ON THE WEIL-ETALE TOPOS OF REGULAR ARITHMETIC SCHEMES

M. FLACH AND B. MORIN

ABSTRACT. We define and study a Weil-étale topos for any regular,
proper scheme X over Spec(Z) which has some of the properties sug-
gested by Lichtenbaum for such a topos. In particular, the cohomol-
ogy with R-coefficients has the expected relation to C(X,s)at s=0if
the Hasse-Weil L-functions L(h'(Xg), s) have the expected meromor-
phic continuation and functional equation. If X has characteristic p
the cohomology with Z-coefficients also has the expected relation to
¢(X,s) and our cohomology groups recover those previously studied
by Lichtenbaum and Geisser.
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1. INTRODUCTION

In [30] Lichtenbaum suggested the existence of Weil-étale cohomology groups
for arithmetic schemes X (i.e. separated schemes of finite type over Spec(Z))
which are related to the zeta-function (X, s) of X as follows.

a) The compact support cohomology groups H:(Xyy, R) are finite dimen-
sional vector spaces over R, vanish for almost all ¢ and satisfy

> (—1)" dimg Hi(Xw,R) = 0.

e’
b) The function {(X,s) has a meromorphic continuation to s = 0 and

orde—o ((X,5) = Y (=1)" - i - dimg H(Xw,R).
icZ
c¢) There exists a canonical class § € H 1(XW,R) so that the sequence
2 mE Ay R) S B (v, R) 2

is exact.

d) The compact support cohomology groups HE(Xy,Z) are finitely gen-
erated over Z and vanish for almost all .

e) The natural map from Z to R-coefficients induces an isomorphism

H{(Xw,Z) @z R = H{(Xw,R).
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f) If ¢*(X,0) denotes the leading Taylor-coefficient of {(X,s) at s = 0
and _
AR ®detRHé(Xw,R)(71)l
i€z
the isomorphism induced by ¢) then

Z-MC*(X,0)7Y) = ) detz Hi (X, 2) 7V
i€Z
where the determinant is understood in the sense of [28] and R is the

sheaf associated to the field of real numbers endowed with its standard
topology (see Definition 14 below).

If X has finite characteristic these groups are well defined and well under-
stood by work of Lichtenbaum [29] and Geisser [18,19]. In particular all the
above properties a)-f) hold for dim(X) < 2 and in general under resolution
of singularities. Lichtenbaum also defined such groups for X = Spec(OF)
where F' is a number field and showed that a)-f) hold if one artificially rede-
fines H:(Spec(Or)w,Z) to be zero for i > 4. In [15] it was then shown that
H(Spec(Or)w,Z) as defined by Lichtenbaum does indeed vanish for odd i > 5
but is an abelian group of infinite rank for even i > 4.

In any case, in Lichtenbaum’s definition the groups H!(Spec(Or)w,Z) and
Hi(Spec(Op)w,R) are defined via an Artin-Verdier type compactification
Spec(OF) of Spec(OF) [1], where however H'(Spec(OF )y, F) is not the coho-
mology group of a topos but rather a direct limit of such. The first purpose of
this article is to give a definition of a topos Spec(OF)y;, which recovers Licht-
enbaum’s groups (see section 5 below). This definition was proposed in the
second author’s thesis [33] and is a natural modification of Lichtenbaum’s idea
which is suggested by a closer look at the étale topos Spec(OF)et.

In [1] Artin and Verdier defined a topos X for any arithmetic scheme X —
Spec(Z) so that there are complementary open and closed immersions

Xet — yet < Sh(XOO)

the sense of topos theory [20]. Here X, is the topological quotient space
X (C)/Gr where X(C) is the set of complex points with its standard Euclidean
topology and Ggr = Gal(C/R). If X' is an arithmetic scheme and Y denotes
either X or X we define the Weil-étale topos of ) by

Yw = Vet X Spec(Z)., Spec(Z)yy,

a fibre product in the 2-category of topoi. This definition is suggested by the
fact that the Weil-étale topos defined by Lichtenbaum for varieties over finite
fields is isomorphic to a similar fibre product, as was shown in the second
author’s thesis [33] and will be recalled in section 3 below. The work of Geisser
[19] shows that Lichtenbaums’s definition is only reasonable (i.e. satisfies a)-
f)) for smooth, proper varieties over finite fields. Correspondingly, one can
only expect our fibre product definition to be reasonable for proper regular
arithmetic schemes.
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The second purpose of this article is to show that this is indeed the case as far
as R-coefficients are concerned. Our main result is the following

THEOREM 1.1. Let X be a regular scheme, proper over Spec(Z).
i) For X = Spec(Op) one has

Spec(Or )y, = Spec(OF) X Spec@).. Spec(Z)yy,

where Spec(Or)y, is the topos defined in section 5 below, based on
Lichtenbaum’s idea of replacing Galois groups by Weil groups.

ii) If X — Spec(Fp) has characteristic p then our groups agree with those
of Lichtenbaum and Geisser and a)-f) hold for X.

iii) If X is flat over Spec(Z) and the Hasse-Weil L-functions L(h'(Xg), s)
of all motives h'(Xg) satisfy the expected meromorphic continuation
and functional equation. Then a)-c) hold for X.

The assumptions of iii) are satisfied, for example, if X" is a regular model of a
Shimura curve, or of a self product E x --- x E where E is an elliptic curve,
over a totally real field F'.

Unfortunately, properties d) and e) do not hold with our fibre product def-
inition, even in low degrees, and we also do not expect them to hold with
any similar definition (see the remarks in section 9.3). The right definition of
Weil-étale cohomology with Z-coefficients for schemes of characteristic zero will
require a key new idea, as is already apparent for X = Spec(Op).

We briefly describe the content of this article. In section 2 we recall pre-
liminaries on sites, topoi and classifying topoi. Section 3 contains the proof
that Lichtenbaum’s Weil-étale topos in characteristic p is a fibre product via a
method that is different from the one in the second author’s thesis [33]. In sec-
tion 4 we recall the definition of X, and the corresponding compact support
cohomology groups H{(Xe, F). In section 5 we define Spec(Op )y, and give
the proof of Theorem 1.1 i) (see Proposition 5.5). In section 6 we define Xy,
describe its fibres above all places p < oo and its generic point. In section 7 we
compute the cohomology of Xy with R-coefficients following Lichtenbaum’s
method of studying the Leray spectral sequence from the generic point. This
section is the technical heart of this article. In section 8 we compute the com-
pact support cohomology HZ;(XW,I@) via the natural morphism Xy — X
and prove properties a) and ¢) (see Theorem 8.2). The class 6 in ¢) is defined
in subsection 8.3.

Section 9 introduces Hasse-Weil L-functions of varieties over Q as well as Zeta-
functions of arithmetic schemes and contains the proof of Theorem 1.1 ii) (see
Theorem 9.2) and of property b) (see Theorem 9.1), thereby concluding the
proof Theorem 1.1 iii). In subsection 9.4 we show that property f) for ((X,s)
is compatible with the Tamagawa number conjecture of Bloch and Kato [4] (or
rather of Fontaine and Perrin-Riou [16]) for [, , L(h'(Xg),s)"1" at s = 0.
In order to do this we need to augment the list of properties a)-f) for Weil-
étale cohomology with further natural assumptions g)-j), some of which hold
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in characteristic p, and we need to assume a number of conjectures which are
preliminary to the formulation of the Tamagawa number conjecture. Finally,
in section 10 we prove some results related to the so called local theorem of
invariant cycles in l-adic cohomology, and we formulate analogous conjectures
in p-adic cohomology. These results may be of some interest independently of
Weil-étale cohomology, and are necessary to establish the equality of vanishing
orders

ords—g (X, s) = ords—g H L(h'(Xp), 8)(_1)i
i€l

for regular schemes X’ proper and flat over Spec(Z).

Acknowledgements: The first author is supported by grant DMS-0701029 from
the National Science Foundation. He would also like to thank Spencer Bloch
for a helpful discussion about the material in section 10 and the MPI Bonn for
its hospitality during the final preparation of this paper.

2. PRELIMINARIES

In this paper, a topos is a Grothendieck topos over Set, and a morphism of
topoi is a geometric morphism. A pseudo-commutative diagram of topoi is said
to be commutative. We suppress any mention of universes.

2.1. LEFT EXACT SITES. Recall that a Grothendieck topology J on a category
C is said to be sub-canonical if J is coarser than the canonical topology, i.e. if
any representable presheaf on C is a sheaf for the topology J. A category C is
said to be left exact when finite projective limits exist in C, i.e. when C has a
final object and fiber products. A functor between left exact categories is said
to be left exact if it commutes with finite projective limits.

DEFINITION 1. A Grothendieck site (C,J) is said to be left exact if C is a left
exact category endowed with a subcanonical topology J. A morphism of left
exact sites (C', J') — (C,J) is a continuous left exact functor C' — C.

Note that any Grothendieck topos, i.e. any category satisfying Giraud’s axioms,
is equivalent to the category of sheaves of sets on a left exact site. Note also
that a Grothendieck site (C, J) is left exact if and only if the canonical functor
(given in general by Yoneda and sheafification)

y:C—(C,J)

—_~—

identifies C with a left exact full subcategory of (C,J). The following result is
proven in [20] IV.4.9.

LEMMA 1. A morphism of left exact sites f* : (C',J') — (C,J) induces a

morphism of topoi f : (C/TT) — (C/’,\i) Moreover we have a commutative
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diagram
€.7) +— @7

[ e

c L ¢
where the vertical arrows are the fully faithful Yoneda functors.
2.2. THE TOPOS T. We denote by Top'® (respectively by Top®) the category of
locally compact topological spaces (respectively of compact spaces). A locally
compact space is assumed to be Hausdorff. The category Top'® is endowed
with the open cover topology J,p, which is subcanonical. We denote by 7 the
topos of sheaves of sets on the site (Top'®, 7,,). The Yoneda functor

y:Top'® — T

is fully faithful, and Top'® is viewed as a generating full subcategory of 7. For
any object T of Top'®, T is locally compact hence there exist morphisms

[Tvvi = [[vK: = o7

where {U; C T} is an open covering, and K; is a compact subspace of T.
It follows that [[yU; — yT is an epimorphism in 7, hence so is [[yK; —
yT'. This shows that the category of compact spaces Top® is a generating full
subcategory of 7.

The unique morphism ¢ : 7 — Set has a section s : Set — 7T such that ¢, = s*
hence we have three adjoint functors t*, t, = s*, s,. In particular ¢, is exact
hence we have H"(T,A) = H"(Set, A(x)) = 0 for any n > 1 and any abelian
object A (see Lemma 8 for a generalization of this fact).

2.3. CLASSIFYING TOPOIL.

2.3.1. General case. For any topos S and any group object G in S, we denote
by Bg the category of left G-object in S. Then B¢ is a topos, as it follows
from Giraud’s axioms, and Bg is endowed with a canonical morphism Bg — S,
whose inverse image functor sends an object F' of S to F' with trivial G-action.
If there is a risk of ambiguity, the topos B¢ is denoted by Bs(G). We denote
by EG the object of Bg given by the action of G on itself by left multiplication.
The topos Bg is said to be the classifying topos of G since for any topos
f:&— Sover S, the category Homtop . (€, Bg) is equivalent to the category
of f*G-torsors in & (see [20] IV. Exercice 5.9).

2.3.2. Examples. Let G be a discrete group, i.e. a group object of the final
topos Set. Then Bg.:G is the category of left G-sets, and the cohomology
groups H*(BgetG, A), where A is an abelian object of Bg i.e. a G-module,
is precisely the cohomology of the discrete group G. Here Bg..G is called the
small classifying topos of the discrete group G and is denoted by B&". If G is
a profinite group, the small classifying topos B&™ of the profinite group G is
the category of continuous G-sets.
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Let G be a locally compact topological group. Then G represents a group
object of T, where T is defined above. Then Bg is the classifying topos of the
topological group G, and the cohomology groups H*(Bg, A), where A is an
abelian object of Bg (e.g. a topological G-module) is the cohomology of the
topological group G. If G is not locally compact, then we just need to replace
T with the category of sheaves on (T'op, Jop).

Let S be a scheme and let G be a smooth group scheme over S. We denote by
Spt the big étale topos of S. Then G represents a group object of Sg; and Bg
is the classifying topos of G. The cohomology groups H*(Bg,.A), where A is
an abelian object of Bg (e.g. an abelian group scheme over S endowed with a
G-action) is the étale cohomology of the S-group scheme G.

2.3.3. The local section site. For G any locally compact topological group, we
denote by Byp,,i.cG the category of G-equivariant locally compact topological
spaces endowed with the local section topology Jis (see [30] section 1). The
Yoneda functor yields a canonical fully faithful functor

BToplC G — Bg.

Then one can show that the local section topology Jis on Br,yeG is the topol-
ogy induced by the canonical topology of Bg. Moreover Bp,,.G is a generating
family of Bg. It follows that the morphism

BG — (BTOpch, %s)

is an equivalence. In other words the site (By,,cG, Jis) is a site for the clas-
sifying topos B¢ (see [15] for more details).

2.3.4. The classifying topos of a strict topological pro-group. A locally compact
topological pro-group G is a pro-object in the category of locally compact topo-
logical groups, i.e. a functor I°? — Gr(Top'®), where I is a filtered category
and Gr(Top'®) is the category of locally compact topological groups. A locally
compact topological pro-group G is said to be strict if the transition maps
G; — G; have local sections. We define the limit of G in the 2-category of
topoi as follows.

DEFINITION 2. The classifying topos of a strict topological pro-group G is de-
fined as

Bg := lim; Bg,,
where the the projective limit is computed in the 2-category of topoi.

2.3.5. In order to ease the notations, we will simply denote by T'op the category
of locally compact spaces. For any locally compact group G, we denote by
BropG the category of locally compact spaces endowed with a continuous G-
action.
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2.4. FIBER PRODUCTS OF TOPOI. The class of topoi forms a 2-category. In
particular, Homtop (€, F) is a category for any pair of topoi & and F. If
fyg: &€ = F are two objects of Homtop (£, F), then a morphism o : f — g is
a natural transformation o : f. — g.. Consider now two morphisms of topoi
with the same target f: £ - S and g : F — S. For any topos G, we define the
category

Homtop (G,€) X tomop (6.5) Homtop (G, F)

whose objects are given by triples of the form (a, b, &), where a and b are objects
of Homtop (G,E) and Homtop (G, F) respectively, and

a:foa™=gob

is an isomorphism in the category Homtop (G,S).

A fiber product £ xg F in the 2-category of topoi is a topos endowed with
canonical projections py : £ Xxg F = &, p2 : £ Xs F — F and an isomorphism
a: fopy = gops satisfying the following universal condition. For any topos G
the natural functor

Homtop (G,€ xs F) — Homtop(G,E) X gomtop (g,5) Homtop (G, F)
d — (prod,prod,acd,)

is an equivalence. It is known that fiber products of topoi always exist (see
[25] for example). The universal condition implies that such a fiber product is
unique up to equivalence. A product of topoi is a fiber product over the final
topos

EXF=E Xget F.

A square of topoi

& — &

Lo

E —— S
is said to be a pull-back if it is commutative and if the morphism

& —Exs S,

given by the universal condition for the fiber product, is an equivalence. The
following examples will be used in this paper. Let f : £ — S be a morphism of
topoi. For any object X of S, the commutative diagram

E/fF X — S/X

® l I

e L s



8 M. FrLAcH AND B. MORIN

is a pull-back (see [20] IV Proposition 5.11). For any group-object G in S, the
commutative diagram

Be(f*G) —— Bs(G)

8 | |

e Lo s
is a pull-back. This follows from the fact that Bs(G) classifies G-torsors.

3. THE WEIL-ETALE TOPOS IN CHARACTERISTIC P IS A FIBER PRODUCT

For any scheme Y, we denote by Y.; the (small) étale topos of Y, i.e. the
category of sheaves of sets on the étale site on Y. Let G be a discrete group
acting on a scheme Y. An étale sheaf F on Y is G-equivariant if F is endowed
with a family of morphisms {p, : g.F — F; g € G} satisfying ¢1, = Idr and
©gh = g © g« (pn), for any g,h € G. The category S(G;Ye;) of G-equivariant
étale sheaves on Y is a topos, as it follows from Giraud’s axioms. The coho-
mology H*(S(G;Yet), A), for any G-equivariant abelian étale sheaf on Y, is the
equivariant étale cohomology for the action (G,Y).

An equivariant map of G-schemes u : X — Y induces a morphism of topoi
S(G; Xet) = S(G; Yet). Let Y be a scheme separated and of finite type over a
field k, let k/k be a separable closure and let F be an étale sheaf on Y ®; k. An
action of the Galois group G on F is said to be continuous when the induced
action of the profinite group G}, on the discrete set F(U x} k) is continuous, for
any U étale and quasi-compact over Y. It is well known that the étale topos
Y is equivalent to the category S(Gp,Y ) of étale sheaves on Y =Y @ k
endowed with a continuous action of the Galois group G.

Let Y be a separated scheme of finite type over a finite field k = F,. Let k/k be
an algebraic closure. Let Wy and G} be the Weil group and the Galois group of
k respectively. Recall that Wy, is the discrete subgroup of G generated by the
Frobenius element. The small classifying topos By is defined as the category
of Wi-sets, while B&" is the category of continuous Gy-sets. We denote by
Y the Weil-étale topos of the scheme Y, which is defined as follows. We
consider the scheme Y = Y ®j, k endowed with the action of Wj. Then the
Weil-étale topos Y35 is the topos of Wy-equivariant sheaves of sets on Y. We
have a morphism

vy Y = S(Wi, Yer) — S(Gry Yet) & Yoy

Indeed, consider the functor ;- which takes an étale sheaf 7 on Y endowed
with a continuous Gp-action to the sheaf F endowed with the induced Wj-
action via the canonical map Wj, — Gy. Then 5 commutes with arbitrary
inductive limits and with projective limits. Hence 7y is the inverse image of
a morphism of topoi yy. This morphism has been defined and studied by T.
Geisser in [18]. Note that the Weil-étale topos of Spec(k) is precisely By’ and
that the étale topos Spec(k)et is equivalent to Bg". In this case the morphism
Y = a: Byt — Bgr, from the Weil-étale topos of Spec(k) to its étale topos
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is the morphism induced by the canonical map W) — Gj. The structure
map Y — Spec(k) gives a Wj-equivariant morphism of schemes Y — Spec(k),
inducing in turn a morphism Y7 — By, This structure map also induces a
morphism of étale topos Yoy — Bg'. The diagram

VY
v s vy

0 I

Bw, — Bg,,
is commutative, where « is induced by the morphism Wy — G§. The aim of
this section is to prove that the previous diagram is a pull-back of topoi. Our
proof is based on a descent argument. We need some basic facts concerning
truncated simplicial topoi. A truncated simplicial topos S, is given by the
usual diagram

S, =— §1 =+ 8
Given such a truncated simplicial topos S., we define the category Desc(S,)
of objects of Sy endowed with a descent data. By [32], the category Desc(S,)
is a topos. More precisely, Desc(S,) is the inductive limit of the diagram S,
in the 2-category of topoi. The simplest example is the following. Let S be a
topos and let X be an object of S. We consider the truncated simplicial topos

(8§, X)e: S/(XXxXxX)2—>S/(X xX)=3+S§/X

where these morphisms of topoi are induced by the projections maps (of the
form X x X x X - X x X and X x X — X) and by the diagonal map
X — X x X. It is well known that, if X covers the final object of S (i.e.
X — es is epimorphic where eg is the final object of S), then the natural
morphism

Desc(8,X)e — S
is an equivalence (see [12] Chapter 4 Example 4.1). In other words S/X — S
is an effective descent morphism for any X covering the final object of S.

LEMMA 2. Let f: & — S be a morphism of topoi and let X be an object of S
covering the final object. The morphism f is an equivalence if and only if the
induced morphism
f/IX:E/f" X —S8/X
is an equivalence.
Proof. The condition is clearly necessary. Assume that f/X is an equivalence.
We have §/(X x X) = (§/X)/(X x X) and /(X x X x X) = (§/X)/(X x
X x X), for any projection maps X x X — X and X x X x X — X. Hence
the triple of morphisms (f/X x X x X, f/X x X, f/X) yields an equivalence
of truncated simplicial topoi
f1(E, [ X)e — (S5, X)s
This equivalence induces an equivalence of descent topoi
Desc(f/) : Desc(&E, f*X)e — Desc(S,X)e
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such that the following square is commutative

Desc(€, f*X)e Deseli]), Desc(S,X)

! l

£ S N S
This shows that f is an equivalence since the vertical maps are equivalences. [

THEOREM 3.1. LetY be a scheme separated and of finite type over a finite field
k. The canonical morphism

Vi — Yoo x gz Biy:
s an equivalence.
Proof. The morphism
Y — Yo Xy Bifh
is defined by the commutative square (3). Let p : Y X By By — By be the
second projection. Consider the object EW), of By defined by the action of

Wi on itself by multiplication, and let p* EW}, be its pull-back in Y X By By
It is enough to show that the morphism

FIp" EWy - Y™ [ [*p" EWy, — (Yer X pgn Biyy) [p"EWi

is an equivalence.

