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Abstract. We revisit classical results of Serre, Fröhlich and Saito in the theory of quadratic
forms. Given a neutral Tannakian category (T , ω) over a �eld k of characteristic 6= 2, another
�ber functor η over a k-scheme X and an orthogonal object (M, q) in T , we show formulas
relating the torsor Isom⊗(ω, η) to Hasse-Witt invariants of the quadratic space ω(M, q) and
the symmetric bundle η(M, q). We apply this result to various neutral Tannakian categories
arising in di�erent contexts. We �rst consider Nori's Tannakian category of essentially �nite
bundles over a reduced proper k-scheme X with a rational point, in order to formulate an
analogue of the Serre-Fröhlich embedding problem for Nori's fundamental group scheme,
and to decide whether or not this problem has a solution in terms of Hasse-Witt invariants.
Then we consider Fontaine's Tannakian categories of B-admissible representations, in order
to obtain a generalization of both the classical Serre-Fröhlich formula and Saito's analogous
result for Hodge-Tate p-adic representations. Finally we consider Nori's category of mixed
motives over a number �eld. These last two examples yield formulas relating the torsor of
periods of an orthogonal motive to Hasse-Witt invariants of the associated Betti and de Rham
quadratic forms and to Stiefel-Withney invariants of the associated local l-adic orthogonal
representations. We give some computations for Artin motives and for the motive of a smooth
hypersurface.

1. Introduction

Let k be a �eld of characteristic 6= 2, let (T , ω) be a k-linear neutralized Tannakian category,
and let η be another �ber functor with values in the category of vector bundles over a k-scheme
X. We denote by Gω := Aut⊗(ω) the Tannaka dual and by TωX ,η := Isom⊗(ω, η) the Gω-
torsor overX of isomorphisms of tensor functors. An orthogonal object (M, q) in T is an object

M endowed with a symmetric mapM⊗M → 1 inducing an isomorphismM
∼→M∨, where 1 is

the unit object and M∨ the dual of M . Such an orthogonal object yields a quadratic k-vector
space (ω(M), qω) and a symmetric bundle (η(M), qη) over X. An orthogonal object (M, q)
may be seen as an orthogonal representation Gω → O(qω). Composing with the determinant
map O(qω) → Z/2Z we obtain a map δ1

q : Tors(X,Gω) → H1(Xet,Z/2Z). Similarly, the
Pin-extension (see [13] Appendix I and [20] Appendix)

(1) 1 −→ Z/2Z −→ Õ(qω) −→ O(qω) −→ 1

induces a map δ2
q : Tors(X,Gω) → H2(Xet,Z/2Z). Here Tors(X,Gω) denotes the pointed set

of Gω-torsors over X, and δ1
q and δ

2
q are cohomological invariants of degree 1 and 2 respectively.

It is easily checked that the twist (in the sense of [8]) of qω by the Gω-torsor TωX ,η is isometric
to qη. Applying the method of ([8] Section 6.3), we obtain the following result.

Theorem 1.1. For any orthogonal object (M, q) in T , we have the following identities in the
étale cohomology ring H∗(Xet,Z/2Z):

δ1
q (TωX ,η) = w1(qω) + w1(qη);
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δ2
q (TωX ,η) = w2(qω) + w1(qω) · w1(qω) + w1(qω) · w1(qη) + w2(qη).

In Section 4, we apply Theorem 1.1 to the Tannakian category giving rise to Nori's funda-
mental group scheme. Let X be an integral proper k-scheme with a rational point x ∈ X(k).
Then πN1 (X/k, x) is de�ned as the Tannakian dual of a certain category of essentially �nite
bundles. Recall that there is a 1-1 correspondence between the set of maps πN1 (X/k, x)→ G
and the set of triples (T,G, t), where G is a �nite �at k-group scheme, T a G-torsor over X and
t ∈ T (k) is a point lying over x. Let πN1 (X/k, x) � G = Spec(A) be a �nite �at quotient. For
any generator θ of the integrals of A, there is a "unit" quadratic form κθ : AD ×AD → k and
an orthogonal representation G → O(κθ). The map πN1 (X/k, x) � G → O(κθ) corresponds
to an essentially �nite symmetric bundle (V, qθ) over X. Pulling back (1) along G → O(κθ),
we obtain a central extension

(2) 1 −→ Z/2Z −→ G̃θ
sθ−→ G −→ 1.

Theorem 1.2. Assume that the extension (2) is non-trivial. Then the following assertions
are equivalent.

(1) We have

w2(κθ) + w1(κθ) · w1(κθ) + w1(κθ) · w1(qθ) + w2(qθ) = 0.

(2) There exist a rational point σ ∈ G(k) and a commutative diagram

G̃θ

sθ

��
πN1 (X/k, x)

r

66

// G
cσ // G

where r is faithfully �at and cσ denotes the conjugation by σ.

For G étale, there is a canonical choice θ0 for θ, and and the form κθ0 generalize the classical
unit form considered by Serre in [34]. In this case, the existence of a commutative diagram as
in Theorem 1.2(2) is analogous to the existence of a solution to Serre's embedding problem
[34] in the context of classical Galois theory. Theorem 1.2 expresses the obstruction to the
existence of a solution in terms of Hasse-Witt invariants.

In Section 5, we apply Theorem 1.1 to Fontaine's Tannakian categories of B-admissible
representations. Let k be a topological �eld, K/k an extension and B/k a �ltered topological
algebra such that C := Gr0(B) is a t-Henselian �eld in the sense of ([14] Section 3 and [29]).
We assume that B is (k,GK)-regular and that C×/C×2 is trivial. Let (V, q) be a quadratic
k-vector space and let ρ : GK → O(q)(k) be an orthogonal continuous representation which is
B-admissible. Then the Stiefel-Withney invariants sw1(ρ), sw2(ρ) and the spinor class sp2(ρ)
are well de�ned. We consider the twisted form induced by q on (V ⊗k B)GK .

Theorem 1.3. We have the following identities in the Galois cohomology ring H∗(GK ,Z/2Z):

(1) w1(qD) = w1(q) + sw1(ρ).
(2) w2(qD) = w2(q) + w1(q) · sw1(ρ) + sw2(ρ) + sp2(ρ).

For k = K and B = k a separable closure endowed with the discrete topology and the
trivial �ltration, we obtain the classical Serre-Fröhlich Theorem [13]. For k a p-adic �eld, K/k
a �nite extension and B = BdR with its usual topology and �ltration, we obtain a result of
T. Saito (see [31] Theorem 1).
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In Section 6, we apply Theorem 1.1 to the Tannakian category of Nori's mixed motives over
a number �eld E with coe�cients in E. Here the �ber functor ω (respectively η) is given by
the Betti (respectively the de Rham) realization. For a motive M over E, we denote by GM/E

its motivic Galois group and by PM its torsor of formal periods in the sense of Kontsevich
[23]. Recall that there is a canonical evaluation map PM → C whose image is the E-algebra
PM of classical periods of M . An orthogonal motive (M, q) yields quadratic forms qB and
qdR on the Betti and the de Rham realizations, and a continuous orthogonal representation
ρλ : GE → O(qB)(Eλ) of the Galois group GE on the λ-adic cohomology, for any �nite place
λ of E. We also consider their restrictions ρλ|GEλ

to the local Galois group GEλ . Similarly,

for a real prime λ of E, complex conjugation on Betti cohomology gives a representation
ρλ|GEλ

: GR → O(qB)(R). We shall consider the Hasse-Witt invariants wi(qB), wi(qdR) ∈
H i(GE ,Z/2Z) and the local Stiefel-Withney invariants swi(ρλ|GEλ

) ∈ H i(GEλ ,Z/2Z), as well

as the Global Stiefel-Withney invariant sw1(ρλ) := det(ρλ) ∈ H1(GE ,Z/2Z). Finally, an
orthogonal motive gives an orthogonal representation GM/E → O(qB) hence a central extension

1 −→ Z/2Z −→ G̃M/E −→ GM/E −→ 1.

Then δ2
q (PM ) exactly computes the obstruction for the existence of a G̃M/E-torsor lifting

PM . In particular, if δ2
q (PM ) 6= 0 then the canonical map GE → GM/E does not factor through

G̃M/E , where GE is the full motivic Galois group. On the other hand, δ1
q (PM ) ∈ E∗/E∗2

determines the periods of the determinant motive detE(M), in the sense that PdetE(M) =

E
(√

δ1
q (PM )

)
.

Theorem 1.4. Let (M, q) be an orthogonal motive over E with E-coe�cients. The following
identities take place in the ring H∗(GE ,Z/2Z).

(1) We have

δ2
q (PM ) = w2(qB) + w1(qB) · w1(qB) + w1(qB) · w1(qdR) + w2(qdR).

(2) Assume that either E = Q or that E is totally imaginary. Then one has

δ2
q (PM ) =

∑
λ

sw2(ρλ|GEλ
) + sp2(ρλ|GEλ

)

in H2(GE ,Z/2Z) ⊂
⊕

λH
2(GEλ ,Z/2Z), where λ runs over the set of all places of E.

(3) Let V be a projective smooth variety over E of even dimension n. Then there exists
a unique orthogonal structure on M = hn(V )(n/2) inducing the usual quadratic form
on Betti cohomology Hn(V (C),Q(n/2)).

(4) For (M, q) = (hn(V )(n/2), q) and any �nite place λ, one has

δ1
q (PM ) = sw1(ρλ).

In order to show that Poincaré duality is motivic, so that h2(V )(n/2) inherits an orthogonal
structure, we need to work out the Kunneth formula for Nori motives in Section 7. Taking
this for granted, the proof of Theorem 1.4 is a simple combination of Theorem 1.1, Theorem
1.3 and p-adic Hodge theory. Note also that it is conjectured that the group of connected
components of the full motivic Galois group GE is the usual absolute Galois group GE . This
would force detE(M) to be an orthogonal Artin motive, and the identity δ1

q (PM ) = sw1(ρλ)
would immediately follow. One may avoid this conditional argument using the fact, due to T.
Saito, that sw1(ρl) is independent on l, which in turn relies on the Weil conjectures.
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Finally, we give in Section 6 examples and computations for certain orthogonal motives.
We treat in details the case of certain explicit Artin motives, and we compute some these
invariants for the orthogonal motives of the form hn(V )(n/2) where V is an hypersurface or
a complete intersection. For example, we have the following

Corollary 1.5. Let V be a smooth hypersurface of even dimension n ≥ 2 in Pn+1
E , de�ned

by an homogeneous polynomial of degree d, and let (M = hn(V )(n/2), q) be the corresponding
orthogonal motive. Then we have

δ1
q (PM ) =

{
(−1)

d−1
2 · discd(f) if d is odd

(−1)
d
2
·n+2

2 · discd(f) if d is even

and

δ2
q (PM ) = w2(qdR)+


d−1

2 (−1,−1) if d is odd
n
4 (1 + d

2)(−1,−1) if d is even and n ≡ 0 mod 4

(−1,discd(f)) + (n+2
4 )(1 + d

2)(−1,−1) if d is even and n ≡ 2 mod 4

where discd(f) is the divided discriminant of f in the sense of [32].
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2. Preliminaries

Throughout the paper k denotes a �eld of characteristic 6= 2. In this section we review
basic de�nitions on torsors and symmetric bundles over a scheme (see [8]). One should note
that a symmetric bundle over Spec(k) is given by a pair (V, q) where V is a k-vector space of
�nite dimension and q is a non degenerate quadratic form on V .

2.1. The classifying topos of a pro-group-scheme. Let S be a topos and let G be a
group-object in S. The topos BG is the category of objects of S endowed with a left G-action.
We denote by Tors(S, G) the category of right G-torsors in S. Recall that Tors(S, G) is
a groupoid, i.e. any morphism of this category is an isomorphism. There is a canonical
morphism π : BG → S whose inverse image functor sends a a sheaf F on S to the object of
BG given by F with trivial G-action. In particular π∗G is the group-object of BG given by G
with trivial left G-action. The topos BG has a universal π∗G-torsor EG given by G on which
G acts both on the left and on the right by multiplication.

Theorem 2.1. The functor

HomtopS(S, BG)op −→ Tors(S, G)
f 7−→ f∗EG

is an equivalence of groupoids.

Here HomtopS(S, BG) denotes the category of morphisms of S-topoi from S to BG (with
respect to Id : S → S and π : BG → S), and (−)op denotes the opposite category. Given a
G-torsor Y , we denote the corresponding morphism of topoi by the same symbol:

Y : S −→ BG.

The morphism Y can be described as follows: For any sheaf F on BG, one has

Y ∗(F) = Y ∧G F := (Y ×F)/G

where G acts on the product Y × F via the given right (respectively left) action on Y (re-
spectively on F). A morphism of group-objects f : G→ G′ in S (i.e. a morphism of sheaves
of groups on S) induces a morphism of topoi Bf : BG → BG′ .

We shall use the following variant. Let G := ”lim←−”Gi be a pro-group in S indexed by a

�ltered small category I. Recall that, for another group H, we have

HomGrp(S)(G,H) = lim−→HomGrp(S)(Gi, H)

where Grp(S) denotes the category of group-objects in S. The classifying topos of the pro-
group G is de�ned as an inverse limit in 2-category of topoi:

BG := lim←−BGi .
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By de�nition of the inverse limit, the canonical functor

HomtopS(S, BG)
∼−→ lim←−HomtopS(S, BGi)

is an equivalence. It follows that BG classi�es G-protorsors. A G-protorsor is given by a
Gi-torsors Ti for any i ∈ I and an isomorphism of Gj-torsors fα : Ti ∧Gi Gj ' Tj for any
α : i→ j in I, such that the isomorphisms fα satisfy the obvious compatibility constraint for
composite maps in I. We denote by Tors(S, G) the groupoid of G-protorsors. Theorem 2.1
gives an equivalence

(3) HomtopS(S, BG)op
∼−→ Tors(S, G).

Let X be a scheme and let G := ”lim←−”Gi be a pro-object in the category of X-group schemes

of �nite type. The classifying topos BG is de�ned as above by taking S to be the (big)
fppf-topos Xfppf . Here Gi is of course seen as a group-object in Xfppf by Yoneda.

2.2. Hasse-Witt invariants.

2.2.1. Let ks/k be a separable closure of k . We denote by Gk := Gal(ks/k) the absolute
Galois group of k. Suppose that q is a non degenerate quadratic form of rank n over k. We
choose a diagonal form < a1, a2, · · · , an > of q with ai ∈ k∗, and consider the cohomology
classes

(ai) ∈ k×/(k×)2 ' H1(Gk,Z/2Z).

For 1 ≤ m ≤ n, the mth Hasse-Witt invariant of q is de�ned to be

(4) wm(q) =
∑

1≤i1<···<im≤n
(ai1) · · · (aim) ∈ Hm(Gk,Z/2Z)

where (ai1) · · · (aim) is the cup product. Moreover we set w0(q) = 1 and wm(q) = 0 for m > n.
It can be shown that wm(q) does not depend on the choice of the diagonal form of q.

2.2.2. This de�nition can be generalized over more general base schemes as follows (see [8]
Section 4). Let X → Spec(Z[1/2]) be a Z[1/2]-scheme. A symmetric bundle over X is a
pair (V, q) where V is a locally free OX -module of constant �nite rank and q : V ⊗OX V →
OX is a symmetric map of OX -modules inducing an isomorphism V

∼→ V ∨, where V ∨ :=
HomOX (V,OX) is the dual of V . Given two symmetric bundles (V, q) and (W, r) of same rank
over X, we consider the sheaf Isom(q, r) on Xfppf given by Isom(q, r)(Y ) := Isom(qY , rY ) for
any X-scheme Y , where Isom(qY , rY ) is the set of isometries between the symmetric vector
bundles (VY , qY ) and (WY , rY ) over Y , obtained from (V, q) and (W, r) by base-change along
Y → X. We de�ne the orthogonal group O(q) as the group Isom(q, q). Consider the standard
form (OnX , tn =

∑
x2
i ) of rank n over X. We set O(n) := Isom(tn, tn).

Let (V, q) be a symmetric bundle of rank n over X. The sheaf Isom(tn, q) on Xfppf is a
O(n)-torsor on Xfppf , hence Theorem 2.1 provides us with a canonical map

(5) Isom(tn, q) : Xfppf −→ BO(n).

There is a canonical isomorphism of graded Z/2Z-algebras
H∗(BO(n),Z/2Z) ' A[HW1, · · · , HWn]

where HWm has degree m and A is the étale cohomology algebra H∗(Xet,Z/2Z). The mth

Hasse-Witt invariant of q is de�ned to be the pull-back

(6) wm(q) := Isom(tn, q)
∗(HWm) ∈ Hm

et (X,Z/2Z)
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of HWm along (5). When X = Spec(k) the de�nitions (4) and (6) agree.

2.3. Twists of quadratic forms. Let X → Spec(Z[1/2]) be a Z[1/2]-scheme, let G be a pro-
group-scheme over X, let (V, q) be a symmetric bundle over X of rank n, let ρ : G→ O(q) be
an orthogonal representation and let T be a G-protorsor over X. The equivalence (3) yields
the morphism of topoi

Xfppf
T−→ BG

Bρ−→ BO(q)

where Bρ is induced by ρ. By Theorem 2.1 (again), this morphism corresponds to an O(q)-
torsor. Any such O(q)-torsor is of the form Isom(q, r) for an essentially unique symmetric
bundle (W, r) of rank n, which we denote by T ∧G q. Then T ∧G q is called the twist of q by
the G-protorsor T .

3. Tannakian twists of quadratic forms

For Y a scheme over the �eld k, we denote by VB(Y ) the category of vector bundles over Y ,
i.e. the category of locally free �nitely generated OY -modules. We consider a k-linear neutral
Tannakian category T endowed with a �ber functor ω : T → Veck, where Veck is the category
of �nite dimensional k-vector spaces. We denote by Gω := Aut⊗(ω) its Tannaka dual. Recall
that Gω is de�ned via its functor of points: For any k-scheme Y , the group

Gω(Y ) = Aut⊗(ω)(Y ) := Aut⊗(ωY )

is the group of automorphisms of the tensor functor

ωY : T ω−→ Veck −→ VB(Y )

where the second functor is induced by pull-back along the structure map Y → Spec(k). Then
Gω is an a�ne k-group scheme ([6] Theorem 2.11). In fact Gω is most natarally de�ned as a
pro-algebraic group. Indeed, let {Ti ⊆ T , i ∈ I} be a partially ordered set of sub-Tannakian
categories, such that T =

⋃
i∈I Ti and Ti is generated as a Tannakian category by a single

object Xi ∈ Ti. We denote by ωi : Ti ↪→ T → Veck the �ber functor induced by ω. Then
Gωi := Aut⊗(ωi) is an a�ne algebraic group over k (i.e. an a�ne k-group scheme of �nite
type), and one has Gω = lim←−Gωi . We consider Gω as the pro-object

Gω := ”lim←−”Gωi .

in the category of a�ne algebraic groups over k.

