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Abstract. Using work of Antieau and Bhatt-Morrow-Scholze, we define a
filtration on topological Hochschild homology and its variants TP and TC−

of quasi-lci rings with bounded torsion, which recovers the BMS-filtration
after p-adic completion. Then we compute the graded pieces of this filtration
in terms of Hodge completed derived de Rham cohomology relative to the
base ring Z. We denote the cofiber of the canonical map from grnTC−(−) to
grnTP (−) by LΩ<n−/S[2n]. Let X be a regular connected scheme of dimension
d proper over Spec(Z) and let n ∈ Z be an arbitrary integer. Together with
Weil-étale cohomology with compact support RΓW,c(X ,Z(n)), the complex
LΩ<nX/S is expected to give the Zeta-value ±ζ∗(X , n) on the nose. Combining
the results proven here with a theorem recently proven in joint work with
Flach, we obtain a formula relating LΩ<nX/S, LΩ<d−nX/S , Weil-étale cohomol-
ogy of the archimedean fiber X∞ with Tate twists n and d − n, the Bloch
conductor A(X ) and the special values of the archimedean Euler factor of
the Zeta-function ζ(X , s) at s = n and s = d− n. This formula is a shadow
of the functional equation of Zeta-functions.

1. Introduction

Let X be a regular scheme proper over Spec(Z). The special value ζ∗(X , n)
of the zeta function ζ(X , s) at an arbitrary integer argument s = n ∈ Z is
conjecturally described in [8] in terms of two perfect complexes of abelian groups
RΓW,c(X ,Z(n)) and RΓ(X , LΩ<n

X/Z) together with a canonical isomorphism

λ∞ : R ∼→
(

detZRΓW,c(X ,Z(n))⊗Z detZRΓ(X , LΩ<n
X/Z)

)
⊗Z R.

Here RΓ(X , LΩ<n
X/Z) denotes derived de Rham cohomology modulo the n-th step

of the Hodge filtration, as defined in [17]. If X is smooth over a number ring
and n ≤ 1, or if X lies over a finite field and n ∈ Z is arbitrary, then the equality

(1) λ∞(ζ∗(X , n)−1) · Z = detZRΓW,c(X ,Z(n))⊗Z detZRΓ(X , LΩ<n
X/Z)

follows from standard conjectures (see [8, Theorem 5.27], [11, Proposition 2.1]
and [23]). Note that (1) determines ζ∗(X , n) up to sign. However, (1) is not quite
true in general: the equality (1) is expected to hold up to a certain correction
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factor C(X , n). For example, if F is an abelian number field, X = Spec(OF )
and n ≥ 2, then we have [8, Proposition 5.34]

(2) C(Spec(OF ), n) = (n− 1)!−[F :Q].

The motivation for this paper was to show that the equality (1) should hold
for arbitrary X and arbitrary n ∈ Z, provided one replaces in some sense the
base ring Z by the sphere spectrum S in the definition of RΓ(X , LΩ<n

X/Z). We
realized that this philosophy might be true when we saw the computation of
π∗THH(OF ) in [18].

1.1. The motivic filtration on topological Hochschild homology and its
variants. In order to define a complex which would play the role ofRΓ(X , LΩ<n

X/S),
recall from [1] that negative cyclic homologyHC−(X ) and periodic cyclic homol-
ogy HP (X ) have natural filtrations Fil∗BHC

−(X ) and Fil∗BHP (X ) respectively,
such that the cofiber of the canonical map

(3) grnBHC
−(X )[−2n]→ grnBHP (X )[−2n]

is equivalent to RΓ(X , LΩ<n
X/Z). Hence we may redefine

RΓ(X , LΩ<n
X/Z) := Cofib(3) =: grnBΣ2HC(X )[−2n].

Here, for any commutative ring A, we denote Hochschild homology of A/Z by

HH(A) := HH(A/Z) := A⊗ZT

where T is the circle group, and we set HC−(A) := HH(A)hT, HP (A) :=
HH(A)tT and HC(A) := HH(A)hT.

Replacing Z by the sphere spectrum S, one obtains topological Hochschild ho-
mology THH(A) := A⊗ST, negative topological cyclic homology TC−(A/Z) :=
THH(A)hT and periodic topological cyclic homology TP (A) := THH(A)tT.
We also consider "positive topological cyclic homology" TC+(A) := THH(A)hT,
and we refer to [24] for these constructions (see also [15] for a survey). There-
fore, we need to define a filtration on topological Hochschild homology and its
variants, which is in some sense similar to the filtration Fil∗B mentioned above.
Recall from [3] that such a filtration does exist, after p-adic completion, for
p-adically complete quasi-syntomic rings. We denote by Fil∗BMS the filtrations
defined in [3]. We say that a commutative ring A has bounded torsion if A has
bounded p∞-torsion for any prime p. Finally, we denote by (−)∧p the p-adic com-
pletion functor, by DF (R) := Fun(Zop, D(R)) the filtered derived ∞-category
of some E∞-ring R, and by D̂F (R) the full subcategory of DF (R) spanned by
the complete filtrations.

Definition 1.1. Let A be a commutative ring with bounded torsion such that
LA/Z has Tor-amplitude in [−1, 0]. We define F ∗THH(A) by the pull-back
square

F ∗THH(A)

��

// Fil∗HKRHH(A)

��∏
p Fil∗BMSTHH(A∧p ,Zp) //

∏
p Fil∗BMSHH(A∧p /Zp,Zp)
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of E∞-algebra objects in the symmetric monoidal stable ∞-category D̂F (S[T]).
Similarly, for ? = P,C−, we define F ∗T?(A) by the pull-back square

F ∗T?(A)

��

// Fil∗BH?(A)

��∏
p Fil∗BMST?(A∧p ,Zp) //

∏
p Fil∗BMSH?(A∧p /Zp,Zp)

of E∞-algebra objects in the symmetric monoidal stable ∞-category D̂F (S).
There is a morphism F ∗TC−(A)→ F ∗TP (A) of E∞-algebra objects, and we

define F ∗Σ2TC+(A) ∈ D̂F (S) as the cofiber

F ∗Σ2TC+(A) := Cofib(F ∗TC−(A)→ F ∗TP (A))

computed in the stable ∞-category D̂F (S).

The filtrations of Definition 1.1 are functorial, multiplicative and complete
by definition, and F ∗THH(A) is T-equivariant. We show that these filtrations
are moreover exhaustive, and that gr0

FTC
−(Z) is an E∞-Z-algebra. It follows

that the graded pieces of these filtrations are all HZ-modules. Moreover, for
any prime p, we have a canonical equivalence

(F ∗T?(A))∧p ' Fil∗BMST?(A∧p ,Zp)

for ? = HH,P,C−. For any commutative ring A, we denote by LA/Z the
cotangent complex, by LΩ̂A/Z the Hodge completion of the derived de Rham
complex [17], by LΩ̂≥nA/Z the n-step of the Hodge filtration and by LΩ<n

A/Z the

cofiber of the map LΩ̂≥nA/Z → LΩ̂A/Z. A bicomplete multiplicative bifiltration is

a complete multiplicative filtration in D̂F (R). The essential ingredients of the
proof of the following result are the known computation [6] of π∗THH(Z) and
the fact [3] that the key players are, after p-adic completion, concentrated in
even degrees locally for the quasisyntomic topology.

Theorem 1.2. (cf. Section 4.3). Let A be a ring with bounded torsion such
that LA/Z has Tor-amplitude in [−1, 0]. For

? = HH,P,C−,

there exists a functorial, (Nop × Zop)-indexed, multiplicative, bicomplete, biex-
haustive bifiltration Z∗ZF ∗T?(A) on T?(A) such that we have canonical equiva-
lences

Z0
ZF
∗T?(A) ' F ∗T?(A)

grjZZ
grnFTHH(A) ' LΛn−jLA/Z ⊗LZ Z/j[n+ j − εj ]

grjZZ
grnFTP (A) ' LΩ̂A/Z ⊗LZ Z/j[2n− εj ]

grjZZ
grnFTC

−(A) ' LΩ̂≥n−jA/Z ⊗
L
Z Z/j[2n− εj ]

grjZZ
grnFΣ2TC+(A) ' LΩ<n−j

A/Z ⊗
L
Z Z/j[2n− εj ]
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for any j ∈ N and any n ∈ Z. Here εj := Min(1, j) and Z∗ZF ∗Σ2TC+(A) is
defined as the cofiber of the multiplicative map

Z∗ZF ∗TC−(A)→ Z∗ZF ∗TP (A).

In order to prove Theorem 1.2, we first show its p-adic version, in which case
we allow more general base rings. We refer to [3, Section 4] (or to Section 2
below) for unexplained notation and terminology.

Theorem 1.3. (cf. Section 4.2). Let R ∈ QSynZp such that (LΛjLR/Zp)
∧
p is a

perfect complex of R-modules for all j ≥ 0, and let A ∈ qSynR. If R is perfectoid
or R = Zp, we allow more generally A ∈ QSynR.

Then for ? = P,C−, there are Nop-indexed, functorial, multiplicative, com-
plete and exhaustive filtrations Z∗RFil∗BMSTHH(A,Zp) and Z∗RFil∗BMST?(A,Zp)
on Fil∗BMSTHH(A,Zp) and Fil∗BMST?(−,Zp) respectively, endowed with canon-
ical equivalences of filtrations

grjZRFil∗BMSTHH(A,Zp) ' Fil∗−jBMSHH(A/R,Zp)⊗̂RgrjBMSTHH(R,Zp)

grjZRFil∗BMST?(A,Zp) ' Fil∗−jBMSH?(A/R,Zp)⊗̂RgrjBMSTHH(R,Zp)
for any j ∈ N, where the first equivalence is moreover T-equivariant.

The equivalences of Theorem 1.3 are multiplicative in the obvious sense. Now
we go back to global rings. We mention the following result since it gives what
was expected in view of [18] and (2).

Corollary 1.4. Let F be a number field. Then we have

F ∗THH(OF ) ' τ≥2∗−1THH(OF )

and
F ∗Σ2TC+(OF ) ' τ≥2∗−1Σ2TC+(OF ).

It follows from Theorem 1.2 that ZjZFnΣ2TC+(A) ∈ Sp≥n+j hence that
the DBF (S)-valued functor A 7→ Z∗ZF ∗Σ2TC+(A) is left Kan extended from
finitely generated polynomial Z-algebras, see Corollary 4.16, where DBF (S) =
Fun(Zop × Zop,Sp) denotes the ∞-category of bifiltered spectra. By left Kan
extension we obtain a bicomplete biexhaustive bifiltration Z∗ZF ∗Σ2TC+(A) for
any commutative ring A, which moreover satisfies fpqc-descent, see Corollary
4.17.

Definition 1.5. We consider the fpqc-sheaf

A 7→ LΩ<n
A/S := grnFΣ2TC+(A)[−2n]

and we define RΓ(X , LΩ<n
X/S) := RΓ(X , LΩ<n

−/S) by Zariski descent, for any
scheme X and any n ∈ Z.

We have an equivalence

RΓ(X , LΩ<n
X/S)⊗LZ Q ∼→ RΓ(XQ, LΩ<n

XQ/Q).

Moreover, for any prime number p, we have an equivalence

RΓ(X , LΩ<n
X/S)∧p ' RΓ(X∧p , �̂X∧p {n}/N

≥n)
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where X∧p is the formal p-adic completion of X , �̂X∧p {n} is the complex defined
in [3] and N≥n denotes its Nygaard filtration.

1.2. The correcting factor and Zeta-values. The Zeta-value conjecture for-
mulated in [8] involves RΓW,c(X ,Z(n)), RΓ(X , LΩ<n

X/Z), the trivialization λ∞,
and a correction factor

C(X , n) :=
∏
p<∞

Cp(X , n) ∈ Q×

which is defined using p-adic Hodge theory. The corresponding Zeta-value con-
jecture [8, Conjecture 5.12] is compatible with the Tamagawa number conjec-
ture of Bloch-Kato and Fontaine-Perrin-Riou by [8, Theorem 5.27]. On the
other hand, the Zeta-value conjecture formulated in [9, Remark 5.4] and [10] in-
volves RΓW,c(X ,Z(n)), RΓ(X , LΩ<n

X/Z), the trivialization λ∞, and the following
explicit correction factor

C∞(X , n) :=
∏
i<n;j

(n− 1− i)!(−1)i+jdimQH
j(XQ,Ω

i)

which we denote here by C∞(X , n) in order to distinguish it from C(X , n)−1.
The corresponding Zeta-value conjecture [10, Conjecture 1.1] is compatible with
the functional equation of Zeta-functions by [10, Theorem 1.3]. We expect
that the rational numbers C∞(X , n) and C(X , n)−1 agree for arbitrary X and
arbitrary n, but we do not address this question in the present paper, although
we hope to return to it in future work.

Using Theorem 1.2, we obtain the following result.

Corollary 1.6. (cf. Section 5). Let X/Z be a regular proper scheme over
Spec(Z). Then RΓ(X , LΩ<n

X/S) is a perfect complex of abelian groups given with
a fiber sequence

RΓ(X ,Z1LΩ<n
X/S)→ RΓ(X , LΩ<n

X/S)→ RΓ(X , LΩ<n
X/Z)

where RΓ(X ,Z1LΩ<n
X/S) has finite cohomology groups such that∏

i∈Z
| H i(X ,Z1LΩ<n

X/S) |(−1)i= C∞(X , n)−1.

Corollary 1.6 and [23] immediately give the following

Corollary 1.7. Let X be a smooth proper scheme over the finite field Fq. Then
RΓ(X , LΩ<n

X/S) is a perfect complex with finite cohomology groups and we have∏
i∈Z
| H i(X , LΩ<n

X/S) |(−1)i= qχ(X/Fq ,OX ,n)

where the right hand side is Milne’s correcting factor [22].

We now recall some constructions from [8]. Let X be a regular proper scheme
over Spec(Z). We denote by X∞ the quotient topological space X (C)/GR, where
X (C) is endowed with the complex topology and GR is the Galois group of
C/R. The space X∞ is the fiber of the Artin-Verdier compactification X et of
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the étale topos Xet over the archimedean prime ∞ ∈ Spec(Z)et. We consider
the morphism of topoi

π : Sh(GR,X (C))→ Sh(X∞)

where Sh(GR,X (C)) is the topos ofGR-equivariant sheaves on X (C) and Sh(X∞)
is the topos of sheaves on X∞. For any n ≥ 0, we define

i∗∞Z(n) := τ≤nRπ∗(2iπ)nZ

where (2iπ)nZ is seen as a GR-equivariant sheaf on X (C). Note that, if a > 0
then Raπ∗(2iπ)nZ is a sheaf supported on the closed subspace X (R) ⊆ X∞
with stalks Ha(GR, (2iπ)nZ). For n < 0, we consider the continuous map of
topological spaces

f : (A−nX )∞ := A−nX (C)/GR → X∞
and we set

i∗∞Z(n) := Rf!Z[−2n].

