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ON THE WEIL-ETALE COHOMOLOGY OF NUMBER FIELDS

BAPTISTE MORIN

ABSTRACT. We give a direct description of the category of sheaves on Licht-
enbaum’s Weil-étale site of a number ring. Then we apply this result to define
a spectral sequence relating Weil-étale cohomology to Artin-Verdier étale co-
homology. Finally we construct complexes of étale sheaves computing the
expected Weil-étale cohomology.

1. INTRODUCTION

Stephen Lichtenbaum has conjectured in [6] the existence of a Weil-étale topol-
ogy for arithmetic schemes. The associated cohomology groups with coefficients
in motivic complexes of sheaves should be finitely generated and closely related
to special values of zeta functions. For example, Lichtenbaum predicts that the
Weil-étale cohomology groups with compact support H%,VC(Y; 7) exist, are finitely
generated and vanish for ¢ large, where Y is a scheme of finite type over SpecZ.
The order of annulation and the special value of the zeta function (y(s) at s =0
should be given by

ords—o Cy (s) = XL(Y,Z) and (5 (0) = +x.(Y,Z),

where x.(Y,Z) and x.(Y,Z) are the Euler characteristics defined in [6]. Licht-
enbaum has also defined a candidate for the Weil-étale cohomology when Y =
Spec Ok, the spectrum of a number ring. Assuming that the groups Hi, (Y;Z)
vanish for ¢ > 4, he has proven his conjecture in this case. However, Matthias
Flach has shown in [4] that the groups H¥,(Y;Z) defined in [6] are in fact infinitely
generated for any even integer i > 4. The aim of the present work is to study in more
detail Lichtenbaum’s definition and its relation to Artin-Verdier étale cohomology.

Let K be a number field and let Y be the Arakelov compactification of Spec O .
In the second section we define a topos §, . 5, said to be flask, using the Weil group
W1,/ k,s associated to a finite Galois extension L/K and a finite set S of places of K
containing the archimedean ones and the places which ramify in L. We also define
a topos §, , using the full Weil-group Wg. The first main result of this paper
shows that the topos §, . . is canonically equivalent to the category of sheaves
on the Lichtenbaum Weil-étale site 17,k g. This gives a simple description of the
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4878 BAPTISTE MORIN

categories of sheaves on those Weil-étale sites. In the spirit of [3], it is sometimes
easier to work directly with these flask topoi rather than with their generating sites
T1)Kk,s- Finally, this exhibits the somewhat unexpected behavior of these categories

of sheaves. B
In the third section we compute the groups Hj, (Y;Z) := @H’(&L/K}S,Z)
and H*(F,, ,,Z). Then we observe that the canonical map l@l}Hi(SwK’S,Z) —

H (8, ¢+2Z) is not an isomorphism for i = 2,3. This points out that the current
Weil-étale cohomology is not defined as the cohomology of a site (i.e. of a topos).

In the seventh section we study the relation between the flask topoi and the
Artin-Verdier étale topos. This is then applied to define a spectral sequence relating
Weil-étale cohomology to étale cohomology. The last section is devoted to the
construction of complexes of étale sheaves on Y = Spec O, where K is a totally
imaginary number field. The étale hypercohomology of these complexes yields the
expected Weil-étale cohomology with and without compact support. This last result
was suggested by a question of Matthias Flach. The existence of these complexes
is a necessary condition for the existence of a Weil-étale topos (i.e. a topos whose
cohomology is the conjectural Weil-étale cohomology) over the Artin-Verdier étale
topos.

2. NOTATION

Let K be a number field and let K /K be an algebraic closure of K. We denote
by Y the spectrum of the ring of integers Ok of K. Following Lichtenbaum’s
terminology, we call Y = (Y; Y,,) the set of all valuations of K, where Y, is the set
of archimedean valuations of K. This set Y is endowed with the Zariski topology.
The trivial valuation vy of K corresponds to the generic point of Y. We denote by
Y0 the set of closed points of Y (i.e. the set of non-trivial valuations of K).

2.1. The global Weil group. Let K/L/K be a finite Galois extension of the
number field K. Let S be a finite set of places of K containing the archimedean
ones and the places which ramify in L. We denote by I, and C, the idele group and
the idele class group of L, respectively. Let U, g be the sub-group of I}, consisting of
those ideles which are 1 at valuations lying over S and units at valuations not lying
over S. It is well known that UL g is a cohomologically trivial G(L/K)-module.
The natural map Uy, g — C, is injective, and the S-idele class group Cp, s is defined
by Cr,s = C1/UL. s, as a topological group. For any ¢ € Z, the map

HY(G(L/K),Cr) — H(G(L/K),CL s)
is an isomorphism since Uy, s is cohomologically trivial. By class field theory, there
exists a canonical class in H?(G(L/K),Cy, ) which yields a group extension
0— CL,S — WL/K,S — G(L/K) — 0.

If we assume that S is the set of all non-trivial valuations of K, then Wk g is
the relative Weil group Wp k. By [6], Lemma 3.1, the global Weil group is the
projective limit

Wi =lim Wrks
over finite Galois K /L/K and finite S as above.
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ON THE WEIL-ETALE COHOMOLOGY OF NUMBER FIELDS 4879
2.2. Galois groups and Weil groups.

2.2.1. For any valuation v of K, we choose a valuation @ of K lying over v and we
denote by D, the associated decomposition group and by I, the inertia group. We
set

K} = KPv, K" := K" and Gy := Gal(K"/K!) = D, /I,.

If v €Y, then k(v) is the residue field of the scheme Y at v. For any archimedean
valuation v, the Galois group Gy, = {1} is trivial since D, = I,. Note that for
the trivial valuation v = vg, one has D,, = Gg and I, = {1}, hence Gy () = Gk

Let K, be the completion of K with respect to the valuation v. Thus for v = vy
the trivial valuation, K,, is just K. The choice of the valuation v of K lying over
v induces an embedding

0,: D, = GKW — Gk.
We choose a global Weil group o, : Wk — Gk. For any non-trivial valuation v,

we choose a local Weil group ag, : Wk, = Gk, and a Weil map 0, : Wi, — Wik
so that the diagram

0y
WK“ —_— WK

ax, l auol

Gg, —> Gx
is commutative. For any valuation v, let Wi, := Wk, /I, be the Weil group of
the residue field at v. Note that Wy, is isomorphic to Z (respectively R) as a
topological group whenever v is ultrametric (respectively archimedean). We denote
by
Qv : Wik, — Wiy and q, : G, — G

the canonical continuous projections. One has K,, = K, D,, = Gk, I,, = {1},
and Wiy = Wk, /Iy, = Wi. We set 0,, = qu, = Idw, and 0,y = ¢y, = Idg,, -

2.2.2. Let v be a non-trivial valuation of K and let Wx, — Wk be a Weil map.
Consider the morphism
Wk, — Wk — Wik = Wk /WE,

where L/K is a finite Galois extension. Here W7 is the closure of the commutator
sub-group of Wp. The valuation v lying over v defines a valuation w of L, and
the morphism Wy, — Wy, i factors through Wiy, / Wi =Wr,/k,- We get the
following commutative diagram:

0 —— Ly ——= W ,k, — G(Ly/K,) —=0

L

0 ok W,k G(L/K) ——=0

where the rows are both exact. The map Wy, ,x, — Wy, Kk is injective and the
image of Wi, in Wy, g is isomorphic to Wy, ,k, . Let S be a finite set of places
of K containing the archimedean ones and the places which ramify in L. The
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4880 BAPTISTE MORIN

group Up, s injects in Wk, and there is an isomorphism Wy kg ~ Wp,k/UL s.
Hence the image of W, in W,k 5 is isomorphic to Wr /i, for v € S. For v not
in S, the image of Wy, in Wi,k g is isomorphic to the quotient of Wp /i, by
(’)Zw. The canonical map Wy, — Wy, factors through Wy, k. , hence through

Wi, x,/Of,- We denote by Wi, the image of Wk, in Wy i g. For any trivial
valuation v of K, the Weil map Wk, — Wi and the quotient map Wy, — Wi,

induce morphisms 6, : WKU — Wy ks and g, : WKU — Wi(v), respectively.

2.3. Left exact sites. Let C be a category and let J be a Grothendieck topology
on C. Recall that a category C has finite projective limits if and only if C has a final
object and fiber products.

Definition 2.1. The site (C;J) is said to be left exact whenever C has finite
projective limits and J is sub-canonical.

Note that any Grothendieck topos is equivalent to the category of sheaves of sets
on a left exact site (see [B], IV, Théoréme 1.2).

Definition 2.2. A family of morphisms {X; — X; i € I'} of the category C is said
to be a covering family of X if the sieve of X generated by this family lies in J(X).

The covering families define a pretopology on C which generates the topology
J, since C is left exact. A morphism of left exact sites is a functor a : C — C’
preserving finite projective limits (i.e. a is left exact), which is continuous. This
means that the functor

<

¢ — C,
P +— Poa

sends sheaves to sheaves, where C is the category of presheaves on C (contravariant

functors from C to the category of sets). We denote by (C, J) the topos of sheaves
of sets on the site (C;J). A morphism of left exact sites a : (C,J) — (C',J")
induces a morphism of topoi a@ = (a@*,a,) such that the square

—_~

€. J)—=(C, T

]

c—% ¢

is commutative, where the vertical arrows are given by Yoneda embeddings (which
are fully faithful since the topologies are sub-canonical) and @* is the inverse image
of a. We denote by Etx the small étale site of a scheme X. The étale topos of X
(i.e. the category of sheaves of sets on Ftx) is denoted by X¢;. A morphism of
schemes u : X — Y gives rise to a morphism of left exact sites

u* Ety — Ly,
U—=Y) — (Uxy X —X),
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ON THE WEIL-ETALE COHOMOLOGY OF NUMBER FIELDS 4881

hence to a morphism of topoi (u*;us) : Xy — Yer. A diagram of topoi

S —= 8

|
S;——=8,

is said to be commutative if there is a canonical isomorphism of morphisms of topoi
cob =~ doa, or in other words, an isomorphism in the category Homtop (S1;S4)
between the objects c o b and d o a. Strictly speaking, such a diagram is only
pseudo-commutative. In what follows, a topos is always a Grothendiek topos and
a morphism is a geometric morphism.

2.4. The classifying topos of a topological group. Let G be a topological
group. The small classifying topos BZ™ is the category of sets on which G acts
continuously. If G is discrete or profinite (or more generally totally disconnected),
then the cohomology of the topos BE™ is precisely the cohomology of the group G.

For G any topological group, we denote by Br,,G the category of G-topological
spaces (which are elements of a given universe) endowed with the local-section
topology Jis (see [0], section 1), and B is the topos of sheaves of sets on this site.

Alternatively, let Top be the category of topological spaces (which are elements of
a given universe) endowed with the open cover topology Jopen- Recall that the open
cover topology is generated by the pre-topology for which a family of continuous
maps {U; — U} is a cover when it is an open cover in the usual sense. By ([4l,
Lemma 1), one has Jis = Jopen on the category Top. We denote by 7 the topos
of sheaves of sets on the site (T'op, Joper ). Since the Yoneda embedding commutes
with projective limits, a topological group G defines a group-object y(G) of T. The
classifying topos Bg of the topological group G is the topos of y(G)-objects of T.
Recall that the data of an object F of T is equivalent to the following. For any
topological space X, a sheal Fx on X (i.e. an étalé space over X), and for any
continuous map « : X’ — X, a morphism ¢, : u*Fx — F% satisfying the natural
transitivity condition for a composition vou : X” — X’ — X. Moreover, ¢, is
an isomorphism whenever u is an open immersion or more generally an étalement.
This gives a description of the topoi 7 and Bg. By [, Corollary 2, the two
preceding definitions of B¢ are equivalent. In other words, (Bro,G; Jis) is a site
for the classifying topos Bg.

2.5. Cohomology of the Weil group. Let £ be a topos. There is a unique
morphism wu : £ — Set. The left exact functor I's := u, = Homeg(eg, —) is called
the global sections functor. Here egc denotes the final object of £. For any abelian
object A of £, one has

H'(E,A):= R (I'g)(A).
For any topological group G and any abelian object of Bg (in particular a topo-
logical G-module), the cohomology of G is defined by (see [4])

H'(G,A) := H(Bg, A).

The following result is due to Stephen Lichtenbaum for ¢ < 3 and to Matthias
Flach for i > 3. Denote by AP := Homconi(A,R/Z) the Pontryagin dual of a
locally compact abelian group A. The kernel of the absolute value map Cx — R
is denoted by Cj.
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4882 BAPTISTE MORIN

Theorem 2.3. Let K be a totally imaginary number field and let Z be the discrete
Wi -module with trivial action. Then

H (Wyg;Z) = Z fori=0
= (C)P fori=2
= 0 for i odd,

and H*(Wy; Z) is an abelian group of infinite rank, in particular non-zero, for even
1 >4.

3. THE FLASK TOPOI ASSOCIATED TO A NUMBER FIELD

3.1. Definition of the flask topoi. Let L/K be an algebraic extension and let S
be a set of non-trivial valuations of the number field K containing all the valuations
of F which ramify in K and the archimedean ones. In what follows, either L/K is
a finite Galois extension and S is a finite set, or L = K /K is an algebraic closure

of K and S is the set of all non-trivial valuations of K. Recall that AW/K,U denotes
the image of Wk, in Wy g 5. The chosen Weil map and the quotient map induce
continuous morphisms

91} : WKU — WL/K,S and qu - WKU — Wk(’u)v
for any valuation v of K. For the trivial valuation vy, the maps 6,, and g¢,, are just
Tdw, . s-

Definition 3.1. We define a category §, .  as follows. The objects of this cate-
gory are of the form F = (Fy; fy),cy, where F, is an object of Bw,,, for v # vy
(respectively of Bw, . ¢ for v =) and

fo @y (Fy) — 05(Fy,)
is a morphism of B~K so that f,, = Idp, . A morphism ¢ from F = (Fy; fy) ey

to F' = (F; fl)yey is a family of morphlsms ¢y : Fy = F, € Fl(Bw,,,) (and
bvy € FI(Bw, . s)) so that

« ay(ds)
4 (Fy) —— q;(F)

fi)l f;l
05 (¢vg)

0, (Foy) —— 05(F,)

is a commutative diagram of B~ . In what follows, F, (respectively ¢,) is called

the v-component of the object F (respectlvely of the morphism ¢).
For L = K and S the set of all non-trivial valuations of K, one has W7, JK,S =

Wk, WKU = Wk,, and we set
SL/K,S = SW;?'

The aim of this section is to prove that the category §
topos.

is a Grothendieck

L/K,S

Proposition 3.2. Arbitrary inductive and finite projective limits exist in §
and are calculated componentwise.