3.1. The protorsor TωX ,η. Let (T , ω) be a k-linear neutral Tannakian category as above and
let X be a k-scheme. We denote by

ωX : T ω−→ Veck
f∗−→ VB(X)

the �ber functor over X induced by ω, where f : X → Spec(k) is the structure map. Let
η : T → VB(X) be another �ber functor over X. We also denote by ωi,X : Ti → VB(X)
and ηi : Ti → VB(X) the �ber functors induced by ωX and η respectively. We consider the
pro-X-scheme

Isom⊗(ωX , η) := ”lim←−” Isom⊗(ωi,X , ηi)

of isomorphisms of tensor functors from ωX to η. Here Isom⊗(ωi,X , ηi) is de�ned via its
functor of points. More precisely, for any X-scheme Y ,

Isom⊗(ωi,X , ηi)(Y ) = Isom⊗(ωi,Y , ηi,Y )
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is the set of morphisms of tensor functors ωi,Y → ηi,Y where ωi,Y and ηi,Y are the �ber functors
over Y induced by ωi and ηi respectively. Note that any morphism ωi,Y → ηi,Y necessarily
is an isomorphism (see [6] Proposition 1.13 for the a�ne case). Then Isom⊗(ωX , η) is a
projective system of faithfully �at a�ne X-schemes of �nite type. Similarly, one has

Gωi(Y ) = Aut⊗(ωi,Y )

for any k-scheme Y , hence there is a right action of Gω on Isom⊗(ωX , η) over X which is
de�ned by composition. This action turns Isom⊗(ωX , η) into a Gω-protorsor over X (see
[6] Theorem 3.2). We denote by Tωi,X ,ηi := Isom⊗(ωi,X , ηi) the Gωi-torsor and by TωX ,η :=

Isom⊗(ωX , η) the Gω-protorsor just de�ned, and also by

Tωi,X ,ηi : Xfppf −→ BGωi and TωX ,η : Xfppf −→ BGω := lim←−BGωi
the corresponding morphisms of topoi.

3.2. Orthogonal objects. We denote by 1 the unit object of T . For an object M ∈ T we
denote by M∨ = Hom(M,1) its dual.

De�nition 3.1. An orthogonal object (M, q) of T is an object M ∈ T endowed with a
symmetric map q : M ⊗M → 1 such that the induced map M →M∨ is an isomorphism.

We de�ne the category of orthogonal objects of T in the obvious way: for two orthogonal
objects (M, q) and (M ′, q′), a morphism f : (M, q) → (M ′, q′) is a map f : M → M ′ in T
such that the diagram

M ⊗M

f⊗f
��

q // 1

Id
��

M ′ ⊗M ′
q′ // 1

commutes. If (M, q) is an orthogonal object of T , then

qω : ω(M)⊗ ω(M) ' ω(M ⊗M)
ω(q)−→ ω(1) ' k

is a non-degenerate symmetric bilinear form. By Tannaka duality, an object M ∈ T can be
seen as a �nite dimensional representation of Gω of the form

ρM : Gω −→ GL(ω(M))

where GL(ω(M)) is seen as a k-group scheme. If M admits an orthogonal structure (M, q),
then we have a factorization

Gω −→ O(qω) −→ GL(ω(M))

hence an orthogonal representation

ρq : Gω −→ O(qω),

where O(qω) denotes the orthogonal k-group scheme associated with qω.
The category of orthogonal k-linear representations of Gω is the category of orthogonal

objects of the Tannakian category Repk(Gω) of k-linear representations of Gω. The fact that
the functor

T −→ Repk(Gω)
M 7−→ ρM

is an equivalence of rigid tensor k-linear categories ([6] Theorem 2.11) immediately gives the
following
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Proposition 3.2. The functor (M, q) 7−→ ρq is an equivalence from the category of orthogonal
objects of T to the category orthogonal k-linear representations of Gω.

3.3. The maps δ1
q and δ

2
q . Let (M, q) be an orthogonal object of T , and let X be a k-scheme.

The orthogonal representation
ρq : Gω −→ O(qω)

yields canonical maps
δiq : Tors(X,Gω) −→ H i(Xet,Z/2Z)

for i = 1, 2. Here Tors(X,Gω) is the set of isomorphism classes of Gω-pro-torsors in the topos
Xfppf . The maps δ1

q and δ
2
q are de�ned as follows. The map

δ1
q : Tors(X,Gω) −→ H1(Xet,Z/2Z).

is induced by the composite map

Gω −→ O(qω)
detO(qω)−→ Z/2Z.

Indeed, a Gω-pro-torsor T in Xfppf gives a map T : Xfppf → BGω , hence a map Xfppf → BGω →
BZ/2Z, hence a class

δ1
q (T ) ∈ H1(Xfppf ,Z/2Z) ' H1(Xet,Z/2Z).

The map δ2
q is de�ned using the canonical central extension (see [13] Appendix I and [20]

Appendix)

(7) 1→ Z/2Z→ Õ(qω)→ O(qω)→ 1.

Indeed, (7) gives a class [Cq] ∈ H2(BO(qω),Z/2Z). For a Gω-pro-torsor T , the class δ2
q (T ) is

de�ned as the pull-back of [Cq] along the morphism of topoi

Xfppf
T→ BGω → BO(qω).

Another way to de�ne δ2
q (T ) is the following. The representation ρq factors through Gωi →

O(qω) for any Ti containing M . Pulling back (7) along Gωi → O(qω) gives a central extension
of a�ne group-schemes

(8) 1→ Z/2Z→ G̃ωi → Gωi → 1.

and an exact sequence of pointed sets (see [16]IV.4.2.10)

(9) ... −→ H1(Xfppf , G̃ωi) −→ H1(Xfppf ,Gωi)
δ2q−→ H2(Xfppf ,Z/2Z) −→ ...

in which δ2
q appears as a boundary map.

3.4. Comparison formulas. Let (T , ω) be a k-linear neutral Tannakian category as above,
let X be a k-scheme, let η : T → VB(X) be a �ber functor over X, and let (M, q) be an
orthogonal object of T .

We consider the quadratic form qω over k and the following symmetric vector bundle over
X:

qη : η(M)⊗OX η(M) ' η(M ⊗M)
η(q)−→ η(1) ' OX .

Cup-product turns H∗(Xet,Z/2Z) into a commutative Z/2Z-algebra, and the structure map
f : X → Spec(k) induces a ring homorphism

H∗(Spec(k)et,Z/2Z)→ H∗(Xet,Z/2Z)

so that we may consider wi(qω) ∈ H i(Spec(k)et,Z/2Z) as an element of H i(Xet,Z/2Z).
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Theorem 3.3. For any orthogonal object (M, q) of T , we have identities in H∗(Xet,Z/2Z):

δ1
q (TωX ,η) = w1(qω) + w1(qη);

δ2
q (TωX ,η) = w2(qω) + w1(qω) · w1(qω) + w1(qω) · w1(qη) + w2(qη).

Proof. We consider the twist TωX ,η∧GωX qω of the form qωX by the torsor TωX ,η, that we simply
denote by TωX ,η ∧Gω qω (see Section 2.3). By ([8] Corollary 6.5), Theorem 3.3 follows from the
following

Lemma 3.4. The twisted form TωX ,η ∧Gω qω is isometric to qη.

Proof. We simply denote by by ρ : GωX → O(qωX ) the morphism of X-group schemes induced
by ρq (by base change). The form TωX ,η ∧Gω qω is determined by the map

(10) Bρ ◦ TωX ,η : Xfppf

TωX,η−→ BGωX
Bρ−→ BO(qωX ).

Let Ti ⊆ T be a Tannakian subcategory which is generated by a single object, and such that
M ∈ Ti. The following diagram commutes:

BGωX

��

Bρ

((
Xfppf

TωX,η
77

Tωi,X,ηi

// BGωi,X Bρi
// BO(qωX )

In particular we have an isometry

Tωi,X ,ηi ∧
Gωi qω ' TωX ,η ∧

Gω qω

hence one may suppose that T = Ti is generated by a single object. In other words, we may
assume that Gω is an algebraic group and that TωX ,η is a Gω-torsor in the usual sense.

In order to ease the notations, we set T := TωX ,η. So the form T ∧Gω qω is determined by the
morphism of topoi Bρ ◦ T which is in turn determined by the O(qωX )-torsor over X given by
(Bρ ◦ T )∗(EO(qωX )). Here EO(qωX ) denotes the O(qωX )-torsor of BO(qωX ) given by the object

O(qωX ) on which O(qωX ) acts both on the left and on the right by multiplication. Similarly,
the form qη is determined by the O(qωX )-torsor Isom(qωX , qη). Hence T ∧Gω qω is isometric
to qη if and only if (Bρ ◦ T )∗(EO(qωX )) and Isom(qωX , qη) are isomorphic as O(qωX )-torsors.

We have

(Bρ ◦ T )∗(EO(qωX )) = T ∗ ◦B∗ρ(EO(qωX )) = Isom⊗(ωX , η) ∧GωX O(qωX )

where GωX acts on the left on O(qωX ) via ρq : GωX → O(qωX ) and on the right on Isom⊗(ωX , η)
by composition.

Let us de�ne a map

µ : Isom⊗(ωX , η)×O(qωX ) −→ Isom(qωX , qη)

on points as follows. For any X-scheme Y , we de�ne

µ(Y ) : Isom⊗(ωY , ηY )×O(qωY ) −→ Isom(qωY , qηY )
(α, σ) 7−→ α(M) ◦ σ

where O(qωY ) := O(qωX )(Y ) and

α(M) : ωY (M)
∼−→ ηY (M)
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is just given by evaluating the natural transformation α at the object M . In order to show
that µ(Y ) is well de�ned, we simply need to observe that α(M) is an isometry, i.e. respects the
quadratic forms qωY and qηY . But qωY and qηY are both induced by the pairing q : M⊗M −→ 1
in T and α is a morphism of tensor functors, so that we have a commutative diagram

ωY (M)⊗OY ωY (M)

α(M)⊗α(M)

��

' // ωY (M ⊗M)

α(M⊗M)

��

ωY (q)// ωY (1)
' //

α(1)

��

OY

Id

��
ηY (M)⊗OY ηY (M)

' // ηY (M ⊗M)
ηY (q) // ηY (1)

' // OY

where the left and the right hand side squares commute because α is a morphism of tensor
functors (see [6] De�nition 1.12). The upper row (respectively the lower row) is the form qωY
(respectively qηY ). Hence α(M) is an isometry, so that µ(Y ) is well de�ned, hence so is µ
(note that µ(Y ) is functorial in Y ).

Moreover, µ(Y ) is invariant under the action of GωX (Y ) = Aut⊗(ωY ) on the set Isom⊗(ωY , ηY )×
O(qωY ). Indeed, an element g ∈ GωX (Y ) takes (α, σ) ∈ Isom⊗(ωY , ηY ) × O(qωY ) to (α ◦
g−1, ρ(g) ◦ σ), and one has

µ(Y )(α ◦ g−1, ρ(g) ◦ σ) = α(M) ◦ ρ(g)−1 ◦ ρ(g) ◦ σ = α ◦ σ = µ(Y )(α, σ).

Hence µ is invariant under the action of GωX . Equivalently, µ induces a morphism

µ̃ : Isom⊗(ωX , η) ∧GωX O(qωX ) := (Isom⊗(ωX , η)×O(qωX ))/GωX −→ Isom⊗(qω, qη)

in the topos Spec(k)fppf . The group O(qωX ) acts on Isom⊗(ωX , η) ∧GωX O(qωX ) by right
multiplication on the second factor and trivially on the �rst factor. It acts on Isom⊗(qωX , qη)
by composition. The map µ̃ is obviously O(qωX )-equivariant, hence µ̃ is a morphism of
O(qωX )-torsors. The result follows, since any morphism of torsors is an isomorphism.

�

�

4. An analogue of the Serre-Fröhlich embedding problem for Nori's

fundamental group scheme

4.1. The Serre-Fröhlich embedding problem. Let F be a �eld of characteristic 6= 2, let
G be a �nite group and let p : GF → G be a surjective map, i.e. let F̄ /F be a separable closure
and let F̄ /K/F be a Galois sub-extension of group G. We consider the G-unit form (F [G], κ)
where κ is the quadratic form such that κ(g, h) = δg,h (Kronecker symbol) for g, h ∈ G. The
action of G on itself by left multiplication extends to an orthogonal representation

(11) ρ : GF → G→ O(κ).

The Pin-extension (see [20] Appendix) gives a central extension of discrete groups

(12) 1→ Z/2Z→ Õ(κ)(F )→ O(κ)(F )→ 1.

Pulling back (12) via G→ O(κ)(F )→ O(κ)(F ) we obtain a central extension of �nite discrete
groups

1→ Z/2Z→ G̃→ G→ 1
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which we suppose to be non-trivial. The embedding problem attached to G̃ → G can be
expressed as follows: Is there a commutative triangle

G̃

s

��
GF

r

88

p // G

where r is surjective? In other words, is there an F -embedding K ↪→ K̃ where K̃/F is a

Galois extension of group G̃? This problem has a solution if and only if the Stiefel-Whitney
class sw2(ρ) vanishes. It follows from Serre's comparison formula ([34] Théorème 1) that
sw2(ρ) ∈ H2(GF ,Z/2Z) can be computed in terms of the Hasse-Witt invariant w2(TrK/F ),

where TrK/F is the quadratic from x 7→ TrK/F (x2). This result can be applied to decide
whether or not the previous embedding problem has a solution in explicit examples.

4.2. An analogue for Nori's fundamental group scheme. The aim of this section is to
formulate a similar embedding problem for Nori's fundamental group scheme and to deduce
from the comparison formula of Theorem 3.3 a necessary and su�cient condition for the
existence of a solution. More precisely, let X be a proper integral scheme over a �eld k of
characteristic 6= 2, with a k-rational point x ∈ X(k). We consider Nori's fundamental group
scheme πN1 (X/k, x) (see [27] and [37] 6.7). Let G = Spec(A) be a �nite �at quotient of
πN1 (X/k, x). We denote by p : πN1 (X/k, x)→ G the projection.

4.2.1. Generalization of the G-unit form. The linear dual AD = Homk(A, k) of A has a natural
structure of Hopf k-algebra. We denote by SD its antipode.

De�nition 4.1. For any generator θ of the k-vector space of the integrals of A we de�ne the
form

κθ : AD ×AD −→ k
(u, v) 7−→ (SD(u)v)(θ)

Then κθ is a non degenerate quadratic form over k. The action of AD on itself by left
multiplication corresponds to a linear representation ρ of G on AD, dual of the regular repre-
sentation of G. One can prove ([9] Proposition 5.1) that ρ : G → GLk(A

D) factors through
O(κθ) and thus provides an orthogonal representation of G. We refer to (AD, κθ) as a unit
form. If G is étale then there is a canonical generator θ0 of the integrals of A, hence a canonical
orthogonal representation

πN1 (X/k, x)→ G→ O(κθ0),

which generalizes the unit form (11).

4.2.2. For any generator θ of the integrals of A, we consider the representation G → O(κθ)
de�ned above. The Pin-extension (see [20] Appendix again) induces a central extension of
�nite �at k-group-schemes

1→ Z/2Z→ G̃θ
sθ→ G→ 1

which we suppose to be non-trivial. Notice that G̃θ := G ×O(κθ) Õ(κθ) depends on θ. The
embedding problem we are interested is the following:
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Problem 4.2. Let θ be a generator of the integrals of A. Is there a faithfully �at morphism

r : πN1 (X/k, x)→ G̃θ which renders the following triangle

G̃θ

sθ

��
πN1 (X/k, x)

r

66

p // G

commutative?

In the next section, we give a necessary and su�cient condition for the existence of a solution
to Problem 4.2 up to conjugation by an element of G(k).

4.3. Existence of a solution in terms of Hasse-Witt invariants. Let X be a proper
integral scheme over a �eld k of characteristic 6= 2. Let x ∈ X(k) be a rational point. In this
situation, Nori de�nes the category EF(X) of essentially �nite bundles. Then EF(X) is a full
subcategory of the category VB(X) of vector bundles, which is closed under direct sums and
tensor products. The pull-back functor along the map x : Spec(k) → X gives a �ber functor
ω : EF(X)→ Vectk, and EF(X) is a neutral Tannakian category. Its Tannaka dual

πN1 (X/k, x) := Aut⊗(ω)

is by de�nition the fundamental group-scheme of X with respect to the rational point x.
Then πN1 (X/k, x) is a projective limit of �nite k-group schemes. It classi�es pointed torsors
under �nite group-schemes: For any �nite group-scheme G over k, one has a bijection between
Homk(π

N
1 (X/k, x), G) and the set of triples (G,T, t) where T → X is a G-torsor and t ∈ T (k)

is a rational point lying over x ∈ X(k). The Tannakian category EF(X) has a distinguished
�ber-functor over X: the inclusion functor

η : EF(X) −→ VB(X).

As in the previous section, we also consider the composition

ωX : EF(X)
ω−→ Vectk

f∗−→ VB(X)

where f : X → Spec(k) is the structure map. Now let G be a �nite �at quotient of πN1 (X/k, x)
given by the faithfully �at morphism s : πN1 (X/k, x) � G. The regular representation of G
gives a representation πN1 (X/k, x)→ G→ GLk(V ). By Tannaka duality, we obtain an object
R ∈ EF(X). Let V := R∨ be the dual of R and let < V >=< R >⊆ EF(X) be the Tannakian
category generated by V. Let ωX|<V> and η|<V> the restrictions of ωX and η. Then

Aut⊗(ωX|<V>) ' G×k X
and

T := Isom⊗(ωX|<V>, η|<V>)

is a G-torsor over X. Note that T has a canonical k-rational point t : Spec(k) → T over x,
which is given by the canonical isomorphism of tensor functors

x∗ ◦ ωX|<V> ' x∗ ◦ η|<V>.

The triple (G,T, t) corresponds to the morphism s : πN1 (X/k, x) � G.
Let θ be a generator of the integrals of A, let (AD, κθ) be the quadratic space of De�nition

4.1 and let ρθ : G → O(κθ) be the corresponding orthogonal representation. By Tannaka
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duality again, ρθ endows the essentially �nite vector bundle V with a canonical non-degenerate
symmetric bilinear form

qθ : V ⊗OX V → OX .
Then we consider the canonical central Pin-extension

1→ Z/2Z→ Õ(κθ)→ O(κθ)→ 1

and its base change

(13) 1→ Z/2Z→ G̃θ
sθ→ G→ 1

along the mapG→ O(κθ). We consider the Hasse-Witt invariants wi(qθ), wi(κθ) ∈ H i(Xet,Z/2Z)
for i = 1, 2. Finally, if σ ∈ G(k) is a rational point we denote by cσ = σ−1 · (−) · σ the conju-
gation map.

Theorem 4.3. Assume that the extension (13) is non-trivial. Then the following assertions
are equivalent.

(1) We have

w2(κθ) + w1(κθ) · w1(κθ) + w1(κθ) · w1(qθ) + w2(qθ) = 0.