Then we define the perfect complex of abelian groups

RΓW (X∞,Z(n)) := RΓ(X∞, i∗∞Z(n)) for any n ∈ Z

where the right hand side is the hypercohomology of the topological space X∞
with coefficients in the complex of sheaves i∗∞Z(n) defined above. For any n ∈ Z,
we have an equivalence

(4) RΓW (X∞,Z(n))⊗Z R ' RΓ(X (C), (2iπ)nR)GR .

Assume moreover that X is connected of dimension d. We define the invertible
Z-module

Ξ(X/S, n) := detZRΓW (X∞,Z(n))⊗Z det−1
Z RΓ(X , LΩ<n

X/S)

⊗Zdet−1
Z RΓW (X∞,Z(d− n))⊗Z detZRΓ(X , LΩ<d−n

X/S ).

It follows from (4) and from Corollary 1.6 that duality for Deligne cohomology
[8, Lemma 2.3(b)] yields a canonical isomorphism

ξX/S,n : R ∼−→ Ξ(X/S, n)⊗ R

and we denote by det(ξX/S,n) its determinant computed with respect to the
basis 1 ∈ R and a generator of Ξ(X/S, n), so that det(ξX/S,n) ∈ R×/{±1} is
well defined up to sign.

We denote by ζ∗(X∞, n) the leading Taylor coefficient at s = n of the
archimedean Euler factor of X , see [10, Section 4]. Finally, we denote by A(X )
the Bloch conductor (see [4] and [10, Definition 3.2]) if X/Z is flat, and we set
A(X ) := q−χ(X/Fq) if X lies over the finite field Fq, where χ(X/Fq) is defined in
[22, Section 10] in various ways.

The following result follows immediately from Corollay 1.6 and [10, Theo-
rem 1.2] (respectively from Corollary 1.7 and [22, Lemma 10.1]) if X/Z is flat
(respectively if X lies over a finite field).
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Theorem 1.8. (Joint with Flach [10]) Let X be a regular connected scheme of
dimension d, proper over Spec(Z). We have

det(ξX/S,n) = ±A(X )n−d/2 · ζ∗(X∞, n)

ζ∗(X∞, d− n)
.

To conclude, we formulate the special value conjecture stated in [10, Conjec-
ture 1.1] in light of Corollary 1.6. Let X be a regular scheme of pure dimension
d proper over Spec(Z) and let n ∈ Z. If X satisfies Assumptions L(X et, n),
L(X et, d − n), AV(X et, n) and B(X , n) of [8], then we may define a perfect
complex of abelian groups RΓW,c(X ,Z(n)), consider the fundamental line

∆(X/S, n) := detZRΓW,c(X ,Z(n))⊗Z detZRΓ(X , LΩ<n
X/S)

and define a canonical trivialization

λ : R ∼−→ ∆(X/S, n)⊗Z R.

Let ζ(X , s) be the Zeta function of X . Assuming that ζ(X , s) has a meromorphic
continuation to the entire complex plane, we denote by ζ∗(X , n) ∈ R× its leading
Taylor coefficient at s = n.

Conjecture 1.9. (Joint with Flach [8], [9, Remark 5.4], [10]) We have

λ(ζ∗(X , n)−1 · Z) = ∆(X/S, n).

It follows from Theorem 1.8 that Conjecture 1.9 is compatible with the func-
tional equation in the form of [10, Conjecture 1.3]. If X lies over a finite field,
then Conjecture 1.9 follows from the (conjectured) finite generation of the Weil-
étale motivic cohomology groups H i

W (X ,Z(n)), which in turn follows from the
Tate conjecture. If n = 1, d = 2 and X/Z is flat, then Conjecture 1.9 is equiva-
lent to the Birch and Swinnerton-Dyer conjecture by [11, Section 5]. Finally, if
X/OF is smooth over a number ring and n ≤ 1, then Conjecture 1.9 is equiva-
lent to the Bloch-Kato conjecture [5] for the motive h(XQ)(n) in the formulation
of Fontaine and Perrin-Riou [12]. Therefore, if X/OF is smooth over a number
ring and n ≥ d − 1, then Conjecture 1.9 follows from the functional equation
together with the Bloch-Kato conjecture. Finally, the relationship between Con-
jecture 1.9 and Deninger’s conjectures (see e.g. [7]) is explained in [9, Section
5.2].

Aknowelements. I am grateful to Spencer Bloch, Christopher Deninger, Lars
Hesselholt, Steve Lichtenbaum, Matthew Morrow and Niranjan Ramachandran
for interesting comments about this paper. Special thanks are due to Matthias
Flach for many discussions related to the correction factor.

2. Notations

We use the theory of ∞-categories developed in [19] and [20], and try to give
precise references to these books whenever it feels useful.
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2.1. Filtrations. We refer to [13] and [3, Section 5.1] for the following state-
ments. For any E∞-ring R we denote by D(R) the derived ∞-category of R
and by DF (R) := Fun(Zop, D(R)) the filtered derived ∞-category of R, which
is a symmetric monoidal presentable stable ∞-category via the Day convolu-
tion. Note that, if R = S is the sphere spectrum, then D(S) = Sp is the
∞-category of spectra. A (decreasing Zop-indexed) filtration X∗ in D(R) is an
object X∗ ∈ DF (R). A filtration X∗ in D(R) is said to be Nop-indexed if

grn(X∗) := Cofib(Xn+1 → Xn) ' 0

for any n < 0. A filtration X∗ is said to be complete if limX∗ ' 0. We denote
by D̂F (R) the full subcategory of D(R) spanned by the complete filtrations. A
filtrationX∗ onX ∈ D(R) is a filtrationX∗ together with a map colimX∗ → X.
A filtration X∗ on X ∈ D(R) is said to be exhaustive if the map colimX∗ → X
is an equivalence. A filtration X∗ ∈ DF (R) is said to be multiplicative if it is
equipped with the structure of an E∞-algebra object in DF (R). The inclusion
D̂F (R) → DF (R) has a left adjoint, called the completion functor, which we
denote by X∗ 7→ X̂∗. Moreover D̂F (R) has a symmetric monoidal structure
such that the completion functor is symmetric monoidal. Explicitly, we have

X∗⊗̂Y ∗ = ̂X∗ ⊗ Y ∗.

In the above definitions, we may replace D(R) by any symmetric monoidal
presentable stable ∞-category. A bifiltration X∗∗ in D(R) is a filtration in
DF (R). A bifiltration X∗∗ is said to be bicomplete if it is a complete filtration
in D̂F (R). A (resp. biexhaustive) bifiltration X∗∗ on X ∈ D(R) is a (resp.
exhaustive) filtration on a (resp. exhaustive) filtration onX. The∞-category of
bifiltrationsDBF (R) inD(R) is equivalent to the presentable stable∞-category
Fun(Zop × Zop, D(R)), which is also symmetric monoidal via Day convolution.
A bifiltration X∗∗ is said to be multiplicative if it is equipped with the structure
of an E∞-algebra object in DBF (R), i.e. if X∗∗ is a multiplicative filtration in
DF (R). We also denote by D̂BF (R) the∞-category of bicomplete bifiltrations.

2.2. p-adic completion. We refer to [21, Section 7.3] for the following state-
ments. If R is an E∞-ring and p is a prime number, we may consider the full
subcategory D(R)Cpl(p) of D(R) consisting of p-complete R-modules. Here (p)

is the ideal generated by p in the ring π0(R). The inclusion D(R)Cpl(p) → D(R)
has a left adjoint, called the p-completion functor, which we denote by

D(R) −→ D(R)Cpl(p)

X 7−→ X∧p

Note that if R is a (discrete) commutative ring and X ∈ D(R) then

X∧p ' Rlimν (X ⊗LZ Z/pνZ).

ThenD(R)Cpl(p) has a symmetric monoidal structure ⊗̂ such that the p-completion
functor is symmetric monoidal [21, Variant 7.3.5.6]. Explicitly, for X,Y ∈
D(R)Cpl(p), we have

X⊗̂Y ' (X ⊗ Y )∧p
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and the unit object for ⊗̂ is R∧p . The inclusion D(R)Cpl(p) → D(R), being
right adjoint to a symmetric monoidal functor, is lax symmetric monoidal. In
particular, if X is an E∞-R-algebra, then so is X∧p , where we also denote by X∧p
its image in D(R). Finally we denote by X∧ =

∏
pX
∧
p the profinite completion

of X ∈ D(R), where the product is taken over all prime numbers.

2.3. Topological Hochschild homology. If D⊗ is a symmetric monoidal ∞-
category, then we denote by CAlg(D) the ∞-category of E∞-algebras in D.
Let R be an E∞-ring spectrum, and let A be an E∞-R-algebra, i.e. A ∈
CAlg(D(R)). One considers the constant functor

TA/R : T→ CAlg(D(R))

with value A, and one defines

THH(A/R) := A⊗RT := colimTA/R.

Then THH(A/R) is a T-equivariant E∞-R-algebra, there is a canonical (non-
equivariant) map A → THH(A/R) of E∞-R-algebra, and THH(A/R) is uni-
versal for these properties. We have

(5) THH(A/R)⊗LR S ' THH(A⊗LR S/S)

where ⊗LR denotes the coproduct in CAlg(D(R)), which we sometimes simply
denote by ⊗R. The equivalence (5) follows from the fact that the left hand side
satisfies the universal property of the right hand side.

If R = S is the sphere spectrum, we set THH(A) := THH(A/S). If both
A and R are discrete, so that they can be identified with classical commutative
rings, then we set

HH(A/R) := THH(A/R)

and we have

(6) THH(A)⊗THH(R) R ' HH(A/R).

If A is discrete and R = Z, then we set HH(A) := HH(A/Z).

2.4. Quasisyntomic rings. We recall some definitions introduced in [3, Sec-
tion 4]. Let A be a commutative ring and let K ∈ D(A). Recall that K is said
to have Tor-amplitude in [a, b] if K ⊗LA M is cohomologically concentrated in
degrees in [a, b] for any A-moduleM , and that K is said to have p-complete Tor-
amplitude in [a, b] if K⊗LAA/pA ∈ D(A/pA) has Tor-amplitude in [a, b]. We say
that K ∈ D(A) is p-completely flat if K has p-complete Tor-amplitude in [0, 0].
Recall also that a ring A is said to have bounded p∞-torsion if the inductive
system A[pν ] := Ker(A

pν→ A), indexed by ν ≥ 1, is eventually constant. The
ring A is said to be p-completely quasi-syntomic if A is p-complete, has bounded
p∞-torsion, and LA/Zp ∈ D(A) has p-complete amplitude in [−1, 0]. A commu-
tative ring S is quasiregular semiperfectoid if S is p-completely quasi-syntomic
and if there exists a surjective morphism S′ → S where S′ is perfectoid.

We denote by QSynZp the category of p-completely quasisyntomic rings, and
by QRSPerfdZp the category of p-complete quasiregular semiperfectoid rings
S. If R ∈ QSynZp , then QSynZp := (QSynZp)R/ denotes the category of p-
completely quasisyntomic rings A endowed with a map R → A, and we define
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similarly QRSPerfdR. Finally we denote by qSynR (respectively qrsPerfdR) the
full subcategory of QSynR (respectively QRSPerfdR) spanned by the rings A
such that the structure map R→ A is quasisyntomic [3, Definition 4.10].

We say that a commutative ring A is quasi-lci if LA/Z has Tor-amplitude in
[−1, 0]. We say that A has bounded torsion if A has bounded p∞-torsion for
any prime p.

Lemma 2.1. Let A be a quasi-lci ring with bounded torsion. Then for any
prime p, A∧p is discrete and p-completely quasi-syntomic.

Proof. Let p be a prime number. Since A has bounded p∞-torsion, the projective
systems {A ⊗LZ Z/pνZ} and {A/pν} are pro-isomorphic. Moreover {A/pν} is
Mittag-Leffler, hence

A∧p = RlimA⊗LZ Z/pνZ ' limA/pν

is discrete and p-complete. For any ν ≥ 1, the canonical map

(7) A⊗LZ Z/pνZ ∼→ A∧p ⊗LZ Z/pνZ
is an equivalence since A∧p is the derived p-completion of A. This gives

A∧p [pν ] ' A[pν ] and A/pA ' A∧p /pA∧p .
In particular, A∧p has bounded p-torsion. Moreover, (7) gives

LA/Z ⊗LZ Z/pZ ' LA∧p /Zp ⊗
L
Z Z/pZ.

After derived base change along A⊗LZ Z/pZ→ A/p, we obtain

LA/Z ⊗LA A/pA ' LA∧p /Zp ⊗
L
A A/pA.

Similarly, (7) and derived base change give

A/pA ' A⊗LA A/pA
∼→ A∧p ⊗LA A/pA

hence we have

LA/Z ⊗LA A/pA ' LA∧p /Zp ⊗
L
A∧p

A∧p ⊗LA A/pA ' LA∧p /Zp ⊗
L
A∧p

A∧p /pA
∧
p .

But LA/Z ⊗LA A/pA ∈ D(A/pA) has Tor-amplitude in [−1, 0] by stability of
Tor-amplitude by derived base change. Hence LA∧p /Zp ∈ D(A∧p ) has p-complete
amplitude in [−1, 0].

�

2.5. The BMS filtrations. We consider the sites given by the categories
QSynop

Zp and QRSPerfdop
Zp endowed with the quasisyntomic topology, see [3,

Lemma 4.17 and Lemma 4.27]. Let C be a presentable category. Then the
restriction along QRSPerfdop

Zp → QSynop
Zp induces an equivalence [3, Proposition

4.31]
ShC(QSynop

Zp) −→ ShC(QRSPerfdop
Zp)

between the corresponding ∞-categories of C-valued sheaves. We denote an
inverse to this functor by

(8)
ShC(QRSPerfdop

Zp) −→ ShC(QSynop
Zp)

F 7−→ RΓsyn(−,F)
,
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unlike in [3], where it is denoted by F → Fi. Consider the D̂F (Zp)-valued
presheaves τ≥2∗HH(−/Zp,Zp), τ≥2∗HP (−/Zp,Zp) and τ≥2∗HC

−(−/Zp,Zp) on
QRSPerfdop

Zp . For ? = H,P,C−, the presheaf τ≥2∗H?(−/Zp,Zp) is a sheaf for
the quasisyntomic topology [3, Section 5.2], and one defines

Fil∗BMSH?(−/Zp,Zp) := RΓsyn(−, τ≥2∗H?(−/Zp,Zp))

which is a D̂F (Zp)-valued sheaf on QSynop
Zp . Note that

Fil∗BMSH?(S/Zp,Zp) ' τ≥2∗H?(S/Zp,Zp)
for any S ∈ QRSPerfdZp . Since our base ring is R = Zp, the proof of [3, Theo-
rem 1.17] is valid for any A ∈ QSynZp . In particular, for any A ∈ QSynZp , the n-
graded piece grnBMSH?(A/Zp,Zp) is identified with (LΛnLA/Zp)

∧
p [n], (LΩ̂A/Zp)

∧
p [2n]

and (LΩ̂≥nA/Zp)
∧
p [2n] for ? = H,P,C− respectively.

In the previous paragraph, one may replace the base ring Zp by an arbitrary
R ∈ QSynZp , provided we also replace QSynR and QRSPerfdR by qSynR and
qrsPerfdR respectively.