L/K,S
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ON THE WEIL-ETALE COHOMOLOGY OF NUMBER FIELDS 4883

Proof. In order to simplify the notation we assume here that §, . o = 3§, ;. Let
I be a small category and let G : I — § . be an arbitrary functor. For any
valuation v of K, one has a canonical functor

-k

by SW:Y — BWk('u)’
F o F,.

For any valuation v, we set
Gy, =iyoG:1— Bw, (., -
The inductive limit
L,:=1lim G,
—T

exists in the topos Bw, . A map i — j of the category I induces a map G(i) —
G(j) of the category § . .. Hence for any valuation v, one has a commutative
diagram of By, :

q; o Gv(l) - Q: © Gv(])

| |

0y 0 Gy (i) —— 07 0 G, (4)
By the universal property of inductive limits, one has an induced morphism
lim ¢, oG, — lim 6 0G,,,
—I —I
where the limits are calculated in the topos By, . We get a map

Lo+ qy(Lo) =gy, (hi>n[ Gv):hi>nl 4, 0Gy — hi?l 050G, :ev(@l Guy) = 0y (Lug),
since ¢} and 0 commute with arbitrary inductive limits. This yields an object
hj}ll G=1L:=(Ly; L)yey

of Sw.y- Now, one has to check that L is the inductive limit of the functor G. For
any object X of § o, denote by kx : I — §, ; the constant functor associated to

X. By construction, there is a natural transformation
a:G— kg

such that any other natural transformation
b:G— kyx

factors through a. Indeed, the v-component of L is defined as the inductive limit of
G, in Bw,,, and the morphism [, is defined as the limit of the corresponding system
of compatible maps of By, . The proof for finite projective limits is identical. [

Proposition 3.3. The category § is a topos.

L/K,S

Proof. Again, we assume that §, . . =35, (i.e. L is an algebraic closure of K

and S is the set of non-trivial valuations of K). To see that it is a topos, we use
Giraud’s criterion (see [5], IV, Théoreme 1.2). Axioms (G1), (G2) and (G3) follow
from Proposition and the fact that ¢ and ) commute with finite projective
limits and arbitrary inductive limits.

(G1) The category §,, ; has finite projective limits.
More explicitly, §,, , has a final object (ew,,; fu)vey. Here ew, is the final
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4884 BAPTISTE MORIN

object of By, and f, is the unique map from the final object of By, to itself.
Let ¢ : F — X and ¢’ : F' — X be two maps of §, . with the same target
X = (Xy;&). The fiber product F x x F' is defined as the object (F, X x, F}; fu Xe,
f1)vey where the fiber products are calculated in the categories Bw,,, and Bw,_,

respectively.

(G2) All (set-indeved) sums exist in §, ., and are disjoint and stable.

The initial object of §, ;. is (Dw,,,; fi)vey, Where O, is the initial object of
Bw,, and f} : Ow, — Ow,, is the trivial map. Moreover, fiber products are
computed componentwise in § o, and an isomorphism ¢ from F = (Fy; f),ev
to F' = (F); f})vey is a family of compatible isomorphisms ¢, : F, — F), €

Fl(Bw,,,)- Then one easily sees that (G2) is satisfied by §, ; since it is satisfied
by Bw,,, for any valuation v.

(G3) The equivalence relations are effective and universal.
Again this follows from the fact that arbitrary inductive limits exist and are com-
puted componentwise in § . ..

(G4) The category §,, . has a small set of generators.

This axiom, however, requires some argument. Choose a small set {X,.;; i € I,,} of
generators of Bw, (> for any valuation v. Recall that the morphism of topological
groups 6, : Wg, — Wk induces the sequence of three adjoint functors

O 5 05 5 O

between By, and By, , since 6, commutes with arbitrary projective and inductive
limits (see [5], IV.4.5.1). The functors 6 and 6, are respectively the inverse image
and the direct image of the (essential) morphism By, : By, — Bw,. Denote by
y : Top — T the Yoneda embedding. The functor 6, is defined by

91]1: BWKU — BWK,
Foo— y(Wg) VW) Fi= (y(Wi) x F)[y(Wk, ),

where y(Wp,) acts on the left on F and by right-translations on y(Wk).
Let v # vg be a non-trivial valuation and let ¢ € I,,. We define an object X,,; of
’SW;? as follows:

Xv;i = (91;!((]; (Xv,z)) 3 Xv;i 5 (Q)Bwk(w) )w#vo;v 5 (gw)wef/)-
Here the map
ot ¢y (X)) — 0 0 001(q,(Xusi))
is given by adjunction, and &, is the trivial map for any w # v,vy. For the trivial
valuation vy and for any ¢ € I,,,, we set

vai = (Xvo;i ’ ([Z)BW,C(M))U)#%)'

The family {X,.;; v € Y; i€ I,} is set indexed. We claim that it is a generating
family of §, .. Let F = (Fy; fu)» be an object of §, ., let v be a valuation of K
and let ¢, : X,; — F, be a morphism in BWW). One needs to show that there
exists a canonical morphism

tZXv;i—>]:
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ON THE WEIL-ETALE COHOMOLOGY OF NUMBER FIELDS 4885

so that the v-component of ¢ is t,,. It is obvious for the trivial valuation v = vg.
Let v # vg be a non-trivial valuation. Consider the morphism

fooaqy(te) : qy(Xo) — qu(Fy) — 05(Fy)-
By adjunction, there is an identification
(1) Hompy, (0u1(qy(Xo:i)); Fo) = Hompy,  (4y(Xusi); 0, (Fu, )
Hence there exists a unique morphism
to : 0u1(qy (Xui)) — Fu,
of By, corresponding to f, o ¢}(t,) via () so that the diagram

q; (tv)

0 (Xoi) ——=q;(Fy)

aul fvl
65 (to)

05001 (g5 Xizw) —— 03 Fy,

is commutative. We get a morphism ¢ : X, ;; — F of the category §, ...

Now, consider two parallel arrows ¢, ¢ : F — £ so that, for any arrow ¢ : &,,,; —
F, one has pot = pot. The family {X,,;; ¢ € I,} is a family of generators of
Bw,.,, and each morphism ¢, : X,; — F, induces a morphism ¢ : X,;; — F. It
follows that

v = o € Fl(BWk(y))v

for any v € Y. By definition of the morphisms in the category Sy .y » the functor
(Z:)veff :SW;{/ — H BWk(v)
veY

is faithful. It follows that ¢ = (. This shows that the family {X,.; v € Y; i €
I,} is a small collection of generators of S,y - Therefore the category §,, , is a

topos. O

A topos is said to be compact if any cover of the final object by sub-objects
has a finite sub-cover. A first consequence of this artificial construction is the fact
that this property is not satisfied by these flask topoi, as it is shown below. As
a consequence, the global sections functor (and a fortiori cohomology) does not
commute with filtered inductive limits (not even with direct sums).

Proposition 3.4. The topos § 18 not compact.

L/K,S

Proof. For any non-trivial valuation v of K, let E, be the object of §,,, . defined
as follows. The w-component of E,, is the initial object §) of Bw,.,, for w # v, vy and
the final object for w = v, vy (i.e. the sheaf represented by the one point space with
trivial action). Let e be the final object of §./x.s- The unique map E, — e is mono,
hence E, is a sub-object of the final object of §, . 5. The family {E, = e,v#u}
is epimorphic. It is therefore a covering family of e by sub-objects. However, any
finite sub-family is not a covering family. O
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4886 BAPTISTE MORIN

3.2. The morphisms associated to the valuations. A valuation v of the num-
ber field K can be seen as a morphism v — Y inducing in turn a morphism of
topoi.

Proposition 3.5. For any non-trivial valuation v, there is a closed embedding:

=1 s, BW}c('u) ’ SL/K,S'

Proof. For any valuation v # vg, the functor

-5k

Iy - SL/K,S — BWk(

F — F,

commutes with arbitrary inductive limits and finite projective limits, since these
limits are computed componentwise in the topos §, . ;. Hence ¢y is the pull-back of
a morphism of topoi i, : Bw,,, = §, s The same argument shows that there is
a morphism j, . s : Bw,, s =3 Moreover, one easily sees that the functor

v)?

L/K,S"
Z.’U>l< . BWk(v) — gL/K,S’
F, — (€WK; Fy; (eWk(w))w;év;vo)
is right adjoint to i;, where ey, is the final object of By, . Since the adjunction

transformation Id — 4} o i,. is obviously an isomorphism, the morphism i, is
an embedding (see [5], IV, Définition 9.1.1). Consider the sub-terminal object
U = ((ewy(uy Juwztvs Owy,,) of §, s+ It defines an open sub-topos

Ju U= (SL/K,S)/U — gL/K,s'

The image of i,. is exactly the strictly full sub-category of §, . ; defined by the
objects X such that j}(X) is the final object of #. Hence the image of i, is the
closed complement of the open sub-topos U (see [5], IV, Proposition 9.3.4). O

The following corollary follows from the fact that i,. is a closed embedding (see
[B], IV.14).

Corollary 3.6. The functor induced by i, between the categories of abelian sheaves
15 exact.

More precisely, the functor 4,. (between abelian categories) has a left adjoint 47
and a right adjoint i} (in fact one has six adjoint functors). This last functor is
defined as follows:

it : Ab(F

v

L/K‘S) — Ab(BWk(v))7
(Fu, fu)wey > Ker(fy).
A morphism of topos j = (5%, j.) is said to be essential if the inverse image j*
has a left adjoint ji.
Proposition 3.7. There is an essential morphism j = j_ .o @ Bw, o —
gL/K,S'
Proof. The functor

j : SL/K,S7 — BWL/K,S’

F — F,
commutes with arbitrary inductive limits and finite projective limits. Therefore j*
has a right adjoint j,. and thus is the pull-back of a morphism of topoi. We define

Jr: BWL/K,s — SL/K,S’
L — (Fv’fv)vefﬁ
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where F,,, = £ and F,, = ) is the initial object of Bw, ., for any v # vg. The map
fv is the unique map from the initial object of By to 0y L. Clearly, j is left

v

adjoint to j*. ([
Proposition 3.8. The direct image functor j. is given by

Jx BWL/K,S — %L/K,sv
‘C — (qv*9:£7 lU)UEY’

where the map

Ly 2 @y Qo0 £ — 0,qu 05 L = 0, L
is induced by the natural transformation ¢ qu.« — Id, for any valuation v.
Proof. One has to show that j, is right adjoint to j*. Let £ be an object of
Bw, s and let F = (Fy; fu),cy be an object of §, . ;. For any map ¢o : Fp — L
of Bw, . s and any non-trivial valuation v, consider the map

0 (do)o fo:qF, = 05 Fy — 03 L.

Since ¢} is left adjoint to g,., there exists a unique map ¢, : F, = ¢,+0;L such
that the diagram

* 45 Pv * *
qul I qqu*ou‘a

| .|
0, (¢o)

0y ———05L
is commutative. We obtain a functorial isomorphism

HomBWL/K,s ('7*]:’ £) = HOmgL/K)S (‘7:7.7*‘6) [l

Corollary 3.9. The morphism j : Bw, . s = § is an embedding.

L/K,S

Proof. Indeed for any object £ of By, . o, the natural map j*j.L — L is just the
identity of L. O

If there is no risk of ambiguity, we denote Wk(v) = Wi(v) for v # vy, Wk(vo) =
WL/K,S and j = ’ivo.

Proposition 3.10. The family of functors
{iv 8L s = BWW), veY}
18 conservative.
Proof. This follows immediately from the definitions. O
Proposition 3.11. The family of functors
{iy 8L s — Bwi,; VE 370}
18 not conservative.

Proof. In order to simplify the notation, we assume here that Si/xs = Sy Let
() be the initial object of Sy and let G be the object whose vp-component is the
final object of Bw, while its v-component is the initial object of By, for any
v # vg. Consider the morphism ¢ : ) — G. Then ¢ is not an isomorphism, while
in(9) : Ow,(,y = Dwy,,,, is an isomorphism for any closed point v. O
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3.3. The transition maps. Let (L/K,S) and (L'/K,S’) be as above. If L. C L’
in K and S C §’, then there is a canonical morphism
p:Wrks — Wik s-
Proposition 3.12. There is an induced morphism of topoi
t: SL,/K‘S, — 3L/K,s~

For L"/L'/L and S C S C 8", the diagram

gL///K,SN > gL’/K‘S’

N

SL/K‘S
15 commutative.

In the following proof, for any non-trivial valuation v we denote by Wy, 1 s the
image of Wi, in Wy i ¢ (this group is denoted by I/IN/KU in the rest of the paper).
Let gv,L,S : WKU,L,S — WL/K,S and quv,L,S WKU,L,S — Wk(v) be the induced
morphisms. One has a continuous map p, : Wk, 1/.sr = Wk, L,s-

Proof. Let F = (Fy; fy),ey be an object of §, . .. Then,
tF = (p*va Fvvp;k;fv)

does define an object of § Indeed, p} f, gives a map

L'/K,S""
Q@15 Fo = qu:,L,st — p:%,L,sFO = 9;,L/,S/p*F0a
since the diagram of topological groups

GU,L/,S/
Wip kst <—— Wk, 1.5

is commutative. This yields a functor

t*:

. %’L/K‘S —

L'/K,S’?

which commutes with finite projective limits and arbitrary inductive limits by
Proposition Hence t* is the pull-back of a morphism of topoi ¢t. The dia-
gram of the proposition is easily seen to be commutative, using the commutativity
of the following triangles:

WL”/K,S” E—— WL//K,S’ and WKU,L”,S’” _— WKU,L’,S’ (]
Wi k,s Wk,.L,s

Remark 3.13. The family (§,,, ), s I8 a projective system of topoi. Indeed,
consider the filtered set I/ consisting of pairs (L/K,S), where L/K is a finite
Galois sub-extension of K /K and S is a finite set of places of K containing the
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archimedean ones and the places ramified in L/K. There is an arrow (L'/K,S") —
(L/K,S) if and only if L C L' C K and S C S’. The previous proposition shows
that one has a pseudo-functor

S : I/k —  Topos,
(L/K,S) — §

L/K,S"

Proposition 3.14. The diagrams

BWL’/K,S/ > SL//K,S’ BW;C(,U) > SL’/K,S’
BWL/K,S > gL/K,S sL/K,s

are both commutative for any non-trivial valuation v.

Proof. This follows immediately from the definition of ¢. O

For any v € Y, there is a canonical morphism of topological groups
ly : Wiy = R.
For the trivial valuation v = vg, the map [,, is defined as follows:
log : Wi(uy) = Wk — W~ Cx — R”” — R.

The first map is the projection from Wy to its maximal abelian Hausdorff quotient.
The second map is given by the absolute value map from the idele class group Ck
to R”%. The third map is the logarithm.

