TOPOLOGICAL HOCHSCHILD HOMOLOGY AND
ZETA-VALUES

BAPTISTE MORIN

ABSTRACT. Using work of Antieau and Bhatt-Morrow-Scholze, we define a
filtration on topological Hochschild homology and its variants T'P and TC™
of quasi-lci rings with bounded torsion, which recovers the BMS-filtration
after p-adic completion. Then we compute the graded pieces of this filtration
in terms of Hodge completed derived de Rham cohomology relative to the
base ring Z. We denote the cofiber of the canonical map from gr"TC™ (—) to
gr"TP(—) by LQf’/LS[Qn}. Let X be a regular connected scheme of dimension
d proper over Spec(Z) and let n € Z be an arbitrary integer. Together with
Weil-étale cohomology with compact support RI'w,.(X,Z(n)), the complex
LQ;?S is expected to give the Zeta-value £¢* (X, n) on the nose. Combining
the results proven here with a theorem recently proven in joint work with
Flach, we obtain a formula relating LQ;T/’S, LQ;%’Z Weil-étale cohomol-
ogy of the archimedean fiber X, with Tate twists n and d — n, the Bloch
conductor A(X) and the special values of the archimedean Euler factor of
the Zeta-function ((X,s) at s =n and s = d —n. This formula is a shadow
of the functional equation of Zeta-functions.

1. INTRODUCTION

Let X be a regular scheme proper over Spec(Z). The special value (*(X,n)
of the zeta function ((X,s) at an arbitrary integer argument s = n € Z is
conjecturally described in [8] in terms of two perfect complexes of abelian groups
RTw(X,Z(n)) and RI'(X, LQ}T/LZ) together with a canonical isomorphism

Moo (R 3 (detZRrW,c(X, Z(n)) ®z detz RT(X, LQ,?;Z)) ©z R.

Here RI'(X, LQ;’}Z) denotes derived de Rham cohomology modulo the n-th step

of the Hodge filtration, as defined in [17]. If X is smooth over a number ring
and n < 1, or if X lies over a finite field and n € Z is arbitrary, then the equality

1) Ao(C*(X,n)™H.zZ= detzRT'w (X, Z(n)) ®z detz RT'(X, LQ;T/‘Z)

follows from standard conjectures (see [8, Theorem 5.27]|, [11, Proposition 2.1]
and [23]). Note that (1) determines (*(&X', n) up to sign. However, (1) is not quite
true in general: the equality (1) is expected to hold up to a certain correction
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factor C'(X,n). For example, if F' is an abelian number field, X = Spec(Op)
and n > 2, then we have [8, Proposition 5.34]

(2) C(Spec(OF),n) = (n — 1)I71FQ,

The motivation for this paper was to show that the equality (1) should hold
for arbitrary X and arbitrary n € Z, provided one replaces in some sense the
base ring Z by the sphere spectrum S in the definition of RI'(X, LQ;’}Z). We
realized that this philosophy might be true when we saw the computation of

mTHH(OF) in [18].

1.1. The motivic filtration on topological Hochschild homology and its
variants. In order to define a complex which would play the role of RT'(X, LQ;’;S),
recall from [1] that negative cyclic homology HC~ (X') and periodic cyclic homol-
ogy HP(X) have natural filtrations FilyHC ™ (X') and Filz H P(X) respectively,

such that the cofiber of the canonical map

(3) grp HC™ (X)[—2n] — grHP(X)[—2n]
is equivalent to RI'(X, LQ;’}Z). Hence we may redefine
RT(X, QYY) = Cofib(3) =: gty HC(X)[~2n].

Here, for any commutative ring A, we denote Hochschild homology of A/Z by
HH(A) := HH(A/Z) := AT

where T is the circle group, and we set HC~(A) := HH(A)"T, HP(A) :=
HH(A)M and HC(A) := HH(A)pr.

Replacing Z by the sphere spectrum S, one obtains topological Hochschild ho-
mology THH(A) := A®sT negative topological cyclic homology TC~(A/Z) :=
THH(A)"T and periodic topological cyclic homology TP(A) := THH(A)'T.
We also consider "positive topological cyclic homology" TC*(A) := THH (A)r,
and we refer to [24] for these constructions (see also [15] for a survey). There-
fore, we need to define a filtration on topological Hochschild homology and its
variants, which is in some sense similar to the filtration Filp mentioned above.
Recall from [3] that such a filtration does exist, after p-adic completion, for
p-adically complete quasi-syntomic rings. We denote by Filj,,g the filtrations
defined in [3]. We say that a commutative ring A has bounded torsion if A has
bounded p>°-torsion for any prime p. Finally, we denote by (—)2 the p-adic com-
pletion functor, by DF(R) := Fun(Z°?, D(R)) the filtered derived oo-category

of some Eo-ring R, and by DF(R) the full subcategory of DF(R) spanned by
the complete filtrations.

Definition 1.1. Let A be a commutative ring with bounded torsion such that
Lz has Tor-amplitude in [—1,0]. We define F*THH(A) by the pull-back
square

F*THH(A) Filt;  p HLH (A)

| |

[1, Fillas THH (A, Z,) — 11, Fillars HH (A} /Z,, Z,)
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of Ex-algebra objects in the symmetric monoidal stable co-category f)F(S[']T])
Similarly, for ? = P,C~, we define F*T7(A) by the pull-back square

F*T?(A) Fil}, H?(A)

| |

[T, Fillars T2(AD. Z) — T1, Fillpass (A} /2, Z,)

of Exo-algebra objects in the symmetric monoidal stable co-category I/DF’(S)
There is a morphism F*TC~(A) — F*TP(A) of Ex-algebra objects, and we
define F*S2TC+(A) € DF(S) as the cofiber

F*Y*TCT(A) := Cofib(F*TC~ (A) — F*TP(A))
computed in the stable co-category EF(S)

The filtrations of Definition 1.1 are functorial, multiplicative and complete
by definition, and F*T'HH(A) is T-equivariant. We show that these filtrations
are moreover exhaustive, and that gr%TC~(Z) is an E-Z-algebra. It follows
that the graded pieces of these filtrations are all HZ-modules. Moreover, for
any prime p, we have a canonical equivalence

(F*T?(A)); ~ FilpsT?(A,), Zy)

for 7 = HH,P,C~. For any commutative ring A, we denote by L, the
cotangent complex, by LO 4,z the Hodge completion of the derived de Rham
complex [17], by Lﬁi’fz the n-step of the Hodge filtration and by LQE’]Z the
cofiber of the map Lﬁi}lz S IO A/ A bicomplete multiplicative bifiltration is
a complete multiplicative filtration in DF(R). The essential ingredients of the
proof of the following result are the known computation [6] of 7,7 H H(Z) and
the fact [3] that the key players are, after p-adic completion, concentrated in
even degrees locally for the quasisyntomic topology.

Theorem 1.2. (¢f. Section 4.3). Let A be a ring with bounded torsion such
that L4,z has Tor-amplitude in [-1,0]. For

?=HH,P,C",

there exists a functorial, (N°P x Z°P)-indexed, multiplicative, bicomplete, biex-
haustive bifiltration Z;F*T7(A) on T?(A) such that we have canonical equiva-
lences

(A) ~ F*T?(A)
(4) = LA"Laz @z Z/jln+j - ¢
grl gt TP(A) ~ IOy 0% Z/j[2n — ¢
A (4) =~ LOT.7 @ Z/j2n — €]
(A)

LQ3)7 @F 2/ 20 — €]
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for any j € N and any n € Z. Here ¢; := Min(1,j) and Z;F*S*TCT(A) is
defined as the cofiber of the multiplicative map

ZEF*TC™(A) — Z5F*TP(A).

In order to prove Theorem 1.2, we first show its p-adic version, in which case
we allow more general base rings. We refer to [3, Section 4| (or to Section 2
below) for unexplained notation and terminology.

Theorem 1.3. (cf. Section 4.2). Let R € QSyny  such that (LA Lg,gz,); is a
perfect complex of R-modules for all j > 0, and let A € qSynpg. If R is perfectoid
or R = 7Z,, we allow more generally A € QSynpg.

Then for 7 = P,C~, there are N°P-indexed, functorial, multiplicative, com-
plete and exhaustive filtrations Z3Filpy g THH (A, Zy) and Z3Filg 6T (A, Zp)
on FilgsTHH(A,Zy) and Fil ;T ?(—, Zyp) respectively, endowed with canon-
ical equivalences of filtrations

gy FilpygTHH(A,Z,) ~ FilygHH(A/R,Z,)@rerhy s THH (R, L))
gty FilpygT2A, Zy) ~ Fily)oHY(A/R, L)@ perlyy s THH(R, Z,)
for any 5 € N, where the first equivalence is moreover T-equivariant.
The equivalences of Theorem 1.3 are multiplicative in the obvious sense. Now

we go back to global rings. We mention the following result since it gives what
was expected in view of [18] and (2).

Corollary 1.4. Let F' be a number field. Then we have
F*THH(Of) ~ 1>2..1THH (OF)

and
F*S2TCT(OF) =~ 504 1 X*TCT(OF).

It follows from Theorem 1.2 that ZJF"¥*TC*(A) € Sps,,; hence that
the DBF(S)-valued functor A — ZZF*Y*TCH(A) is left Kan extended from
finitely generated polynomial Z-algebras, see Corollary 4.16, where DBF(S) =
Fun(Z°P x Z°P,Sp) denotes the oco-category of bifiltered spectra. By left Kan
extension we obtain a bicomplete biexhaustive bifiltration Z%F*S2T'C*(A) for

any commutative ring A, which moreover satisfies fpqc-descent, see Corollary
4.17.

Definition 1.5. We consider the fpgc-sheaf
A Qs = gk X°TCT (A)[-2n]
and we define RT(X,LQ5) = RU(X,LQ) by Zariski descent, for any

X/S —/s
scheme X and any n € Z.

We have an equivalence

R (X, LQys) ®7 Q = RT(Xg, LOZY o).

Moreover, for any prime number p, we have an equivalence

RI(X, LQYo)p =~ RU(X,)', xp{n}/N=")
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where XPA is the formal p-adic completion of X, AXPA {n} is the complex defined
in [3] and N'=" denotes its Nygaard filtration.

1.2. The correcting factor and Zeta-values. The Zeta-value conjecture for-
mulated in [8] involves RI'w (X, Z(n)), RF(X,LQ;T/LZ), the trivialization Ao,
and a correction factor

C(X,n):= ] Cpo(X,n) € Q*
p<o©

which is defined using p-adic Hodge theory. The corresponding Zeta-value con-
jecture [8, Conjecture 5.12] is compatible with the Tamagawa number conjec-
ture of Bloch-Kato and Fontaine-Perrin-Riou by |8, Theorem 5.27|. On the
other hand, the Zeta-value conjecture formulated in |9, Remark 5.4| and [10] in-
volves RI'w (X, Z(n)), RI'(X, LQ;T/LZ), the trivialization Ao, and the following
explicit correction factor

Coo(X,n) := H (n—1- i)!(_l)deim@Hj(XQ’Qi)
1<n;j
which we denote here by Cuo(X,n) in order to distinguish it from C(X,n)~t.
The corresponding Zeta-value conjecture [10, Conjecture 1.1] is compatible with
the functional equation of Zeta-functions by [10, Theorem 1.3]. We expect
that the rational numbers Cy (X, n) and C(X,n)~! agree for arbitrary X and
arbitrary n, but we do not address this question in the present paper, although
we hope to return to it in future work.
Using Theorem 1.2, we obtain the following result.

Corollary 1.6. (cf. Section 5). Let X/Z be a regular proper scheme over
Spec(Z). Then RIT'(X, LQ?}S) is a perfect complex of abelian groups given with
a fiber sequence

RI(X, 2" LQYs) = RT(X, LQYs) — RU(X, LQY),)

where RF(X,ZILQ?/LS) has finite cohomology groups such that

[11 7, 21 1037) [CV'= Coo(,m) .
1€EZ
Corollary 1.6 and [23] immediately give the following

Corollary 1.7. Let X be a smooth proper scheme over the finite field Fy. Then
RT(X, LQ?}S) is a perfect complex with finite cohomology groups and we have
[T 1 # (¥, L3 |0 = qu¥/FaOxn)

1EZ
where the right hand side is Milne’s correcting factor [22].

We now recall some constructions from [8]. Let X’ be a regular proper scheme
over Spec(Z). We denote by X the quotient topological space X' (C)/Gr, where
X(C) is endowed with the complex topology and Gg is the Galois group of
C/R. The space X, is the fiber of the Artin-Verdier compactification X¢; of
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the étale topos X over the archimedean prime co € Spec(Z),,. We consider
the morphism of topoi

7 : Sh(GRr, X(C)) — Sh(Xx)

where Sh(Gg, X(C)) is the topos of Gg-equivariant sheaves on X (C) and Sh(X)
is the topos of sheaves on X5. For any n > 0, we define

it 7(n) := 75" R, (2im)" 7

o

where (2im)"Z is seen as a Gr-equivariant sheaf on X'(C). Note that, if a > 0
then R%m,.(2im)"Z is a sheaf supported on the closed subspace X'(R) C X
with stalks H*(GR, (2im)"Z). For n < 0, we consider the continuous map of
topological spaces

[ (A" )eo = AV (C)/Gr = X
and we set

in Z(n) := RAZ[—2n].

oo

Then we define the perfect complex of abelian groups
R (Xoo, Z(n)) := RI(Xso,i5,Z(n)) for any n € Z

where the right hand side is the hypercohomology of the topological space X
with coefficients in the complex of sheaves i Z(n) defined above. For any n € Z,
we have an equivalence

(4) RTw (Xso, Z(n)) @z R ~ RT(X(C), (2im)"R)“E.