Similarly, consider the D̂F (S)-valued presheaves τ≥2∗THH(−,Zp), τ≥2∗TP (−,Zp)
and τ≥2∗TC

−(−,Zp) on QRSPerfdop
Zp . For ? = HH,P,C−, the presheaf τ≥2∗T?(−/Zp,Zp)

is a sheaf for the quasisyntomic topology [3, Section 7], and one defines

Fil∗BMST?(−,Zp) := RΓsyn(−, τ≥2∗T?(−,Zp)),

which is a D̂F (S)-valued sheaf on QSynop
Zp . One has

Fil∗BMST?(S,Zp) ' τ≥2∗T?(S,Zp)
for any S ∈ QRSPerfdZp .

3. The motivic filtration

3.1. Cartesian squares. We define a filtration on THH as follows. For any
commutative ring A we define a T-equivariant filtration

Z∗THH(A) := THH(A)⊗THH(Z) τ≥2∗−1THH(Z)

on THH(A). Recall from [6] and [18] that πiTHH(Z) is Z for i = 0 and Z/nZ
for i = 2n− 1 > 0 and 0 else. This yields T-equivariant equivalences of spectra

gr0
Z(THH(A)) ' THH(A)⊗THH(Z) Z ' HH(A),

and

grnZ(THH(A)) ' THH(A)⊗THH(Z) Z/n[2n− 1]

' THH(A)⊗THH(Z) Z⊗Z Z/n[2n− 1]

' HH(A)⊗LZ Z/n[2n− 1]

for n > 0, and grnZ(THH(A)) ' 0 for n < 0. We define similarly

ZnTHH(A,Zp) := THH(A,Zp)⊗THH(Z) τ≥2n−1THH(Z)

Using [3, Lemma 2.5], we also have

gr0
Z(THH(A,Zp)) ' HH(A,Zp)
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and
grnZ(THH(A,Zp)) ' HH(A,Zp)⊗LZ Z/n[2n− 1]

for n > 0.

Proposition 3.1. Let A be a commutative ring. The filtrations Z∗THH(A) and
Z∗THH(A,Zp), on THH(A) and THH(A,Zp) respectively, are both complete
and exhaustive.

Proof. The filtration Z∗THH(A) is Nop-indexed and we have

colimZ∗THH(A) ' Z0THH(A) ' THH(A).

so that Z∗THH(A) is exhaustive. The functor

THH(A)⊗THH(Z) (−) : D(THH(Z))→ Sp

is right t-exact [20, Definition 1.3.3.1, Corollary 7.2.1.23] hence we have ZnTHH(A) ∈
Sp≥2n−1. It follows that the filtration Z∗THH(A) is complete, by left complete-
ness of Sp. The same argument applies to Z∗THH(A,Zp) since THH(A,Zp)
is connective, as the p-completion is right t-exact too [21, Proposition 7.3.4.4].

�

We refer to [3, Section 2.2] for the Hochschild-Kostant-Rosenberg filtration,
which we denote by Fil∗HKR.

Lemma 3.2. Let p be a prime number and let A be a commutative ring with
bounded p∞-torsion. The map

(Fil∗HKRHH(A))∧p →
(
Fil∗HKRHH(A∧p /Zp)

)∧
p

is an equivalence of complete multiplicative T-equivariant filtrations.

Proof. Since A has bounded p∞-torsion, its derived p-adic completion A∧p :=

Rlim(A⊗LZ Z/p•) coincides with its naive p-adic completion. In particular, A∧p
is a (discrete) commutative ring. The map of the lemma is induced by the
morphism of filtrations

Fil∗HKRHH(A)→ Fil∗HKRHH(A∧p /Zp)

The p-adic completion functor (−)∧p commutes with small limits, hence

lim (Fil∗HKRHH(A))∧p ' (lim Fil∗HKRHH(A))∧p ' 0

since the HKR-filtration is complete. Similarly we have

lim
(
Fil∗HKRHH(A∧p /Zp)

)∧
p
' 0.

Hence the map of the Lemma is a map of complete filtrations, so that it is
enough to show that the induced map(

griHKRHH(A)
)∧
p
→
(
griHKRHH(A∧p /Zp)

)∧
p

is an equivalence for all i ≥ 0. But this map may be identified with the natural
map (

LΛiLA/Z[i]
)∧
p
→
(
LΛiLA∧p /Zp [i]

)∧
p
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which is an equivalence since we have(
LΛiLA/Z

)
⊗LZ Z/p• ' LΛiL(A⊗LZZ/p•)/(Z/p•)

' LΛiL(A∧p⊗LZZ/p•)/(Z/p•)

'
(
LΛiLA∧p /Zp

)
⊗LZ Z/p•.

as the map A ⊗LZ Z/pν → A∧p ⊗LZ Z/pν is an equivalence in the ∞-category of
simplicial commutative rings. �

Lemma 3.3. Let p be a prime number and let A be a commutative ring with
bounded p∞-torsion. Then the map

(9) THH(A,Zp)→ THH(A∧p ,Zp)

is an equivalence of T-equivariant E∞-ring spectra.

Proof. It is enough to check that (9) is an equivalence of spectra. The map (9)
induces a map of complete filtrations from

Z∗THH(A,Zp) := THH(A,Zp)⊗THH(Z) τ≥2∗−1THH(Z)

to
Z∗THH(A∧p ,Zp) := THH(A∧p ,Zp)⊗THH(Z) τ≥2∗−1THH(Z).

The induced map

gr0
ZTHH(A,Zp) ' HH(A,Zp)→ HH(A∧p ,Zp) ' gr0

ZTHH(A∧p ,Zp)

is an equivalence by Lemma 3.2. For n > 0, the induced map

grnZTHH(A,Zp)→ grnZTHH(A∧p ,Zp)

identifies with the map from

THH(A,Zp)⊗THH(Z) π2n−1THH(Z)[2n− 1] ' HH(A,Zp)⊗Z Z/n[2n− 1]

to

THH(A∧p ,Zp)⊗THH(Z) π2n−1THH(Z)[2n− 1] ' HH(A∧p ,Zp)⊗Z Z/n[2n− 1]

which is also an equivalence by Lemma 3.2. �

Remark 3.4. Lemma 3.3 holds for any E∞-ring spectrum A. Indeed, consider
the composite functor

T TA−→ CAlg(D(S))
(−)∧p−→ CAlg(D(S)Cpl(p))

where TA is the constant functor with value A, and (−)∧p is the p-completion
functor. Then we have

THH(A,Zp) := (colimTA)∧p ' colim
(
(−)∧p ◦ TA

)
' colim

(
(−)∧p ◦ TA∧p

)
' THH(A∧p ,Zp).
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Proposition 3.5. Let A be a commutative ring with bounded torsion. The
diagram of T-equivariant E∞-ring spectra

THH(A)

��

// HH(A)

��∏
p THH(A∧p ,Zp) //

∏
pHH(A∧p ,Zp)

is cartesian.

Proof. By [20, Corollary 3.2.2.4] it is enough to show that the square of the
proposition is a pull-back square of spectra. First we show that

THH(A)

��

// HH(A)

��
THH(A)∧ // HH(A)∧

is cartesian. It is enough to show that the induced map from

Fib (THH(A)→ HH(A))

to
Fib

(
THH(A)∧ → HH(A)∧

)
' (Fib(THH(A)→ HH(A)))∧

is an equivalence. Noting that Fib (THH(A)→ HH(A)) ' Z1THH(A) we
need to show that

Z1THH(A)→
(
Z1THH(A)

)∧
is an equivalence. There is a complete exhaustive filtration Z∗ on Z1THH(A)
such that

grnZ(Z1THH(A)) ' HH(A)⊗LZ Z/n[2n− 1]

for all n > 0 and grnZ(Z1T (A)) = 0 for n ≤ 0. Hence it is enough to check that
the map

HH(A)⊗LZ Z/n[2n− 1]→
(
HH(A)⊗LZ Z/n[2n− 1]

)∧
is an equivalence for any n > 0, which is clear. The result follows since the
maps

HH(A)∧ →
∏
p

HH(A∧p ,Zp) and THH(A)
∧ →

∏
p

THH(A∧p ,Zp)

are equivalences by Lemma 3.2 and Lemma 3.3 respectively.
�

Either one of the following lemmas suffices to prove Proposition 3.8 below.

Lemma 3.6. The canonical map of spectra

(Z1THH(A))hT −→
∏
p

(
(Z1THH(A))∧p

)
hT '

(
(Z1THH(A))hT

)∧
is an equivalence.
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Proof. The complete exhaustive Nop
>0-indexed filtration Z∗ on Z1THH(A) of

the previous proof induces a complete exhaustive filtration (Z∗)hT (respectively∏
p((Z∗)∧p )hT) on the source (respectively the target) of the map of the Lemma.

Indeed, the completeness of these filtrations follow from the fact that both (−)hT
and (−)∧p are right t-exact, as the connectivity of Z∗ tends to infinity. The map
of complete filtrations (Z∗)hT →

∏
p((Z∗)∧p )hT induces

(grnZ)hT →
∏
p

((grnZ)∧p )hT

on n-th graded pieces, which identifies with the equivalence

HC(A)⊗LZ Z/n[2n− 1]→
∏
p

(HC(A)⊗LZ Z/n[2n− 1])∧p

for any n > 0. �

Lemma 3.7. The map(∏
p

THH(A∧p ,Zp)

)
hT

→
∏
p

THH(A∧p ,Zp)hT '
∏
p

TC+(A∧p ,Zp)

is an equivalence, and similarly for HH.

Proof. Applying [3, Lemma 3.3] to the weak Postnikov tower {
∏
p τ≤nTHH(A∧p ,Zp)},

we obtain(∏
p

THH(A∧p ,Zp)

)
hT

'

(∏
p

limnτ≤nTHH(A∧p ,Zp)

)
hT

'

(
limn

∏
p

τ≤nTHH(A∧p ,Zp)

)
hT

' limn

(∏
p

τ≤nTHH(A∧p ,Zp)

)
hT

.

Similarly, we have∏
p

THH(A∧p ,Zp)hT '
∏
p

(
limnτ≤nTHH(A∧p ,Zp)

)
hT ' limn

∏
p

(
τ≤nTHH(A∧p ,Zp)

)
hT

hence it suffices to prove the result for τ≤nTHH(A∧p ,Zp). By induction and
shifting, the result then follows from the fact that the map(∏

p

πnTHH(A∧p ,Zp)

)
hT

→
∏
p

(
πnTHH(A∧p ,Zp)

)
hT

is an equivalence for any fixed n ≥ 0. The same argument works for HH(−,Zp).
�
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Proposition 3.8. Let A be a commutative ring with bounded torsion. The
squares of E∞-ring spectra

TC−(A)

��

// HC−(A)

��∏
p TC

−(A∧p ,Zp) //
∏
pHC

−(A∧p ,Zp)

and
TP (A)

��

// HP (A)

��∏
p TP (A∧p ,Zp) //

∏
pHP (A∧p ,Zp)

are both cartesian. Similarly, the square of spectra

TC+(A)

��

// HC(A)

��∏
p TC

+(A∧p ,Zp) //
∏
pHC(A∧p ,Zp)

is cartesian.

Proof. The first and the second square are both commutative squares of E∞-ring
spectra because the functors (−)hT and (−)tT are both lax symmetric monoidal
[24, Corollary I.4.3]. It is enough to check that they are cartesian as squares of
spectra by [20, Corollary 3.2.2.4]. Concerning the first square, this follows from
Proposition 3.5 since the functor (−)hT preserves small limits, in particular
with countable products and fiber products. It follows from Proposition 3.5,
the exactness of (−)hT, and either Lemma 3.6 or Lemma 3.7, that the third
square is a cartesian square of spectra. Taking the cofiber of the norm map
Σ(−)hT → (−)hT, we see that the second square is also cartesian.

�

3.2. Morphisms of filtrations.

Proposition 3.9. Let p be a prime number and let A be a commutative ring
with bounded p∞-torsion such that A∧p ∈ QSynZp. Then there is a canonical
morphism of complete multiplicative T-equivariant filtrations

Fil∗HKRHH(A)→ Fil∗BMSHH(A∧p /Zp,Zp)
which induces an equivalence after p-completion.

Proof. First we define an equivalence(
Fil∗HKRHH(A∧p /Zp)

)∧
p

∼−→ Fil∗BMSHH(A∧p /Zp,Zp).

The presheaves (Fil∗HKRHH(−/Zp))∧p and Fil∗BMSHH(−/Zp,Zp) are sheaves
on QSynop

Zp with values in D̂F (Zp[T]). So it is enough to define an equivalence

(Fil∗HKRHH(R/Zp))∧p
∼−→ Fil∗BMSHH(R/Zp,Zp) ' τ≥2∗HH(R/Zp,Zp)
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functorial in R ∈ QRSPerfdZp . But(
griHKRHH(R/Zp)

)∧
p
'
(
LΛiLR/Zp

)∧
p

[i]

is concentrated in homological degree 2i by [3, Lemma 5.14(1)], hence
(
FiliHKRHH(R/Zp)

)∧
p

is concentrated in homological degrees ≥ 2i by induction. Hence the map(
FiliHKRHH(R/Zp)

)∧
p
→ HH(R/Zp)∧p =: HH(R/Zp,Zp)

factors through τ≥2iHH(R/Zp,Zp). This gives a map of complete multiplicative
T-equivariant filtrations

(Fil∗HKRHH(R/Zp))∧p −→ τ≥2∗HH(R/Zp,Zp)

which is an equivalence since(
griHKRHH(R/Zp)

)∧
p
'
(
LΛiLR/Zp

)∧
p

[i]
∼−→ (π2iHH(R/Zp,Zp))[2i]

for any i ≥ 0.
The morphism of the proposition is then given by the composite morphism

Fil∗HKRHH(A) −→ (Fil∗HKRHH(A))∧p
∼−→

(
Fil∗HKRHH(A∧p /Zp)

)∧
p

∼−→ Fil∗BMSHH(A∧p /Zp,Zp)

where the first map is the p-adic completion map, the second map is given by
Lemma 3.2 and the third map is defined above. The result follows.

�

In the statement below, we denote by Fil∗B the filtration defined in [1].

Proposition 3.10. Let p be a prime number and let A be a commutative ring
with bounded p∞-torsion such that A∧p ∈ QSynZp . Then there are canonical
maps of complete multiplicative filtrations

Fil∗BHC
−(A)→ Fil∗BMSHC

−(A∧p /Zp,Zp)

Fil∗BHP (A)→ Fil∗BMSHP (A∧p /Zp,Zp)
which induce equivalences after p-completion.

Proof. We treat the case of HP ; the case of HC− is similar. We shall define a
composite map of complete multiplicative filtrations

Fil∗BHP (A)→ (Fil∗BHP (A))∧p
∼→
(
Fil∗BHP (A∧p /Zp)

)∧
p

∼→ Fil∗BMSHP (A∧p /Zp,Zp).

where the first map is the p-completion map. First we consider the evident
morphism of complete multiplicative filtrations

(10) (Fil∗BHP (A))∧p −→
(
Fil∗BHP (A∧p /Zp)

)∧
p
.

