) is a group of T represented by a Hausdorff locally compact
topological group G, then we have

Y(G)PP 2= y(G™),
where G is the maximal Hausdorff abelian quotient of G.

Proof. Using Theorem 3.2, the result follows from
Y(G)P =y(GP) =y((G™)P) = y(G)P

since G is Hausdorff and locally compact. |

3.2.  Fundamental groups

Let S be atopos and let z : £ — S be a connected and locally connected topos over S (i.e. t*
is fully faithful and has an S-indexed left adjoint, see [8, C3.3]). An object L of £ is said to be
locally constant over S if there exists a covering morphism U — eg of the final object of &,
an object S of S and an isomorphism L x U >~ f*S x U over U. The object U is then said
to split or trivialize L. Let LC(E) be the full subcategory of £ consisting of locally constant
objects of £ over S. We denote by SLC(E) the category of (internal) sums of locally constant
objects (see [2, Section 2] for an explicit definition). The category SLC(E) is a topos and we
have a canonical connected morphism

E— SLC(E), “

whose inverse image is the inclusion SLC(E) < £. The fact that this morphism is connected
means that its inverse image is fully faithful, which is obvious here. Note that this morphism
is defined over S.

Assume that the S-topos £ has a point p, i.e. a section p : S — £ of the structure map
t: £ — S. Composing p and the morphism (4), we obtain a point

p:S8S— & — SLCE)

of the topos SLC(E) over S. The theory of the fundamental group in the context of topos
theory shows the following (see [11] and [2, Section 1]). There exists a ‘pro-discrete localic
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group’ G in S well defined up to a canonical isomorphism and an equivalence
BG ~SLC(E),

where BG is the classifying topos of G, i.e. the topos of G-objects in S. Moreover, the
equivalence above identifies the inverse image of the point p : § — SLC(E) with the forgetful
functor BG — S.

The topos £ is said to be locally simply connected over S if there exists one covering
morphism U — eg trivializing all locally constant objects in £. In this case we have
SLC(E) = LC(E), and the pro-discrete localic group G is just a group object of S (see [1]
or [2, Section 1]). We denote this group object by 71 (&, p). We get a connected morphism

£ —> LC(E) =~ Byye.p) (5)

over S, i.e. a commutative diagram.

E —— B]T](g,p)

N

S

The morphism (5) into the classifying topos By, (g, ) corresponds to a torsor in £ of group
m1(E, p), which is called the universal cover of £ over S.

Definition 3.4. Let A be an abelian object of £. We define the cohomology of € with value in
S as
Hg(&, A) = R"(t,) A.

The fundamental group represents the first cohomology group over an arbitrary base
topos. More precisely, we have the following result.

PROPOSITION 3.5. Let £ be a connected, locally connected and locally simply connected
topos over S endowed with a point p. For any abelian object A of S, t* A is a constant
abelian object of € over S and we have

HY(E, 1" A) ~ Homg (1 (€, p), A),

where the right-hand side is the internal Hom-group-objectin S defined as above.

3.2.1. Examples. Let X be a Hausdorff topological space. We denote by Sh(X) the topos
of sheaves of sets on X. There exists a unique map

t:Sh(X) — Set.

The topological space X is connected if and only if # is connected (i.e. if ¢* is fully fa1thfu1)
Let F be a sheaf on X (i.e. an étale space F— X). If X is locally connected then F is
locally connected and F is the coproduct in Sh(X) of its connected components. The functor
F — no(F ) is left adjoint to #* hence ¢ is a locally connected map of topoi. Conversely, if ¢
is a locally connected map then X is locally connected as a topological space. A sheaf F on
X is locally constant if and only if F — X is an étale cover. Assume that X is locally simply
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connected and let {U; € X, i € I} be an open covering such that U; is simply connected.
Then any locally constant sheaf on X is trivialized by U := ]| U; — X. A point x € X yields
a morphism py : Set — Sh(X) (and conversely). The inverse image of this morphism is the
stalk functor F — F,. The category LC(Sh(X)) is precisely the category of étale covers of X
and the group 71 (Sh(X), py) is the usual fundamental group 71 (X, x). In this special case,
the equivalence of categories

LC(Sh(X)) —> Bmi(X,x)
F > Fx

is the usual Galois theory for topological spaces. Here B (X, x) is the classifying topos of
the discrete group w1 (X, x), i.e. the category of 71 (X, x)-sets.

Let S be a topos and let G be a group of S. We denote by Bg the topos of G-objects
in S. The canonical morphism

t:Bg— S

is connected, locally connected and locally simply connected. Indeed, ¢ is connected since
t* is obviously fully faithful. Moreover, ¢ is locally connected since ¢* has a S-indexed left
adjoint given by the quotient functor

nF =F/G:=1im(G x F = F).

Note that the inductive limit or coequalizer 1'21)1(G x F = F), where the maps are given by
multiplication and projection, always exists in the topos S. Finally, Eg — {x} trivializes
any object, hence ¢ is locally simply connected. There is a canonical point p:S — Bg,
whose inverse image is the forgetful functor. In this case, the inclusion LC(Bg) < Bg is
an equivalence (in fact an isomorphism) and the fundamental group 1 (Bg, p) is G.

3.2.2. Topological fundamental groups. Let t:£ — T be a connected and locally
connected topos over 7 endowed with a 7 -valued point p. The fundamental group 71 (&, p)
will be called the topological fundamental group of £.

COROLLARY 3.6. Let t : £ — T be a connected, locally connected and locally simply
connected topos over T endowed with a T-valued point p. Let yS' be the sheaf of T
represented by the standard topological group S', and define S' := t*yS'. We have

Hp(€,8Y) ~m(E, p)P.

If w1 (&, p) is represented by a locally compact group, then H%(E , S~1) is represented by the
usual Pontryagin dual (€, p)P and we have

HYE, SHP ~ 7, (&, p)PP = 71(E, p)®,

where 71 (€, p)“b is the maximal abelian Hausdorff quotient of w1 (€, p).

Proof. This follows from Proposition 3.5, Definition 3.1 and Corollary 3.3. O
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4. Application to the arithmetic fundamental group

Let X = (Spec OF, X o) be the Arakelov compactification of the ring of integers in a number
field F. Following the computations of Lichtenbaum (see [10]), we are looking for a topos
X, defined over 7 whose cohomology is related the Dedekind zeta function {r(s). This
conjectural topos X will be called the conjectural Lichtenbaum topos. The topos X should
be defined over 7, since the coefficients for this conjectural cohomology theory should
contain the category of locally compact abelian topological groups. If we denote by

X, — T

the structure map, then we define the sheaf of continuous real valued functions R to be
t*(yR), where yR is the abelian object of 7 represented by the standard topological group R.
Following the computations of Lichtenbaum, the cohomology of X; must satisfy

H(X.,7)=17,0, Pic"(X)? fori =0, 1, 2 respectively, (6)

and
Hi()_(L, IE) =R,R,0 fori=0,1,2respectively. 7

Recall that for any (Grothendieck) topos &, there is a unique morphism e : £ — Set. The
cohomology of the topos £ with coefficients in A is defined by

H"(E, A) := R"(ex) A.

Since the base topos of the topos Xy is 7 instead of Ser, it is natural to consider the
cohomology of Xy with value in 7. More precisely, the category 7 is thought of as a universe

of sets, and we define
HA(Xp, A) = R" (1) A

for any abelian object A of Xy . The unique morphism 7 — Sets is strongly acyclic (i.e. its
direct image is exact) and this point of view is inoffensive. We should have

H- (X1, Z) =7Z,0, Pic'(X)P fori =0, 1, 2 respectively, (8)

where Z and Pic! (X)P are the sheaves of 7 represented by the discrete abelian groups Z and
Pic' (X)P. Respectively, the T-cohomology of X; with value in R should be given by

Hé—()_(L, ]ﬁ) =y([R), yR),0 fori=0, 1, 2 respectively, ©))
where y(R) is the abelian object of 7 represented by the standard topological group R.

Hypothesis 4.1. The topos X[ is connected, locally connected, locally simply connected over
T, and endowed with a point p : 7 — X

It is natural to expect that X; is connected and locally connected over 7. A point
p:T — X should be given by any valuation of the number field F. However, it is not
clear that X; should be locally simply connected over 7 (for example, X, is not locally
simply connected over Sets in general). But this assumption can be avoided using the more
advanced notion of localic groups (or pro-groups). We make this assumption to simplify the
following computations.