Assume moreover that X is connected of dimension d. We define the invertible
Z-module

E(X/S,n) = detzRT'w (X, Z(n)) @z det; RT(X, LQYs)

©zdet; ' RUw (Xoo, Z(d — 1)) ©7 detz RT(X, LQFIS™).

It follows from (4) and from Corollary 1.6 that duality for Deligne cohomology
[8, Lemma 2.3(b)| yields a canonical isomorphism

Ex/sn i R S E2(X/S,n) @R

and we denote by det(&y /S,n) its determinant computed with respect to the
basis 1 € R and a generator of Z(X'/S,n), so that det({x/s,) € R*/{£1} is
well defined up to sign.

We denote by (*(Xx,n) the leading Taylor coefficient at s = n of the
archimedean Euler factor of X, see [10, Section 4|. Finally, we denote by A(X)
the Bloch conductor (see [4] and [10, Definition 3.2|) if X'/Z is flat, and we set
A(X) := ¢ X(¥/Fa) if X lies over the finite field F,, where x(X/F,) is defined in
[22, Section 10| in various ways.

The following result follows immediately from Corollay 1.6 and [10, Theo-
rem 1.2| (respectively from Corollary 1.7 and [22, Lemma 10.1]) if X/Z is flat
(respectively if X lies over a finite field).
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Theorem 1.8. (Joint with Flach |10|) Let X be a regular connected scheme of
dimension d, proper over Spec(Z). We have

_ (oo,
det(§x/s,) = TA(X)" 42 (d—)

¢
(XYoo n)

To conclude, we formulate the special value conjecture stated in [10, Conjec-
ture 1.1] in light of Corollary 1.6. Let X be a regular scheme of pure dimension
d proper over Spec(Z) and let n € Z. If X satisfies Assumptions L(X ¢, n),
L(Xe,d —n), AV(X¢,n) and B(X,n) of [8], then we may define a perfect
complex of abelian groups RI'w (X,Z(n)), consider the fundamental line

A(X/S,n) := detzRl'w (X, Z(n)) ®z detz RT'(X, LQ;’}S)
and define a canonical trivialization
AR5 A(X/S,n) @z R.

Let ((X, s) be the Zeta function of X'. Assuming that ((X, s) has a meromorphic
continuation to the entire complex plane, we denote by (*(X,n) € R* its leading
Taylor coefficient at s = n.

Conjecture 1.9. (Joint with Flach [8], |9, Remark 5.4], [10]) We have
ACT(X,n) ™" - Z) = A(X/S,m).

It follows from Theorem 1.8 that Conjecture 1.9 is compatible with the func-
tional equation in the form of [10, Conjecture 1.3]. If X lies over a finite field,
then Conjecture 1.9 follows from the (conjectured) finite generation of the Weil-
étale motivic cohomology groups Hjj,(X,Z(n)), which in turn follows from the
Tate conjecture. If n =1, d = 2 and X' /Z is flat, then Conjecture 1.9 is equiva-
lent to the Birch and Swinnerton-Dyer conjecture by [11, Section 5|. Finally, if
X /OF is smooth over a number ring and n < 1, then Conjecture 1.9 is equiva-
lent to the Bloch-Kato conjecture [5] for the motive h(Xg)(n) in the formulation
of Fontaine and Perrin-Riou [12]. Therefore, if X' /OFp is smooth over a number
ring and n > d — 1, then Conjecture 1.9 follows from the functional equation
together with the Bloch-Kato conjecture. Finally, the relationship between Con-
jecture 1.9 and Deninger’s conjectures (see e.g. [7]) is explained in [9, Section
5.2].

Aknowelements. I am grateful to Spencer Bloch, Christopher Deninger, Lars
Hesselholt, Steve Lichtenbaum, Matthew Morrow and Niranjan Ramachandran
for interesting comments about this paper. Special thanks are due to Matthias
Flach for many discussions related to the correction factor.

2. NOTATIONS

We use the theory of co-categories developed in [19] and [20], and try to give
precise references to these books whenever it feels useful.
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2.1. Filtrations. We refer to [13] and [3, Section 5.1] for the following state-
ments. For any Eo-ring R we denote by D(R) the derived oo-category of R
and by DF(R) := Fun(Z°?, D(R)) the filtered derived oco-category of R, which
is a symmetric monoidal presentable stable oco-category via the Day convolu-
tion. Note that, if R = S is the sphere spectrum, then D(S) = Sp is the
oo-category of spectra. A (decreasing Z°P-indexed) filtration X* in D(R) is an
object X* € DF(R). A filtration X* in D(R) is said to be N°P-indexed if

gr™(X*) := Cofib( X" — X™) ~ 0

for any n < 0. A filtration X* is said to be complete if lim X* ~ 0. We denote
by DF(R) the full subcategory of D(R) spanned by the complete filtrations. A
filtration X* on X € D(R) is a filtration X* together with a map colim X* — X.
A filtration X* on X € D(R) is said to be exhaustive if the map colim X* — X
is an equivalence. A filtration X* € DF(R) is said to be multiplicative if it is
equipped with the structure of an E-algebra object in DF(R). The inclusion
]_/?f’(R) — DF(R) has a left adjoint, called the completion functor, which we
denote by X* — X*. Moreover DF (R) has a symmetric monoidal structure
such that the completion functor is symmetric monoidal. Explicitly, we have

X*RY* =X @Y+,
In the above definitions, we may replace D(R) by any symmetric monoidal
presentable stable oco-category. A bifiltration X** in D(R) is a filtration in
DF(R). A bifiltration X™** is said to be bicomplete if it is a complete filtration
in DF (R). A (resp. biexhaustive) bifiltration X** on X € D(R) is a (resp.
exhaustive) filtration on a (resp. exhaustive) filtration on X. The oo-category of
bifiltrations DBF(R) in D(R) is equivalent to the presentable stable co-category
Fun(Z°P x Z°?, D(R)), which is also symmetric monoidal via Day convolution.
A bifiltration X** is said to be multiplicative if it is equipped with the structure
of an E.-algebra object in DBF(R), i.e. if X** is a multiplicative filtration in
DF(R). We also denote by ﬁB\F(R) the oco-category of bicomplete bifiltrations.

2.2. p-adic completion. We refer to |21, Section 7.3] for the following state-
ments. If R is an Ey-ring and p is a prime number, we may consider the full
subcategory D(R)P®) of D(R) consisting of p-complete R-modules. Here (p)
is the ideal generated by p in the ring 7o(R). The inclusion D(R)P®) — D(R)
has a left adjoint, called the p-completion functor, which we denote by

D(R) — D(R)®»\()
X — Xé\
Note that if R is a (discrete) commutative ring and X € D(R) then
X, ~ Rlim, (X ®F Z/p"Z).

Then D(R)®PP) has a symmetric monoidal structure & such that the p-completion
functor is symmetric monoidal |21, Variant 7.3.5.6]. Explicitly, for X,Y €
D(R)CPI?) | we have

XQY ~(X®Y))
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and the unit object for & is R)). The inclusion D(R)®PP) — D(R), being
right adjoint to a symmetric monoidal functor, is lax symmetric monoidal. In
particular, if X is an E..-R-algebra, then so is XPA, where we also denote by Xz/)\
its image in D(R). Finally we denote by X" = Hp XpA the profinite completion
of X € D(R), where the product is taken over all prime numbers.

2.3. Topological Hochschild homology. If D® is a symmetric monoidal co-
category, then we denote by CAlg(D) the oo-category of E-algebras in D.
Let R be an E.-ring spectrum, and let A be an E.-R-algebra, i.e. A €
CAlg(D(R)). One considers the constant functor

Ty/r: T — CAlg(D(R))
with value A, and one defines
THH(A/R) := A®R" := colim T 5.

Then THH(A/R) is a T-equivariant Eo-R-algebra, there is a canonical (non-
equivariant) map A — THH(A/R) of Ex-R-algebra, and THH(A/R) is uni-
versal for these properties. We have

(5) THH(A/R) ®% S ~THH(A®%S/S)

where ®% denotes the coproduct in CAlg(D(R)), which we sometimes simply
denote by ®p. The equivalence (5) follows from the fact that the left hand side
satisfies the universal property of the right hand side.

If R =S is the sphere spectrum, we set THH(A) := THH(A/S). If both
A and R are discrete, so that they can be identified with classical commutative
rings, then we set

HH(A/R) .= THH(A/R)
and we have
(6) THH(A) @y R~ HH(A/R).
If A is discrete and R = Z, then we set HH(A) := HH(A/Z).

2.4. Quasisyntomic rings. We recall some definitions introduced in [3, Sec-
tion 4]. Let A be a commutative ring and let K € D(A). Recall that K is said
to have Tor-amplitude in [a,b] if K ®% M is cohomologically concentrated in
degrees in [a, b] for any A-module M, and that K is said to have p-complete Tor-
amplitude in [a, b] if K ®% A/pA € D(A/pA) has Tor-amplitude in [a, b]. We say
that K € D(A) is p-completely flat if K has p-complete Tor-amplitude in [0, 0].
Recall also that a ring A is said to have bounded p®°-torsion if the inductive
system A[p¥] := Ker(A % A), indexed by v > 1, is eventually constant. The
ring A is said to be p-completely quasi-syntomic if A is p-complete, has bounded
p>-torsion, and L4z, € D(A) has p-complete amplitude in [~1,0]. A commu-
tative ring S is quasiregular semiperfectoid if .S is p-completely quasi-syntomic
and if there exists a surjective morphism S’ — S where S’ is perfectoid.

We denote by QSyan the category of p-completely quasisyntomic rings, and
by QRSPerdep the category of p-complete quasiregular semiperfectoid rings
S. If R € QSyng , then QSyny := (QSyan)R/ denotes the category of p-
completely quasisyntomic rings A endowed with a map R — A, and we define
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similarly QRSPerfd. Finally we denote by qSynp (respectively qrsPerfdy) the
full subcategory of QSynp (respectively QRSPerfdy) spanned by the rings A
such that the structure map R — A is quasisyntomic |3, Definition 4.10].

We say that a commutative ring A is quasi-lci if L,z has Tor-amplitude in
[—1,0]. We say that A has bounded torsion if A has bounded p®-torsion for
any prime p.

Lemma 2.1. Let A be a quasi-lci ring with bounded torsion. Then for any
prime p, AI/,\ 1s discrete and p-completely quasi-syntomic.
Proof. Let p be a prime number. Since A has bounded p®-torsion, the projective
systems {A ®L Z/p*Z} and {A/p"} are pro-isomorphic. Moreover {A/p"} is
Mittag-Leffler, hence

A;,\ = Rlim A ®% Z/p"Z ~ lim A/p”
is discrete and p-complete. For any v > 1, the canonical map
(7) ARLZ/p"T S A) @F 1/pZ

is an equivalence since AI/)\ is the derived p-completion of A. This gives

N[ V] ~o v ~ AN A
Ap[p"] ~ Alp”] and A/pA ~ A} /pA;.
In particular, A} has bounded p-torsion. Moreover, (7) gives
Lajz ©% Z/pZ = Lap z, 9% Z./pZ.
After derived base change along A ®% Z/pZ — A/p, we obtain
Lajz @4 A/pA = Lapz, ©% A/pA.
Similarly, (7) and derived base change give
A/pA~ A% AlpA S A) @4 A/pA
hence we have
Lz ®ﬁ A/pA ~ LAQ/ZP ®ﬁ$ A;)\ ®£4/ A/pA ~ LAIA)/ZP ®ﬁ£ A;,\/pAI/)\.
But Ly @k A/pA € D(A/pA) has Tor-amplitude in [~1,0] by stability of
Tor-amplitude by derived base change. Hence L Apjz, € D(A;\) has p-complete
amplitude in [—1,0].
]
2.5. The BMS filtrations. We consider the sites given by the categories

QSynOZz and QRSPerfd%i endowed with the quasisyntomic topology, see |3,
Lemma 4.17 and Lemma 4.27|. Let C be a presentable category. Then the
restriction along QRSPerfd%; — QSyn%; induces an equivalence |3, Proposition
4.31]

Shc(QSyn%;) — ShC(QRSPerfd%;)
between the corresponding oco-categories of C-valued sheaves. We denote an
inverse to this functor by
() Shc(QRSPerfd%;) — Shc(QSyHOZI;) 7

F —  RDgn(—,F)
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unlike in [3], where it is denoted by F — F=. Consider the DF (Zp)-valued
presheaves 7>o. HH (—/Zyp, Zy), T>2+HP(— /2y, Zy) and 7>2, HC™ (—/Zy, Zy) on
QRSPerdeZI;. For ? = H, P,C™, the presheaf 7>9,H?(—/Zy,Z,) is a sheaf for
the quasisyntomic topology [3, Section 5.2|, and one defines
Filp s H?(=/Zyp, Lp) := RUsyn(—, T2 H? (= /Ly, L))

which is a DF(Z,)-valued sheaf on QSynz . Note that

FilgysH?(S/Zp, L) ~ 752, H?(S/ 2Ly, Zp)
for any S € QRSPerdep. Since our base ring is R = Z,, the proof of [3, Theo-
rem 1.17] is valid for any A € QSyngz, . In particular, for any A € QSyng,_ , the n-
graded piece gr'gy g H?(A/Zy, Zy) is identified with (LA™ L 47, ), [1], (LﬁA/ZP)Q [2n]
and (LQ%;LZP )pl2n] for 7 = H, P,C~ respectively.