Recall that Y3/ := .t(Wk,Y) is the topos of Wy-equivariant étale sheaves on
Y. The object f*p*EW),, is represented by the Wj-equivariant étale Y -scheme
[, Y — Y. One has the following equivalences

Vi £t EWy = S(Wi, Yoo/ [T oY = SWi, [[Ver) = V.
Wi Wi

Consider now the localization (Ye; X pgm By ) /p* EW).. We have the following
k
canonical equivalences:

(4) (Yer X Bgn Byy)/p" EWy, = Yy X Bgn By XBgn Set

(5) > Yer X gy Set

(6) = éﬂl (Yer XBQ;Z,/k Set)

(7) = lim (Yo % g, (BE, , /EGi /i)
(8) = fim (Yer /Y")

(9) > limYY,

(10) = (fimY')er = Yer
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Indeed, (4) follows from the canonical equivalence By /EW) = Set. The
inverse limit in (6) is taken over the Galois extensions k'/k. Using the natural
equivalence
Bg, = [im B&ig )
(6) follow from the universal property of limits of topoi. For (7) we use again
B iy / EG(K' k) = Set.

Then (8) follows from the fact that the inverse image of EG(k'/k) in the étale
topos Yy, is the sheaf represented by the étale Y-scheme Y’ :=Y xj k’. Then
(9) is given by ([20] III Proposition 5.4), and (10) is given by ([33] Lemma 8.3),
since the schemes Y’ are all quasi-compact and quasi-separated. We obtain a
commutative square

?et L) ?et
(11) l l
%, % f/p"EW sm *
Yt/ ot EWy EELALLN (Yer xBgn Bis,)/p" EWi

where the vertical maps are the equivalences defined above. It follows that
f/p*EW}, is an equivalence, and so is f by Lemma 2. O

COROLLARY 1. There is a canonical equivalence
Y;t XBE‘;T”]: BWk = V%/m XT
Proof. The Weil group Wy, is a group of the final topos Set. If u : T — Set

denotes the unique map, then u*Wj, is the group object of 7 represented by
the discrete group Wj. Hence one has (see the pull-back diagram (2)):

Byt x T := Bset(Wy) x T =2 Br(yWy) =: Bw,.
The previous theorem therefore yields
Yei X Byn By, =Y X gn By x T=2Yy" xT.
O
DEFINITION 3. We define the big Weil-étale topos of Y as the fiber product
Yw =Yy X Bgn Bw, 2Yyy" xT.
COROLLARY 2. Letp; : Yy — Y™ and pa : Yiw — T be the projections. Then
for any abelian object A" of Yy, one has
H"(Yw, A') = H" (V" preA').
If A is an abelian object of T, then
H"(Yw,py A) = H" (Y™, A(%)).

~

Proof. This follows from Corollary 12, using the equivalence Yy =2 Y™ x

T. O
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Define the sheaf R on Yy as p3(yR), where yR is the object of T represented
by the standard topological group R. Then we have canonical isomorphisms

H"(Yw,R) = H™ (Y™, R) and H"(Yw,Z) = H" (Y™, Z)
as it follows from the previous corollary.

COROLLARY 3. Let o : G — H and B : G’ — H be two homomorphisms of
group objects in a topos S. If a is an epimorphism then the natural morphism
[+ Bgxyg — Bg X, Bg

s an equivalence.
Proof. Let es be the final object in S. The unique map G’ — es is epimorphic,
since the unit of G’ yields a section es — G’. Therefore, the morphism FG’ —
eg’ in Bgs, where eg/ is the final object of Bg/, is epimorphic. We denote the
second projection by
p:Bg X By Bg/ —>Bg/
Let K be the kernel of «, so that G/K = H. On the one hand, we have the
following canonical equivalences:
(Bg X By, Bg')/p"EG' = Bg X, (Bg'/EG")

= Bg X B, S

~ By x p,, (Bu/EW)

= Bg/Oz*EH

~ Bg/(G/K)

= By
Here G/K is endowed with its natural G-action. The second, the third and the
last equivalences are given by ([20] IV.5.8), and the fourth equivalence is given
by the pull-back diagram (1).
On the other hand, we have an exact sequence of group objects in S

1-K—=GxyG =G — 1.
Indeed, the kernel of G x4 G’ — G’ is given by
gX'HgI Xg/egngHGSZIC.

Moreover, G x4 G’ — G’ is epimorphic, since epimorphisms are universal in a
topos. We obtain

Bgx' /[P EG" = Bgx,6'/(G xn G'/K)

= By
and we have a commutative square
By LN By
(12) l l

koK f/ *EQ, *
Bgwno /[0 EG 122 (Bg xp,, Bg))/p*EG'
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where the vertical maps are the equivalences defined above. Hence f/p*EG’ is
an equivalence. By Lemma 2, f is an equivalence as well, since EG' — eg/ is
epimorphic. O

COROLLARY 4. Let o : G — H and 8 : G' — H be two morphisms of locally
compact topological groups. If a has local sections then the natural morphism

[ Bexyar — B Xy Bor
is an equivalence.

Proof. Since o : G — H has local sections, the induced morphism y(G) — y(H)
is an epimorphism in 7. Hence the result follows from Corollary 3. ]

4. ARTIN-VERDIER ETALE TOPOS OF AN ARITHMETIC SCHEME

Let X be a scheme separated and of finite type over Spec(Z). We denote by X"
the complex analytic variety associated to X ®z C, endowed with the standard
complex topology. The Galois group G of R acts on X%"*. The quotient space
Xoo 1= X /G is endowed with the quotient topology. We consider the pair

X = (X, Xoo).

As a set, X is the disjoint union X [[X,. The Zariski topology on X is
defined as follows. An open subset (U, D) of X is given by a Zariski open
subscheme Y C X and an open subspace D C Uy, for the complex topology.
We define the category Etz of étale X-schemes as follows. An étale X-scheme
is an arrow f : (U,D) — (X, X), where U — X is an étale morphism in
the usual sense and D is an open subset of U,,. The map foo : D — X
is supposed to be unramified in the sense that fo.(d) € X(R) if and only if
d € DNU(R). An étale X-scheme U is said to be connected (respectively
irreducible) if it is connected (respectively irreducible) as a topological space.
A morphism (U, D) — (U’',D’) in the category Ety is given by a morphism
of étale X-schemes U — U’ inducing a map D — D’. The étale topology Je:
on the category Et is the topology generated by the pretopology for which a
covering family is a surjective family. The Artin-Verdier étale site is left exact.

DEFINITION 4. The Artin-Verdier étale topos of X is the category of sheaves
of sets on the Artin-Verdier étale site:

Xet = (Et?, jet)-

Let X and Y be schemes which are separated and of finite type over Spec(Z).
A map f: X — ) induces a map f : X — Y (in the obvious sense) and a
morphism of topoi fe; : Xep — Veir- The object yX := y(X,0) is a subobject
of the final object yX of X;. This yields an open subtopos

yet/y(‘)c'v (Z)) — ?eb

We have the following canonical identifications (see [20] III Proposition 5.4):

Kot /y(X,0) 2= (Bt x.0) Tina) = (Bt Tor) = Xey
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where X,; is the usual étale topos of X', and J;,q is the topology on Etf/(X, 0)
induced by Je: on Ets via the forgetful functor Etx/(X,0) — Etz. We thus
obtain an open embedding

[fol Xet — yet-
Let Sh(X) be the topos of sheaves of sets on the topological space Xy, i.e.
the category of étalé spaces on Xo. We consider Sh(Xy) as a site endowed
with the canonical topology J.qn. There is a morphism of left exact sites

’LL:;O : (Et?, Jet) — (Sh(Xoo)vjcan)
(U,D) — D — X

The resulting morphism of topoi
Uoo - Sh(.)(oo) — ?et

is precisely the closed complement of the open subtopos X.; < X, defined
above, i.e. we have the following result.

PROPOSITION 4.1. There is an open-closed decomposition of topoi
@ Xet — yet — Sh(XOO) L Uso

The gluing functor v’ ¢. can be made more explicit as follows. There is a
canonical morphism of topoi

a: Sh(Gr, X)) — Xy

where Sh(Gg, X%") is the topos of Gr-equivariant sheaves on the topological
space X", i.e. the category of Gg-equivariant étalé spaces on X*"*. The map
« is defined by the morphism of left exact sites which takes an étale X'-scheme
U to the Gr-equivariant étalé space U™ over X" (note that U™ — X" is a
GRr-equivariant local homeomorphism since the morphism U ®7z C — X ®z C
is étale and compatible with complex conjugation).

The quotient map X" — X" /Gy yields another morphism of topoi

(7%, 7E®) : Sh(GRr, X*™) — Sh(Xs).

*

*

Here 7 : X" — X, is the quotient map, 7* is the usual inverse image and
7C* F is the Gg-invariant subsheaf of the the direct image 7, F, i.e. for any
open U C X, one has

WER]:(U) = f(w_lU)GR.
Then we have an identification of functors
ulopx = TR L Xy — Sh(Xao)

Let us consider the category (Sh(Xs) , Xet, 7% ) defined in ([20] IV.9.5.1) by

Artin gluing. Recall that an object of this category is a triple (F, E, o), where F’
is an object of Sh(X), E is an object of X.; and ¢ is a map ¢ : F — n¢*a*E.

COROLLARY 5. The category X is canonically —equivalent —to
(Sh(Xso) , Xot, TEF Q).
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Proof. There is a canonical functor

P : ?et — (Sh(Xoo) ) Xet’ 'UJ?;OQD*)
F  — (us F,o*F,0)

where the morphism

o ul F — ulopu (" F)
is induced by the adjunction transformation Id — @.p*. By ([20] IV.9.5.4.a)
the functor ® is an equivalence of categories, since too : Sh(Xoo) < Xt is the

closed complement of the open embedding ¢ : X.; — X.;. Hence the result
follows from the isomorphism

G

* ~ R *
Uso s =T R0,

O

COROLLARY 6. We denote by oo the archimedean place of Q. The commutative
square

Sh(Xs) ——  Sh(co)

13 | |

Xt . Spec(Z),,

is a pull-back, where Sh(oco) = Set is the category of sheaves on the one point
space.

Proof. The map X — Spec(Z) induces a morphism of étale topos f. Consider
the open embedding Spec(Z).; — Spec(Z),,. Its inverse image under the map
fis X4y = X The result therefore follows from Proposition 4.1 and ([20] IV
Corollaire 9.4.3). O

PROPOSITION 4.2. For any prime number p, we have a pull-back

(X @z Fp)ee — Spec(Fp)er

(1) | l

Xet AN Spec(Z),,

Proof. The morphism Spec(F,)e; — Spec(Z)
hence one is reduced to show that

.+ factors through Spec(Z)c:,

(X Xz ]Fp)et = Xt XSpeC(Z)et Spec(]Fp)et'

This follows from ([20] IV Corollaire 9.4.3) since Spec(F,,) — Spec(Z) is a closed
embedding. O
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4.1. ETALE COHOMOLOGY WITH COMPACT SUPPORT. It follows from Corol-
lary 5 that we have the usual sequences of adjoint functors (see [20] IV.14)

* * !
90!7 90 ) 30* a‘nd uoov Ucox uoo'

between the categories of abelian sheaves on X s, Xep and Sh(X,). In partic-
ular e is exact and @™ preserves injective objects since ¢y is exact. For any
abelian sheaf A on X', one has the exact sequence

(15) 0= ' A—= A= Ussu A — 0,
where the morphisms are given by adjunction.

DEFINITION 5. Assume that X is proper over Spec(Z) and let A be an abelian
sheaf on X;. The étale cohomology with compact support is defined by

H(Xet, A) := H" (X et 01 A).

PROPOSITION 4.3. Let X be a flat proper scheme over Spec(Z). Assume that
X is normal and connected. Then the R-vector space H(Xet,R) is finite di-
mensional, zero for n large, and we have

H}(X,R) =0 forn=0
= H°(Xo,R)/R forn =1
= H" Y X, R) forn >2

Proof. The exact sequence
0= R —->R— uoxR—0
and the fact that u..« is exact give a long exact sequence
0 — HY(X4,R) — H°(Xot,R) = H* (X, R) — H(Xot,R) — H' (X, R) —
The inclusion of the generic point of X yields a morphism of topoi
n: (Spec K(X))et — Xet.

We have immediately R"n,R = 0 for any n > 1 since Galois cohomology is
torsion and R is uniquely divisible. Moreover, we have n,R = R. Indeed,
the scheme X is normal hence the set of connected components of an étale
X-scheme U is in 1-1 correspondence with the set of connected components of
U x x Spec K(X), i.e. one has

7o(U x x Spec K(X)) = mo(U) = mo(U).
Therefore the Leray spectral sequence associated to the morphism 7 gives

H™(X.;,R) = H"(Gx(x),R).

We obtain HO(X.,R) = R and H"(X.,R) = 0 for n > 1, and the result
follows. 0



ON THE WEIL-ETALE TOPOS OF REGULAR ARITHMETIC SCHEMES 17

5. THE DEFINITION OF Spec(Or )y,

Let F be a number field. We consider the Arakelov compactification X =
(Spec Op, X)) of X = Spec Op, where X, is the finite set of archimedean
places of F. Note that this is a special case of the previous section, since X is
the quotient of X ® C by complex conjugation. We endow X with the Zariski
topology described previously.

If F/F is an algebraic closure and F//K/F a finite Galois extension then the
relative Weil group Wi is defined by the extension of topological groups

1‘>CK4>WK/F‘>GK/F‘>]—

corresponding to the fundamental class in H?(G x/r>CKk) given by class field
theory, where Ck is the idele class group of K. A Weil group of F' is then
defined as the projective limit Wg := @WK/ r, computed in the category of
topological groups. Alternatively, let F//K/F be a finite Galois extension and
let S be a finite set of places of F' containing all the places which ramify in K.
Then the fundamental class in

H?*(Ggr,Ck) 2 H*(Gg/r,Ck.s)
yields a group extension
1— CK7S — WK/F,S — GK/F —1
where Cf s is the S-idele class group of K. Then one has (see [30])
Wr = lim Wy p = limWgp.s,

where K rtuns over the finite Galois extensions F'/K/F and S runs over the
finite sets of places of F' containing all the places which ramify in K.
However, the structure of the Weil-7tale topos at the generic point suggests
to consider the projective system of topological groups Wi, rs as a strict
topological pro-group Wy p ¢ (see Sect. 2.3.4).

5.1. THE WEIL-ETALE TOPOS. We choose an algebraic closure F'/F and a Weil
group Wr. For any place v of F, we choose an algebraic closure F,/F, and
an embedding F' — F, over F. Then we choose a local Weil group Wg, and a
Weil map 6, : Wg, — Wp compatible with F' — F,,.

Let W}U be the maximal compact subgroup of Wg,. For any closed point
v € X (ultrametric or archimedean), we define the Weil group of “the residue
field at v” as follows

W) = Wg, /Wt ,
while the Galois group of the residue field at v can be defined as Gy, =
GF,/I,. Note that Gy, is the trivial group for v archimedean. For any v,

the Weil map Wg, — GF, chosen above induces a morphism W,y — Gp(y)-
Finally, we denote by

Qv Wr, — Wg, [Wg = Wi
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the map from the local Weil group W, to the Weil group of the residue field
at v € X.

DEFINITION 6. Let T'x be the category of objects (Zo, Zy, fv) defined as follows.
The topological space Zy is endowed with a continuous Wg-action. For any
place v of F', Z,, is a topological space endowed with a continuous Wy,,)-action.
The continuous map f, : Z, — Zy is Wg, -equivariant, when Z, and Zy are
seen as W, -spaces via the maps 0, : Wg, — W and q, : W, = Wi.
Moreover, we require the following facts.
e The spaces Z, are locally compact.
e The map f, is an homeomorphism for almost all places v of F and a
continuous injective map for all places.
e The action of Wg on Zy factors through Wi, for some finite Galois
subextension F/K/F.
A morphism
¢+ (Zo; 2o, o) = (25, Z,, 1)
in the category Tz is a continuous Wr-equivariant map ¢ : Zy — Z{, inducing
a continuous map ¢, : Z, — Z,, for any place v. Then ¢, is Wi, -equivariant.
The category Tz is endowed with the local section topology Js, i.e. the topology
generated by the pretopology for which a family

{pi: (Zio, Zi v, fiw) = (Zo, Zo, fu), i € I}

is a covering family if [1,.; Ziw — Zv has local continuous sections, for any

place v.

LEMMA 3. The site (Tg, Jis) is left exact.

icl

Proof. The category Tx has fiber products and a final object, hence finite
projective limits are representable in T's. It remains to show that [J; is sub-
canonical. This follows easily from the fact that, for any topological group G,
the local section topology [J;s on Br,,G coincides with the open cover topology
Jop, Which is subcanonical. O

DEFINITION 7. We define the Weil-étale topos Xy as the topos of sheaves of
sets on the site defined above:

X = (T, Jis).
ProprosITION 5.1. We have a morphism of topoi
j: Bw, — Xw.
Proof. By [15] Corollary 2, the site (Brop,Wr, Jis) is a site for the classifying

topos By,. By [15] Corollary 2, the site (BropWr, Jis) is a site for By,. The
morphism of left exact sites

j*: (Tanls) i (BTO])WF7\7ZS)
(207Zvafv) — Zy

induces the morphism of topoi j. O
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PROPOSITION 5.2. The morphism of topoi j : By, — Xw factors through the
classifying topos

BEK/FVS = éi_TrLBWK/F,S
of the strict topological pro-group Wy, p g (see Sect. 2.3.4). The induced mor-

phism ig : BEK/FS — Xw is an embedding.

Proof. Let (Zo, Zy, fu) be an object of T'g. The action of Wr on Z; factors

through Wy, for some finite Galois sub-extension F'/K/F'. Since Wy, and

Zy are both locally compact, this action is given by a continuous morphism
p: WK/F — Aut(Zo)

where Aut(Zp) is the homeomorphism group of Z; endowed with the compact-
open topology. The kernel of p is a closed normal subgroup of Wi, r since
Aut(Zy) is Hausdorff. Moreover, there exists an open subset V of X such that

fv 1 Zy — Zy is an isomorphism of W, -spaces for any v € V. Let W}, denote
the image of the continuous morphism

Wi — Wr, — Wgk/p,

endowed with the induced topology. Then ,V[v/}?u is in the kernel of p for any
v € V. Let Ny be the closed normal subgroup of Wk, generated by the

subgroups W} for any v € V. Then p induces a continuous morphism
WK/F/NV — A’ut(Zo).

We choose V' small enough so that K/F is unramified above V' and we set
S := X — V. Then we have

Ny = H Ok. € Cx € Wg/p and Wi p /Ny = Wi /p,s-
wlv, veEV

Hence the action of Wr on Zy factors through Wi p 5, for some finite Galois
sub-extension F/K/F and some finite set S of places of F containing all the
places which ramify in K. The morphism of left exact sites

j* : (TX)\%S) — (BTopWFn%s) )

(207 Zy, fo) A
therefore induces a morphism
ZEk) : (T)?a u7ls) — (ZZ_T@ BTopWK/F,Sa u7ls)
(Zo, Zv, fo) A

where (lz_7>n BropyWk /s, Jis) is the direct limit site. More precisely,
li_>mBTOpWK /F,s 1s the direct limit category endowed with the coarsest topol-
ogy J such that the functors Bro,Wk/rs — lz‘_r@BToPWK/ r,s are all con-
tinuous, when Br,, Wik /s is endowed with the local section topology. One
can identify hi)nBTopWK/F,S with a full subcategory of Br.,Wr and J
with the local section topology Js. By (]20] VI.8.2.3), the direct limit site
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lim BropyWgk kg, Jis) is a site for the projective limit topos By We
ERELIN /4 / 5

Y K/F,s"
obtain a morphism of topoi

0 - BEK/F,S — Xw.