Hypothesis 4.2. The cohomology of X; with value in 7 satisfies (8) and (9).
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4.1. The abelian arithmetic fundamental group

THEOREM 4.3. Let X1 be a topos over T satisfying Hypotheses 4.1 and 4.2. Then we have
an isomorphism of topological groups

m(Xr, p)PP =~ Pic(X),

where Pic(X) denotes the Arakelov—Picard group of the number field F. In particular,
if m(Xy, p) is represented by a locally compact topological group, then we have an
isomorphism of topological groups

1 (X1, p)® ~ Pic(X).

Proof. By Hypothesis 4.1 and Section 3.2, the fundamental group 71 (X7, p) is well defined
as a group object of 7. The basic idea is to use Corollary 3.6 to recover the abelian
fundamental group. We have

Hy (X1, A) = Homy (m1(XL. p). A)
for any abelian object A of 7. The exact sequence of topological groups
0>Z—>R—->S'-0

induces an exact sequence

0-Z->R—>S'-0
of abelian sheaves in X, where S! denotes *(y(S1)). Consider the induced long exact
sequence of 7 -cohomology

0=H\X.,7) > H-(X1, R) - HY (X1, SY) — HE(X1, Z) > HX(X1, R) =0.
We obtain an exact sequence in 7 :
0—R— H (X, SY — Pic'(X)P - 0.
It follows that
Hp(Xp, S = Homy (m1 (XL, p), (") =m1(X1, p)°

is representable by an abelian Hausdorff locally compact topological group. Indeed,
H}()_(L, §1) is representable locally on Pic'(X)P. But Pic'(X)P is discrete (recall that
Pic'(X) is compact) and the Yoneda embedding y : Top — 7 commutes with coproducts
(see [4, Corollary 1]), hence the sheaf qu-(}_( Ls gl) is representable by a topological space T'.
The functor y : Top — 7 is fully faithful and commutes with finite projective limits. Hence
the space T is endowed with a structure of an abelian topological group since y(T') =
H%()_( L, §1) is an abelian object of 7. The connected component of the identity in T is
isomorphic to R, since Pic!(X)P? is discrete. Hence T is Hausdorff and locally compact.
Therefore 771 (X1, p)PP = y(TP) is representable by an abelian Hausdorff locally compact
topological group as well.
By Pontryagin duality, we obtain the exact sequence in 7,

0— Pic'(X) - mi(Xr, p)PP > R — 0. (10
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LEMMA 4.4. We have H" (Bg, Pic' (X)) =0 for anyn > 2.

Proof. Letr; and r; be the sets of real and complex places of the number field F', respectively.
We have the exact sequence of topological groups (with trivial R-action)

0 — R /log(OF /ur) — Pic'(X) — CU(F) — 0,

where log(O;/ nr) denotes the image of the logarithmic embedding of the units modulo
torsion O /ur in the kernel R7"1+72~1 of the sum map ¥ : R"1+2 — R. The class group
CI(F) is finite hence we have H"(Bgr, CI(F)) = 0 for any n > 1 (see [4, Proposition 9.6]).
Hence we have

H"(Bg, R /log(OF /ur)) = H" (B, Pic' (X))
for any n > 1. Now consider the exact sequence
0 N O;‘/MF N er*‘rrZ*l — er+r2*1/10g(o;<‘/MF) — 0

We have H"(Br, Of/ur)=0 for any n>1, since Op/ur is discrete (see [4,
Proposition 9.6]). We obtain

H" (B, Pic' (X)) = H" (B, R /log(OF /ur)) = H" (Bg, R"*271) =0
for any n > 2 (again, see [4, Proposition 9.6]). O

In particular H?(Bg, Pic'(X)) =0, hence (see [6, VIII Proposition 8.2]) the
extension (10) of abelian groups in 7 is isomorphic to the exact sequence

0 — Pic(X) = Pic(X) > R — 0,

where Pic(X) — R is the canonical continuous morphism. In particular there is an
isomorphism m()_(L, p)DD :Pic()_() in 7. This shows that m()_(L, p)DD and Pic(}_() are
isomorphic as topological groups, since y : Top — 7 is fully faithful. The last claim of the
theorem then follows from Corollary 3.3. O

4.2.  The morphism flow and the fundamental class

COROLLARY 4.5. Let X be a topos over T satisfying Hypotheses 4.1 and 4.2. Then there
is a canonical morphism over T,

T :}_(L — Bpic()-(). (11)
In particular, there is a canonical morphism
f:X; — Bp. (12)

Proof. There is a morphism X; — B (x..p over 7T (the universal cover defined by the point
p). Composing with the morphism of the classifying topos induced by the map (see (3))

m(Xr, p) — m (X, p)PP ~ Pic(X),

we get the morphism 7. Note that (11) does not depend on p since 71 (X1, p)PP is abelian.

The morphism f is then given by the canonical morphism of topological groups

Pic(X) — R,
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or (more directly) by the Pontryagin dual of the map
R=Hy(Xr,B) — Hp (X1, §H) =m (X1, p”. O

COROLLARY 4.6. Let X1 be a topos over T satisfying Hypotheses 4.1 and 4.2. Then there
is a fundamental class 8 € H' (X, R). If the fundamental group w1 (X1, p) is representable
by a locally compact group, then

0 € H' (X1, R) = Homeom (Pic(X), R)
is the canonical continuous morphism 6 : Pic(}_() — R
Proof. The canonical map 7 : X; — Bp;.(x) induces a map
7% H' (Bpy gy, R) — H' (X1, R).
The direct image of the unique map 7 — Sets is exact, hence we have
H'(Bpiozy: B) = HO(T, H} (B3, R)) = Hompop(Pic(X), R).

Therefore, the usual continuous morphism « : Pic(X) — R is a distinguished element
acH! (BPic(X)’ R). We define the fundamental class as

0:=n*)e H'(X., R).
Note that the fundamental class ¢ can also be defined by
0 :=fdg) e H (X1, R),

where Idp is the distinguished non-zero element of H'(Bp, I@) = Homppp (R, R).
Finally, if the fundamental group 71 (X1, p) is representable by a locally compact group,
then the map
7%t H' (Bpiyz) R) — H'(X1. R)
is an isomorphism, and 6 can be identified with «. Indeed, Theorem 4.3 yields in this case
that

H'(X1, R) = Homeon (1 (XL, p), R)
= Homcont(ﬂl (XL’ P)ab, R)
= Homeon:(Pic(X), R). O

4.3.  The fundamental group and unramified class field theory

There exist complexes Rw (¢Z) and Ry (Z) of sheaves on the Artin—Verdier étale topos
whose hypercohomology is the conjectural Lichtenbaum cohomology with and without
compact support respectively (see [13]). This suggests the existence of a canonical morphism
of topoi

v X L —> Xet
such that Ry,Z = Rw (Z), where X, denotes the Artin—Verdier étale topos of X. On the one
hand, the complex Ry (Z) yields a canonical map

H"(Xo1, Z) — H!(X, Z)



The Weil-étale fundamental group of a number field I 115

for any n > 0. In degree n = 2, this map
Pic(X)P = (11 (Xe)™)P = H*(Xer, Z) —> H}(X, Z) := Pic"(X)P (13)

is the dual map of the canonical morphism Pic'(X) — Pic(X) = CI(F). On the other hand,
the morphism y would induce a morphism of abelian fundamental groups

11 (Xe, )PP — 11 Xer, )PP = 11 (Xe)™, (14)
where ¢ is a geometric point of X such that the following diagram commutes.

- 14 -
X —— Xu

Tp Tq
er
T — > Sets

Note that g is uniquely determined by p since the unique map e : 7 — Sets has a canonical
section s (see [7, IV. 4.10]). Indeed, we have e o s = Id hence

q>~qgoeros>~yopos. (15)

The map (14) needs to be compatible with the canonical map (13). In other words, the
following morphism should be the reciprocity map of class field theory:

Pie(X) = m1 (X1, p)PP — m1(Xe)®. (16)
More precisely, the diagram

Pic(X) —— Pic(X) = CI(F)

L.

w1 (X, pPP ——— m (X))

should be commutative, where Pic(X) — Pic(X) = CI(F) is the canonical map, CI(F) —
T (X e,)“b is the isomorphism of unramified class field theory and Pic(X) —» m1 (XL, p)DD is
the isomorphism defined in Theorem 4.3.