In the previous paragraph, one may replace the base ring Z, by an arbitrary
R € QSyngz , provided we also replace QSyngp and QRSPerfdg by qSyng and
qrsPerfdp respectively.

Similarly, consider the DF(S)-valued presheaves 7>, THH (—, Zy), T>2:TP(—, Zy)
and 7>2,7C~ (—, Zp) on QRSPerfd%z. For? = HH, P,C™, the presheaf 759, 17(—/Zy, Zy)
is a sheaf for the quasisyntomic topology |3, Section 7|, and one defines

Filp s T?(=, Zp) := Rlsyn(=, m>2.17(—, Zp)),
which is a DF(S)-valued sheaf on QSynf?. One has
Fil}0,5T7(S, Zp) = 752, T7(S, Z,)
for any S € QRSPerfdy .

3. THE MOTIVIC FILTRATION

3.1. Cartesian squares. We define a filtration on THH as follows. For any
commutative ring A we define a T-equivariant filtration

Z*THH(A) := THH(A) ®rpp(z) T2 1 THH(Z)

on THH(A). Recall from [6] and [18| that mTHH(Z) is Z for i = 0 and Z/nZ
for i =2n — 1 > 0 and 0 else. This yields T-equivariant equivalences of spectra

gr%(THH(A)) ~ THH(A) @y Z ~ HH(A),
and
gr'z(THH(A)) ~ THH(A) ®rgmz) Z/n2n —1]
~ THH(A) @ruuz) Z @z Z/n2n — 1]
~ HH(A) ®% Z/n[2n —1]
for n > 0, and gr’2 (THH(A)) ~ 0 for n < 0. We define similarly
Z'"THH(A,Z,) = THH(A, L)) sy 201 THH(Z)
Using [3, Lemma 2.5|, we also have

@& (THH(A,Z,)) ~ HH(A,Z,)
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and
et (THH(A,Z,)) ~ HH(A, Z,) ®% Z./n[2n — 1]
for n > 0.
Proposition 3.1. Let A be a commutative ring. The filtrations Z*THH (A) and

Z*THH(A,Zy), on THH(A) and THH (A, Zy,) respectively, are both complete
and exhaustive.

Proof. The filtration Z*THH (A) is N°P-indexed and we have
colim Z*THH(A) ~ Z°THH(A) ~ THH(A).
so that Z*THH(A) is exhaustive. The functor
THH(A) @rpu) (=) : D(THH(Z)) — Sp

is right t-exact |20, Definition 1.3.3.1, Corollary 7.2.1.23| hence we have Z"THH (A) €
Sp>a,_1- It follows that the filtration Z*T'H H(A) is complete, by left complete-
ness of Sp. The same argument applies to Z*T'HH (A, Z,) since THH (A, Z,)
is connective, as the p-completion is right t-exact too [21, Proposition 7.3.4.4].
O

We refer to |3, Section 2.2] for the Hochschild-Kostant-Rosenberg filtration,
which we denote by Filyxp.

Lemma 3.2. Let p be a prime number and let A be a commutative ring with
bounded p*°-torsion. The map

- o A
(Fily x pHH (A)), — (FilpycpHH (A} Zp))
s an equivalence of complete multiplicative T-equivariant filtrations.

Proof. Since A has bounded p®°-torsion, its derived p-adic completion A:f)\ =
Rlim(A ®% Z/p®) coincides with its naive p-adic completion. In particular, A]/D\
is a (discrete) commutative ring. The map of the lemma is induced by the
morphism of filtrations

Filly o g HH(A) — Filly g HH(AD | Z,)

A
p

lim (Filyy g HH(A));) ~ (lim Fil} g g HH(A))) ~ 0

The p-adic completion functor (=), commutes with small limits, hence
since the H K R-filtration is complete. Similarly we have

. 1% A N

lim (FilyxpHH(A) /Zp))p ~ (.

Hence the map of the Lemma is a map of complete filtrations, so that it is
enough to show that the induced map

(grEKRHH(A));\ — (gri'{KRHH(A;/)\/ZPDQ

is an equivalence for all ¢ > 0. But this map may be identified with the natural
map

. . AN
(LA Laszli])) = (LA’L AL, [i])p
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which is an equivalence since we have
(LA'Lajz) @7 Z/p* =~ LA Liagiz/pm) /2o
~ LA Lapoizon) /@)
~ (LN'L Ay /Zp> oL Z/p".
as the map A ®% Z]p" — A;,\ ®% Z/p¥ is an equivalence in the oco-category of
simplicial commutative rings. O

Lemma 3.3. Let p be a prime number and let A be a commutative ring with
bounded p*°-torsion. Then the map

9) THH(A,Z,) — THH(A;\,ZP)
1s an equivalence of T-equivariant Eq-ring spectra.

Proof. Tt is enough to check that (9) is an equivalence of spectra. The map (9)
induces a map of complete filtrations from

Z*THH(A,Zp) :=THH(A,Zp) @1 pz) T>2+—1THH(Z)
to
Z*THH(A;\, L) = THH(AI/,\, Zp) @ruHz) T>20—1 THH(Z).
The induced map
gr2THH(A,Z,) ~ HH(A, Zy) — HH(A), Zp) ~ gr%THH(A}), Zy)
is an equivalence by Lemma 3.2. For n > 0, the induced map
gr3THH (A, Zy) — gr'3THH (A}, Zy)
identifies with the map from
THH(A,Zyp) @rum) mon1THH(Z)[2n — 1] ~ HH (A, Zy) ®7 Z/n[2n — 1]
to
THH(A]/;,ZP) QrrHz) Ton1THH(Z)[2n — 1] ~ HH(A;\,ZP) ®z Z/n2n — 1]
which is also an equivalence by Lemma 3.2. g

Remark 3.4. Lemma 8.3 holds for any Eo-ring spectrum A. Indeed, consider
the composite functor

T T4 CAlg(D(S)) =8 CAlg(D(S)P®)

A

» 1s the p-completion

where T is the constant functor with value A, and (—)
functor. Then we have

THH(A,Zp) := (colimTy); ~ colim ((—); o T4)

~ colim ((—); ° TAQ) ~ THH(A),Z,).
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Proposition 3.5. Let A be a commutative ring with bounded torsion. The
diagram of T-equivariant Eo-ring spectra

THH(A) HH(A)

| |

[1, THH(A),Z,) — [, HH (A}, Z,)

18 cartesian.

Proof. By |20, Corollary 3.2.2.4| it is enough to show that the square of the
proposition is a pull-back square of spectra. First we show that

THH(A) — HH(A)

l |

THH(A)» —= HH(A)"
is cartesian. It is enough to show that the induced map from
Fib(THH(A) — HH(A))
to
Fib (THH(A)/\ — HH(A)/\) ~ (Fib(THH(A) — HH(A)))"

is an equivalence. Noting that Fib (THH(A) — HH(A)) ~ Z'THH(A) we
need to show that
ZI'THH(A) - (Z2'THH(A))"

is an equivalence. There is a complete exhaustive filtration Z* on ZITHH (A)
such that

gL (Z'THH(A)) ~ HH(A) ®% Z/n[2n — 1]

for all n > 0 and gr’y(Z'T(4)) = 0 for n < 0. Hence it is enough to check that
the map

HH(A) @} Z/n[2n — 1] — (HH(A) ®% Z/n[2n —1])"

is an equivalence for any n > 0, which is clear. The result follows since the
maps

HH(A)" — [[ HH(A),Z,) and THH(A)" — [[ THH(A}),Z,)
p p

are equivalences by Lemma 3.2 and Lemma 3.3 respectively.

d
Either one of the following lemmas suffices to prove Proposition 3.8 below.
Lemma 3.6. The canonical map of spectra

(Z'THH(A)pr — [ [ (Z'THH(A))))
p

= (Z'THH(A))pr)"

18 an equivalence.
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Proof. The complete exhaustive N2 -indexed filtration Z* on ZITHH(A) of
the previous proof induces a complete exhaustive filtration (Z*),r (respectively
I, ((2%))nt) on the source (respectively the target) of the map of the Lemma.
Indeed the completeness of these filtrations follow from the fact that both (=)t

and (7);,\ are right t-exact, as the connectivity of Z* tends to infinity. The map

of complete filtrations (2*)nr — [],((2*),)nr induces
(gr'’%)nT — H((gf%)A)hT
P

on n-th graded pieces, which identifies with the equivalence
HC(A) ®% Z/n[2n — 1] - [[(HC(A) ©f Z/n[2n — 1))
P

for any n > 0. O

Lemma 3.7. The map

(H THH(A), Zp)> — [[THH(A), Z))nr ~ HTC+
p hT p

s an equivalence, and similarly for HH .

Proof. Applying [3, Lemma 3.3| to the weak Postnikov tower {[ [, 7<,THH (A, Zy)},
we obtain

(HTHH(AQ,Z,,)) ~ (Hnmn@nTHH(AQ,Zp)>
p RT p RT

~ (hmn [[r<nTHHAY, Zp))
hT

p
~ limy, (H T<n THH(A), Z,,)) :
p hT
Similarly, we have
HTHH(AQ, Zp)nt =~ H (limnm< , THH(A), Zp)), . ~ lim,, H (r<aTHH(A}, 7)), 0
p p

hence it suffices to prove the result for 7<,THH(A),Z;,). By induction and
shifting, the result then follows from the fact that the map

(HwnTHH (A),Z )) = [[ (=THH(A),Z,))

RT p

is an equivalence for any fixed n > 0. The same argument works for HH (—,Zj).
U
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Proposition 3.8. Let A be a commutative ring with bounded torsion. The
squares of Exo-1ing spectra

TC-(A) HC(A)

| |

Hp TC*(A;Q, L) — Hp HC*(AQ, L)

and

TP(A) HP(A)
Hp TP(AI/,\, Lp) — Hp HP(AQ, Zy)
are both cartesian. Similarly, the square of spectra

TCO+(A) HC/(A)

| |

[, TC*(Ap,Zy) — L, HC(Ap, Zy)

1S cartesian.

Proof. The first and the second square are both commutative squares of Eo-ring
spectra because the functors (—)"T and (—)!T are both lax symmetric monoidal
[24, Corollary 1.4.3]. It is enough to check that they are cartesian as squares of
spectra by [20, Corollary 3.2.2.4]. Concerning the first square, this follows from
Proposition 3.5 since the functor (—)"T preserves small limits, in particular
with countable products and fiber products. It follows from Proposition 3.5,
the exactness of (—)pr, and either Lemma 3.6 or Lemma 3.7, that the third
square is a cartesian square of spectra. Taking the cofiber of the norm map
S(—=)nr — ()T, we see that the second square is also cartesian.

O

3.2. Morphisms of filtrations.

Proposition 3.9. Let p be a prime number and let A be a commutative ring
with bounded p>°-torsion such that A;)\ € QSynZP. Then there is a canonical
morphism of complete multiplicative T-equivariant filtrations

FilygprHH(A) — FilTBMSHH(AI/)\/Zp, Zyp)
which induces an equivalence after p-completion.
Proof. First we define an equivalence
(Filly c p HH (A /Zp))g = Filgy s HH (A Z,, Z,).
The presheaves (Fil}KRHH(—/Zp));\ and Filg,,¢HH(—/Z,,Z,) are sheaves

on QSyny’ with values in DF(Z,[T)). So it is enough to define an equivalence

(Fil}{KRHH(R/Zp));\ = FilgysHH(R/Zy, Zp) ~ T>0. HH (R Zy, Zy)
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functorial in R € QRSPerfdz . But
; A ; At
(et rHH(R/Zp)), ~ (LA'LRz,) ) [i]

is concentrated in homological degree 2i by [3, Lemma 5.14(1)], hence (Fily  n HH(R/Zy))
is concentrated in homological degrees > 2¢ by induction. Hence the map

(Fily e g HH(R/Z,))) — HH(R/Z,)) =: HH(R/Z,,7,)

N
p

factors through 7>9; HH (R /7y, Z,,). This gives a map of complete multiplicative
T-equivariant filtrations

(Filyyx pHH(R/Zy)), — o2 HH(R/Zy, Ly)
which is an equivalence since
i AN i AN ~ .
(eruxrHH(R/Zy)), ~ (LA'Lpyz,) ) [i] — (i HH(R/Zp, Zp))[2i]
for any ¢ > 0.
The morphism of the proposition is then given by the composite morphism
Fill g HH(A) — (FilygrHH(A)))
~ % A
— (FilyxpHH(Ap /Zp)),
s FilhygHH (A}, Z,)

where the first map is the p-adic completion map, the second map is given by
Lemma 3.2 and the third map is defined above. The result follows.
O

In the statement below, we denote by Fily the filtration defined in [1].