Let Pic(Y) be the topological group obtained by dividing the idele class group
Ck by the unit ideles. This group is known as the Arakelov Picard group. The map

Ck — R defined as above induces a map Pic(Y) — R. One also has a continuous

morphism Wi,y — Pic(Y'), for any non-trivial valuation v. This yields the map

ly: Wk(v) — PZC(Y) — R.

Note that if v is ultrametric, then [, sends the canonical generator of Wy, to
log(N(v)) € R, where N(v) = |k(v)] is the norm of the closed point v of the scheme
Y. Finally, the map [,, induces a morphism I s : Wy, x5 — R. We have an
induced morphism of classifying topoi:

BlL,s : BWL/K,S — BR.
Proposition 3.15. There is a morphism

fL/K,S : gL/K,S Br

so that f

L/x.s © v 18 isomorphic to By, for any closed point v of Y.

Proof. In order to simplify the notation, we assume that §,,, , = &, ;. The
functor (B, : Br — [, Bw,,,, factors through §, ;. Indeed, for any object 7
of Bg, define
[H(F) = (Bl*v (F); Idev (.F))vEY'
Here
Idg; (7):q,B,(F) =B, (F) — BL (F) = 6,8, (F)
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is the identity of the object B} (F) of the category By, , where L, : Wk, — R
is the canonical morphism. This is well defined since the square

WKU s Wk(v)

01,l llv
l

W — >R

is commutative and L,, := [, 0 8, = l,, o ¢,. This yields a functor

f*:BR—>S

Wiy
which commutes with finite projective limits and arbitrary inductive limits by
Proposition Hence f* is the pull-back of a morphism of topoi f such that
there is an isomorphism of functors 4; o f* >~ B} . For finite L/K and finite S, the

same construction is valid by replacing Wi with Wik ¢ and Wi, with WK O
Proposition 3.16. The following diagram is commutative for any K/L'/L/K and
Scés':
SL’/K,S’ gL/K,S
Br
The proof is left to the reader.

Proposition 3.17. Let £ be an object of T with trivial y(Wp x s)-action. We
also denote by L the object of Br defined by L with trivial y(R)-action. There is
an isomorphism

jL/K,S*‘C = f;,k/K,Sﬁ'
Proof. On the one hand, one has f:/K L= (Fy, fo)yey, where F), is defined by the

trivial action on L, for any valuation v. The map f, is given by the identity of L.
On the other hand, one has j, . «L = (qus0;L,l,). Let v be a non-trivial

valuation of K. The object 7L is £ with trivial y(Wg, )-action. The map £ —
Qv g L given by adjunction is an isomorphism. It follows that g,.L is £ with trivial
y(Wi(v))-action. O

Remark 3.18. In particular the following assertions hold. Let Z be the constant
object of T. Then j, . ;+Z is the constant object of § associated to Z. Let R

be the object of T represented by the topological group R. Then jL/KYS*If@ is the

L/K,S

constant object of §, K. (over T') associated to R. In other words, the v-component

of j, k. S*Hi is R for any valuation v with Idg as specialization maps.

4. COHOMOLOGY

In order to use the results of [4], we assume in this section that K is a totally
imaginary number field. We compute the cohomology of the total flask topos and
the Lichtenbaum Weil-étale cohomology of any open subset of Y. The Lichtenbaum
Weil-étale cohomology is defined as a direct limit and requires some precautions to
be computed rigorously.
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4.1. Preliminaries. Recall that 6.,, = q,, = Idw, . ;. In particular the direct
image of the induced morphism of topoi gu« : Bw, s — Bw, . 5 is the identity
functor. Hence R™(gy,+) = 0 for n > 1.

Proposition 4.1. Let A be an abelian object of Bw, . .. For anyn >0, one has
R"(j, 5. )(A) = (R"(qus )0, A To).
Here the map t, is the trivial map

ty : qy R (qus )05 A — 05 R (quy» )05, A =0,

forn > 1.

Proof. In this proof, we denote the morphism j, ; simply by j. For any n > 1, one
has

(2) JTR"(j)A = R"(j"j«)A = R"(Id)A = 0.

Indeed, the functor j* is exact and j,. preserves injective objects. Hence the spectral
sequence

RP(5*)R(j.)(A) = RPT(5%5.) (A)
degenerates and (2)) follows. Let v be a non-trivial valuation. One has i%j.A =
Gv+0A; hence
iy R" () A = R"(injx) A = R"(qusb;) A,
since @} is exact. By ([5], IV.5.8), 6, is a localization morphism, since y(WKU) is

a sub-group of y(Wp,k g) in T. It follows that 6} is exact and preserves injective
objects. The associated spectral sequence yields

R™(qu«02)A = R"(qus )0 A.
The proposition follows. O

Recall that one has a projective system of topoi (see Remark B.13])

Fo : I/k —  Topos,
(L/K,S) — SL/K,S.

The total topos Top (Fe) is defined as follows (see [5], VI.7.4). An object of Top (F)
is given by a family of objects F, of §, .5 for (L/K,S) € I/, endowed with

L/K,S
a system of compatible maps f; : t*F - F . Heret: §

L/K,S L'/K,S' L'/K,S' - SL/K,S

is the morphism of topoi induced by the map (L'/K,S") — (L/K,S) in I/k. The
maps f; are compatible in the following sense. For any pair of transition maps

’. 3/ 3/
tot 'gL”/K,S” gL’/K,S’ gL/K,S’
one has
/% RTENES /%
ft' ot (ft):ftot/.t t‘FL/K,S—>t ‘FL’/K,S/—>‘FL”/K,S”'

The arrows of the category T'op (F.) are the obvious ones.

Example 4.2. Denote by 1.5 : §,, — §,,, s the canonical morphism. Let F
be an object of §, . and let Fr s := {1 5+«F. One has Fp s = t.Fr/ s, where
t: SL,/K s — 8,k s is the transition map. By adjunction, we have a map

ft : t*]:L,S = t*t*fL’7S’ — ]:L',S’-

These maps f; are compatible; hence (Fr, g, f¢) is an object of T'op (F).
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Consider a discrete abelian group A. For any transition map t : § —

L'/K,S’
we have t* A = A, since the morphism from § to the final topos Set is

gL/K,S L'/K,S!

unique. Therefore any discrete abelian group defines an abelian object of T'op (F)

(which is the constant abelian object of the topos T'op (Fe.) associated to A).
More generally, Proposition provides us with a morphism Top (Fe) — Br

whose inverse image functor is given by

Br — Top (F),

Fo—= (] esF)ixs:
A) of

Therefore, any abelian object A of Br defines an abelian object (
Top (T.). We denote this abelian object of T'op (F.) by A also.

f;/x,s

Proposition 4.3. Let (L/K,S) be an element of I/ k. There is an essential mor-
phism
(6!7 5*a 5*) : SL/K,S — TOp (S')a

whose inverse image is the functor

0* Top (Fo) — s

(]:L,s)(L,S)ez/K — ‘FL,S'

Furthermore, dy is exact; hence 6* preserves injective objects.
Proof. This is ([5], VI, Lemme 7.4.12). O

Definition 4.4. Let A= (A, ., ft), s be an abelian object of the total topos
Top (Fe). Lichtenbaum’s Weil-étale cohomology with coefficients in A is defined as
the inductive limit

gi(gL/K,S’ 'A) = ML/K,SHi(gL/K,S ) AL/K,S)’

where (L/K,S) runs over the set of finite Galois extensions and finite S.

We denote by prs : Wk — Wi,k s the canonical map and also by pp s :
Bw, — Bw, . s the induced morphism of classifying topoi.

Lemma 4.5. Let A be an abelian object of By, and define Ar g :=pr,s+«A. The
family (RY(j, s.)AL,s) defines an abelian object Rj. A of the total topos Top (Fe)-
Proof. The diagram of the topoi

jL’,S’
—
Bw,, s L K.S

(T

BWL/K,S gL/K,s

is commutative. In other words, there is an isomorphism j, o, p« =~ t.j,, We

get a transformation

V8wt

t*jL,S,*p* =~ t*t*jLQS/Y* — jL’,S’,*’

which is given by adjunction ¢*t, — Id. There is an induced transformation

(3) Ry 5.04) = R (), s .0«) — R"(G,, o0 L)

where the identity comes from the exactness of t*. Now, the Leray spectral sequence
R'(jy 5. )R (p) = R (j, o.p4)
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yields a natural transformation

(4) Rn(jL,s,*)p* — Rn(jL‘s,*p*)'

Composing @) and (), we get a transformation
FR(G, o e — Ry )-

On the other hand one has p, A/ s = Af g, since the diagram

BWK I BWL/

N

BWL/K‘S

/K,S’

is commutative. Hence there is a canonical map
IE t*Rn(jL,s,*)'AL,S = t*Rn(jL,s,*)p*-AL',S' — Rn(jL/YS/’*)-AL’,S’-

This yields a system of compatible maps; hence an abelian object of Top (F.). O

Consider for example a topological Wx-module A. Let A be the abelian object
of Bw, represented by A. Then Ap s is the object of Bw, . . represented by

ANL.s | where Np,s is the kernel of the map pr s : Wk — Wp k s. The map f; is
induced by the inclusion ANt s AN/

Proposition 4.6. Let A be an abelian object of By, . There is a spectral sequence
gp(gL/K,sv @q]*A) = h_7>n Hp+q(BWL/K,sv ‘ALS)'

If A is represented by a continuous discrete W -module A or by the topological
group R with trivial action, then we have a spectral sequence

HY(8 x50 RjuA) = H"™ (B, A).

Proof. The composition Bk, — § — Set yields a Leray spectral sequence

L/K,S

HP(SL/K,S ’ Rq(jL,S,*)AL7S) = Hp+q(BWL/K,S7 AL,S)-

Passing to the limit (which is valid thanks to the previous lemma), we get the first
spectral sequence of the proposition. By [4], Lemma 10, one has

lim | H?(Bw, . AN%) = HP By, A)

s

for A =R or A a continuous discrete Wx-module. This yields the second spectral
sequence of the proposition. O

4.2. Computation of the Weil-étale cohomology. In what follows, we consider
a non-trivial valuation v of K.

Notation 4.7. We denote by W}< the maximal compact sub-group of Wy, . Hence
W}( = I, is the inertia sub-group for ultrametric v and W}(U ~ S! for complex v.

Let ﬁ//}( be the image of Wi in W g.
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Consider the commutative square
By, | e, gy — Bwiey [ B
al b

BWK BWR:(v)

The first horizontal arrow is just (see [5], IV.5.8)
e'W}(U : B'W}(U ~ BWK,U/(WK,U /W}(v) — BW}C('[}) /EWIC(U) ~T.
The morphisms a and b are the localization morphisms, and this square is a pull-

back (see [B], IV.5.8). It follows that the natural transformation

b* o —es, .oa"
q?)* WKU*

is an isomorphism. The localization functors ¢* and b* are both exact and preserve
injective objects. We get

b* o R"(qu«) ~ Rn(eW}( ,oa.

In other words, R™(g,«).A is the group object R”(ewkv*) of T endowed with its
natural action of y(Wj,)), since the functor b* : By, ,, — T is the forgetful
functor (sending an object F endowed with an action of y(Wj,(,) to F). Following
the notation of [4], we denote by ﬂ"(WKU,A) the object R"(gy«)A of Bw,,,. We
have

R1 (JL 5, JA = (i) vz, (H (WK s Avtvg)s

for any abelian object A of By, . . and any ¢ > 1, as it follows from Proposition
[T and from the discussion above. But the direct image functor

(iv*)v?fvo : H BWk(v) — gL/K,s
VF#Vo

is exact (as it follows from its explicit description) and preserves injective objects.
Therefore one has

HP(SL/K,S’ Rq(-jL,S,*)A) = H"( H BWk('u)7 ﬂq(Wll(vaA)v?fvo)
vF#vo

= H H BWk( ys IL (WK 7-’4))
v#vg

If v is not in S, then WK =0 (see [6], Lemma 3.7). We get EQ(W}(“,A)) =0 for
v not in S. The next result follows.

Proposition 4.8. For any abelian object A of Bw, . s and any ¢ > 1, we have

HP(SL/K,S7Rq(jL,S* HH BWk( yo 44 (WK a-A))
veS
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By [], Proposition 9.2, the sheaf H q(’VV}(U,Z) is represented by the discrete
Wi (v)-module Hq(W}(U,Z). Using [4], Proposition 8.1, we get
EP(S:L/K,S ) qu*Z) = Ml}L,S Z Hp(Wk(U)’ Hq(Wll{v )
vES
= > H' (Wi, H'(Wk,. 7)),
v#vo
where the (L/K,S) runs over the set of finite Galois extensions and finite S. We

have obtained the next corollary.

Corollary 4.9. For any q > 1, we have the following identifications:

H”(3,, 5+ R()Z) = [] HY (Wi, H' (W, Z)),
v#vo
EP(S:L/K,S ) qu*Z) = Z Hp(Wk(v), Hq(W}(,, ) Z))
v#vg
Let Pic(Y) be the Arakelov Picard group of K. This is the group obtained by
taking the idele group of K and dividing it by the principal ideles and the unit
ideles. We denote by Pic(Y) the class group of K. Let Pic'(Y) be the kernel of
the absolute value map from Pic(Y) to R”?. One has an exact sequence of abelian
compact groups
0 — R 27 10g(Uk /g ) — Pic*(Y) — Pic(Y) — 0,
where log(Ug /11i) denotes the image of the logarithmic embedding of the units
modulo torsion Ug /ug in the kernel R™ 7271 of the sum map ¥ : R™+"2 — R,
By Pontryagin duality, we obtain an exact sequence of discrete abelian groups (see
also [6], Proposition 6.4):
(5) 0 — Pic(Y)? — Pic'(Y)? — Hom(Ug,Z) — 0.
Theorem 4.10. One has

in(gwx,sa Z) = Zforn=0
= 0 forn=1
= Pic!(Y)? forn =2
= ﬂ;’? forn = 3.
The group 5”(3L/K‘S,Z) is of infinite rank for even m > 4 and vanishes for odd
n>>5.