It remains to show that this morphism is an embedding. Let F be an object

of Bw, . ;- Then igio.F is the sheaf associated with the presheaf
ZgZO*]: M_T)nBTopWK/F,S — &

7z — i i0n F(Yo, Yo, fo
Zosig (Yo Yo fu) (¥o, Y, fu)

where the direct limit is taken over the category of arrows Z — i§(Yo, Yy, fo)-
For any object Z of @BTOPWK/R g, there exist a finite Galois extension
K /F and a finite set Sz such that Z is an object of BropyWk , /7,5, Consider
the cofinal subcategory I, of the category of arrows defined above, where I
consists of the following objects. For any finite set S of places of F' such that
Sz C S, we consider the map Z — if(Zo, Zy, fr) with Zy = Z as a Wg-space,
Zy = Z as a Wy,-space for any place v not in S and Z, = () for any v € S.
We thus have

li .* Y7Yv7 v =1l '>;<]:Z,Z,U7 v = F(2).
2oty g0 F B0 Yo ) = lim i0 (20, 0y f2) = F(2)

Hence ifip.F is already a sheaf and we have
igionF = ihiguF = F.
This shows that ig, is fully faithful, i.e. 7o is an embedding.

PROPOSITION 5.3. There is canonical morphism of topoi
f : XW — Bkg.
Proof. We have a commutative diagram of topological groups

WFU E— Wk(v)

1 Il

Wgp —— R
where Wr — R is defined as the composition
Wp — W =Cp - RY 2R,
Hence there is a morphism of left exact sites

f* : (BTopRa \7ls) — (TXa \7ls)

(17) 7z — (2,2, 1dy)

where Z is seen as Wg-space (respectively a Wk(v)—space) via the canonical
morphism Wr — R (respectively via W,y — R). The result follows. O
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5.2. THE MORPHISM FROM THE WEIL-ETALE TOPOS TO THE ARTIN-VERDIER
ETALE TOPOS. Let X be the Arakelov compactification of the number ring Op.
We consider below the Artin-Verdier étale site (Et 5; Je¢) and the Artin-Verdier
étale topos X.; of the arithmetic curve X.

PROPOSITION 5.4. There exists a morphism of left exact sites
v (Btg;Je) —  (Tx; Jis)
U — (U07 U’U? fv) .
The underlying functor v* is fully faithful and its essential image consists ex-
actly of objects (Uy, Uy, fv) of Tx where Uy is a finite Wg-set.

This result is a reformulation of [33] Proposition 4.61 and [33] Proposition 4.62.
We give below a sketch of the proof.

Proof. For any étale X-scheme U, we define an object v*(U) = (Uy, Uy, f,) of
Tg as follows. The scheme U x ¢ Spec F is the spectrum of an étale F-algebra
and the Grothendieck-Galois theory shows that this F-algebra is uniquely de-
termined by the finite Gp-set

Up := Homspee r(Spec F,U x ¢ Spec F) = Homx (Spec F,U).

Let v be an ultrametric place of F. The maximal unramified sub-extension
of the algebraic closure E, /F, yields an algebraic closure of the residue field
k(v)/k(v). The scheme U x g Spec k(v) is the spectrum of an étale k(v)-algebra,
corresponding to the finite Gy,(,)-set

Uy = Homgpee k(o) (Spec k(v),U x x Spec k(v)) = Homx (Spec k(v),U)

The chosen F-embedding F' — F, induces a Gg,-equivariant map

fv U, — Up.
Consider now an archimedean place v of F'. Define

U, = Homg(v,U)=U x5 v

where the map v — X is the closed embedding corresponding to the
archimedean place v of F. As above, the F-embedding F' — F, induces a
G r,-equivariant map

fv U, — Up.
For any place v of F', the set U, is viewed as a Wj,)-topological space via
the morphism Wj,(,y — Giv). Respectively, Uy is viewed as a Wr-topological
space via Wr — Gp. Then the map f, defined above is Wg, -equivariant. We
check that the map f, is bijective for almost all valuations and injective for all
valuations (see [33] Proposition 4.62). We obtain a functor

v Ety — Tx.
This functor is left exact by construction (i.e. it preserves the final objects
and fiber product) and continuous (i.e. it preserves covering families) since a
surjective map of discrete sets is a local section cover. The last claim of the
proposition follows from Galois theory. O



22 M. FrLAcH AND B. MORIN

COROLLARY 7. There is a morphism of topoi v : Xy — Xes.

Proof. This follows from the fact that a morphism of left exact sites induces a
morphism of topoi. O

DEFINITION 8. Let X' be an open subscheme of X. We define
Xiy = Xw /7" (yX').

5.3. STRUCTURE OF Xy AT THE CLOSED POINTS. Let v be a place of F.
We consider the Weil group Wiy, ,) and the Galois group Gy, of the residue
field k(v) at v € X. Note that for v archimedean one has Wy(,) = R and
Gy = {1}. Consider the big classifying topos Bw,,,,, i.e. the category of
y(Wi(v))-objects in 7. We consider also the small classifying topos Bé”;(u)7
which is defined as the category of continuous Gy ,)-sets. The category of lo-
cally compact Wy, ,y-spaces BropWi(y) is endowed with the local section topol-
ogy Jis- Recall that the site (BToka(v), Jis) is a site for the classifying topos
Bw,,,- We denote by BysetsGr(v) the category of finite G (,)-sets endowed
with the canonical topology Jean. The site (BysetsGr(v)s Jean) 18 a site for the
small classifying topos Bg:(v).

For any place v of F, we have a morphism of left exact sites

vy (Tg,Jis)  —  (BropWi(w), Jis)
(Zo,meu) — ZU

hence a morphism of topoi
Ty - BWk(v) — Xw.

On the other hand one has morphism of topoi

for any closed point v of X. For v ultrametric, this morphism is induced by
the closed embedding of schemes

Spec k(v) — X

since the étale topos of Spec k(v) is equivalent to the category Bg”;(v) of con-
tinuous Gy,)-sets. Note that this equivalence is induced by the choice of an
algebraic closure of k(v) made at the beginning of section 5.1. By Corollary
4.1, there is a closed embedding

Sh(Xoo) = HM — Xet
Xoo

which yields the closed embedding
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for any archimedean valuation v of F'. In both cases, we have a commutative
diagram of left exact sites

*

(BToka(v);u%s) (O‘—v (BfSetsGk(v)ajcan)

- *
TZU T“v

(T, Jis)  —L—  (Btg,Ju)

where w}(U) is the finite Gyy-set Homg(Spec k(v),U) (respectively
Homx (v,U)) for v ultrametric (respectively archimedean). Moreover, o
maps a finite Gy,)-set E to the discrete topological space E on which
Wiy acts via Wi,y — Gi(p). This commutative diagram of sites induces a
commutative diagram of topoi.

THEOREM 5.1. For any closed point v of X, the following diagram is a pull-back
of topoi.

Xy sm
BWk(v) BGk(zx)

Xw —— Xu
In particular, the morphism i, is a closed embedding.
Proof. We first prove a partial result.
LEMMA 4. The morphism i, is an embedding, i.e. i, is fully faithful.
Proof. We use below the fact that the full subcategory
Wiy X Top <= BropWi(v)

is a topologically generating subcategory of the site (BropWiy(y), Jis). Here
Wi vy x Top consists in locally compact topological spaces of the form Z =
Wiy x T on which Wy, acts by left multiplication on the first factor. In
particular, a sheaf F of

—_~

BWk(U) = (BTOka(v)7 Jis)

is completely determined by its values F(Wy,) x T') on objects of Wi,y x Top.
Let F be an object of By, . Consider the adjunction map

(18) iy 0 lyuF —> F.
The sheaf ij o i,..F is the sheaf on (BropWi (), Jis) associated to the presheaf

Z— li 0w F (Yo, Yo, fu) = li F(Y,
s, e F (0 Yo, fu) = lim F(Y)

where the direct limit is taken over the category of arrows Z — i% (Yo, Vi, fu)
with (Yp, Yy, fu) an object of T'g.
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Let _F /K /F be a finite Galois sub-extension, let S be a finite set of closed points
of X such that v € S and let Z = Wy(,) x T be an object of Wy, x Top.
Consider the object of Ty

y(Ka Sa Z) = (T07Twa fw)
defined as follows. We first define the topological space
To=Wkps X" Z = (Wi p,s X Wiy x T)/Wp, & (Wg/ps/Wp ) xT

endowed with its natural Wg-action. For any w not in S, we consider T, =
Wk F,s xWry Z on which Wi (w) acts via the map

Wi(w) =W, /Wg, — Wgk/p.s-

For any w € S such that w # v, we set T,, = 0, and we define T,, = Z. The
map fy is the identity for any w not in S and

fv 14— WK/F,S XWF” A

is the canonical map. This map f, is continuous and injective. The image of
W}v in Wk, s is compact, and the spaces Ty and T, are locally compact for
any place w so that Y(K, S, Z) is an object of T.
On the one hand, the functor Z — Wg/p s xWry 7 is left adjoint to the
forgetful functor By, Wi /F.8 —* BropWr,. On the other hand, for any object
(Yo, Yy, fu) of Tk, the action of Wr on Zj factors through Wy, p g for some
finite Galois extension K/F and some finite set S of places of F. It follows
that

{V(K, S, Z), for K/F Galois, S finite }
yields a cofinal system in the category of arrows Z — i (Yp, Yo, fu) considered
above, for any fixed object Z of Wy, x Top. Hence iy o i,.F is the sheaf on
(BropWi(v), Jis) associated to the presheaf

Wk(v) xTop — Set
Z — lim F(Y,) = lim F(Z2)=F(Z)
Z—i35(Y0,Yw: fw) Z—ixY(K,S,Z)
Since Wi, x T'op is a topologically generating subcategory of (Brop Wiy, Jis),
the sheaf on By, associated to this presheaf is 7, and the adjunction mor-
phism (18) is an isomorphism. This shows that i, is fully faithful, i.e. i, is an
embedding. |

DEFINITION 9. Let v be a closed point of X. We consider the morphism p, :
T — Bw,,, whose inverse image p;; is the forgetful functor, and we denote by
17 the composite morphism

I7 1= Ty Opy - T — BWk(v) — Xw.

For any object Z = Wj,(,y xT of the full subcategory Wi,y X T'op < Brop Wi ()
and for any sheaf F of Xy, we have

19) EFZ)=_ i Yo, Yo, fu) = i
Qo) BF@) =, L, T e e )=, L

FY(K,S, Z))
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where we consider the pull-back presheaf 5 F on Bro,Wj(,). The morphism
py : T — Bw,,,, is induced by the morphism of left exact sites given by the
forgetful functor Bro,Wy(,) — Top. By adjunction, for any space T' of T'op
and any presheaf P on Br,,Wi(,) we have

PyP(T) = P(Wi) x T).
Hence the isomorphism i = pb o if) gives

iP. = 4P = i
(20) i F(T) =i F(Z) Z_ﬂ:ljglérllgsﬁz)]:(y(K7S7Z))

where Z := Wy,,) x T. We consider the category of compact spaces T'op®. The
morphism of sites (Top®, Jop) — (Top, Jop) induces an equivalence of topoi,
hence one can restrict our attention to compact spaces. Let us show that i2F
restricts to a sheaf on (Top®, Jop). Let {T; — T, i € I} be a covering family of
(T'op®, Top), i-e. a local section cover of compact spaces. One can assume that
I is finite, since any covering family of (T'op®, Jop) can be refined by a finite
covering family. For any K/F and any S,

{V(K, S, Wiy x T;) = V(K, S, Wiy x T)}
is a covering family of (T, Jis). Moreover the fiber product
V(K S, Wiw) X T;) Xy(r,5,W, 0y xT) YK, S, Wiy X Tj)
computed in the category Tz, is isomorphic to Y(K, S, Wy, x Tj;), where Tj;
denotes T; x T;. It follows that the diagram of sets

F(K, S, Wiy x T)) = [ [ FV(E, S, Wiy x o))
= [[FOE. 8, Wi x Ti)
,J

is exact. Passing to the inductive limit over K and .S, and using left exactness
of filtered inductive limits (i.e. using the fact that filtered inductive limits
commute with finite products and equalizers), we obtain an exact diagram of
sets
#F(T) = [[4F(@) = [[4F(T),
i i,j

as it follows from (20). Hence £ F is a sheaf on (T'op®, Jop). Therefore, for any
compact space T', one has

21 2 F(T) = i2F(T) = li K, S Z
(21) BF(T) =#F(T) = m  FO(K.S.2))

where Z = Wi,y x T.
LEMMA 5. The family of functors
{it: Xy = T,ve X%

is conservative, where X° is the set of closed points of X.
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Proof. Let F be an object of Xy,. We need to show that the adjunction map
(22) F— [ wizF.
veX0
is injective. For any (Zy, Zy, fu) of Tx, we have
11 GweizF)(Zo, Zw, fu) = [] i5F(Z0).
veXO vEXO
Note that, in the term on the right hand side of the equality above, Z, is

considered as a topological space without any action. For any v, we choose a
local section cover of the space Z,,:

{Tv,l — ZU, le AU}

such that T, ; is a compact subspace of Z,, for any index [. Such a local section
cover exists since Z, is locally compact. The map

s F(Zy) — [ iF(To).
leN,

is injective since #%F is a sheaf. It is therefore enough to show that the com-
posite map

k1 F(Zoy 2w fu) — [ 5F(Z) — [ aF(Tu)
veX0 vEXO, €A,
is injective. Let a, 8 € F(Zo, Zw, fw) be two sections such that x(a) = k(8).
For any pair (v,[), we consider
kvt : F(Zo, s fo) — [ #5F (Tor) — i5F (T ).
vEXO,1EA,
For any (v,1), we have k,, ;(a) = Kk, ;(8) and by (21)
i (Tog) = UimF (YK, S, Wiy x To.))
where the direct limit is taken over the category of arrows
Wiy X Tog — iy VK, S, Wi(y) X Ty 1).
The inclusion T, ; C Z, gives a W, (,)-equivariant continuous map
Wiy X Toq — iy(Zo, Zuw, fuw) = Zy-
Thus for any pair (v, 1), there is an object Y(K, S, Wy, () x Ty, 1) and a morphism
VK, S, Wiy X To1) — (Zos Zuws fu)
in the category T’y inducing the previous map
Wiy X Toy = 5V (K, 8, Wiy X Tot) — i(Zos Zurs fur) = Zo

and such that o) = Bj(v,1), Where oy, 1) (respectively B, )) denotes the
restriction of « (respectively of 3) to Y(K, S, Wi,y x T,,;). We obtain a local
section cover

{y(Ka Sa Wk('u) X Tv,l) — (Zovzwaf’w)a v E XO’ le A’U)}
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in the site (T'¢,Jis) such that o)) = B, for any (v,1). It follows that
«a = f since F is a sheaf. Hence k is injective and so is the adjunction map
(22).

O

A morphism of topoi f is said to be surjective if its inverse image functor f*
is faithful.

COROLLARY 8. The following morphism is surjective:

(iv)vexo : || Bwi, — Xw
veX0

Proof. The morphism of topoi
(i@)ve)’(o : H T — XW
veXDO

is surjective since its inverse image is faithful by the previous result. But
(tw)yexo factors through (i,),c 50, hence (iy),c o is surjective as well. O

Proof of Theorem 5.1. Since the morphism i, is an embedding, we have in fact
two embeddings of topoi

_ ~ s —
BWk(’u) XW XXet BGMU) XW

where the fiber product Xy x X Bé}:(v) is defined as the inverse image
'y_l(Bg:(v)) of the closed sub-topos Bg:(v) < X under the morphism ~ (see
[20] IV. Corollaire 9.4.3). Therefore By, ,, is equivalent to a full subcategory
of Xw xx_, BSGT:(U). This fiber product is the closed complement of the open

sub_topos Yw < Xw where Y := X —v (see the next seiction for the deﬁnition
of Yy ). In other words, the strictly full subcategory Xw x %, Bé’:b(v) of Xy

consists in objects G such that G x 4*Y is the final object of Yy. It follows
that

s F X VY
is the final object of Yy, for any object F of Bw, (.-

We have to prove that By, is in fact equivalent to Xw x5 Bg:(u). Let G

be an object of this fiber product, i.e. an object of Xy such that G x v*Y is
the final object. Consider the adjunction map

If w is a closed point of X such that w # v, then the morphism i,, factors
through Yy :
T © BWk(w) — Yy — Xw.

We denote by iy, : Bw,,, — Y the induced map. Hence

w9 =13, (G xY)
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is the final object of By, , since G X Y is the final object of Yy and iy, 18
left exact. On the other hand
GaiowiyG = 15, (loxiyG X Y)

is the final object of Bw,,,, since iy.i,G X Y is the final object of Yyy. Hence
the map

iy (G) — (104 3G)
is an isomorphism for any closed point w # v of X. Suppose now that w = v.
Then the map

ip(9) — iy (wxinG) = (Gpinw)inG = 0,9
is an isomorphism by Lemma 4. Hence the morphism
iy (G) — iy (lox,9)
induced by the adjunction map G — 4,.7,G is an isomorphism for any closed
point w of X. Since the family of functors

{Ztu IXW —)Bwk(w), w e X}

is conservative, the adjunction map G — 4,.4,G is an isomorphism for any
object G of 7_1(BET(U)). Hence any object of 7‘%3&?@)) is in the essential
image of i,.. This shows that the morphism

sm

BWk(u) — Xw X Xt BGk(v)

is an equivalence (this is a connected embedding). Theorem 5.1 follows. g

We consider the morphism

Xw = Spec(Op )y, — Spec(Z)yy,

induced by the map Spec(Op) — Spec(Z).
PRrROPOSITION 5.5. The canonical morphism

Sz Xw — Xut X Spec(@).. Spec(Z)y,
is an equivalence.

Proof. Letﬁ)_( " be the open subscheme of X consisting of the points of X where
the map X — Spec(Z) is étale. Let Y — X be the complementary reduced
closed subscheme.

(1) THE MORPHISM dg IS AN EQUIVALENCE OVER X' AND OVER Y. Recall
from Definition 8 that X{;, is defined as an open subtopos of Xy. The canonical
morphism

X‘//V — Xét Xwet Spec(Z)W
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is an equivalence. Indeed, the morphism X’ — Spec(Z) is étale hence we have
(Spec(Z)et/X’) cht Spec(Z)W
= SpeC(Z) XW . (Spec(Z)W/v*X')

= Spec(Z)y /v X'.
~ X,

X'et Xgpeer@y., SPEL)yy

1%

Let Y’ be the image of Y in Spec(Z), such that Y’ x )
with a structure of reduced closed subscheme of Spec(Z). The morphism of
étale topoi Ye; — Spec(Z),, factors through Y/,. It follows from Theorem 5.1
that one has

Spec(Z) is given

Yet XSPT(Z)Ct Spec(Z)W = et ><Ye/t }/e/t cht Spec(Z)W
= Yot XYe/t Y‘;V
We have the following equivalences Y = ] oy Bt Ve = ey Bar,

and Yy, == [[ ¢y Bw,,,- We obtain

Yot XS0, Spec(Z)y, = Yer Xy Yy

~ sm
- B& i X U,eys B& ) H Wi (p)
veY ey’
~
H Gk(v oy BWk(m)
Sk (p)
veY
= H Bw, ., =Y
veY

In view of the pull-back square (1), the last equivalence above follows from the
fact that

is a localization morphlsm.
(II) THE NATURAL TRANSFORMATION { BETWEEN THE GLUEING FUNCTORS.
The previous step (i) shows that there is an open-closed decomposition of topoi

it Xy — Xet X Spec(@)., Spec(Z)y < Y ¢ i
By Theorem 5.1, we have another open-closed decomposition

The glueing functors associated to these open-closed decompositions are given
by i*j. and i*j,.. The map Xy — X X Spec(@).. Spec(Z)yy induces a natural
transformation

(23) t ity — i,
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Indeed, the following commutative diagram

(24) lfd 155( J{Id
X‘//V % Xet Xm SpeC(Z)W (1— YW

gives 0z oi =1iand dgoj =j. Then the natural transformation (23) is induced
by the adjunction transformation 6% 0%, — Id as follows :

. & 0% O d — i

(111) THE GLUEING FUNCTORS ARE NATURALLY ISOMORPHIC. Since the dis-
joint sum topos Y =[], cg Bw,,, 1s given by the direct product of the cate-
gories By, ,,, it is enough to show that the natural transformation

(2) it — iLd.

is an isomorphism for any v € Y.