Proposition 3.10. Let p be a prime number and let A be a commutative ring
with bounded p™°-torsion such that A;D\ € QSyan. Then there are canonical
maps of complete multiplicative filtrations

FilgHC™ (A) — Filg,,gHC™ (A;\/Zp, Zp)
FilgHP(A) — Filpy s HP(A} /Ly, Ly)
which induce equivalences after p-completion.

Proof. We treat the case of HP; the case of HC™ is similar. We shall define a
composite map of complete multiplicative filtrations

Filp HP(A) — (FilgHP(A))) = (Fil;HP(A) /Zp)); = Filp s HP(A) [ Ly, Ly).

where the first map is the p-completion map. First we consider the evident
morphism of complete multiplicative filtrations

(10) (FilgHP(A))) — (FilpHP(A) /Z,,));.

In order to check that this morphism is an equivalence, it is enough to show
that

A

p

(L8a/z20]) = (erhHP(A)), — (b HP(A)/2,))" = (L2, [22’]);\
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is an equivalence, where we use |1, Theorem 1.1(a)|. Using the Hodge filtration,
this follows from the fact that

. . A
(LA'Layz)) — (LA’L A /Zp)p

is an equivalence, see the proof of Lemma 3.2. Hence (10) is an equivalence.
Now we define an equivalence

(FilgHP(~/Zp)), = Filpy g HP(~/Zp, Ly)
of DF (Zp)-valued sheaves on QSynOZIZ. First we notice th;?t (FilzHP(—/ Zp));\ is
indeed a sheaf, since (grjéHP(—/Zp)); o~ (L(AL/Z [2i]>p is a sheaf on QSyny’,
see [3, Example 5.11|. Moreover Fily,,¢H P(—/Zy,Z,) is a sheaf on QSyn%; by

definition. In view of |3, Proposition 4.31], it is therefore enough to define an
equivalence

(Fily HP(R/Zy)) 5 to0. HP(R/Zp, L) = Fillyrs s HP(R/Zy, )

functorial in R € QRSPerfd; . We need to check that (Fil%HP(R/Zp));\ is con-
centrated in homological degree > 2i. Since R € QRSPerfdy , (LAZ'L R /Zp);\ [—1]

is concentrated in degree 0 by [3, Lemma 5.14(1)]. It follows by induction that

(LQE;LZ,,):Q is concentrated in degree 0 and that the transition morphisms are

surjective on HY, so that the derived limit

(LQgyz,)p = Rim((LQ5}, )p)

is concentrated in degree 0 as well. Hence (Fil’fBHP(R/Zp));\ is a complete
filtration with j-graded piece

(sshHP(R/2,)) = (L, )12

concentrated in homological degree 2j5. By induction and completeness of the
filtration, it follows that (FilzHP(R/ Zp));\ is indeed concentrated in homolog-
ical degree > 2i. Hence the natural map (FiliBHP(R/Zp));\ — HP(R/Zy, Zy)
factors through
(Fily HP(R/Z,)))) — m>2,HP(R/Z,, Z,)
and we get a morphism of complete multiplicative filtrations
(FiI};HP(R/Zp))Z/)\ — >0 HP(R/Zy, Zy) ~ Filg\;gHP(R/Zy, Zp).

This map is an equivalence since the induced map

A A A A A ~ A
(EOmz,[201) | =~ (@b HP(R/Zy)), — sxiassHP(R /T, Ty) = (L0, [21])

is an equivalence for any i € Z (see [3, Theorem 1.17| and Section 2.5).
]
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Proposition 3.11. Let A € QSyny . There is a functorial morphism of multi-
plicative T-equivariant filtrations

Filly ;s THH (A, Z,) — Filyy gHH(A/Z,, Z,)

inducing the canonical map THH (A,Z,) — HH(A/Zy,Zy), and similarly for
TP and TC™.

Proof. The map THH (—,Zy,) - HH(—/Zy,7Zy) induces a morphism
rons THH(—, 7)) — 7o HH(~ 2, T,)
of DF (S[T])-valued sheaves on QRSPerdeZz (more precisely, of sheaves of Es-
algebras in DF(S[T])). We obtain
RUgyn(A, >0, THH (—,Zp)) = RUsyn(A, >0 HH(— /2, L)),

which is the desired morphism by definition of the BMS-filtration. Taking the
colimit of both sides, we obtain the canonical map THH (A, Z,) — HH(A/Zy,,Zy,),
since the BMS-filtration on both THH (A, Z;,) and HH (A/Zy,, Zy,) is exhaustive.
The proof for TP and T'C'~ is the same.

([l

3.3. Definition of the motivic filtration.

Definition 3.12. Let A be a quasi-lci ring with bounded torsion. We define
F*THH(A) as the fiber product

F*THH(A) Fil%; o p HH (A)

| |

Hp Fﬂ*BMSTHH(A;\v Zp) —= Hp Fﬂ*BMSHH(Az/;\/va Zp)

of Exo-algebra objects in the symmetric monoidal co-category ﬁ(S[T])

Proposition 3.13. If A is a quasi-lci ring with bounded torsion, then F*T HH (A)
1s a functorial, T-equivariant, N°P-indexed, multiplicative, complete, exhaustive
filtration on THH(A) endowed with an equivalence

(F*THH(A))) — FilpsTHH(A), Zy)
for every prime number p.

Proof. The fact that F*THH(A) is N°P-indexed and exhaustive follows from
Proposition 3.5, since the HKR filtration on HH(A), the BMS filtration on
HH(Ap/Zy,Zp), and the BMS filtration on THH(A}/Zy,Z,) are all N°P-
indexed and exhaustive. By definition F*T'HH(A) is an E..-algebra object
in the symmetric monoidal co-category DF (S[T]), hence it is complete, multi-
plicative and T-equivariant. Applying (—); to the defining cartesian square of
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F*THH(A) we obtain a cartesian square
(F*THH(A)), (Filir g HH(A));

i -

FilyysTHH(A), Z,) — Filyy g HH(A) 2, Z,)

where the right vertical map is an equivalence by Proposition 3.9. It follows
that the left vertical map is an equivalence as well.

O

Definition 3.14. Let A be a quasi-lci ring with bounded torsion. For? = P,C~
we define F*T?(A) as the fiber product

F*T?(A) Filt, H7(A)

| |

[, Filpars THAD, Zp) —— 11, Filpars H? (A} [ Zp, Zp)

of Exo-algebra objects in the symmetric monoidal co-category l/?TT(S)
There is a morphism F*TC~(A) — F*TP(A) of Ex-algebra objects, and we
define F*S2TCV(A) € DF(S) as the cofiber
F*Y*TCT(A) := Cofib(F*TC~(A) — F*TP(A))
computed in the stable category ﬁ(S)

Lemma 3.15. Let A be a quasi-lci ring with bounded torsion. For 7 = P,C~,
the canonical maps

colim [ [ FilpsT?(Ap, Zp) — [ [ T2(4p, Z
p

colim [ [Filpys H2(A), Zp) — [[ H?(A)
p
are equivalences.

Proof. We prove the result for T'P; the same argument works for the other cases.
We have

TP(R,Zy)/Filgyrg ~ T<on TP(R, Zy) € Spoo,
for any R € QRSPerde , hence

HTP Zp) [Filgprs ~ [ [ RUsyn(A), 7<anTP(—, Zy)) € SPcon,
p

since Sp <on 18 closed under limits in Sp7 see [20, Corollary 1.2.1.6]. The map

e HFﬂ msTP(A),Z,) = m(| [TP(A), Z,))
p
is therefore an 1som0rphlsm for any ¢ > 2n, hence the left group is eventually
constant when ¢ € Z is fixed and n tends to —oo. The result follows since
m; : Sp — Ab commutes with filtered colimits. O
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Proposition 3.16. Let A be a quasi-lci ring with bounded torsion.
(1) F*TP(A) and F*TC~(A) are functorial, multiplicative, complete, ex-
haustive filtrations on TP(A) and TC™(A) respectively.
(2) There are canonical equivalences
(F*TP(A)), — FilpysTP(A), Zy)
and
(F*TC™(A)), — FilppsTC™ (A}, Zy)
for every prime number p.
(3) F*S2TCT(A) is a functorial, N -indezed, complete, ezhaustive filtra-
tion on X2TCT(A), and there is an equivalence
(F*S2TCH(A)))y = FilpysS°TCH(A), Z,)
for every prime number p.
(4) For any n € Z, gr*TP(A), gr'xTC~(A), and gr':¥*TCt(A) are HZ-
modules and there is a cofiber sequence of HZ-modules
gt TC™(A) = grhTP(A) — grh¥*TCT (A).

(5) For any n > 0, we have a cartesian square of HZ-modules

grh32TCT(A) LQj;‘Z [2n]

|

[T, ap{n}/N="" 4p{n}[2n] — [, (LQ5% )5 12n]
where AAQ {n}/NZ”AAQ {n} is defined in [3].

Proof. (1) Weset 7 = P,C~. The filtration F*T7(A) is complete, multiplicative
and functorial by definition. It remains to see that it is exhaustive. Applying
colim to the cartesian square of filtrations defining F*T'7(A), we obtain the
commutative diagram

colim F*TP(A) colimFilz HP(A)

| |

colim Hp FII*BMSTP(A}/')\7 Zp) —— colim Hp Fll*BMSHP(AI/)\/ZP’ Zp)

: -

[1, TP(Ay, Zy) [, HP(A} /Ly, Zy)

where the lower vertical maps are equivalences by Lemma 3.15. The upper

square is obviously cocartesian, hence cartesian. Moreover, the map colim Filz HP(A) —
HP(A) is an equivalence by [1] since A/Z is quasi-lci. It then follows from
Proposition 3.8 that the canonical map

colim F*TP(A) — TP(A)

is an equivalence.
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(2) Applying (—);, to the defining cartesian square for F*T'P(A) we obtain a
cartesian square of spectra

(F*TP(A)), (FilzHP(A)),

| -

Fﬂ*BMSTP(AI/;\a Lp) —= Fﬂ*BMSHP(A;;\/va Zyp)

where the right vertical map is an equivalence by Proposition 3.10. It follows
that the left vertical map is an equivalence as well. The equivalence

(F*TC™(A)); — FilpysTC™ (A}, Zy)
is obtained the same way.
(3) We consider the filtration
Filp s S°TCT(A), Zp) := Cofib(Fily s TC™ (A, Zy) — Filpp s TP(A), 7))
on X*TCH(A), Zy) and we define similarly filtrations Filj; ;%2 HC/(A)), Zy) and
Filp¥2HC(A) on X*HC(A), Zy) and X2 HC(A) respectively. These three filtra-
tions are N2 -indexed and exhaustive. Indeed, we have equivalences gry HP(A) ~

LﬁA/Z[2n], gry HC™(A) ~ Lﬁi?zpn] and a cofiber sequence

gy HC™(A) — gty HP(A) — gr'y X2 HC(A),

hence FilpX?HC(A) is NJ)-indexed. It is exhaustive since FilzHC™(A) and
FilzbHP(A) are exhaustive by [1]. By [3, Theorem 1.17|, the same argument
shows that Filj;,gS2HC (A}, Zy) is N2 -indexed and exhaustive. Similarly, the
fact that Fil,,¢X?TC (A, Z,y) is N¥-indexed and exhaustive follows from |3,
Theorem 1.12].