Proof. The cohomology of W}(U is given by class field theory for v ultrametric. For
a complex valuation v, we have H‘I(W}<v ,Z) = H9(S',Z), which is Z for q even and
0 for ¢ odd (this follows from [4], Prop. 5.2 and from the fact that the classifying
space of St is CP>). Moreover, one has HP(Bg,Z) = 0 for any ¢ > 1 (see [4],
Proposition 9.6). Therefore, Corollary .9 yields

HP (3, RY(GDZ) = Z (OIX{U)DEBZZ forp=0and ¢g=2
v#£vg, vioco v|oo
= ZZforp:Oandq24even
v|oo

= 0 otherwise.
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Now the second spectral sequence of Proposition for A =7 gives
H' (S, x5 L) = H (Wk,Z) = 0.
Next, we obtain the exact sequence
0= H*§, 06 2) = H (Wi, Z) = Y (05 )P @Y Z— HF, s, Z) 0.
vtoo v|oo
This is the Pontryagin dual of
0= H*3, 5.2 = [[ 0k, x [I8" = Ck = BB, s, 2)7 = 0.
vtoo oo

The result for n < 3 follows. Furthermore, the spectral sequence provides us with
the exact sequence

0= H"(3,,x2)" = H"(Wk,Z) = EBZ — H"™ (3,06, 2) =0,
for even n > 4. Therefore, the result for n > 4 follows from the fact that the map
H" (Wi, Z) = @, Z is surjective (see [4], proof of Corollary 9). O
Theorem 4.11. Forn <1 and n > 4, the canonical map
gn(gL/K,sﬂz) — Hn(gw,Y7Z)
is an isomorphism. Furthermore, there is an exact sequence

0= HXG,,,.2) = (CR)P = [[(0x )" x [[2 = H*G,,5.2) — 0.

vfoo v|oo

w,Y?

In particular, the canonical map
gn(gL/K,saZ) — H"(S"Wy,Z)
is not an isomorphism for n = 2, 3.
Proof. The morphism of topoi §,; — §,,. ¢ yields a map H"(§,,. s, Z) —
H™ (SW,)7 ,Z). By the universal property of the inductive limit we get a morphism
gn(gL/K‘SWZ) — Hn(gw,f”Z)'

Using Proposition B.14] (with L’ = K) and passing to the limit, we obtain a mor-
phism of spectral sequences

gp L/K, s’@q‘?* = Hp BWK7Z)] — [Hp(gwxpqu(j*)Z) = Hp(BWK’Z)}

Comparing these spectral sequences and using the previous proof, we deduce the
result. O

Let V = (V, V4) be an open sub-scheme of Y. It defines a sub-object of the final
object of § The open sub-topos

SL/K,S/V ? SL/K,S

L/K,S"

is the full sub-category of §
(ie. Fy,=0forveY —V).

Definition 4.12. We denote by H"(§, . s, V,—) = H™(§,,x.s/v,—) the coho-
mology of the open sub-topos SL/K,S/V' Then we set

gn(gwk,s’ v, z) = h_>m Hn(%’L/K,S WV, Z).

whose objects are of the form F = (Fy; fu)yer

L/K,S
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Let L/K be a finite extension of K. For any place v of L, we denote by Uy, the
maximal compact sub-group of L. Hence Uy, = (’)ZU for a finite place v, Uy, = S!
for v complex and Uy, = Z/2Z for a real place v.

Definition 4.13. Let V = (V,V.) be a connected étale Y-scheme and let L =
K (V) be the number field corresponding to the generic point of V. We define the
class group CYy, associated to V' by the exact sequence of topological groups
0— HUL,U — CL = Cy — 0.
veV
We denote by C‘l/ the topological sub-group of Cy defined by the kernel of the
canonical continuous morphism Cy — Rso.

Note that Cy is just the S-ideéle class group of the number field K (V), where S
is the set of valuations of K (V') not corresponding to a point of V. The group C%/
is compact.

Proposition 4.14. Let V ¢ Y be a proper open sub-scheme of Y. Then one has
g"(SL/K,S,V,Z) = Zforn=0
= 0 forn odd
= (CH)P forn=2.
For even n > 4, we have an exact sequence

0— H"(¥ V,Z) — H"(Wk,Z) — Y Z—0.
vEV

L/K,S’

Proof. We again use the Leray spectral sequence induced by the inclusion of the
generic point. We get H1(3 V,Z) = HY(Wk,Z) = 0 and the exact sequence

L/K,S’

0= H*§,,.s V. Z) = )P = [T©ox)" ]_[Z—>g wxsr Vo Z) = 0.

veV V€V

[Tvx =] 0% x I[ s* — ck

veV veV VEV4

Moreover the map

is injective, since V' ¢ Y. By Pontryagin duality, we obtain 53 (F V,Z) =0

L/K,S’
and

EQ(SL/K,S7V7Z) KGT‘ CK N HUK _
vev
Next we obtain an exact sequence

0= H™3, x50V, Z) = H" (W, Z) - > Z
V€V

— ﬂ”“(&m,sﬁ, Z) — H" "' (Wg,Z) =0

for even n > 4. This ends the proof since the map H"(Wk,Z) — > oy Z is
surjective for even n > 4 (see [], proof of Corollary 9). O

Proposition 4.15. For any open sub-scheme V CY, one has
H"§, 0V, R) =R forn=0,1 and H"(§,,,. .. V,R) =0 forn >2.
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Proof. Arguing as above and using the fact that H"(W}(v,ﬂi) =0forn >1 and
any non-trivial valuation v since Wy is compact (see [4], Corollary 8), we obtain
H”(SL/K’S,V,@) = H”(WL/K’S,I?KE) for any V' C Y and any pair (L,S). Now the
product decomposition Wy k¢ = Wi/}gs x R and the compactness of WLl/K,S
show (see [4], Proposition 9.6):

H"(WL/KS,HNQ) = H"(R,R) =R for n=0,1 and 0 for n > 2.
Passing to the limit over (L, .S), we obtain the result. O

4.3. Cohomology with compact support. The open sub-topos ¢ : $L/K,S/y —
S, x.s associated to the inclusion ¥ — Y gives rise to three adjoint functors
¢L.51, 915, PL,5+ The functor 1 51 is the usual extension by 0. If A= (A,; fo)vey
is an abelian object of SL/K,S/y, then ¢, g1 A is the abelian object of SL/K,S whose
v-component is A, for v € Y and 0 for v € Y. If there is no risk of ambiguity, we
denote by ¢, ¢*, ¢, the functors defined above.

For any abelian object A = (Ay; fu),ey of §,,, s we have an exact sequence

(6) 0= ¢19* A= A= [[iv.4 = 0.

Yoo

Moreover, i, is exact and preserves injectives; hence one has

(1) H"(F, 00 | [ivedo) = H (][ Be. [ [ ivsdo) = [[ H" (Br. Av).
Yoo Yoo

Yoo Yoo

Notation 4.16. We denote by ¢ 7Z (respectively ¢:I§) the abelian object of T'op (Fe)

defined by the family of sheaves ¢ g1Z (respectively ¢ g:R) with the obvious
transition maps.

Using the exact sequence of sheaves (), equation (7)) and passing to the limit
we get the following long exact sequences for any open sub-scheme V C Y

(8) RN g"(gwk,s’ V,0Z) — gn(gw&s’ V,Z7) — HH"(BR,Z) — ey
V.

9 = H"3,,s V,0R) = H'(3, 5.V, R) = [[ H"(Be, R) —

Voo
By ([], Proposition 9.6), we have H"(Bg,Z) = 0 for any n > 1, H"(Bg,R) = R
for n = 0,1 and H"(Bg,R) = 0 for n > 2. This is enough to compute the groups
g"(%L/KYS, V,$7Z) and gn(S’L/K,S7V7 #R) for any open V C Y. In particular, we

recover the result ([6], Theorem 6.3) for V =Y and n < 3.

5. THE CATEGORY OF SHEAVES ON LICHTENBAUM’S WEIL-ETALE SITE

In this section we show that the topos §,,, s is equivalent to the category of

sheaves on Lichtenbaum’s Weil-étale site 77 /x s-

5.1. The local section site. The Weil-étale site (T7/x,s,Jis) is defined in [6]
using the groups Wp, ks, where L/K is a finite Galois extension and S a finite set
of primes of K containing the archimedean ones and the primes ramified in L/K.
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Definition 5.1. An object of the category T7, kg is a collection X = (Xy; fo) ey
where X, is a Wy ,)-topological space and f, : X, = X, is a morphism of Wi -
spaces for any v # vy (the topological group Wy, acts continuously on X, and X,,
via the morphisms 0, : Wg, — Wi and q, : Wi, — Wi, respectively). If v = vg
we require that the action of Wx on X,, factors through Wy k s.

The morphisms in this category are defined in the obvious way. The topology
Jis on the category Ty g 5 is generated by the pre-topology for which a cover is a
family of morphisms {X; — X} such that {X;,, — X,} is a local section cover, for
any valuation v.

M. Flach has shown in [4] that the definition of H(Wx; A) as the direct limit
lll)’b Hi{(W,, /K53 A) coincides with the topological group cohomology of Wy . Here,
A is a discrete abelian group or the usual topological group R with trivial W-action
(see [M], Lemma 10). This suggests the following definition.

Definition 5.2. The local section site (Tyy,.y;Jis) is defined as above, but the
action of Wi on the generic component X,,, of an object X" of Ty;,.y is not supposed
to factor through Wr /k s-

For any topological group G, we denote by Br,,G the category of topological
spaces (in a given universe) on which G acts continuously. The functor BTOPWK,U —
BropWk, induced by the surjective map Wg, — WKU is fully faithful. Therefore,
an object of the category 77,k g is given by a collection X = (Xy; fy),cy, where
fv is a map of WK,u—topological spaces.

The category Tyy.y (respectively T,k 5) has finite projective limits. Indeed, the
final object is given by the trivial action of W, on the one point space X, := {*}
for any v and by the trivial map f, : X, = X,,. Let

¢:U= (Uv;fv) — X = (Xv;gv) and ¢I U = (Ué,f{)) - X = (X'u;gv)

be two morphisms in Ty .y (respectively in 77k 5). The object (U, xx, Uy; fu Xe,

vey does define a fiber product U x x U’ in the category Ty, .y (respectively
. does defi fib duct U U’ in the cat Tw.y tivel
TrL/k,s)-

5.2. The local section site is a site for the flask topos.

Notation 5.3. In order to simplify the notation, we assume in this subsection that
L = K /K is an algebraic closure of K and S is the set of all places of K. However,
everything here remains valid for any suitable pair (L/K,S).

Let v be a valuation of K. The Yoneda embedding yields fully faithful functors

Ep - BToka(v) — Bwk(v) and €K, : BTOpW — BWKU .

v

Recall that 6 : Bw,, — Bw,, and q; : Bw,, — Bw,, denote the pull-backs of
the morphisms of classifying topoi induced by the Weil map 0, : Wg, — Wg and
by the projection g, : Wk, — Wi,). In the following proof, we also denote by

"0 : BropWix — BropWi, and 'q} : BropyWi(s) = BropWk,
the functors induced by 6, and ¢,. One has

(10) g oc, = ek, o'q; and 6 o, = ex, 06
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Proposition 5.4. There is a fully faithful functor
y: TW;Y — 'SW;Y?
X =X fo) — y(&X) = (e0(Xo);2k, (f1)-
Proof. If X = (X,; f,) is an object of Tyy.y, then f, : fq}(X,) — '05(X,,) is a map
of Bryp,Wk,, for any valuation v. By (I0), the map
er, (fo) 1 @ 0 e0(Xy) = ek, thz(X ) — €K, © ‘0; (Xop) =0, 0e0(Xuy)

is a morphism of By, . Hence y(X) = (g,(X,); sK (fv)) is an object of §,, . and
fo)w

WY
y is a functor. Let X = (X,; fu)» and X' = (X, be two objects of Tyy.y.
Denote by

}’(X;X’) . HOmTW;{,((X'U; fv)7 (le)v f:}))
— Homgwy((eva; ex, fo); (€uXy; €k, fv))

the map defined by the functor y. One has to show that y x.x/) is a bijection, for
any objects X and X”. Let

¢ = () &= (d0)o : (Xus fo) 2 (XT3 f)
be two morphisms in Ty.y such that yx.x(¢') = y(x;xr)(¢). One has g,(¢;,) =
gy(py) for any v € Y. Since g, is fully faithful, we get ¢ = ¢,; hence the map
Y(x;xn) 1s injective. Let

©=(pv)o : (euXy; ek, fo) = (e X} ek, fo)
be a morphism in §, .. For any v € Y, there exists a unique morphism ¢, : X, —

X/ such that 5U(¢U) gpv (since g, is fully faithful). The square

N a5 (e0(9v))
q, (v Xy) ——

EK, (fv)l lEKU(ﬁ)

0;(600){110)9 (m) ))etz(EvoX{) )
vo (Pvg

q:; (E’UX{))

is commutative. By ([I0), the following diagram commutes as well:

EKy (”qZ (¢v))
_—

ek, ("q;(Xv)) ex, (‘g5 (X}))
€K, (fv)l laxv(fé)
e (03(X0)), o e, (B5(X0,))
v v \7Uo

Finally, the square
gy (Xy) —— 'qi(X])

.| A

tg:(Xvo) ,W) te*(X/)
v vo

is commutative, since e, is fully faithful. Hence ¢ = (¢ ), : X — X’ is a morphism
of Ty, such that

Y(X;X’)((b) = Y(x;x7) ((¢1})v) = (5U¢v)v = (<P1z)v = p.
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The functor y is fully faithful, since the map y(x,x+) is bijective for any objects X
and X’ of Tyy.v. O

For the notion of induced topology we refer to ([5], 111.3.1).

Proposition 5.5. The local section topology Jis on Ty, .y is the topology induced
by the canonical topology of § via the functory.

Wiy
Proof. Recall that the coproduct of a family of topoi is, as a category, the product
of the underlying categories. Then consider the following commutative diagram:

(i3),
SW;‘? i HveY BWk('u)

{ !

Tw,y — ey BropWi)

The local section topology on Ty, .y is (by definition) the topology induced by the
local section topology on [, cy BropWi (v (see [5], I11.3.4). By [4], Proposition 4.1,
the local section topology on Bro, Wy, is the topology induced by the canonical
topology of Bw,,,. Hence the local section topology on 1 BropWi () is the topol-
ogy induced by the canonical topology of ]| Bw,,,- Since the previous diagram is
commutative, the local section topology on Tyy.¢ is the topology induced by the
canonical topology of ] Bw,,, via the functor

(i), 0V :Twy — Sy — || Bwie-
veY
Hence, it remains to show that the canonical topology of §
canonical topology of [ By, (-

The functor (iy), : §,,., — 1 Bw,,, is the pull-back of the morphism of topoi
(iv), : I Bwiy = S,y Then (i), is a continuous morphism of left exact sites,
when §, . and [[ Bw,,, are viewed as categories endowed with their canonical
topologies. This shows that the topology Jind on §,, ; induced by the canonical
topology of [] Bw,,,, is finer than the canonical topology of § by definition of
the induced topology.

We need to show that any representable presheaf is a sheaf on the site

(Sw;wjind)- Let F = (Fy; fv), be an object of Sy and let
{ui: X = (Xipw:1 &) — X = (X3 &0) bier
be a covering family of the site (SW;,—/;jmd)- The functor

. is induced by the

wiY

w;y?