4.4. The fundamental group and the closed embedding i,

For any closed point v of X, i.e. any non-trivial valuation of the number field F, we denote
by Wiw) := F,/Op, the Weil group of the residue field k(v) at v, where Oy, is the kernel
of the valuation F,* — R*.

Let U € X be an open sub-scheme. The conjectural Lichtenbaum cohomology with
compact support is defined as (see the Introduction of [10]):

HXU, A):== H* (XL, g A),

where
0:Up:=X1/y"U — XL
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is the canonical open embedding. Consider the exact sequence
0— gp*A— A—ii*A— 0, a7

where i : F— X; is the embedding of the closed complement of the open subtopos
¢ : Up — Xr. The morphism i is a closed embedding so that i, is exact. We obtain

H'(F, i*A) = HY (XL, ixi*A). (18)

Using (17) and (18), we see that the conjectural Lichtenbaum cohomology with and without
compact support determines the cohomology of the closed sub-topos F (with coefficients in
Z and R), and we find

H*(F,i*A)=H*(F, A) = H*( ]_[ Bw, s A)

veX-U
for A =7 and A= R. This suggests the existence of an equivalence

F~ [[ Bw- (19)

veX-U
The equivalence (19) is indeed satisfied (see [12, Chapter 7]) by the Weil-étale topos in
characteristic p (which is the correct Lichtenbaum topos in this case). Moreover, (19) is also
predicted by Deninger’s program (see [12, Chapter 9]). Hence the equivalence (19) should
hold. Using [7, IV. Corollary 9.4.3], [13, Proposition 6.2] and the universal property of sums
of topoi, we can prove that (19) is equivalent to the existence of a pull-back diagram of topoi:

sm
G

— 14 -
Xp — Xu

Bwyy —— B

for any v not in U. For an ultrametric place v, the morphism
uy : Bg, =~ Spec(k(v)er —> Xet

is defined by the scheme map v — X (see [13, Proposition 6.2]) and by a geometric point
of X over v. If v is archimedean, Gy = {1} and u, : Sets — X,; is the point of the étale
topos corresponding to v € X. In particular, for any closed point v of X, we have a closed
embedding of topoi

iv . BWk(v) —> XL, (20)

where By, is the classifying topos of Wyy). For any closed point v of X, the composition
Bwyy —> XL —> Bpie(x)

should be the morphism of classifying topoi By, — Bp;.(x, induced by the canonical
morphism of topological groups (see (1))

Wi(wy —> Pic(X).
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Finally, the existence of the morphism (20) is also suggested by the following argument.
For an ultrametric place v, Bw,,, is the Lichtenbaum topos of Spec(k(v)). Hence the
existence of the morphism (20) follows from the fact that the map

X~ Xp,
sending a (regular) arithmetic scheme to the topos of sheaves on the Grothendieck site

conjectured in [10], should be a pseudo-functor from the category of (regular) arithmetic
schemes to the 2-category of topoi.

5. Expected properties of the conjectural Lichtenbaum topos

The conjectural Lichtenbaum cohomology is in fact known for any étale X-scheme U, and
the arguments of the previous section give the value of the abelian arithmetic fundamental
group of U. More precisely, we should have

(UL, pg)PP ~ Cy,

where Cj; is the S-idele class group naturally associated to U (see (21) below). Moreover, the
study of the complexes Ry (Z) and RW(IE) defined in [13] yields the functorial behavior of
these isomorphisms. The relation between the arithmetic fundamental group and the étale
fundamental group is given by the natural maps between étale cohomology groups and
conjectural Lichtenbaum cohomology groups (see Section 4.3). Finally, the structure of the
conjectural Lichtenbaum topos at the closed points is dictated by the conjectural Lichtenbaum
cohomology with compact support (see Section 4.4). Putting those facts together, we obtain a
(partial) description of the conjectural Lichtenbaum topos. This description is also suggested
by our previous study of the Weil-étale topos in characteristic p (see [12, Chapter §]) and by
the work of Deninger (see [12, Chapter 9]).

5.1. Notation

We refer to [13] for the definition of the Artin—Verdier étale site of X = Spec(OF). The
Artin—Verdier étale topos X, is the category of sheaves of sets on the Artin—Verdier étale
site. Let U = (Spec Ok sy, Uso) be a connected étale X-scheme then we consider the S-idéle
class group of K endowed with the quotient topology:

Cy=Cks= coker< [] 0%, — CK>. 1)
wel

Here S is the set of places of K not corresponding to a point of U, K, is the completion of K
at the place w and O 1X<w is the kernel of the valuation K;; — R*. Note that C}; is a Hausdorff

locally compact group canonically associated to U.
We define the Weil group Wy, of the ‘residue field k(w)’ at any closed point w of U as

Wiw) == K;j/@xw.
For any closed point w € U, the map K - — Ck induces a continuous morphism

Wi(w) = Kﬁj/o;w — Cy. (22)
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Note that we have Wy (y,) = Z for w ultrametric and Wy, = RJXF for w archimedean. We
denote by G (w) := Dy /1, the Galois group of the residue field k(w), where Dy, and I,, are,
respectively, the decomposition and the inertia subgroups of Gk at w. Hence Gy is the
trivial group for w archimedean. There is a canonical morphism

Wiw) — Giw) (23)

for any closed point w € U. We consider the big classifying topos Bw,,, and the small
classifying topos Bg;"z(w), i.e. the category of continuous Gy y)-sets. In particular, Bg’z(w) is
just the final topos Sets for w archimedean. The map (23) induces a morphism of toposes:

We denote by 7 the topos of sheaves on the site (Top, Jop), where Top is the category
of Hausdorff locally compact spaces endowed with the open cover topology. If we need
to use constant sheaves represented by non-locally compact spaces, then we can define
T’ = (Top", Jop), Where Top" is the category of Hausdorff spaces, and consider the base
change

)_( L XT T’
to obtain a connected and locally connected topos over 7.

Finally, if G is a strict pro-group object of 7 given by a covariant functor G : I — Gr(7)
where Gr(7) denotes the category of groups in 7 and [ is a small filtered category. We
consider the pro-abelian group object QDD of 7 defined as the composite functor

(—)PP oG : I —> GHT) —> Ab(T).

Letz: & — 7 be a connected and locally connected topos over 7, i.e. ¢ is a connected
and locally connected morphism. In particular, #* has a left adjoint #,. An object X of £ is said
to be connected over T if X is the final object of 7. A T -point of £ is a section s : 7 — &£
of the structure map ¢, i.e. ¢ o s is isomorphic to Id7.

5.2.  Expected properties

(1)  The conjectural Lichtenbaum topos X1 should be naturally associated to X. There
should be a canonical connected morphism from X to the Artin—Verdier étale topos:

Yy . )_(L —> Xet'
(2)  The conjectural Lichtenbaum topos X1 should be defined over T. The structure map
t: XL — T

should be connected and locally connected, and X should have a T -point p. For any
connected étale X -scheme U, the object y*U of X should be connected over T .
It follows that the slice topos

Up:=X./y'U— X, —T
is connected and locally connected over 7, for any connected étale X-scheme U, and

has a 7 -point
py:T — UL
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Then the fundamental group 71 (U, pi) is well defined as a prodiscrete localic group
in 7. Moreover, (U, pg) should be pro-representable by a locally compact strict
pro-group, and we consider this fundamental group as a locally compact pro-group. By
Corollary 3.3, we have

m(Or, pg)PP = m1(Ur, pp)™ = m(O)™.

We have a canonical connected morphism

Up:=X1/y*U — Xo/U =Ug
inducing a morphism

og miUr, py) — m1Uer, q5).
where g; is defined by py; as in (15). We obtain a morphism

<.03D 1 (U)* =i (Ur, pg)PP — 11(Uer, pi)PP = m1(Ue)™.
We should have a canonical isomorphism
rg: Cg ~m(U)™
such that the composition
<pgD org: Cg=m(Up)*™ —> m1(Ue)®

is the reciprocity law of class field theory. This reciprocity morphism is defined by the
topological class formation

(1(Uer, q). lim Cp),

where V runs over the filtered system of pointed étale cover of (U, qg) (see [15,
Proposition 8.3.8] and [15, Theorem 8.3.12]).