We have a cartesian square

F*$2TC+(A) FilX2HC(A)

| |

[1, Filjp s S2TCF (A, Zy) — [1, FiligprsS2HO(AD 2, L)

in the stable category ]_/)?'(S) It follows that the filtration F*X2TCT(A) is
N‘;%-indexed since the functor gr” : DF(S) — Sp is exact for any n € Z. Taking
the colimit of this diagram we obtain, by the discussion above, the cartesian
square

FOY2TC+(A) Y2HC(A)

| |

I, 22T0+(AZ/)\, Zp) —=11, ZQHC(AQ/ZP, Zyp)

Hence the map
colim F*X*TCH(A) ~ FOX2TCT(A) — $2°TCT(A)

is an equivalence by Proposition 3.8.
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(4) The morphism F*T'C~(A) — F*TP(A) is a morphism of complete mul-
tiplicative filtrations and the associated graded functor

(g")nez : DF(S) — [ Sp
Z

is symmetric monoidal [13]. It follows that gr%TC—(A) — gr%TP(A) is a
morphism of E-algebras, grhTC~(A) is a gr'%TC~ (A)-module, grv T P(A) is
a groT P(A)-module, and the map gr':TC~(A) — grtTP(A) is a morphism of
gr%TC ~(A)-modules. In view of the cofiber sequence of spectra

g TC~(A) = gt TP(A) — gt X2TCT(A)
one is reduced to showing that gr%. TC~(A) is an En-Z-algebra. Since gr'%T'C~(A)
is a Eoo—gr%TC_ (Z)-algebra, it is enough to show that gr%TC_ (Z) is an Eyo-
Z-algebra. But

gl TC(Z) gQHCO(Z) ~Z

| |

Hp er%0sTC™ (L, L) — Hp e HO ™ (Zp) Ly, Ly) = Hp L

is a cartesian square of Eo-algebras in spectra. Moreover, gr% wusTC(Zy, Zy)

is an E.-Z,-algebra and the map

(11) grOBMSTC_(Zp» L) — gTOBMSHC_ (Zp, Zp)

is a morphism of E.-Z,-algebras. Indeed, we have grOB wmsTC (Zy, Zy) ~

RUsyn(Zyp, 70 TC~(—,Zyp)) and gr% ;s HC ™ (Zyp, Zyp) =~ RUsyn(Zp, 1o HC ™ (—, Zy))

where 7gT'C~(—,Z,) and mgHC™(—,Z,) are sheaves of E.-Z,-algebras on

qrsPerdeZZ and the map (11) is induced by the canonical morphism of sheaves

of Ex-Zy-algebras mgT'C™(—,Zy,) — moHC™(—,Zy). Since the equivalence (8)

is symmetric monoidal, it follows that (11) is a morphism of E..-Z,-algebras.
Moreover, the map

7 = gr%HC_(Z) - gr%MSHC_ (Zp/sz Zp) ~ Zy

is the p-completion map, i.e. the unique morphism of rings. We obtain a
commutative square

Hf QS HC = (Z)
Hp gr%MSTC_ (Zp, Zp) — Hp gr%MSHC’_ (Zp/Zyp, Zy)

which gives a morphism of E-algebras HZ — gr%TC~(Z).
(5) For any n > 0, we have a cartesian square of HZ-modules

grh32TCT(A) ety S2HC(A)

| |

Hp gr%MSEQTC+(A;\, ZLp) — Hp gr%MSZ2HC(A;\/Zp, Zp)
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hence (5) follows from the identification of gr,,;q and gri given in [3] and [1]
respectively.
O

4. THE BIFILTRATION ZjF™

The goal of this section is to prove Theorem 1.2. We first prove the analogous
result for p-completely quasisyntomic rings in Sections 4.1 and 4.2, where we de-
fine a bifiltration Z%pFil*B s Which interpolates between the BMS-filtration and
the filtration of Proposition 3.1. We give a direct construction of the induced
filtration Z*grig,,¢THH(A,Zy) in Section 4.1, which works for p-completely
flat Z,-algebras. A lengthier construction is then given in Section 4.2, and is
obtained as follows: we localize the base ring Z, for the quasisyntomic topology,
define our bifiltration locally and apply quasisyntomic descent. This gives the
bifiltration Z%Z)Fil’g ms and makes transparent its completeness and multiplica-
tive properties. Moreover, this second construction works in full generality, i.e.
for arbitrary quasisyntomic rings, and also applies to more general base rings
(see Theorem 1.3). On the other hand, it requires more work, and the direct
construction of Section 4.1 is still necessary to compute gr'g,,¢1HH (Zy, Zy).

4.1. The filtration on gri,,THH(—,Zy).

Proposition 4.1. For any A € qSyan and any n > 0, there is a functorial, de-
creasing, N°P-indexed, finite, complete and exhaustive filtration Z*gr’y,, ;THH (A, Zy)
on the Zy-complex gr'yy s THH (A, Zy,) with graded pieces

grzerpysTHH(A Zy) =~ (LA"Layg,),n);

grjzgr%MSTHH(A, Lp) = LAn_jLA/Zp ®£p Zp/iZpln+3j —1] for j > 1.
Proof. We first treat the case n = 0. For any S € qrsPerfdy , we have

Filsyy s THH(S, Z,) ~ 750, THH(S, Z,)
hence
et ysTHH(S,Z,) ~ noTHH(S,Z,) ~ S
since mTHH (S, Z,) is concentrated in even degrees by |3, Theorem 7.1]. For
arbitrary A € gSynz , we obtain
s THH(A,Z,) = BT qu(A,grlhps THH(—, 7)) = A

by faithfully flat descent. So the result is proven for n = 0 and we may suppose
from now on that n > 1.
Let S € qrsPerfd; . We consider the canonical map

THH(S,Z,) — HH(S/Zy,Z,)

and we denote by T(S,Z,) = Z'THH (S, Z,)[1] its cofiber. By Proposition 3.1,
T(S, Zy) has an N2 -indexed complete exhaustive decreasing filtration Z*T'(S, Z,)
with ¢-th graded piece

ey T(S,Z,) ~ HH(S/Z,, L) 9% Z/iZ]2i]
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for any ¢ > 1. Moreover, the p-completion of the HKR filtration induces an N°P-
indexed complete exhaustive decreasing filtration on HH (S/Z,, Z,) ®% 7./iZ[2i]
with j-th graded piece

(el nHH(S/Zy,2y)) @5 ZJiZ[2i] =~ (LA Ly, )plj] €% 2/i2[2i)

for any j > 0. Since LAjLS/Zp[—j] € D(S) is p-completely flat by [3, Lemma
5.14], and since Z, — S is p-completely flat, it follows that LA LS/ZP[_ jl €
D(Zy) is p-completely flat by Lemma 4.2. Hence the complex

(LN Lgyz,)p ©%, Zp/iZp[2i + j)

is concentrated in homological degree 2(i+7). Let i > 1. By induction and com-
pleteness of the HKR filtration, it follows that m, (HH(S/Zy, Z,) ®% Z/iZ[2i))
is concentrated in even homological degrees > 2¢. By induction and complete-
ness of the filtration Z*T(S,Z,), it follows that m.(Z'T(S,Z,)) is concentrated
in even homological degrees > 2i as well.

In particular m,.T(S,Z,) = 7.(Z1T(S,Z,)) is concentrated in even degrees.
Moreover m,HH (S, Z,) and m,THH(S,Z,) are both concentrated in even de-
grees by [3, Lemma 5.14| and [3, Theorem 7.1] respectively. We obtain a short
exact sequence

0 — m, THH(S,Zyp) = 2, HH(S/Zy, L) — w2, T(S/ 2y, Zy,) — 0
which we may rewrite as follows:
(12) 0= m,THH(S,Zy) — (LA"Lgz,),) [—n] — w20 T(S/ 2y, Zyy) — 0.
For any 7 > 1, the fiber sequence
778, Z,) — Z'T(S,Z,) — g’y T(S, Z,)
induces an exact sequence
0 — T2, (2T T(S,Zp)) — Ton(Z'T(S,Zp)) — Tan(gryT(S,Zy)) — 0
and we have
Ton(gtyT(S,Zy)) =~ mon (HH(S/Zp, Zp) ®F Z/iZ[2i])
~ (mom_iyHH(S /Ly, L)) @z, Lyp/i
~ (LA"'Lgyz,[i — n])p ®z, Zy/iLy.
Hence we have a finite decreasing filtration
Ton(ZYT(S, Zp)) <= -+ <= T2, (Z"T(S, Zp)) + T2 (Z" T T(S,Zy)) = 0
in the classical (i.e. underived) sense on the module
mon(T(8, Zy)) = mon(Z'T(S, Z,p))
with graded pieces
(13) mon(Z'T(S, Zp))/mon(Z T T (S, Zp)) ~ (LA™ "Ly )z, [i — n]))) @z, Zp/ip.
We consider the (derived) filtration on 7o, THH (S, Z,) given by
79, THH(S, 7)) = mo, THH(S,Zp);
Zimon THH(S,Z,) = mon(Z'T(S,Z,))[—1] for i > 1;
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where the map
Z on THH (S, Z,) = 1o (T(S, Zp))[~1] = won THH(S, Z,)) = Z°my, THH(S, Z,)
is (the shift of) the boundary map induced by (12). Since S € qrsPerfdy , we
have

grensTHH (S, Zy) ~ 7o, THH (S, Zy)[2n]
and the filtration

2y s THH(S, Z,) = (Z'man THH(S, Z,))[2n]
satisfies the conclusion of the proposition, by (12) and (13).
For arbitrary A € qSyng, , we define

ZrgrpysTHH (A, Zp) := RUsyn (A, Z7grpy s THH (=, Zy)).

The conclusion of the theorem remains true for any such A since (LA™ 7 L_ Z5)p
is a quasisyntomic sheaf by [3, Theorem 3.1].
O

Lemma 4.2. Let A — B be a p-completely flat map of p-complete rings with
bounded p>-torsion. If M € D(B) is p-completely flat over B, then M € D(A)
is p-completely flat over A.

Proof. Since B € D(A) is p-completely flat we have B ®% A/pA ~ B/pB. We
obtain that
M @4 A/pA ~ M o5 Boh A/pA~ M % B/pB

is concentrated in degree 0 such that HO(M ®% B/pB) is a flat B/pB-module.
Since A/pA — B/pB is also flat, H*(M ®% B/pB) is a flat A/pA-module as
well. ]

Corollary 4.3. There is a canonical equivalence
Filgy s THH(Zy, Zp) = T524 1 THH (Zyp, Zyp).
In particular, we have gr%MSTHH(Zp,Zp) ~ Zp and
grpysTHH (Zy, Ly) ~ Lp/nlp[2n — 1] for n > 1.
Finally we have gt%THH (Z) ~ 7 and
erpTHH(Z) ~ Z/nZ[2n — 1] for n > 1.

Proof. The second assertion follows immediately from Proposition 4.1 since
LA" Lz, /7, = Zp for n = j and LA" 7Lz ;7 = 0 otherwise. The third
assertion then follows from the definition of gr'v T H H (Z).

In particular, gr'y,,¢THH (Zy, Zy) is concentrated in homological degrees >
2n — 1 for any n > 0. It follows that 7. (Filgy,gT HH (Zy,Zp)) is concentrated
in homological degrees > 2n — 1. Hence the map Filg,,sTHH (Zy, Zy) —

THH (Zy,Z,) factors through 7>9, 1THH(Z,,Z,). We obtain a morphism of
complete filtrations

Filly ;s THH (Zy, Zp) — Ts2e 1 THH(Zp, L)

which induces an equivalence on graded pieces.



TOPOLOGICAL HOCHSCHILD HOMOLOGY AND ZETA-VALUES 27
4.2. The bifiltration for p-adic rings.

Proposition 4.4. Let R € QSyng, . Let A, S € qrsPerfdyp and suppose that

R — S is a quasisyntomic cover. If R is perfectoid or R = 7Z,, we allow more
generally A € QRSPerfdp.

(1) There is an N°P-indexed decreasing multiplicative complete exhaustive T-
equivariant filtration Z5Fily s THH(ARRS, Z,) on Filly s THH(ARRS, Z,)
endowed with equivalences

erl Filfy o THH(ABRS, Z,) ~ (Fﬂgj\gsHH(A/R, Zp)) Br(my THH(S, Z,))[2]]

for any j € Z.

(2) For ? = P,C~, there is an N°P-indexed decreasing multiplicative com-
plete evhaustive filtration Z5Fily s T (ABRS, Zy) on Fily s T (ABRS, Z))
endowed with canonical maps

(Fﬂgj\; JH?(A/R, Zp)) Sr(moy THH(S, Z,))[25] — grly_Fillyy s T2ABRS, Z,)
inducing equivalences

ek @harsTP(ABRS, Z,) = Rlimy, ((LOSh )0 200 — )@ r(ma, THH(S, Z,))[27))

el @b TC ™ (ABRS, 2,) = Rlimy (L2 [2(n — )@ p(mo THH(S, 2,)) (23] )

for any j € Z. Here, for k > n — j, we denote by LOF>* 270 gpe cofiber

- R A/R
of the map LQiI;R — LQ%?I?.

Proof. (1) We have A, S € QRSPerfd, and R — S is a quasisyntomic cover by
assumption. It follows' that A®rS € QRSPerfd,. We define an N°P-indexed
decreasing exhaustive filtration on TH H(A®gS,Z,) as follows:

ZETHH(ARRS, Zp) == THH(ABRS, Zy)@rmm(s,z,) T2« THH (S, Zy).

The filtration 759, THH (S, Z,) € DF(THH(S,Zy)) is T-equivariant and mul-
tiplicative, hence so is the filtration ZZTHH (A®RS, Zp). The functor

THH(A®RS, Lp) @ruu(sz,) (=) : D(THH(S, Z)) — Sp

is right t-exact [20, Definition 1.3.3.1] by [20, Corollary 7.2.1.23|, and so is the p-
completion functor by [21, Proposition 7.3.4.4]. It follows that the connectivity
of ZETHH(A®RS,Z,) tends to co as n — o0, so that Z5THH(A®RS, Zp) is
also complete.