(SW;Y ; sjind) — ( H BWk(,U) ; jcan) — (BWk(,u) 5 jcan)
veEY

is continuous. Therefore (see [5], I11.1.6) the family
{ui;v : Xi;v — Xv}iGI

is a covering family of (BWk(v) i Jean) for any valuation v. Since the covering families
for the canonical topology of a topos are precisely the epimorphic families, the
family {X;., — X,} is epimorphic. Moreover, the pull-back ¢ of the morphism
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¢ : Bw,, — Bw,,, preserves (as any pull-back) epimorphic families. Hence the
family

{5 (uiw) + @5(Xiw) — @5 (Xo) bier
is epimorphic in the category By, . Consider the diagram D:

Hom((Xy),; (Fv),) —== [T Hom((Xizw), ; (Fu),) =TT Hom((Xiw X x, Xjiw)yi (Fo),,)

T“ 5 !

Hom(X; F) = [T Hom(X;; F) = [T Hom(X; xx Xj; F).

The sets of homomorphisms in the first line correspond to the category [] Bw, 4
and the set of homomorphisms of the second line correspond to the category A
The vertical arrows are given by the faithful functor (z}),. Hence those vertical
maps are all injective. In particular, a and d are both injective.

The functor (i}), sends covering families of §, . to covering families of [ [ Bw, ., ,
since (i), is continuous. Moreover, any representable presheaf of [] Bw, ,, is a
sheaf for the canonical topology. This shows that the first line of D is exact. Hence,
the maps a and b are both injective, which shows that c is injective.

Now, let (¢;); be an element of the kernel of
HHom(Xi;]:) = HHom(Xi Xx Xj; F).
The square on the right hand side is commutative; hence d((y;),) is in the kernel
of
[T Hom(Xi), (F0),) = [T Hom((Xiw xx, Xjiw)yi (F0),)-

Then we get an element ¢ € Hom((X,),; (Fy),) which goes to d((¢;),), since the
first line is exact. More precisely, one has b(¢) = d((¢;);). Let v be a non-trivial
valuation. For any i € I, consider the diagram

qy (Uisw) a5 (Pw)

q;;(Xi;v) — (Xy) —— q;(F)

o | Je |

Wijv * *
ei(Xi;Uo) H’U(X'UO) . ’ ev (FUO)
05 (bvg)

Here, the total square and the left hand side square are both commutative. Indeed,
u; € Homgwy (X;; X) and pou; = ¢; € Homngy (X;; F).
It follows that the elements
05 (¢v,) © & and fo, 0 q; (o)
of the set Hompy,, (¢3(X,); 0% (Fy,)) have the same image under the morphism

HombKu (45 (X0); 05 (Fy,)) — HombKv (a5 (Xis0); 05 (Fug))

for any i € I. Hence, 0 (¢y,) 0 & and f, o ¢ (¢,) have the same image under the
morphism

(1) Hompy, (45(X0);05(Fy)) — Hompy, ([T 45(Xi0): 05(F)).
el

Licensed to Calif Inst of Tech. Prepared on Wed Apr 15 08:21:00 EDT 2015 for download from IP 131.215.225.9.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



ON THE WEIL-ETALE COHOMOLOGY OF NUMBER FIELDS 4903

Furthermore, the morphism (I]) is injective, since the family {¢}(Xi.,) — ¢ (Xy)}
is epimorphic. The equality

05 (Du) ©&o = fu 0 qy(P0)
follows. For any valuation v € Y, the square

N a;(dv) N
QU(X'U) - Q’U(F'U)

lgv lf,v

0i(X0) e O:(F)
is commutative. In other words, the element ¢ € Hompp Bw,) (Xy),; (Fy),) lies
in
Homg (X;F) C Homyypy,  ((Xuo)y;(Fo),)-
Hence there exists a unique p € Homg (X; F) such that a(y) = ¢. We get

v
boa(p) =b(¢) = d((¢i);) = doc(p)
and
() = (@i);
since d is injective. This shows that the second line of D is exact.
We have shown that the sequence
Homg (X;F) — l_IHomgum7 (X F) = HHomSW;? (X; xx Xj; F)
i Y]

is exact and that the first arrow is injective for any object F of §,, . and any
covering family {X; — X}ier of the site (SW;{/;\ZHd)' Hence any representable
presheaf of the category §, ; is a sheaf for the topology Jing4. In other words, the
topology Jina is sub-canonical, that is, coarser than the canonical topology. Since
Jina 18 also finer than the canonical topology, it is the canonical topology. (I

Corollary 5.6. The functor y is continuous.

Proof. By definition of the induced topology, Jis is the finest topology on Ty, .y
such that y is continuous (see [5], I11.3.1). O

Corollary 5.7. The local section topology Jis on Ty, 5 is sub-canonical.

Proof. Let X be an object of Ty, 5. The presheaf 37(\)(/) of §,., represented by
y(X) is a sheaf, since §, . is endowed with the canonical topology. The restriction
of y(X) to the sub-category T,y via the functor y is a sheaf for the local section
topology Jis, since y is continuous. But this sheaf is canonically isomorphic to
the presheaf X" of Ty, .y represented by &', since y is fully faithful. Hence & is a
sheaf. (|

We denote by y : Top — T the Yoneda embedding. In order to simplify the
notation in the following proof, we also denote by y : Br,,G — B¢ the induced
functor, for any topological group G. By [], Corollary 3, the full sub-category of
Bw,,, defined by the family of objects

{yWiwy x Z); Z € Ob(Top)}
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is a generating sub-category, for any valuation v. Here y(Wy,)) acts on
Y(Wi) x Z) = y(Wi)) % y(2)
on the first factor. Consider the sequence adjoint functors between By, —and By,
O 5 05 5 O,

induced by the morphism of topological groups 6, : Wk, — Wix. Recall that the
functor 6,, is defined by

0u(F) = y(Wie) x" W) Fi= (y(Wie) x F)/y(Wk, ),

where y(Wk, ) acts on the left on F and by right-translations on y(Wx). For any
v € Y% and any Z € Ob(Top), we define

Gz = ((ev!(Q:(y(Wk(v) X Z))) ; y(Wk(v) X Z) ) ((Z)Bwk(w))wivo;v) ) (gZ;v))a
where the morphism

920 G YWy X Z)) — 050 041 (qy (y(Wiw) X Z)))

is given by adjunction. For the trivial valuation vy and for any Z € Ob(Top), we
define

GZv 1= (Wi x Z) ; (wBWk(v))v;évo)-

Note that Ty, .y is equivalent to a full sub-category of § by Proposition 5.4

Wiy
Proposition 5.8. The category Ty, is a generating sub-category of -
Proof. It is shown in the proof of Proposition that the family

{gZ;v; Z S Ob(TOp)a v E Y}

is a generating family of §, .. Hence it remains to show that Gz;, lies in Tyy,yp,
for any Z € Ob(Top) and any v € Y. It is obvious for the trivial valuation v = vy.
Take a non-trivial valuation v # vg. One has

(12)

Our(@5 (Y Wiy x 2))) i= y(Wie) xV )y (W) x Z) = y(Wie x V5o (Wi x Z)),

as it is shown in the proof of ([4], Lemma 13). Note that Wi, acts on the right
on Wy and by left translation on the first factor on (Wy(,y x Z). This defines the
quotient space (W x Wke (W) x Z)). Then Wk acts on (W x WK, (W) x Z))
by left translations on the first factor. We obtain

(13) Gz = (Oui(gy(y(Whw) X 2))); y(Wiw) X 2); (DBw, , Jwtvow; 9zw)
(14) =y Wk xVE (Wi X 2); Wiy X Z2); (B70p)wrvows 920 ) »
where

9z Wiy X Z) — Wi xVE0 (W) x Z)

is the unique map of Wy -topological spaces such that y(gz.,) = gz, (recall that
the Yoneda embedding y : Bro,Wgk, — Bwy, is fully faithful). Hence Gz, is an
object of Ty, for any Z € Ob(T'op) and any v € Y. O
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Theorem 5.9. The canonical morphism

—_~—

3'W:‘? — (TW1}7’\.7ZS)

is an equivalence of topoi, where (Ty,.v; Jis) is the category of sheaves on the local
section site. More generally, the canonical map

P

S’L/K,S — (TL/K,S§ \7ls)

is an equivalence.

Proof. The functor y : Tyy,y — §,; is fully faithful, the topology Jis is induced
by the canonical topology of §, . and Ty,.y is a generating sub-category of §, ..
The first claim of the theorem follows from [6], IV.1.2.1. More generally, the proofs
of (B.4), (E.5) and (B.8) remain valid for §, . o, where L/K and S are both finite,

by replacing Wy and Wy, with W,k s and Wi, respectively. (Il

Corollary 5.10. The canonical map
M_>mMK,an(TL/K,57 Z) - Hn(TW,Ya Z)
is not an isomorphism for n = 2, 3.
Proof. The cohomology of the site 17,k ¢ (respectively Tyy.y) is by definition the

—_~—

cohomology of the topos (Tr/x,s; Jis) (vespectively (Tyy.y; Jis)), which is in turn
equivalent to §, . . (respectively § ) by Theorem 5.9l Therefore this corollary
is just a reformulation of Theorem ETT] O

Remark 5.11. This corollary points out that Lichtenbaum’s Weil-étale cohomology
is not defined as the cohomology of a site (i.e. of a topos).

6. THE ARTIN-VERDIER ETALE TOPOS

The Artin-Verdier étale site associated to a number field takes the (ramification
at the) archimedean primes into account (see [9] and [2]). This refinement of the
étale site is necessary if one wants to naturally obtain the vanishing of the coho-
mology in degrees greater than three. Recall that Y is the set of valuations of a
number field K.

6.1. The Artin-Verdier étale site of Y. Here, all schemes are separated and of
finite type over Spec(Z). A connected Y -scheme is a pair X = (X; X, ), where X is
a connected Y-scheme in the usual sense. When X is empty, X, has to be (empty
or) a single point over Y. If X is not empty, X is a connected open subset of
X(C)/ ~. Here, X(C)/ ~ is the quotient of the set of complex valued points of X
under the equivalence relation defined by complex conjugation, endowed with the
quotient topology. A Y -scheme is a finite sum of connected Y-schemes.

A connected étale Y -scheme is a connected Y-scheme (X; X)), where X/Y is
étale of finite presentation and X, /Y, is unramified in the sense that if y € Y
is real, so is any point = of X lying over y. An étale Y -scheme X is a finite sum
of connected étale Y-schemes, called the connected components of X. A morphism
¢ : (U;Us) — (V;Vs) of étale Y-schemes is given by a morphism ¢ : U — V of
étale Y-schemes which induces a map ¢ : Uy, — Vi over Y. Fiber products
UxgVi=(UxxV;Usx xx_ Vo) exist in the category Ety of étale Y-schemes.
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Definition 6.1. The Artin-Verdier étale site of Y is defined by the category Ety
of étale Y-schemes endowed with the topology [J.: generated by the pre-topology
for which the coverings are the surjective families.

6.2. The specialization maps. Let v be a valuation of K corresponding to a

point of Y. We denote by k(v) and k(v) the residue field at v and its algebraic
closure. The henselization and the strict henselization of Y at v are defined as the
projective limits
Spec(O;’—/w) = lim U and Spec((?f—fév) = lim U,

where U runs over the filtered system of étale neighborhoods of v in Y and the
filtered system of étale neighborhoods of v in Y respectively. Here an étale neigh-
borhood of v in Y (respectively of ¢ in Y') is given by an étale Y-scheme U en-
dowed with a morphism (Spec(k(v));0) — U over Y (respectively endowed with

a morphism (Spec(k(v));#) — U over Y). Then, for v ultrametric, the local ring

op = (’)?{“ is henselian with fraction field K" and with residue field k(v). Re-
spectively, the local ring Of—/h_v = (9}’{” is strictly henselian with fraction field K"

and with residue field k(v). For an archimedean valuation v, one has
(Spec(K3");v) = (Spec(K});v) = Lim U,
where U runs over the filtered system of Y-morphisms ((;v) — U. The choice of
the valuation v of K lying over v induces an embedding
K=K - K.
For any ultrametric valuation v, we get a specialization map over Y:
(15) Spec(K) = (Spec(K); ) — (Spec((’);"—f?v);@) = Y,h
Such a specialization map over Y is also defined for an archimedean valuation v:
(16) Spec(K) = (Spec(K);0) — (Spec(K:)iv) = ¥, .
In what follows, Y,*" denotes the Y-schemes (Spec(Oy-.,); (), (Spec(K3");v) and

v
Spec(K) = (Spec(K); () for v ultrametric, archimedean and the trivial valuation
respectively.

6.3. The étale topos of Y. The Artin-Verdier étale topos Y,; associated to the
Arakelov compactification of Spec(Of) is the category of sheaves of sets on the site
(Ety; Jet). We denote by Y., the usual étale topos of the scheme Y.

Proposition 6.2. There is an open embedding
0 Yy — Yer

corresponding to the open inclusion Y = (Y;0) — Y. For any closed point v of Y,
there is a closed embedding (see [5], IV, Proposition 9.3.4)

sm

Uy : BGk(u) — Y.

The closed complement of Yo in Y. is the image of the closed embedding

U = (uv)ver : H Set — Zt-
VEY oo
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Proof. The map Y := (Y;()) — Y is a monomorphism in Ety, hence the Yoneda
embedding defines a sub-object (V") of the final object of Y¢. Thus the localization
morphism

(17) Zt/s(Y) — Yet

is an open embedding. The category (Ety ),y is isomorphic to the usual category
Ety of étale Y-schemes. Under this identification, the usual étale topology J.; on
FEty is the topology Jinq induced by the forgetful functor

(Etf/)/y — Ety,

where Ety is endowed with the Artin-Verdier étale topology. Moreover, one has an
equivalence (see [5], I11.5.4)

(18) (Bty; Jet) = (Bty) s Tina) = Yet je(v)-
The first claim of the proposition follows from () and ().