Let F be an object of Xi;,. The sheaf i} o j,F (respectively i} o j,F) is the
sheaf on (Wy(,y x Top, Jis) associated to the presheaf i o j, F (respectively to
the presheaf if) o j.F). Recall that Wy, x Top is a topologically generating
subcategory of (BTOka(v), Jis). It is therefore enough to show that the natural
map

(26) i ojuF — o g F,

of presheaves on Wy, x Top, is an isomorphism.
On the one hand, for any object F of X{,V we have
(27) B juF Wiy x T) = lim F((Yo, Y, fu) x X)

Wi (o) XT =5 (Y0, Yw, fw)

(28) =lim,, . . FV(E/F, 8, Wi x T) x X)

where (28) is given by (19). See the proof of Lemma 4 for the definition of
V(K/F,S, Wy x T). On the other hand, for any object F of Xj;, we have

{25, F Wiy  T) = im j. F(Zos Zu Fu) = V < U)

= lim F((Zo, Zw, fw) xv U x X'

where the direct limit is taken over the category of arrows
(29) Wiy X T — iv((Zo, Zuy f) = V< U) =2, Xy, Uy.
Here, ((Zo, Zw, fw) = V + U) is an object of the fiber product site Cx, i.e.
(Zo, Zw, fw), V and U are objects of the sites TSpeC(Z)’ EtSpec(Z) and Etg
respectively. Then (Zy, Zy,, fu) Xv U is seen as an object of Tx. Finally, the

place p is defined as the image of v € X in Spec(Z). We refer to [25] and section
7 for the definition of the site Cx.
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There is a natural functor from the category of arrows of the form (29) to the
category of arrows (Wy(,y X T') — i3(Yo, Y, fu) sending ((Zo, Zw, fu) = V
V') to (Zo, Zw, fw) Xv V’. This provides us with the natural map

(30) B F Wiy x T) — iy ju F (Wi x T).
In order to show that (30) is an isomorphism, we have to show that the system
Wk(v) xT — i:((ZO,Zwafw) Xy U),

where (Zy, Zw, fuw) = V < U) runs over the class of objects in Cg, is cofinal
in the category of arrows A, 7 :

Wk('u) x T — ’L»T;(E/Oa Yun fw)

We know that the system given by the (K, S, Wy,) x T')’s is cofinal in A, 7.
Here v € S and K/F is unramified outside S. One can choose S large enough
so that S contains Y. Let S’ be the image of S in Spec(Z). Then K/Q is
unramified outside S’. If we denote by L/Q the Galois closure of K/Q (in the
fixed algebraic closure Q/Q), then L/Q remains unramified outside S’, and
L/F is Galois and unramified outside S. Moreover, we have a morphism

.)}(L/F'7 S, Wk(v) X T) — y(K/F, S, Wk(v) X T) in »Av,T-
Hence one can restrict our attention to the objects of A, 1 of the form
Wiy x T — it V(K/F,S, Wi(w) X T)

where K/Q is a Galois extension unramified outside S’. We denote again by p
the image of v in Spec(Z) and we consider the object

y(K/Q, S/aWk(p) X T) —V <+« Uin Cj(,

where V and U are defined as follows. Using Proposition 5.4, the étale Spec(Z)-
scheme V' is given by the Gig-set Gk /q/Ip, With no point over S — {p}, and
exactly one point over the place p corresponding to the distinguished Gg,-orbit
of Gk /q/I, on which the inertia group I, acts trivially. The étale X-scheme U
is given by the Gp-set G/ /I, with no point over S — {v}, and exactly one
point over the place v corresponding to the distinguished G, -orbit of G/ p /1,
on which the inertia group I, acts trivially. Finally, we enlarge S so that S is
the inverse image of S’ (which is the image of S) along the map X — Spec(Z).
Then the map U — V is well defined.

Assume that one has an identification

(31> y(K/F’ S’ Wk(v) x T) = y(K/Qa Sla Wk(p) X T) Xy U
in the category T'sz. It would follow that the system of objects
Wk(”) xT — Z:((Z(% Zun fw) Xy U)

is cofinal in the category A, r. The map (30) would be an isomorphism for
any T and any F, hence (26) would be an isomorphism of presheaves for any
F. This would show that the transformation (25) is an isomorphism. Hence
the transformation (23) would be an isomorphism as well.
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It is therefore enough to show (31). One has
y(K/Fv Sv Wk(v) X T) = y(K/F7 57 Wk(v)) X (T7 T7 IdT)

and

J}(K/Q, S,, Wk(p) X T) = y(K/@, S/, Wk(p)) X (T, T, IdT)
in the category T'g, hence one can assume that 7" = * is the point. We have a
map in T'x

(32) y(K/Fv Sa Wk(v)) Hy(K/Qa S/aWk(p)) ><VUV'

and we need to show that it is an isomorphism. Let w be a point of X. If
w € S and w # v, then the w-component of both the right hand side and
the left hand side in (32) are empty. Assume that w is not in S. Then the
w-components of Y(K/F, S, Wy(y)), V(K/Q,S", Wip), V and U are the Wi,(,)-
spaces W/ p,s/ W , WK/@’Sr/WéP, Gk /o/l, and Gk p /I, respectively. But
we have an Wj,(,,)-equivariant homeomorphism

Wi ps/Wh = (WK/@,S//WéP) X (Gra/1y) (Gryr/1v).

Moreover, the v-component of Y(K/F, S, Wy(,y), Y(K/Q,S", Wy)), V and U
are the Wy (,y-spaces Wiy, Wiy, Grp)/Gru) and Gi)/Gr(w), where u the
unique point of U lying over v. But we have an Wi, (,)-equivariant homeomor-
phism

W) = W) X (G /Griar) (Gro)/ Grw))-
This shows that (32) is an isomorphism in Ty, and (31) follows.

(V) THE MORPHISM dg IS AN EQUIVALENCE. We consider the glued topoi
(Yw, Xy, i*j«) and (Y, Xj},,1%j«). Recall that an object of (Y, Xy}, 3" j.) is
a triple (E, F,o) with E € Yy, F € X{;, and 0 : E — ¥, F (see [20] IV.9.5.3).
There is a canonical functor

F o ("F,J*F 0 F = i* " F)
where i*F — i*j.j*F is given by adjunction. By ([20] IV Theorem 9.5.4), this
functor is an equivalence, and the same is true for the canonical functor

Spec(Z)y — (Yw, Xy, 1))

XEt ><Spec(Z)et

Under these identifications, the inverse image functor 6% is given by (see dia-
gram (24))
(E,F,T) — (E,F,tpor)
Here t is the transformation defined in step (ii), and ¢ o7 denotes the following
composition :
tpoT: E —i"j,F — i"j,F.

Since ¢ is an isomorphism of functors, the inverse image functor % is an equiv-
alence, hence so is the morphism J 5. O
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6. THE DEFINITION OF Xy

6.1. Let X be a scheme separated and of finite type over Spec(Z). Recall the

defining site Etw of the Artin-Verdier étale topos X¢; from section 4. For any
object U of Et+ one has the induced topos

P

Uet = ?et/a = (Etf/a7 x7znd)

DEFINITION 10. For any object U of Et+ we define the Weil-étale topos of U
as the fiber product

EW = Het de Spec(Z)W

This topos is defined by a universal property in the 2-category of topoi. As a
consequence, it is well defined up to a canonical equivalence. We point out two
special cases. If i = (X, X, ) = X is the final object we obtain the definition
of Xw and if U = (X, ) we obtain the definition of A},. The topos Xy will
play no role in this paper but X'y is our central object of study in case X is
proper and regular.

Note also that for X = Spec(Op) Definition 10 is consistent with Definition 7
by Proposition 5.5.

PROPOSITION 6.1. The first projection yields a canonical morphism
Vg Xw — Xet.
PROPOSITION 6.2. There is a canonical morphism
% : Xw — Bg.
Proof. The morphism f is defined as the composition
Xw — Spec(Z),;, — Br

where the first arrow is the projection and the second is the morphism of
Proposition 5.3. |

The structure of the topos X'y over any closed point of Spec(Z) is made explicit
below. Note that X ®z I, is not assumed to be regular.

PROPOSITION 6.3. Let Spec(F,) be a closed point of Spec(Z). Then
?W Xwet Spec(IFp)et = (X KRz ]Fp)W = (X Rz F;D)w x T

where (X @z Fp)w denotes the big Weil-étale topos of X @z Fp.
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Proof. The result follows from the following equivalences.

Xw X Specld)., Spec(Fp)et = Xet X Spec(d)., Spec(Z)y, X Spec(d)., Spec(Fp)et
Spec(@),, W,
> X X Spec(@)., Spec(Fp)et Xspec(F,).. Bwe,

=~ (X X7z ]Fp)et XBg;p BW]FP

= (X @z Fp)w
The second equivalence, the fourth and the last one are given by Theorem 5.1,
Proposition 4.2 and Corollary 1 respectively. ]

COROLLARY 9. The closed immersion of schemes (X ®zF,) — X induces a
closed embedding of topoi

(X @z Fp)w — Xw.
We denote by oo the closed point of w corresponding to the archimedean
place of Q. This point yields a closed embedding of topoi
Set = Sh(co) — Spec(Z),,-
This paper suggests the following definition.
DEFINITION 11. We define the Weil-étale topos of Xs, as follows:
Koo, w = Sh(Xx) X Brg.
The argument of Proposition 6.3 is also valid for the archimedean fiber.

PROPOSITION 6.4. We have a pull-back square of topoi:
Xow ——  Set

o -
Xy — Spec(Z),.,

In particular i s a closed embedding.

Proof. The result follows from the following equivalences.

X Xspee,, St = Xew Xgpem,, 0B Xspectm),, Set

~ X XSpec(@).. Set X get Br
& Sh(Xoo) X get Br

>~ Sh(Xx) X Br

= Aoo,W

Indeed, the second (respectively the fourth) equivalence above is given by The-
orem 5.1 (respectively by Corollary 6). |
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6.2. We assume here that X is irreducible and flat over Spec(Z). Let us study
the structure of Xy at the generic point of X'. We denote by K (X') the function
field of the irreducible scheme X. Let K (X')/K(X') be an algebraic closure. The
algebraic closure Q/Q is taken as a sub-extension of K(X')/Q. Then we have
a continuous morphism Gk (xy — G-

DEFINITION 12. Let X be an irreducible scheme which is flat, separated and of
finite type over Spec(Z). We consider the locally compact topological group

Wik (x) = Gr(x) Xco Wo
defined as a fiber product in the category of topological groups.

If K(X)/Q is a number field, then Wi (x) = G (x) X, Wo coincides with the
Weil group of K(X) defined in Sect. 5.

PROPOSITION 6.5. Let X be an irreducible scheme which is flat, separated and
of finite type over Spec(Z). There is a canonical morphism jz : Bw, x, —
Xy .

Proof. The continuous morphism Wy (x)y — G (x) induces a morphism

sm
BWK(X) - BGK(X> - BGK(X)’

Here the second map is the canonical morphism from the big classifying topos
of Gk (xy to its small classifying topos, whose inverse image sends a continuous
Gk (x)-set E to the sheaf represented by the discrete Gk (x)-space E (see [15]
Section 7). The generic point of the irreducible scheme X and the previous

choice of the algebraic closure K(X)/K(X) yield an embedding By v < Kt
We obtain a morphism
BWK(X) — Xet .
On the other hand we have maps
Bwy vy — Bwy — Spec(Z)y,

and a commutative diagram

Bwie(xy — Spec(Z)y,

Xt —— Spec(Z),,

The result therefore follows from the very definition of X'y . O

Unfortunately the morphism j is not an embedding. The structure of Xw at
the generic point is more subtle, as it is shown below. We assume again that
X is irreducible, flat, separated and of finite type over Spec(Z). The generic
point Spec(Q) — Spec(Z) and Q/Q induce an embedding

Bg’g = Spec(Q)er — Spec(Z),,.-
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The corresponding subtopos of Spec(Z)y,, is the classifying topos of the topo-
logical pro-group (see Proposition 5.2)

Wi os == {Wk/q,s, for Q/K/Q finite Galois and S finite}.
Recall that we have
BWK/Q s =

where the projective limit is understood in the 2-category of topoi. In other
words, there is a pull-back

By

lim Bwy o s

5 sm
Y k/o,s BG@

Spec(Z)y, — Spec(Z),,

The generic point of the irreducible scheme X and an algebraic closure
K(X)/K(X) yield an embedding B& v < Xei. We obtain

% o sm _ v o sm
Xw Xz, BGK(X) = Spec(Z)y, XSpec(@)., Kot Xz, BGK(X)

= Spec(Z)y, X Spec(@).. Bgz(x)

= Spec(Z) XiSpec( 7A) ng XBscg Bé}i(x)

~ sm
=B Wi o,s Gk (x)
The small classifying topos Be” o is the prOJectlve limit [sm ng/mm where

L/K(X) runs over the finite Galois sub-extension of K (X)/K(X). For such
L we set L' :== L N Q. Then the same is true for B&n i i.e. we have B&" =
Qi_m Bgm, . Since projective limits commute between themselves, we have

sm y sm . sm )
Grx) *B BWK/@ s SEMBGL 2 XMBGL’/Q bm Bw,q.5
sm
- ML S ( GL/K(X) XBE‘TZ’/Q BWL//Q,S)

By Corollary 4, the fiber product BGL/K<X> X gsm is equivalent to

&1 Bwyi o,
the classifying topos of the topological group Gr,/x(x) XGp Wi q,s where
the fiber product is in turn computed in the category of topological groups.
Note that Wy, /g s — G/ /q has local sections since G/ /q is profinite (see [15]

Proposition 2.1).

DEFINITION 13. Let K(X)/L/K(X) be a finite Galois sub-extension and let S
be a finite set of places of Q containing all the places which ramify in L' = LNQ.
We consider the locally compact topological group

Wik(x),s == Gr/kx) Xa o Wras
defined as a fiber product in the category of topological groups.
We have obtained the following result.
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PROPOSITION 6.6. Let X' be an irreducible scheme which is flat, separated and
of finite type over Spec(Z). We have a pull-back square of topoi

lim, o Bw, xm.s —— BED

LS Gr(x)
XW E— Xet

where the vertical arrows are embedding.

7. COHOMOLOGY OF Xy WITH R-COEFFICIENTS

The fiber product topos Xy, as defined in section 6, is equivalent to the cat-
egory of sheaves on a site (Cy, J5) lying in a non-commutative diagram of

sites
(CY7 j?) (TSpec(Z)7 \7ls)

[ [
(Btz, Jet) +— (Btgorzy Jet)

The site (C, J5) is defined as follows (see [25]). The category Cy is the
category of pairs of morphisms U — V < Z, where U is an object of Et=,
V is an object of Etm and Z is an object of TW' The map U —
V' (respectively Z — V) is understood as a morphism U — f*V in Ety
(respectively as a morphism Z — *V in T).

The topology J= is generated by the covering families

{Ui > Vi 2Z) > UV <+ Z),iel}

of the following types:

(a) Uy =U, V; =V and {Z; — Z} is a covering family.

(b) 2, = Z,V; =V and {U; — U} is a covering family.

O{U = V'« Z)>U—-V + Z)} withd' =U, and Z' — Z is obtained
by base change from the map V' — V of Etm.

{U = V' +2Z)>(U—-V + Z)} with 2/ = Z, and U’ — U is obtained

by base change from the map V' — V of Etm.

Then (Cs, J+) is a defining site for the fiber product topos Xy . The topology
J= is not subcanonical.

DEFINITION 14. For any T -topost : £ — T, we define the sheaf of continuous
real valued functions on & as follows:
R :=t*(yR)

Here yR is the abelian object of T represented by the standard topological group
R.

For an irreducible scheme X which is flat, separated and of finite type over
Spec(Z), we consider the morphism jz : Bw,,, — Xw defined in Proposition
6.5.
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PROPOSITION 7.1. Let X be an irreducible scheme which is flat, separated and
of finite type over Spec(Z). We have R"jz R =0 for anyn > 1.

Proof. Recall that the morphism j is defined by the following commutative
diagram of topoi.

b P
BWK(X) —_— SpeC(Z)W

‘| d!
Xt N Spec(Z).,
The site (BropWi (x), Jis) is a defining site for By, ., and we denote by a*,

b*, v* and f* the morphism of sites inducing the morphism of topos a, b, v and
f. The morphism jz : Bw , = Xw is induced by the morphism of sites :

C} — BTop WK(X)
U=V —Z) — a*U Xgepry b Z
Note that one has an identification a*U X 4+« b*Z = a*U Xp+~+yb* Z. Consider
the object of Tm whose components are all given by the action of Wy on
WQ/Wé =~ R:
(R,R, Idg) = f*ER.

Recall that Wé denotes the maximal compact subgroup of Wg. Then §*ER is
a covering of the final object in Tw for the local section topology, hence

f%ER:(»<—>>k<—f*ER)—>(*—>*<—*)
is a covering of the final object of C for the topology J+-
The sheaf R"jz R is the sheaf on (Cz, J5) associated to the presheaf

U=V Z) = HY(Bwy xy @ U Xgr gy b Z,R)
Since the object fFER defined above covers the final object of C%, we can
restrict our attention to the slice category Cx/f-ER. Let (U — V « Z) be
an object of Cx/fLER, ie. (U =V « Z) is given with a map Z — fLER in
TW' We obtain a morphism

a*U Xa*f*V b*Z — WK(X)/le((X)
in the category Bro, Wk (&), where the homogeneous space (WK(X)/W}((X)) ~
R is seen as an object of Bro,Wk (x). Here W}((X) denotes the maximal com-
pact subgroup of W (x).
On the other hand the continuous morphism
Wk x) — Wkx)/Wgx) = R

has a global continuous section. This gives an isomorphism in T

y(WK(X)/Wfl((X)) = ZUWK(X)/CUW}{(X)
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and a canonical equivalence
By JYWE ) /Wi (20)) = Bwiea /(W (2) /YW i () = Bws
Under this equivalence the object represented by

o a*u Xa*f*V b*Z — (WK(X)/W}((X)) =R

x)"

corresponds to the object of BWIl((X) represented by the subspace

a H0) C a*U xgepey b*Z

endowed with the induced continuous action of W}(( x) Thus one has

H"™(Bw, 2> @"U Xge gy b*Z,R) = H"(Byy . a~(0),R).

(
Therefore it is enough to prove

(34) H"(Byy, ., Z,R) == H" (B . [yZ.R x yZ) =0,

for any object Z of BTOPW}(( x) and any n > 1. We have two canonical equiv-
alences

By /EW11{(X) =T and (BW}((X)/yZ)/(EW}((X) xyZ)=T/yZ.

K(x)

We obtain a pull-back square

Tz L T

| g

/yZ — By

B
W K (%)

K(X)
where all the maps are localization morphisms (local homeomorphisms of topoi

in the modern language). It follows easily that this pull-back square satisfies
the Beck-Chevalley condition

h*l, =1L h'™.
Moreover the functor h'*, being a localization functor, preserves injective
abelian objects. We obtain
(35) h*R™ (1) A= R*(I\)h/* A
for any abelian object A of BW}((X) /yZ and any n > 0. The forgetful functor

h* takes an object F of T endowed with an action of yW}((X) to F. Hence
R™(1.)A is the object R™(I}).A endowed with the induced yW}((X)—action.

LEMMA 6. We have R"(IL)(R x yZ) =0 for any n > 1.

Proof. We consider the morphism I : T/yZ — T. The sheaf R™*(I,)(R x yZ)
on T = (Top'®, Jis) is the sheaf associated to the presheaf
PMIL)(R x yZ): Top'c —» Ab
T +— HYT/y(ZxT),Rxy(ZxT))
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It is enough to show that H"(T/yT’,R x yI") = 0 for any locally compact
topological space T = Z x T. By ([20] IV.4.10.5) we have a canonical isomor-
phism
H™(T/yT', R x yT") = H™(T',C°(T',R))

where the right hand side is the usual sheaf cohomology of the paracompact
space T' with values in the sheaf C°(T’,R) of continuous real valued functions
on T". Tt is well known that the sheaf C°(7T”,R) is fine, hence acyclic for the
global section functor. The Lemma follows. |

Therefore the sheaf

R*R™(L)(R x yZ) = R™(I.)W/*(R x yZ)
vanishes for any n > 1, hence so does R"(1,)(R x yZ). The spectral sequence

HY By R x yZ) = H™ By [yZ.R x y2)
degenerates and yields an isomorphism
H By, LR x y2)) = H* By, [yZ.R x yZ)

for any n > 0. The sheaf l*(R x yZ) is given by the object I, (R xyZ) of T en-
dowed with the induced action of yW}(( x)» as it follows from (35). Furthermore,
one has

(R xyZ)=1UI"(R) = Homs(yZ,R)
where the right hand side is the internal Hom-object in 7 (see [20] IV Corollaire
10.8). The sheat Homy(yZ,R) is represented by the abelian topological group
Homr,,(Z,R) of continuous maps from Z to R endowed with the compact-
open topology, since Z is locally compact. The compact-open topology on
Homr,,(Z,R) is the topology of uniform convergence on compact sets, since
R is a metric space. The real vector space Homr,,(Z,R) is locally convex,

Hausdorff and complete (see [6] X.16. Corollaire 3). Note that the action of
W}((X) on Homy,,(Z,R) is induced by the action on Z, and that the group

W}{(X) is compact. By [15] Corollary 8, one has
H"(BW}((X),HomTOp(Z, R)) = 0.