In order to check that this morphism is an equivalence, it is enough to show
that(

LΩ̂A/Z[2i]
)∧
p
'
(
griBHP (A)

)∧
p
−→

(
griBHP (A∧p /Zp)

)∧
p
'
(
LΩ̂A∧p /Zp [2i]

)∧
p
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is an equivalence, where we use [1, Theorem 1.1(a)]. Using the Hodge filtration,
this follows from the fact that(

LΛiLA/Z
)∧
p
→
(
LΛiLA∧p /Zp

)∧
p

is an equivalence, see the proof of Lemma 3.2. Hence (10) is an equivalence.
Now we define an equivalence

(Fil∗BHP (−/Zp))∧p
∼→ Fil∗BMSHP (−/Zp,Zp)

of D̂F (Zp)-valued sheaves on QSynop
Zp . First we notice that (Fil∗BHP (−/Zp))∧p is

indeed a sheaf, since
(
griBHP (−/Zp)

)∧
p
'
(
LΩ̂−/Z[2i]

)∧
p
is a sheaf on QSynop

Zp ,

see [3, Example 5.11]. Moreover Fil∗BMSHP (−/Zp,Zp) is a sheaf on QSynop
Zp by

definition. In view of [3, Proposition 4.31], it is therefore enough to define an
equivalence

(Fil∗BHP (R/Zp))∧p
∼→ τ≥2∗HP (R/Zp,Zp) ' Fil∗BMSHP (R/Zp,Zp)

functorial in R ∈ QRSPerfdZp . We need to check that
(
FiliBHP (R/Zp)

)∧
p
is con-

centrated in homological degree ≥ 2i. Since R ∈ QRSPerfdZp ,
(
LΛiLR/Zp

)∧
p

[−i]
is concentrated in degree 0 by [3, Lemma 5.14(1)]. It follows by induction that
(LΩ<n

R/Zp)
∧
p is concentrated in degree 0 and that the transition morphisms are

surjective on H0, so that the derived limit

(LΩ̂R/Zp)
∧
p ' Rlim((LΩ<n

R/Zp)
∧
p )

is concentrated in degree 0 as well. Hence (Fil∗BHP (R/Zp))∧p is a complete
filtration with j-graded piece(

grjBHP (R/Zp)
)∧
p
' (LΩ̂R/Zp)

∧
p [2j]

concentrated in homological degree 2j. By induction and completeness of the
filtration, it follows that

(
FiliBHP (R/Zp)

)∧
p
is indeed concentrated in homolog-

ical degree ≥ 2i. Hence the natural map
(
FiliBHP (R/Zp)

)∧
p
→ HP (R/Zp,Zp)

factors through (
FiliBHP (R/Zp)

)∧
p
→ τ≥2iHP (R/Zp,Zp)

and we get a morphism of complete multiplicative filtrations

(Fil∗BHP (R/Zp))∧p → τ≥2∗HP (R/Zp,Zp) ' Fil∗BMSHP (R/Zp,Zp).

This map is an equivalence since the induced map(
LΩ̂R/Zp [2i]

)∧
p
'
(
griBHP (R/Zp)

)∧
p
→ griBMSHP (R/Zp,Zp) '

(
LΩ̂R/Zp [2i]

)∧
p

is an equivalence for any i ∈ Z (see [3, Theorem 1.17] and Section 2.5).
�
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Proposition 3.11. Let A ∈ QSynZp . There is a functorial morphism of multi-
plicative T-equivariant filtrations

Fil∗BMSTHH(A,Zp)→ Fil∗BMSHH(A/Zp,Zp)

inducing the canonical map THH(A,Zp) → HH(A/Zp,Zp), and similarly for
TP and TC−.

Proof. The map THH(−,Zp)→ HH(−/Zp,Zp) induces a morphism

τ≥2∗THH(−,Zp)→ τ≥2∗HH(−/Zp,Zp)

of D̂F (S[T])-valued sheaves on QRSPerfdop
Zp (more precisely, of sheaves of E∞-

algebras in D̂F (S[T])). We obtain

RΓsyn(A, τ≥2∗THH(−,Zp))→ RΓsyn(A, τ≥2∗HH(−/Zp,Zp)),

which is the desired morphism by definition of the BMS-filtration. Taking the
colimit of both sides, we obtain the canonical map THH(A,Zp)→ HH(A/Zp,Zp),
since the BMS-filtration on both THH(A,Zp) andHH(A/Zp,Zp) is exhaustive.
The proof for TP and TC− is the same.

�

3.3. Definition of the motivic filtration.

Definition 3.12. Let A be a quasi-lci ring with bounded torsion. We define
F ∗THH(A) as the fiber product

F ∗THH(A)

��

// Fil∗HKRHH(A)

��∏
p Fil∗BMSTHH(A∧p ,Zp) //

∏
p Fil∗BMSHH(A∧p /Zp,Zp)

of E∞-algebra objects in the symmetric monoidal ∞-category D̂F (S[T]).

Proposition 3.13. If A is a quasi-lci ring with bounded torsion, then F ∗THH(A)
is a functorial, T-equivariant, Nop-indexed, multiplicative, complete, exhaustive
filtration on THH(A) endowed with an equivalence

(F ∗THH(A))∧p
∼−→ Fil∗BMSTHH(A∧p ,Zp)

for every prime number p.

Proof. The fact that F ∗THH(A) is Nop-indexed and exhaustive follows from
Proposition 3.5, since the HKR filtration on HH(A), the BMS filtration on
HH(A∧p /Zp,Zp), and the BMS filtration on THH(A∧p /Zp,Zp) are all Nop-
indexed and exhaustive. By definition F ∗THH(A) is an E∞-algebra object
in the symmetric monoidal ∞-category D̂F (S[T]), hence it is complete, multi-
plicative and T-equivariant. Applying (−)∧p to the defining cartesian square of
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F ∗THH(A) we obtain a cartesian square

(F ∗THH(A))∧p

��

// (Fil∗HKRHH(A))∧p

'
��

Fil∗BMSTHH(A∧p ,Zp) // Fil∗BMSHH(A∧p /Zp,Zp)

where the right vertical map is an equivalence by Proposition 3.9. It follows
that the left vertical map is an equivalence as well.

�

Definition 3.14. Let A be a quasi-lci ring with bounded torsion. For ? = P,C−

we define F ∗T?(A) as the fiber product

F ∗T?(A)

��

// Fil∗BH?(A)

��∏
p Fil∗BMST?(A∧p ,Zp) //

∏
p Fil∗BMSH?(A∧p /Zp,Zp)

of E∞-algebra objects in the symmetric monoidal ∞-category D̂F (S).
There is a morphism F ∗TC−(A)→ F ∗TP (A) of E∞-algebra objects, and we

define F ∗Σ2TC+(A) ∈ D̂F (S) as the cofiber

F ∗Σ2TC+(A) := Cofib(F ∗TC−(A)→ F ∗TP (A))

computed in the stable category D̂F (S).

Lemma 3.15. Let A be a quasi-lci ring with bounded torsion. For ? = P,C−,
the canonical maps

colim
∏
p

Fil∗BMST?(A∧p ,Zp)→
∏
p

T?(A∧p ,Zp)

colim
∏
p

Fil∗BMSH?(A∧p ,Zp)→
∏
p

H?(A∧p ,Zp)

are equivalences.

Proof. We prove the result for TP ; the same argument works for the other cases.
We have

TP (R,Zp)/FilnBMS ' τ<2nTP (R,Zp) ∈ Sp<2n

for any R ∈ QRSPerfdZp , hence∏
p

TP (A∧p ,Zp)/FilnBMS '
∏
p

RΓsyn(A∧p , τ<2nTP (−,Zp)) ∈ Sp<2n,

since Sp<2n is closed under limits in Sp, see [20, Corollary 1.2.1.6]. The map

πi(
∏
p

FilnBMSTP (A∧p ,Zp))→ πi(
∏
p

TP (A∧p ,Zp))

is therefore an isomorphism for any i ≥ 2n, hence the left group is eventually
constant when i ∈ Z is fixed and n tends to −∞. The result follows since
πi : Sp→ Ab commutes with filtered colimits. �
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Proposition 3.16. Let A be a quasi-lci ring with bounded torsion.
(1) F ∗TP (A) and F ∗TC−(A) are functorial, multiplicative, complete, ex-

haustive filtrations on TP (A) and TC−(A) respectively.
(2) There are canonical equivalences

(F ∗TP (A))∧p
∼−→ Fil∗BMSTP (A∧p ,Zp)

and
(F ∗TC−(A))∧p

∼−→ Fil∗BMSTC
−(A∧p ,Zp)

for every prime number p.
(3) F ∗Σ2TC+(A) is a functorial, Nop

>0-indexed, complete, exhaustive filtra-
tion on Σ2TC+(A), and there is an equivalence

(F ∗Σ2TC+(A))∧p
∼−→ Fil∗BMSΣ2TC+(A∧p ,Zp)

for every prime number p.
(4) For any n ∈ Z, grnFTP (A), grnFTC

−(A), and grnFΣ2TC+(A) are HZ-
modules and there is a cofiber sequence of HZ-modules

grnFTC
−(A)→ grnFTP (A)→ grnFΣ2TC+(A).

(5) For any n ≥ 0, we have a cartesian square of HZ-modules

grnFΣ2TC+(A)

��

// LΩ<n
A/Z[2n]

��∏
p �̂A∧p {n}/N

≥n�̂A∧p {n}[2n] //
∏
p(LΩ<n

A∧p /Zp
)∧p [2n]

where �̂A∧p {n}/N
≥n�̂A∧p {n} is defined in [3].

Proof. (1) We set ? = P,C−. The filtration F ∗T?(A) is complete, multiplicative
and functorial by definition. It remains to see that it is exhaustive. Applying
colim to the cartesian square of filtrations defining F ∗T?(A), we obtain the
commutative diagram

colimF ∗TP (A)

��

// colim Fil∗BHP (A)

��
colim

∏
p Fil∗BMSTP (A∧p ,Zp) //

'
��

colim
∏
p Fil∗BMSHP (A∧p /Zp,Zp)

'
��∏

p TP (A∧p ,Zp) //
∏
pHP (A∧p /Zp,Zp)

where the lower vertical maps are equivalences by Lemma 3.15. The upper
square is obviously cocartesian, hence cartesian. Moreover, the map colim Fil∗BHP (A)→
HP (A) is an equivalence by [1] since A/Z is quasi-lci. It then follows from
Proposition 3.8 that the canonical map

colimF ∗TP (A)→ TP (A)

is an equivalence.
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(2) Applying (−)∧p to the defining cartesian square for F ∗TP (A) we obtain a
cartesian square of spectra

(F ∗TP (A))∧p

��

// (Fil∗BHP (A))∧p

'
��

Fil∗BMSTP (A∧p ,Zp) // Fil∗BMSHP (A∧p /Zp,Zp)

where the right vertical map is an equivalence by Proposition 3.10. It follows
that the left vertical map is an equivalence as well. The equivalence

(F ∗TC−(A))∧p
∼−→ Fil∗BMSTC

−(A∧p ,Zp)

is obtained the same way.
(3) We consider the filtration

Fil∗BMSΣ2TC+(A∧p ,Zp) := Cofib(Fil∗BMSTC
−(A∧p ,Zp)→ Fil∗BMSTP (A∧p ,Zp))

on Σ2TC+(A∧p ,Zp) and we define similarly filtrations Fil∗BMSΣ2HC(A∧p ,Zp) and
Fil∗BΣ2HC(A) on Σ2HC(A∧p ,Zp) and Σ2HC(A) respectively. These three filtra-
tions are Nop

>0-indexed and exhaustive. Indeed, we have equivalences grnBHP (A) '
LΩ̂A/Z[2n], grnBHC

−(A) ' LΩ̂≥nA/Z[2n] and a cofiber sequence

grnBHC
−(A)→ grnBHP (A)→ grnBΣ2HC(A),

hence Fil∗BΣ2HC(A) is Nop
>0-indexed. It is exhaustive since Fil∗BHC

−(A) and
Fil∗BHP (A) are exhaustive by [1]. By [3, Theorem 1.17], the same argument
shows that Fil∗BMSΣ2HC(A∧p ,Zp) is N

op
>0-indexed and exhaustive. Similarly, the

fact that Fil∗BMSΣ2TC+(A∧p ,Zp) is N
op
>0-indexed and exhaustive follows from [3,

Theorem 1.12].
We have a cartesian square

F ∗Σ2TC+(A)

��

// Fil∗BΣ2HC(A)

��∏
p Fil∗BMSΣ2TC+(A∧p ,Zp) //

∏
p Fil∗BMSΣ2HC(A∧p /Zp,Zp)

in the stable category D̂F (S). It follows that the filtration F ∗Σ2TC+(A) is
Nop
>0-indexed since the functor grn : D̂F (S)→ Sp is exact for any n ∈ Z. Taking

the colimit of this diagram we obtain, by the discussion above, the cartesian
square

F 0Σ2TC+(A)

��

// Σ2HC(A)

��∏
p Σ2TC+(A∧p ,Zp) //

∏
p Σ2HC(A∧p /Zp,Zp)

Hence the map

colimF ∗Σ2TC+(A) ' F 0Σ2TC+(A)→ Σ2TC+(A)

is an equivalence by Proposition 3.8.
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(4) The morphism F ∗TC−(A)→ F ∗TP (A) is a morphism of complete mul-
tiplicative filtrations and the associated graded functor

(grn)n∈Z : D̂F (S)→
∏
Z

Sp

is symmetric monoidal [13]. It follows that gr0
FTC

−(A) → gr0
FTP (A) is a

morphism of E∞-algebras, grnFTC
−(A) is a gr0

FTC
−(A)-module, grnFTP (A) is

a gr0
FTP (A)-module, and the map grnFTC

−(A)→ grnFTP (A) is a morphism of
gr0
FTC

−(A)-modules. In view of the cofiber sequence of spectra

grnFTC
−(A)→ grnFTP (A)→ grnFΣ2TC+(A)

one is reduced to showing that gr0
FTC

−(A) is an E∞-Z-algebra. Since gr0
FTC

−(A)
is a E∞-gr0

FTC
−(Z)-algebra, it is enough to show that gr0

FTC
−(Z) is an E∞-

Z-algebra. But

gr0
FTC

−(Z)

��

// gr0
BHC

−(Z) ' Z

��∏
p gr0

BMSTC
−(Zp,Zp) //

∏
p gr0

BMSHC
−(Zp/Zp,Zp) '

∏
p Zp

is a cartesian square of E∞-algebras in spectra. Moreover, gr0
BMSTC

−(Zp,Zp)
is an E∞-Zp-algebra and the map

(11) gr0
BMSTC

−(Zp,Zp)→ gr0
BMSHC

−(Zp,Zp)
is a morphism of E∞-Zp-algebras. Indeed, we have gr0

BMSTC
−(Zp,Zp) '

RΓsyn(Zp, π0TC
−(−,Zp)) and gr0

BMSHC
−(Zp,Zp) ' RΓsyn(Zp, π0HC

−(−,Zp))
where π0TC

−(−,Zp) and π0HC
−(−,Zp) are sheaves of E∞-Zp-algebras on

qrsPerfdop
Zp and the map (11) is induced by the canonical morphism of sheaves

of E∞-Zp-algebras π0TC
−(−,Zp) → π0HC

−(−,Zp). Since the equivalence (8)
is symmetric monoidal, it follows that (11) is a morphism of E∞-Zp-algebras.