Assume that v corresponds to an ultrametric valuation and denote by v — Y
the morphism (Spec(k(v)); @) — Y. The functor

wp: Bty — Bty T-gk(“),
(X =Y) — (X x3yv— Spec(k(v)))

is a morphism of left exact sites, where T, Cfv‘m) denotes the category of finite G (,)-
sets endowed with the canonical topology. We denote by

. sm \/
Uy - BGk(u) — Yet

the induced morphism of topoi. The adjunction transformation u} o u,. — Id is an

isomorphism (i.e. u, is an embedding). B
Now assume that v is an archimedean valuation and denote by v — Y the

morphism (§;v) — Y. Again, the functor

ui: Bty — Set! =T

v k(v)’

X =Y — Xxygv— (D)

is a morphism of left exact sites, where Set’ is the category of finite sets, endowed
with the canonical topology. We get an embedding of topoi

uv:ﬂﬁifet-

For any v € Y°, let (Y —v) — Y be the open complement of the closed point
v. Again, ¢(Y — v) is a sub-object of the final object of Y,; which yields an open
embedding j : Yet/e(yﬂ) — Y,;. The strictly full sub-category of Y,; defined
by the objects X such that j*(X) is the final object of Yet/s(ifv) is exactly the
essential image of u,,. In other words, the image of w, is the closed complement of
j. Hence, u, is a closed embedding. The last claim of the proposition follows from
[5], IV.9.4.6. O

Corollary 6.3. The family of functors
[l Voo = B v e ¥0)

15 conservative.
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Proof. By [5], VII1.3.13, the family of functors
* sm ., 0
{u} : Yo — Bg, veY }
is conservative. By [5], IV 9.4.1.c, the result follows from Proposition O

Let F be an object of Y4 and let F,,, € Ob(B&") be its generic stalk. For any
archimedean valuation v one has

(19) uy 0 @i (F) = Fe.

Let u: HveYoo Set — Y,; be the morphism given by the family (u,),cy. . Consider
the functor
pi=upi: Yoo — [l,cy. Set,
F — (‘FT{(;) )UEYDQ .

Let us consider the category (] [,y Set, Yer, p) defined in [5], TV.9.5.1.

Corollary 6.4. The category Ye; is equivalent to (]| Set,Yer, p).

VEY o

Proof. There is a functor

P }/et — (Hveym&a}/etap)a
Fo— (Sﬁ*f,u*f,f),

where f: u*F — u*@.p*F is given by adjunction. By [5], IV.9.5.4.a and Proposi-
tion [6.2] the functor ® is an equivalence of categories. O

In particular, we have the usual sequences of adjoint functors
* * !
w1, 0", i and U, Uy, U

between the categories of abelian sheaves on Y,;, Y.; and Y, respectively. It follows
that u, is exact and * preserves injective objects since ¢ is exact. For any abelian
sheaf A on Y, one has the exact sequence

(20) 0= pp A — A= uu*A—0,

where the morphisms are given by adjunction. If A is a sheaf on Y., the étale
cohomology with compact support is defined by H?(Ye, A) := H"(Yer, 01 A). To
compute the étale cohomology with compact support, we use (20]) and observe that
the cohomology of the sheaf u,u*A is trivial in degrees n > 1 since u, is exact. For
example, one has

(21)

H(Yer, Z) = 0, (][ 2)/2Z for n. = 0,1 and H}! (Yey, Z) = H"(Yer, Z) for n > 2.
Yoo

Now consider the constant étale sheaf associated to the discrete abelian group R.
By Proposition [6.5] below, one has

(22) H!(Ye,R) = (][ R)/R and H}(Yer,R) = 0 for n # 1.
Yoo
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6.4. Artin-Verdier étale cohomology. Here we compute the Artin-Verdier étale
cohomology with Z-coefficients. Let j : Spec(K) — Y — Y be the inclusion of the
generic point of Y.

Proposition 6.5. For any uniquely divisible G i-module Q, the sheaf j,Q on Ye,

is acyclic for the global sections functor, i.e. H4(Yet,7.Q) =0 for any ¢ > 1. More
generally, if Q is a Gg-module such that H"(Gk,Q) = H"(I,,Q) = 0 for any
n > 1 and any valuation v of K, then the sheaf j,Q on Y. is acyclic for the global
sections functor.

Proof. Assume that @ is uniquely divisible. The more general case follows from
the same argument. For any v € Y, one has (see (7))

Uy R(Ji)Q = R (uyji)Q = H(1; Q).
The groups I, are all profinite (or finite) and @ is uniquely divisible. We obtain
uy, R(j.)Q =0
for any ¢ > 1. By Corollary 6.3} we get RY(j.)(Q) = 0 for any ¢ > 1. Then the
Leray spectral sequence
HP(Yer; R(j4)Q) = HP (G ;3 Q)
yields

H"(Yer; jxQ) =~ H"(Gr; Q) = 0

for any n > 1, since Galois cohomology is torsion. O

Let Pic(Y) and Uk be the class-group and the unit group of K respectively.
Let r; be the number of real primes of K. We denote by AP = Hom(A;Q/Z) the
dual of a finitely generated abelian group (or a profinite group) A. We consider
the idele class group Ck of K and the connected component Dk of 1 € Ck. The
cohomology of the global Galois group G with coefficients in Z is trivial in odd
degrees, and we have H(Gg;Z) = Z,(Cx/Dk)P,(Z/2Z)™ for r = 0, r = 2 and
r > 4 even, respectively (see [7], I, Corollary 4.6).

Proposition 6.6. The cohomology of the Artin-Verdier étale topos with coefficients
i Z is given by
HYY.;Z) = 7Z forq=0
= 0forq=1
= Pic(Y)P forq=2
= UR forq=3
= 0 forq>4.
Proof. As in the proof of Proposition [6.35], we get
u, (R1(j.)L) = R (uyje) £ = HY(1; £) € Ob(Bg )
for any £ € Ob(Bg") and any v € Y (recall that I, is trivial). In particular, one
has j.Z = Z and
JTRY(ji) = RY(j%jx) = RY(Id) =0
for any ¢ > 1, since j is an embedding. Moreover, the map

RIGL = ] wesuiRY()L
veY 0
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given by adjunction factors through > o uw«H?(I,; L), since a cohomology class
in H9(Gk, £) is unramified almost everywhere. The induced map

(.7* ‘C — Z uv* Iva'c)
veYO

is an isomorphism using Corollary and the fact that u} commutes with sums.
We obtain R?(j,)Z = 0 for ¢ odd. By local class field theory, we have

RP(GIZ = ulOf )7 > wnu(Z/22)P
veYo veK (R)
and R1(j.)Z = 3 e g(r) Uyps (Z)2Z)P for q > 4 even. The Leray spectral sequence
HP (Yo, R1(j.)Z) = H""9(Gk, Z.)
yields the exact sequence

0— H*(Yo, Z) = (Ci /DK)P = > (05 )P > (z/22)"

vfoo veK(R)
— H*(Ye,Z) — H*(Gg,Z) =0,
where the central map is the Pontryagin dual of the canonical morphism
[Tk 11 z/22 — (Cx/Dx).
vtoo veK(R)
The result follows for ¢ < 3. Next the Leray spectral sequence yields
0—H (Yo, Z) > H Gk, Z)— Y LJ2L—H™ (Yo, Z) > H (G, Z) =0
veK(R)
for any even ¢ > 4. This ends the proof since the map H4(Gg,Z) — ZUeK(R) 7/2Z
O

is an isomorphism.

0,1,2 can also be deduced from

The cohomology groups H™ (Y, Z) for n =
CI(K)) using Proposition [6.0l

unramified class field theory (i.e. my(Ye;)®

IZS

7. THE MORPHISM FROM THE FLASK TOPOS TO THE ETALE TOPOS

In this section we describe the relation between the flask topos and the étale
topos. There is a morphism of topoi from the full flask topos §,, ;. to Y.,. However,
this morphism does not factor through §, . 5, and we have to decompose the étale
topos as a projective limit in order to understand the relation between the projective
system of topoi §, and Ye;.

7.1. The morphism from the étale site to the local section site. By Corol-
lary 5.7} the local section topology Jis on the category Ty .y is sub-canonical. Since
Ty .y has finite projective limits, (Ty.v; Jis) is what we call a left exact site.

Proposition 7.1. There exists a morphism of left exact sites

C* : (Ethjet) — (TW;Y; ;\715)3
X — X.
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Proof. Let X be an étale Y-scheme. For any valuation v, we define
X, = Homy (Y,*"; X).

Note that, for any ultrametric valuation v, the set

X, = Homy (Y,*"; X) = Homy (Spec(k(v)); X)
carries an action of Gy,). For any archimedean valuation v,

X, = Homy (Y,*": X) = Homy ((0;9); X)

is just a set. For the trivial valuation v = vy,

X, = Homy(}_/vf]h; X) = Homy (Spec(K); X)
is a G-set. For any valuation v, X, is viewed as a Wy, (,)-topological space. The
morphisms (I3)) and (IG) yield maps of Wi, -spaces f, : X, = X,,, for any v.
So we get an object (*(X) = X of Ty,.y. Clearly, (* is a functor. It preserves
final objects and fiber products by the universal property of fiber products in the
category Ety. Hence (* is left exact. Furthermore, an étale cover {X; — X; i € I'}

yields a surjective family of finite Gy (,)-sets {X; , — X,; i € I'} for any valuation
v, hence a local section cover. It follows that (* is continuous and left exact. [

This morphism of left exact sites induces a morphism of topoi. Hence the next
result follows from Theorem

Corollary 7.2. There is a morphism of topoi ¢ : §, . — Y.,

The next proposition is an application of (Grothendieck) Galois Theory. This
result will not be used in the remaining part of this paper. A proof can be found
in [§].

Proposition 7.3. The functor ¢* is fully faithful. The essential image of (* is
defined by the objects X of Ty,.y such that Xy, is a finite set, f, is injective for
any v and bijective for almost all v (i.e. except for a finite number of non-trivial
valuations). Finally, the étale topology Jer on Ety is induced via ¢* by the local
section topology Jis on Ty .y .

Remark 7.4. Proposition suggests that we define the “Weil-étale topology”
as the full sub-category of Ty, .y consisting of objects (X, f,) such that f, is a
topological immersion for every valuation v and a homeomorphism for almost all
valuations. Then we endow this full sub-category of Ty;.y with the topology induced
by the local section topology via the inclusion functor.

7.2. Direct definition of the morphism (. For any valuation v of K, the spe-
cialization map Y,*"* — Y induces the co-specialization map
(23) fv:f5—>]:’f)oa
for any étale sheaf F on Y. Here F3 and Fy, denote the stalks of the sheaf F
at the geometric points © — Y and 9y — Y. The map [23)) is Gk, -equivariant
and functorial in F. More precisely, denote by q, : Gk, — Gy the canonical
projection and by o, : Gk, — Gk the morphism induced by the choice of the
valuation o of K lying over v. One has u}(F) € Ob(Bé”}:(v)) and u; (F) € Ob(Bg™).
Then

fo s @y (ugF) — 0y (ugy, F)
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is a map of B{" , where we denote a morphism of topological groups and the
induced morphism of classifying topoi by the same symbol. Since the squares

Wi, —2> Wi Wi, — s Wi
S
G, —> G Gg, —2> Gx

are both commutative, we get a morphism of By, :

ak, fo i qplag 0wy F) = aje, 0 qy(uy F) — aje, 00y (uy, F) = 0 (g, 0wy F).

We obtain an object
C(F) = (ag ouyFs g, fo)vey
of the category §, . This yields a functor

C* : }/et — SW;Y”
F o (ayousF; o fo)pey-

Here the equivariant map of Gk, -sets
fo s @y (upF) — 0y (ug F)

is induced by the usual co-specialization map between the stalks of the étale sheaf

F.

Proposition 7.5. The functor (* : Yoy — § ., is the inverse image of a mor-
phism of topoi
C : SW:Y — )/et~

Proof. Since the functors aj o uj and aj ~commute with finite projective limits
and arbitrary inductive limits, so does the functor (*, by Proposition[3.2] Since the
functor ¢* is left exact and has a right adjoint, it is the pull-back of a morphism of
topoi ( : ’SW;Y — Y. [l

7.3. Equivalence of the two definitions. Here we denote by
Z (Et)_/;jet) — (TW;Y;;%S)

the morphism of left exact sites defined in Proposition [[.]l We have a commutative
square

*
Sy < Yer

1]
TW;Y <z Ety

where ¢* is defined in Proposition[IH] y is defined in Proposition 5 4land ¢ : Ety —
Y. is the Yoneda embedding. By [5], IV, Proposition 4.9.4, the morphism of topoi
induced by the morphism of left exact sites z is isomorphic to the morphism of
topoi ¢ : §,, y — Y., of Proposition

Proposition 7.6. The morphism ( : SW;? — Y, is not connected (i.e. the inverse
image functor ¢* is not fully faithful).
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The second definition of the morphism ¢ : §, o — Y., yields a description of its
inverse image functor ¢*. This can be used to prove the proposition above (see [8],
Corollary 4.67).

7.4. The morphisms (1 s. Let L/K be a finite Galois sub-extension of K /K.
We denote by Etr i the full sub-category of Ety consisting of étale Y-schemes X
such that the action of G on the finite set

X, = Homy (Spec(K); X)

factors through G, = Gal(L/K). This category is endowed with the topology
(again denoted by J.t) induced by the étale topology on Ety via the inclusion
functor Etr/x — Ety. This functor yields a morphism of left exact sites

(Btrii, Jet) — (Bty, Jet)
and a morphism of topoi. These morphisms are compatible, hence they induce a
morphism from Y,; to the projective limit topos w (Et;/—;,/Jet), where the limit
is taken over all the finite Galois sub-extensions of K /K.

Proposition 7.7. The canonical morphism

—_~—

Yot — w (EtL/Ka jet)
is an equivalence.

Proof. The morphism of left exact sites
(Btr g, Jet) — (Btp i, Jet)

is given by the inclusion functor, for K/L'/L/K. By [5], VI, 8.2.3, the direct limit
site
im(Ety x, Jet) = (lim(Ety k), J)

—_—~—

is a site for the inverse limit topos @ (Etp/k,Jet). The direct limit category
M(EtL/K) (see [1], I11.3) is canonically equivalent to Ety. The topology J is the
coarsest topology which makes all the functors

(EtL/Ka jet) — (Et)_/a j)

continuous. In other words, J is the coarsest topology on Ety such that any
covering family of (Etr,k, Jet) is a covering family of Ety, for all L/K. Hence J
is just the étale topology, and (Ety, Jet) is a site for the inverse limit topos. ([l

Proposition 7.8. There is a morphism of topoi (1.5 © §, s — (Bt i, Jet)-
Moreover, the diagram

Cois —

gL//K,s/ - (EtL//Kajet)

| |

CL,s

gL/K,s (EtL/K>jet)

is commutative for L' /L/K and S C S'.
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Proof. The functor

(rs: Btk — Tk s
induced by ¢* : Ety — Ty, p yields a morphism of left exact sites; hence the first
claim of the proposition follows from Theorem 5.9l The diagram of the proposition
is commutative since the corresponding diagram of sites is commutative. O

Proposition 7.9. Let V be a connected étale Y -scheme lying in the category Eir/x
(i.e. Gk acts transitively on V). One has an equivalence

S1ius! V=8, sV

where K (V') is the function field of V and S is the set of places of K (V) lying over
S.
Proof. The choice of a point of V,,, defines an isomorphism of W,k s-sets

Voo = GL/Grvy = WL/K,S/WL/K(V)j-
We get an isomorphism

Bw,, s [Y Wi k,s:Veo) = Bw, ) 5
The same result is valid for any closed point of V, and the proposition follows. [J

8. THE SPECTRAL SEQUENCE RELATING WEIL-ETALE COHOMOLOGY
TO ETALE COHOMOLOGY

8.1. Strongly compact topoi.

Definition 8.1. A topos T is said to be strongly compact if the functors H™(T, —)
commute with filtered colimits of abelian sheaves.