The isomorphism ry should be covariantly functorial for any map f : V—>U of
connected étale X-schemes. More precisely, such a map induces a morphism of
toposes:

fo:Vp:=X/)V—UL:=X./U

hence a morphism of abelian pro-groups in 7,
fLim(V)® — mi(O)®.
Then the following diagram should be commutative:

_ ry
(V) —— Cy

il b

1 (Up)* —— Cg

where N is induced by the norm map.
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(6)

(N

®)
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For any Galois étale cover V — U (of étale X-schemes), the conjugation action on
11 (V)™ should correspond to the Galois action on Cy . In other words, the following
diagram should be commutative:

_ - (pgry) _
mi(UL, pg) x m(VL)® ————— m1(Ue, q5) x Cy

J o

Ty

(V)@ Cy

where the vertical arrows are the conjugation action of m(L_/ L. Pg) on m(\_/L)”b and
the natural action of (Uet, pg)onCy.

The isomorphism ry; should be contravariantly functorial for an étale cover. More
precisely, let V — U be a finite étale map. Then the following diagram should be
commutative:

_ v
T (Vp)® —— Cy

-]

- g
m(U)*® — Cy

where the map Cy; — Cy; is the inclusion, and tr is the transfer map defined in
Proposition 5.6 below.
For any closed point v of X, we should have pull-back of topoi.

v sm
Bwy,) — BGk(v)

- 14 -
XL Xet

Here the morphism
sm

wy : BE; == Spectk(v)er —> Xer

is defined by a geometric point of X over v and by the scheme map v — X. The map
@y is induced by the canonical morphism Wy () — Gi(v). It follows that the morphism
iy is a closed embedding.

On the one hand, the pull-back above induces a closed embedding

iw: Bw,, — UL

for any U étale over X and any closed point w of U. On the other hand we have a
canonical morphism

UL = By (0, pg) = By = Bey-

For any closed point w of a connected étale X -scheme U, the composition

BWk(w) — UL —> BCU
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should be the morphism of classifying topoi induced by the canonical morphism of
topological groups Wi — Cy.
Define the sheaf of continuous real valued functions on X; as Ri=s* yR, where yR is
the sheaf of 7 represented by the standard topological group R.
(9) For any étale X-scheme U, we should have H"(UL, ]ﬁ) =0 foranyn > 2.
The following result shows that the properties listed above are consistent. A proof is
given in [14].

THEOREM 5.1. There exists a topos satisfying Properties (1)—(9) listed above.

Note that the isomorphismry; : Cy; >~ my (U )b can be understood in two different ways.
On the one hand, we can consider 71(U.)® as a usual topological group defined as the
projective limit of the topological pro-group 71 (Uz)PP. Then 7 is just an isomorphism of
topological groups. On the other hand, we can consider 71 (Uz)® and C g as topological
pro-groups (see Section 5.3.1 below) and assume that r; is an isomorphism of topological
pro-groups. The second point of view is stronger than the first.

5.3.  Explanations

In this section, we define the morphisms used in the previous description. First of all, the
fundamental group 71 (UL, pg) is assumed to be pro-representable by a locally compact
strict pro-group. In other words, we assume that there exist a locally compact strict pro-
group G indexed over a small filtered category (in the usual sense, see Definition 2.1) and an
equivalence SLCT(Up) ~ Bg compatible with the point pg;, where SLC7(Up) and Bg are
defined as in [2, Section 2] and as in Definition 2.2, respectively.

The fact that the fundamental groups 711([7 L. pyy) and m(l,_/et, qg) should be defined
as topological pro-groups and the previous description of the Lichtenbaum topos suggests
that the groups Cy; are in fact topological pro-groups and that all the maps between these
topological pro-groups are compatible with this additional structure. We show below that it is
indeed the case. This detail can be ignored if we consider the limit of those topological pro-
groups computed in the category of topological groups, and the morphisms between these
pro-groups as usual continuous morphisms.

5.3.1. The S-idele class group as a pro-group. Let U = (Spec Ok,sy» Uxc) be a connected
étale X-scheme. We denote by So, the set of archimedean places of K not corresponding to
a point of Uxo, i.€. Uso | | So is the set of archimedean places of K. If we set S = (Sp U Sxo)
then we have

U= Spec Og — S
and Cj; = Ck s is the S-idele class group of K. Assume for simplicity that So 7# . Then
there is an exact sequence of topological groups

0— [] 0%, = Ck.s = Ck.5., — 0. (24)

weSy

where Ck s, is the following extension of the finite group CI(K):

0_><]_[ kx T1 R;)/og_»c,(,sw_»cz(l()eo.

WE S weUso
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Note that Cgs,, has a finite filtration such that the quotients of the form Fil" JFil"t! are
either finite or connected. Recall that, for w ultrametric, le{w is given with the filtration

Of =U)2Uyp2Uz 2
so that le(w is the profinite group
Ox, =lim U, /U,

Hence the exact sequence (24) provides Cy; with a structure of a topological pro-group. More
precisely, we have
Ck.s=1im Cg 5/,

where €2 runs over the system of open subgroups of || le{w.

weSy

Definition 5.2. We define Cy; as the topological pro-group
Cg :={Ck,s/Q, for Qopenin [],5 Ok, }-

The pro-group C; can also be seen as the locally compact group Ck s endowed with the
filtration
cks2 [[og, 2Tlu=2[luvia-. (25)
weSy wEeSy weSy
Indeed the sequence {Q" =[], So U], for n > 0} is cofinal in the system of open Q2 C
[Twe So le{w. Hence the pro-group Cy; can be defined as follows:

Cy :={Ck,s/ Q" forn > 0}.

PROPOSITION 5.3. For anymap V — U of connected étale X -schemes, the map N - Cy —
Cy, induced by the usual norm map, is compatible with the pro-group structures of Cy
and Cy;.

For any Galois étale cover V. — U, the usual Galois action of Gal(V)U) on Cyis
compatible with the pro-group structure of Cy.

For any finite étale map V — U, the natural morphism Cy — Cy is compatible with the
pro-group structures of Cy, and Cy.

For any connected étale X-schemes U, the reciprocity morphism

rg:Cg —> JTl(Uet)ab
is a morphism of topological pro-groups.

Proof. Concerning the first three statements, we just have to remark that those morphisms are
all compatible with the filtration (25), which is clear. The reciprocity morphism r; is defined
by the topological class formation (m(l_]et, qg)s 11_11)’1 Cy), where V runs over the filtered

system of pointed étale covers of (U , qg) (see [15, Proposition 8.3.8 and Theorem 8.3.12]).
Recall that the group U]} is mapped, by class field theory, onto the nth-ramification subgroup

(G CGP cGYg=m1(Ue. q3)*.

Hence ry; is a morphism of topological pro-groups. O
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5.3.2.  The morphism ¢ has dense image. By Property (1), the map y : X1 — X is
connected, i.e. y* is fully faithful. It follows immediately that the morphism

Vo UL=X0/y"U —> Xet/U = Uqt

is connected as well. Chose a 7 -point p;; of Ur and let q; be the geometric point of U
defined by p;; as in Section 4.3. We have a commutative square
Yo

Up —————— Uy

I

— U Sm -
B 1) — Bl (Ouay)

where the vertical maps are both connected. Indeed, the inverse image of the morphism

ry _ . . ry sm . . .
UL — By i, o) (respectively of the morphism U, — B7rl (Uw,q[,)) is the inclusion of

the full subcategory of sums of locally constant objects SLCT(UL) < Uy, (respectively
SLC(L_/e,) — Uet). Hence the previous diagram shows that

. — sm
B(p[/ : Bﬂl(ULv[’[/) - Bnl(Ug[,qU)

is connected as well. This morphism is induced by the morphism of strict topological
pro-groups:
i T, pg) — m1WUer, q75)-

Consider 71 (Up, Py) as a projective system of locally compact groups (Wy)aeca and

71 (Uer, qf7) as a projective system of finite groups (Gg)ges. Then ¢ is given by a family,
indexed over B, of compatible morphisms W, — G g. More precisely, we have
95 € Hom((Wa)aea, (Gp)pep) :=lim,_, lim,_, Home(Wo, Gp).

Definition 5.4. We say that ¢;; has dense image if all those maps W, — G are surjective.