1t follows from [3, Lemmas 4.15, 4.16] that D = A®rS € QSynp. Moreover D receives a
map from a perfectoid ring, as S does. By [20, Corollary 7.2.1.23] we have D/p = mo(A ®%
S ®£P Zp/p) ~ A/p ®R/p S/p, which is semi-perfect.
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By [3, Theorem 7.1(1)|, m,THH (S, Z,) is concentrated in even degrees. Hence
for any j > 0, we have

(14) gt THH(A®RS, Zy)

(15) THH(AQA@R&Zp)@)THH(S,Zp)W?jTHH(SvZp)[2j]
(16) ~ THH(ARRS, Lp)S7m1(5,72,)SDsm2; THH (S, Zp)[24]
(17) ~ (THH(A®ES) @rmms) S)p@smoy THH(S, Z,y)[24]
(18)

(19)

(20)

12

~ THH(A®%S/S,Z,)@smo, THH(S,Z,)[2§]

~ HH(A/R,Z,)®rS®sme, THH(S,Z,)[24]

~ HH(A/R,Z,)®rmo, THH(S,Z,)[2]].

Here (17) follows from Remark 3.4 and from the fact that the p-adic completion
functor is monoidal; (18) and (19) follow from the universal properties of TH H
and HH, see (5) and (6).

By [3, Lemma 5.14, Theorem 7.1|, HH(A/R,Z,) is concentrated in even de-
grees, o, HH (A/R, Z,) is a p-completely flat A-module for all k, and 7o T H H (S, Z;)
is a p-completely flat S-module for all [. Tt then follows from (20), completeness
of the filtration (>9. HH(A/ R, Zy))® g THH (S, Zp)[2j] and Lemma 4.5 that
w*ngZSTH H(A® rS) is concentrated in even degrees. By induction and com-

pleteness of the filtration Z§, m, ZLTHH (A®RS) is concentrated in even degrees
as well, for any 57 > 0.

We now define a bicomplete multiplicative bifiltration on THH (AR RS, L)
as follows:

ZIFil s THH(A®RS, Zp) = o2, ( ZLTHH(ASRS)).
Since A®rS € QRSPerfdy, we have
Filly ;s THH(A®RS) ~ 150, THH(A®RS) ~ Z%Filly, s THH(ARRS, Z,)

so that ZEFillyysTHH(ARRS,Z,y) is an N°P-indexed decreasing multiplicative
complete exhaustive filtration on Fil},;¢THH(A®RS, Z,).
By definition gr]ZSFiIiBMSTHH(A@RS, Zyp) is the cofiber of the map
To0i( 2L THH(A®RS)) — To2i(ZLTHH(ABRS)).

The fact that m.ZL ' THH(A®RS) and 7. Z,THH(ASRS) are both concen-
trated in even degrees therefore gives

g’ Fillyy s THH(ARRS, L)

T (gerSTHH(A@A@ RS, Zp))

~ 79 (HH(A/R, Zp)®rmo; THH (S, Z,)[24])

~ (7s9i-jyHH(A/R,Zp)) @prmo; THH(S, Zy)[2]]
~ (Fﬂgj@sHH(A/R, Zp)) Brmoy THH(S, Z,)[25]

1
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where the last equivalence follows from the fact that A € QRSPerfdy. Using |3,
Lemma 5.14(2)|, we obtain

gljésgl"iBMsTHH(A®RS, Zp) ~= (LA™ Lo g)) @ oy THH (S, Zy)[i + ]

(2) We give a detailed proof for T'P; the same proof works for TC~ as well.
We define the following N°P-indexed decreasing exhaustive filtration

Z5TP(ABRS, Z,) = (Z3THH(ARRS, Z,))""

on TP(A®RrS,7Z,), which is also multiplicative since (—)T is lax symmetric

monoidal. We define similarly N°P-indexed decreasing exhaustive filtrations
ZETC~(ARRS, Zy) and ZETCH(ARRS, Zy) on TC~ (A®RS, Z,) and TCH (AR RS, Z,)
respectively. The filtration Z5TH H(A®rS, Z,) is complete, hence so is Z5TC~ (AQRS, Zy).
Since (—)pr is right t-exact, the filtration Z;TC+(A®RS, Zy) is complete as

well. Hence Z;TP(A@RS, Zp) is complete. For any j > 0, we have

; ~ . ~ tT
ol TP(ABRS,Z,) = (erh THH(ABpS,7Z,))
tT

1

(HH(A/R,Z,)®rmo THH (S, Z,)[2]])

since the equivalence (20) is T-equivariant, where T acts trivially on mo; T HH (S, Zp).
As in the first part of the proof, it follows that W*ZéTP(A(gRS, Zy) is concen-
trated in even degrees for any j > 0.

We define a decreasing multiplicative bicomplete biexhaustive bifiltration on

TP(A®RS,Z,) as follows:
ZLFilly s TP(ABRS, Zy) := T9i(ZLT P(ABRS)).
Note that, since A®rS € QRSPerfd R, we have
Fill; ;s TP(ABRS) =~ 159, TP(ARRS) =~ Z3Fil} s TP(A®RS, Z,).

Since W*Zg,TP(A@RS, Zp) is concentrated in even degrees for any j > 0, we
have an equivalence

ol Fillas TP(AGRS, Z) = 7o, (e TP(ABRS, 7))
~ 7s9. (HH(A/R,Z,)@pmo, THH(S,Z,)[24])""

Consider the canonical map
(21)
HP(A/R, L)@ rmo; THH(S, Z,)[2§] — (HH(A/R, Z,)® pmo THH(S, Z,)[24]) "

induced by the fact that (—)!T is lax symmetric monoidal and by the canonical
map

mo; THH(S, Z,) — (mo; THH (S, Z,))"" — (mo; THH(S,Z,))"™",
which is well defined since T acts trivially on mo; THH (S, Zy). The complex
(7s2(—) HP(A/R,Z,y)) ©pmo THH (S, Zp)[2]]
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is concentrated in homological degrees > 2i by [20, Corollary 7.1.2.23] and |21,
Proposition 7.3.4.4]. Hence (21) induces a morphism of filtrations

(22) (Fﬂ*B—A; JHP(A/R, Zp>) Brmay THH(S,Z,)[23]
(23) ~ (Tso(—j)HP(A/R, Zy)) @proy; THH(S, Zp)[24]
(24) —  Too. (HH(A/R,Z,)@pmoy, THH(S, Z,))[24])"
(25) ~  gr} FilpygTP(ABRS, Zy).

Here (23) holds since A € QRSPerfdy. Note also that HH (A/R,Z,)®pmo; THH (S, Z,)
is concentrated in even degrees by Lemma 4.5.
We have

P ~ ~ T (o
gl gt sTP(ABRS, Zy) =~ o (HH(A/R, Zy)@pmo THH (S, Z,)24])" [2i]
~ tT e -
~ (7r2(i—j) (HH(A/R,ZP)(X)RWQ]‘THH(S, Zp)) )[Q’L]
The Tate spectral sequence computing

erl TP(A®RS,Z,) ~ (HH(A/R, Z,)@ pmo THH(S, Z,)124])"

degenerates (as Ey > = 0ifqorbis odd by Lemma 4.5), and gives a decreasing
complete exhaustive abutment filtration on

T (gr;STP(A@@ S, Zp)) ~ 7oy (HH(A/R, Z,)@pro; THH(S, Z,))""
with (after re-indexing) k-graded piece
mor (HH(A/R, Zp)®pmo, THH(S,Z,)) =~ mopHH(A/R,Zy)@rmo THH(S,Z,)
~ (LAFL/p)) [—k@rmoy; THH(S, Z)p).

Similarly, the Tate spectral sequence computing HP(A,Z,) degenerates and
gives a decreasing complete exhaustive abutment filtration on ;) HP(A/R, Zy).

Applying (—)@gmo; THH(S,Z,), we obtain a decreasing exhaustive abutment
filtration on my;_jyHP(A/R, Zp)®pmy; THH(S, Z,) with k-graded piece

mor HH(A/R, Zy)@ oy THH (S, Zp) = (LA*L s )y [~ K|@rmo THH (S, Zy).
The morphism induced by (24) on i-graded pieces

(26) (LQa )y rmo, THH(S, Z,)
(27) ~ (o HP(A/R,Zy)) ®pmo; THH(S, Zp)
(28) — my_j) (HH(A/R, Z)@gmo, THH(S, Z,))"

is compatible with the abutment filtrations mentioned above, and induces equiv-
alences on graded pieces. However, the abutment filtration on (27), which cor-

responds to the filtration (Lﬁi;R);\@ijTHH(S, Zyp) on (26), might not be
complete. By contrast, the abutment filtration obtained on the target of (28) is
complete. In other words, the map (28) is the completion map of the source with
respect to the filtration induced by the Tate spectral sequence. See Remark 4.6

for more details.
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Hence the map of filtrations (24) induces on i-graded pieces the canonical
map from

(LQusr)p[2(i — I@rmay THH(S, Zp) (2]

to
Rlimy, ((LQj’;R)g[z(i — )| @rma THH(S, Z,,)[zj]) ~ grl, gty sTP(ABRS, Z,)

where the limit is taken with respect to k > 0.

0

Lemma 4.5. Let R, A, S as in Proposition 4.4. Let M € D(A) and N € D(S)
be p-completely flat over A and S respectively. Then MRrN € D(A) is p-
completely flat over A. In particular M@grN is discrete.

Proof. Note that N € D(R) is p-completely flat over R since R — S is p-
completely flat and N € D(S) is p-completely flat over S, see Lemma 4.2. We
need to show that M&zN ®ﬁ A/pA is concentrated in degree 0 and given by a
flat A/pA-module. We have
M@&gN @5 A/pA = (M ek N)) @4 A/pA

N @k M o4 A/pA
N ®@% M/pM

~ N &f R/pR ®{p/m M/pM

L

~ N/pN &(ppr) M/pM

~ N/pN ®r/pr) M/pM
which is indeed concentrated in degree 0. Moreover N/pN ®r/pr) M/pM is

a flat (A/pA)-module, as M/pM is a flat (A/pA)-module and N/pN is a flat
(R/pR)-module. O

Remark 4.6. Let R, A, S as in Proposition 4.4. We set N := mo;THH(S,Zy,).
Recall that N is derived p-complete and p-completely flat over R. Let Py — A be

a simplicial resolution of A by flat R-algebras. We consider the cyclic simplicial
R-module

1

1

A —  Fun(A°P, Modg)
] — pernt

which we see as a cyclic object in Ch>o(R), using the unnormalized chain com-
plex functor. Here A denotes the cyclic category and Modg denotes the category
of usual (i.e. discrete) R-modules. Let (C(A/R),b) be the total complex of the
corresponding double chain complex, so that (C«(A/R),b) ~ HH(A/R) which
is concentrated in even homological degrees, and let BP(A/R) be the associated
periodic bicomplex, see [16, Section 2|. Let Tot(BP(A/R)) be the associated total
complex with respect to the direct product. We have Tot(BP(A/R)) ~ HP(A/R)
by [16, Theorem 2.1]. Hence we have

Tot(BP(A/R);) ~ Tot(BP(A/R)), ~ HP(A/R,Zy).
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Then Tot(BP(A/R);) has a decreasing complete erhaustive filtration F* with
graded pieces

(29) gripTot(BP(A/R))) ~ HH(A/R, Zy)[—2n).
Hence the complex Tot(BP(A/R)]/J\)@RN has a decreasing, possibly non-complete,
erhaustive filtration with graded pieces
(er:Tot(BP(A/R)})) ®rN ~ HH(A/R,Z,)[—2n]®RN.
Similarly, we consider the cyclic simplicial R-module
A°?  —  Fun(A°, Modg)
] — (PORTH)@RN
with associated total chain complex (Cy(A/R);,, b)@rN. Note that each (PZ-®R"+1);\(§>RN

is p-completely flat over R, hence concentrated in degree 0. We consider the cor-
responding periodic bicomplex BP(A/R);)\@RN and its total complex

Tot(BP(A/R))&rN) ~ (HH(A/R,Z,)@rN)"
with respect to the direct product. Then Tot(BP(A/R)I/,\@RN) has a decreasing
complete exhaustive filtration F* with graded pieces
(30) grpTot(BP(A/R)py®rN) ~ HH(A/R, Zy)[—2n]® g N.
There is a canonical map of exhaustive filtrations with complete target
(F*Tot(BP(A/R)))) ®rN — F*Tot (BP(A/R),@rN)

which induces equivalences on graded pieces. Moreover, the complexes (29) and
(30) are concentrated in even homological degrees for any n, hence the associated
spectral sequence degenerates. Therefore, for any fived i € Z, we obtain a map
of decreasing exhaustive filtrations with complete target

(w2 F*Tot(BP(A/R))))) ® g N — ma;i F* Tot (BP(A/R),®@xN)
inducing equivalences on graded pieces, so that the filtration on the right hand
side may be identified with the completion of the filtration on the left hand side.
Condition 4.7. Let R € QSyan be a quasisyntomic ring. Consider the follow-
ing condition: For any j > 0, the functor

D(R)®PP) D(R)CPI»)
K — K&perhy sTHH(R,Z,)
commutes with small limits.

Example 4.8. Any perfectoid R satisfies Condition 4.7 by [3, Theorem 6.1],
and so does Z, by Corollary 4.3.