In summary, for any locally compact topological space Z with a continuous
action of Wll<(2() and any n > 1, one has

H"(Byy, . /vZ, R x yZ) = H"(Bya, ., » L(R X yZ))
= H"(Bwy , »Homr,,(Z,R))

=0

Hence (34) holds and R"(jz ,)R = 0 for any n > 1. O



ON THE WEIL-ETALE TOPOS OF REGULAR ARITHMETIC SCHEMES 41

LEMMA 7. Let X be an irreducible scheme which is flat, separated and of finite
type over Spec(Z). If X is normal, then the adjunction map

PR — jz, 5 TeR 2 jz, R
is an isomorphism.

Proof. Firstly, we need to restrict the site C5. The class of connected étale

X-schemes (respectively of connected étale Spec(Z)-schemes) is a topologically

generating family for the étale site of X' (respectively of Spec(Z)). It follows

easily that the subcategory C% C C, consisting in objects (U — V « Z) of

Cs such that U and V' are both connected, is a topologically generating family.

Then we endow the full subcategory C’? with the induced topology via the

natural fully faithful functor

Then C% is a defining site for the topos Xy .

The composite map fxojz : Bwy v, = Xw — Br is induced by the morphism

of topological groups Wi (xy — R. The canonical isomorphism ]*?f*?]@ ~ R

induces ~ }

Jx Iz iz R =z, R.
On the one hand f*?]f% is the sheaf associated to the abelian presheaf
foR : Cl — Ab ~

U=V Z) — Home (U =V Z),(x =+« ['R))

where f*R denotes the object (R,R,Id) of Tsoecmy (with trivial action of the

Weil groups on R). For any object (U — V < Z) of C,? with Z = (Zy, Zy, fv),
one has
PRU = V = Z) = Home: (U =V = Z),(+ = * < ['R))
= Home(Z, f'R)
= HomBTopW@(Z07 R)
= HomTop(Zo/WQ, R)
One the other hand, the morphism jy is induced by the continuous functor:

C/f — BTopWK(X)
U=V +—2Z) — a*U Xgepry b Z

Hence the direct image j, is given by
J.RU =V« Z) = Homp,, Wi, (U Xa-poy 0 Z,R).
Here the topological group R is given with the trivial action of Wi (x). We set
Uy := a™U and V := a* f*V.

Note that Uy (respectively Vp) is given by the finite G g (x)-set (respectively the
finite Gg-set) corresponding, via Galois theory, to the étale K (X')-scheme U X x
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Spec K (X) (respectively to the étale Q-scheme V ® Q). Here, Uy (respectively
Vo) is considered as a finite set on which Wy () acts via Wi (x) = Gg(x)
(respectively via Wx(xy — Gg). Finally, Wik (x) acts on the space Z := b*Z
via WK(X) — WQ.

Since Wi (xy acts trivially on R, one has

JwRU =V« 2) = Homp,,, Wi, (@ U Xq+ gy b*Z,R)
= HO’I’YLTOP((Z/{O XVo ZO)/WK(X)7 R)

(1) THE MAP F5R — jz, R IS A MONOMORPHISM.
The morphism f*?]f{ = J7s R is given by adjunction. It is induced by the
morphism of presheaves on C’? given by the functorial map

(36) Homrop(Zo/Wo, R) — Homrop(Uo X vy Zo) /Wi (x), R)

which is in turn induced by the continuous map

(37) (Uo xv, Z0)/Wi(xy — Zo/Wa.

Let (U — V « Z) be an object of C%.. Hence U and V' are both connected.

Since U and V are both normal, the schemes U x x Spec(K (X)) and V )

Spec(Q) are connected as well. By Galois theory, the Galois groups Gk () and
Gq act transitively on Uy and Vj respectively. Hence the Weil groups Wi ()
and Wy act transitively on Uy and V; respectively.

We have maps of compactified schemes

U — X — Spec(Z) and U — V — Spec(Z).

We consider the subfield L(U) of K (U) consisting in elements of K (U) that are
algebraic over Q, i.e. we set

LU) = KU)NQ.

Note that U is normal and connected, hence irreducible, so that its function
field K (U) is well defined. We consider the arithmetic curve Spec(Op,)). Since
U is normal, we have a canonical map

uU— Spec(@L(u)).

We denote by U’ the (open) image of ¢ in Spec(Op)). Then we have a
factorization

U— U —V — Spec(Z)

since V' — Spec(Z) is étale.
The group Wi (xy acts transitively on Up, hence the choice of a base point
ug € Up induces an isomorphism of Wi (x)-sets :

a:Uo = Wixy/Wkwy = Grx)/Grw)-
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We fix such a base point ug € Uy. Then one has a 1-1 correspondence

(Z/[o X ZO)/WK(X) — ZO/WK(L{) = ZO/WL(L{)
(ug, 2) — z

where the equality Zo/ W) = Zo/Wrw) follows from the fact that the image
of W@y in Wy is precisely W, yy).
We consider now the commutative diagram of topological spaces

(MO XV, ZO)/WK(X) & Zo/WQ

(Uo x Zo) /W () % Zo/Wrwy

where 7 is injective and s is surjective. We denote by vy the image of uy € U
in Vy (note that & — V induces a map Uy — V).

Let Z € Zy/Wg. There exists w € Wy such that w.z goes to vy under the
Wg-equivariant map Zy — Vg, since Wy acts transitively on V4. Then one has
Wz =Z, (ug,w.z) € Uy Xy, Zy, and

soaoi(ug,w.z) =soa(uy,w.z) =s(w.z) =2

where * stands for the orbit of some point * under some group action. Using
the previous commutative diagram, this shows that the map (37) is surjective
whenever i and V are both connected. Hence the map (36) is injective for any
object (U — V < Z) of C%. In other words the morphism of presheaves on C%

- L
fZR — jz. R

is injective. Since the associated sheaf functor is exact, the morphism of sheaves

=R — jz,. R

is injective.
(11) THE MAP fzR = jz.R IS AN EPIMORPHISM.
One has

foR(U —  + Z) = Homg, (U x eZ;f5R).

Here we denote by * the final object Etm. Moreover, we denote by el
(respectively by €Z) the sheaf on the topos Xy associated to the presheaf
represented by (U — * < ) (respectively by (x — % < Z)), where * stands
for the final object of the corresponding site. Finally, the product elf x eZ is

computed in the topos Xy . By adjunction, we have
f*?]f%(u — x4+ Z) = Homz (el x 5Z;f*?]1~%)
= Homz, /(U X 2, U % f*?]f%)
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where we consider the slice topos Xy /eld. On the other hand we have

Xw/eU = (Xt XSpectz),, SPec(Z)y)/eU

= (Xet/YU) Xgpecrzy., SPeC(Z)

2 Ut X Spec@)., Spec(Z)y,
=:Uw

= Uey Xy, Ul X Spec(@)., Spec(Z)y,

= Uet Xul, UII/V
where U’ C Spec(Op ) is defined as in the proof of step (i). The last equiv-
alence above is given by Proposition 5.5. Hence the fiber product site Cy; for

Uet Xy, Uyy given by the sites Ety, Ety: and Ty, is a defining site for the
topos Uyy. Then the object eld x eZ of

fw/é‘u = Uw = U Xye, U{//V

is the sheaf associated to the presheaf on Cy represented by (x — x « 2)
where Z = (Zy, Z,, f,) is seen as an object of Ty by restricting the group of

operators on Zy and Z, for any place v of Q. Moreover, the object el x xR

of Xy /el = Uy is precisely f;, R. Tt is the sheaf associated to the presheaf
fI, R on Cy represented by (x — % < f;7,R). Therefore, we have

PR(x — %+ 2) = Home ((* = %+ Z), (x = * < fiR))
= Homr,,(Z,i/R)
= HomBTupWL(L{)(ZO7R)
= HomT()p(ZO/WL(L{)vR)

By the universal property of the associated sheaf functor, we obtain a map
from

7 R(x — * + Z) = Homrop(Zo/Wrw), R)
to the set
i R(x = * < Z) = Homyy, (U x 2,55 R)
= Homz,, /(U X eZ, U % f*?]f%)
= Homz (eU X 5Z,f*§1@)
=S RU =+« Z)
Composing this map R — % < Z) — f*?R(U — % « Z) with
(38) o RU =+ Z) — jx, RU = + + 2),
we obtain the natural bijective map from

fﬁR(* —x Z) = HomTop(ZO/WL(U)’R)
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to the set

jj* R(L{ — k {— Z) = HomTop(Zo/WL(u),R).

It follows that the map (38) is surjective.
It remains to show that the map

(39) FoRWU =V Z) — jm, RU -V + 2)

is surjective when V' is not necessarily the final object. For any object (U —
V « Z) of C’?, we consider the following commutative diagram

f*?I@(Z/{%*eZ) NN jy*R(U%*%Z)

| d
FRUV 2) 2L 0 RU—V « 2)

We have proven above that the map (38) is surjective. The vertical arrow p is
the natural map from

I% R(u — x4 Z) = HomBTopWK(X) (Uo x Zo,R)
to the set
Jo. RU =V + 2) = Homp,,,wi x, Uo xv, Zo,R),

which is surjective as well. Indeed, Uy xv, Zo is an open and closed Wi (x)-
equivariant subspace of Uy x Zy, hence any equivariant continuous map Uy Xy,
Zy — R extends to an equivariant continuous map Uy x Zg — R. It follows
immediately from the previous commutative diagram that the map (39) is
surjective, for any object (U — V < Z) of C%. Therefore the morphism of

sheaves f*?f& — J. R is surjective. O

THEOREM 7.1. Let X be an irreducible scheme which is flat, separated and of
finite type over Spec(Z). If X is normal then the morphism
Py o H"(Br.R) — H"(Xw,R)
is an isomorphism for any n > 0.
Proof. The Leray spectral sequence
HP(Xw, R'j%R) = H"*(By, ., R)
degenerates by Proposition 7.1. This shows that the canonical morphism
H"(Xw,R) = H"(Xw, j%,R) — H"(Bw, +,,R)

is an isomorphism, where the first identification is given by Lemma 7. These
cohomology groups can be computed using the spectral sequence associated
with the extension

1= Wiy = Wia) > R— 1.
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Indeed, localizing along ER, we obtain a pull-back square

—— T = Bg/ER
K(X)

(40) p’l pl

q
Bwyy — B

By

This gives an isomorphism
P"R"(¢:) = R"(¢,)p"
for any n > 0. The argument of the proof of Proposition 7.1 shows that

R"(¢,)R = 0 for any n > 1. Hence R"(¢.)R = 0 for any n > 1. Moreover ¢ is
connected, i.e. ¢* is fully faithful, hence we have

R =q.qg'R=R.
Therefore, the Leray spectral sequence given by the morphism ¢
H'(Bg, R (q.)R) = H'™ (B, R)
degenerates and yields
H™(Bg,R) = H"(Bg, ¢.R) = H"(Bw,,,,R)
for any n > 0. The result follows. |

8. COMPACT SUPPORT COHOMOLOGY OF Xy WITH R-COEFFICIENTS

Throughout this section, the arithmetic scheme X is supposed to be irreducible,
normal, flat, and proper over Spec(Z).

8.1. THE MORPHISM 7z : Xw — Xe. Recall the notion of étale X-scheme
defined in section 4. An étale X'-scheme is in particular a topological space so
that it makes sense to speak of connected étale X-schemes. Theorem 7.1 yields
the following result.

COROLLARY 10. For any connected étale X -scheme U, the morphism

fr: H"(Br,R) — H"(Uw,R)
s an isomorphism forNany n > 0. In particular, one has H”(HWJR) =R for
n=0,1 and H"(Uw,R) =0 for n > 2.

Proof. This is clear from the fact that an étale X-scheme U = (U, D) is con-
nected if and only if the scheme U is connected, and Theorem 7.1 applies to
Uu. |

Recall that v : Xw — X is the projection induced by Definition 10.

ProrosiTioN 8.1. The sheaf R" v, (R) is the constant étale sheaf on X as-

sociated to the discrete abelian group R for n = 0,1 and R"W*(R) =0 for
n > 2.
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Proof. For any n > 0, R" v, (R) is the sheaf associated to the presheaf
Etj — Ab

U — H"(Xw /'y%lj ,R)
Hence the result follows immediately from Corollary 10, since Xy /7%0 ~
Uw . O

8.2. THE MORPHISM 7o : Xoo,w — Xoo-

8.2.1. If T is a locally compact space (or any space), one can define the big
topos TOP(T') of T' as the category of sheaves on the site (T'op/T, Jop) where
Jop is the open cover topology. It is well known that the natural morphism
TOP(T) — Sh(T) is a cohomological equivalence. The following lemma gives
a slight generalization of this result.

LEMMA 8. Let T be an object of Top. Let T /1 be the big topos of T and let
Sh(T) be its small topos. For any topos S, the canonical morphism

[:T/rx8— Sh(T) xS
has a section s such that s* = f,.

Proof. We first observe that one has a canonical equivalence

TOP(T) := (Toz?f Jop) =T/,

where TOP(T) is the big topos of the topological space T. In what follows,
we shall identify 7 /7 with TOP(T'). The morphism f': T /7 — Sh(T) has a
canonical section s’ : Sh(T) — T/, hence the map

f=(f Ids): T/)r xS — Sh(T) x S

has a section
s:=(s',Ids) : SW(T) xS — T/r x S.

Moreover, we have s = f/ hence a sequence of three adjoint functors
1% / /% !/
I fa=s7 s,

The functor f, = s’* is called restriction and is denoted by Res. The functor
f'* is called prolongement and is denoted by Prol.

The category Op(*) of open sets of the one point space is a defining site for
the final topos Set. The site (S, Jean) and (T /1, Jean) can be seen as sites for
the topoi S and T /1 respectively, where J..,, denotes the canonical topology.
Then the morphisms f’ and s’ are induced by the left exact continuous functors
/™ and s™ respectively. A site for T/r x S (respectively for Sh(T') x S) is
given by the category C of objects of the form (F — % + S) (respectively by
the category C of objects (F — x < S)). Here S is an object of S, F is an
étalé space on T', F is a big sheaf on T and * is the set with one element. The
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categories C' and C both have an initial object () — @ + @). The morphism of
topoi f is induced by the morphism of sites

ft: C — C
(F—= %< S) +—— (Prol(F)— %+ S)

and the morphism s is induced by the morphism of sites

s7h: C — c
(F—=%+S8) > (Res(F)—*+15)

Let £ be a sheaf of T/ x S. Then one has
f+L(F — % < S) = L(Prol(F) = % < S)

for any object (FF — % < S) of C. On the other hand, s*£ is the sheaf
associated with the presheaf

sPL: C — Set
(F=x<8) — UmL(F =+ 5)

where the direct limit is taken over the category of arrows
(F — %+ S) — (Res(F) — * + 5').

But this category has an initial object given by (Prol(F) — * < S), since Prol
is left adjoint to Res. We obtain

sTUL(F — %+ S) = L(Prol(F) — x + 9).

Hence s~'L is already a sheaf isomorphic to f,£. This identification is func-
torial hence gives an isomorphism of functors

e &2 5%

|

COROLLARY 11. Let A be an abelian object of T /7 xS and let A’ be an abelian
object of Sh(T) x S. We have the following canonical isomorphisms:

H™(T /7 x S, A) = H"(Sh(T) x S, f..A)
H"(SMT) x S, A") = H"(T /7 x S, f* A').

Proof. By Lemma 8, the Leray spectral sequence associated with the morphism
f:T/rx8 — Sh(T) x S degenerates since f, = s* is exact. This yields the
first isomorphism

H"(T/r xS, A) =2 H"(Sh(T) x S, f+.A) = H*(Sh(T) x §,5*A).
Applying this identification to the sheaf f*A’, we obtain
H"(T)r x8, f*A) =2 H"(Sh(T) x S, A)
Indeed, we have f os 2 Id hence

f*f*Algs*f*A/g(fOS)*.A/gA/
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COROLLARY 12. Let S be any topos. We denote by p1 : T xS — T and
py: T x 8 — S the projections. For any abelian object A" of T x S, one has

Hn(T X SaA/) = Hn(87p2*-/4/)
For any abelian object A of T, one has
H™(T x 8,p1A) = H"(S, A(%)).

Proof. The topos T is the big topos of the one point space {*} while Sh(x) =
Set is the final topos. The map

F:TxS—>Sh(x)xS=8etxS=S8
is the second projection po. Hence one has
(41) H"(T xS, A") = H"(S,p2.A")

as it follows from Corollary 11.
There is a pull-back square :

TxS -2 8§

(42) pll l

T —T— Set

The functor ey, has a right adjoint, so that er, commutes with arbitrary
inductive limits and in particular with filtered inductive limits. Hence the
morphism e is tidy (see [26] C.3.4.2). It follows that the Beck-Chevalley
natural transformation

€50 eTw = paxopy.
is an isomorphism (see [26] C.3.4.10). But the sheaf

p2«piA = esersi A

is the constant sheaf on S associated with the abelian group A(x), since e, is
the global section functor and e§ is the constant sheaf functor. Applying (41)
to the sheaf pj.A, we obtain

H(T x 8,p1A) = H(S, po.pi A) = HY(S, eser,A) = H'(S, A(+))
for any n > 0. ]
LEMMA 9. Let U be a contractible topological space and let
q:T xShU) —T
be the first projection. Then one has
R™(¢.)¢*R =0 forn > 1.
Proof. The sheaf R"(g,)q*R is the sheaf associated to the presheaf

P”(q*)q*R: Top —> Ab .
K +— H™Y(T xSh(U),¢*yK, ¢*R)
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Recall that Top denotes the category of locally compact topological spaces.
The category Top® of compact spaces is a topologically generating family of
the site (Top, Jis). It is therefore enough to show

(43) H™(T x Sh(U),¢*yK, q*R) = H"((T x Sh(U))/q*yK,q*R x q*yK) =0
for any compact space K and any n > 1. We have immediately
(T x ShU))/qryx =T JyK x Sh(U).
We denote by g : T/yK x Sh(U) — T /yK — T the morphism obtained by
projection and localization. Equivalently qx is the composition
T/yK x Sh(U) = (T x Sh(U))/gryx — (T x SR(U)) — T.
We consider also the map
s:Sh(K) x Sh(U) — T /yK x Sh(U)
defined in Lemma 8. Then the following identifications
H™(T x Sh(U),¢*yK,R) = H"(T /yK x Sh(U), iR)
=~ 0" (Sh(K) x Sh(U),s*qiR)
~ H"(Sh(K x U), 5 qiR)
are induced by the following composite morphism of topoi
5:Sh(K xU) — Sh(K) x Sh(U) — T /yK x Sh(U).

Indeed, the first map Sh(K x U) — Sh(K) x Sh(U) is an equivalence since
K is compact, and the second map induces an isomorphism on cohomology by
Corollary 11. The commutative diagram

Sh(K x U) —— Sh(K) x Sh(U) —>— T /yK x Sh(U)

(44) lm l qu
Sh(K) —— T/ — T

shows that the sheaf §*q;(11~§ on the product space K x U is the inverse image
of the sheaf CY(K,R), of continuous real functions on K, along the continuous
projection p; : K x U — K. In other words, one has

5*q5R = piC°(K,R).
Consider the proper map
py: K xU — U.
By proper base change, the stalk of the sheaf R"(p2.)p;C°(K,R) on U at some
point u € U is given by

(R™(p2+)piC° (K, R))u = H"(p; ' (u), piC°(K,R) ) = H"(K,C°(K,R)).

O
This group is trivial for any n > 1. Indeed K is compact, in particular para-
compact, hence C°(K,R) is fine on K. Thus we have

R"(p2.)piC° (K, R) = 0 for any n > 1.
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Applying again proper base change to the proper map K — %, we see that
pg*p{CO (K,R) is the constant sheaf on U associated with the discrete abelian

group
C°(K,R) := H'(K,C°(K,R)).