The fact that the morphism By, is connected implies that ¢; has dense image in that
sense. Indeed, assume that one of the maps W, — Gg is not surjective. Then the functor
p*: BgZ — By,, sending a Gg-set E to the (sheaf represented by the) discrete W, -space E
on which W,, acts via W, — Gg, is not fully faithful. But we have the commutative diagram
of categories

*

B _ WU sm
i (UL,pg) = 71 (Uer,q7)
T * T

¢ sm
By, <—— BG,«;

where the vertical arrows are fully faithful functors. Hence the fact that ¢* is not fully faithful
implies that B;U is not fully faithful. We have obtained the following result.

PROPOSITION 5.5. Let X1 be a topos satisfying Properties (1)—(9). Then for any connected
étale X-scheme U the morphism of topological pro-groups ¢g; has dense image.
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Let V — U be a finite Galois étale cover of étale X -schemes with Gal(V / U) =G, and
consider the injective morphism of the topological pro-group

11 (Ve, py) = (UL, py)-

In other words, if we see the fundamental groups of Vy and of Uy as projective systems of
topological groups (W) )aea and (Wy)aea (indexed over the same filtered category A), the
previous map is given by a family of compatible injective morphisms of topological groups
W/, — Wy. We can consider the quotient pro-object of 7

(UL, pg) /M1 (Vi pyp) i= OGWo /YWi)aea-
Then this projective system is in fact an essentially constant pro-group and we have an
isomorphism in 7 :
m (UL, py)/m1(VL, py) = y(G).
More generally, for any finite étale map V — U of étale X-schemes the pro-object of 7,
1. pg)/m(Ve. py).

is essentially constant, endowed with an action of the pro-group object 1 (Up, Pi)» and we
have an isomorphism of finite 71 (UL, pg)-sets:

71 (Ur, pi) /71 Ve, py) = 71 (Uer, 45) /71 Vers q)-
Therefore, for any finite étale map V — U, the induced morphism
n(Ve, py) — (UL, pg)

is given by a compatible family of closed topological subgroups of finite index W), — W,.
Moreover, we can choose an index o € A such that for any map o« — «p in A, the map
We/ Wy — Wey/ W, is a bijective map of finite sets. It follows that the usual transfer maps

try ng — W,;”b

are well defined and that they make the following square commutative.

t
W/ab . o Wab
a a

We obtain a morphism of locally compact topological pro-groups
tr:m(Or, pg)®™® — mi(Ve, py)®.

If V — U is a Galois étale cover, then W(; is normal in W,, for any o € A, hence W, acts
on Wa/l”b by conjugation. This action is certainly functorial in « hence 71 (U, Pg) acts on
w1 (Vr, p‘y)”b by conjugation. More precisely, we consider the topological pro-group

mi (UL, pg) x mi(VL, pp)®: A — Gr(T)
o > Wy x Wb,
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Then we have a morphism of topological pro-groups:

m(Ur, pg) x m1(Ve, pi)®® — m1(Vi, py)®.

We have shown the following result.

PROPOSITION 5.6. Let V. — U be a finite étale map of étale X-schemes. We have a
morphism of abelian topological pro-groups
)ab )ab.

tr:m(l,_/L,pU —>7T1(‘_/L,P(/

If V — U is Galois, then w1 (UL, D) acts on T (Ve, p‘-,)“b by conjugation:

m(Ur, pg) x mi(Ve, pi)®® — m1(Vi, py)®.

5.4. The Weil-étale topos in characteristic p

Let Y be a smooth projective curve over a finite field k. Assume that Y is geometrically
connected. The Weil-étale topos Y is defined as the category of Wi.-equivariant étale sheaves
on the geometric curve ¥ x; k. Then we can prove that Yy satisfies all the properties (1)—
(9) above (replacing 7 with Sets). Moreover, Yy is universal for these properties, i.e. it
is the smallest topos satisfying those properties. In other words, if S is a topos satisfying
properties (1)—(9), then there exists an essentially unique morphism & — Yy compatible
with this structure (i.e. making all the diagrams commutative).
We give below a sketch of the proof of these facts. By [12, Theorem 8.5] we have a
canonical equivalence
Yw > Y X Bg, Bw, , (26)

where Y,, denotes the étale topos of Y, i.e. the category of sheaves of sets on the étale site of
Y. Consider the first projection

y Yw =Yy X Bg, By, —> Yer.
For any étale Y-scheme U, we thus have
Yw/y*yU = (Yer/yU) XBg, Bw, = Uer X5, Bw, = Uw. (27)

If U is connected étale over Y, then U,; and Uw are both connected and locally connected
over Sets. Any geometric point py of U yields a Sets-valued point of U,; and of Uy, and we
have an isomorphism of pro-discrete groups

i (Uw, p) ~7m1(Ue, p) X, Wk. (28)

The group 71 (Uet, p) X G, Wk is often called the Weil group of U. For any closed point y of
Y we have a closed embedding

BGk(y) >~ Spec(k(y))et —> Yer.
The inverse image of this closed subtopos under y is given by the fiber product

Yw xvy,, BGk(y) >~ By, X Bg, Yer ¥y, BGk(y) >~ By, X Bg, BGk(y) ~ BWk(y)' (29)
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Then properties (1)—(9) and the fact that Yw is universal for those properties follow
from (26)—(29) and class field theory for function fields. Note that Weil’s interpretation of
class field theory for function fields can be restated as follows: the reciprocity morphism
gives an isomorphism between the S-idele class group and the abelian Weil-étale fundamental
group. Finally, note that the canonical morphism

Yw — Bw,

gives rise to the Frobenius-equivariant /-adic cohomology (see [12, Chapter 8, Section 4.3]).

5.5.  The Lichtenbaum topos and Deninger’s dynamical system
Property (3) of section 5.2 yields a canonical morphism flow
f: X, — Bpjexy — Br-

A topos is Grothendieck’s generalization of a space, hence X7 can be seen as a generalized
space. Then the morphism of topoi f can be interpreted as follows. The topos X7 is a
generalized space endowed with an action of the topological group R.
Properties (7) and (8) above give a closed embedding i, : Bw,, — X such that the
composition
iv: Bw,,, — XL — Br

is the morphism induced by the canonical morphism /, : Wy (,) — R. For an ultrametric place
v of F, the morphism [, sends the canonical generator of Wy, to —log N (v). The closed
embedding i, should be thought of as a closed orbit of the flow of length log N (v). For
an archimedean place v, the composite morphism f o iy : Bw,,, — BR is an isomorphism
of topoi, and i, should be thought of as a (closed) inclusion of a fixed point of the flow.
Thus the morphism f{ encodes all the numbers log N (v). This suggests that the morphism
f, or more precisely the derived functor Rf,, could yield a geometric cohomology theory
(i.e. a cohomology allowing a cohomological interpretation of the zeta function itself). In
other words, we can dream that the conjectural Lichtenbaum topos of X (if it exists) will
play the role of Deninger’s dynamical system (see [3], for example). In any case, the correct
conjectural Lichtenbaum topos is far from being constructed. We refer to [12, Chapter 9]
for some details concerning the analogy between the conjectural Lichtenbaum topos and
Deninger’s dynamical system.

5.6.  The base topos Br and the field with one element F

Let Y be a smooth scheme of finite type over F,. Assume for simplicity that Y is
geometrically connected. The Weil-étale topos Yy is given with a canonical morphism

. sm
fr:Yw — BW]F,,

over the small classifying topos Bf,{,’]’F . The Weil-étale topos of Y is thought of as a space
q
endowed with an action of the group Wy, . Indeed, Yw is the étale topos associated to

the Frobenius-equivariant geometric scheme Y :=Y QF, E. The étale topos Y., of the
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geometric scheme Y is obtained as the localization

Yer=Yw XB"” Set=Yw/fyEWF,,

where Set — B%q is the canonical point of Bf,{,“]’Fq . We denote the geometric topos by

Ygeo := Yw/f;ﬁEWFq.
We have an exact sequence of fundamental groups
1 = 11 (Ygeo, p) > mi(Yw, p) > Wg, — 1. (30)

Over Spec(Z), the role of BW]Fq is played by BRi = Bg. Let X be the compactification
of Spec(OF). We have a canonical morphism

f: XL — Bpixy — BRi'

We can imagine that the base topos B is the classifying topos of the Weil group W, = R
of some arithmetic object IF1. Then the localized topos

Xgeo = XL XBW]F T= XL/]C*EWIF],

where 7 — Bp is the canomcal point of Bg, would play the role of the geometric étale topos
Yoeo 1= Y o Intuitively, X e, corresponds to Deninger’s space without the R-action. We have
an exact sequence of fundamental groups

1 = m1(Xgeo, p) = m1(X1, p) = Wi, — 1.