Remark 4.9. Let R € QSyny be a quasisyntomic ring such that gIJéMSTHH(R, Zyp) €
D(R) is perfect |20, Definition 7.2.4.1] for any j > 0. It follows from [20, Propo-
sition 7.2.4.4, Proposition 1.4.4.4] that R satisfies Condition 4.7.

Proposition 4.10. Let R € QSyan satisfying Condition 4.7, and let A €
qrsPerfdg. If R is perfectoid or R = Z,,, we allow more generally A € QRSPerfdp.
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(1) There is an N°P-indezed decreasing multiplicative complete exhaustive
T-equivariant filtration Z3FilpyqTHH (A, Zy) on FilgysTHH(A,Z,)
endowed with equivalences

g Fily s THH(A, Z,) ~ (Fﬂg‘]\gsHH(A/R, Zp)) Brer s THH(R, Z,).

(2) For ? = P,C~, there is an N°P-indexed decreasing multiplicative com-
plete exhaustive filtration Z5Filpy T 7 (A, Zy) on Filgy sT?(A, Zy) en-
dowed with equivalences

orl FillnrsT7(A, Z,) = (Fillyy s HY(A/ R, Z,) ) @erlyy s THH (R, Z).

Proof. (1) Let R — S be a quasisyntomic cover with S € QRSPerfdy and let
S*® be its Cech nerve. Then S* € QRSPerfdp and R — S* is a quasisyntomic
cover for all 4 > 0. Moreover the cosimplicial ring A®zS® is isomorphic to the
Cech nerve (A®RrS)*® of the quasisyntomic cover A - A®rS. Hence we have
THH(A,Z,) ~limpx(THH(A®RS®,Z,))

and

FilgysTHH(A,Z)) ~ lima (Fill ;s THH(A®RS®, Zp)),
where the limit is computed with respect to the cosimplicial direction. We
consider the cosimplicial bifiltration Z¢ Filg,,¢THH(A®RS®, Zy,). We obtain
a bicomplete biexhaustive bifiltration

ZE/RFH*BMSTHH(A, Zyp) = limp (Zg.Fil*BMSTHH(A@RS', Zp))
with graded pieces

(31) oy, e s THH(A, Z,)

(32 = lima (erk, erhusTHH(AGRS" Z,))

(33) ~ lima (LA™ La/g), @rmo; THH(S®, Z,)[24]) [n — j]
(34) & (LA™ L, p)h@r (lima (o THH(S®, Z)[24])) [n — j]
(35) ~ (LA"LajR)p@rerhysTHH(R, Zy)[n — jl.

In order to check that (34) is indeed an equivalence, we note that each term
(LA™ L/p)plj — nl@rmo THH(S', Zy)

is concentrated in degree 0 by Lemma 4.5. We obtain a map of complete filtra-
tions

e, FilhnsTHH(A,Z,) = lima (ng25, Fil’y ;o THH(ABRS®, Zp)>

~ lima <FiIE\§SHH(A/R, Z,)® po THH(S®, Zp)[Qj])
& Fily,gHH(A/R, Z,)& g (lima (mo; THH(S®, Z,)[24]))
~ Fills ) dHH(A/R,Z,))®rery s THH(R, Zy).

which is an equivalence as it induces equivalences on graded pieces. These two
filtrations are indeed complete since a limit of complete filtrations is complete,
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and since (—)® Rgrgg wsTHH(R,Z,) commutes with arbitrary small limits by
Corollary 4.3 and Condition 4.7.

The bifiltration Zg, ,F ilgarsTHH(A,Zp) is functorial in S. More precisely,
if § — S’ is a morphism of quasisyntomic covers of R such that S,5" €
QRSPerfdp, then we have a morphism of bicomplete bifiltrations

Zg/RFil*BMSTHH(A, Lp) — Zg,/RFiIEMSTHH(A, Zp)
which is an equivalence, as it induces equivalences on graded pieces. We define
Z5Fily s THH(A, Z,) := colimg) g (zg rFilin s THH (A, Zp))

where the colimit is taken over the category of quasisyntomic covers R — S
with S € QRSPerfdg.

(2) We give the argument for T'P; the proof for TC™ is the same. Let R — S
be a quasisyntomic cover with S € QRSPerfd. We define the bifiltration
Z&pFilpasTP(A, Zp) := lima (25 Fill s TP(ABRS®, Zp))
with graded pieces
36) gIJéS/RgT%MSTP(Ava)

37) = limatimg (L5500 200 — )@ nmo, THH(S*, Z,)[2i])

38 ~ limy lima ((LQj’;R)A[z(n - j)]@RijTHH(S’,Zp)[QjD

p

p

40 ~ limy, ((LlejR); 2(n — §)|®r grly THH(R, Zp))

~

41) & (LQa/R)) O reth s THH(R, Z,)[2(n — 5)).

One checks that (39) is an equivalence using the Hodge filtration and the fact
that (34) is an equivalence. Moreover, (41) is an equivalence since (—)®pggry ¢ THH (R, Z;)
commutes with arbitrary limits by Corollary 4.3 and Condition 4.7.

We obtain a morphism of complete filtrations

gerS/RFil*B wsTP(A,Z))

(
(

(38)

(39) & limy ((EQ55p 1200 — NIBRlima(ro THH(S®, 7,)[27)))
(40)

(

~ lima <grg,s_ Fil}y s TP(ASRS®, Z,,))
« lima (Filgj\gSHP(A/RZp)@ERijTHH(S',Zp)[zj])
“ (Filg—A}SHP(A/R, Zp)) Srlima (mo; THH(S®, Z,)[27])
~ (Fﬂ*B‘AgSHP(A/R, Zp)) Snerhy s THH (R, Z,).
which is an equivalence since it induces equivalences on graded pieces. We define
Z3Fily s TP(A, Z,) = colimg g (Zg /rFilhsTP(A, Zp)>

where the colimit is taken over the category of quasisyntomic covers R — S
with S € QRSPerfdg.
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O

PROOF OF THEOREM 1.3. Assume that R is perfectoid or R = Z,, and A €
QSynpg. The filtration Filg,,sTHH (—, Zy) (resp. FilgygT?(—,Zp)) is a ﬁ’(S[T])—
valued (resp. DF(S)-valued) sheaf on QRSPerfd}y. For ? = HH,P,C~,
ZEFilgsT7(—, Zyp) is an N°P-indexed multiplicative complete exhaustive fil-
tration on the sheaf Filg,;¢77(—,Z,) on QRSPerfd’, by Proposition 4.10.
Hence the filtration

Z5Fily 0 sT7(A, Zy) = RTgyn(A, Z5FilpsT(— Zp))

is also N°P-indexed, multiplicative, complete and exhaustive (and T-equivariant
for 7= HH). For ? = P,C™, we have

grly Filhy sT7(A, Zy)
Ry (A, gk, FilhsT?(—, Zy) )

Ry (A, il gH(~ R, 2,)reryy s THH (R, Z,))

12

1

12

RTgyn (A, Fil'sJ JH?(—/R, Zp)) Brerhyy sTHH (R, Z,)
=~ (Fily s HY(A/R.Z,) ) @rerpys THH (R, Z,)

using Proposition 4.10 and the fact that (—)@Rgr%MSTHH(R,Zp) commutes
with small limits by Example 4.8. The second equivalence of the theorem follows
for R perfectoid or R = Zj; the proof of the first equivalence is the same.

Let R € QSyng, such that (LA Lgyz,), is a perfect complex of R-modules
for all j > 0. By the previous paragraph, gri,,¢THH(R,Zy,) has a finite
complete exhaustive filtration Z%p grhysTHH (R, Zy) with j-graded piece given
by (42), see Corollary 4.12. Moreover, we have Z%pgr%MSTHH(R,Zp) ~ R,
so that 27 erg) dTHH(R,Zp) € DF (R) by multiplicativity of the bifiltration
Z; FilpysTHH(R,Zy). Hence grigy THH(R,Zp) is a perfect complex in
D(R), for any n > 0. Thus by Remark 4.9, Proposition 4.10 applies. Working
in the small site qrsPerfd?y’, we obtain the result for any A € qSynp as in the
previous paragraph.

O

Remark 4.11. Going through the construction of Z%, one checks that the map
ZpFilg s THH(A, Z,) — gr'%, Filpy s THH (A, Zp)
is equivalent to the canonical map (see Proposition 3.11)
FilgysTHH(A,Z,) — FilgysHH(A/R, Zp)

and similarly for TP(A,Z,) and TC™ (A, Zp).
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Corollary 4.12. For any A € QSyng, and any n € Z, we have N°P-indezed
complete exhaustive filtrations on gr'iy, o, endowed canonical equivalences

(12) ek, avhasTHH(A,Z,) ~ LA™ L 82,7, /iZn+j -
(43) grﬂ% ety sTP(AZy) ~ LQas &7,2,/5Zy2n — €]

(44) gerZp e iasTC™ (A, Zy) =~ LO3)782,2,/iZ,[2n — €]

for any j > 0 and any n € Z, where €; :== Min(1, j).

Proof. This follows from Theorem 1.3, Corollary 4.3 and |3, Theorem 1.17], see
Section 2.5. 1

There is some overlap between (42) and the results of |2, Sections 5.2, 5.3|.
For instance [2, Corollary 5.21, 5.22| follow from (42). In particular, we have
the following

Corollary 4.13. For any A € QSyny , we have gr'sysTHH(A,Zy) € Sps,,
and FilgTHH(A,Zp) € Sps,,. The functors A — gr't, JTHH(A,Z,) and
A~ Filyy JTHH(A,Z,) are left Kan extended from finitely generated p-complete
polynomial Zy-algebras, as functors to p-complete spectra.

4.3. The bifiltration for global rings. Let A be a quasi-lci ring with bounded
torsion. We define (trivial) multiplicative complete exhaustive (N°P x Z°P)-
indexed bifiltrations on Hochschild homology and its variants as follows. We
set

Z9Fily g HH(A) := Filly e g HH (A) and ZJFil}y c n HH(A) := 0 for any j > 1,
and for 7 = P,C™ we set
ZOFily H?(A) == Fily H?(A) and ZJFill, H?(A) := 0 for any j > 1.
Similarly, for any prime p and 7 = H, P,C™, we set
Z) FilpysH? (A 2y, Lp) := Filp g H? (A /2y, L)
and ZJ, FilygH?(A} /Zp, Z,p) := 0 for any j > 1.

Definition 4.14. Let A be a quasi-lci ring with bounded torsion. We define
multiplicative bicomplete (N°P x Z°P)-indexed bifiltrations

ZzF*THH(A) Z3Filly o pHH(A)

| l

I, 22, ¥ilpansTHH (A}, Zy) — 11, 25, Filpnrs HH (A} ) Zy, Zy)

and, for? =P, C~
Z5F*T?(A) ZZFilgH?(A)

| |

[T, 25, Fill s T2(AD, Z,) — T1,, 25, Filly s HY(AD /2, Z,)
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as fiber products of Eo-algebra objects in the symmetric monoidal co-categories
DBF(S[T]) and DBF(S) respectively.
There is an evident morphism

ZEF*TC~(A) — Z5F*TP(A)
of Eoo-algebra objects, and we define
ZF*S2TCt(A) € DBE(S)
as its cofiber computed in ﬁB\F(S)

Theorem 4.15. Let A be a quasi-lci ring with bounded torsion.
(1) For
?=THH(A), TP(A), TC (A),

the filtration Z;F*7 on F*7 is functorial, N°P-indexed, multiplicative,
complete and exhaustive.
(2) We have canonical equivalences

gk, FTHH(A) = (Filyl HH(A)) @F grf THH(Z);
gl FTP(A) = (Fil HP(A)) @f gl THH(Z);
erl, F*TC™(4) =~ (Fﬂg‘jHC—(A)) @k gl THH(Z).
(3) In particular, there are complete exhaustive N°P-indexed filtrations Z;gr'n THH(A),

Z3er'h T P(A) and Z5gr'hT'C~(A) on the HZ-modules gr'y THH (A), grivTP(A)
and griyTC~(A) respectively, endowed with canonical equivalences

gtk g THH(A) ~ LA Ly ®% 2)jZIn+ j — ¢j);
grjézgr%TP(A) ~ LﬁA/Z ®F Z/§Z[2n — ¢);
ark, b TC™(A) ~ LOZ7 o 2/jZ)2n — ));
grk b SPTCT(A) ~ LY ©F 2522 - ¢).

for any j € N and any n € Z, where €; := Min(1, j).