(2) There exist a rational point σ ∈ G(k) and a commutative diagram

G̃θ

sθ

��
πN1 (X/k, x)

r

66

// G
cσ // G

where r is faithfully �at.

Proof. In order to ease the notations, we �x θ and we set G̃ := G̃θ, s := sθ, κ := κθ and
q = qθ. We have an exact sequence of pointed sets (see [16] IV.4.2.10)

H1(X, G̃) −→ H1(X, G̃)
δ2−→ H2(Xet,Z/2Z).

The quadratic space ω(V, q) is the unit form (AD, κ), whereas η(V, q) = (V, q). By Theorem
3.3, we have

δ2(T ) = w2(κ) + w1(κ) · w1(κ) + w1(κ) · w1(q) + w2(q).

By the exact sequence above, δ2(T ) = 0 i� there exists a G̃-torsor T̃ overX and a G̃-equivariant

map T̃ → T .
We show (2) =⇒ (1). Suppose that there exists a commutative diagram as in (2). The map

πN1 (X/k, x)→ G
cσ→ G

corresponds to the triple (G,T, t · σ), where (t · σ) ∈ T (k) is the point

Spec(k)
(t,σ)−→ T ×k G = T ×X GX

µ−→ T.

The commutative diagram (2) therefore gives a triple (G̃, T̃ , t̃) mapping to (G,T, t · σ) hence

a G̃-torsor T̃ over X and a G̃-equivariant map T̃ → T . We obtain δ2(T ) = 0, hence (1).

We show (1) =⇒ (2). We have δ2(T ) = 0 hence there exists a G̃-torsor T̃ over X together

with a G̃-equivariant map T̃ → T . Taking the base change along x ∈ X(k), we obtain a
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G̃-torsor T̃x := T̃ ×X x over k lifting Tx. Note that Tx is the trivial G-torsor. The exact
sequence of pointed sets

H1(k,Z/2Z) −→ H1(k, G̃) −→ H1(k,G)

shows that there exists α ∈ H1(k,Z/2Z) mapping to T̃x. Recall from ([16] III.3.4.5) the

natural action of H1(k,Z/2Z) on H1(k, G̃). We have

[T̃x] = α · [T̃0]

where T̃0 is the trivial G̃-torsor over k.
Let A be the image of α in H1(X,Z/2Z). The action (see [16] III.3.4.5) of H1(X,Z/2Z) on

the set H1(X, G̃) is compatible with base-change. Let T̃ ′ be a G̃-torsor over X such that we

have [T̃ ′] = A · [T̃ ] in H1(X, G̃). Taking the pull-back T̃ ′x of T̃ ′ along x ∈ X(k), we have

[T̃ ′x] = x∗[T̃ ′] = x∗(A · [T̃ ]) = (x∗A) · (x∗[T̃ ]) = α · [T̃x] = α · α · [T̃0] = [T̃0].

Therefore, replacing T̃ with T̃ ′, we may suppose that T̃x is a trivial G̃-torsor over k. Choose a

rational point t̃ ∈ T̃x(k), and let t0 be its image in Tx(k). Since Tx is a G-torsor, there exists

a unique σ ∈ G(k) such that t0 = t · σ. Hence the triple (G̃, T̃ , t̃) maps to (G,T, t0), which

corresponds to the map πN1 (X/k, x)→ G
cσ→ G. We obtain the commutative diagram in (2).

It remains to show that the map r : πN1 (X/k, x) → G̃ in the diagram is faithfully �at.

The map r factors as follows πN1 (X/k, x) � π → G̃, where π is a �nite �at k-group scheme
and πN1 (X/k, x) � π is faithfully �at. It is therefore enough to show that the induced map

r′ : π → G̃ is faithfully �at. The map r′ gives a morphism of exact sequences

1 // N //

β
��

π //

r′
��

G //

cσ

��

1

1 // Z/2Z // G̃
s // G // 1

We have an exact sequence (see [8] Proposition 3.8)

H1(BG,Z/2Z)→ H1(Spec(k)fppf ,Z/2Z)→ Extk(G,Z/2Z)→ H2(BG,Z/2Z).

But the map H1(BG,Z/2Z) → H1(Spec(k)fppf ,Z/2Z) is surjective, since it is induced by
the canonical section Spec(k)fppf → BG of the structure map BG → Spec(k)fppf . Hence the
canonical map Extk(G,Z/2Z) ↪→ H2(BG,Z/2Z) is injective. Similarly, we have an injection
Extk(π,Z/2Z) ↪→ H2(Bπ,Z/2Z). The class [E] ∈ Extk(G,Z/2Z) is non-trivial by assumption,

but dies in Extk(G̃,Z/2Z), and a fortiori in Extk(π,Z/2Z) (here we denote by [E] the class
of the extension denoted by (13) in the statement of the theorem). We consider the exact
sequence (see [8] Corollary 3.13)

→ H0(BG,Hom(N,Z/2Z))→ H2(BG,Z/2Z)→ H2(Bπ,Z/2Z).

Then [E] lies in Ker
(
H2(BG,Z/2Z)→ H2(Bπ,Z/2Z)

)
, and

β ∈ Hom(N,Z/2Z)G(k) = H0(BG,Hom(N,Z/2Z))

maps to [E] ∈ H2(BG,Z/2Z), which is non-trivial since Extk(G,Z/2Z) ↪→ H2(BG,Z/2Z) is
injective. Hence β is non-trivial too, hence surjective. It follows that r′ is an epimorphism in
Spec(k)fppf , i.e. r

′ is faithfully �at.
�
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Remark 4.4. We may replace ρ : G→ O(κ) with an arbitrary orthogonal representation G→
O(u), and consider Problem 4.2 in this more general situation. This problem is the analogue
of Fröhlich's embedding problem ([13], Section 7) for Nori's fundamental group scheme. We
can prove mutatis mutandis Theorem 4.3 in this case.

5. Orthogonal B-admissible representations

Various comparison formulas have been obtained, in di�erent set-ups, between the Hasse-
Witt invariants of a form and the Hasse-Witt invariants of its twists (see [34], [13], [31]). In
this section we show that they all can be seen as consequences of Theorem 3.3 when applied
to a well choosen tannakian category. Fontaine's theory of B-admissible representations and
regular G-rings provides us with a large range of such categories.

5.1. B-twist of a form. Let k be a topological �eld of characteristic 6= 2 and let G be a topo-
logical group. We denote by Repk(G) the category of continuous �nite dimensional k-linear
representations of G, and by ω : Repk(G)→ Veck be the forgetful functor. Then (Repk(G), ω)
a neutralized k-linear tannakian category. We let B be a topological commutative k-algebra
(recall that the homomorphism k → B is continuous), equipped with a continuous action of
G by k-automorphisms. We set K = BG. For any k-representation V of G we set

DB(V ) = (B ⊗k V )G

where G acts diagonally on B ⊗k V . By scalar extension we obtain a map

(14) αV : B ⊗K DB(V )→ B ⊗k V.
The map αV is B-linear and G-equivariant. Here G acts trivially on DB(V ) and diagonally
on B⊗KDB(V ). We now recall the de�nition of a (k,G)-regular algebra ([12] De�nition 2.8).

De�nition 5.1. We say that B is (k,G)-regular if the following conditions hold:

(1) B is a domain.
(2) BG = Fr(B)G.
(3) If b ∈ B, b 6= 0, such that kb is stable by G, then b is invertible in B.

We assume from now on that B is (k,G)-regular. This implies that K is a �eld and that
αV is injective for any k-representation of G (see [12] Theorem 2.13).

De�nition 5.2. A k-representation V of G is said to be B-admissible if αV is an isomorphism.

We denote by RepBk (G) the full subcategory of Repk(G) consisting of representations of
G which are B-admissible. This category is a tannakian sub-category of Repk(G) with �ber
functor given by the restriction of ω. Moreover the restriction ofDB to RepBk (G) de�nes a �ber

functor η : RepBk (G)→ VecK ([12] Theorem 2.13). We let GB be the Tannaka dual Aut⊗(ω)
and TB be the GB,K-torsor Isom⊗(ωK , η). There is a continuous morphism G → GB(k) and
the functor sending ρ : GB → GL(V ) to ρ̄ : G→ GB(k)→ GLV (k) induces an equivalence of
tensor categories ([12] Proposition 1.2.3)

Repk(GB)
∼−→ RepBk (G).

We identify these categories.
An orthogonal object of RepBk (G) is given by a continuous orthogonal representation ρ :

G → O(q)(k) where (V, q) is a quadratic form over k and O(q)(k) is endowed with topology
induced by that of k. Following the method of Section 3, we associate with (V, q, ρ), via the
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�ber functors ω and η, non degenerate quadratic forms on k and K, on the one hand the form
(V, q) obtained through the forgetful functor ω and the form (DB(V ), qD) obtained through
η, where qD is the restriction to DB(V ) of the form B ⊗ q. The quadratic space (DB(V ), qD)
will be called the B-twist of (V, q).

Since qD is the twist of q by the GB,K torsor TB (see [11], de�nition 2.4), then Theorem
3.4 provides us with a comparison formula for the Hasse-Witt invariants of these forms. More
precisely, let (V, q, ρ) be an orthogonal B-admissible k-representation of G and let < V >
be the subtannakian category generated by V . Then ω and η induce �ber functors ω′ and
η′ on < V >. We consider the subalgebra BV of B consisting of all the periods of all the
objects of < V > ( [11], Section 1.7)). The algebra BV /k is a (k,G)-regular algebra of �nite
type. We set TB,V = Spec(BV ). By [11], Theorem 1.7.3 we know that TB,V represents the
functor Isom⊗(ω′K , η

′). Therefore Theorem 3.4 expresses the invariants δ1
q (TB) = δ1

q (TB,V )

and δ2
q (TB) = δ2

q (TB,V ) of this algebra in terms of the Hasse-Witt invariants of the forms q
and qD.

Our aim is now to express δ1
q (TB) and δ2

q (TB) in terms of invariants attached to ρ. We
start by introducing some notations. As before B/k is a topological algebra and K/k is a �eld
extension. We �x a separable closure K̄ of K and we take for group G the pro�nite group
GK = Gal(K̄/K). We suppose that B is a (k,GK) regular algebra, such that BGK = K.
Moreover we assume that B/K is a �ltered equivariant algebra. In other words there exists a
decreasing �ltration by K-subvector spaces {Bi, i ∈ Z}, stable under the action of GK , such
that K ⊂ B0 and BiBj ⊂ Bi+j for i, j ∈ Z. If V is a k-representation of GK , the �ltration
on B induces natural �ltrations on B⊗k V , DB(V ) and B⊗K DB(V ). More precisely for any
integer i, we set

(B ⊗k V )i = Bi ⊗k V, DB(V )i = (Bi ⊗k V )GK ,

and we endow B ⊗K DB(V ) with the tensor product �ltration given by (B ⊗K DB(V ))i =∑
k+l=iB

k ⊗K DB(V )l.
We recall that a Hausdor� topological �eld F is called t-Henselian if for every etale mor-

phism X → Y of F -varieties the induced map X(F ) → Y (F ) is a local homeomorphism,
where X(F ) and Y (F ) are endowed with the topology of F ( [14] Section 3 and [29] ).

De�nition 5.3. We say that the algebra B/K is well �ltered if the following conditions hold:

(1) There exists a GK-equivariant K̄-structure on B0 extending the K-algebra structure.
(2) C := Gr0(B) is a t-Henselian �eld when endowed with the quotient topology such that

C∗ = C∗2.

If B/K is �ltered a B-admissible representation V of GK is said to be �ltered if αV and
α−1
V both respect the �ltrations.
Let ρ : GK → O(q)(k) be a continuous, orthogonal and B-admissible representation. We

de�ne the �rst Stiefel-Whitney class sw1(ρ) as det(ρ) ∈ H1(GK ,Z/2Z). We now consider the
central extension of group schemes

(15) 1→ Z/2Z→ Õ(qC)→ O(qC)→ 1,

where qC = q ⊗k C. We associate to (15) an exact sequence of groups

(16) 1→ Z/2Z→ Õ(q)(C)→ O(q)(C)→ H1(Spec(C)et,Z/2Z).



18 PH. CASSOU-NOGUÈS AND B. MORIN

Since B/K is well �ltered and since the morphism Õ(qC) → O(qC) is etale we deduce from
(16) an exact sequence of topological groups

(17) 1→ Z/2Z→ Õ(q)(C)→ O(q)(C)→ 1,

with the trivial GK-action. Since the map k → C is a continuous and GK-equivariant ring
homomorphism, the map ρ de�nes a 1-continuous cocycle of GK with values in C and thus a
class [ρ] ∈ H1(GK ,O(q)(C)). We de�ne the second Stiefel-Whitney class sw2(ρ) of ρ as the
image of [ρ] by the boundary map of continuous cohomology

δ2 : H1(GK ,O(q)(C))→ H2(GK ,Z/2Z).

Composing ρ with the spinor norm homomorphism

sp : O(q)(k)→ k∗/k∗2 → K∗/K∗2 = H1(GK ,Z/2Z),

we obtain a homomorphism sp ◦ ρ ∈ Hom(GK , H
1(GK ,Z/2Z)). The spinor class sp2(ρ) is

de�ned as the image of sp ◦ ρ by the map

Hom(GK , H
1(GK ,Z/2Z)) ' H1(GK ,Z/2Z)⊗H1(GK ,Z/2Z) −→ H2(GK ,Z/2Z)

de�ned by cup-product.

Theorem 5.4. Let B be a (k,GK)-regular algebra and let ρ : GK → O(q)(k) be a continuous,
orthogonal and B-admissible representation. Then we have:

(1) w1(qD) = w1(q) + sw1(ρ).
(2) Moreover, if B/K is well �ltered and the representation is �ltered then

w2(qD) = w2(q) + w1(q)sw1(ρ) + sw2(ρ) + sp2(ρ).

Proof. It follows from Theorem 3.3 that in order to prove the �rst equality it su�ces to prove
the equality

δ1
q (TB) = sw1(ρ)

in H1(GK ,Z/2Z). The morphism of group schemes ρ : GB → O(q) induces a map ρ∗ :
H1(GK ,GB)→ H1(GK ,O(q)). The image of TB by ρ∗ is the O(q)-torsor Isom(qK , qD) over
K ( [CCMT], Section 4). It de�nes a class in the continuous cohomology setH1(GK ,O(q)(K̄)),
when O(q)(K̄) is endowed with the discrete topology. One de�nes a 1-cocycle representative
of ρ∗(TB) by choosing a K̄-point of Isom(qK , qD), given by an isometry

f : K̄ ⊗k V → K̄ ⊗K DB(V ),

and considering the map c : GK → O(q)(K̄), g → f−1 ◦ (g ⊗ 1) ◦ f ◦ (g−1 ⊗ 1). We have the
equality

(18) δ1
q (TB) = det([c]),

where [c] ∈ H1(GK ,O(q)(K̄)) is the class of c.
Scalar extension by B induces aGK-equivariant group homomorphism O(q)(K̄)→ O(q)(B)

which is continuous, with respect to the discrete topology on O(q)(K̄) and the topology
induced by B on O(q)(B). Therefore this group homomorphism induces a map of pointed
sets

iB : H1(GK ,O(q)(K̄))→ H1(GK ,O(q)(B)),

and the class iB([c]) is represented by the cocycle cB associated with the B-point fB of
Isom(qK , qD) obtained by scalar extension from f

fB : B ⊗k V → B ⊗K DB(V ).
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Since ρ is B-admissible we obtained an other B-point of Isom(q, qD) by considering

α−1
V : B ⊗k V → B ⊗K DB(V ).

Let c′B : GK → O(q)(B) be the map (g → αV ◦ (g⊗ 1) ◦α−1
V ◦ (g−1 ⊗ 1). We observe that αV

is GK-equivariant when GK acts diagonally on B ⊗ V and via B on B ⊗DB(V ). Therefore
we have

(19) αV ◦ (g⊗ 1) ◦α−1
V ◦ (g−1⊗ 1)(b⊗ v) = αV ◦ (g⊗ 1) ◦α−1

V (g−1(b⊗ ρ(g)(v)) = b⊗ ρ(g)(v).

Since k → B is continuous and preserves GK-action, the group homomorphism ρ : GK →
O(q)(k) de�nes a 1-cocycle of the continuous cohomology set H1(GK ,O(q)(B)) and (19)
shows the equality c′B = ρ. Moreover since the 1-cocycles cB and c′B are both de�ned through
B- points they are cohomologous. Thus we have proved that

(20) iB([c]) = [ρ]

in H1(GK ,O(q)(B)). Since the group homomorphism det : O(q)(k)→ Z/2Z factors through
O(q)(B) we conclude that

(21) δ1
q (TB) = det([c]) = det([iB([c]) = det(ρ) = sw1(ρ)

We now assume that B is well �ltered and the representation ρ is �ltered. It follows from
Theorem 3.3 and the previous description of ρ∗(TB) that it is su�cient to show the equality

δ2([c]) = sw2(ρ) + sp2(ρ),

where δ2 is the boundary map associated with the exact sequence of groups

1→ Z/2Z→ Õ(q)(K̄)→ O(q)(K̄)→ 1

with the natural GK-action. Moreover it follows from a general result of [31], Lemma 3, that
sw2(ρ) + sp2(ρ) = δ2

C(ρ), where δ2
C is the boundary map associated with the exact sequence

of topological groups (17)

1→ Z/2Z→ Õ(q)(C)→ O(q)(C)→ 1.

Therefore, in order to prove (ii) we have to show, in H2(GK ,Z/2Z), that

δ2([c]) = δ2
C(ρ).