This exact sequence is analogous to (30).

6. Cohomology

In this section we consider the curve X = Spec(OF), where the number field F is totally
imaginary. Let y : X; — X,; be any topos satisfying Properties (1)—(9) given in Section 5.2.
We show that these properties yield a natural proof of the fact that the complex of étale
sheaves <) Ry« (¢ Z) produces the special value of ¢ (s) at s = 0 up to sign.

6.1. The base change from the Weil-étale cohomology to the étale cohomology

Recall that we denote by C; = Ck s the S idele class group canonically associated to U. We
consider the sheaves on Uy defined by Ri=rx (yR) and S! := 1% (ySl) where yS' and yR
are the sheaves on 7 represented by the t0p010g1cal groups S' and R,and 7 : Uy — T is the
canonical map (defined for Property (2)).

PROPOSITION 6.1. For any connected étale X -scheme U, we have
R forn=0

H"(Uy, ]ﬁ) = {Hom.(C;;,R) forn=1
0 forn>2.
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Proof. The result for n =0 follows from the connectedness of U; — 7 given by
Property (2). Indeed, we have

HO(Ow, 'R) := (e7, o 1) * R = e7 ,R =R,

where e7 denotes the unique map e : 7 — Sets. By Property (3), the result for n = 1 follows
from

H' (U1, R) = Hom (w1 (Up), R)
i=lim Home (71(Ur), R)
= lim Hom, (71(U1)™, R)
= Hom.(Cy, R).
The result for n > 2 is given by Property (9). O

The maximal compact subgroup of Cp, i.e. the kernel of the absolute value map
Cy — R.o, is denoted by C 117 Thus we have an exact sequence of topological groups

1—Cj— Cy—>Rop— 1.
The Pontraygin dual (C (17)D is discrete since C (1/ is compact.
PROPOSITION 6.2. For any connected étale X -scheme U, we have canonically

Z forn=20
H"(UL,Z)=140 forn=1
(Cll?)D forn=2.

Proof. As above, the result for n = 0 follows from the connectedness of U; — 7T given by
Property (2). By Property (3), the result for n = 1 follows from

H'(UL, Z) = Hom: (1 (U)*, Z) = 0.
By Property (3) we have canonical isomorphisms
H' (U1, §") = Homc( (T1)®, ")
= lim Hom (w1 (U)*, §1)
= Hom(Ijm 1 (U)*, §")
= Hom(Cy, S") = Cp.
The exact sequence of topological groups
0>Z—>R—>S' -0

induces an exact sequence
0>Z—>R—->S'"->0
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of abelian sheaves on U} . The induced long exact sequence
0=H'(U,2)— H' (U, R) » H'(U1,S") - H2(UL, Z) - H*(U, R) =0
is canonically identified with
0 — Hom(Cy, R) — Homc(Cp,S") — H*(UL, Z) — 0
and we obtain H2(Uy, Z) = (Cllj)D. O

Recall that we have a canonical morphism y : X1 — X,.;. We consider the truncated
functor < Ry of the total derived functor Ry.

COROLLARY 6.3. We have y.Z.=17, R'(y.)Z=0 and R*(y.)Z is the étale sheaf
associated to the abelian presheaf
P2y 7 Ety —> Ab

5 1\D

U w— (Cp~.
Proof. The sheaf R"(y,)Z is the sheaf associated to the presheaf U — H" (X1 /y*U, Z).
Hence the corollary follows immediately from Proposition 6.2. Note that it follows from
Property (4) that the restriction map

P rl(U) = (CHP = PPrl(V) = (C})P
is the Pontryagin dual of the canonical morphism C‘l7 — Clly (induced by the norm map), for
any V — U in Etg. O
The cohomology of sheaf R?y,Z associated to P?y,7Z is computed in Section 6.3. The

étale sheaf R”y,Z is acyclic for the global sections functor on X,;. More precisely, we have
Hom(Oy., Q) forn=0,

H"(Xer; R*yiZ) =
forn > 1.

Recall that Pic(X) = C  is the Arakelov—Picard group of F', and that u F is the group of
roots of unity in F'. We compute below the hypercohomology of the complex of abelian étale
sheaves T<a RyxZ.

THEOREM 6.4. We have

Z forn=0
0 forn=1
H"(Xer, T<aRy:Z) = { Pic"(X)P  forn=2
MIQ forn=3
0 forn>4.
Recall that the Artin—Verdier étale cohomology of Z is given by
Z fori =0
0 fori =1
H (Xe1, Z) = { CI(F)P fori =2

Hom(O%., Q/Z) fori=3
0 fori > 4.
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Proof. The hypercohomology spectral sequence
H' (Xer, H (t2Rys ) = HY (Xor, 12 Ry, L)
first gives HO(Xo, T<2RyZ) =7 and HY(X,, T<2Ry:Z) = 0. On the other hand we have
H"(Xer, T<2RY4Z) = H"(Xer, RyxZ) = H" (X1, 7))
for any n < 2. In particular, we have
H*(Xer, t<2Ry:Z) = H*(X 1, Z) = Pic' (X)P.
Therefore, the spectral sequence above yields an exact sequence
0— CI(F)P
— Pic'(X)? — Hom(O%, Q) — Hom(O%, Q/Z) — H* (X1, t<aRy:Z) — 0.

Here the maps CI(F)P — Pic'(X)P? — Hom(O%., Q) are explicitly given. The first is
induced by the morphism from the Weil-étale fundamental group to the étale fundamental

group
(X)) — 71 (X))

given by Property (3), and the second is induced by the canonical morphism P2y, 7 —
Rz(y*)Z (the map from a presheaf to its associated sheaf). It follows that the cokernel of
the map
Pic' (X)P — Hom(O%, Q)
is
Hom(O%, Q)/Hom(OF, Z) ~Hom(O%/ur, Q/Z).

We obtain an exact sequence

0— Hom(Oj‘p/,uF, Q/Z) - Hom(O%, Q/Z) — ]HI3()_(€,, T<2RyZ) — 0. 3D

Let us denote by « : Hom(O%y./ur, Q/Z) — Hom(OF, Q/Z) the first map of the exact
sequence (31). We need to show that « is the canonical map. There is a decomposition

Hom(O%, Q/Z) = Hom(O}/ur, Q/Z) x pj
and the composition (where p is the projection)
poa:Hom(OF/ur, Q/Z) - Hom(OF, Q/Z) — pj

must be 0 since Hom(O%./ur, Q/Z) is divisible and ,u,l,’ finite. It follows that the image of «
is contained in the subgroup

Hom(O%/ur, Q/Z) C Hom(OF, Q/Z)
hence « induces an injective morphism
o : Hom(O%./ur, Q/Z) — Hom(O% /ur, Q/Z).

Since those two groups are both finite sums of Q/Z, this map & needs to be an isomorphism.
Indeed, the n-torsion subgroups are both finite of the same cardinality for any n, hence an
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injective map must be bijective. Hence « has the same image as the canonical map, i.e. the
image of the map induced by the quotient map O}, — O}/ r. Hence the exact sequence (31)
yields a canonical identification

H? (Xer, T<2RYZ) = 3.
Finally, we have
H" (Xer, T<2Ry:Z) =0 forn >4
since the diagonals of the hypercohomology spectral sequence are all trivial for n > 4. O

Let ¢ : X; — X1 be the open embedding. By Property (7), we have an open/closed
decomposition

0: X, — X1 < ]_[ B, oo

veXs

In particular, we have adjoint functors ¢y, ¢*, ¢,. If we consider the induced functors on
abelian sheaves, we have adjoint functors i, icox, i <'>o showing that i« i exact (on abelian
objects). We obtain an exact sequence of sheaves

0— @p*A—> A— []inmifA—0 (32)

v|oo
for any abelian object A of X .