Proof. Assertion (1) is true by definition, except for the exhaustiveness, which
is easy to check.
(2) For any j > 0, we have a cartesian square in DF(S[T])

grl, F*THH(A) g, Filjy g p HH(A)

| |

[T, &k, FiljpysTHH(AD, Zy) — [1, &k, FilhygHH(A)/Z,.7,)
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For j = 0, this gives the cartesian square

gry F*THH(A) Fil}; g HH(A)

| |

I, grOZZp Filpy s THH(A), Z,) — [ 1, Filpys HH(AD | Zp, Zy)

where the lower horizontal map is an equivalence, see Remark 4.11. Hence the
upper horizontal map is an equivalence. For j > 1, we get the cartesian square

J
grz F*THH(A) ([
Hp ngZZp Fil%MSTHH(AQ, Zp) —=0
hence equivalences

gl F*THH(A) 5 ngﬂ'ZZpFﬂgMSTHH(AQ,Zp)
p

~ [ FilpsHH(Ap [ Zp, 2y) B, 8050 s THH(Z,y, Zy)
p

. AN .
~ I (Fﬂ;}g RHH(A)) B, 8% s THH (Zyy, Z,y)
p
p

N 1;[ (Fﬂ;{_;gRHH(A)): ®z, (gr%THH(Z)):

. . A
~ I (Fﬂ;}g RHH(A) @k gr%THH(Z))
p
p

. . A
~ (Fﬂ},}g RHH(A) @k gr%THH(Z))
~ Fil}} pHH(A) ®% er}, THH(Z).

Here we use respectively Theorem 1.3, Proposition 3.9, Proposition 3.13, the fact
that the p-completion functor is monoidal and the equivalence gr%TH H(Z) ~
Z]jZ[25 — 1] given by Corollary 4.3. The proof of the analogous statement for
TP and T'C™ is similar.

Assertion (3) then follows from the computation of the graded pieces of the
HKR filtration and the Beilinson filtration [1]. Moreover, we have Z9er%THH (A) ~
A, hence ZjgrP THH(A) € DF (A) by multiplicativity of the bifiltration. Simi-
larly, Z20e19.TC~(A) = gr%TC~(A) is a Eoo-Z-algebra (see the proof of Proposi-
tion 3.16(4)), hence Z5grtTC~ (A), Z3gr'»TP(A) and therefore Z3gr:32TCT(A)
are objects of Z/)Z\T(Z)

O

Corollary 4.16. For any quasi-lci ring with bounded torsion A and any n > 0,
we have F"Y*TC*(A) € Sp,,, and Z)F"S*TC(A) € Sps,,.;. The Sp-valued
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functors A — grhS2TCT(A), A s FPS2TCT(A) and A — ZLF"S*TCH(A)
are left Kan extended from finitely generated polynomial Z-algebras, for any
n,j > 0.

Proof. We first show that gr%EQTC"'(A) € Sp.,, for any fixed n. By Theorem
4.15, it is enough to show that LQ;?Z_] ®L 7/§Z12n — €;] € Sps,, for any 0 <
j < n. In view of the Hodge filtration, this follows from the fact that

LA*L pj7 ®7 Z./§[2n — k — €;] € Sps,,

for any 0 < j < n and any 0 < k < n — j, which in turn easily follows from
LAkLA/Z ®% Z/j € Spsy. We obtain F"S2TCT(A) € Sp,, by completeness of
the filtration F*22T0+(A). Similarly, gry grpX*TC"(A) belongs to Sps,.
hence so does 2, F"S*TCT(A) by completeness.

Since A LQE?ZT 7 is left Kan extended from from finitely generated polyno-

mial Z-algebras, the same is true for 4 — gr’n$2TCT(A). Consider the left Kan
extension dF*Y2TC™(—) of the DF(S)-valued functor A s F*¥2TC*(A). For
any quasi-lci ring with bounded torsion A, there is a canonical map of filtrations
dF*¥2TCH(A) — F*X2TC*(A), which induces equivalences on graded pieces,
as A — grt¥2TCF(A) is left Kan extended for any n > 0. Hence it is enough
to check that the filtration dF*32TC*(A) is complete. But dF"S2TCT(A) €
Sp~,, for any n > 0 since Sp.,,, is closed under colimits, hence dF *N2TCH(A)
is indeed complete. Similarly, define dZ} F*ST'C*(—) by left Kan extension of
the DBF(S)-valued functor A — Z3F*Y2TCT(A). For any quasi-lci ring with
bounded torsion A, there is a canonical map of bifiltrations dZ} F*S2TCT(A) —
Z%F*EZT C*(A), which induces equivalences on graded pieces. Hence it is
enough to check that dZ3 F*S2TC* (A) is bicomplete, which follows from d2} F*S2TC+(A) €

SP>ptj-
O

Corollary 4.17. For any commutative ring A, there is a bicomplete biexhaustive
(N°P x N®))-indezed bifiltration Z;F*$*TCT(A) on the spectrum L2*TCT(A),
extending the bifiltration of Definition 4.14, with graded pieces

erl erp X TCH(A) = LOS) T ©F 2/5Z[2n — ¢,
Moreover, the filtration Z5gr'=¥*TCt(A) belongs to Z/)Z\T(Z) for any n. Finally,
the functor A — Z5F*S2TCT(A) satisfies fpge-descent.

Proof. By Corollary 4.16, we may extend the functor Z3F*3*TCH(—) to the
category of all (simplicial) commutative rings, by left Kan extension of the
DBF(S)-valued functor A — ZZF*Y*TCt(A). The resulting DBF(S)-valued

functor Z3 F*¥2TCT(—) takes values in DBF (S) by Corollary 4.16 and satisfies
fpqc-descent, since its graded pieces do by [3, Theorem 3.1]. ]

Remark 4.18. The complex LQE;ZS is equivalent to a complex of the form

[ [[LQZ;‘Z — LQZ722/2] — LQ§723/3] — = LQ;}Z/(TL —1)]
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where we denote by [C — C'] the fiber of a morphism of complezes C — C', and
Clj:=C ®£ Z/j. It would be interesting to understand the maps appearing in
this diagram.

Remark 4.19. If one defines the spectrum SL2TCT(X) by Zariski descent for
any scheme X, then Corollary 4.17 extends to arbitrary schemes.

The proof below relies on Theorem 4.15 together with the known computation
of m,THH (OF).

PROOF OF COROLLARY 1.4. For any n, j, we have
grl grp THH(OF) ~ LA" /Lo, zIn — j] ®F grp THH (L)

by Theorem 4.15. Moreover LAiL@F sz is concentrated in homological degree
i — 1 for i > 0 by [8, Proposition 5.36]. In particular gr%THH (Op) ~ OF is
concentrated in degree 0 and

gthTHH(Op) = Loy a1]

is concentrated in homological degree 1.
If n > 2 then gr’THH(OF) is concentrated in homological degrees in [2n —
1,2n — 2]. Indeed

gr% et THH(OF) ~ LA" Lo, jz[n]
is concentrated in degree 2n — 1 and for any j > 1
gf‘zzzgr%THH(OF) ~ LA" Lo, z[n — j] ©% Z/5[25 — 1]
is concentrated in homological degrees in [2n — 1,2n — 2]. We set
N (Op) := gt THH(Op)[—2n]

which we see as a cochain complex. Hence NY(OF) is concentrated in degree 0,
NY(OF) is concentrated in cohomological degree 1, and N"(Op) is concentrated
in cohomological degrees in [1,2] for any n > 2. It follows that the spectral
sequence

EY) = H=I(NT(OF)) = n_i ;THH(OF)

degenerates and gives isomorphisms

HYN°(OF)) = mTHH(OF) = O;

H'(N7(OF)) = myj 1THH(Op) = Dy'/jOp for any j > 1;

H2(NJ(OF)) = ng_QTHH(OF) =0 for anyj Z 2;
In particular, for any n > 0, N"(Op) is concentrated in cohomological degrees in
[0,1]. Hence gr'xTHH (OF) is concentrated in homological degrees > 2n — 1. It
follows that . (F"THH(OF)) is concentrated in homological degrees > 2n —1,
hence the map

F'"THH(Op) - THH(OF)

factors through 7>9,_1THH(OF). This gives a morphism of filtrations
(45) F*THH(OF) — TZQ*_lTHH(OF).

which induces equivalences on graded pieces.
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Now we prove the second assertion of the corollary. For any ¢ > 0, the dis-
cussion above shows that the complex N*(OF) is a perfect complex of abelian
groups concentrated in cohomological degrees in [0, 1]. Hence N*(Op); is con-
centrated in cohomological degrees in [0, 1] for any prime number p and any
i > 0. By Propositions 3.13, 3.16 and [3, Theorem 1.12], there is a finite decreas-
ing complete exhaustive filtration on (LQG" /8)97 indexed by i € [0,n — 1], with
i-graded pieces N(Op)) for 0 < i < n. It follows that (LQEZ/S);)\ is concen-
trated in cohomological degrees in [0, 1] for any prime p, hence so is the perfect
complex of abelian groups LQE’; /s It follows by induction and completeness
of the filtration that 7, (F"S2TC*(OF)) is concentrated in homological degrees

> 2n — 1. We get a morphism of filtrations
(46) F*EQTC+(OF) — 7’22*_122TC+(0F).
The spectral sequence

E;’j — Hi—j(LQ<j

OF/S) = 7T,i,j22TC+(OF)

degenerates and gives isomorphisms
HO(LQG! ) = m2n B*TCT (OF)
and
HY(LOQG! ) = mon 1 Z°TCH(OF)

for any n > 0. It follows that (46) is an equivalence.

5. THE CORRECTION FACTOR Cy (X, n)

In this section, we prove the statements of Section 1.2. Corollary 1.7 and
Theorem 1.8 follow from Corollary 1.6, hence it remains to prove Corollary 1.6.
Recall from Definition 1.5 that we denote

RT(X, LQYs) := RU(X, grp S*TCH (—))[-2n]

for any scheme &X'. Corollary 4.17 immediately gives the following

Corollary 5.1. The complex RF(X,LQ;T/LS) has a complete exhaustive NOP-

indezed filtration Z* by HZ-modules with graded pieces
grz RU(X, LOY)s) =~ RU(X,LQY,);

erLRU(X, LOY)) = RI(X,LO5),7) @f 2/j2[-1]

for any 7 > 1.

If C is a perfect complex of abelian groups with finite cohomology groups we
set

(O =TT 1H©)

1€EZ
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PrROOF OF COROLLARY 1.6. The scheme X is regular and proper over Z. It

follows that RT'(X, LQ;’;% J ) is a perfect complex of abelian groups for any 7 > 0,

see e.g. [8, Section 5.1]. In view of Corollary 5.1, the complex RI'(X, LQf‘,’/‘S) is
also a perfect complex of abelian groups and we have a fiber sequence

RI(X, Z'LQYs) — RU(X, LOY) — RTO(X, LOQ3),)

where RT'(X, Z 1LQ/<\,7§) has finite cohomology groups. More precisely, RI'(X, Z 1LQ;7S)
has a finite decreasing complete exhaustive filtration indexed by j € [1,n] with

graded pieces

(47) g/ RU(X, 21 LOY) = RT(X, LOY,7) @F Z/j2[-1].

We obtain

(48) X (Rr(x,zlmjg;g))

(19) = I x* (B zoy?) ek z/izi-1))
1<j<n

(50) = I I x*(BO(X, LA Lyyz) @7 Z/Z]—i — 1))
1<j<n 0<i<n—j—1

(51) _ H H jzkez(—l)k““dim@H’V(X@,Qi)

1<j<n 0<i<n—j—1

(52) _ H H Hj(—l)k+i+ldimQHk(XQ79i)

1<j<n 0<i<n—j—1keZ

(53) _ H H H j(fl)k+i+ldimQHk(XQ,Qi)

0<i<n—-2keZ 1<j<n—i—1

(54) = ] (-1 a0t dime M (.09
0<i<n—2;k
(55) = Coo(X, n)_l.

Here (49) follows from (47), (50) follows from the Hodge filtration and (51) is
given by Lemma 5.2 below. Indeed, we have

RT(X, LA'Ly/z) ©7 Q ~ RT(Xg, LA Ly, 9) ~ RT'(Xg, QZ'XQ/Q)
since Xp/Q is smooth. O
Lemma 5.2. Let j > 1 and let C be a perfect complex of abelian groups. Then
X (C @F 2/52) = jienl =D dimal(Ca),
Proof. We may suppose that C is strictly perfect, i.e. that C? is a finitely
generated free Z-module for any i € Z, zero for almost all <. Then we have
(e ®£ Z/iZ) = jziez(—l)i~rankzci _ jziez(—nﬁdimQHi(cQ)
where Cg := C ®£ Q. ]

Remark 5.3. It would be interesting to understand the possible connection be-
tween [14] and Conjecture 1.9 over finite fields.
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Remark 5.4. We expect that Conjecture 1.9 can be generalized as follows. There

should be a Weil-étale cohomology with compact support RI'w .(—,Z(n)) and

a cohomology with compact support RFC(—,LQf7S) on the category of sepa-

rated scheme of finite type over Spec(Z), with values in perfect complexes of
abelian groups. These complexes should recover, for reqular schemes proper over
Spec(Z), the complexes defined in [8] and in this paper respectively, and should
admit fiber sequences for any open-closed decomposition of schemes. We expect
the existence of a canonical trivialization

Ao (R 25 (detZRrW,C(X, Z(n)) @z detz RU (X, LQ};}S)) 2z R,
compatible with the fiber sequences mentioned above, and such that
Aoo(C*(X,n) 7" - Z) = detz RTwo(X, Z(n)) @z detz R (X, LQYs)

for any separated scheme X of finite type over Spec(Z) and any n € Z.
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