We denote by O•(q)(B) the group of isometries B ⊗k V → B ⊗k V which respect the
�ltration of B ⊗k V . Since B is well �ltered we note that GK acts on O•(q)(B). It is now
easy to check that since fB and αV both preserve the �ltration thus the 1-cocycles cB and c′B
have values in O•(q)(B) and de�ne the same class in H1(GK ,O

•(q)(B)). We conclude to the
equality

(22) i•B([c]) = [ρ]

in H1(GK ,O
•(q)(B))). Any isometry B⊗k V → B⊗k V which respects the �ltration induces

an isometry Gr0(B)⊗ V → Gr0(B)⊗ V . This yields to a group homomorphism O•(q)(B)→
O(q)(C) and thus a map H1(GK ,O

•(q)(B))→ H1(GK ,O(q)(C). Using this map we deduce
from (22) that

(23) iC([c]) = [ρ]

in H1(GK ,O(q)(C), where iC is induced on the cohomology sets by the group homomorphism
O(q)(K̄)→ O(q)(C). From (23) and from the commutativity of the diagram
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{1} // (Z/2Z) //

Id

��

Õ(q)(K̄) //

ĩC
��

// O(q)(K̄)

iC
��

// {1}

{1} // (Z/2Z) // Õ(q)(C) // O(q)(C) // {1}
we deduce that δ2([c]) = δ2

C(ρ) as required
�

5.2. Examples. We consider several examples of (k,GK)-algebras where we can apply the
formulas of Theorem 5.4.

We introduce a small amount of notations. We set

H∗(K,Z/2Z) =
⊕

0≤i≤2

H i(GK ,Z/2Z)

endowed by cup product with a structure of abelian group. For a quadratic form q over K
we de�ne its Hasse-Witt invariant by w(q) = 1 +w1(q) +w2(q) ∈ H∗(K,Z/2Z). For a virtual
quadratic form q1 − q2 over K we write w(q1 − q2) = w(q1)w(q2)−1. For a B-admissible
orthogonal representation ρ of GK we de�ne respectively the Stiefel-Whitney and the spinor
norm classes of ρ by sw(ρ) = 1 + sw1(ρ) + sw2(ρ) and sp(ρ) = 1 + sp2(ρ)

5.2.1. Fröhlich-Serre formulas. We let k be a �eld of characteristic 6= 2, K = k and B = k̄
the separable closure of k endowed with the discrete topology. Then k̄/k is a (k,Gk)-algebra,
which satis�es the hypotheses of Section 4.1. The k̄-admissible orthogonal representations of
Gk are the group homomorphisms ρ : Gk → O(q)(k), with open kernel, where q is a non
degenerate quadratic form on the k-vector space V of �nite dimension. It is clear that k̄ is
a well �ltered when endowed with the �ltration given by k̄0 = k̄ and k̄1 = {0} and that any
orthogonal representation is �ltered. The k̄-twist of (V, q) is the k-vector space (k̄ ⊗k V )Gk ,
with the form obtained by restriction from k̄ ⊗k q. Theorems 2 and 3 of Fröhlich [13] are the
equalities of Theorem 5.4 in this special case. More precisely:

Corollary 5.5. Let ρ : Gk → O(q)(k) be an orthogonal representation with open kernel and
let q be the form (k̄ ⊗ q)Gk . Then

sw(ρ) + sp(ρ) = w(q − q).

Let H be an open subgroup of Gk. We let V be the k-vector space with basis the left-cosets
gH of H in Gk and q be the quadratic form on V which has {gH} as an orthonormal basis.
The action of Gk by permuting the cosets gH extends to an orthogonal representation ρ of
Gk. The Hasse-Witt invariants of q are trivial since q is the form x2

1 + ...x2
n. The k̄-twist of

q is the trace form TrL/k where L is the �xed �eld of H. Moreover one can compute sp2(ρ)
in this case and prove that it is equal to the cup product (2)(dL/k) where dL/k is the relative
discriminant of L/k. Therefore Corollary 5.5 provides us with the equality

sw2(ρ) + (2)(dL/k) = w2(TrL/k),

which is Serre's formula [34].

The references for the next two sections are [11] and [12]. Throughout these sections k and
K denote complete discrete valuation �elds of characteristic 0, whose residue �elds are perfect
of characteristic p. We assume that k ⊂ K. We let Cp be the completion of an algebraic
closure K̄ of K. We note that since Cp is Henselian it is t-Henselian ([4] Lemma 5-3, or [14]
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Proposition 3.1.4). There exist many examples of (k,GK) regular rings in this set-up. For
instance Cp itself is (k,GK) regular. The Cp-admisible representations are those for which
the inertia acts through a �nite quotient. We can �lter Cp by setting C0

p = Cp and C
1
p = {0}.

Therefore for any Cp-admissible orthogonal representation ρ : GK → O(q)(k) we will deduce
from Theorem 5.4 that

sw(ρ) + sp(ρ) = w(q′ − q),

where q′ is the form (Cp ⊗k q)GK . We treat in more details the case of Hodge-Tate and de
Rham representations.

5.2.2. Orthogonal Hodge-Tate representations. We �x a basis t of Zp(1), so that g(t) = χ(g)t
for any g ∈ GK , where χ is the cyclotomic character. We consider the ring of Hodge-Tate
periods

BHT = Cp[t, t
−1] =

⊕
k∈Z

Cpt
k.

This is a graded Cp-algebra endowed with a semilinear action of GK . Moreover BHT is a

(k,GK) regular ring such that BGK
HT = K. We endow BHT with a �ltration by setting

Bi
HT =

⊕
k≥i

Cpt
k,

and thus Gr0(B) ' Cp. One checks that BHT is a well �ltered algebra. We denote by
(DHT (V ), qHT ) the BHT -twist of an orthogonal Hodge-Tate representation (V, q, ρ) of GK .

Corollary 5.6. Let ρ : GK → O(q)(k) be a �ltered Hodge-Tate k-representation of GK . Let
qK be the form K ⊗ q and qHT be the BHT -twist of q. Then

sw(ρ) + sp(ρ) = w(qHT − qK).

LetMFK be the category of �ltered K-vector spaces. This is a K-linear tensor, addive cat-
egory, with an identity object and an internal homomorphism. Therefore, following de�nition
3.1, we may de�ne an orthogonal object of this category. One easily checks that a quadratic
object of MFK is a �ltered quadratic K-vector space as de�ned in [31], Section 1. The �ber
functor DHT : RepdRk (GK)→ Veck factorises through RepdRk (GK)→MFK . Hence if (V, q, ρ)
is an orthogonal Hodge-Tate representation of GK , then (DdR(V ), qdR) is a �ltered quadratic
K-vector space. Moreover, if the representation is �ltered, the comparison isomorphism αV
respects the �ltration and so induces an isometry

α0
V : Gr0(BHT ⊗K DHT (V )) ' Gr0(BHT ⊗k V )

which can be written

α0
V :
⊕
i

Gri(DHT (V ))⊗K Cp(−i) ' Cp ⊗k V.

Therefore the orthogonal representations considered by Saito in [31] are precisely the �ltered
orthogonal Hodge-Tate k-representations of GK and Corollary 5.6 provides a new proof of
[31], Theorem 1.
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5.2.3. Orthogonal de Rham representations. We consider the ring of periods B = BdR endowed
with "its natural topology" (see [12], 5.2.2). Then BdR/k is a (k,GK)-regular ring such that

BGK
dR = K. The �eld BdR is the fraction �eld of the discrete valuation ring B+

dR. One can

check that BdR, �ltered by the i-th powers of the maximal ideal of B+
dR, is well �ltered and

that any de Rham representation of GK is �ltered [3] Proposition 6.3.7. The ring G0(BdR) is
by de�nition the residue �eld of B+

dR. It identi�es with Cp and the topology induced on Cp
coincides with the usual topology. For any continuous, orthogonal, de Rham representation
ρ : GK → O(q)(k), we can de�ne the BdR-twist of q, that we denote by qdR.

Corollary 5.7. Let ρ : GK → O(q)(k) be an orthogonal de Rham k-representation of GK .
Let qK = K ⊗k q and let qdR be the BdR- twist of q. Then

sw(ρ) + sp(ρ) = w(qdR − qK).

Let GradK be the category of graded �nite dimensional K-vector spaces. The �ber functor
DHT factorizes through a �ber functor DHT : RepHTk (GK) → GradK . Let (V, q, ρ) be an
orthogonal de Rham representation. Since DdR(V ) is �ltered we can consider gr(DdR(V )) as
an object of GradK et prove that gr(DdR(V )) and DHT (V ) are isomorphic in this category.
By applying the forgetful functor we obtain an isomorphism of quadratic space

gr(DdR(V )) ' DHT (V ).

Let X/K be a proper and smooth scheme of even dimension n. The cup product de�nes a
non degenerate quadratic form q on the Qp-vector space V = Hn(XK̄ ,Qp)(n/2). The action
of GK on V provides us with a continuous orthogonal de Rham representation ρ : GK →
O(q)(Qp) to which the equality of Corollary 5.7 applies. It follows from a theorem of Faltings
that the BdR-twist (DdR(V ), qdR) of (V, q) coincides in this case, up to isometry, with the
K-vector space Hn

dR(X/K), endowed with the quadratic form de�ned by the cup product.

5.2.4. Orthogonal de Rham representation in the case of non perfect residue �eld. We let K be
a complete discrete valuation �elds of characteristic 0, with residue �eld kK of characteristic
p, such that [kK : kpK ] = pd with d ≥ 0. We �x K̄/K an algebraic closure of K and we set
GK = Gal(K̄/K). Let C be the completion of K̄ for the p-adic topology. In [2] O. Brinon has
constructed a ring of periods BdR which is a generalization to the case of imperfect residue
�elds of the algebra considered in Section 4.2.3. One should note that BdR is not necessarily a

�eld when d ≥ 1. This is a toplogical (Qp, GK)-regular algebra such that BGK
dR = K. Therefore

for any BdR-admissible othogonal representation ρ : GK → O(q)(Qp) we have

w1(qdR) = w1(q) + sw1(ρ).

BdR has a structure of K̄-algebra and is endowed with a decreasing, exhaustive and separated
�ltration, stable under the action of GK . It follows from [2] Proposition 2.19 that Gr0(BdR)
is a ring of polynomials over C in d variables and so that H1(Spec(C)et,Z/2Z) = {0}. Hence
we obtain from (16) an exact sequence of groups

(24) 1→ Z/2Z→ Õ(q)(C)→ O(q)(C)→ 1.

However for such a C we don't know if the map Õ(q)(C)→ O(q)(C) is a local homeomorphism
and thus if BdR is well �ltered.
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6. Orthogonal E-motives

In this section we apply Theorem 3.3 to the tannakian category of Nori's mixed motives
over a number �eld (see [28] and [18]). Here the �ber functors ω and η are the Betti and the
de Rham realization respectively, and the torsor Tω,η is given by the spectrum of the algebra
of Kontsevich's formal periods together with its natural action of the motivic Galois group.

6.1. Nori motives.

6.1.1. Let E/Q be a number �eld with a given complex embedding σ : E → C. We denote by
NMME the category of cohomological Nori mixed motives over E with Q-coe�cients (see [28],
[24], [18]). It is a neutral Tannakian category with Tannaka dual Gmot(E). More precisely,
Betti cohomology induces a �ber functor

H∗B : NMME −→ VecQ

and the motivic Galois group Gmot(E) is de�ned as the automorphism group-scheme Aut⊗(H∗B)
of the tensor functor H∗B. By Tannaka duality, an object M is determined by the Q-linear
representation

(25) Gmot(E) −→ GL(H∗B(M))

where GL(H∗B(M)) is seen as group scheme over Q. De Rham cohomology induces another
�ber functor

H∗dR : NMME −→ VecE .

If X is a variety over E, Y ⊂ X a subvariety and i an integer, then there is an object
hi(X,Y ) ∈ NMME such that H∗B(hi(X,Y )) = H i(Xσ(C), Yσ(C),Q) and H∗dR(hi(X,Y )) =
H i
dR(X,Y ). Here Xσ(C) denotes the set of complex points of X over E with respect to the

complex embedding σ. We write hi(X) := hi(X, ∅) and hi(X,Y )(j) = hi(X,Y ) ⊗ 1(j). The
category of Artin motives NMM0

E is the Tannakian sub-category of NMME generated by
objects of the form h0(Spec(F )) where F/E is a �nite extension. Then NMM0

E is equivalent
to the category of Q-linear representations of the absolute Galois group GE . For any prime
number p, étale p-adic cohomology yields a tensor functor

H∗p : NMME −→ RepQp(GE)

where RepQp(GE) denotes the Tannakian category of continuous Qp-linear representations of
GE . Artin's comparison isomorphism yields an isomorphism of tensor functors Ou ◦ H∗p '
H∗B⊗Qp, where Ou is the forgetful functor RepQp(GE)→ VecQp . Note also that p-adic Hodge
theory gives an isomorphism of tensor functor

(26)
(
Ou ◦H∗p

)
⊗Qp BdR,λ ' (H∗dR ⊗E Eλ)⊗Eλ BdR,λ

for any prime number p and any �nite place λ of E lying over p, where BdR,λ is the �eld
of p-adic periods (see Section 5.2.3). Moreover, (26) is compatible with the natural Galois
actions and �ltrations. For an archimedean place λ of E we have a tensor functor

H∗λ : NMME −→ RepEλ(GEλ)
hi(X,Y )(j) 7−→ H i

(
Xλ(C), Yλ(C), (2iπ)jQ

)
⊗Q Eλ

where Xλ(C) is the set of C-points of X over E with respect to the complex embedding

λ̃ : E → C, for any choice of a representative λ̃ of λ. Finally, the tensor functor H∗p induces a
continuous morphism

GE −→ Gmot(E)(Qp).
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Here GE(Q)(Qp) is endowed with its natural topology (i.e. the projective limit of the p-adic
topology on the Qp-points of the algebraic quotients of GE(Q)).

6.1.2. We refer to [36] for generalities about scalar extensions of Tannakian categories, and
we de�ne the category NMME(E) of Nori mixed motives with E-coe�cients as the scalar
extension NMME(E) := NMME ⊗Q E. Then NMME(E) is an E-linear Tannakian category
endowed with a universal Q-linear tensor functor

t : NMME −→ NMME(E).

In particular, a Q-linear tensor functor NMME → C into some E-linear tensor category C
induces an essentially unique E-linear tensor functor NMME(E) → C. We still denote by
hi(X,Y )(j) its image in NMME(E).

The Betti realization functor above induces a �ber functor

H∗B,E : NMME(E) −→ VecE

and we have

GE := Aut⊗(H∗B,E) ' Aut⊗(H∗B)⊗Q E =: Gmot(E)⊗Q E.

The realization functor H∗dR above induces a �ber functor

H∗dR,E : NMME(E) −→ VecE .

The p-adic realization functor induces

H∗λ : NMME(E) −→ RepEλ(GE)

for any place λ of E lying over p. Artin's comparison theorem gives an isomorphism of tensor
functors

(27) Ou ◦H∗λ ' H∗B,E ⊗E Eλ,

where Ou is the forgetful functor RepEλ(GE) → VecEλ . For any �nite place λ of E, (26)
induces by extension of scalars an isomorphism of tensor functors

(28) (Ou ◦H∗λ)⊗Eλ BdR,λ ' H
∗
dR,Eλ

⊗Eλ BdR,λ
which is moreover compatible with the natural GEλ-actions and �ltrations, where H∗dR,Eλ :=

H∗dR,E ⊗E Eλ. Finally, for any archimedean place λ | ∞ the tensor functor H∗λ above induces

H∗λ : NMME(E) −→ RepEλ(GEλ).

6.2. The torsor of formal periods.

6.2.1. The space of e�ective formal periods P+ is the Q-vector space generated by the symbols
(X,D, ω, γ), where X is a variety over Q, D ⊂ X a subvariety, ω ∈ Hd

dR(X,D) a de Rham
cohomology class and γ ∈ Hd(X(C), D(C),Q) a singular homology class modulo the following
relations:

(1) (linearity) (X,D, ω, γ) is linear in both ω and γ.
(2) (change of variables) If f : (X,D) → (X ′, D′) is a morphism of pairs over Q, γ ∈

Hd(X(C), D(C),Q) and ω′ ∈ Hd
dR(X ′, D′) then

(X,D, f∗ω′, γ) = (X ′, D′, ω′, f∗γ)

.
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(3) (Stokes formula) For every triple Z ⊂ Y ⊂ X we have

(Y,Z, ω, δγ) = (X,Y, dω, γ)

where δ : Hd(X(C), Y (C),Q) → Hd−1(Y (C), Z(C),Q) is the boundary operator and

d : Hd−1
dR (Y,Z)→ Hd

dR(X,Y ) is the di�erential.

Then P+ is turned into a Q-algebra via

(X,D, ω, γ) · (X ′, D′, ω′, γ′) := (X ×X ′, X ×D′ ∪D ×X ′, ω ∧ ω′, γ × γ′).
The space of formal periods P := P+[(Gm, {1}, dT/T,S1)−1] is de�ned as a localization of
P+, where S1 ⊂ Gm(C) is the unit circle. Then

Hd
dR(X,D)×Hd(X(C), D(C),Q) −→ C

(ω, γ) 7−→
∫
γ ω

induces a map of Q-algebras
ev : P → C.

De�nition 6.1. The image of ev is the space P ⊂ C of Kontsevich-Zagier periods.

Below is Grothendieck's period conjecture in the formulation of Kontsevich-Zagier, see ([23]
Conjecture 1) and ([23] Conjecture 4.1).

Conjecture 6.2. (Kontsevich-Zagier) The map ev : P → C is injective.

We denote by Palg the sub-algebra of P generated by symbols (X,D, ω, γ) where dim(X) =

0. Then the map ev induces an isomorphism Palg
∼→ Q ⊂ C, where Q ⊂ C denotes the set of

complex numbers which are algebraic over Q. Let z be such a complex number. Let mz(T ) be
its minimal polynomial over Q and let F = Q[T ]/(mz(T )) be the corresponding number �eld.
We set X = Spec(F ). Then T̄ ∈ F is a class in H0

dR(X) = F . The complex number z ∈ C
gives a point in X(C) = HomQ(F,C), i.e. a 0-cycle γz in X(C), such that ev(T̄ , γz) = z.

6.2.2. We set P := Spec(P). Then P carries a natural action of Gmot(Q). By ([18] Theorem
2.10), there is an isomorphism of Gmot(Q)-torsors

(29) P := Spec(P) ' Isom⊗(H∗B, H
∗
dR).

Here Isom⊗(H∗B, H
∗
dR) is de�ned via its functor of points: For any commutative Q-algebra R

we have
Isom⊗(H∗B, H

∗
dR)(R) = Isom⊗(H∗B ⊗Q R,H

∗
dR ⊗Q R)

where the tensor functor H∗B ⊗Q R (resp. H∗dR ⊗Q R) is the composition of H∗B (resp. H∗dR)
with (−)⊗QR, and Isom⊗(−,−) denotes the set of isomorphisms of tensor functors. Let E/Q
be a number �eld with a complex embedding σ. There is a unique map P → Spec(E) such

that E → P ev→ C coincides with σ. Considering Gmot(E) as a subgroup of Gmot(Q) leads to
an exact sequence of pointed sets

1→ Gmot(E)→ Gmot(Q)→ HomQ(E,C)→ ∗
where HomQ(E,C) is pointed by σ. Restricting the group of operators,P becomes a (Gmot(E)⊗Q E)-
torsor over Spec(E). Moreover, composition with the functor t : NMME → NMME(E) yields
an equivalence from the category of R-valued �ber functors on NMME(E) to the category
of R-valued �ber functors on NMME . In particular, we have GE ' Gmot(E) ⊗Q E and the
identi�cation (29) induces an isomorphism of GE-torsors

P ' Isom⊗(H∗B,E , H
∗
dR,E)
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over Spec(E).
IfM is an object of NMME(E), we denote by 〈M〉 the Tannakian subcategory of NMME(E)

generated by M , i.e. the smallest strictly full E-linear abelian subcategory of NMME(E)
containingM , which is stable by tensor products, sums, duals and sub-quotients. We denote by
H∗B,E|<M> andH∗dR,E|<M> the restriction of the �ber functorsH∗B,E andH∗dR,E to 〈M〉. We set

GM/E := Aut⊗(H∗B,E|<M>) and we consider the GM/E-torsor Isom⊗(H∗B,E|<M>, H
∗
dR,E|<M>).