THEOREM 6.5. We have canonically

0 forn=0

(QZ)/Z forn=1

Picl(X)P forn=2
,ull,) forn=3
0 forn >4,

H"(Xer, <2 Ry (91Z2)) =

Proof. Let v € X. By Property (7), we have y o i, =u, o oy, where «, : Bw,, — Sets is
the unique map. The morphisms i, and u, are both closed embeddings so that i, and u,, are
both exact, hence we have

R(ys)iveZs = uys R(atys) Z.

This complex is concentrated in degree O since R"(oy+)Z = H"(Bw,,,, Z) =0 for any
n > 1, and we have Ro(y*)iv*Z = uys2Z. Hence the theorem follows from Theorem 6.4, exact
sequence (32), and H* (X, uysZ) = H*(Sets, 7). O

Remark 6.6. A complex quasi-isomorphic to 7<a Ry, (¢Z) was constructed in [13] using a
more complicated method.

6.2. Dedekind zeta functions at s =0

We denote by (@UIOO Wk(v))l the kernel of the canonical morphism @UI 0o Wy = Reo.
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THEOREM 6.7. We have canonical isomorphisms

(ﬂR)/R forn=1

Hom: (D00 Wio)', R)  forn=2
0 forn#1, 2.

H"(X., pR) =

Proof. The direct image i, is exact hence the group H" (X1, [] iv*f@) is canonically

isomorphic to

v|oo

[[Rr n=0
v|oo
1_[ Hn(BWk(v)R) = Y Hom, (Z Wi, R) n=1
v|oo v|oo
0 n>2.

Using the exact sequence (32), the result for n > 3 follows from Property (9). By (32) we
have the exact sequence

0—> H'X., @R) — H'(Xw.R) =R — [ | H"(Bw,,,®)
v|oo

= HR—> Hl()_(L, (pg]ﬁ)—)O,

v|oo

where the central map is the diagonal embedding. The result follows forn =0, 1. Forn =2,
we have the exact sequence

Hom,(Pic(X), R) — Homc<z W) R) — H*(X., oR) — 1,
v|oo

where, by Property (8), the first map is induced by the canonical morphism Y Wiw) —>

v|oo
Pic(X). We obtain a canonical isomorphism

1
Hl()_(L, oR) =H0mc<<z Wk(v)) , R). O
v|oo
Definition 6.8. We define the fundamental class 6 € H' (X1, IE) as the canonical morphism
6 € H' (X, R) = Hom(Pic(X), R).

Recall that, for any closed point v € X, we have H"(Bwy,» I@) =R, Homc(Wiw), R)
and O forn =0, 1 and n > 2 respectively.

Definition 6.9. For any closed point v € X, the v-fundamental class is the canonical
morphism 6, : Wiy — R:

6, € H' (Bw,,,. R) = Hom:(Wi(v). R).
The morphism obtained by cup product with 6, is the canonical isomorphism

Uy H(Bw,, . R)=R — H'(Bw,,.R) = Hom:(Wiw). R)
1 —> 0,.
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THEOREM 6.10. The morphism U obtained by cup product with the fundamental class 0 is
the canonical isomorphism
uo: H'(XL,oR) = ([I,e /R — H*(X1, 9R) = Hom: (3,100 Wkw))'» R)
v —> 6y o pv,
where py 1 (300 Wiw))! — Wi is given by the projection.
Proof. By Property (8), the morphism
Hl(BPic()_()’ R)=H'(XL.R) —  H'(Uex,, B B =TI
% i (ev)vlom

H'(Bw,,, R)

v|oo

which is induced by [[,cx. Bwi,, — X, — Bp,.(x)» sends fundamental class to
fundamental class. Hence the cup-product morphism U6 is induced by

(UBy)v)oo : HO(XLv ioo*]E) = 1_[ R— Hl(XLv ioo*ﬂé) = 1_[ Homc(BWk(v)v ﬂé)

v|oo v|oo
and the result follows. Note that U@ is well defined, since U6 (Zvloo V) = Zvloo 0y is the
canonical map ., Wi(y) — R, which vanishes on (3", o, Wiw))'- o

THEOREM 6.11. For any n > 1, the morphism
Ry :H'(Xer, T2 RY4(91Z)) @ R —> H"(X1. pR).
induced by the morphism of sheaves o\ 7. — (pgf&, is an isomorphism.
Proof. We denote by
o H' (Xer, T2 Ry ) — H' (X1, o)

the morphism induced by ¢Z — (pg]ﬁ. The result is obvious for n # 1, 2. The result is also
clear for n = 1, since « is canonically identified with

H0< [T Bwi- Z)/HO(XL, Z)— HO< [T Bwi- IE{)/HO(XL, R),
veXo veX
hence R; is the identity. Assume that n = 2. On the one hand, we have canonically
H (Xer, T2 RyalnZ)) = H* (X1, Z) = H' (X1, §H/H' (X1, B).
On the other hand, we have
H*(X,, pR) =H' (]_[ By, IE)/HI(XL, R)=H' (]_[ B, §1)/H1(5<L, R)
v|oo v|oo
and the map R» is induced by
H'(X.,S") = Hom,(Pic(X), S") — H' (]_[ Bw,, §1> = Hom, (Z Wew)» Sl>
v|oo v|oo

which is in turn induced by the canonical morphism ) Wiw) —> Pic(X), as it follows

from Property (8). We have the exact sequence

v|oo

Hom,(Pic(X), R) - Hom,(Pic(X), S') — Hom.(Pic' (X), S") — 0,
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hence k> is the morphism
K2 : Hom(Pic' (X), S') — Hom((®y)00 Wiw)) ', S = Hom((®y)00 W) ', R),

where the first map is the Pontryagin dual of (@vka(v))l — Picl(X). Recall that we have
the exact sequence of topological groups

0— @vjoo Wkw))' /(OF /1ur) — Pic' (X) — CI(F) — 0.
Then it is straightforward to check that there is a canonical identification
H*(Xer, t<2Ry:(912) ® R = Hom(O};, R)
and that the map R; is the morphism
Ry : Hom(O, R) —> Home((Syjoc Wi())', R)

which is the inverse of the isomorphism induced by the natural map (’);f — (Bujoo Wk(v))l.
In other words
Ry : Hom((&y)00 Wk(v))' . R) —> Hom(O, R)

is induced by the natural map O} — (Byjoo Wiw))'- U

The morphisms U6, Rj and R have been made explicit during the proof of Theorem 6.10
and in Theorem 6.11. The result of Corollary 6.12 follows.

COROLLARY 6.12. We have a commutative diagram

Qe BI/R 2 HomO% R

n
(Cooo BB o Home (/o Weewy)' B)

where D is the transpose of the usual regulator map
+
Of @R —> <Z ]R) :

v|oo

We denote by ¢:X; — X, the natural open embedding, and by H!'(Xp, A) =
H" (X1, ¢.A) the cohomology with compact support with coefficients in the abelian sheaf A.

THEOREM 6.13. (Lichtenbaum’s formalism) Assume that F is totally imaginary. Let X1 be
any topos satisfying Properties (1)—(9) above. We denote by t<a Ry, the truncated functor
of the total derived functor Ry, where y is the morphism given by Property (1). Then the
following are true.

o H"(X.;, T<2 Ry (@ Z)) is finitely generated and zero for n > 4.
e The canonical map
H' (Xer, T2 Rys(92)) @ R — H! (X1, B)

is an isomorphism for any n > 0.
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o There exists a fundamental class € H' (X, IE). The complex of finite-dimensional
vector spaces

oo H'N (X, R) = HIY (X, R) —» H'M (X, R) — - -
defined by cup product with 0, is acyclic.
e The vanishing order of the Dedekind zeta function {r(s) at s = 0 is given by

ords—o¢r(s) = ) _(=1)" n dimp H(Xy. R).

n>0

o The leading term coefficient {;(s) at s =0 is given by the Lichtenbaum Euler
characteristic

Ci(8) =% [ IH"(Xer, 122 RY2 (@12))10rs| V" Jdet(H (X1, R), 0, B*),

n>0
where B" is a basis of H" (Xer, t<2 Ry (@ Z))/tors.

In particular, those results hold for the Weil-étale topos X w defined in Section 6.

Proof. This follows from Theorems 6.5, 6.10, 6.11, Corollary 6.12 and from the analytic
class number formula. O

6.3. The sheaf Ry, 7Z
The étale sheaf R? y«Z is the sheaf associated to the presheaf

P27 Ety —> Ab
U (Cllj)D.