Moreover, the map

Z = gr0
BHC

−(Z)→ gr0
BMSHC

−(Zp/Zp,Zp) ' Zp
is the p-completion map, i.e. the unique morphism of rings. We obtain a
commutative square

HZ

��

// gr0
BHC

−(Z)

��∏
p gr0

BMSTC
−(Zp,Zp) //

∏
p gr0

BMSHC
−(Zp/Zp,Zp)

which gives a morphism of E∞-algebras HZ→ gr0
FTC

−(Z).
(5) For any n ≥ 0, we have a cartesian square of HZ-modules

grnFΣ2TC+(A)

��

// grnBΣ2HC(A)

��∏
p grnBMSΣ2TC+(A∧p ,Zp) //

∏
p grnBMSΣ2HC(A∧p /Zp,Zp)
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hence (5) follows from the identification of grnBMS and grnB given in [3] and [1]
respectively.

�

4. The bifiltration Z∗ZF ∗

The goal of this section is to prove Theorem 1.2. We first prove the analogous
result for p-completely quasisyntomic rings in Sections 4.1 and 4.2, where we de-
fine a bifiltration Z∗ZpFil∗BMS which interpolates between the BMS-filtration and
the filtration of Proposition 3.1. We give a direct construction of the induced
filtration Z∗grnBMSTHH(A,Zp) in Section 4.1, which works for p-completely
flat Zp-algebras. A lengthier construction is then given in Section 4.2, and is
obtained as follows: we localize the base ring Zp for the quasisyntomic topology,
define our bifiltration locally and apply quasisyntomic descent. This gives the
bifiltration Z∗ZpFil∗BMS and makes transparent its completeness and multiplica-
tive properties. Moreover, this second construction works in full generality, i.e.
for arbitrary quasisyntomic rings, and also applies to more general base rings
(see Theorem 1.3). On the other hand, it requires more work, and the direct
construction of Section 4.1 is still necessary to compute grnBMSTHH(Zp,Zp).

4.1. The filtration on grnBMSTHH(−,Zp).

Proposition 4.1. For any A ∈ qSynZp and any n ≥ 0, there is a functorial, de-
creasing, Nop-indexed, finite, complete and exhaustive filtration Z∗grnBMSTHH(A,Zp)
on the Zp-complex grnBMSTHH(A,Zp) with graded pieces

gr0
ZgrnBMSTHH(A,Zp) ' (LΛnLA/Zp)

∧
p [n];

grjZgrnBMSTHH(A,Zp) ' LΛn−jLA/Zp ⊗
L
Zp Zp/jZp[n+ j − 1] for j ≥ 1.

Proof. We first treat the case n = 0. For any S ∈ qrsPerfdZp , we have

Fil∗BMSTHH(S,Zp) ' τ≥2∗THH(S,Zp)

hence
gr0
BMSTHH(S,Zp) ' π0THH(S,Zp) ' S

since π∗THH(S,Zp) is concentrated in even degrees by [3, Theorem 7.1]. For
arbitrary A ∈ qSynZp , we obtain

gr0
BMSTHH(A,Zp) := RΓsyn(A, gr0

BMSTHH(−,Zp)) ' A

by faithfully flat descent. So the result is proven for n = 0 and we may suppose
from now on that n ≥ 1.

Let S ∈ qrsPerfdZp . We consider the canonical map

THH(S,Zp)→ HH(S/Zp,Zp)

and we denote by T (S,Zp) = Z1THH(S,Zp)[1] its cofiber. By Proposition 3.1,
T (S,Zp) has an Nop

>0-indexed complete exhaustive decreasing filtration Z∗T (S,Zp)
with i-th graded piece

griZT (S,Zp) ' HH(S/Zp,Zp)⊗LZ Z/iZ[2i]
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for any i ≥ 1. Moreover, the p-completion of the HKR filtration induces an Nop-
indexed complete exhaustive decreasing filtration on HH(S/Zp,Zp)⊗LZ Z/iZ[2i]
with j-th graded piece(

grjHKRHH(S/Zp,Zp)
)
⊗LZ Z/iZ[2i] ' (LΛjLS/Zp)

∧
p [j]⊗LZ Z/iZ[2i]

for any j ≥ 0. Since LΛjLS/Zp [−j] ∈ D(S) is p-completely flat by [3, Lemma
5.14], and since Zp → S is p-completely flat, it follows that LΛjLS/Zp [−j] ∈
D(Zp) is p-completely flat by Lemma 4.2. Hence the complex

(LΛjLS/Zp)
∧
p ⊗LZp Zp/iZp[2i+ j]

is concentrated in homological degree 2(i+j). Let i ≥ 1. By induction and com-
pleteness of the HKR filtration, it follows that π∗

(
HH(S/Zp,Zp)⊗LZ Z/iZ[2i]

)
is concentrated in even homological degrees ≥ 2i. By induction and complete-
ness of the filtration Z∗T (S,Zp), it follows that π∗(ZiT (S,Zp)) is concentrated
in even homological degrees ≥ 2i as well.

In particular π∗T (S,Zp) = π∗(Z
1T (S,Zp)) is concentrated in even degrees.

Moreover π∗HH(S,Zp) and π∗THH(S,Zp) are both concentrated in even de-
grees by [3, Lemma 5.14] and [3, Theorem 7.1] respectively. We obtain a short
exact sequence

0→ π2nTHH(S,Zp)→ π2nHH(S/Zp,Zp)→ π2nT (S/Zp,Zp)→ 0

which we may rewrite as follows:

(12) 0→ π2nTHH(S,Zp)→ (LΛnLS/Zp)
∧
p [−n]→ π2nT (S/Zp,Zp)→ 0.

For any i ≥ 1, the fiber sequence

Zi+1T (S,Zp)→ ZiT (S,Zp)→ griZT (S,Zp)
induces an exact sequence

0→ π2n(Zi+1T (S,Zp))→ π2n(ZiT (S,Zp))→ π2n(griZT (S,Zp))→ 0

and we have

π2n(griZT (S,Zp)) ' π2n

(
HH(S/Zp,Zp)⊗LZ Z/iZ[2i]

)
'

(
π2(n−i)HH(S/Zp,Zp)

)
⊗Zp Zp/iZp

' (LΛn−iLS/Zp [i− n])∧p ⊗Zp Zp/iZp.
Hence we have a finite decreasing filtration

π2n(Z1T (S,Zp))←↩ · · · ←↩ π2n(ZnT (S,Zp))←↩ π2n(Zn+1T (S,Zp)) = 0

in the classical (i.e. underived) sense on the module

π2n(T (S,Zp)) = π2n(Z1T (S,Zp))
with graded pieces

(13) π2n(ZiT (S,Zp))/π2n(Zi+1T (S,Zp)) ' (LΛn−iLS/Zp [i− n])∧p ⊗Zp Zp/iZp.

We consider the (derived) filtration on π2nTHH(S,Zp) given by

Z0π2nTHH(S,Zp) := π2nTHH(S,Zp);
Ziπ2nTHH(S,Zp) := π2n(ZiT (S,Zp))[−1] for i ≥ 1;
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where the map

Z1π2nTHH(S,Zp) = π2n(T (S,Zp))[−1]→ π2nTHH(S,Zp) = Z0π2nTHH(S,Zp)
is (the shift of) the boundary map induced by (12). Since S ∈ qrsPerfdZp , we
have

grnBMSTHH(S,Zp) ' π2nTHH(S,Zp)[2n]

and the filtration

Z∗grnBMSTHH(S,Zp) := (Ziπ2nTHH(S,Zp))[2n]

satisfies the conclusion of the proposition, by (12) and (13).
For arbitrary A ∈ qSynZp , we define

Z∗grnBMSTHH(A,Zp) := RΓsyn(A,Z∗grnBMSTHH(−,Zp)).
The conclusion of the theorem remains true for any such A since (LΛn−jL−/Zp)

∧
p

is a quasisyntomic sheaf by [3, Theorem 3.1].
�

Lemma 4.2. Let A → B be a p-completely flat map of p-complete rings with
bounded p∞-torsion. If M ∈ D(B) is p-completely flat over B, then M ∈ D(A)
is p-completely flat over A.

Proof. Since B ∈ D(A) is p-completely flat we have B ⊗LA A/pA ' B/pB. We
obtain that

M ⊗LA A/pA 'M ⊗LB B ⊗LA A/pA 'M ⊗LB B/pB
is concentrated in degree 0 such that H0(M ⊗LB B/pB) is a flat B/pB-module.
Since A/pA → B/pB is also flat, H0(M ⊗LB B/pB) is a flat A/pA-module as
well. �

Corollary 4.3. There is a canonical equivalence

Fil∗BMSTHH(Zp,Zp)
∼→ τ≥2∗−1THH(Zp,Zp).

In particular, we have gr0
BMSTHH(Zp,Zp) ' Zp and

grnBMSTHH(Zp,Zp) ' Zp/nZp[2n− 1] for n ≥ 1.

Finally we have gr0
FTHH(Z) ' Z and

grnFTHH(Z) ' Z/nZ[2n− 1] for n ≥ 1.

Proof. The second assertion follows immediately from Proposition 4.1 since
LΛn−jLZp/Zp = Zp for n = j and LΛn−jLZp/Zp = 0 otherwise. The third
assertion then follows from the definition of grnFTHH(Z).

In particular, grnBMSTHH(Zp,Zp) is concentrated in homological degrees ≥
2n − 1 for any n ≥ 0. It follows that π∗(FilnBMSTHH(Zp,Zp)) is concentrated
in homological degrees ≥ 2n − 1. Hence the map FilnBMSTHH(Zp,Zp) →
THH(Zp,Zp) factors through τ≥2n−1THH(Zp,Zp). We obtain a morphism of
complete filtrations

Fil∗BMSTHH(Zp,Zp)→ τ≥2∗−1THH(Zp,Zp)
which induces an equivalence on graded pieces.

�



TOPOLOGICAL HOCHSCHILD HOMOLOGY AND ZETA-VALUES 27

4.2. The bifiltration for p-adic rings.

Proposition 4.4. Let R ∈ QSynZp . Let A,S ∈ qrsPerfdR and suppose that
R → S is a quasisyntomic cover. If R is perfectoid or R = Zp, we allow more
generally A ∈ QRSPerfdR.

(1) There is an Nop-indexed decreasing multiplicative complete exhaustive T-
equivariant filtration Z∗SFil∗BMSTHH(A⊗̂RS,Zp) on Fil∗BMSTHH(A⊗̂RS,Zp)
endowed with equivalences

grjZSFil∗BMSTHH(A⊗̂RS,Zp) '
(

Fil∗−jBMSHH(A/R,Zp)
)
⊗̂R(π2jTHH(S,Zp))[2j]

for any j ∈ Z.
(2) For ? = P,C−, there is an Nop-indexed decreasing multiplicative com-

plete exhaustive filtration Z∗SFil∗BMST?(A⊗̂RS,Zp) on Fil∗BMST?(A⊗̂RS,Zp)
endowed with canonical maps(

Fil∗−jBMSH?(A/R,Zp)
)
⊗̂R(π2jTHH(S,Zp))[2j]→ grjZSFil∗BMST?(A⊗̂RS,Zp)

inducing equivalences

grjZSgrnBMSTP (A⊗̂RS,Zp) ' Rlimk

(
(LΩ<k

A/R)∧p [2(n− j)]⊗̂R(π2jTHH(S,Zp))[2j]
)

;

grjZSgrnBMSTC
−(A⊗̂RS,Zp) ' Rlimk

(
(LΩk>∗≥n−j

A/R )∧p [2(n− j)]⊗̂R(π2jTHH(S,Zp))[2j]
)

for any j ∈ Z. Here, for k ≥ n− j, we denote by LΩk>∗≥n−j
A/R the cofiber

of the map LΩ̂≥kA/R → LΩ̂≥n−jA/R .

Proof. (1) We have A,S ∈ QRSPerfdR and R→ S is a quasisyntomic cover by
assumption. It follows1 that A⊗̂RS ∈ QRSPerfdR. We define an Nop-indexed
decreasing exhaustive filtration on THH(A⊗̂RS,Zp) as follows:

Z∗STHH(A⊗̂RS,Zp) := THH(A⊗̂RS,Zp)⊗̂THH(S,Zp)τ≥2∗THH(S,Zp).

The filtration τ≥2∗THH(S,Zp) ∈ DF (THH(S,Zp)) is T-equivariant and mul-
tiplicative, hence so is the filtration Z∗STHH(A⊗̂RS,Zp). The functor

THH(A⊗̂RS,Zp)⊗THH(S,Zp) (−) : D(THH(S,Zp)) −→ Sp

is right t-exact [20, Definition 1.3.3.1] by [20, Corollary 7.2.1.23], and so is the p-
completion functor by [21, Proposition 7.3.4.4]. It follows that the connectivity
of ZnSTHH(A⊗̂RS,Zp) tends to ∞ as n → ∞, so that Z∗STHH(A⊗̂RS,Zp) is
also complete.

1It follows from [3, Lemmas 4.15, 4.16] that D = A⊗̂RS ∈ QSynR. Moreover D receives a
map from a perfectoid ring, as S does. By [20, Corollary 7.2.1.23] we have D/p = π0(A ⊗LR
S ⊗LZp

Zp/p) ' A/p⊗R/p S/p, which is semi-perfect.
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By [3, Theorem 7.1(1)], π∗THH(S,Zp) is concentrated in even degrees. Hence
for any j ≥ 0, we have

grjZSTHH(A⊗̂RS,Zp)(14)

' THH(A⊗̂RS,Zp)⊗̂THH(S,Zp)π2jTHH(S,Zp)[2j](15)

' THH(A⊗̂RS,Zp)⊗̂THH(S,Zp)S⊗̂Sπ2jTHH(S,Zp)[2j](16)

' (THH(A⊗LR S)⊗THH(S) S)∧p ⊗̂Sπ2jTHH(S,Zp)[2j](17)

' THH(A⊗LR S/S,Zp)⊗̂Sπ2jTHH(S,Zp)[2j](18)
' HH(A/R,Zp)⊗̂RS⊗̂Sπ2jTHH(S,Zp)[2j](19)
' HH(A/R,Zp)⊗̂Rπ2jTHH(S,Zp)[2j].(20)

Here (17) follows from Remark 3.4 and from the fact that the p-adic completion
functor is monoidal; (18) and (19) follow from the universal properties of THH
and HH, see (5) and (6).