Note that the sheaf Isom⊗(H∗B,E|<M>, H
∗
dR,E|<M>) on Spec(E)fppf is represented by an a�ne

scheme. The inclusion 〈M〉 ⊂ NMME(E) induces a faithfully �at map GE → GM/E and there
is a canonical isomorphism of GM/E-torsors

Isom⊗(H∗B,E , H
∗
dR,E) ∧GE GM/E ' Isom⊗(H∗B,E|<M>, H

∗
dR,E|<M>).

We consider the E-sub-algebra PM ⊂ P such that (29) induces an isomorphism of GM/E-
torsors

(30) PM := Spec(PM ) ' Isom⊗(H∗B,E|<M>, H
∗
dR,E|<M>).

Finally, we consider the restriction of the evaluation map

ev|PM : PM ↪→ P → C,
and we the denote by

PM := Im(ev|PM )

the E-algebra of periods of M .

6.3. Invariants of orthogonal E-motives. An orthogonal Nori motive (M, q) over E with
E-coe�cients, or simply an orthogonal E-motive, is an orthogonal object of NMME(E), i.e.
an object M endowed with a symmetric map q : M ⊗ M → 1 inducing an isomorphism
M

∼→M∨. Let (M, q) be such a motive.

6.3.1. The Hasse-Witt invariants wi(qB) and wi(qdR). Recall that MB := H∗B,E(M) and

MdR := H∗dR,E(M) denote the Betti and de Rham realizations of M . We denote by

qB : MB ⊗MB → E and qdR : MdR ⊗MdR → E

the non-degenerate symmetric E-bilinear forms obtained by applying the tensor functors H∗B,E
and H∗dR,E to the map q : M ⊗M → 1. We shall consider the Hasse-Witt invariants wi(qB) ∈
H i(GE ,Z/2Z) and wi(qdR) ∈ H i(GE ,Z/2Z) of these quadratic forms.

6.3.2. The global Stiefel-Whitney invariants swi(ρλ|GEλ
). Let λ - ∞ be a �nite prime of E.

Recall that we denote Mλ := H∗λ(M). Applying the tensor functor H∗λ to the orthogonal
motive (M, q) we obtain a quadratic form

qλ : Mλ ⊗Mλ −→ Eλ

and a continuous Eλ-linear orthogonal representation of the Galois group GE on (Mλ, qλ),
which we denote by

ρλ : GE −→ O(qλ)(Eλ)

where O(qλ)(Eλ) ⊂ GLEλ(H∗λ(M)) is endowed with the λ-adic topology. If one forgets the
Galois action, we have an isometry (Mλ, qλ) ' (MB, qB) ⊗E Eλ. Composing ρλ with the
determinant map, we obtain a continuous morphism

det(ρλ) : GE −→ O(qλ)(Eλ) −→ Z/2Z.
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The �rst Stiefel-Whitney invariant sw1(ρλ) ∈ H1(GE ,Z/2Z) is the cohomology class of
det(ρλ).

Let Cλ be the completion of Eλ, given with its natural topology. Consider the continuous
representation

ρλ : GE
ρλ−→ O(qλ)(Eλ) −→ O(qλ)(Cλ).

We have a central extension of topological groups

(31) 1 −→ Z/2Z −→ Õ(qλ)(Cλ) −→ O(qλ)(Cλ) −→ 1

inducing a central extension in the topos T̃op of sheaves on the site of all topological spaces
endowed with the open cover topology (see [16]VIII.8.1). Pulling-back (31) via ρλ, we obtain
central extension of topological groups

(32) 1 −→ Z/2Z −→ G̃E −→ GE −→ 1

inducing a central extension in T̃op. The second Stiefel-Whitney invariant sw2(ρλ) ∈ H2(GE ,Z/2Z)
is the cohomology class (see [16]VIII.8.2) of the central extension (32).

6.3.3. The local Stiefel-Whitney invariants swi(ρλ|GEλ
). For a �nite prime λ - ∞, we choose

an E-embedding E → Eλ and we consider the restriction of ρλ to GEλ , i.e. the representation

ρλ|GEλ
: GEλ −→ GE −→ O(qλ)(Eλ)

and we de�ne swi(ρλ|GEλ
) ∈ H i(GEλ ,Z/2Z) as above. Then swi(ρλ|GEλ

) is the image of

swi(ρλ) under the restriction map H i(GE ,Z/2Z) → H i(GEλ ,Z/2Z). For an archimedean
prime λ | ∞, we denote by Mλ := H∗λ(M) and by

qλ : Mλ ⊗Mλ −→ Eλ

the quadratic form over Eλ obtained by applying the tensor functors H∗λ to the map q. If λ is
a real place, then we obtain an orthogonal representation

ρλ|GEλ
: GEλ −→ O(qλ)(Eλ)

and swi(ρλ|GEλ
) ∈ H i(GEλ ,Z/2Z) is its classical Stiefel-Whitney invariant.

6.3.4. The local spinor class sp2(ρλ|GEλ
). Let λ be a place of E. The spinor norm is the map

sp : O(qλ)(Eλ) = H0(GEλ ,O(qλ)(Eλ)) −→ H1(GEλ ,Z/2Z) = E×λ /E
×2
λ

induced by the exact sequence of group-schemes

1→ Z/2Z→ Õ(qλ)→ O(qλ)→ 1.

Composing ρλ|GEλ
with the spinor norm we obtain an element sp ◦ ρλ|GEλ in the group

Hom(GEλ , E
×
λ /E

×2
λ ) = Hom(GEλ , H

1(GEλ ,Z/2Z)) ' H1(GEλ ,Z/2Z)⊗H1(GEλ ,Z/2Z).

The spinor class sp2(ρλ|GEλ
) is de�ned as the image of sp ◦ ρλ|GEλ by the cup product

H1(GEλ ,Z/2Z)⊗H1(GEλ ,Z/2Z)
∪−→ H2(GEλ ,Z/2Z).
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6.3.5. The classes δ1
q (PM ) and δ2

q (PM ). As in section 3.3, an orthogonal Nori motive (M, q)
over E with E-coe�cients yields an orthogonal representation

ρq : GE −→ O(qB)

inducing maps

δiq : H1(Spec(E)fppf ,GE) −→ H i(GE ,Z/2Z)

for i = 1, 2. The protorsor P gives a canonical class in H1(Spec(E)fppf ,GE) and we shall
consider its image δiq(P). The orthogonal representation ρq factors through

GM/E −→ O(qB)

hence gives

δiq : H1(Spec(E)fppf ,GM/E) −→ H i(GE ,Z/2Z).

By de�nition, we have

δiq(P) = δiq(PM ) ∈ H i(GE ,Z/2Z).

6.4. Interpretation of δ1
q (PM ) and δ2

q (PM ).

6.4.1. The class δ1
q (PM ) and the periods of detE(M). Let M ∈ NMME(E) be a motive given

by the representation GE → GL(MB). The motive detE(M) is the motive associated with
the determinant representation

GE −→ GL(Λ
dimE(MB)
E MB)

Using the canonical isomorphism GL(Λ
dimE(MB)
E MB) ' Gm, where Gm is the multiplicative

group over E, we see that detE(M) is the motive corresponding to

(33) GE −→ GL(MB)
det−→ Gm.

An orthogonal structure q on M induces an orthogonal structure det(q) on detE(M). Recall
that the class δ1

q (PM ) belongs to the group H1(Spec(E),Z/2Z) ' E×/E×2.

Proposition 6.3. Let (M, q) be an orthogonal motive.

(1) We have

PdetE(M) = E
(√

δ1
q (PM )

)
.

(2) If δ1
q (PM ) is non-trivial, then we have GdetE(M)/E ' Z/2Z and an isomorphism

PdetE(M) ' Spec
(
E
(√

δ1
q (PM )

))
of Z/2Z-torsor over Spec(E).

Proof. Consider the composite map

(34) GE −→ O(qB)
det−→ Z/2Z ' O(det(q)B).

Here Z/2Z ' O(det(q)B) is the orthogonal group of the Betti realization of (detE(M), det(q)).
The motivic Galois group GdetE(M)/E comes with a monomorphism

GdetE(M)/E ↪→ Z/2Z



TANNAKIAN TWISTS OF QUADRATIC FORMS AND ORTHOGONAL NORI MOTIVES 29

so that GdetE(M)/E is either trivial or isomorphic to Z/2Z. The canonical morphism GM/E →
GdetE(M)/E induces H1(E,GM/E)→ H1(E,GdetE(M)/E), which maps PM to PdetE(M). More-

over, δ1
q is the map H1(E,GM/E)→ H1(E,Z/2Z) induced by

GM/E → GdetE(M)/E ↪→ Z/2Z.

In particular, if GdetE(M)/E is trivial then δ1
q (PM ) is trivial, PdetE(M) is trivial and PdetE(M) =

E. So one may assume that GdetE(M)/E ' Z/2Z. In this case we have δ1
q (PM ) = PdetE(M).

If PdetE(M) is the trivial Z/2Z-torsor, then PdetE(M) = E and δ1
q (PM ) is trivial. So one

may assume that the Z/2Z-torsor PdetE(M) is non-trivial. In this case we have PdetE(M) =

Spec
(
E
(√

δ1
q (PM )

))
and the evaluation map PdetE(M) → PdetE(M) is an isomorphism.

�

6.4.2. The class δ2
q (PM ) and the lifting problem Lift(M, q).

De�nition 6.4. Let G̃ → G be a map of group schemes and let T be a G-torsor. We say that

T admits a G̃-lifting if there exist a G̃-torsor T̃ and an isomorphism of G-torsors T̃ ∧G̃ G ' T .

Let (M, q) be an orthogonal motive given by the representation

GE → GM/E → O(qB).

Pulling back the canonical central extension

1→ Z/2Z→ Õ(qB)→ O(qB)→ 1

we obtain a central extension

(35) 1→ Z/2Z→ G̃M/E → GM/E → 1.

We shall also consider its base change

(36) 1→ Z/2Z→ G̃M/E ⊗E Eλ → GM/E ⊗E Eλ → 1.

We would like to address the following lifting problem for torsors.

Notation 6.5. We say that Lift(M, q) has a solution if the GM/E-torsor PM admits a G̃M/E-

lifting. We say that Lift(M, q) has a solution over Eλ if the
(
GM/E ⊗E Eλ

)
-torsor PM ⊗E Eλ

admits a
(
G̃M/E ⊗E Eλ

)
-lifting.

We identify H∗(Spec(E)fppf ,Z/2Z) with Galois cohomology H∗(GE ,Z/2Z). Recall that the
class δ2

q (PM ) belongs to the groups H2(GE ,Z/2Z) which is described by class �eld theory:
One has the exact sequence

(37) 0 −→ H2(GE ,Z/2Z) −→
⊕
λ

H2(GEλ ,Z/2Z)
∑
−→ Z/2Z −→ 0

and H2(GEλ ,Z/2Z) ' Z/2Z for λ �nite and for λ real. Finally, we denote by

H∗(GE ,Z/2Z) −→ H∗(GEλ ,Z/2Z)
x 7−→ xλ

the canonical restriction map, for any place λ of E.

Proposition 6.6. Let (M, q) be an orthogonal motive.

(1) The following assertions are equivalent.
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(a) δ2
q (PM ) = 0.

(b) The problem Lift(M, q) has a solution.
(c) The problem Lift(M, q) has a solution over Eλ for any place λ of E.

(2) Let λ be a �nite place. The problem Lift(M, q) has a solution over Eλ if and only if
δ2
q (PM )λ = 0.

(3) If there exists a �nite prime λ - ∞ such that sw2(ρλ) 6= 0 then the central extension
(36) is non-trivial (and a fortiori (35) is non-trivial).

Proof. The exact sequence (35) induces an exact sequence of pointed sets

H1(Spec(E)fppf , G̃M/E) −→ H1(Spec(E)fppf ,GM/E)
δ2q−→ H2(Spec(E)fppf ,Z/2Z)

and similarly for (36). Assertions (1) and (2) follow from these exact sequences of pointed
sets, their compatibility with base change and from the exact sequence (37). It remains to
prove assertion (3). Assume that (36) is a trivial extension. Then the extension of topological
groups

(38) 1→ Z/2Z→ G̃M/E(Cλ)→ GM/E(Cλ)→ 1

is also trivial. But (32) is the pull-back of (38) via the continuous morphism GE → GM/E(Cλ),
so that (32) is trivial as well.

�

6.4.3. The class δq(PM ) as an obstruction to the existence of isometry qB ' qdR. Let E be
a totally imaginary number �eld and let (M, q) be an arbitrary orthogonal E-motive. Recall
that E has strict cohomological dimension 2. We consider the multiplicative group

H∗(GE ,Z/2Z)× := {1 + a1 + a2 ∈
∑

0≤i≤2

H i(GE ,Z/2Z), ai ∈ H i(GE ,Z/2Z)}

of the cohomology ring H∗(GE ,Z/2Z). We consider the elements

δq(PM ) = 1 + δq(PM ) + δ2
q (PM )

w(qB) = 1 + w1(qB) + w2(qB)

w(qdR) = 1 + w1(qdR) + w2(qdR)

of H∗(GE ,Z/2Z)×. We already record the following corollary of Theorem 6.10.

Corollary 6.7. Assume that E is a totally imaginary. The forms qB and qdR are isometric
if and only if δq(PM ) = 1.

Proof. Using the notation introduced above, Theorem 6.10(1) reads as follows:

(39) δq(PM ) = w(qB)−1 · w(qdR).

By (39) we have δq(PM ) = 1 if and only if w(qB) = w(qdR). This is equivalent to w(qB)λ =
w(qdR)λ for any place λ, hence equivalent to qB ⊗E Eλ ' qdR ⊗E Eλ for any λ, which is in
turn equivalent to qB ' qdR. �
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6.4.4. The motivic lifting problem MotLift(M, q).

Notation 6.8. Let (M, q) be an orthgonal E-motive given by the representation ρq : GE →
O(qB). We say that MotLift(M, q) has a solution if there exists a representation ρ̃ such that
the following diagram commutes:

Õ(qB)

��
GE

ρq //

ρ̃q
77

O(qB)

Proposition 6.9. If the MotLift(M, q) has a solution, then δ2
q (PM ) = 0, sw2(ρλ) = 0 for

any �nite prime λ, and sw2(ρλ|GEλ
) = sp2(ρλ|GEλ

) = 0 for any prime λ of E.

6.5. Examples of orthogonal Nori motives. Let V/E be a smooth projective algebraic
variety of even dimension n. By Corollary 8.11, the motive hn(V )(n/2) ∈ NMME(E) has a
canonical orthogonal structure q such that the forms qB and qdR are the perfect pairings

qB : Hn
B(V (C), (2iπ)n/2Q)E ⊗Hn

B(V (C), (2iπ)n/2Q)E
∪−→ H2n

B (V (C), (2iπ)nQ)E
tr−→ E

and

qdR : Hn
dR(V/E)⊗Hn

dR(V/E)
∧−→ H2n

dR(V/E)
tr−→ E

given by cup-product and trace maps. Similarly, for λ | p a �nite prime of E, the λ-adic real-
ization yields the orthogonal Galois representation ρλ of GE given by p-adic étale cohomology

qλ : Hn(VE ,Qp(n/2))Eλ ⊗H
n(VE ,Qp(n/2))Eλ

∪−→ H2n(VE ,Qp(n/2))Eλ
tr−→ Eλ

with its natural Galois action. If λ is a real prime of E, then ρλ|GEλ
is the GEλ-equivariant

quadratic form

Hn(Vλ(C), (2iπ)n/2Q)Eλ ⊗H
n(Vλ(C), (2iπ)n/2Q)Eλ

∪−→ H2n
B (Vλ(C), (2iπ)nQ)Eλ

tr−→ Eλ

where Vλ(C) is the set of complex points of V over E with respect with the complex embedding

E
λ→ R→ C.

6.6. The main result. Recall that we denote by

H∗(GE ,Z/2Z) −→ H∗(GEλ ,Z/2Z)
x 7−→ xλ

the canonical restriction map, for any prime λ. In particular, if x ∈ H2(GE ,Z/2Z) then we
have x =

∑
λ xλ in H2(GE ,Z/2Z).

Theorem 6.10. Let (M, q) be an orthogonal Nori E-motive.

(1) We have

δ1
q (PM ) = w1(qB) + w1(qdR)

δ2
q (PM ) = w2(qB) + w1(qB) · w1(qB) + w1(qB) · w1(qdR) + w2(qdR).

(2) Assume that (M, q) is of the form (hn(V )(n/2), q) as in Section 6.5. Then we have

δ1
q (PM ) = sw1(ρλ).
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(3) Let (M, q) be an arbitrary orthogonal motive. Assume that either E = Q or E is totally
imaginary. Then we have

δ2
q (PM ) =

∑
λ

sw2(ρλ|GEλ
) + sp2(ρλ|GEλ

).

Proof. In view of the isomorphism of GM/E-torsors PM ' Isom⊗(H∗B,E|<M>, H
∗
dR,E|<M>),

Assertion (1) follows from Theorem 3.3.
Let λ be a �nite place of E. By Artin's comparison theorem (27), we have an isome-

try (MB, qB) ⊗E Eλ ' (Mλ, qλ). We denote by (MdR,Eλ , qdR,Eλ) the Eλ-quadratic space
(MdR, qdR)⊗E Eλ. It follows from the �rst assertion that we have identities

(40) δ1
q (P)λ = w1(qλ) + w1(qdR,Eλ)

(41) δ2
q (P)λ = w2(qλ) + w1(qλ) · w1(qλ) + w1(qλ) · w1(qdR,Eλ) + w2(qdR,Eλ)

since the Hasse-Witt invariants are compatible with base-change.
By (28) the representation ρλ|GEλ

is de Rham and (MdR,Eλ , qdR,Eλ) is a λ-adic twist of

(Mλ, qλ) by ρλ|GEλ
in the sense of Section 5.1 (see for example [3], Theorem 2.2.3). By (40),

(41) and Corollary 5.7, we obtain

(42) δ1
q (P)λ = sw1(ρλ|GEλ

)

(43) δ2
q (P)λ = sw2(ρλ|GEλ

) + sp2(ρλ|GEλ
)

for any λ -∞. In order to prove the assertion (3), it remains to consider the case E = Q and
λ =∞, and to prove that we have

(44) w2(q∞) +w1(q∞) ·w1(q∞) +w1(q∞) ·w1(qdR,R) +w2(qdR,R) = sw2(ρ∞|GR) + sp2(ρ∞|GR)

where (M∞, q∞) = (MB, qB) ⊗Q R and ρ∞|GR : GR → O(q∞)(R) is induced by the action of
the complex conjugation on MB. But in this case we have an isometry

(M∞ ⊗R C)GR 'MdR,R

and thus qdR,R is the Fröhlich twist of q∞ by ρ∞|GR , so that (44) is given by Corollary 5.5.
We show Assertion (2). By ([32] Corollary 3.3), the global Stiefel-Whitney invariant sw1(ρλ)

does not dependent on the �nite place λ. Let µ be a �xed �nite place of E. For any λ �nite,
we have

sw1(ρµ)λ = sw1(ρλ)λ = sw1(ρλ|GEλ
) = δ1

q (P)λ.