Recall that if U is connected of function field K (U), then Cy is the S-idele class group of
K (U), where S is the set of places of K (U) not corresponding to a point of U. In other words,
if we set K = K(U) then C; = Ckg s is the S-idele class group of K defined by the exact
sequence

1_[ (’);;v — Cg — Cg s — 0.

velU
The compact group Clly is then defined as the kernel of the canonical map C; — R*. Note
that such a finite set S does not necessarily contain all the archimedean places. The restriction
maps of the presheaf P27 are induced by the canonical maps Cy — Cy (well defined for any
étale map V — U of connected étale X-schemes). By class field theory, we have a covariantly
functorial exact sequence of compact topological groups

0— Dy = Cfp = m1(Ue)™ = 0,

where m(L_/e,)”b is the abelian étale fundamental group of U and Dlly is the connected
component of 1 in C (1] Here 71(U)% is defined as the abelianization of the profinite

fundamental group of the Artin—Verdier étale topos X,/yU =~ U,,. If we denote the function
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field of U by K (U) then this group is just the Galois group of the maximal abelian extension
of K (U) unramified at every place of K (U) corresponding to a point of U.
By Pontryagin duality, we obtain a contravariantly functorial exact sequence of discrete
abelian groups
0— 7{*(Ue)® - (C[)P — (D) — 0, (33)

i.e. an exact sequence of abelian étale presheaves on X. On the one hand, the sheaf associated
to the presheaf

E[X — Ab
U +— 71U’ = H*(Uu, Z)

vanishes and on the other hand the associated sheaf functor is exact. Therefore, the exact
sequence (33) shows that R?Z is the sheaf associated to the presheaf

P2Z: Ety —  Ab
U +— (Dll?)D.

The structure of the connected component Dll7 of the S-idéle class group C ll? is not known in
general.
We consider the following open subscheme of X:

Y := (X, X(R)).

Let U — Y be a connected étale Y-scheme with function field K := K (0 ). Note that Uy
contains only real places. If v is a real place of K, then we denote by OIX{U = =1 the
kernel of the valuation K, — R (. The Leray spectral sequence associated to the morphism
Spec(K)er — U, gives an exact sequence

0— H*(Uer, Z) > H*(Gk, Z) —> Y, H*(Iy, Z) - H’(Uer, Z) - H*(Gk, 7) =0,

velo

(34)
which is functorial in U with respect to the natural morphisms between Galois groups. We
have the following canonical identifications:

H*(Uy, Z) =m(U)P, H*(Gk,Z)=GR, H* (1, 7Z)=1IP.

Then the central map of the exact sequence (34) is induced by the natural maps I;‘b — G‘,’(” ,
and the first map is given by the natural surjection G‘I’(” — 11 (Ue). Then global and local
class field theory give the exact sequence

0— 7 (Ue)? - (Cx/Dx)P — Z (O )P = H? (U, Z) — 0.
velo
Here the functoriality is given by the norm maps, and (Cx /Dg)? — D e Uo(OIX{U)D is the
dual of the canonical map
oG- II Ogv_—>CK/DK-
velo
We obtain an isomorphism
H®(Uer, Z) = Ker(pg)”,
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which is functorial with respect to the presheaf structure on H3(—, Z) and with the norm
maps on the right-hand side. Note that

Ker(pg)= [] O, n Dk =[] O, N Dk cCk.

vel0 vel®

For any connected étale scheme U over Y = (X, X(R)), we have a functorial exact
sequence of compact abelian topological groups

— D!

0— ]_[ 0% . nD! X@)

1 “ k@), K(O)
velUo

1
—>DU—>O,

hence a contravariantly functorial exact sequence of discrete abelian groups

D
1\D 1 D X 1 17377
0— (DH)P = Dy )" = (]‘[ OK(U)vaK(U)> =H*Uy, Z) — 0.

velo

But the sheaf associated to the presheaf

Ety —> Ab
U +— HUa 7)

vanishes. It follows that the sheaf Rzy*Z restricted to Y,; is the sheaf associated to the
presheaf
P: Ety —> Ab
U +— (D}( (0))1’.
Let & : Spec(F )¢t — Yer be the morphism induced by the inclusion of the generic point.
Let F be the presheaf on Efgpec(r) sending a finite extension K/F to (D}()D . By Tate’s
theorem (see [15, Theorem 8.2.5]), we have a functorial isomorphism of compact groups

D = (V &z OF) x ( I1 Sl>,
r2(K)

where V = QP is the solenoid and r>(K) is the set of complex places of K. We obtain a
functorial isomorphism of abelian groups

(DX)P ~ Hom(O}%, Q) @ ( o Z).
r2(K)

It follows that (D }<)D satisfies Galois descent, hence F is a sheaf on the étale site of Spec(F)
and P = £, is a sheaf on Ety. We obtain the following description of R%>y,Z|Y .

PROPOSITION 6.14. For any U connected étale over Y = (X, X (R)), we have
2 N 1 D X
R*%Z(O) = Dy ;)° = Hom(O% ;. Q) & ( Z Z).
r2(K(U))
Let¢g: Yy — X, be the open immersion. Consider the adjunction map

R*y.7 —> ¢od* R?*y, 7. (33)
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1

For any U connected and étale over X, the map D K@)

map

— Db is surjective hence the induced

P2Z(U) = (Dp)P —> ¢:¢"R*yZ(U) = R*yZ(U x5z ¥) = Dy )"

is injective. Applying the (exact) associated functor, we see that the adjunction map (35) is
also injective.
Recall that Ry, Z is the sheaf associated to the presheaf on Et 5 defined by P2ZU) =
(Clly)D , and consider the presheaf
¢pd?P*Z: Etg —> Ab

1 D
U +— (CUX ).

3Y
For any U connected and étale over X and such that U does not contain all the places of
K (U), we have an exact sequence
1 1 1
0— 1_[ S _)CUXXY_)CU_)O
Uso—U(R)
inducing an exact sequence of discrete abelian groups

D_, H Z — 0.
Uso—U(R)

0— (C)H” — (c}}XXY)

In other words, we have an exact sequence of presheaves on E Z’X:

0— P*7 — ¢,,¢1’7DQZ — 1_[ uysZo — 0,
veX—Y
where Et/f( is the full subcategory of Et3 consisting of connected objects U such that U does

not contain all the places of K (U), and the adjoint functors ¢ and ¢, are functors between
categories of presheaves. But Et’X is a topologically generating full subcategory of the étale
site Et 3. Applying the associated sheaf functor, we get an exact sequence of sheaves

0— Rzy*Z — ¢*¢>*R2y*Z — 1_[ UpsZ — 0 (36)
veX—-Y
since the sheaf associated to ¢ ,¢” P27 is just $+¢* R%y,Z. In order to check this last claim,
we consider the open—closed decomposition
¢ Yo —> Xop <— ]_[ Sets : u,
veX-Y

where the gluing functor u* ¢, sends a sheaf F on Y., to the collection of the stalks (Fy), .3 _y
(here, F, is the stalk of F at the geometric point v : Spec(C) — Y). It follows easily that
a(¢p P) = ¢a(P) for any presheaf P on Y, where a denotes the associated sheaf functor.
Hence we have

a(ppd?P>7) = ¢ra(pP P*ZL) =~ dpugp*a(P*L) = ¢odp* R, L.

In view of Proposition 6.14, we obtain the following result, where r> (K (U)) — Uy denotes
the set of complex places of K (/) which do not correspond to a point of U.
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THEOREM 6.15. For any connected étale X-scheme U, we have

D
Rzy*Z(U)=(D}<(U)/ [ Sl>

Usxo—U(R)
~ X
~ Hom((’)K([-]), Q) & Z Z.
r2(K(U))—Uso

COROLLARY 6.16. Assume that F is totally imaginary. Then the étale sheaf R*y.Z. is
acyclic for the global sections functor.

Proof. In view of the exact sequence (36), it is enough to show that ¢,¢* R?y,Z is acyclic for
the global sections functor. Here we denote by & : Spec(F).s — X, the morphism induced
by the inclusion of the generic point, and by F the presheaf on Etgp..(F) sending a finite
extension K/F to (D}()D. Then we have ¢.¢*R%*y,7Z = £,F. But for any finite Galois
extension K/F of group G, the G-module (D}{)D is the product of a Q-vector space
by an induced G-module. It follows that the sheaf &,.F is acyclic for the global sections
functor. m]
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