By [3, Lemma 5.14, Theorem 7.1], HH(A/R,Zp) is concentrated in even de-
grees, π2kHH(A/R,Zp) is a p-completely flatA-module for all k, and π2lTHH(S,Zp)
is a p-completely flat S-module for all l. It then follows from (20), completeness
of the filtration (τ≥2∗HH(A/R,Zp))⊗̂Rπ2jTHH(S,Zp)[2j] and Lemma 4.5 that
π∗grjZSTHH(A⊗̂RS) is concentrated in even degrees. By induction and com-
pleteness of the filtration Z∗S , π∗Z

j
STHH(A⊗̂RS) is concentrated in even degrees

as well, for any j ≥ 0.
We now define a bicomplete multiplicative bifiltration on THH(A⊗̂RS,Zp)

as follows:

ZjSFiliBMSTHH(A⊗̂RS,Zp) := τ≥2i(ZjSTHH(A⊗̂RS)).

Since A⊗̂RS ∈ QRSPerfdR, we have

Fil∗BMSTHH(A⊗̂RS) ' τ≥2∗THH(A⊗̂RS) ' Z0
SFil∗BMSTHH(A⊗̂RS,Zp)

so that Z∗SFil∗BMSTHH(A⊗̂RS,Zp) is an Nop-indexed decreasing multiplicative
complete exhaustive filtration on Fil∗BMSTHH(A⊗̂RS,Zp).

By definition grjZSFiliBMSTHH(A⊗̂RS,Zp) is the cofiber of the map

τ≥2i(Zj+1
S THH(A⊗̂RS))→ τ≥2i(ZjSTHH(A⊗̂RS)).

The fact that π∗Zj+1
S THH(A⊗̂RS) and π∗ZjSTHH(A⊗̂RS) are both concen-

trated in even degrees therefore gives

grjZSFiliBMSTHH(A⊗̂RS,Zp)

' τ≥2i

(
grjZSTHH(A⊗̂RS,Zp)

)
' τ≥2i

(
HH(A/R,Zp)⊗̂Rπ2jTHH(S,Zp)[2j]

)
'

(
τ≥2(i−j)HH(A/R,Zp)

)
⊗̂Rπ2jTHH(S,Zp)[2j]

'
(

Fili−jBMSHH(A/R,Zp)
)
⊗̂Rπ2jTHH(S,Zp)[2j]
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where the last equivalence follows from the fact that A ∈ QRSPerfdR. Using [3,
Lemma 5.14(2)], we obtain

grjZSgriBMSTHH(A⊗̂RS,Zp) ' (LΛi−jLA/R)∧p ⊗̂Rπ2jTHH(S,Zp)[i+ j].

(2) We give a detailed proof for TP ; the same proof works for TC− as well.
We define the following Nop-indexed decreasing exhaustive filtration

Z∗STP (A⊗̂RS,Zp) :=
(
Z∗STHH(A⊗̂RS,Zp)

)tT
on TP (A⊗̂RS,Zp), which is also multiplicative since (−)tT is lax symmetric
monoidal. We define similarly Nop-indexed decreasing exhaustive filtrations
Z∗STC−(A⊗̂RS,Zp) and Z∗STC+(A⊗̂RS,Zp) on TC−(A⊗̂RS,Zp) and TC+(A⊗̂RS,Zp)
respectively. The filtration Z∗STHH(A⊗̂RS,Zp) is complete, hence so is Z∗STC−(A⊗̂RS,Zp).
Since (−)hT is right t-exact, the filtration Z∗STC+(A⊗̂RS,Zp) is complete as
well. Hence Z∗STP (A⊗̂RS,Zp) is complete. For any j ≥ 0, we have

grjZSTP (A⊗̂RS,Zp) '
(

grjZSTHH(A⊗̂RS,Zp)
)tT

'
(
HH(A/R,Zp)⊗̂Rπ2jTHH(S,Zp)[2j]

)tT
since the equivalence (20) is T-equivariant, where T acts trivially on π2jTHH(S,Zp).
As in the first part of the proof, it follows that π∗ZjSTP (A⊗̂RS,Zp) is concen-
trated in even degrees for any j ≥ 0.

We define a decreasing multiplicative bicomplete biexhaustive bifiltration on
TP (A⊗̂RS,Zp) as follows:

ZjSFiliBMSTP (A⊗̂RS,Zp) := τ≥2i(ZjSTP (A⊗̂RS)).

Note that, since A⊗̂RS ∈ QRSPerfdR, we have

Fil∗BMSTP (A⊗̂RS) ' τ≥2∗TP (A⊗̂RS) ' Z0
SFil∗BMSTP (A⊗̂RS,Zp).

Since π∗ZjSTP (A⊗̂RS,Zp) is concentrated in even degrees for any j ≥ 0, we
have an equivalence

grjZSFil∗BMSTP (A⊗̂RS,Zp) ' τ≥2∗

(
grjZSTP (A⊗̂RS,Zp)

)
' τ≥2∗

(
HH(A/R,Zp)⊗̂Rπ2jTHH(S,Zp)[2j]

)tT
Consider the canonical map
(21)
HP (A/R,Zp)⊗̂Rπ2jTHH(S,Zp)[2j]→

(
HH(A/R,Zp)⊗̂Rπ2jTHH(S,Zp)[2j]

)tT
induced by the fact that (−)tT is lax symmetric monoidal and by the canonical
map

π2jTHH(S,Zp)→ (π2jTHH(S,Zp))hT → (π2jTHH(S,Zp))tT,

which is well defined since T acts trivially on π2jTHH(S,Zp). The complex(
τ≥2(i−j)HP (A/R,Zp)

)
⊗̂Rπ2jTHH(S,Zp)[2j]
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is concentrated in homological degrees ≥ 2i by [20, Corollary 7.1.2.23] and [21,
Proposition 7.3.4.4]. Hence (21) induces a morphism of filtrations(

Fil∗−jBMSHP (A/R,Zp)
)
⊗̂Rπ2jTHH(S,Zp)[2j](22)

'
(
τ≥2(∗−j)HP (A/R,Zp)

)
⊗̂Rπ2jTHH(S,Zp)[2j](23)

→ τ≥2∗
(
HH(A/R,Zp)⊗̂Rπ2jTHH(S,Zp)[2j]

)tT(24)

' grjZSFil∗BMSTP (A⊗̂RS,Zp).(25)

Here (23) holds sinceA ∈ QRSPerfdR. Note also thatHH(A/R,Zp)⊗̂Rπ2jTHH(S,Zp)
is concentrated in even degrees by Lemma 4.5.

We have

grjZSgriBMSTP (A⊗̂RS,Zp) ' π2i

(
HH(A/R,Zp)⊗̂Rπ2jTHH(S,Zp)[2j]

)tT
[2i]

' (π2(i−j)
(
HH(A/R,Zp)⊗̂Rπ2jTHH(S,Zp)

)tT
)[2i].

The Tate spectral sequence computing

grjZSTP (A⊗̂RS,Zp) '
(
HH(A/R,Zp)⊗̂Rπ2jTHH(S,Zp)[2j]

)tT
degenerates (as Ea,b2 = 0 if a or b is odd by Lemma 4.5), and gives a decreasing
complete exhaustive abutment filtration on

π2i

(
grjZSTP (A⊗̂RS,Zp)

)
' π2(i−j)

(
HH(A/R,Zp)⊗̂Rπ2jTHH(S,Zp)

)tT
with (after re-indexing) k-graded piece

π2k

(
HH(A/R,Zp)⊗̂Rπ2jTHH(S,Zp)

)
' π2kHH(A/R,Zp)⊗̂Rπ2jTHH(S,Zp)
' (LΛkLA/R)∧p [−k]⊗̂Rπ2jTHH(S,Zp).

Similarly, the Tate spectral sequence computing HP (A,Zp) degenerates and
gives a decreasing complete exhaustive abutment filtration on π2(i−j)HP (A/R,Zp).
Applying (−)⊗̂Rπ2jTHH(S,Zp), we obtain a decreasing exhaustive abutment
filtration on π2(i−j)HP (A/R,Zp)⊗̂Rπ2jTHH(S,Zp) with k-graded piece

π2kHH(A/R,Zp)⊗̂Rπ2jTHH(S,Zp) ' (LΛkLA/R)∧p [−k]⊗̂Rπ2jTHH(S,Zp).

The morphism induced by (24) on i-graded pieces

(LΩ̂A/R)∧p ⊗̂Rπ2jTHH(S,Zp)(26)

'
(
π2(i−j)HP (A/R,Zp)

)
⊗̂Rπ2jTHH(S,Zp)(27)

−→ π2(i−j)
(
HH(A/R,Zp)⊗̂Rπ2jTHH(S,Zp)

)tT(28)

is compatible with the abutment filtrations mentioned above, and induces equiv-
alences on graded pieces. However, the abutment filtration on (27), which cor-
responds to the filtration (LΩ̂≥∗A/R)∧p ⊗̂Rπ2jTHH(S,Zp) on (26), might not be
complete. By contrast, the abutment filtration obtained on the target of (28) is
complete. In other words, the map (28) is the completion map of the source with
respect to the filtration induced by the Tate spectral sequence. See Remark 4.6
for more details.



TOPOLOGICAL HOCHSCHILD HOMOLOGY AND ZETA-VALUES 31

Hence the map of filtrations (24) induces on i-graded pieces the canonical
map from

(LΩ̂A/R)∧p [2(i− j)]⊗̂Rπ2jTHH(S,Zp)[2j]
to

Rlimk

(
(LΩ<k

A/R)∧p [2(i− j)]⊗̂Rπ2jTHH(S,Zp)[2j]
)
' grjZSgriBMSTP (A⊗̂RS,Zp)

where the limit is taken with respect to k ≥ 0.

�

Lemma 4.5. Let R,A, S as in Proposition 4.4. Let M ∈ D(A) and N ∈ D(S)
be p-completely flat over A and S respectively. Then M⊗̂RN ∈ D(A) is p-
completely flat over A. In particular M⊗̂RN is discrete.

Proof. Note that N ∈ D(R) is p-completely flat over R since R → S is p-
completely flat and N ∈ D(S) is p-completely flat over S, see Lemma 4.2. We
need to show that M⊗̂RN ⊗LA A/pA is concentrated in degree 0 and given by a
flat A/pA-module. We have

M⊗̂RN ⊗LA A/pA = (M ⊗LR N)∧p ⊗LA A/pA
' N ⊗LRM ⊗LA A/pA
' N ⊗LRM/pM

' N ⊗LR R/pR⊗L(R/pR) M/pM

' N/pN ⊗L(R/pR) M/pM

' N/pN ⊗(R/pR) M/pM

which is indeed concentrated in degree 0. Moreover N/pN ⊗(R/pR) M/pM is
a flat (A/pA)-module, as M/pM is a flat (A/pA)-module and N/pN is a flat
(R/pR)-module. �

Remark 4.6. Let R,A, S as in Proposition 4.4. We set N := π2jTHH(S,Zp).
Recall that N is derived p-complete and p-completely flat over R. Let P• → A be
a simplicial resolution of A by flat R-algebras. We consider the cyclic simplicial
R-module

Λop −→ Fun(∆op,ModR)

[n] 7−→ P⊗Rn+1
•

which we see as a cyclic object in Ch≥0(R), using the unnormalized chain com-
plex functor. Here Λ denotes the cyclic category and ModR denotes the category
of usual (i.e. discrete) R-modules. Let (C∗(A/R), b) be the total complex of the
corresponding double chain complex, so that (C∗(A/R), b) ' HH(A/R) which
is concentrated in even homological degrees, and let BP(A/R) be the associated
periodic bicomplex, see [16, Section 2]. Let Tot(BP(A/R)) be the associated total
complex with respect to the direct product. We have Tot(BP(A/R)) ' HP (A/R)
by [16, Theorem 2.1]. Hence we have

Tot(BP(A/R)∧p ) ' Tot(BP(A/R))∧p ' HP (A/R,Zp).
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Then Tot(BP(A/R)∧p ) has a decreasing complete exhaustive filtration F ∗ with
graded pieces

(29) grnFTot(BP(A/R)∧p ) ' HH(A/R,Zp)[−2n].

Hence the complex Tot(BP(A/R)∧p )⊗̂RN has a decreasing, possibly non-complete,
exhaustive filtration with graded pieces(

grnFTot(BP(A/R)∧p )
)
⊗̂RN ' HH(A/R,Zp)[−2n]⊗̂RN.

Similarly, we consider the cyclic simplicial R-module

Λop −→ Fun(∆op,ModR)

[n] 7−→ (P⊗Rn+1
• )∧p ⊗̂RN

with associated total chain complex (C∗(A/R)∧p , b)⊗̂RN . Note that each (P⊗Rn+1
i )∧p ⊗̂RN

is p-completely flat over R, hence concentrated in degree 0. We consider the cor-
responding periodic bicomplex BP(A/R)∧p ⊗̂RN and its total complex

Tot(BP(A/R)∧p ⊗̂RN) ' (HH(A/R,Zp)⊗̂RN)tT

with respect to the direct product. Then Tot(BP(A/R)∧p ⊗̂RN) has a decreasing
complete exhaustive filtration F ∗ with graded pieces

(30) grnFTot(BP(A/R)∧p ⊗̂RN) ' HH(A/R,Zp)[−2n]⊗̂RN.
There is a canonical map of exhaustive filtrations with complete target(

F ∗Tot(BP(A/R)∧p )
)
⊗̂RN −→ F ∗Tot

(
BP(A/R)∧p ⊗̂RN

)
which induces equivalences on graded pieces. Moreover, the complexes (29) and
(30) are concentrated in even homological degrees for any n, hence the associated
spectral sequence degenerates. Therefore, for any fixed i ∈ Z, we obtain a map
of decreasing exhaustive filtrations with complete target(

π2iF
∗Tot(BP(A/R)∧p )

)
⊗̂RN −→ π2iF

∗Tot
(
BP(A/R)∧p ⊗̂RN

)
inducing equivalences on graded pieces, so that the filtration on the right hand
side may be identified with the completion of the filtration on the left hand side.

Condition 4.7. Let R ∈ QSynZp be a quasisyntomic ring. Consider the follow-
ing condition: For any j ≥ 0, the functor

D(R)Cpl(p) −→ D(R)Cpl(p)

K 7−→ K⊗̂R grjBMSTHH(R,Zp)
commutes with small limits.

Example 4.8. Any perfectoid R satisfies Condition 4.7 by [3, Theorem 6.1],
and so does Zp by Corollary 4.3.

Remark 4.9. Let R ∈ QSynZp be a quasisyntomic ring such that grjBMSTHH(R,Zp) ∈
D(R) is perfect [20, Definition 7.2.4.1] for any j ≥ 0. It follows from [20, Propo-
sition 7.2.4.4, Proposition 1.4.4.4] that R satisfies Condition 4.7.

Proposition 4.10. Let R ∈ QSynZp satisfying Condition 4.7, and let A ∈
qrsPerfdR. If R is perfectoid or R = Zp, we allow more generally A ∈ QRSPerfdR.
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(1) There is an Nop-indexed decreasing multiplicative complete exhaustive
T-equivariant filtration Z∗RFil∗BMSTHH(A,Zp) on Fil∗BMSTHH(A,Zp)
endowed with equivalences

grjZRFil∗BMSTHH(A,Zp) '
(

Fil∗−jBMSHH(A/R,Zp)
)
⊗̂RgrjBMSTHH(R,Zp).