Let (T3, fji)ier be a filtered projective system of topoi, where the maps f;; : T; —
T; are the transition maps. We denote by Ty, := MTz the limit topos computed
in the 2-category of topoi. We have canonical morphisms f; : T, — T;. Suppose
we are given an abelian object A; of T; for any i € I and a family of morphisms
Qj ;;-Ai — A; such that the following condition holds:

i = aji o fri(aus) « friAi = [ fi4i — fi;4) — Ag.

In what follows, the data (A;,a;;) is said to be a compatible system of abelian
sheaves on the projective system of topoi (T3, fji)ier-

The morphisms [ (cvij) vield a filtered inductive system of abelian objects
(fFAi)ier in T, and we set

Ay = lz_7>n fi A
Lemma 8.2. If the topos T; are all strongly compact, then the canonical morphism
lzl)zH”(Ti,Ai) — H"(To, Axo)
is an isomorphism for any integer n.
Proof. By [5], VI, Corollaire 8.7.7 the topos T, is strongly compact as well, and
one has
Hn(Tooa Aoo) = l’L_mLHn(Too; fz*Az) = li_)ief (MjaiHn(Tj7 f]*iA’L))

We easily check that the canonical map

limy, ., (limy,  H"(Ty, [A:)) —> lim, ., H'(T;, A,)
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is an isomorphism. The result then follows from the fact that the natural map

hl}a‘,el (Z’L_fn;b;—an(,Tja f;iAi)) — Hn(Tom Aoo)

factors through lim, ., H" (15, Ap). O

Now consider the more general case where the sheaves A; are replaced by bounded
below complexes of abelian sheaves C. Denote by H?(T;, CF) the hypercohomol-
ogy of the complex of sheaves C}. Suppose we are given a compatible family of
morphisms of (bounded below) complexes a; : [5:CF — C5 for each transition map
fji: T — T;. We define

C% = lZ_T@f G-
Lemma 8.3. If the topos T; are all strongly compact, then the canonical morphism
. n (. * n *

lz_r)nH (T;,C}) — H" (T, CL)
is an isomorphism for any integer n.
Proof. We denote by H?(C}) (respectively H?(C%,)) the cohomology sheaf of the
complex C} (respectively C%)) in degree ¢. The inverse image functor f* is exact,
hence we have H(fC}) = frH1(C;). By exactness of filtered inductive limits,
we obtain

UC* Y = LimHI( £C.) = Lim £*H(C,
HY(CL,) = limH (fiCi) = lZ_’@fi H(Cy),

for any ¢ > 0. For any ¢ € I, we have a convergent spectral sequence

HP(T;, HY(C})) = HPTI(T;,C}).
The compatible morphisms of complexes a;; : f5;;CF — C7 induce compatible

morphisms of spectral sequences, hence we have an inductive system of spectral
sequences. We obtain a morphism of spectral sequences from

; P(T. HI(C* ; pra (. OF
lZ_T>nH (T3, HY(CY)) = lZ_T@H (T3, C7)
to
HP (T, H1(CY)) = HPT (T, C%).
By the previous lemma, this morphism is an isomorphism at the Fs-term. It

therefore induces isomorphisms on the abutments. The result follows. ([

Let Y be the set of valuations of the number field K, and let (C},a,) be a
compatible system of bounded below complexes of abelian sheaves on the sites
/K>

(Btr i, Jet), (i-e. a bounded below complex of abelian objects in the total topos

Top(Etyr,Jet); ). We denote by C%, the complex of sheaves on

e~

Yoo = lim(Bty i, Jet)
defined as above.
Corollary 8.4. We have an isomorphism
mHn(EtL/chZ) = Hn(ifeta O;O)v

where L runs over the finite Galois sub-extensions of K /K.

Proof. The topoi (EtL//;,/Jet) are all coherent and hence strongly compact (see [B],
VI, Cor. 5.2). Thus the result follows from the previous lemma. O

Licensed to Calif Inst of Tech. Prepared on Wed Apr 15 08:21:00 EDT 2015 for download from IP 131.215.225.9.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



4916 BAPTISTE MORIN

8.2. The spectral sequence.

Theorem 8.5. Let A= (Ars, fi) be an abelian object of Top(Fe). There exists a
bounded below complex RA of abelian sheaves on Y and an isomorphism

H* (Yeta R-A) = ﬂ*(SL/K,S ) "4)7

where the left hand side is the étale hypercohomology of the complex RA. In par-
ticular, one has a spectral sequence relating Lichtenbaum’s Weil-étale cohomology
to étale cohomology

Hp(}_/;h RQA) = gp-i—q (SL/K,y “4)7
where RIA is the cohomology sheaf of the complex RA in degree q. The complex

RA is well defined up to quasi-isomorphism and functorial in A.

Proof. Since Top (Fe) is a topos, the abelian category Ab(Top (F.)) has enough
injectives. We choose an injective resolution

02 A—=10 =TI — ..

of the abelian objet A = (AL s, ft). By Proposition 3] this resolution provides us
with an injective resolution

0> Aps =10 g =11 g— ...
of the abelian sheaf Ay ¢ on §r.g, for any pair (L, S), and with a morphism of
complexes
t*Iz’S — Iz/’s/,
for any transition map t. These morphisms of complexes are compatible in the

usual way.
For any map (L', S’) — (L, S) in I/k, the following diagram commutes:

Crr st

SL'/K,s/ - (EtL’/Ka jet)

o

Cr,s

gL/K,S - (EtL/IO jet)~

In particular, we have u, 01/ s/« > (1,5« 0t By adjunction, we obtain a natural
(Beck-Chevalley) transformation

U, s — UL s tat” = ut (5 i t™ — (s ittt
This transformation induces a morphism of complexes
(24) wCr,sadr s — Cur st s — Qs wlp g,

where the last arrow is given by the morphism t*I} ¢ — I7, o
For any fixed Galois extension L/K, we have in particular a filtered inductive

system of complexes of sheaves (Cr 5«17 g)s in the topos (Etp,f, Jet). We set
I o= limg (L1 -

For any transition map u, (24) induces a morphism of complexes u*I; — I5,, since
u* commutes with inductive limits. In other words, (I;)r defines a compatible
system of complexes of sheaves on the sites (Etr/x)r.
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By definition, the cohomology of the complex (r, s,.I] g in degree n is the sheaf

R"™(Cr,s,«)AL,s of the topos (Bt k,Jet). By exactness of filtered inductive lim-
its, the cohomology of the complex I} := lims Cr.s,+17, g in degree n is the sheaf

lims R"(CL,5,+)AL,s. We denote this sheaf by A(L"). Then we have

(25)  H™(I}) = lim, H"(Cos.df,g) = limg R*(Cpos,) ALs = ALY,

Since the inverse image functor uj of the morphism uy : Yoy — (Etp/x, Jet) is
exact, the cohomology of the complex uj (I}) is given by the sheaves

H" (uj(I})) = up H"(I}) = up A7,
Passing to the limit over L/ K, we define the complex

RA :=lim, . ui(I7).

L/ K
The cohomology sheaf of this complex in degree n is given by
(26)
R"A:= H"(RA) = lim, ,, H"(uj1}) = limy, , wp H"(I}) = lim, , u} A}

Now consider a fixed Galois extension L/K. For any S, the Leray spectral
sequence associated to the composition

—~—

gL/K,s — (EtL/Kajet) — Set

yields an isomorphism

Hp(EtL/Ka CL,S,*IZ,S) = Hp+q({§L/K,s7 AL,S)’
where the first term is the hypercohomology of the complex (r, 5.} ¢ on the site
The complexes (Cr,,s,+17 g)s form an inductive system whose colimit is /7, when
S runs over the finite sets of valuations of K containing the archimedean ones and
those which ramify in L. Passing to the limit over S, we obtain an isomorphism

(27) Hn(EtL/IOIZ) = li_%Hn(EtL/Ka CL,S,*IZ,S) = li_@an(sL/K,s’ALS)'
Here, the first isomorphism follows from Lemma [R3 (taking 7T; to be constantly

(Bt Jet))-

We have shown above that the family of complexes I, forms a compatible system
when L/K runs over the set of finite Galois sub-extensions of K /K. Passing to the
limit over L/K, we obtain

(8)  H"(Va, RA) = H" (Vg limy, i (1)) = lim, H" (Ety i, I7)
by Corollary B4l Therefore, isomorphisms (27)) and [28)]) yield
Hn(YetvR-A)gli_r@LHn(EtL/KvIZ)QZZ'_@L“_%Hn(gL/K,saAL,S)ggn(sL/K,s’A)’

for any n > 0.

Let us now show that the complex of étale sheaves RA is well defined up to
quasi-isomorphism. This complex has been defined by an injective resolution I, of
Ain §,. Let I} and JJ be two injective resolutions of 4. Denote by R.A(I,) and
RA(J,.) the étale complexes defined as above. There is a morphism

Ge: I — JJ
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of complexes of abelian objects in §, well defined up to homotopy. For any pair
(L, S), we have in particular a morphism
qrL,s : IZ,S — JZ,S
over Ida, . Applying (1 s «, the morphism g1, s induces a quasi-isomorphism
Cr.sxlp s — Crs+Jf g

since

RI(CL,sx)ALs = HI(CL.s.11 s) ~ H(CL5.+JL 5)-
If L/K is fixed, the morphisms ¢z, ¢ induce a morphism of complexes

qr < 17 = lims Cr.sdp s — Jp = lims CL.s+JL s

which is a quasi-isomorphism by ([28]). Passing to the limit over L /K, the morphisms
qr, induce a morphism

RA(LL) = limy, s (I5) — lim, . uj(J5) =t RA(JL).

This is a quasi-isomorphism by (28]), hence RA is well defined up to a quasi-isomor-
phism. ([

Let A = (ALs, f;) be an abelian object of Top(F.) and let U be an étale Y-
scheme. If L/K is large enough so that the G k-action on the finite set U, factors
through G(L/K), then U defines an object ¢*(U) of §,, .. We consider the
cohomology groups

H* (SL/K,S’ U? 'AL»S) =H" (SL/K,S/C*(E)’ AL,S x C*(U))
of the slice topos §, . s/¢c+(0)- For any étale Y-scheme U, the direct limit

g*(gL/K,S’U7A) = llm H*('SL/KYSMU)AL,S)

_>L,S
is well defined. It follows from Proposition [L.9 that the computation of these coho-
mology groups can be reduced to the case of an open sub-scheme U of Y, as defined
in Definition Therefore, one can apply Proposition £.14] and Proposition
to obtain explicit computations.
Proposition 8.6. The sheaf R1A is the sheaf associated to the presheaf
PIA: Ety — Ab,
U gq(SL/KS,U,.A).
Proof. The sheat R(Cr,,5,)Ar,s is the sheaf associated to the presheaf
’Pz,S : EtL/K — &’
U — Hq(gL/K,yU"AL,S)'
It follows that the sheaf
A = limy g RY(Cps.0) AL
is the sheaf associated to the presheaf
Pg = l@l}SPg’S : Eté/K — Ab, -
U — ll_n}s Hq(SL/K,S7U’AL7S)'

Indeed, the associated sheaf functor commutes with inductive limit, since it is the
inverse image of a morphism of topoi. The morphism of left exact sites

u*L : (EtL/Kajet) — (Etf/;jet)
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induces the following commutative diagram of topoi:

(a,i) —
(Ety, Jet) Ety

“Ll l(ui)“L,p)

Lsir)

(Etr/k, jetsa—> E\fL/K

where ./E\ty (respectively Bt /i) denotes the category of presheaves on Ety (re-
spectively on Ety ). To check the commutativity of this diagram, we observe the
direct images of these morphisms, for which the commutativity is obvious. There-

fore we have

aoull ~ujoar,

where a and aj, are the associated sheaf functors. We obtain
up A = uj 0 ay (Pf) = a o ul (P]),
and finally
RIA = limy, u A = limy, a o) (P}) = a(limy, uf (P})),

where the last identification comes from the fact that a commutes with inductive
limits. In other words, RYA is the étale sheaf on Y associated to the presheaf
Zzl}Lui(Pg). This presheaf can be made explicit as follows. For any connected

étale Y-scheme V', one has
timy, uf, (PO(V) = limy, [uf (PR) (V)] = limy, [limy,_, PE(V)]

where the second limit is taken over the category of arrows V — U, for U running
through the class of objects of Ety k. The first identification can be justified by
saying that the limits of presheaves are computed component-wise (i.e. “arguments
par arguments” ).

If L/K is large enough so that V is an object of FEtp, K, then one has

lim,_,, PLU)=PL(V),

since Idy is then the initial object of the category of arrows V — U, for U in
Etr k. We obtain the following identifications:

[limy, wlp (PL(V) = limy, [limy,, ., PL(U)] = limy, PL(V)
= M_T@L M_T@s Hq(SL/K,S’V’ AL/k.s)-
Therefore, RYA is the étale sheaf on Y associated to the presheaf
PiA: Ety — - Ab, ) O
Vo= limy, cHYE, ks Vi ALks) =t HU(S, s, Vo A)-

Below we consider the sheaves Z and R of the total topos Top (Fe) defined in
Example[£.2]and the sheaves ¢ Z and qﬁg@ defined in section .3l Finally, we consider
the étale sheaves ¢;Z and ¢R defined via the open inclusion ¢ : Y, — Y.,, where
here R denotes the constant sheaf on Y,; associated to the discrete abelian group
R. We assume below that K is totally imaginary.
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Corollary 8.7. One has the following results:
(1) R (Z) Z and R1(Z) =0 for ¢ > 1 odd.
(2) RYR) =R for q=0,1 and RI(R) =0 for q > 2.
(3) R%(¢n Z) = ¢ and RI(¢nZ) = RIZ for ¢ > 1.
(4) RY(HR) = oR for ¢ =0,1 and RI(4R) =0 for ¢ > 2.