The Leray spectral sequence associated with the continuous map K x U — U
therefore yields

H"(Sh(K x U),piC°(K,R)) = H"(U, p2.piC°(K,R)) = H"(U,C°(K,R))

for any n > 0. But U is contractible hence H™"(U,C°(K,R)) = 0 for n > 1,
since sheaf cohomology with constant coefficients of locally contractible spaces
coincides with singular cohomology, which is in turn homotopy invariant. We
obtain

H™(K x U,p;C°(K,R)) = H"(U,C°(K,R)) =0
for any n > 1. The result follows since we have
H™(T x Sh(U),¢*yK,R) = H"(Sh(K x U),5*qiR)
~ 0" (Sh(K x U),p;C°(K,R))
=0

for any compact space K and any n > 1. O

8.2.2. We still denote by & an irreducible normal scheme which is flat and
proper over Spec(Z). Recall that X, is the topological space X*"/Gg, and
that the Weil-étale topos of Xo, is defined as follows (see Definition 11):

XOO,W = BR X Sh(XOO)
PROPOSITION 8.2. Consider the projection morphism
Yoo * XOO,W = Bg X Sh()(oo) — Sh(Xoo)

If R denotes the constant sheaf on X associated to the discrete abelian group

R we have
~ R n=0,1
Ry (R) = ’
'Yoo() {0 n>2
and
Z n=0
R’IL oo*Z o~
Yoor (Z) {O n > 1.

Proof. The sheaf R™y.(R) is the sheaf on the topological space X, associated
to the presheaf

P (1o0r)(R) : Op(Xog) — Ab )
U s H™Bgx Sh(Xs),U,R)

where Op(X,) is the category of open sets of X. One has
H"(Bg x Sh(Xs),U,R) := H"(Bg x Sh(Xx)/U,R) = H"(Bg x Sh(U),R).
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The family of contractible open subsets U C X forms a topologically gener-
ating family of the site (Op(Xx), Jop), since X is locally contractible. It is
therefore enough to compute the groups H™(Bg x Sh(U), R) for U contractible.
For any contractible open subset U C X, we consider the following pull-back

square :

Tx Sh(U) —4— T

(45) z/l zl

Bgr x Sh(U) —%— Bg

Here the vertical arrows [ and !’ are both localization maps (recall that
Br/ER 2 T), while p and and ¢ are the projections. This yields a canoni-
cal isomorphism

" (Rp.) = (Rg.)I".

By Lemma 9, we obtain

I"(R"p.)R = (R"q)I"R = (R"q.)d"R = 0

for any n > 1. It follows immediately that (R"p,)R = 0 for n > 1, since
I*: Br — T is the forgetful functor (forget the yR-action).

The contractible topological space U is connected and locally connected, hence
so is the morphism of topoi Sh(U) — Set. Since connected and locally con-
nected morphisms are stable under base change (see [26] C.3.3.15), the first
projection p : Bg x Sh(U) — Bg is also connected and locally connected. In
particular, p* is fully faithful hence we have

pR:=ppR=R
The Leray spectral sequence associated to the morphism p therefore yields
(46) H"™(Bg x Sh(U),p*R) = H"(Bg, p.p*R) = H"(Bg, R).

But one has H"(Bg,R) =R for n = 0,1 and H"(Bg,R) = 0 for n > 2. Hence
the sheaf R"%o*(f&) is the constant sheaf on X, associated to the discrete
abelian group R for n = 0,1 and R”(’yoo*)f& =0 forn > 2.

To compute R™Yoox(Z) recall that for any group object G in a topos £ and any
abelian G-object A there is a spectral sequence

HP(HY(E/G*, A)) = HPT(Bg, A).

Applying this to G = Rin & = T x Sh(U) we note that the classifying topos of
G is just Bg x Sh(U) by [10]. Hence for A = Z we obtain a spectral sequence

HP(HY(T/R®* x Sh(U),Z)) = HP(HY(Sh(R®* xU),Z)) = H**(Bg x Sh(U), Z)

where we have again used Corollary 11 and the fact that the spaces R? are
locally compact. Now if U is contractible so is R?x U and HY(Sh(R®*xU),Z) =
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Z (resp. 0) for ¢ = 0 (resp. g > 0). The spectral sequence degenerates to an
isomorphism
7 =0
HP(Bz x Sh(U),Z) = HP(C(Z)) = P
0 p>0

where C'(Z) is the complex associated to the constant simplicial abelian group
Z which is quasi-isomorphic to Z[0]. The sheaf R"y..(Z) is associated to the
presheaf U — HP(Bgr x Sh(U),Z) and hence takes the values in the statement
of Proposition 8.2. ]

By Proposition 8.2 the Leray spectral sequence for 7., induces a long exact
sequence

s HY(Xo,R) » H (Xoow,R) = H (X0, R) — -
which decomposes into a collection of canonical isomorphisms
(47) H' (X w,R) = H (X, R) ® H 1 (X, R)

since Yoo is canonically split by the morphism of topoi o : Sh(Xs) — Bgr X
Sh(X5) which is the product with Sh(X,) of the canonical splitting Set —
T — Bg of the canonical projection Bg — T — Set. Note here that o*
applied to the adjunction map R = *y;o%o,*ﬂi — R is an isomorphism R =
R~ o*R =~ R.

8.3. THE FUNDAMENTAL CLASS. The map f : Xw — Bg induces an isomor-
phism 3 }
fo : Home(R,R) = H'(Bg,R) — H'(Xw,R).
DEFINITION 15. The fundamental class is defined as follows:
0 = f(ldg) € H' (Xw,R).
We consider the sheaf R as a ring object on the topos X'y and we denote by

DT (R) the derived category of bounded below complexes of R-modules on Xy .
For any such complex of R-modules M one has (see [20] V.3.5)

H™"(Xw, M) = Extj(Xw,Z, M) = ExtZ(Xw,R, M) = Homp, g, (R, M[n))

and we consider 6 : R — R[l] as a map in D*(R). Applying M ®]1% — we get
Uo: M =MeER — Mok R[1] = M[1].

Applying Rz, we obtain

(48) Ub : Ry, (M) — Ryz  (M)[1].
Applying in turn RT'5 = we get
(49) Uo: Rl'g, (M) — RI'z (M)[1]

Similarly, for any U étale over X we have
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Taking cohomology we get

(50) Ul : Ry (M) — Ry (M),
(51) Ul : H"(Xw, M) — H" ™ (Xw, M)
and

(52) Uy« H™(Uw, M) — H" P (Uw, M).

Note that the collection of maps (52), when U runs over the category of étale
X-schemes, gives a map of presheaves inducing the morphism of sheaves (50).
Consider now the open-closed decomposition

@ Xy — yet — Sh(XOO) D Uso
given by Corollary 4.1. The morphism 5 : Xw — X gives pull-back squares

Xy _ox Xt

o] |
TW X > ?et
and
Koo —=— Sh(Xy)

]

?W L ?et
The second square is indeed a pull-back, as can be seen from the following
commutative diagram:

Xeoww —2— Sh(Xy) — Sh(oc) = Set
Xw SE TN Xy — Spec(Z),,

The right hand side square and the total square are both pull-backs by Corollary
6 and Proposition 6.4 respectively. It follows that the left hand side square is
a pull-back as well.

THEOREM 8.1. There is an isomorphism R'y%,(¢R) = R for n = 0,1, and
Ry, (¢R) =0 for n > 2. Under these identifications, the morphism

U6 : ROy, (AR) — Ry, (4iR)

given by cup product with the fundamental class, is the identity of the sheaf
oiR.

Proof. We have an exact sequence of abelian sheaves on Xy :

05 AR 5 R =i, R—=0
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Applying the functor Ryz,, we obtain an exact sequence of étale sheaves

0 = Y5, AR = 75, R = Y5, 000 R —
Rz, (6R) = R'y%, (R) = R'yg, (icoxR) — ...
But we have canonical isomorphisms
(53) Rz (ioeR) = R (1, i00e)R 2 R™ (tnosYooe )R 2 tiser R o (R)

for any n > 0, since the direct image of a closed embedding of topoi is exact.
Therefore, by Proposition 8.1 and Proposition 8.2, we obtain an exact sequence

0= Y5, AR = R = upuR = R'y%, (AR) = R = teouR = R2y5, (AR) — 0

and R”’y}*(qﬁgf@) =0 for n > 3. The map R — u«R is surjective since uq, is
a closed embedding. Hence we have an exact sequence

0 — Ry, (¢R) = R = UpeuR — 0

for n = 0,1 and R™y5, (¢R) = 0 for n > 2. The first claim of the theorem
follows. - B

For any connected étale X'-scheme U, we have a commutative square of R-vector
spaces

HUw,B) 7 0@y, R)

I I

HO(Bg,R) =R —Z%, H1(Bz,R) =R
where the vertical maps are isomorphisms by Corollary 10. The R-linear map
(54) UIdg : H°(Bg,R) = R — H'(Bg,R) = Homeont (R, R)
sends 1 € R to Idg. Under the identification
HY(Bg,R) = Homeon (R, R) = R

which maps f: R — R to f(1), the morphism (54) is the identity of R. Hence
the morphism

Ubz : H'Uw,R) =R — H'(Uw,R) =R

is just the identity, for any connected étale X-scheme . It follows that the
morphism of sheaves defined in (50)

(55) U : R%v%,(R) =R — Ry, (R) =R

is the identity of the sheaf R. 3
The same argument is valid for the sheaf i,..R. The composite morphism

p: Xoo,W = Bg X Sh(Xoo) — X — Br
is the first projection. We consider the fundamental class

Oc := p*(Idg) = i%(0) € H (Yoo v, R).
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Then the morphism
UB : RO, (i0oxR) — R, (100« R)

coincides, via the canonical isomorphism (53), with the morphism

Uoorx Ro0x (R) = ooy R oox (R) induced by
Ubso : R%Y00x(R) — R'yo0s(R).
But for any contractible open subset U C X, one has a commutative square

HO(XOO,W) Uv R) &) Hl(XOO,W, Ua R)

I I

H(Bg,R) =R 2%, HY(Bs,R)=R

where all the maps are isomorphisms, as it follows from (46). Hence the map
Uhso : R = Yoox (R) — Rl'ysex(R) = R

is the identity, and so is the morphism

(56) UB = RO, (i00xR) = oo R — Ry, (i00xR) = UnoxR.

The morphism (50) is functorial hence U6 gives a morphism of exact sequences
from

0 — R%%, (¢iR) — R4, (R) — Ry, (i0oxR) — 0
to
0= Rlyg,(AR) = Rlyg, (R) = Rlyg, (icR) — 0

But the morphisms (55) and (56) are both given by the identity map, hence so
is the morphism

Ul : ROy, (6IR) = oR — Ry, (4R) = oiR.
0

DEFINITION 16. For any abelian sheaf A on Xy, the compact support coho-
mology groups H:(Xw, A) are defined as follows:

THEOREM 8.2. Assume that X is irreducible, normal, flat and proper over
Spec(Z). The compact support cohomology groups H!(Xw ,R) are finite di-
mensional vector spaces over R, vanish for almost all i and satisfy

> (—1)" dimp H(Xw,R) = 0.
i€z
Moreover, the complex of R-vector spaces

B By 2 B B

is acyclic.
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Proof. Consider the Leray spectral sequence
HP (X ey, Ry, (0iR)) = HPT( Xy, 4iR)
given by the morphism ~+. This spectral sequence yields
H(Xw, ¢R) = H'(X o, oR) = 0
and a long exact sequence

0 — HY(X., ROy, (0R)) — H'(Xw,sR) — HO (X, R'y%, (6R))

Jus

.= H?(Xet, ROy, (AR)) — H*(Xw,¢R) — HY(X s, R'y, (4R))

Jus

.= H3(Xet, ROv%, (R)) — H3*(Xw,¢R) — H?(Xop, R'y, (4R))

.= HYXe, R (vw,)R) —

Here the vertical maps U6 are given by cup product with the fundamental class.
More precisely, the morphism (48)

Ryx . (¢R) — Rz, (&R)[1]
induces a morphism of spectral sequences. This morphism of spectral sequences
induces in turn these vertical maps Uf. It follows that the composite map
(57) H'(Xer, vz, (#R)) = H'(Xw, oR) =5 H' (X, ¢1R)
— Hz (?etv Rl’}?* (¢'R))

is induced by the isomorphism of sheaves

Rz, (6iR) = oR 25 Rlyg, (6iR) = oiR.

Hence the map (57) is an isomorphism for any ¢ > 0, by Theorem 8.1. This
yields a section to the map

H (X, ¢R) — H'(Xer, Ry, (01R)).

It follows that the long exact sequence above decomposes into a collection of
canonical isomorphisms

(58) HZ (?W7 ¢'R) &= Hi (yd? RO’YE*((@R)) D Hi_l(jefm Rlﬁ* ((ZS'R))
(59) > H (X e, pR) @ H (X or, oiR)
(60) > H( Xy, R) & H7 (X, R)

for any ¢ > 1. By Proposition 4.3, the R-vector space H!(X.;, R) is finite
dimensional and zero for i large. Hence we have

dimg H' (X, R) = dimg H! (X, R) 4 dimg H! "1 (X, R)
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and

> (—1)" dimg Hi(Xw,R) = 0.

i€Z
Under the identification (60), the morphism given by cup product with the
fundamental class

Hi(Xw,R) 2% HIY (X, R)
is obtained by composing the projection with the inclusion as follows:
(61) Hi(Xw,R) — Hi(Xet,R) = H (X, R).
It follows immediately from (60) and (61) that the complex of R-vector spaces

2 (X, R) 2% B (g, R) 2 -
is acyclic. O

PROPOSITION 8.3. Assume that X is irreducible, normal, flat and proper over
Spec(Z). Then one has

> (—1)'idimg H(Xw,R) =Y (=1)""" dimg Hi(Xet, R)
€L 1€EZL

—1+ Z Yo dimp H'(Xso, R)
i€Z

=—14) (~1)"dimg H'(x*",R)"
i€Z

Proof. The first equality (respectively the second) follows from (60) (respec-
tively from Proposition 4.3). To prove the third, we consider the morphism of
topoi

(7%, 78%) : Sh(Gr, X)) — Sh(Xs)
given by the quotient map = : X" — X" /Gg, where Sh(Gg, X%") is the
topos of Ggr-equivariant sheaves on the space X%". The constant sheaf R on
X" is endowed with its Gr-equivariant structure. For any n > 1, the stalk of
R™(7€*)R at some fixed point x € X'(R) C X is the abelian group H"(Gg, R),
which is zero since R is uniquely divisible. This gives

R"(7¢")R =0 for n > 1

and a canonical isomorphism

H"(Xy,R) =2 H"(Sh(Gg, X*"),R)
for any n > 0. But the spectral sequence

H?(Gg, HY(X*" R)) = HPTI(Sh(Gg, X*"),R)

degenerates and gives an isomorphism

H"(Sh(Gg, X*"),R) = H°(Gg, H" (X", R)) =: H"(X*" R)*"
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for any n. The result follows. O

9. RELATIONSHIP TO THE ZETA-FUNCTION

9.1. Morivic L-FUNCTIONS. We first recall the expected properties of motivic
L-functions [38]. For any smooth proper scheme X/Q of pure dimension d and
0 < i < 2d one defines the L-function

L(h'(X),s) = [] Lp(h(X), )

as an Euler product over all primes p where
Ly(h'(X),s) = By(h'(X),p~*) 7"
and
P,(h'(X),T) = detg, (1 — Frob, ' - T|H(Xg,c;, Q)'7)

is a polynomial (conjecturally) with rational coefﬁcients independent of the
prime [ # p. By [9] this product converges for R(s) > § + 1. Set

Tr(s) = w—s/2r(§); Te(s) = 2(2m) T (s)

and

Loo(h'(X),8) = [[ Te(s = )" - H Tr(s — )" Tr(s —p+ 1)

p<q
where H*(X(C),C) = @D, - H?? is the Hodge decomposition,
hPd = dime HP9;  hPF = dimg (HPP)Fe=E (D"

and F is the map induced by complex conjugation on the manifold X (C).
Here the product over p = 3 is understood to be empty for odd i. The com-
pleted L-function

A('(X),8) = Loo(h'(X), s)L(h'(X), 5)
is expected to meromorphically continue to all s and satisfy a functional equa-
tion
(62) A(RY(X),s) = e(h'(X), s)A(h?? 1 (X),d+ 1 — s).
Here €¢(h*(X), s) is the product of a constant and an exponential function in s,

in particular nowhere vanishing.

LEMMA 10. Assuming meromorphic continuation and the functional equation
we have

—t + dim¢ H°(X(C),C)F==1 =0

ds—o L(h'(X),s) = )
ords—o L{A(X), 5) {dimcHZ(X((C),(C)FOO—l i>0.

where t is the number of connected components of the scheme X.
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Proof. For i > 0 the point d + 1 > % + 1 lies in the region of absolute
convergence of L(h24~%(X),s) so that L(h?¢~%(X),d + 1) # 0. The Gamma-
function has no zeros and has simple poles precisely at the non-positive integers.
For p+¢q =2d —i and p < ¢ we have p < d — 3, hence I'c(d + 1 — p) # 0. For
p = d— 5 we likewise have I'r(d +1—p) # 0 and I'r(d +1+1 —p) # 0. Hence
Loo(h??74(X),d + 1) # 0 and the functional equation shows A(h*(X),0) # 0,
ie.

(63)  ords—o L(h'(X),s) = — ords—q Lso (h*(X), 5)
=>"hP1 43" hPE = dime HY(X(C),C)F==1
P=3

r<gq

where this last identity follows from F..(H?'?) = H%? and the sign & in "+
is the one for which +£(—1)? = 1. Indeed, I'r(s — p) (resp. I'r(s — p+ 1)) has
a simple pole at s = 0 precisely for even (resp. odd) p.

For ¢ = 0 the function

L(h(X),s) = (ki (s) -+ Cr, (5)

is a product of Dedekind Zeta-functions where H°(X,Ox) = K1 x --- x K; is
the ring of global regular functions on X and the K; are number fields. It is
classical that ords=1 (k; (s) = —1 and therefore

t
ord,—g A(h*(X), s) = ords—y A(h%(X),s) = Y _ord,— Cx, (s) = —.
j=1

Hence (63) holds for ¢ = 0 with —t added to the right hand side.
]

9.2. ZETA-FUNCTIONS. For any separated scheme X of finite type over
Spec(Z) one defines a Zeta-function

¢(x,s) =] ﬁ =[[¢(*s,. )
reXxel P

as an Euler product over all closed points. By Grothendieck’s formula [31][Thm.
13.1]
2 dim(Xs,)

C(XF;;? 8) = H det@l (1 - FI‘Ob;l : p_s|Hci(XH7‘p,et7 Ql))
=0

(_1)i+1

If Xg — Spec(Q) is smooth and proper of relative dimension d, there will be
an open subscheme U C Spec(Z) on which Xy — U is smooth and proper. By
smooth and proper base change we have for p € U

Hz(XFp,eﬂ@l) = Hi(‘)(]f‘p,etv@l) = Hi(‘)(@,et?(@l) = Hi(X@,etan)Ip
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and therefore

2d _
(64) ¢(x,s) = ] Buls) [T L(h' (Xg), )V
p¢U =0

where

_ , (-1)!
> [ detg, (1 — Frob ' - p~5|H'(X;5..,, Q)™
Ep(s):H< et (1 — Frob, " - p~*|H' (g1, ) ))

i=0 det@z(l - FrOb;I 'p_S|H§(X]F,,,etan))

is a rational function in p~*.

THEOREM 9.1. Let X be a regular scheme, proper and flat over Spec(Z). As-
sume that the L-functions L(h*(Xy),s) can be meromorphically continued and
satisfy the functional equation (62). Then

orde—o ¢(X,5) = Y (=1)"-i - dimg H}(Xw,R).
1E€EZ

Proof. Note that regularity of X implies that Xy — Spec(Q) is smooth. By
Lemma 10 and Proposition 8.3 we have

ord,— [] L(hi(Ag),5) ™" = —t+ > (~1)" dimc H'(Xp(C), C) ==

1€Z i€EZL
=—t+ Z(_l)i dimR Hi(Xan’ R)Fw:l
€7
=3 (~1)"-i-dimg HY(Xw,R)
I€EZL

and in view of (64) it remains to show that ords— E,(s) = 0 for all p (or just
p & U). This follows from the fact that the Frob,, ! eigenvalue 1 (of weight 0) has
the same multiplicity on H (X5, o, Qi) = H' (X5, or, Qi) and on H* (X ., Qi)'
by part b) of Theorem 10.1 in the next section. O

COROLLARY 13. Let F' be a totally real number field and X a proper, reqular
model of a Shimura curve over F, or of E X E X --- X E where E is an elliptic
curve over F'. Then

orde—o ¢(X,5) = Y (=1)"-i - dimg H}(Xw,R).

i€Z
Proof. For any Shimura curve X, by the now classical results of Eichler,
Shimura, Deligne, Carayol and others, L(h'(X), s) is a product of L-functions
associated to weight 2 cusp forms for a suitable arithmetic subgroup of PSLa(R)
associated to X, hence satisfies (62). It is moreover well known that any curve
always has a proper regular model.
By the Kuenneth formula we have

WEY= @ ETer(E)*er¥(B)* = @ RN(E)® (i)

’L'[)f‘rilfizild iOﬂ’ilfiZ?d
i1+2i2=1 i1+2i2=1
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and each tensor power h'(E)®% is a direct sum of Tate twists of symmetric
powers Sym*h!(E). But for elliptic curves E over totally real fields F the
meromorphic continuation and functional equation of L(Sym*h!(E)/F,s) fol-
lows from recent deep results of Harris, Taylor, Shin et al (see [5][Cor. 8.8]). We
remark that a proper regular model X of E? certainly exists if E has semistable
reduction at all primes since then the product singularities of £, where £ is a
proper regular model of F, can be resolved [37]. O

THEOREM 9.2. Let X be a smooth proper variety over a finite field. Then a)-f)
in the introduction hold for X.