(2) For ? = P,C−, there is an Nop-indexed decreasing multiplicative com-
plete exhaustive filtration Z∗RFil∗BMST?(A,Zp) on Fil∗BMST?(A,Zp) en-
dowed with equivalences

grjZRFil∗BMST?(A,Zp) '
(

Fil∗−jBMSH?(A/R,Zp)
)
⊗̂RgrjBMSTHH(R,Zp).

Proof. (1) Let R → S be a quasisyntomic cover with S ∈ QRSPerfdR and let
S• be its Cech nerve. Then Si ∈ QRSPerfdR and R → Si is a quasisyntomic
cover for all i ≥ 0. Moreover the cosimplicial ring A⊗̂RS• is isomorphic to the
Cech nerve (A⊗̂RS)• of the quasisyntomic cover A→ A⊗̂RS. Hence we have

THH(A,Zp) ' lim∆(THH(A⊗̂RS•,Zp))
and

Fil∗BMSTHH(A,Zp) ' lim∆(Fil∗BMSTHH(A⊗̂RS•,Zp)),
where the limit is computed with respect to the cosimplicial direction. We
consider the cosimplicial bifiltration Z∗S•Fil∗BMSTHH(A⊗̂RS•,Zp). We obtain
a bicomplete biexhaustive bifiltration

Z∗S/RFil∗BMSTHH(A,Zp) := lim∆

(
Z∗S•Fil∗BMSTHH(A⊗̂RS•,Zp)

)
with graded pieces

grjZS/RgrnBMSTHH(A,Zp)(31)

' lim∆

(
grjZS•grnBMSTHH(A⊗̂RS•,Zp)

)
(32)

' lim∆

(
(LΛn−jLA/R)∧p ⊗̂Rπ2jTHH(S•,Zp)[2j]

)
[n− j](33)

∼← (LΛn−jLA/R)∧p ⊗̂R (lim∆(π2jTHH(S•,Zp)[2j])) [n− j](34)

' (LΛn−jLA/R)∧p ⊗̂RgrjBMSTHH(R,Zp)[n− j].(35)

In order to check that (34) is indeed an equivalence, we note that each term

(LΛn−jLA/R)∧p [j − n]⊗̂Rπ2jTHH(Si,Zp)

is concentrated in degree 0 by Lemma 4.5. We obtain a map of complete filtra-
tions

grjZS/RFil∗BMSTHH(A,Zp) ' lim∆

(
grjZS•Fil∗BMSTHH(A⊗̂RS•,Zp)

)
' lim∆

(
Fil∗−jBMSHH(A/R,Zp)⊗̂Rπ2jTHH(S•,Zp)[2j]

)
∼← Fil∗−jBMSHH(A/R,Zp)⊗̂R (lim∆(π2jTHH(S•,Zp)[2j]))
' Fil∗−jBMSHH(A/R,Zp)⊗̂RgrjBMSTHH(R,Zp).

which is an equivalence as it induces equivalences on graded pieces. These two
filtrations are indeed complete since a limit of complete filtrations is complete,
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and since (−)⊗̂RgrjBMSTHH(R,Zp) commutes with arbitrary small limits by
Corollary 4.3 and Condition 4.7.

The bifiltration Z∗S/RFil∗BMSTHH(A,Zp) is functorial in S. More precisely,
if S → S′ is a morphism of quasisyntomic covers of R such that S, S′ ∈
QRSPerfdR, then we have a morphism of bicomplete bifiltrations

Z∗S/RFil∗BMSTHH(A,Zp)→ Z∗S′/RFil∗BMSTHH(A,Zp)

which is an equivalence, as it induces equivalences on graded pieces. We define

Z∗RFil∗BMSTHH(A,Zp) := colimS/R

(
Z∗S/RFil∗BMSTHH(A,Zp)

)
where the colimit is taken over the category of quasisyntomic covers R → S
with S ∈ QRSPerfdR.

(2) We give the argument for TP ; the proof for TC− is the same. Let R→ S
be a quasisyntomic cover with S ∈ QRSPerfdR. We define the bifiltration

Z∗S/RFil∗BMSTP (A,Zp) := lim∆

(
Z∗S•Fil∗BMSTP (A⊗̂RS•,Zp)

)
with graded pieces

grjZS/RgrnBMSTP (A,Zp)(36)

' lim∆ limk

(
(LΩ<k

A/R)∧p [2(n− j)]⊗̂Rπ2jTHH(S•,Zp)[2j]
)

(37)

' limk lim∆

(
(LΩ<k

A/R)∧p [2(n− j)]⊗̂Rπ2jTHH(S•,Zp)[2j]
)

(38)

∼← limk

(
(LΩ<k

A/R)∧p [2(n− j)]⊗̂R lim∆(π2jTHH(S•,Zp)[2j])
)

(39)

' limk

(
(LΩ<k

A/R)∧p [2(n− j)]⊗̂R grjBMSTHH(R,Zp)
)

(40)
∼← (LΩ̂A/R)∧p ⊗̂RgrjBMSTHH(R,Zp)[2(n− j)].(41)

One checks that (39) is an equivalence using the Hodge filtration and the fact
that (34) is an equivalence. Moreover, (41) is an equivalence since (−)⊗̂RgrjBMSTHH(R,Zp)
commutes with arbitrary limits by Corollary 4.3 and Condition 4.7.

We obtain a morphism of complete filtrations

grjZS/RFil∗BMSTP (A,Zp)

' lim∆

(
grjZS•Fil∗BMSTP (A⊗̂RS•,Zp)

)
← lim∆

(
Fil∗−jBMSHP (A/R,Zp)⊗̂Rπ2jTHH(S•,Zp)[2j]

)
←

(
Fil∗−jBMSHP (A/R,Zp)

)
⊗̂Rlim∆ (π2jTHH(S•,Zp)[2j])

'
(

Fil∗−jBMSHP (A/R,Zp)
)
⊗̂RgrjBMSTHH(R,Zp).

which is an equivalence since it induces equivalences on graded pieces. We define

Z∗RFil∗BMSTP (A,Zp) := colimS/R

(
Z∗S/RFil∗BMSTP (A,Zp)

)
where the colimit is taken over the category of quasisyntomic covers R → S
with S ∈ QRSPerfdR.
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�

Proof of Theorem 1.3. Assume that R is perfectoid or R = Zp, and A ∈
QSynR. The filtration Fil∗BMSTHH(−,Zp) (resp. Fil∗BMST?(−,Zp)) is a D̂F (S[T])-
valued (resp. D̂F (S)-valued) sheaf on QRSPerfdop

R . For ? = HH,P,C−,
Z∗RFil∗BMST?(−,Zp) is an Nop-indexed multiplicative complete exhaustive fil-
tration on the sheaf Fil∗BMST?(−,Zp) on QRSPerfdop

R , by Proposition 4.10.
Hence the filtration

Z∗RFil∗BMST?(A,Zp) := RΓsyn(A,Z∗RFil∗BMST?(−,Zp))

is also Nop-indexed, multiplicative, complete and exhaustive (and T-equivariant
for ? = HH). For ? = P,C−, we have

grjZRFil∗BMST?(A,Zp)

' RΓsyn

(
A, grjZRFil∗BMST?(−,Zp)

)
' RΓsyn

(
A,Fil∗−jBMSH?(−/R,Zp)⊗̂RgrjBMSTHH(R,Zp)

)
' RΓsyn

(
A,Fil∗−jBMSH?(−/R,Zp)

)
⊗̂RgrjBMSTHH(R,Zp)

'
(

Fil∗−jBMSH?(A/R,Zp)
)
⊗̂RgrjBMSTHH(R,Zp)

using Proposition 4.10 and the fact that (−)⊗̂RgrjBMSTHH(R,Zp) commutes
with small limits by Example 4.8. The second equivalence of the theorem follows
for R perfectoid or R = Zp; the proof of the first equivalence is the same.

Let R ∈ QSynZp such that (LΛjLR/Zp)
∧
p is a perfect complex of R-modules

for all j ≥ 0. By the previous paragraph, grnBMSTHH(R,Zp) has a finite
complete exhaustive filtration Z∗ZpgrnBMSTHH(R,Zp) with j-graded piece given
by (42), see Corollary 4.12. Moreover, we have Z0

Zpgr0
BMSTHH(R,Zp) ' R,

so that Z∗ZpgrnBMSTHH(R,Zp) ∈ D̂F (R) by multiplicativity of the bifiltration
Z∗ZpFil∗BMSTHH(R,Zp). Hence grnBMSTHH(R,Zp) is a perfect complex in
D(R), for any n ≥ 0. Thus by Remark 4.9, Proposition 4.10 applies. Working
in the small site qrsPerfdop

R , we obtain the result for any A ∈ qSynR as in the
previous paragraph.

�

Remark 4.11. Going through the construction of Z∗R, one checks that the map

Z0
RFil∗BMSTHH(A,Zp)→ gr0

ZRFil∗BMSTHH(A,Zp)

is equivalent to the canonical map (see Proposition 3.11)

Fil∗BMSTHH(A,Zp)→ Fil∗BMSHH(A/R,Zp)

and similarly for TP (A,Zp) and TC−(A,Zp).
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Corollary 4.12. For any A ∈ QSynZp and any n ∈ Z, we have Nop-indexed
complete exhaustive filtrations on grnBMS, endowed canonical equivalences

grjZZp
grnBMSTHH(A,Zp) ' LΛn−jLA/Zp⊗̂ZpZp/jZp[n+ j − εj ](42)

grjZZp
grnBMSTP (A,Zp) ' LΩ̂A/Zp⊗̂ZpZp/jZp[2n− εj ](43)

grjZZp
grnBMSTC

−(A,Zp) ' LΩ̂≥n−jA/Zp ⊗̂ZpZp/jZp[2n− εj ](44)

for any j ≥ 0 and any n ∈ Z, where εj := Min(1, j).

Proof. This follows from Theorem 1.3, Corollary 4.3 and [3, Theorem 1.17], see
Section 2.5. �

There is some overlap between (42) and the results of [2, Sections 5.2, 5.3].
For instance [2, Corollary 5.21, 5.22] follow from (42). In particular, we have
the following

Corollary 4.13. For any A ∈ QSynZp , we have grnBMSTHH(A,Zp) ∈ Sp≥n
and FilnBMSTHH(A,Zp) ∈ Sp≥n. The functors A 7→ grnBMSTHH(A,Zp) and
A 7→ FilnBMSTHH(A,Zp) are left Kan extended from finitely generated p-complete
polynomial Zp-algebras, as functors to p-complete spectra.

4.3. The bifiltration for global rings. Let A be a quasi-lci ring with bounded
torsion. We define (trivial) multiplicative complete exhaustive (Nop × Zop)-
indexed bifiltrations on Hochschild homology and its variants as follows. We
set

Z0
ZFil∗HKRHH(A) := Fil∗HKRHH(A) and ZjZFil∗HKRHH(A) := 0 for any j ≥ 1,

and for ? = P,C− we set

Z0
ZFil∗BH?(A) := Fil∗BH?(A) and ZjZFil∗BH?(A) := 0 for any j ≥ 1.

Similarly, for any prime p and ? = H,P,C−, we set

Z0
ZpFil∗BMSH?(A∧p /Zp,Zp) := Fil∗BMSH?(A∧p /Zp,Zp)

and ZjZpFil∗BMSH?(A∧p /Zp,Zp) := 0 for any j ≥ 1.

Definition 4.14. Let A be a quasi-lci ring with bounded torsion. We define
multiplicative bicomplete (Nop × Zop)-indexed bifiltrations

Z∗ZF ∗THH(A)

��

// Z∗ZFil∗HKRHH(A)

��∏
pZ∗ZpFil∗BMSTHH(A∧p ,Zp) //

∏
pZ∗ZpFil∗BMSHH(A∧p /Zp,Zp)

and, for ? = P,C−

Z∗ZF ∗T?(A)

��

// Z∗ZFil∗BH?(A)

��∏
pZ∗ZpFil∗BMST?(A∧p ,Zp) //

∏
pZ∗ZpFil∗BMSH?(A∧p /Zp,Zp)
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as fiber products of E∞-algebra objects in the symmetric monoidal ∞-categories
D̂BF (S[T]) and D̂BF (S) respectively.

There is an evident morphism

Z∗ZF ∗TC−(A)→ Z∗ZF ∗TP (A)

of E∞-algebra objects, and we define

Z∗ZF ∗Σ2TC+(A) ∈ D̂BF (S)

as its cofiber computed in D̂BF (S).

Theorem 4.15. Let A be a quasi-lci ring with bounded torsion.

(1) For

? = THH(A), TP (A), TC−(A),

the filtration Z∗ZF ∗? on F ∗? is functorial, Nop-indexed, multiplicative,
complete and exhaustive.

(2) We have canonical equivalences

grjZZ
F ∗THH(A) '

(
Fil∗−jHKRHH(A)

)
⊗LZ grjFTHH(Z);

grjZZ
F ∗TP (A) '

(
Fil∗−jB HP (A)

)
⊗LZ grjFTHH(Z);

grjZZ
F ∗TC−(A) '

(
Fil∗−jB HC−(A)

)
⊗LZ grjFTHH(Z).

(3) In particular, there are complete exhaustive Nop-indexed filtrations Z∗ZgrnFTHH(A),
Z∗ZgrnFTP (A) and Z∗ZgrnFTC

−(A) on the HZ-modules grnFTHH(A), grnFTP (A)
and grnFTC

−(A) respectively, endowed with canonical equivalences

grjZZ
grnFTHH(A) ' LΛn−jLA/Z ⊗LZ Z/jZ[n+ j − εj ];

grjZZ
grnFTP (A) ' LΩ̂A/Z ⊗LZ Z/jZ[2n− εj ];

grjZZ
grnFTC

−(A) ' LΩ̂≥n−jA/Z ⊗
L
Z Z/jZ[2n− εj ];

grjZZ
grnFΣ2TC+(A) ' LΩ<n−j

A/Z ⊗
L
Z Z/jZ[2n− εj ].

for any j ∈ N and any n ∈ Z, where εj := Min(1, j).

Proof. Assertion (1) is true by definition, except for the exhaustiveness, which
is easy to check.

(2) For any j ≥ 0, we have a cartesian square in D̂F (S[T])

grjZZ
F ∗THH(A)

��

// grjZZ
Fil∗HKRHH(A)

��∏
p grjZZp

Fil∗BMSTHH(A∧p ,Zp) //
∏
p grjZZp

Fil∗BMSHH(A∧p /Zp,Zp)
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For j = 0, this gives the cartesian square

gr0
ZZ
F ∗THH(A)

��

// Fil∗HKRHH(A)

��∏
p gr0
ZZp

Fil∗BMSTHH(A∧p ,Zp)
' //

∏
p Fil∗BMSHH(A∧p /Zp,Zp)

where the lower horizontal map is an equivalence, see Remark 4.11. Hence the
upper horizontal map is an equivalence. For j ≥ 1, we get the cartesian square

grjZZ
F ∗THH(A)

��

// 0

��∏
p grjZZp

Fil∗BMSTHH(A∧p ,Zp) // 0

hence equivalences

grjZZ
F ∗THH(A)

∼→
∏
p

grjZZp
Fil∗BMSTHH(A∧p ,Zp)

'
∏
p

Fil∗−jBMSHH(A∧p /Zp,Zp)⊗̂ZpgrjBMSTHH(Zp,Zp)

'
∏
p

(
Fil∗−jHKRHH(A)

)∧
p
⊗̂ZpgrjBMSTHH(Zp,Zp)

'
∏
p

(
Fil∗−jHKRHH(A)

)∧
p
⊗̂Zp

(
grjFTHH(Z)

)∧
p

'
∏
p

(
Fil∗−jHKRHH(A)⊗LZ grjFTHH(Z)

)∧
p

'
(

Fil∗−jHKRHH(A)⊗LZ grjFTHH(Z)
)∧

' Fil∗−jHKRHH(A)⊗LZ grjFTHH(Z).