Proof. Using Proposition (and Proposition [[9), this follows from Propositions
14 and ET5] and equations (§) and ([@). O

9. ETALE COMPLEXES FOR THE WEIL-ETALE COHOMOLOGY

In this section, we assume that the number field K is totally imaginary. In order
to obtain the relevant Weil-étale cohomology (i.e. the vanshing of the cohomology
in degrees i > 4), we need to truncate the complex RZ. However, a non-trivial
preliminary condition has to be satisfied. Namely the sheaf R2Z, which fills the
gap between Weil-étale and étale cohomology, should be acyclic for the global sec-
tions functor on Y. We study this sheaf below, and we show that it has the right
cohomology using an indirect argument. Then we define complexes of étale sheaves
computing the conjectural Weil-étale cohomology.

9.1. Cohomology of the sheaf R?Z. By Proposition E.14] and Proposition B.6]
the étale sheaf R?Z is the sheaf associated to the presheaf

P%Z: Ety — Ab
4 — g L/K, s’ ) = (C%/)D

The compact group C‘l—, is the kernel of the map Cy — R, where Cy is defined in
Definition I3l Recall that if V is connected of function field K (V'), then Cy is the
S-idele class group of K (V), where S is the set of places of K (V') not corresponding
to a point of V. Note that such a finite set S does not necessarily contain all the
archimedean places. The restriction maps of the presheaf P2Z are induced by the
canonical maps Cp; — Cy (well defined for any étale map U — V of connected
étale Y-schemes). By unramified class field theory, one has a covariantly functorial
exact sequence of compact topological groups

0— DL — CL — wf?(V) — 0,

where m°(V) is the abelian étale fundamental group of V and D‘l—/ is the connected
component of 1 in C7,. L. Here 7§®(V) is defined as the abelianization of the profinite
fundamental group of the Artin-Verdier étale topos Ye;/y ~ Vi If we denote the
function field of V by K (V'), then this group is just the Galms group of the maximal
abelian extension of K (V) unramified at every place of K (V) corresponding to a
point of V.

By Pontryagin duality, we obtain a (contravariantly) functorial exact sequence
of discrete abelian groups

(29) 0— 7?(V)P — (CL)P — (DL)P — 0,

i.e. an exact sequence of abelian étale presheaves on Y. On the one hand, the sheaf
associated to the presheaf
Ey — - Ab, -
Vo o 1*(V)P = H?(Vy,Z)
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vanishes, and the associated sheaf functor is exact on the other. Therefore, the
exact sequence (29) shows that R?Z is the sheaf associated to the presheaf

P EEY — Ab,
V — (D%;)D.

The connected component D%—/ of the S-idele class group 0‘17 is not known in general,
as pointed out to the author by Alexander Schmidt. The computation of the sheaf
R?Z is a delicate problem. We shall compute the cohomology of R?Z using an
indirect argument.

Lemma 9.1. The canonical morphism
g‘*(ng,S,Z) — H°(Y.y, R*Z) := R Z(Y)
is an tsomorphism.
Proof. The canonical morphism g‘*(&L/KYS,Z) — HO(Y, R*Z) is induced by the
morphism of presheaves P*Z — R*Z (see Proposition [B.8]). Let
J: By, — Bg" — Yy

be the morphism induced by the continuous morphism Wy — Gg and by the
inclusion of the generic point of Y. For any n > 0, the étale sheaf R™(J,)Z is the
sheaf associated to the presheaf

Pr(J)Z: Ety — Ab,

U — Hn(WK(U)aZ)v

where U is assumed to be connected. Here Wi vy is the Weil group of the number
field K (U). For any finite extension K’/K, one has a surjective map (see [4], Proof
of Corollary 9)

(30)  H'Wk,Z)— Y H'Wk,2)= Y H'(SL2)= ) Z,
veY/ veEY., vEY]

where Y is the set of archimedean primes of K’'. We denote by

UIHﬁHZt
Yoo

the closed embedding of topoi given by the map Y., — Y. Then (B0) induces a
surjective morphism of presheaves

PN — u, L.
We obtain the following exact sequence of presheaves:
0 — P7Z — PYJ.)Z — u.Z — 0,

as it follows from PropositionB.6land Proposition d.14l The associated sheaf functor
is exact, hence we have an exact sequence of sheaves

0 — R'Z — R*J.)Z — u,Z — 0,
since u.Z was already a sheaf. We get a long exact sequence

0— RYZ(Y) — RNJ)ZY) — Y Z—> ...
Yoo

Licensed to Calif Inst of Tech. Prepared on Wed Apr 15 08:21:00 EDT 2015 for download from IP 131.215.225.9.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



4922 BAPTISTE MORIN

Moreover, there is a morphism of exact sequences
0—— g4(3L/K,S’Z) - H4(WKv Z) - ZYx Z
| ! |

0 RYZ(Y) RYJ)Z(Y) —= Yy Z

where the vertical maps are the natural ones. Lemma shows that ¢ is an iso-
morphism, and the result follows. (I

We denote by W} the maximal compact sub-group of the Weil group W . There
is a canonical isomorphism of topological groups Wy ~ Wi x R. We denote by Tle,
B%K and Bé‘c,l the topoi obtained by replacing the category of topological spaces

K

Top with the category Top'® of locally compact topological spaces with countable
basis. In the following two lemmas, we consider the composite morphism

le
ot Bw, = Bij, = B,
where o!¢ is the morphism of classifying topoi induced by the projection Wy — Wi.

Lemma 9.2. For any n > 1, one has R"(a)Z = 0.

Proof. By [M], Prop. 9.1, the direct image h, of the morphism By, LN B%,f,K is
exact. The Leray spectral sequence associated to the composite morphism « gives
R"(o.)Z ~ R"(al®)h,Z = R"(a!°)Z.

It is therefore enough to show that R"(al®)Z = 0 for any n > 1. We consider the
pull-back

Bl —=— T

/| |

alc

le 5 le
BWK BW}<

where the vertical arrows are the localization morphisms (one has for example
B%C/.}( / By & T'¢). This pull-back square induces an isomorphism

I*R™(al) ~ R"(eg,)f*.
One the other hand, the object of 7'
Rn(eR*)f*Z = R”(eR*)Z

is represented by the discrete abelian group H"(BY,Z) (see [4], Prop. 9.2). This
group is trivial for any n > 1, and we obtain [* R"(a!¢)Z = 0. But I* is faithful,
hence R"(a!¢)Z = 0 for any n > 1. The result follows. O

Lemma 9.3. The canonical map

H*(Wg,Z) — RYJ.)Z(Y)

is an isomorphism.
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Proof. We decompose the morphism J : By, — Ye; as follows:
J=pBoa: By, —>B€,f,}< — Y.
The Leray spectral sequence associated to this composite map and the previous
lemma shows that the natural morphism of étale sheaves
RMB.)Z = R™(8.)(0nZ) — R™(J.)Z
is an isomorphism. It is therefore enough to show that the natural map
(31) H*(Wg,Z) ~ HY(Wk,Z) — R*(B.)Z(Y)

is an isomorphism (where H*(Wy,Z) ~ H*(W},Z) follows from Lemma [.2)). To
this aim, we decompose the morphism £ as follows:

ﬁ:jOp:B%}( — Bg. — Y.
This provides us with the Leray spectral sequence
Ri(j,) o R (p,)Z = R (8,)L.

We denote by M7 the Gg-module R’ (p.)Z. By [], equation (21), and [4], Lemma
11, one has
M7 =0 for j odd.

For any Gp-module M, the étale sheaf R!(j.)M is the sheaf associated to the
presheaf

U~ H'(BEY Uy, M) = H (Gr (), M).

It is well known that a totally imaginary number field is of strict cohomological
dimension 2. Hence we have R'(j.)M = 0 for i > 3. The proof of [4], Lemma 12
(b) shows that H*(G 1y, M?) = 0 for any i > 1. Hence the group

R'(j.) o R (p.)Z = R*(j.) M’

is trivial for ¢ > 3, or if the index j is odd, or for (j = 2,7 > 1). The initial term of
the spectral sequence

R' ()M == R'(j.) o R (p.)Z. = R (B,)Z

therefore looks as follows:

0 0 0 0 0 O
«M* R'..M* R*%.M* 0 0 O
0 0 0 0 0 O
jM? 0 0 00 0
0 0 0 0 0 O
j«M° RY.M° R%,.M° 0 0O O.
This yields a natural isomorphism
RY(B.)Z ~ j.M*,
and we obtain the following identifications:
(32) RYB)L(Y) ~ j.MNY) = HO(Gre, M*) = HA (W}, Z).

Indeed, the last isomorphism in (32)) is given by the spectral sequence
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which is made explicit in [4], Lemma 12. Note that the isomorphisms in (32) are
given by the natural maps

HY Wk, Z) — RYB)Z(Y) — H(Gg, M?).
Hence (B1l) is an isomorphism, and the result follows. O

Recall that AP := Hom,.(A,R/Z) denotes the Pontryagin dual of a locally com-
pact abelian group A. If A is a discrete abelian group, we set A := Hom(A,Q/Z).

Theorem 9.4. The étale sheaf R27Z is acyclic for the global section functor T'y.
In other words, one has H" (Yo, R*Z) = 0 for any n > 1.

Proof. By Corollary B7|(1), the initial term of the spectral sequence

(33) HP(Y,RQZ) — £p+q(3L/K75,Z)
looks as follows:
0 0 0 0 0 0
H°(Y,R'Z) HY(Y,R'Z) H*(Y,R'Z) H3(YY,R'Z) 0 0
0 0 0 0 0 0
H°(Y,R?*zZ) HY(Y,R?%Z) H*(Y,R*Z) H*(Y,R’Z) O 0
0 0 0 0 0 0
7 0 Pic(Y)P UR 0 0

We obtain the exact sequence
(34) ) ) i
0 — Pic(Y)? = Pic'(Y)P — H°(Yu, R?°Z) — UR — uf} — H (Y., R*Z) — 0.

The group H!(Y.;, R?Z) is trivial since the canonical map U2 — u£ is surjective.
Then, this spectral sequence gives the exact sequence

0= H*(Yer, R°Z) — H'(Fr/k,5,2) — H°(Yer, R'Z)
= H*(Yer, R*Z) = H*(F1/x,5,2) = 0,
where the central map is an isomorphism by Lemma We get
H*(Yy, R*Z) = H3(Yy, R*Z) = 0.

Finally, the group H"(Y,;, R*7Z) is trivial for any n > 4 since the étale site of Y is
of strict cohomological dimension 3 (see [3]). O

In order to compute the group H°(Y.;, R?Z), one needs to study the sheaf R2Z
in more detail. There is a canonical map

Pic'(Y)P — Hom(Ug,Z) — Hom(Ug, Q).
One can show that the morphism

Pic' (V)P ~ H*(31/x.5,2) — H(Yer, R*Z)
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factors through an injective map
(35) c: Hom(Ugk,Q) — H® (Y., R?Z).

Then one can show that this gives a morphism of exact sequences

0 Pic(Y)P Pic' (V)P ———> Hom(Uk, Q) Ul uwl 0
Idl :l cl/ :l :l
0 Pic(Y)P H>FL/K,5:2) R27(Y) v H3*@ L K,5,2) —0

where the bottom row is the exact sequence given by the spectral sequence [B3]). It
follows that (B3] is an isomorphism. But this fact will not be used in the remaining
part of this paper.

9.2. The complexes.

Theorem 9.5. There exists a complex Ry Z of étales sheaves on Yo, well defined
up to quasi-ismorphism, whose hypercohomology is the expected Weil-étale cohomol-
0gy:
H"(Y.; RwZ) = Z forn=0
0 form=1
= Pic!(Y)P forn=2
= uR forn=3
= 0 forn > 4.

Proof. Consider the complex RZ. The truncated complex
RwZ = 1<oRZ

is also well defined up to quasi-isomorphism. One has H"(7<2RZ) = H"(RZ) for
n < 2 and H"(7<2RZ) = 0 for n > 3. By Corollary [87 and Theorem the
E2-term of the spectral sequence

HP (Yo, HY(RywZ)) = HP*(V,y, Ry Z)

therefore looks like:

0 0 0 0 0
H(Y., R*Z) 0 0 0 0
0 0 0 0 0
z 0 Pi(Y)? UR 0.

We immediately obtain H(Y,, RwZ) = Z and H'(Ye, RwZ) = 0. Next the
spectral sequence yields the exact sequence

0 — Pic(Y)? — H*(Yo, RwZ) — H°(Y.:, R°Z)

(36) 5o
— Hom(Uk,Q/Z) — H>(Yet, RwZ) — 0.
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Note that it is already clear that Ry Z has the expected hypercohomology. The
morphism of complexes Ry Z — RZ induces a morphism of spectral sequences from

HP (Y, H(RwZ)) = H?* (Y., RwZ)
to
HP (Y., HY(RZ)) = H”*q(s Z),
which in turn induces a morphism of exact sequences from (B8] to ([34)). We obtain
H" (Y., RwZ) ~ gn(SL/K,S’Z) for n =2, 3.

The result for n = 2,3 then follows from Theorem ELIUl Finally, the groups
H™(Yet, RwZ) vanish for n > 4, since the diagonals {p + ¢ = n, n > 4} of this
spectral sequence are trivial. (I

L/K,S’

Theorem 9.6. There exists a complex Ry (¢iZ) of étales sheaves on Y., well
defined up to quasi-ismorphism, whose hypercohomology is the expected Weil-étale
cohomology with compact support:

H"(Yer; R (1))

0 forn=20
= (HZ)/Zfornzl
Y,

= Pic/(Y)? forn=2
= ,u;% forn=23
= 0 forn>4.

Proof. The morphism ¢Z — Z in Top (Fe) induces a morphism of étale complexes
RpZ — RZ. We obtain a morphism of truncated complexes

Ry (9 Z) := 1<oR(0Z) — Ry (Z) := 17<2RZ
inducing a morphism of spectral sequences. Using Corollary [B7(3), we obtain
H" (Yer; Rw (9 Z)) = H" (Yer; Rw (Z))
for n > 2. Finally, the spectral sequence
HP (Yo; HI(Rw 4 Z)) = HP*9(Yer; Rw (61 7Z))
yvields H™(Yei; Rw (1)) = H"(Yer; 1) for n = 0,1. The result follows from
D). O

Theorem 9.7. The hypercohomology of the complex of étale sheaves R(gbrﬂi) 1
given by

H"(Ye; R(AR)) = 0 forn=0
= (HR)/Rforn=1,2
Y,

oo

= 0 forn>3.
Proof. The spectral sequence
HP (Yer; RU(61R)) = HP*(Yoy; R(GIR))
degenerates and yields

H"(Yo; R(GR)) = H' (Yor, R" 7 (¢1R)) = H' (Vor, o1 R) for n = 1,2
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and H”(Yet;R(cﬁlﬂi)) = 0 for n # 1,2 (see Corollary B7(4)). Hence the result
follows from (22]). O
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