But the map

H1(GE ,Z/2Z) −→
∏
λ-∞

H1(GEλ ,Z/2Z)

is injective, by the Chebotarev density theorem. In view of (42), we obtain δ1
q (PM ) = sw1(ρµ),

as required. �

We observe the following corollary, where we suppose to simplify that E = Q or E totally
imaginary.

Corollary 6.11. If the map GE → O(qB) given by the orthogonal motive (M, q) admits a

lifting GE → Õ(qB), then δ2
q (PM ) = 0 and sw2(ρλ|GEλ

) = sp2(ρλ|GEλ
) = 0 for any prime λ of

E.
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Proof. Assume that GE → O(qB) admits a lifting GE → Õ(qB). Then GE → GM/E factors

through G̃M/E , and P ∧GE G̃M/E lifts PM so that δ2
q (PM ) = 0. Moreover, the extension of

topological group

(45) 1→ Z/2Z→ G̃E(Cλ)→ GE(Cλ)→ 1.

is trivial (it has a global section), hence so is the extension (32). It follows that sw2(ρλ) = 0
for any prime λ. In view of Theorem 6.10(3), we get sw2(ρλ|GEλ

) = sp2(ρλ|GEλ
) = 0 for any

λ. �

6.7. The case M = hn(V )(n/2). Let V be a smooth projective variety over E of even dimen-
sion n. We endow M = hn(V )(n/2) with its canonical orthogonal structure q. For any prime
p, we consider sw1(ρp) ∈ H1(GE ,Z/2Z) ' E×/E×2. We denote by bi = dimQH

i
B(Vσ(C),Q)

the ith Betti number and, following [30], we set

r(V ) =
∑
i<n

(−1)i · bi (respectively r(V ) =
∑
i≤n

(−1)i · bi)

if n ≡ 0 mod 4 (respectively if n ≡ 2 mod 4).

Corollary 6.12. If V is a smooth projective variety over E of even dimension n, then we
have

PdetE(hn(V )(n/2)) = E

(√
sw1(ρp)

)
for any prime p <∞, and

δ2
q (PM ) = w2(qB) + (−1)r(V ) · (−1)r(V ) + (−1)r(V ) · w1(qdR) + w2(qdR).

Proof. The �rst assertion immediately follows from Theorem 6.10 and Proposition 6.3. As for
the second assertion, it is enough to showing that

w1(qB) = disc(qB) = (−1)r(V )

in E×/E×2 by Theorem 6.10(1). This is equivalent to the equality (written additively)

w1(qdR) = sw1(ρp) + r(V ) · {−1}
by Theorem 6.10(2), which is ([30] Theorem 2) (see also [33], Remark 2.4). �

Remark 6.13. It is conjectured that there is a short exact sequence

1→ G0
E → GE → GE → 1

where G0
E is the connected component of the identity in GE, GE is the absolute Galois group

and the map GE → GE is induced by the inclusion of Artin motives inside the category of all
motives. Assume that there is such an exact sequence and let (M, q) be an orthogonal motive,
given by the orthogonal representation

ρM : GE → O(qB).

Then the determinant motive detE(M) is given by the representation

ρdetE(M) : GE → O(det(q)B) = Z/2Z

which must factor as follows:

ρdetE(M) : GE → GE
α→ Z/2Z.
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Hence detE(M) would be an orthogonal Artin motive, and we would obtain det(ρλ) = α and

PdetE(M) = E
(√

sw1(ρλ)
)
for any �nite prime λ of E.

7. Examples

7.1. Artin motives. In the case of orthogonal Artin motives, Theorem 6.10 reduces to clas-
sical results of Serre and Fröhlich, see ([34] Theorem 1) and ([13] Theorems 2 and 3) over
number �elds. The aim of this section is to compute these invariants for some explicit Artin
motives.

Let (M, q) be an orthogonal Artin motive given by a representation of the form

ρq : GE −→ GE
ρ0−→ O(qB)

We have PM = Spec(K) for K/E a �nite Galois extension. In this situation Fröhlich de�nes
[13] the twisted form (qB ⊗E K)GK/E .

Corollary 7.1. We have an isometry qdR ' (qB ⊗E K)GK/E and the following identities in
H∗(GE ,Z/2Z):

δ1
q (Spec(K)) = w1(qB) + w1(qdR) = sw1(ρ0);

δ2
q (Spec(K)) = w2(qB) + w1(qB) · w1(qB) + w1(qB) · w1(qdR) + w2(qdR)

= sw2(ρ0) + sp2(ρ0).

Proof. The local representation ρλ|GEλ
identi�es with the composition

GEλ −→ GE
ρ0−→ O(qB)(E) −→ O(qB)(Eλ)

for any place λ of E. We obtain

sw2(ρ0) =
∑
λ

sw2(ρλ|GEλ
) and sp2(ρ0) =

∑
λ

sp2(ρλ|GEλ
)

and sw1(ρ0) = sw1(ρλ) for any λ �nite. The result then follows immediately from Theorem
6.10 and its proof. �

Let F/E be �nite extension let M = h0(Spec(F ))(0) ∈ NMME(E). Consider the canonical

orthogonal structure q on M . In this case one has MB = EHomE(F,C) (w.r.t. σ : E → C) and

qB : EHomE(F,C) ⊗ EHomE(F,C) −→ E
((vτ )τ , (wτ )τ ) 7−→

∑
τ vτ · wτ

is the standard form. Moreover, one has MdR = F and

qdR : F ⊗ F −→ E
(x, y) 7−→ TraceF/E(x · y)

is the usual trace form. The representation ρq : GE → O(qB) factors as follows

ρq : GE −→ GE
ρ0−→ O(qB)

where GE acts on MB = EHomE(F,C) = EHomE(F,E) by permuting the factors. Let K be the
Galois closure of (some embedding of) F/E in E ⊂ P. We have PM = Spec(K). We denote
by dF/E the discriminant.



TANNAKIAN TWISTS OF QUADRATIC FORMS AND ORTHOGONAL NORI MOTIVES 35

Corollary 7.2. For M = h0(Spec(F )), one has

δ1
q (Spec(K)) = w1(qdR) = dF/E = sw1(ρ0);

δ2
q (Spec(K)) = w2(qdR) = sw2(ρ0) + sp2(ρ0).

Proof. The from qB is the standard form, hence w1(qB) = w2(qB) = 0. �

7.1.1. The lifting problem Lift(h0(Spec(F )), q). As above, we consider an extension of number
�elds F/E with discriminant dF/E and let M = h0(Spec(F )). Let K/E be the Galois closure

of F in E. Recall that GM/E = GK/E . The terms δ2
q (Spec(K)) and sw2(ρ0) have a Galois

theoretic interpretation. We consider the exact sequence of groups

(46) 1 −→ Z/2Z −→ Õ(qB)(E) −→ O(qB)(E) −→ 1.

Then the group-scheme G̃M/E can be seen as the group of E-points

G̃M/E(E) = GK/E ×O(qB)(E) Õ(qB)(E)

endowed with its natural GE-action. We also consider

G̃K/E := GK/E ×O(qB)(E) Õ(qB)(E)

endowed with the trivial action of GE , as a constant group scheme over E. Note that the

group-schemes G̃M/E and G̃K/E are isomorphic if and only if G̃M/E is constant, i.e. i� the

natural GE-action is trivial. We say that the lifting problem Liftδ(h0(Spec(F )), q) has a

solution if there exists a G̃K/E-torsor lifting PM = Spec(K), i.e. if it is possible to embed

the Galois extension K/E into a Galois extension K̃/E with Galois group G̃K/E . Then

Liftδ(h0(Spec(F )), q) has a solution if and only if sw2(ρ0) = 0 while Lift(h0(Spec(F )), q)

has a solution if and only if δ2
q (Spec(K)) = 0. It follows that if sp2(ρ0) 6= 0 then G̃M/E is

not constant. Moreover, it follows from [13] and from [10] in a more general set up, that
sp2(ρ) = (2)(dF/E).

7.1.2. Explicit examples. We assume in this section that F/Q is of degree 4 and that GK/Q =

S4. The group S̃4 is characterized by the fact that a transposition in S4 lifts to an element

of order 2 of S̃4 whereas a product of 2 disjoint transpositions lifts to an element of order 4.
Since 2 is a square of R = Q∞ we note that (2, dF )∞ = 1. We write w2 for the Hasse Witt
invariant w2(TrF/Q) and we denote by (r, s) the signature of the �eld F . Proposition 6.5 gives
w2,∞ = −1 if (r, s) = (0, 2) and w2,∞ = 1 otherwise. The following result is taken from [21].

Proposition 7.3. Let p ≥ 3 be a prime number. Then ω2,p = (2, dF )p = 1 if p is non rami�ed
in F . Moreover we have the following equalities:

(1) w2,p = (2, dF )p = (−1)
p2−1

8 if pOF = p2
1p
′
1p
′′
2,

(2) w2,p = (2, dF )p = 1 if pOF = p3
1p
′
1,

(3) w2,p = −(2, dF )p = −(−1)
p2−1

8 if pOF = p2
1p
′
2,

(4) w2,p = (−1)
p−1
2 and (2, dF )p = (−1)

p2−1
8 if pOF = p4

1,

(5) w2,p = (−1)
p+1
2 and (2, dF )p = 1 if pOF = p2

2,

(6) w2,p = (−1)
p−1
2 (dF , p)p and (2, dF )p = 1 if pOF = p2

1p
′2
1 .
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In the following examples P is an irreducible polynomial of Q[X], α is a root of P in C,
F = Q(α) and GK/Q = S4.

• P = X4 +X − 1, dF = −283 and the signature of F is (2, 1). Since the ideal 283OF
decomposes into a product p2

1p
′
1p
′′
2 it follows from Proposition 7.3(1) that w283,p =

(2, dF )283 = −1. Since 283 is the unique �nite prime rami�ed in F , we have w2,p =
(2, dF )p for every p 6= 2. We deduce from the product formula that w2 and (2, dF )
coincide at every prime p of Q and so are equal. We conclude that

w2(TrF/Q) = sp2(ρ) 6= 0, sw2(ρ) = 0

hence Lift(h0(Spec(F )), q) has no solution and Liftδ(h0(Spec(F )), q) has a solution.

• P = X4 +X3−2X−1 and dF = −5211. One checks that 11OK = p2p
′2
1 and 5OK = p2

2.
By elementary computations on Hilbert symbols, it follows from Proposition 7.3(3) and
7.3(5) that

(2, dF )11 = −w2,11 = −1, (2, dF )5 = −w2,5 = 1.

We conclude that

w2(TrF/Q) 6= 0, sp2(ρ) 6= 0, sw2(ρ) 6= 0

hence Lift(h0(Spec(F )), q) has no solution and Liftδ(h0(Spec(F )), q) has no solution.

• P = X4−2X2−4X−1, dF = −2811 and the signature of F is (2, 1). One checks that
11OK = p2

1p
′
2. Hence, by Proposition 7.3(3), we know that w2,11 = −(2, dF )11 = 1.

We conclude that

w2(TrF/Q) = 0, sp2(ρ) 6= 0, sw2(ρ) 6= 0

hence Lift(h0(Spec(F )), q) has a solution and Liftδ(h0(Spec(F )), q) has no solution.

• P = X4 −X3 −X + 1, dF = 2777 and the signature of F is (4, 0). Since 2777OK =
p2

1p
′
2p
′′
2, by Proposition 7.3 we obtain that (2, 2777)2777 = ω2,2777 = 1. We conclude

that

w2(TrF/Q) = 0, sp2(ρ) = 0, sw2(ρ) = 0

hence both lifting problems Lift(h0(Spec(F )), q) and Liftδ(h0(Spec(F )), q) have a so-
lution.

7.2. Complete intersections. We consider a smooth and proper variety V over the number
�eld E of even dimension n.

7.2.1. The Betti form qB. For any integer k ≥ 0 and for R = Z,Q or R, we letHk(V ;R) be the
singular cohomology group Hk(Vσ(C);R) with coe�cients in R. We set Hk(V ) = Hk(V ;Z).
We consider the quadratic form on Q

qB : Hn(V ;Q)×Hn(V ;Q)→ Q

obtained by composing the cup product with evaluation on the fundamental class.
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Proposition 7.4. Let (r, s) be the signature of the extended form R ⊗Q qB. Then qB is
isometric to the quadratic form ∑

1≤i≤r
x2
i −

∑
1≤j≤s

x2
r+j .

In particular, we have w1(qB) = s(−1) and w2(qB) =
(
s
2

)
(−1,−1).

Proof. We set q = qB and q′ =
∑

1≤i≤r x
2
i −

∑
1≤j≤s x

2
r+j . For a quadratic form t on Q and

any place v of Q we denote by tv the extended form Qv ⊗Q t on Qv. In order to prove the
proposition it su�ces to show that q and q′ are locally isometric for every place of Q. Since q
and q′ have the same signature then q∞ and q′∞ are isometric over R. The form q is induced
by extension from the integral form

q0 : Hn(V )cotor ×Hn(V )cotor → Z

where Hn(V )cotor is the maximal quotient of Hn(V ) which is free as a Z-module.
It follows from Poincaré duality that q0 is unimodular. Therefore the determinant of q is

congruent to ±1 modulo Q∗2. The group homomorphism Q∗ → R∗ induces an injective map
{±1}Q∗2/Q∗2 → R∗/R∗2 such that w1(q)→ w1(qR). This implies that

w1(q) = s(−1)

and so w1(q) = w1(q′). We now examine w2(q) ∈ H2(Q,Z/2Z). For any prime p ≤ ∞ we let
w2(q)p be the p-component of w2(q) in H2(Qp,Z/2Z). Indeed w2(q)p = w2(qp). For p = ∞
we note that w2(q)∞ = w2(q′)∞ =

(
s
2

)
(−1,−1). Let p 6= 2 be a prime number. The form

qp is induced from the Zp-unimodular form q0,p. Since Zp is a local ring, this form has an
orthogonal basis and we may write q0,p =< a1, a2, ..., an > for ai ∈ Z∗p. Therefore

w2(qp) =
∑
i<j

(ai, aj).

Since the ai's are units we conclude that w2(qp) = 0. It now follows from the de�nition of
q′ that w2(q′p) = 0. Hence we have proved that w2(q)v = w2(q′)v for any plave v 6= 2. By
the product formula we deduce that w2(q)2 = w2(q′)2. Therefore the forms q and q′ have the
same rank, the same signature and for any place v of Q then wi(qv) = wi(q

′
v), for i ∈ {1, 2}. It

follows that q and q′ are isometric. In particular they have the same Hasse-Witt invariants. �

As before we denote by qdR the quadratic form on Hn
dR(V/E) induced by the cup product

and we set

dV = disc(qdR) = w1(qdR).

As a consequence of Proposition 7.4 we observe that the comparison formula of Theorem 6.10,
applied to the quadratic motive (M = hn(V )(n/2), q), should be written

(47) δ1
q (PM ) = sw1(ρp) = dV + s(−1)

and

(48) δ2
q (PM ) = w2(qdR) + s(dV ,−1) +

(
s+ 1

2

)
(−1,−1),

where in these formulas (−1) (resp. (−1,−1)) has to be understood as the image of −1 (resp.
(−1,−1)) in E∗/E∗2 (resp. by the restriction map H2(Q,Z/2Z)→ H2(E,Z/2Z)).
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7.2.2. The Hasse-Witt invariants of qB. We assume that V is a smooth complete intersection
in the projective space Pn+c

E . More precisely V is a variety of even dimension n de�ned by
c homogeneous polynomials f1, ..., fc with coe�cients in E. For 1 ≤ i ≤ c we let di be the
degree of fi. We note that Vσ is a complete intersection in Pn+c

C de�ned by the polynomials
fi seen via σ as polynomials with coe�cients in C. In this situation the rank of qB and the
Hasse Witt invariants w1(qB) and w2(qB) can be explicitely expressed in terms of the integers
n, d1, ..., dc. We will treat in some details the case where V is an hypersurface where the
formulas are very simple. However for any given complete intersection explicit formulas can
be obtained as well but they may be rather complicated. As an example we will consider a
case where c = 2. When V is an hypersurface (c = 1) we write f for f1 and d for d1. For
any integer k we denote by bk(V ) the dimension of Q vector space Hk(V,Q). For reason of
simplicity we will often denoted by V the complex variety Vσ and by Pn the projective space
Pn

C.
We need some preliminary results.

Lemma 7.5. For any integer k , 0 ≤ k ≤ 2n then Hk(V ) is torsion free. Moreover one has:

(1) bk(V ) = 0 if k is odd and bk(V ) = 1 if k is even and k 6= n.
(2) bn(V ) = χ(V )− n where χ(V ) =

∑
0≤k≤2n(−1)kbk(V ).

(3) bn(V ) = 2 + 1
d [(1− d)n+2 − 1] when V is an hypersurface.

Proof. It follows from Lefschetz Theorem (see [7], Chapter 5, (2.6) and (2.11)) that

Hk(V ) = Hk(Pn) for k 6= n.

This implies that Hk(V ) is torsion free for any integer k and the equalities of (1). In order to
show (2) it su�ces to observe that

χ(V ) = χ(Pn) + bn(V )− bn(Pn).

Since the Euler characteristic of an hypersurface is given by χ(V ) = n+ 2 + 1
d [(1− d)n+2− 1],

then (3) follows from (2). �

There exist several e�ective procedures to compute χ(V ) when V is a complete intersection.
For instance this can be done by evaluating the n-th Chern class of V on the fundamental
class. This leads to prove that χ(V ) is the coe�cient of hn+c in

(49)
(1 + h)n+c+1d1...dch

c

(1 + d1h)(1 + d2h)...(1 + dch)
.

Our aim is now to compute the signature of qB,R. We consider the index τn(V ) = r − s of
the quadratic lattice Hn(V ). This index has been extensively studied (see [25] and [26] for
instance). If we put d = d1d2...dc, we have

(50) τn(V ) ≡

{
0 mod 8 if

(n
2

+t
t

)
is even,

d mod 8 if
(n

2
+t
t

)
is odd.

where d1, ...dt are even and dt+1, ...dc are odd integers. We de�ne the integer m by

(51) m =

{
χ(V )− n if

(n
2

+t
t

)
is even,

χ(V )− n− d if
(n

2
+t
t

)
is odd.

The following proposition is an immediate consequence of (51), Proposition 7.4 and Lemma
7.5.
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Proposition 7.6. Let V be a smooth complete intersection in Pn+c
E of even dimension n.

Then m is even and we have

w1(qB) = m′(−1) and w2(qB) =

(
m′

2

)
(−1,−1), with m = 2m′.