Proof. This was proved for A" in [18][Thm. 9.1] since one clearly has
HY (X5 7) @z R = HY(XG™, R).

But in view of Corollary 12 (see also Corollary 2 and the remark after it) we
have

H{(Xw,Z) = H(X5",Z); H(Xw,R) = H(X5",R)
when Xy is defined by Definition 10. Note here that our fundamental class 0
defined in Definition 15 is different from the class e € H' (X, R) used in [18].
The class e lies in the image of H'(Xy,Z) and is the pullback of the identity
map in

H'(Spec(F,)w,Z) = Homz(Ws,, Z) = Homy(Z, Z).

Since the natural map W, — R sends the Frobenius to log(p), the elements ¢
and e differ by a factor of log(p). This is consistent with the fact that

(65) ¢*(&,0) = log(p)"Z*(X,1)

where Z(X,T) € Q(T) is the rational function so that ((X,s) = Z(X,p~*°)
and

Z(X,T)=(1-T)"Z*(X,1) + ...
with r € Z and Z*(X,1) # 0, co. O

9.3. REMARKS. We finish this section with some remarks to put our results
in perspective.

9.3.1. Cohomology with Z-coefficients. If X — Spec(Z) is a (proper, flat, reg-
ular) arithmetic scheme with a section then RI'(Spec(Z)y,,Z) is a direct sum-
mand of RT'(Xw,Z). Hence by [14] H*(Xw, Z) will not be a finitely generated
abelian group and d) does not hold. Even if one could find a definition of
Spec(Z)y, with the expected Z-cohomology the definition of Ay, as a fibre
product (Definition 10) will not be the right one. Heuristically this is because
one should view the fibre product of topoi as a "homotopy pullback”, and the
”homotopy fibre” of v : Xy — A is not independent of X'| unlike in the sit-
uation over finite fields. Indeed, viewing R~.Z as the cohomology of the fibre,
Geisser has shown [18] that this complex has cohomology Z, Q, 0 in degrees 0,
1, > 2, respectively, for any X over Spec(F,). So for any X over Spec(F,) one
can view the fibre as the pro-homotopy type of a solenoid.
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For X = Spec(Op) where F' is a number field, one expects Rv.Z to be concen-
trated in degrees 0 and 2 (see [34][Sec.9]). On the other hand, if

X = Pépec(OF)

has the correct Z-cohomology, compatible with the computations of R-
cohomology in this paper, then H*(Xy,Z) must be a finitely generated group
of rank rg, the rank of K3(Op) (see j) in section 9.4.2 below). This can only
happen if R*~,Z is nonzero for ¢ = 3 or i = 4, the most likely scenario being that
R*v,Z is nonzero with global sections H?(X.;, R*v.Z) = Homgz(K3(Or), Q).
Again, this is only a heuristic argument since we have not rigorously defined
the homotopy fibre, let alone established any relation between its Z-cohomology
and Ry.Z.

9.3.2. Weil-groups of finitely generated fields. The definition of the Weil-étale
topos as a fibre product is closely related to the idea, briefly mentioned by
Lichtenbaum in the introduction of [30], of defining the Weil-étale topos via
Weil-groups for all scheme points x € X, and then gluing into a global topos
in the spirit of [30]. This is because the Weil-group of a field k(x) of finite
transcendence degree over its prime subfield F' would be defined as the fibre
product Gy(z) Xa Wr (as in Definition 12) and the classifying topos of this
group is the fibre product of the classifying topoi of the factors by Corollary 4.
The remarks in the previous paragraph would then apply to such a definition
as well.

9.3.3. Properties a)-f) for X. If X is regular, proper and flat over Spec(Z) with
generic fibre X of dimension d it follows easily from our results that properties
a)-c) hold for X where of course

RT.(Xw,R) = RT'(Xw,R)

and
2d ‘
(X, 5) = (X, 8) [] Loo (B (X),5)V".
1=0

Property d) must also hold for any reasonable definition of RI'(Xy,,Z) as
will become clear from our discussion in section 9.4.2 below. This discussion
will also show, however, that properties e) and f) will definitely not hold for
any definition of RI'(Xw,Z). This is consistent with the fact that there are
no special value conjectures for the completed L-functions A(h*(X),s) in the
literature.

9.3.4. Non-regular/non-proper schemes. For varieties over finite fields which
are not smooth and proper the work of Geisser [19] shows that one has to
replace the étale topology by the eh-topology (which allows abstract blow-ups
as coverings) in order to define groups H!(Xwp,Z) and H!(Xwp,R) which
are independent of a choice of compactification of X and which satisfy a)-f)
in the introduction (where the index W is replaced by Wh). For arithmetic
schemes over Spec(Z) a similar modification will be necessary, and one also has



64 M. FrLAcH AND B. MORIN

to assume some strong form of resolution of singularities for arithmetic schemes.
We have refrained from trying to incorporate the idea of the eh-topology in this
paper since our results (based on the fibre product definition of Xy, ) are only
very partial in any case.

9.4. RELATION TO THE TAMAGAWA NUMBER CONJECTURE. In this section
we establish the compatibility of the conjectural properties of Weil-étale co-
homology, as outlined in the introduction and augmented with some further
assumptions below, with the Tamagawa number conjecture of Bloch and Kato.

9.4.1. Statement of the Tamagawa number conjecture. Let X be a proper,
flat, regular Z-scheme with generic fibre X of dimension d. The original Tam-
agawa number conjecture of Bloch and Kato [4] concerned the leading Taylor
coefficient of L(h'(X),s) at integers s > “51 . This was then generalized by
Fontaine and Perrin-Riou [16] to a conjecture about the vanishing order and
leading coefficient at any integer s. In this paper we are only concerned with
s =0.

One defines ”integral motivic cohomology” groups Hy; (X z, Q(q)) for example,
as

HY, (X 2,Q(q)) = im(Kagp(X)S) = Kagp(X)§),

with K (X)(gz) the ¢-th Adams eigenspace of the algebraic K-groups K;(X) ®z
Q. Denote by W* = Homg(W, Q) the dual Q-space and set Wg := W ®qg R.

CONJECTURE 1. (Vanishing order) The space HIQ\/‘Ii_i+1(X/Z,(@(d+ 1)) is finite
dimensional and

ords—o L(h*(X), s)=dimg H (h'(X)*(1))* — dimg H}(h'(X)*(1))*
=dimg H}(h*~(X)(d +1))* — dimg H}(h***(X)(d + 1))*
=dimg Hyf ""(X,2,Q(d + 1))*

Here we refer to [13] for the notation H{(M) (not needed in the sequel).
Let H}(X/r,R(q)) denote (real) Deligne cohomology and let

(66)  pho: Hip (X2, QU+ 1)) —HE T (X r, R(d + 1)
be the Beilinson regulator.

CONJECTURE 2. (Beilinson) The map p'_ is an isomorphism for i > 1 and
there is an exact sequence

0
(67) 0 — H2HN(X )5, Q(d+1))r 2= HEHY (X g, R(d+1)) — CHY(X) — 0
fori=0.
We remark that Deligne cohomology satisfies a duality
(68)  Hp' "X /g,R(d+1))" = Hp(X/r,R) = H'(X(C),R)*
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for i > 0 and deduce the well known fact that the vanishing order of L(h*(X), s)
predicted by Conjectures 1 and 2 is in accordance with Lemma 10. Another
consequence of conjecture 2 is

(69) HY N (X2, QA+ 1)) =0

for i > 2d + 1, a particular case of the Beilinson-Soule conjecture.
Define the fundamental line

A(H (X)) = detg! (HH(X(C),Q)*) ©g detg HE=+ (X2, Qd + 1))’
for ¢ > 0 and
Af(h°(X))
— detgCH(X)q g detg (HO(X(C),Q)") 9g detg 2 (X2, Q(d +1)*
for i = 0. There is an isomorphism
PR 2 AL (W (X))g

induced by (68) and the dual of (66) (resp. (67)) for ¢ > 0 (resp. i = 0).

Now fix a prime number ! and let U C Spec(Z) an open subscheme on which
[ is invertible. For any smooth Il-adic sheaf V on U and prime p # [ define a
complex concentrated in degrees 0 and 1

1 —Frob; 1
EE—

RFf (Qp7 V) = RF<]FP7 Z;jp,*V) - le VIP

where I, is the inertia subgroup at p and 4, : Spec(F,) — Spec(Z) and jj, :
U — Spec(Z) are the natural immersions. For p = [ define

(1-¢.)

er (@p7 V) = Dcris(v) Dcm’s(v) SV DdR(V)/FODdR(V)

where D..;s and Dyr are Fontaine’s functors [16]. In both cases there is a map
of complexes

RU(Qp, V) = RE(Qy, V)

and one defines RI'/;(Qp, V) as the mapping cone. The next Lemma shows
that the complex RI';(Qy, V) has a uniform description for p =1 and p # [ in
the case that interests us.

LEMMA 11. Let V' be finite dimensional Qp-vector space with a continuous
G, = Gal(Q,/Qyp)-action and such that Dgr(V)/F°Dyr(V) = 0. Then there
is a commutative diagram in the derived category of Qp-vector spaces

R]‘—‘f (@Pv V) EE— RF(QP7 V)

< ||
RF(IFP,VIP) —— RI(Q,, V)

where K is a quasi-isomorphism.
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Proof. For a profinite group G and continuous G-module M we denote by
C*(G, M) the standard complex of continuous cochains. There is an exact
sequence of continuous G,-modules

0V = B(V) L BYV) =50

where
B°(V) = Beyis ®q, V
(with diagonal Gp-action),
BY (V) = Beyis ®q, V @ (Bar/F°Bar) ®q, V

and d°(z) = ((1 — ¢)(z),¢(x)) where ¢ is induced by the canonical inclusion
Beris = Bagr (see [16] for more on Fontaine’s rings Be.;s and Bgr). Viewing
this sequence as a quasi-isomorphism between V' and a two term complex we
obtain a quasi-isomorphism

RF(QP, V)= RF(GP7 V)= C'*(Gp7 V)
~ Tot (0*(@,,,30(1/)) <0G, Bl(V))>

where Tot denotes the simple complex associated to a double complex. By
definition RI'¢(Q,, V) is the subcomplex

H°(G,, B°(V)) s HY(G,, B'(V))
of this double complex, i.e. the complex
0
Deyis(V) % Deyis(V) & Dap(V)/FODyp(V).

For any continuous G,-module M there is moreover a quasi-isomorphism

C* (1, 00))

where Frob, € G, is any lift of the Frobenius automorphism in G,/I,,
acting simultaneously on I, (by conjugation) and on M. The complex
RI(F,, H°(I,, M)) is the subcomplex

1—Frob,*

RI(G,, M) = RI(F,, RT'(I,, M)) = Tot (C*(Ip, M)

1-Frob,

1
H(I,,M) ——*— H°(I,, M)

of this double complex. Combining these two constructions, we deduce that
RT(Q,, V) is canonically isomorphic to the total complex of the triple complex

C*(L, B°(V)) —2 s ¢*(1,, B\(V))
(70) 17Frob;1JV 17Fr0b;1l

C* (L, B(V)) — C*(1,, B\(V).
We have an isomorphism

QZT ®Qp Dcm’S(V) = HO(Ipa BO(V))
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where @gT is the p-adic completion of the maximal unramified extension of Q.
The map ¢ on this space (induced by ¢ on B,.;s) is semilinear with respect to
the automorphism ¢ of Qgr. The classical Dieudonné-Manin structure theorem
for such semilinear ¢-modules [27] shows that HY(I,, B°(V)) is a direct sum
of simple modules E(£}) = @ZT [#]/(¢™ — pN), parametrized by non-negative
rational numbers %, and an explicit computation shows that 1 — ¢ is surjective
on E(4}). Hence 1 — ¢ is surjective on H°(I,, B°(V')). By our assumption on
V we have
HO(I,, B\(V)) = H'(I,, B(V)) & Q4" @q, (Dar(V)/F°Dar(V))
=~ H°(I,, B°(V))

and d is simply the map 1 — ¢ on H(I,, BY(V)). Hence H°(I,,V) is quasi-
isomorphic to the complex

0

H(1,, B(V)) = H°(1,, B\(V))

and RI(F,, H°(I,,V)) is canonically isomorphic to the total complex of the
double subcomplex

0

HO(1,, B°(V)) —"— H"(I,, B'(V))
17Frob;1l lfFrob;ll
0
HO(1,, B°(V)) —*— H"(I,, B'(V))

of (70). Now, again using our assumption Dgr(V)/F°Dgr(V) = 0, this double
complex is naturally quasi-isomorphic to RI'f(Qp, V') via the natural map &
(given by the inclusion H°(G,, —) — H°(I,, —)) in the following diagram

Dcris(v) i) Dcris(V)

‘ ‘|

HO (I, B°(V)) —"» H°(I,, B"(V)

1—Fr0b;1l 1—Frob;1l

H(I,, B°(V)) —2 HO(I,, B°(V)).
Indeed, the vertical sequences in this diagram are short exact sequences. The
space Deis(V) = HY(G)p, B(V')) is the kernel of 1 —Frob, ' on HO(I,,, B°(V))
by definition, and 1 — Frob;1 is surjective on H°(I,, B(V)). This is because
there is an isomorphism of Frob,-modules

HO(I,, B(V)) = Q" ®q, Deris(V) = (Q47)*
where d = dimg, D.,is(V), using again the fact that Frob, acts trivially on

D¢yis(V). Finally, it is well known that 1 — Frob,, : @gr — @gr is surjective.
This concludes the proof of the Lemma. O
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We continue with the notations introduced before Lemma 11. One defines a
global complex RI'¢(Q, V) as the mapping fibre of

RT(Uet, V) = €D RT4(Qy, V).
p¢U

Then there is an exact triangle in the derived category of Q;-vector spaces

(71) RIo(Uet, V) = RU4(Q, V) = €D RT(Q,, V)
pgU

where the primes p ¢ U include p = oo with the convention RT'f(R,V) =
RT'(R,V). One can further show that Artin-Verdier duality induces a duality

Hj(Q,V) = Hy/(Q,V*(1))".

The index ” f” stands for ”finite” which in this context is synonymous for
“unramified” or ”coming from an integral model”. The following proposition
justifies this interpretation of the complex RI'f in the case of interest in this
paper.

PROPOSITION 9.1. Let w : X — Spec(Z) be a regular, proper, flat Z-scheme
and Xy its Artin-Verdier étale topos. Let U C Spec(Z) be an open subscheme
so that my : Xy — U is proper and smooth, let | be a prime number invertible
on U and set X, = X @z F,. For brevity we write Xoo et for Sh(Xso) (see Prop.
4.1). Assume Conjecture 9 in the next section. Then there is an isomorphism
of exact triangles in the derived category of Q-vector spaces

RFC(XU,eta Ql) — Rr(‘x_‘eta Ql) — @ RF(Xp,eta Ql) —
p¢U

l | l

2d ) 2d . 2d .
S AU VO[] = B ET@ VO[] = @ @ ANA(Qy Vi)

where V} := Hi(XQCt7 Q1) and the bottom exact triangle is a sum over triangles

(71).

Proof. For all p and ! (including p = oo with a suitable interpretation of the
terms) we shall first show that there is a commutative diagram
(72)

RI( X ct, Qi) —  RI(Xg,et, Qi) — Rlx, (Xz, e, Q)[1] —

o ! |

@ AL/, V-] - e_é RI(Q,, Vi) [—i] — e_é R (@, V)[—1] =

1=
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where the rows are exact and the vertical maps are quasi-isomorphisms. This
then induces a commutative diagram where the vertical maps are quasi-
isomorphisms

(73)

RI'(Xyet, Q)  — @ RI'(Xg,et, Q) — & Rlx, (A7, e, Qu)[1]
p¢U p¢U

o ! !

B RI (U, V)1 = @ @ RI@, Vi)[-1) = @ @ BT 5(Qy, Vi)
i=0 pgU =0 pgU i=0

Indeed, the first commutative square is induced by the commutative diagram

Xy «—— A,

I l

U —— Spec(Qy)

and a decomposition Ry, Q; = @?io V[—i] in the derived category of l-adic
sheaves on U, and the second is a sum over p ¢ U of the right hand square
in (72). Taking mapping fibres of the composite horizontal maps in (73) we
obtain an isomorphism of exact triangles

RT (X, Q) = RI(Xye, Q) — @ Rlx, (Az, .0, Q)[1] —

p¢U
2d l 4 2d J , 2d l ,
& R/ V-]~ @ RO Vi = @ @ ATy (@ )l =

where we use excision to identify the first fibre with RI'(X.,Q;). The oc-
tahedral axiom then gives the isomorphism of exact triangles in Proposition
9.1, using the fact that the mapping fibre of the top left (resp. bottom left)
horizontal map in (73) is RTc(Xy e, Q) (resp. @?io RT(Uet, V') [—i]).
Concerning (72), for p = oo we declare RI'(X, c,Q;) = RI'(Xg, e, Q) and
RT'x,(Az,ct, Qi) = 0. This agrees with the convention RI';(R, —) = RI'(R, —)
introduced above. For p # oo the top exact triangle is simply a localization
triangle in étale cohomology since we have RI'(X) ey, Q) = RI(X7z, et Qi) by
proper base change. It suffices to construct quasi-isomorphisms « and g so
that the left hand square in (72) commutes. For brevity we now omit the index
et when referring to (continuous l-adic) étale cohomology.

The quasi-isomorphism 3 is induced by the Leray spectral sequence for mq,
and a decomposition

2d
(74) Rrg, .Q = @ Vi [-i]
1=0
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in the derived category of l-adic sheaves on Spec(Q,). The existence of «
follows if the composite map

i i H(B i - .
H' (X, Q1) = H'(Xg,, Q) =25 H(Q,, Vi) © H(Q), V1) @ HA(Q,, Vi 7?)
induces an isomorphism

H'(X,, Qi) = HY(Qp, V') ® Hp(Qp, V7).

We shall show this only referring to the filtration F* on H'(Xg,,Q;) induced
by the Leray spectral sequence for 7g,, not any particular decomposition (74).
The Hochschild-Serre spectral sequence for the covering XZ;T — Xz, whose
group we identify with Gal(F,/F,), induces a commutative diagram with exact
rOwsS

(75)

0 = H'Fp, H Xz, Q1)) — H'(X,, Q) — H(Fp, H'(X5,, Q) — 0

| l

0 — Hl(Fp,Hiil(XQ;T,,Ql)) — Hi(XQp,Ql) — HO(FP,Hi(XQ;T,,Ql)) — 0
lv

H' (Fy, H(Ip, Vi) H(Qp, V) = HO(Fy, H(Ip, V}')).

The left and right composite vertical maps are isomorphisms by Theorem 10.1
b) for I # p (resp. Conjecture 9 for [ = p) and the fact that

RF(FPa V) = RF(FIN W0V>

for any l-adic sheaf V' on Spec(F,) where W,V C V is the generalized Frobenius
eigenspace for eigenvalues which are roots of unity (or just for the eigenvalue
1). Note also that

H,];(QIN Vll) = Hk(F;D? HO(IP’ VE?))
for K =0,1 and all I and ¢ by Lemma 11 since
Dar(Vy) = Hjp(Xo, /Qy) = FOHjp(Xg, /Q,) = FODar(Vy).

The kernel of the map « in (75) is H°(F,, H'(I,, V" ')), hence there is a
commutative diagram with exact rows

0— HY(F,, Hi—l(XQ;T, Q) — F H (Xg,, Q) — HO(F,, H (I, V") =0

! l H

0— Hl(FpaHO(Ivali_l)) - Hl(vaVli_l) %HO(FpaHl(Ivali_l))ﬁo

which implies that the left vertical isomorphism in (75) fits into a commutative
diagram with the natural map FlHi(XQP, Q) — HY(Q,, Vlz_l). This finishes
the proof of the existence of a and of Proposition 9.1.
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We remark that for [ # p we have WoH'(I,,, V;') = Wo((V,")1,(—1)) = 0 and

hence isomorphisms
WoH' (Xp,, Qi) = WoH' (X, Qi) = WoH (I, V)

which implies that the top left and right, and therefore the top middle vertical
maps in (75) are isomorphisms. We conclude that

RI'(X,,Qq) = RI'(Xg,, Qi)
for | # p like for p = oco. a
We continue with the statement of the Tamagawa number conjecture. One

might view the following conjecture as an [-adic analogue of Beilinson’s conjec-
ture, or as a generalization of Tate’s conjecture.