Here we use respectively Theorem 1.3, Proposition 3.9, Proposition 3.13, the fact
that the p-completion functor is monoidal and the equivalence grjFTHH(Z) '
Z/jZ[2j − 1] given by Corollary 4.3. The proof of the analogous statement for
TP and TC− is similar.

Assertion (3) then follows from the computation of the graded pieces of the
HKR filtration and the Beilinson filtration [1]. Moreover, we have Z0

Zgr0
FTHH(A) '

A, hence Z∗ZgrnFTHH(A) ∈ D̂F (A) by multiplicativity of the bifiltration. Simi-
larly, Z0

Zgr0
FTC

−(A) = gr0
FTC

−(A) is a E∞-Z-algebra (see the proof of Proposi-
tion 3.16(4)), hence Z∗ZgrnFTC

−(A), Z∗ZgrnFTP (A) and therefore Z∗ZgrnFΣ2TC+(A)

are objects of D̂F (Z).
�

Corollary 4.16. For any quasi-lci ring with bounded torsion A and any n ≥ 0,
we have FnΣ2TC+(A) ∈ Sp>n and ZjZFnΣ2TC+(A) ∈ Sp≥n+j. The Sp-valued
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functors A 7→ grnFΣ2TC+(A), A 7→ FnΣ2TC+(A) and A 7→ ZjZFnΣ2TC+(A)
are left Kan extended from finitely generated polynomial Z-algebras, for any
n, j ≥ 0.

Proof. We first show that grnFΣ2TC+(A) ∈ Sp>n for any fixed n. By Theorem
4.15, it is enough to show that LΩ<n−j

A/Z ⊗LZ Z/jZ[2n − εj ] ∈ Sp>n for any 0 ≤
j < n. In view of the Hodge filtration, this follows from the fact that

LΛkLA/Z ⊗LZ Z/j[2n− k − εj ] ∈ Sp>n

for any 0 ≤ j < n and any 0 ≤ k < n − j, which in turn easily follows from
LΛkLA/Z ⊗LZ Z/j ∈ Sp≥0. We obtain FnΣ2TC+(A) ∈ Sp>n by completeness of
the filtration F ∗Σ2TC+(A). Similarly, grjZZ

grnFΣ2TC+(A) belongs to Sp≥n+j

hence so does ZjZFnΣ2TC+(A) by completeness.
Since A 7→ LΩ<n−j

A/Z is left Kan extended from from finitely generated polyno-
mial Z-algebras, the same is true for A 7→ grnFΣ2TC+(A). Consider the left Kan
extension dF ∗Σ2TC+(−) of the DF (S)-valued functor A 7→ F ∗Σ2TC+(A). For
any quasi-lci ring with bounded torsion A, there is a canonical map of filtrations
dF ∗Σ2TC+(A)→ F ∗Σ2TC+(A), which induces equivalences on graded pieces,
as A 7→ grnFΣ2TC+(A) is left Kan extended for any n ≥ 0. Hence it is enough
to check that the filtration dF ∗Σ2TC+(A) is complete. But dFnΣ2TC+(A) ∈
Sp>n for any n ≥ 0 since Sp>n is closed under colimits, hence dF ∗Σ2TC+(A)
is indeed complete. Similarly, define dZ∗ZF ∗Σ2TC+(−) by left Kan extension of
the DBF (S)-valued functor A 7→ Z∗ZF ∗Σ2TC+(A). For any quasi-lci ring with
bounded torsion A, there is a canonical map of bifiltrations dZ∗ZF ∗Σ2TC+(A)→
Z∗ZF ∗Σ2TC+(A), which induces equivalences on graded pieces. Hence it is
enough to check that dZ∗ZF ∗Σ2TC+(A) is bicomplete, which follows from dZjZFnΣ2TC+(A) ∈
Sp≥n+j .

�

Corollary 4.17. For any commutative ring A, there is a bicomplete biexhaustive
(Nop × Nop

>0)-indexed bifiltration Z∗ZF ∗Σ2TC+(A) on the spectrum Σ2TC+(A),
extending the bifiltration of Definition 4.14, with graded pieces

grjZZ
grnFΣ2TC+(A) ' LΩ<n−j

A/Z ⊗
L
Z Z/jZ[2n− εj ].

Moreover, the filtration Z∗ZgrnFΣ2TC+(A) belongs to D̂F (Z) for any n. Finally,
the functor A 7→ Z∗ZF ∗Σ2TC+(A) satisfies fpqc-descent.

Proof. By Corollary 4.16, we may extend the functor Z∗ZF ∗Σ2TC+(−) to the
category of all (simplicial) commutative rings, by left Kan extension of the
DBF (S)-valued functor A 7→ Z∗ZF ∗Σ2TC+(A). The resulting DBF (S)-valued
functor Z∗ZF ∗Σ2TC+(−) takes values in D̂BF (S) by Corollary 4.16 and satisfies
fpqc-descent, since its graded pieces do by [3, Theorem 3.1]. �

Remark 4.18. The complex LΩ<n
A/S is equivalent to a complex of the form

[· · · [[LΩ<n
A/Z → LΩ<n−2

A/Z /2]→ LΩ<n−3
A/Z /3]→ · · · → LΩ<1

A/Z/(n− 1)]
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where we denote by [C → C ′] the fiber of a morphism of complexes C → C ′, and
C/j := C ⊗LZ Z/j. It would be interesting to understand the maps appearing in
this diagram.

Remark 4.19. If one defines the spectrum Σ2TC+(X ) by Zariski descent for
any scheme X , then Corollary 4.17 extends to arbitrary schemes.

The proof below relies on Theorem 4.15 together with the known computation
of π∗THH(OF ).
Proof of Corollary 1.4. For any n, j, we have

grjZZ
grnFTHH(OF ) ' LΛn−jLOF /Z[n− j]⊗LZ grjFTHH(Z)

by Theorem 4.15. Moreover LΛiLOF /Z is concentrated in homological degree
i − 1 for i > 0 by [8, Proposition 5.36]. In particular gr0

FTHH(OF ) ' OF is
concentrated in degree 0 and

gr1
FTHH(OF ) ' LOF /Z[1]

is concentrated in homological degree 1.
If n ≥ 2 then grnFTHH(OF ) is concentrated in homological degrees in [2n−

1, 2n− 2]. Indeed

gr0
ZZgrnFTHH(OF ) ' LΛnLOF /Z[n]

is concentrated in degree 2n− 1 and for any j ≥ 1

grjZZ
grnFTHH(OF ) ' LΛn−jLOF /Z[n− j]⊗LZ Z/j[2j − 1]

is concentrated in homological degrees in [2n− 1, 2n− 2]. We set

N n(OF ) := grnFTHH(OF )[−2n]

which we see as a cochain complex. Hence N 0(OF ) is concentrated in degree 0,
N 1(OF ) is concentrated in cohomological degree 1, and N n(OF ) is concentrated
in cohomological degrees in [1, 2] for any n ≥ 2. It follows that the spectral
sequence

Ei,j2 = H i−j(N−j(OF ))⇒ π−i−jTHH(OF )

degenerates and gives isomorphisms

H0(N 0(OF )) = π0THH(OF ) = OF ;

H1(N j(OF )) = π2j−1THH(OF ) = D−1
F /jOF for any j ≥ 1;

H2(N j(OF )) = π2j−2THH(OF ) = 0 for any j ≥ 2;

In particular, for any n ≥ 0, N n(OF ) is concentrated in cohomological degrees in
[0, 1]. Hence grnFTHH(OF ) is concentrated in homological degrees ≥ 2n− 1. It
follows that π∗(FnTHH(OF )) is concentrated in homological degrees ≥ 2n−1,
hence the map

FnTHH(OF )→ THH(OF )

factors through τ≥2n−1THH(OF ). This gives a morphism of filtrations

(45) F ∗THH(OF )→ τ≥2∗−1THH(OF ).

which induces equivalences on graded pieces.
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Now we prove the second assertion of the corollary. For any i ≥ 0, the dis-
cussion above shows that the complex N i(OF ) is a perfect complex of abelian
groups concentrated in cohomological degrees in [0, 1]. Hence N i(OF )∧p is con-
centrated in cohomological degrees in [0, 1] for any prime number p and any
i ≥ 0. By Propositions 3.13, 3.16 and [3, Theorem 1.12], there is a finite decreas-
ing complete exhaustive filtration on (LΩ<n

OF /S)∧p , indexed by i ∈ [0, n− 1], with
i-graded pieces N i(OF )∧p for 0 ≤ i < n. It follows that (LΩ<n

OF /S)∧p is concen-
trated in cohomological degrees in [0, 1] for any prime p, hence so is the perfect
complex of abelian groups LΩ<n

OF /S. It follows by induction and completeness
of the filtration that π∗(FnΣ2TC+(OF )) is concentrated in homological degrees
≥ 2n− 1. We get a morphism of filtrations

(46) F ∗Σ2TC+(OF )→ τ≥2∗−1Σ2TC+(OF ).

The spectral sequence

Ei,j2 = H i−j(LΩ<j
OF /S)⇒ π−i−jΣ

2TC+(OF )

degenerates and gives isomorphisms

H0(LΩ<n
OF /S) ' π2nΣ2TC+(OF )

and
H1(LΩ<n

OF /S) ' π2n−1Σ2TC+(OF )

for any n ≥ 0. It follows that (46) is an equivalence.
�

5. The correction factor C∞(X , n)

In this section, we prove the statements of Section 1.2. Corollary 1.7 and
Theorem 1.8 follow from Corollary 1.6, hence it remains to prove Corollary 1.6.
Recall from Definition 1.5 that we denote

RΓ(X , LΩ<n
X/S) := RΓ(X , grnFΣ2TC+(−))[−2n]

for any scheme X . Corollary 4.17 immediately gives the following

Corollary 5.1. The complex RΓ(X , LΩ<n
X/S) has a complete exhaustive Nop-

indexed filtration Z∗ by HZ-modules with graded pieces

gr0
ZRΓ(X , LΩ<n

X/S) ' RΓ(X , LΩ<n
X/Z);

grjZRΓ(X , LΩ<n
X/S) ' RΓ(X , LΩ<n−j

X/Z )⊗LZ Z/jZ[−1]

for any j ≥ 1.

If C is a perfect complex of abelian groups with finite cohomology groups we
set

χ×(C) :=
∏
i∈Z
| H i(C) |(−1)i .
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Proof of Corollary 1.6. The scheme X is regular and proper over Z. It
follows that RΓ(X , LΩ<n−j

X/Z ) is a perfect complex of abelian groups for any j ≥ 0,
see e.g. [8, Section 5.1]. In view of Corollary 5.1, the complex RΓ(X , LΩ<n

X/S) is
also a perfect complex of abelian groups and we have a fiber sequence

RΓ(X ,Z1LΩ<n
X/S)→ RΓ(X , LΩ<n

X/S)→ RΓ(X , LΩ<n
X/Z)

whereRΓ(X ,Z1LΩ<n
X/S) has finite cohomology groups. More precisely, RΓ(X ,Z1LΩ<n

X/S)

has a finite decreasing complete exhaustive filtration indexed by j ∈ [1, n] with
graded pieces

(47) grjRΓ(X ,Z1LΩ<n
X/S) ' RΓ(X , LΩ<n−j

X/Z )⊗LZ Z/jZ[−1].

We obtain

χ×
(
RΓ(X ,Z1LΩ<n

X/S)
)

(48)

=
∏

1≤j≤n
χ×
(
RΓ(X , LΩ<n−j

X/Z )⊗LZ Z/jZ[−1]
)

(49)

=
∏

1≤j≤n

∏
0≤i≤n−j−1

χ×
(
RΓ(X , LΛiLX/Z)⊗LZ Z/jZ[−i− 1]

)
(50)

=
∏

1≤j≤n

∏
0≤i≤n−j−1

j
∑
k∈Z(−1)k+i+1dimQH

k(XQ,Ω
i)(51)

=
∏

1≤j≤n

∏
0≤i≤n−j−1

∏
k∈Z

j(−1)k+i+1dimQH
k(XQ,Ω

i)(52)

=
∏

0≤i≤n−2

∏
k∈Z

∏
1≤j≤n−i−1

j(−1)k+i+1dimQH
k(XQ,Ω

i)(53)

=
∏

0≤i≤n−2;k

(n− 1− i)!(−1)k+i+1dimQH
k(XQ,Ω

i)(54)

= C∞(X , n)−1.(55)

Here (49) follows from (47), (50) follows from the Hodge filtration and (51) is
given by Lemma 5.2 below. Indeed, we have

RΓ(X , LΛiLX/Z)⊗Z Q ' RΓ(XQ, LΛiLXQ/Q) ' RΓ(XQ,Ω
i
XQ/Q)

since XQ/Q is smooth. �

Lemma 5.2. Let j ≥ 1 and let C be a perfect complex of abelian groups. Then

χ×(C ⊗LZ Z/jZ) = j
∑
i∈Z(−1)i·dimQH

i(CQ).

Proof. We may suppose that C is strictly perfect, i.e. that Ci is a finitely
generated free Z-module for any i ∈ Z, zero for almost all i. Then we have

χ×(C ⊗LZ Z/jZ) = j
∑
i∈Z(−1)i·rankZC

i
= j

∑
i∈Z(−1)i·dimQH

i(CQ)

where CQ := C ⊗LZ Q. �

Remark 5.3. It would be interesting to understand the possible connection be-
tween [14] and Conjecture 1.9 over finite fields.
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Remark 5.4. We expect that Conjecture 1.9 can be generalized as follows. There
should be a Weil-étale cohomology with compact support RΓW,c(−,Z(n)) and
a cohomology with compact support RΓc(−, LΩ<n

−/S) on the category of sepa-
rated scheme of finite type over Spec(Z), with values in perfect complexes of
abelian groups. These complexes should recover, for regular schemes proper over
Spec(Z), the complexes defined in [8] and in this paper respectively, and should
admit fiber sequences for any open-closed decomposition of schemes. We expect
the existence of a canonical trivialization

λ∞ : R ∼−→
(

detZRΓW,c(X ,Z(n))⊗Z detZRΓc(X , LΩ<n
X/S)

)
⊗Z R,

compatible with the fiber sequences mentioned above, and such that

λ∞(ζ∗(X , n)−1 · Z) = detZRΓW,c(X ,Z(n))⊗Z detZRΓc(X , LΩ<n
X/S)

for any separated scheme X of finite type over Spec(Z) and any n ∈ Z.
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