If V is an hypersurface de�ned by a polynomial of degree d we deduce from (51) that

(52) τn(V ) ≡

{
0 mod 8 if d is even and n ≡ 2 mod 4,

d mod 8 otherwise.

We denote by {u} the integral part of u ∈ Q.

Corollary 7.7. Let V be a smooth hypersurface of degree d and even dimension n ≥ 2 in the
projective space Pn+1

E . Then

(1) w1(qB) = n
2 (d− 1)(−1)

(2) w2(qB) =

{
d−1

2 (−1,−1) if d is odd,

{n+2
4 }(1 + d

2)(−1,−1) if d is even.

Proof. We let rn be the integer de�ned by the equality [(1− d)n+2 − 1] = drn. If d is odd, it
follows from Lemma 7.5 and (52) that

(53) s ≡ 1 +
rn
2
− d

2
mod 4.

From the equality (d−1)n+2 = 1+drn we deduce that d and rn are both odd and that one and
only one of them is congruent to 1 mod 4. Suppose that d = 1 + 4v. Since 1 + drn ≡ 0 mod 8,
then rn ≡ −1 + 4v mod 8 and therefore s ≡ 0 mod 4. If now d ≡ 3 mod 4 and so rn = 1 + 4t,
we obtain that d ≡ −1 + 4t mod 8 and so that s ≡ 2 mod 4.

We assume now that d is even. First we check that

(54) 1 +
rn
2
≡ −n

2
+ (n+ 1)

(n+ 2)

2

d

2
mod 4.

Suppose that n ≡ 2 mod 4 and write n = 2 + 4u. It follows once again from Lemma 7.5
and (52) that s ≡ 1 + 2(1 + u)(1 + d

2) mod 4. Therefore we conclude that s ≡ 3 mod 4 if
n ≡ 2 mod 8 and d ≡ 0 mod 4 and s ≡ 1 mod 4 otherwise. Finally we suppose n ≡ 0 mod 4
and we put n = 4u. In this case we know that s ≡ 1 + rn

2 −
d
2 mod 4 which implies that

s ≡ 2u(1 + d
2) mod 4. Hence s ≡ 2 mod 4 if d ≡ 0 mod 4 and n not divisible by 8 and

s ≡ 0 mod 4 otherwise. The proposition is proved by a case by case checking.
�

In various situations more precise computations of the index leads to the determination of
the form qB itself. This is the case when V be quadric of Pn+1. By Lemma 7.5 the unimodular
lattice Hn(V ) is of rank 2. By Proposition 7.7 we have w1(qB) = n

2 (−1) and w2(qB) = 0.

If n ≡ 2 mod 4, then τn(V ) = 0 and qB is isometric to the form x2 − y2. If n ≡ 0 mod 4,
τn(V ) = 2 and qB is isometric to x2 + y2.

We now consider the case of a cubic surface V (d = 3 and n = 2 ). The rank of the lattice
H2(V ) given by Lemma 7.5 is equal to 7. Moreover by (52) we know that τn(V ) ≡ 3 mod 8
and so τn(V ) is either equal to 3 or −5. We now observe that, under our hypotheses, (52) can
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be improved. More precisely it follows from (2) in [25] that τn(V ) ≡ d + 8 mod 16. Hence
τn(V ) = −5. We conclude that qB is isometric to

x2
1 − x2

2 − x2
3 − x2

4 − x2
5 − x2

6.

We treat now as an example the case of a smooth surface V de�ned in P4 by the polynomials
f1 and f2 of degree d1 and d2 (n = 2 and c = 2). It follows from (49) that:

(55) χ(V ) = d1d2[d2
1 + d2

2 + d1d2 − 5(d1 + d2) + 10].

Corollary 7.8. Let V be a smooth surface of P4
E de�ned by the homogeneous polynomials f1

and f2 of degree d1 and d2. Then

(1) w1(qB) = (d1d2 − 1)(−1)

(2) w2(qB) =

{
({d12 }+ {d22 }+ {d12 }{

d2
2 })(−1,−1) if d1and d2 are both odd,

(1 + {d12 }{
d2
2 })(−1,−1) if d1or d2 otherwise.

Proof. The equalities are obtained from (55) and Lemma 7.6 by an easy computation. �

We may use the results of Corollary 7.7 to improve the comparison formulas of Theorem
6.10 when (M, q) is the quadratic motive attached to an hypersurface.

Corollary 7.9. Let V be a smooth hypersurface of even dimension n ≥ 2 in Pn+1
E , de�ned

by an homogeneous polynomial f of degree d and let (M = hn(V )(n/2), q) be the associated
motive. Then

dV = w1(qdR) = ε′(n, d)discd(f) in E∗/E∗2,

where discd(f) is the divided discriminant of f and where ε′(n, d) = (−1)
(d−1)

2 if d is odd and

is (−1)(1+n
2

)(1+ d
2

)+1 if d is even.

Proof. This is an immediate consequence of Corollary 7.7 and [32]. �

Remark 7.10. Suppose for simplicity that E = Q. When n = 0, we deduce from (53) that
s ≡ 0 mod 4 and so that w1(qB) = w2(qB) = 0. This result and Corollary 7.9 can be easily

understood in this case. Suppose that V is de�ned by the polynomial f = Xd
0 +ad−1X

d−1
0 X1 +

...+a0X
d
1 . We set g(X) = f(X = X0

X1
, 1). The motive h0(V ) is isomorphic to the Artin motive

Spec(F ) where F ' Q[X]/(g(X)). As we have seen in Section 6.1, the form qB is the form
x2

1 + ... + x2
d and thus its Hasse-Witt invariants are trivial. Moreover the form qdR identi�es

with the trace form TrF/Q. Therefore

(56) dV = disc(F/Q) = disc(TrF/Q) =
∏
i<j

(xi − xj)2,

where x1, ..., xd are the roots of g in C. This equality can be expressed in terms of resultants.
More precisely, by [15], Chapter 12, (1.29) and (1.31),∏
i<j

(xi − xj)2 = (−1)
d(d−1)

2 Rd,d−1(g, g′) =
ε′(0, d)

dd−2
Rd−1,d−1(D0(f), D1(f)) = ε′(0, d)discd(f).

We conclude that Corollary 7.9 generalizes in higher dimension the classical equality (56).
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Corollary 7.11. Let V be a smooth hypersurface of even dimension n ≥ 2 in Pn+1
E , de�ned by

an homogeneous polynomial of degree d and let (M = hn(V )(n/2), q) be the associated motive.
Then we have

δ1
q (PM ) =

{
(−1)

d−1
2 · discd(f) if d is odd

(−1)
d
2
·n+2

2 · discd(f) if d is even

and

δ2
q (PM ) = w2(qdR)+


d−1

2 (−1,−1) if d is odd
n
4 (1 + d

2)(−1,−1) if d is even and n ≡ 0 mod 4

(−1,discd(f)) + (n+2
4 )(1 + d

2)(−1,−1) if d is even and n ≡ 2 mod 4.

Proof. The �rst assertion follows from [32] and Theorem 6.10(2). The second assertion follows
from Theorem 6.10(1) and Lemma 7.7. �

Remark 7.12. Let us assume for simplicity that n ≡ 0 mod 4. Following a conjecture of
Saito [33], proved for l > n + 1, there should exist integers α(n, d) and β(n, d), which can be
explicitely expressed in terms of n and d, such that for any prime number l, one has

δ2
q (PM ) = sw2(ρl) + α(n, d)cl + β(n, d)(−1,−1) + (2, dV ),

where cl is the unique element of H2(Q,Z/2Z) which rami�es exactly in l and ∞.

7.3. The lifting problem Lift(M, q) over R. Let (M, q) be an orthogonal Q-motive, let
(MB, qB) be its Betti realization and let ∞ be the real place of Q. Recall that (M∞, q∞) :=
(MB, qB)⊗Q R and that we have an orthogonal representation ρ∞|GR : GR → O(M∞). Under

this actionM∞ decomposes into a direct sumM∞ = M+
∞⊕M−∞ where the complex conjugation

(i.e. the non-trivial element in GR) acts as the identity Id (resp. as −Id) on M+
∞ (resp. on

M−∞). Our aim is to compute the local invariants sw2(ρ∞|GR) and sp2(ρ∞|GR), which belong

to the group H2(GR,Z/2Z) ' Z/2Z.

Proposition 7.13. Let b− be the dimension of M−∞. Then we have

sw2(ρ∞|GR) =
b−(b− − 1)

2
and sp2(ρ∞|GR) = 0.

Proof. In order to ease the notation, we write ρ for ρ∞|GR . By choosing orthogonal bases

of M+
∞ and M−∞, we decompose (M∞, q∞) into an orthogonal sum of dimension 1 quadratic

spaces, stable under the action of GR. Therefore the orthogonal character χρ of ρ can be
written as a sum of degree one orthogonal characters,

(57) χρ = b+χ0 + b−χ1,

where χ0 (resp. χ1) is the trivial (resp. non trivial) character of GR and b+ is the dimension of
M+
∞. The Stiefel-Whitney class of an orthogonal representation only depends on the character

of the representation. Moreover we obtain from [13] the following addition formula.

Lemma 7.14. Let ρ and ρ′ be orthogonal representations of a �nite group Γ, of characters
χρ and χρ′ . Then we have

sw2(χρ + χρ′) = sw2(χρ) + sw2(χρ′) + det(χρ) · det (χρ′).

Moreover sw2(χ) = 0 for χ ∈ Hom(Γ,Z/2Z).
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It follows from the lemma that sw2(ρ) = sw2(χρ) = sw2(b−χ1) and that

sw2(aχ1) = sw2((a− 1)χ1) + (χ1)(χa−1
1 ) = sw2((a− 1)χ1) + (a− 1)(χ1)(χ1), ∀a.

Therefore sw2(ρ) = b−(b−−1)
2 (χ1)(χ1). Since (χ1)(χ1) identi�es with the class of the Hamilton

quaternion algebra over R, under the group monomorphism H2(GR,Z/2Z) → Br(R), we
conclude that (χ1)(χ1) is the non trivial element of H2(GR,Z/2Z).

We now recall the de�nition of sp2(t) for an orthogonal representation of t : GR → O(qt)
as given in [13]. We let sp : O(qt) → Hom(GR,Z/2Z) be the group homomorphism obtained
by composing the spinor norm O(qt) → R×/R×2 with the canonical isomorphim R×/R×2 '
Hom(GR,Z/2Z). Let sp[t] : GR → Hom(GR,Z/2Z) be the group homomorphism g → sp(t(g)).
This map satis�es the relations

(58) sp[t+ t′] = sp[t] + sp[t′] (addition in Hom(GR,Hom(GR,Z/2Z))

and

(59) sp[φ] = 0 ∀ φ ∈ Hom(GR,±1)

The map sp[t] gives rise to a bilinear form

ct : GR ×GR → Z/2Z.

It is a 2-cocycle which represents sp2(t) in H2(GR,Z/2Z). The triviality of sp2(ρ) now follows
from (57), (58) and (59). �

Remark 7.15. The lifting problem Lift(M, q) has a solution over R if and only if b
−(b−−1)

2 is
even.

8. The Künneth formula for Nori motives

A Künneth decomposition for motives appears in [1], Corollary 4.4.5. For the seek of
completeness we prove such a formula in this section. For generalities on Nori motives, we
refer to [28], [24] and [18].

Following Nori's construction we attach to any diagram D and any representation T : D →
VecQ a Q-linear abelian category C(D,T ), a representation T̃ : D → C(D,T ) and a forgetful

functor fT such that fT ◦ T̃ = T and T̃ is universal for this property. For any such pair (D,T ),
we may consider the pair (Dop, T∨) where Dop is the opposite diagram and T∨ : Dop → VecQ
assigns to any vertex p of D the dual Q-vector space of T (p) and to any edge m from p
to q the transpose of T (m). Let k be a sub�eld of the �eld of complex numbers C. The
category of e�ective homological Nori motives (respectively of e�ective cohomological Nori
motives) is de�ned as EHM := C(D,H∗) (resp. ECM := C(Dop, H∨∗ )), where D is the
diagram of e�ective good pairs consisting of triples (X,Y, i) where X is a k-variety, Y ↪→ X
a closed subvariety and i an integer such that the singular homology Hj(X(C), Y (C),Q) = 0
if j 6= i, and H∗ is the representation which maps (X,Y, i) to the relative singular homology
Hi(X(C), Y (C),Q). For a good pair (X,Y, i) we write hi(X,Y ) (resp. hi(X,Y )) for the
corresponding object in EHM (resp. ECM).

We denote by Ind(EHM) the category of ind-objects of EHM , i.e. the strictly full subcat-
egory of the category of presheaves of sets on EHM which are isomorphic to �ltered colimits
of representables. Then Ind(EHM) is an abelian category with enough injectives, and the
Yoneda functor y : EHM → Ind(EHM) is an exact fully faithful functor. An object of
Ind(EHM) lying in the essential image of y is called essentially constant. Then we consider



TANNAKIAN TWISTS OF QUADRATIC FORMS AND ORTHOGONAL NORI MOTIVES 43

the abelian category Ch(Ind(EHM)) (resp. Ch+(Ind(EHM))) of (resp. bounded below)
homological chain complexes in Ind(EHM).

Let X be an a�ne variety over k (i.e. an a�ne scheme of �nite type over k). A good
�ltration of X is a sequence of closed subvarieties

∅ = X−1 ⊂ X0 ⊂ ... ⊂ Xn−1 ⊂ Xn = X

such that (Xj , Xj−1, j) is a good pair for 0 ≤ j ≤ n. Nori's basic Lemma ensures that the set
of good �ltrations is non-empty and �ltered. It is moreover functorial in the sense that given
a morphism f : X → Y of a�ne varieties, there exist good �ltrations X∗ on X and Y∗ on Y
such that f(Xi) ⊂ Yi for any i. We set

C∗(X∗) := [hn(Xn, Xn−1)→ hn−1(Xn−1, Xn−2)→ h0(X0, ∅)] ∈ Ch+(EHM)

where h0(X0, ∅) sits in degree 0. We obtain a functor

C∗ : Affk −→ Ch+(Ind(EHM))
X 7−→ lim−→ C∗(X∗)

where the colimit is taken over the system of good �ltrations X∗ of X, and Affk denotes the
category of a�ne k-schemes of �nite type.

Let X be any variety (i.e. a separated scheme of �nite type over k). A rigidi�ed a�ne
cover (U , r) is given by a �nite open a�ne cover U = {Ui ⊂ X, i ∈ I} of X, and a surjective
map of sets r : X(C) � I such that x ∈ Ur(x)(C) for any x ∈ X(C), where X(C) denotes the
(discrete) set of complex points of X. A morphism (X,U , r) → (X ′,U ′, r′) of varieties with
rigidi�ed a�ne covers is a pair (f, φ) given by a morphism of schemes f : X → X ′ inducing a
map of sets φ : I → I ′ (i.e. such that the obvious square commutes) such that f(Ui) ⊆ U ′φ(i)

for every i ∈ I. Note that, if (U , r) and (U ′, r′) are two rigidi�ed a�ne covers of X, there exist
at most one morphism (X,U ′, r′) → (X,U , r) whose underlying map X → X is the identity.
If such a morphism exists, we say that (U ′, r′) re�nes (U , r).

Given a variety X endowed with a rigidi�ed a�ne cover (U , r), we consider the simplicial
Cech complex Č•(U), a simplicial a�ne scheme. Applying the functor C∗ above, we get a
simplicial object C∗Č•(U) of Ch+(Ind(EHM)), and taking the associated complex we get a
double complex in Ind(EHM). We denote by Toc(C∗Č•(U)) ∈ Ch+(Ind(EHM)) the total
complex. In other words, we consider the following functor
(60)

Toc : Fun(∆op,Ch+(Ind(EHM))) −→ Ch+(Ch+(Ind(EHM)))
Tot−→ Ch+(Ind(EHM))

where the �rst functor sends a simplicial object to the corresponding unnormalized homo-
logical complex and the second functor sends a double complex to its total complex. Then
Toc(C∗Č•(U)) is functorial in (U , r). Moreover, if (V, s) re�nes (U , r) then

Toc(C∗Č•(V))→ Toc(C∗Č•(U))

is a quasi-isomorphism. Hence Toc(C∗Č•(U)) ∈ Db(Ind(EHM)) does not depend on (U , r)
up to a canonical isomorphism. Here Db(Ind(EHM)) of course denotes the derived category
of bounded homological complexes in Ind(EHM).

This de�nes a functor

M̃ : Vark −→ Db(Ind(EHM))
X 7−→ Tot(C∗Č•(U))
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The functor
Db(EHM)→ Db(Ind(EHM))

is fully faithful and its essential image D̃b(EHM) is precisely the full subcategory consisting

in chain complexes with essentially constant homology. Note that D̃b(EHM) is strictly larger
than Db(EHM) but these two categories are canonically equivalent; we make no distinction
between them. Let us denote by Vark the category of varieties over E. We obtain a functor

M : Vark → Db(EHM)

such that the image of M(X) in Db(VecQ) computes the singular homology of X.

Notation 8.1. For any variety X/k we de�ne the object hi(X) of EHM by

hi(X) = Hi(M(X)).

The tensor product on EHM extends to a tensor product on Ind(EHM). Any object
of EHM is �at (since EHM has a �ber functor to the category of �nite dimensional Q-
vector spaces) hence so is any object of Ind(EHM). Therefore, derived tensor products
on Db(EHM) and Db(Ind(EHM)) are well de�ned and Db(EHM) → Db(Ind(EHM)) is
monoidal.

Theorem 8.2. We have a functorial isomorphism in Db(EHM)

M(X)⊗LM(Y )
∼−→M(X ×k Y )

inducing the usual Kunneth isomorphism on singular homology.

Proof. Since the fully faithful functor Db(EHM) → Db(Ind(EHM)) commutes with ⊗L, it
is enough to prove the result in Db(Ind(EHM)). Given arbitrary varieties X and Y en-
dowed with rigidi�ed open a�ne covers (U , r) and (V, s), the complexes Toc(C∗Č•(U)) and
Toc(C∗Č•(V)) in Ch+(Ind(EHM)) represent M(X) and M(Y ). Hence M(X) ⊗L M(Y ) is
represented by the total complex

Tot(Toc(C∗Č•(U))⊗ Toc(C∗Č•(V))) ∈ Ch+(Ind(EHM))

associated with the double complex Toc(C∗Č•(U)) ⊗ Toc(C∗Č•(V))). It is therefore enough
to exhibit a quasi-isomorphism

(61) Tot(Toc(C∗Č•(U))⊗ Toc(C∗Č•(V)))
∼−→ Toc(C∗Č•(U × V))

which is functorial in (U , r), (V, s), X and Y . Here (U ×V, r×s) is the obvious rigidi�ed open
a�ne cover of X × Y .

We �rst consider the a�ne case. Consider the following diagram of functors:

Affk ×Affk

−×−
��

C∗×C∗// Ch+(Ind(EHM))×Ch+(Ind(EHM))

Tot(−⊗−)
��

Affk
C∗ // Ch+(Ind(EHM))

Lemma 8.3. (Nori, [28] Section 4.5) The square above is quasi-commutative in the sense that
there is a natural transformation

Tot(C∗(−)⊗ C∗(−)) −→ C∗(−×−)

inducing a quasi-isomorphism

Tot(C∗(X)⊗ C∗(Y ))→ C∗(X × Y )
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in Ch(Ind(EHM)) for every X,Y ∈ Affk.

Proof. We have Tot(C∗(X)⊗ C∗(Y )) ' lim−→Tot(C∗(X∗)⊗ C∗(Y∗)) where the colimit is taken

over the system of good �ltrations X∗ and Y∗ on X and Y respectively. Given such good
�ltrations X∗ and Y∗, there exists a good �ltration Z∗ on X×Y such that ∪i+j=kXi×Yj ⊆ Zk.
The obvious map from

Totk(C∗(X∗)⊗C∗(Y∗)) =
⊕
i+j=k

hi(Xi, Xi−1)⊗hj(Yj , Yj−1) '
⊕
i+j=k

hi(Xi×Yj , Xi×Yj−1∪Xi−1×Yj).

to Ck(Z∗) = Hk(Zk, Zk−1) gives morphisms of complexes

Tot(C∗(X∗)⊗ C∗(Y∗))→ C∗(Z∗)→ C∗(X × Y )

which does not depend on the choice of the �ltration Z∗. This induces a quasi-isomorphism

Tot(C∗(X)⊗ C∗(Y ))→ C∗(X × Y )

which is moreover functorial in X and Y . This proves the lemma and thus the theorem when
X and Y are both a�ne.

�

Take now arbitrary varieties X and Y , and choose rigidi�ed open a�ne covers (U , r) and
(V, s), with U = {Ui ⊂ X, i ∈ I} and V = {Vj ⊂ Y, j ∈ J}. We denote by Č•(U) : ∆op → Affk

and Č•(V) : ∆op → Affk the corresponding simplicial a�ne schemes. Consider the diagram

∆op ×∆op

Id
��

Č•(U)×Č•(V)// Affk ×Affk

−×−
��

C∗×C∗// Ch+(Ind(EHM))×Ch+(Ind(EHM))

Tot(−⊗−)

��
∆op ×∆op // Affk

C∗ // Ch+(Ind(EHM))

where the left square commutes. The bottom line gives a bisimplicial object of Ch+(Ind(EHM)),
which we denote by

C∗(Č•(U)× Č•(V)) : ∆op ×∆op −→ Ch+(Ind(EHM)).

Composing the top line with Tot(−⊗−) gives another bisimplicial object of Ch+(Ind(EHM)),
which we denote by

Tot(C∗Č•(U)⊗ C∗Č•(V))) : ∆op ×∆op −→ Ch+(Ind(EHM)).

We denote by

(62) T(C∗(Č•(U)× Č•(V))) and T(Tot(C∗Č•(U)⊗ C∗Č•(V)))) ∈ Ch+(Ch+(Ind(EHM)))

the complexes of objects of Ch+(Ind(EHM)) associated with these bisimplicial objects of
Ch+(Ind(EHM)). More precisely, if A•• is a bisimplicial object in an abelian category A, we
denote by C(A••) the double complex associated with A•• and by T(A••) its total complex,
so that T(A••)n =

⊕
p+q=nAp,q. In our situation A = Ch+(Ind(EHM)).

We can see (62) as double complexes and consider their total complexes

Tot(T(C∗(Č•(U)× Č•(V)))) and Tot(T(Tot(C∗Č•(U)⊗ C∗Č•(V))))) ∈ Ch+(Ind(EHM)).

Lemma 8.4. There is a canonical quasi-isomorphism

Tot(T(Tot(C∗Č•(U)⊗ C∗Č•(V))))
N−→ Tot(T(C∗(Č•(U)× Č•(V)))).
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Proof. Consider

T : Fun(∆op ×∆op,Ch+(Ind(EHM))) −→ Ch+(Ch+(Ind(EHM)))

as a functor from bisimplicial objects of Ch+(Ind(EHM)) to Ch+(Ch+(Ind(EHM))). The
natural transformation of Lemma 8.3 gives a morphism of bisimplicial objects:

Tot(C∗Č•(U)⊗ C∗Č•(V)) −→ C∗(Č•(U)× Č•(V)).

Applying the functor T, we get a morphism

D∗ = T(Tot(C∗Č•(U)⊗ C∗Č•(V))) −→ T(C∗(Č•(U)× Č•(V))) = D′∗

in Ch+(Ch+(Ind(EHM))). By Lemma 8.3, the morphism in Ch+(Ind(EHM))

Dn =
⊕
p+q=n

Tot(C∗Čp(U)⊗ C∗Čq(V)) −→
⊕
p+q=n

C∗(Čp(U)× Čq(V)) = D′n

is a quasi-isomorphism for any n ≥ 0. The result then follows from a standard spectral
sequence argument. �

Lemma 8.5. There is a canonical isomorphism

Tot(Toc(C∗Č•(U))⊗ Toc(C∗Č•(V))) ' Tot(T(Tot(C∗Č•(U)⊗ C∗Č•(V)))).

Proof. These two complexes can be both identi�ed with the total complex associated with the
quadruple complex whose generic term is

(CpČq(U)⊗ CuČv(V))p,q,u,v∈N4 .

Indeed, we have

Tot(T(Tot(C∗Č•(U)⊗ C∗Č•(V))))t =
⊕

n+m=t

(T(Tot(C∗Č•(U)⊗ C∗Č•(V)))n)m

=
⊕

n+m=t

⊕
p+q=n

Tot(C∗Čp(U)⊗ C∗Čq(V))m

=
⊕

n+m=t

⊕
p+q=n

⊕
u+v=m

CuČp(U)⊗ CvČq(V))

=
⊕

u+v+p+q=t

CuČp(U)⊗ CvČq(V),

and

Tot(Toc(C∗Č•(U))⊗ Toc(C∗Č•(V)))t =
⊕

n+m=t

Toc(C∗Č•(U))⊗ Toc(C∗Č•(V))n,m

=
⊕

n+m=t

Toc(C∗Č•(U))n ⊗ Toc(C∗Č•(V))m

=
⊕

n+m=t

(
⊕
p+q=n

CpČq(U))⊗ (
⊕

u+v=m

CuČv(V))

=
⊕

n+m=t

⊕
p+q=n

⊕
u+v=m

CpČq(U)⊗ CuČv(V)

=
⊕

u+v+p+q=t

CpČq(U)⊗ CuČv(V).

�



TANNAKIAN TWISTS OF QUADRATIC FORMS AND ORTHOGONAL NORI MOTIVES 47

Consider now the diagonal simplicial object associated with the bisimplicial object C∗(Č•(U)×
Č•(V)), which we denote by

diag(C∗(Č•(U)× Č•(V))) : ∆op −→ ∆op ×∆op −→ Ch+(Ind(EHM)).

We denote by D(C∗(Č•(U) × Č•(V))) ∈ Ch+(Ch+(Ind(EHM))) the associated (unnormal-
ized) homological complex, so that

D(C∗(Č•(U)× Č•(V)))n = C∗(Čn(U)× Čn(V))).

Lemma 8.6. (Eilenberg-Zilber Theorem) There is a canonical quasi-isomorphism

Tot(T(C∗(Č•(U)× Č•(V))))
∇−→ Tot(D(C∗(Č•(U)× Č•(V)))).

Proof. We consider the bisimplicial object C∗(Č•(U) × Č•(V)) in the abelian category A :=
Ch+(Ind(EHM)). By the Eilenberg-Zilber Theorem ([W] 8.5.1), the shu�e map (see [W]
8.5.4)

T(C∗(Č•(U)× Č•(V))) −→ D(C∗(Č•(U)× Č•(V))),

a map in Ch+(A) = Ch+(Ch+(Ind(EHM))), is a quasi-isomorphism. We conclude with a
spectral sequence argument.

�

We consider the rigidi�ed open a�ne cover (U×V, r×s) ofX×Y , where U×V := {Ui×Vj ⊂
X × Y, (i, j) ∈ I × J}.
Lemma 8.7. There is a canonical isomorphism

Tot(D(C∗(Č•(U)× Č•(V)))) ' Toc(C∗(Č•(U × V)))

Proof. The result follows from the fact that there is a canonical isomorphism of simplicial
object of Ch+(Ind(EHM)):

(63) diag(C∗(Č•(U)× Č•(V))) = C∗(Č•(U × V)).

Indeed, we have

diag(C∗(Č•(U)× Č•(V)))n = C∗(Čn(U)× Čn(V))

= C∗(
⊔

(i0,...,in)

Ui0 ∩ ... ∩ Uin ×
⊔

(j0,...,jn)

Vj0 ∩ ... ∩ Vjn)

' C∗(
⊔

((i0,j0),...,(in,jn))

(Ui0 × Vj0) ∩ ... ∩ (Uin × Vjn)

= C∗(Čn(U × V)).

The desired isomorphism is obtained by applying the functor (60) to the isomorphism of
simplicial objects (63).

�

We obtain (61) by composing the quasi-isomorphisms of the previous lemmas. More pre-
cisely, we have the quasi-isomorphism

Tot(Toc(C∗Č•(U))⊗ Toc(C∗Č•(V))) ' Tot(T(Tot(C∗Č•(U)⊗ C∗Č•(V))))
N−→ Tot(T(C∗(Č•(U)× Č•(V))))
∇−→ Tot(D(C∗(Č•(U)× Č•(V))))

' Toc(C∗(Č•(U × V)))
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Note that N is induced by Nori's Lemma 8.3 (i.e. the Künneth formula for a�ne varieties) and
that ∇ is induced by the Eilenberg-Zilber shu�e map. This quasi-isomorphism is functorial
in (X,U , r) and (Y,V, s) by construction. It induces a canonical isomorphism

M(X)⊗LM(Y )
∼−→M(X ×k Y )

in Db(EHM), inducing the usual Künneth formula on singular homology. �

Corollary 8.8. For any varieties X and Y , there is a canonical isomorphism in EHM⊕
p+q=n

hp(X)⊗ hq(Y )
∼−→ hn(X × Y ).

Proof. This follows immediately from the previous theorem since any object of EHM is �at.
�

Applying Nori's universal construction to the diagram of arbitrary pairs of varieties, or
proceeding as we did for homological motives (see Notation 8.1), we may de�ne hi(X) ∈ ECM
for any variety X.

Corollary 8.9. For any varieties X and Y , there is a canonical isomorphism in ECM .⊕
p+q=n

hp(X)⊗ hq(Y )
∼←− hn(X × Y ).

Proof. Let C(D,T ) be the diagram category associated to a diagram D and a representation
T : D → VecQ. First we exhibit a canonical equivalence of categories

(64) C(D,T ) ' C(Dop, T∨)op.

To this aim, we consider the following square

D

G
��

T̃ // C(D,T )

fT
��

C(Dop, T∨)op
f∨
T∨ // VecQ

where G is the representation of D obtained by composing the functors

D → Dop → C(Dop, T∨)op.

Since the square is commutative we know from ([28], Theorem 1.6), that there exists a unique
Q-linear functor L(G) : C(D,T )→ C(Dop, T∨)op such that

G = L(G) ◦ T̃ and fT = f∨T∨ ◦ L(G).

The functor L(G) is an equivalence of categories. A quasi inverse for L(G) is constructed by
considering the square attached to the pair (Dop, T∨).

We need to give a module-theoretic interpretation of the functor L(G). Recall that the
category C(D,T ) is de�ned in [28] by

C(D,T ) = colimFC(F, T |F )

where F runs through all the �nite subdiagrams F of D and the 2-colimit is taken in the 2-
category of small categories. If F is �nite, then C(F, T |F ) is the category of �nitely generated
left End(T |F )-modules where

End(T |F ) = {u = (up)p∈F ∈
∏

p∈F
End(T (p))|uq ◦ T (m) = T (m) ◦ up,∀m : p→ q, p, q ∈ F}.
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For M an End(T |F )-module, we have ring homomorphisms

End(T |F )
f // EndQ(M)

∨ // EndQ(M∨)op

where f is given by the action of End(T |F ) onM and where ∨ associates to any u ∈ End(M) its
transposed u∨. Moreover the map u = (up)p∈F → u∨ = (u∨p )p∈F induces a ring isomorphism
End(T |F ) ' End(T∨|F )op. Therefore we obtain by composition a ring homomorphism

End(T∨|F )→ End(T |F )op → EndQ(M∨)

and thus a structure of End(T∨|F )-module on M∨. We let αF be the functor

C(F, T |F ) −→ C(F op, T∨|F )op

M 7−→ M∨

and we denote by α : C(D,T )→ C(Dop, T∨)op the functor de�ned by the (αF )F⊂D. It is easy

to check that G = α ◦ T̃ and fT = f∨T∨ ◦ α. It follows from the universal property of C(D,T )
that L(G) and α are isomorphic.

Applying these observations to the diagram of good pairs, we obtain an equivalence

α : EHM
∼−→ ECMop.

We have α(hi(X)) = hi(X) for any integer i and any variety X/k. Moreover the functor
α sends direct sums to direct sums. Thus in order to deduce Corollary 8.9 from Corollary
8.8 it su�ces to prove that α sends tensor products to tensor products. The categories
EHM and ECM are both diagram categories attached to a graded diagram endowed with a
commutative product structure with unit and a graded unital multiplicative representation.
Using the de�nition of the tensor product on such categories as de�ned in ([18], Proposition
B.16) and in ([19], Chapter VII, Section 7.1) and using the description of α in terms of modules
given above, we check that α respects tensor products as required. �

We denote by NMMk the category of cohomological Nori motives.

Corollary 8.10. Let V/k be a smooth projective variety of dimension n. There is a map in
NMMk

(65) hi(V )(j)⊗ h2n−i(V )(n− j) −→ h2n(V )(n)
Tr−→ 1

inducing the usual pairings in Betti and de Rham cohomology for any i, j ∈ Z. In particular,
(65) yields an canonical isomorphism

hi(V )(j)
∼−→ h2n−i(V )(n− j)∨.

Proof. Corollary 8.9 gives the canonical map in NMMk

hi(V )(j)⊗ h2n−i(V )(n− j) −→ h2n(V × V )(n) −→ h2n(V )(n)

inducing the same map on Betti cohomology. Here h2n(V × V ) → h2n(V ) is induced by the
diagonal map.

Let us show the existence of the trace map

h2n(V )(n)
Tr→ 1.

We follow [18] with a slight modi�cation. Since hi(V1
⊔
V2) = hi(V1)⊕hi(V2), we may assume

that V is connected. Let V → PN
k be a closed embedding. We consider the �nite extension

K := OV (V ) of k, so that V/K is geometrically connected. We obtain a closed embedding
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V → PN
k ×kK = PN

K , inducing a map ϕ : h2n(PN
K)→ h2n(V ). But H∗B(ϕ) is an isomorphism,

hence so is ϕ. By ([18] Lemma 1.12(1)) we have a canonical isomorphism h2n(PN
k ) ' 1(−n).

We obtain

h2n(PN
K) = h2n(PN

k × Spec(K)) ' h2n(PN
k )⊗ h0(Spec(K)) ' h0(Spec(K))(−n).

One is therefore reduced to de�ne the trace map h0(Spec(K)) → 1 in the category of Artin
motives, i.e. in the category of Q-linear representations of Gk. But h0(Spec(K)) corresponds

to the linear Gk-action on QHomk(K,k) by permutation of the factors, hence the sum map

QHomk(K,k) −→ Q
(vσ)σ 7−→

∑
σ vσ

is Gk-equivariant, where Gk acts trivially on k. This de�nes a map h0(Spec(K))
∑
→ 1. The

trace map of the lemma is then given by composition

h2n(V )(n)
∼←− h2n(PN

K)(n) ' h0(Spec(K))
∑
−→ 1.

This map induces the usual trace map in Betti cohomology.
So we have the map

m : hi(V )(j)⊗ h2n−i(V )(n− j) −→ h2n(V )(n)
Tr−→ 1

and this map induces the usual pairing on Betti cohomology. Applying the tensor functors
H∗B and H∗dR, we obtain product maps

H∗B(m) : H i(V (C), (2iπ)jQ)⊗H2n−i(V (C), (2iπ)n−jQ) −→ H2n(V (C), (2iπ)nQ)
Tr−→ Q

and

H∗dR(m) : H i(V/k)⊗H2n−i(V/k) −→ H2n(V/k)
Tr−→ k.

On the other hand, we denote by

mB : H i(V (C), (2iπ)jQ)⊗H2n−i(V (C), (2iπ)n−jQ) −→ H2n(V (C), (2iπ)nQ)
Tr−→ Q

and

mdR : H i
dR(V/k)⊗H2n−i

dR (V/k) −→ H2n(V/k)
Tr−→ k

the usual product map in Betti cohomology (given by cup-product) and in de Rham co-
homology (given by wedge product) respectively. The usual period isomorphism yields an
isomorphism of tensor functors H∗B ⊗Q C ' H∗dR ⊗k C, hence the square

H i(V (C), (2iπ)jQ)C ⊗H2n−i(V (C), (2iπ)n−jQ)C
H∗B(m)⊗C

//

'
��

C

Id

��
H i
dR(V/k)C ⊗H2n−i

dR (V/k)C
H∗dR(m)⊗C

// C

commutes, where the vertical isomorphisms are given by the period isomorphism. But the
square

H i(V (C), (2iπ)jQ)C ⊗H2n−i(V (C), (2iπ)n−jQ)C
mB⊗C //

'
��

C

Id

��
H i
dR(V/k)C ⊗H2n−i

dR (V/k)C
mdR⊗C // C
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commutes as well. By construction of m, we have H∗B(m) = mB. It follows that H
∗
dR(m)⊗k

C = mdR ⊗k C, hence that H∗dR(m) = mdR. The �rst claim of the corollary is proved.
By adjunction, the map m gives a map d : hi(V )(j) → h2n−i(V )(n − j)∨ inducing the

usual map H∗B(d) : H i(V (C), (2iπ)jQ) → H2n−i(V (C), (2iπ)n−jQ)∨ in Betti cohomology.
But H∗B(d) is an isomorphism, hence so is d, since H∗B is conservative. �

We record the following special case of Corollary 8.10.

Corollary 8.11. Let V/k be a smooth projective algebraic variety of even dimension n over
the number �eld k. Then hn(V )(n/2) ∈ NMMk has a canonical orthogonal structure q such
that the forms qB and qdR are the perfect pairings

(66) qB : Hn
B(V (C), (2iπ)n/2Q)⊗Hn

B(V (C), (2iπ)n/2Q)
∪−→ H2n

B (V (C), (2iπ)nQ)
Tr−→ E

and

(67) qdR : Hn
dR(V/k)⊗Hn

dR(V/k)
∧−→ H2n

dR(V/k)
Tr−→ k

given by cup-product and trace maps.
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