CONJECTURE 3. (Bloch-Kato) There are isomorphisms
i+ (@, V}) = HE (X, QU+ 1)),
and H(Q,V}') = 0 for any i.
One can show easily that H})(@,Vlo) ~ Cho(X)g,, H?(Q, Vi) =0 fori>0

and H}”((@, V;!) = 0 so that Conjecture 3 computes the entire cohomology of
RI'(Q, V}%). Together with Artin’s comparison isomorphism

Vil = H' (Xg,e, Q) = H'(X(C),Q)g,
as well as the isomorphisms
tp : detg RT'#(Qp, V) = Q

induced by the identity map on (V;)» and D..;s(V}?), Conjecture 3 induces an
isomorphism

0+ Ap(h'(X))q, = detg, R4 (Q, V) © detg, RT(R, Vi) 2 detq, RL e (Uer, V7).

CONJECTURE 4. (I-part of the Tamagawa number conjecture) There is an iden-
tity of free rank one Z;-submodules of detg, RT'c(Uet, V}")

Zy - 9% 09t (L*(h'(X),0)™ ") = detg, RT o(Ues, T})
for any Galois stable Z-lattice T} C V.
This conjecture is independent of the choice of the lattice T} since
(76) [T 1 e M) =1
i€Z,
for any finite locally constant sheaf M whose cardinality is invertible on U. The

following conjecture allows a reformulation of the Tamagawa number conjecture
in terms of the L-function

LU(hi(X)’S) = H Lp(hi(X)’s)

peU
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associated to the smooth [-adic sheaf Vli over U. Recall that a two term complex

C= (W A W) is called semisimple at 0 if the composite map
H°(C) = ker(\) C W — coker(\) = H'(C)

is an isomorphism. This is always the case, for example, if the complex C' is
acyclic.

CONJECTURE 5. (Frobenius-Semisimplicity at the eigenvalue 1) For any prime
number p the complex RT ;(Q,, V}') is semisimple at zero.

Under this conjecture one has a second isomorphism
Ip : detg, RT¢(Qp, V') = Qi
which satisfies
tp = Py (h'(X), 1) 70 = Ly (h'(X), 0) log(p)" 7,

where 7, = ordr—1 P,(h*(X),T) = —ords—o L,(h*(X), s) (see [7][Lemma 2]).
If RU';(Qp,V}’) is acyclic then i, is the canonical trivialization of the deter-
minant of an acyclic complex. Using this second isomorphism the Tamagawa
number conjecture becomes

(77) Zy - 0% 00t _(Li(h'(X),0)™1) = detg, RT o (Uet, T})
where B , 4 B '
i = [[ zr(w'(x), 105, iy = [ log(p)» 9%
pgU pgU

9.4.2. Further assumptions on Weil-étale cohomology. In order to establish
the compatibility of the conjectural picture a)-f) outlined in the introduction
with the Tamagawa number conjecture, we need to augment it with a number
of further assumptions. Even though a)-f) only refer to cohomology groups
we now assume that these groups do indeed arise from a topos Ay - different
from the one defined in Definition 10 - and that compact support cohomology
is defined via an embedding into a proper scheme followed by an Artin-Verdier
type compactification Xy (and is independent of a choice of compactification).

g) For an open subscheme U of an arithmetic scheme X with closed com-
plement Z there is an exact triangle of perfect complexes in the derived
category of abelian groups

RU(Uw,Z) — RUo(Xyw,Z) — RUo(Zw,Z) — .

h) There is a morphism of topoi v : Xy — X for any arithmetic scheme
X (or the Artin-Verdier compactification of such a scheme). Moreover,
for any constructible sheaf F on Xy the adjunction F — Rry.y*F is

an isomorphism.
If X has finite characteristic then h) holds if one understands the index W as
denoting the Weil-eh cohomology of Geisser (see [19][Thm. 5.2b), Thm. 3.6]).
In addition, the exact triangle in g) exists for Weil-eh cohomology by [19][Def.
5.4, eq. (4)] but perfectness is only known under resolution of singularities
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(more precisely, under the assumption R(d) of [19][Def. 2.4], see loc. cit.
Lemma 2.7).

The following property is a natural extension of property g) to the Artin-Verdier
compactification.

i) If X is regular, proper, flat over Spec(Z) then there is an exact triangle
in the derived category of abelian groups

RU.(Xw,Z) — RU(Xw,Z) — RU(Xeow,Z) —
and there is an exact triangle
RT.(Xw,R) — RT(Xw,R) — RT(Xow,R) —
in the derived category of R-vector spaces, where X,y was defined in
Definition 11.
Note that
R (Xoo,w, Z) = RT(Xso, Voor(Z)) = RT'(Xeo, Z)

by Proposition 8.2 and this last complex is isomorphic to the singular com-
plex of the (locally contractible) compact space X and is therefore a perfect
complex of abelian groups. Since the complex RT.(Xw,Z) is perfect by d)
the triangle in i) then implies that RI'(Xy,Z) is also a perfect complex of
abelian groups. Note also that, unlike in the situation g), the triangle for R-
coefficients is not the scalar extension of the triangle for Z-coeflicients since
neither RI'(Xs w,Z) nor RI'(Xy,Z) satisfies property e). One rather has a
commutative diagram of long exact sequences

- H (Xew . R) » HP(Xw,R) > 0 = HP(Xow,R)
= H (Xoow,Z) — HIP(Xw,Z) — H(Xw,Z) - H'P(Xeow, Z)

where only ag is an isomorphism by e). Here we assume ¢ > 0 so that
H*2(Xy,R) = 0 by Theorem 7.1. There is a direct sum decomposition

H (X w,R) =2 HT (X, R) @ H (X, R)
by (47) and an isomorphism
H N Xow, Z)r 2 H (Xoo, Z)p = H (X, R).
One therefore obtains a map for i > 0
rio s HY (Xoo, R) = H (X, Z)r

which is an isomorphism for i > 0.
Proposition 9.1 and assumption h) yield an isomorphism for i > 0

ri s HF(Q, V) 2 H? (X, Q) = H ™ (X, Qi) = H (X, Z)g, -

The following is the key requirement on a definition of a Weil-étale topos.
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j) If X is regular, proper, flat over Spec(Z) with generic fibre X of di-
mension d then there are isomorphisms

N HY(Xw, Z)g = Hyp (X2, Q(d +1))*

for i > 0 such that A\ o7, = (pl,)* and Ay, o7} = pj.
This is true for d = ¢ = 0 with Lichtenbaum’s current definition where

H?(Spec(Or)y, Z)g = Hyy(Spec(F) /z,Q(1))* = Homz (O, Q).
Note that j) together with (69) and h) also implies

H"(Xw,Z) =0

for ¢ > 2d + 1, which is not satisfied by the current definition of Spec(Or)y,, .
PROPOSITION 9.2. Suppose there is a definition of Weil-étale cohomology
groups for arithmetic schemes satisfying a)-j) except perhaps f) for schemes
of characteristic 0. Let X be a proper, smooth variety over Q of dimension d
which has a proper, reqular model over Spec(Z) such that Conjectures 1,2,8,5,9

are satisfied. Assume L(h'(X),s) has a meromorphic continuation to s = 0 for
alli. Then the Tamagawa number conjecture (Conjecture 4) for the motive

2d .
HX) = D H ()]
=0

is equivalent to statement f) for any arithmetic scheme X with generic fibre X .

Proof. If X is any arithmetic scheme with generic fibre X then there exists an
open subscheme U C Spec(Z) so that m : Xy — U is proper and smooth. Let
Z be the closed complement of U. Then by g) we have an isomorphism

detzRFC(Xw, Z) = detzRFC(XUyw, Z) (S detzRFC(XZ,W, Z)
as well as factorizations
C(Xv S) = C(XU, S)C(Xz, 8)5 C*(‘X7 O) = C*(‘XU7 0)<*(XZ7 0)'

Since we assume f) for Xz = [[ ., &, , statement f) for X is equivalent to

peEZ
statement f) for Xyy. We now assume that X is the proper regular model of X.

For any prime p € Z, the exact sequence
2 HY (Xw, L) == HY (X w, Z)g = -+,
where e € H 1(Xp,w, Z) is Lichtenbaum’s canonical class, yields a trivialization
(78) Q = detgRT (X, w, Z)g.
The exact triangle
RTo(Xyw,Z) = RU(Xw,Z) - €D RI(X,w,.Z)
pEZU{oc0}
together with assumptions i), j), (78) and the isomorphisms
H'(Xoow,Z)o =2 H'(X(C),Q)", CH°(X)g = H°(Xw,Z)g
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induce an isomorphism

dw : detgRTo(Xy,w, Z)g 2detgRT (X, Z)g ®  (X)  dety' RT (X, w,Z)g
peEZU{oo}
2d

=~ R) Af(hi(X)) V"

=0

By assumption j) there is a commutative diagram of isomorphisms

R —1—  detgRT(Xuw,Z)r

[ [

P @20 A (X))

where 7y is induced by c). The power of log(p) in ] appears for the same reason
as in the proof of Theorem 9.2.

Similarly, j) implies that for any prime [ € Z we have a commutative diagram
of isomorphisms

detg, RT.(Xu.w, Z)g, —_— detg, BT .(Xyet, Q1)

(79) PW'@Z l
i i @)Y —1)! i
®:% A (X)), : ®7% detl, V) RLo(Uet, Vi)

where the top isomorphism is induced by an isomorphism

R

R (Xyw,Z) ®7 Zi = RTo(Xu,et, Zit)

(coming from assumption h) together with the finite generation of the coho-
mology of RT'.(Xyw,Z) claimed in g)), while the right vertical isomorphism
is induced by the isomorphism

RFC(XU,CU Zl) = ch(Ucta R’/T*Zl)

and

2d )
detz, RTo(Uey, R, 7)) ®det VRU(Uet, L) = R detl, ) R (Uer, T)
=0

where L! := R'm,Z; and T} C V} is the torsion free part of L!. Note that we
have an exact sequence of locally constant Z;-sheaves on U

0> Lj0r > Li =17 =0

and an identity detyz, RU.(Ue,T}) = dety, RUe(Uet, Lt) of invertible Z;-
submodules of detg, R'c(Uet, V}') by (76).

As discussed above statement f) for Xy is equivalent to statement f) for Xy
for U’ C U, hence we can always assume that a given prime [ is not in U. If



76 M. FrLAcH AND B. MORIN

we know statement f) for Xy then the image under «y of

2d
(0,07 = [T 2 (0,00
i=0
generates the natural invertible Z;-submodule

2d
RU( Xy, Z) ®7 Z = Q) dety, V) RTe(Uer, T7)
i=0
in (79) (see the discussion in the previous paragraph). Hence we obtain the
Tamagawa number conjecture in the form (77) for h(X). Conversely, knowing
the Tamagawa number conjecture for h(X), we obtain the [-primary part of
statement f) for A7\ ;3 which is equivalent to the [-primary part of statement
f) for Xy. Varying [ we obtain f) for Ay. Here by l-primary parts, we mean
that for any perfect complex of abelian groups C, such as RI'.(Xyw,Z), an
element b € detz(C) ® Q is a generator of detyz(C) if and only if the image of
b in detz(C) ® Q; is a generator of detz(C) ® Z; for all primes .
O

10. ON THE LOCAL THEOREM OF INVARIANT CYCLES

Let R be a complete discrete valuation ring with quotient field K and finite
residue field k of characteristic p. Set S = Spec(R), n = Spec(K), s = Spec(k).
Let S = (S,35,7) be the normalization of S in a separable closure K of K and
denote by I C G := Gal(K/K) the inertia subgroup.

10.1. [-ADIC COHOMOLOGY FOR p # [. In this section [ is a prime different
from p. The following lemma might be well known as a consequence of de Jong’s
theorem on alterations [11], and also of Deligne’s work [9] in case char(K) = p.
We shall only need it for X, — Spec(K) proper and smooth.

LEMMA 12. Let X, — Spec(K) be separated and of finite type. Then the
G-representation H (X5, Q) has a (unique) G-invariant weight filtration

- CWH (X, Qi) € Wi H' (X5, Q) € - --
in the sense of [9][Prop.-Def. 1.7.5], i.e. if F' € G is any lift of a geometric
Frobenius element in Gal(k/k) then the eigenvalues of F on gr}/VHi(Xﬁ, Q) are

Weil numbers of weight j € Z with respect to |k|. The same is true for the G-
representation H(X;,Q;). One has W_1H (X;, Q) = W_1H\(X5,Q;) = 0.

Proof. By [9][Prop.-Def. 1.7.5] it suffices to show that all eigenvalues a of F
on H'(X;,Q;) are Weil numbers of some weight j = j(a) € Z. In doing so,
one may pass to an open subgroup G’ C G, i.e. replace X, by its base change
to a finite extension K'/K, since an algebraic number « is a Weil number with
respect to |k| if and only if al*"**] is a Weil number with respect to |k’|. One
can now argue exactly as in the proof of [2][Prop. 6.3.2] to which we refer for
more details. If X, is the generic fibre of a proper, strictly semistable scheme,
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then the vanishing cycle spectral sequence computed by Rapoport and Zink
[36][Satz 2.10]

(80) E;r,i+r _ @ Hi7r72q(y(r+2q)’ Ql)(*r 7 (J) = Hi(Xﬁ, Ql)

q20,r+¢>0

together with the Weil conjectures for the smooth proper schemes Y () give the
statement (and moreover the weight filtration on H i(Xﬁ, Q) is the filtration
induced by the spectral sequence). If X, is only smooth and proper then by
de Jong’s theorem [2][Thm. 1.4.1] there is a generically finite, flat X;, — X,
where X7'7, is strictly semistable. Hence H'(Xj,@Q;) is a direct summand of
the G’-representation H i(X%,Ql) for which the statement holds. Then one
can use induction on the dimension together with the long exact localization
sequence to prove the statement for H!(X5,Q;) for any separated X,, of finite
type. Another application of de Jong’s theorem is necessary here to assure that
a regular open subscheme U C X, has a finite cover U’ — U which is open in
a proper regular K-scheme. For X, smooth over K, Poincare duality then im-
plies the statement for H i(X,—,, Q) and for general X one uses a hypercovering
argument. In this proof, starting with (80), all occurring F-eigenvalues have
non-negative weight, i.e. we have W_1H*(X;, Q) = W_1H{(X7, Q) =0. O

Let f : X — S be a proper, flat, generically smooth morphism of relative
dimension d. For 0 < ¢ < 2d one defines the specialization morphism

(81) Sp - Hi(Xgan) — Hi(Xﬁ»Ql)I
as the composite
(82) H'(X5,Qu) = H'(X',Qu) = H'(X;, Qi) = H'(X5,Q)

where X' is the base change of X to a strict Henselization of S at 5 and the first
isomorphism is proper base change. The map sp is G-equivariant and respects
the weight filtration.

THEOREM 10.1. If X is regular then the following hold.
a) The map

HY(X5,Q) = W;H (X5, Q) - W, H (X, Q)"

induced by sp is surjective for all i.
b) The map

(83) WlHi(X§7@l) — WlHi(Xﬁle)I

induced by sp is an isomorphism for all i, and the zero map for i > d.
¢) The map sp is an isomorphism for i =0, 1.
d) If W;H (X5, Q) = H(X5,Q)! for all i then the map

Wilei(ng Q) — Wilei(Xﬁa Ql)I

induced by sp is an isomorphism for all i.
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Remarks. a) By part a) of the theorem, the assumption of part d) is equivalent
to the surjectivity of the map sp for all ¢, a statement which is called the local
theorem on invariant cycles. It is known to hold if R is the local ring of a smooth
curve over k by [9][Lemma 3.6.2], see also [9][Thm. 3.6.1], but it is only conjec-
tured in mixed characteristic. Unconditionally, we were only able to prove the
weak statement in b) rather than the full conclusion of d). Part ¢) is probably
well known and follows, for example, from b) and results of [22][Exposé IX] on
Neron models which assure that Wy H' (X5, Q) = HY(X5, Q).

b) It is easy to construct examples where sp is not injective for ¢ > 2. For
example if X is the blowup of a proper smooth relative curve over S in a closed
point, then H?(X5, Q;) will have an extra summand Q;(—1) corresponding to
the exceptional divisor which gives a new irreducible component of Xj.

c¢) If X arises by base change from a regular, proper, flat scheme X — Spec(Z)
part b) of the theorem implies

2d

ords—n C(X,5) = ords_p, [ [ L(h'(Xg),s) "
=0

for integers n < 0 (and for n = }) where ((X,s) is the Zeta-function of the
arithmetic scheme X and L(h%(Xy), s) is the L-function of the motive h’(Xp)
defined by Serre [38]. Indeed the former (resp. latter) is an Euler product
of characteristic polynomials of Frobenius on H'(X ® F,,Q;) (resp. H' (X ®
Qp, Q)7). These are equal for almost all primes and at the finitely many (bad
reduction) primes where they might differ, part b) assures that the vanishing
order at s < 0 of both factors, which equals (—1)**! times the multiplicity of
the Frobenius-eigenvalue p™ (of weight 2n), is the same.
d) Regularity of X is a key assumption in the theorem. The map sp will be
an isomorphism for ¢ = 0 if X is only normal but for ¢ = 1 normality is not
even sufficient for surjectivity of sp on Wy, as the following example of de Jeu
[8] shows. If E is an elliptic curve over Q given by a projective Weierstrass
equation
YV?Z = X*+ AXZ?+ BZ?

with A, B € Q then for any u € Q* the curve

Y?Z = X? +u*AXZ? +u°BZ®

is isomorphic to E, and if u* A, uS B € Z this equation defines a normal scheme
&, proper and flat over Spec(Z), inside PZ. Indeed, the affine coordinate ring
of the complement of the zero section (X : YV : Z) = (0:1:0)is R =
Zlz,y]/(y? — 2® — u*Ar — uSB) and hence a complete intersection. So R is
normal if and only if all local rings A, for primes p of height < 1 are regular.
If p maps to the generic point of Spec(Z) this is clear because E is a smooth
curve over Q. If p maps to (p) for some prime number p, then p = R - p since
R - p is already a prime ideal as the equation y? — 22 — u* Az — 8B remains
irreducible modulo p. Hence p is principal and A, is a DVR. The generic point
of the zero section maps to the generic point of Spec(Z), hence £ is normal.
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If we now pick u in addition to be a multiple of some prime p where E has split
multiplicative reduction, then &5 is a cuspidal cubic curve and therefore

0=H'(E,Q) = H' (&, Q)" = WoH" (£, Q)" = Q,

is not surjective.

However, the condition that X is locally factorial (all local rings are UFDs)
lies between normality and regularity and is sufficient to ensure that our proof
of ¢) given below goes through. Regularity is only used for the isomorphism
Pic(X) = CI(X) and for [35][Thm. 6.4.1] via normality.

Proof. Since the statement of Theorem 10.1 only depends on the base change
of f to the strict Henselization of S at § we may assume that S is strictly
Henselian. Note that regularity is preserved by this base change by [31][1,3.17
c)l.

For a) we follow Deligne’s proof of [9][Thm. 3.6.1], replacing duality for the
essentially smooth morphism X — Spec(k) by duality for the morphism f
combined with purity for the regular schemes X, proved by Thomason and
Gabber (see [17]), and S, proved by Grothendieck in [21][I,Thm. 5.1]. The
same arguments as in loc. cit. lead to the commutative diagram with exact
rows and columns

HEH (X, Qi)

0 - H™NX;Q)r(-1) - HY(X,,Q) — H{(X;Q) =0

(84) TS”
H'(X,Q) = H'(XsQ)

Hé(: (Xv Ql)
and after application of the exact functor W; to a diagram

W HE (X, Q)

I

W H (X,,Q) —— W;H (X5,Q) —— 0
[ [
WH (X, Q) —— W;H'(X;5,Q)
so that it remains to show that

(85) WHTH (X, Q) =0
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for all i. The vertical long exact sequence in (84) arises by applying the (exact)
global section functor T'(S, —) to the exact triangle

Rf*RHomX(i*Qth) — Rf*@l — Rf*R]*Ql
where i : X5 — X and j : X, = X are the inclusions. By purity for X [17][§8]
we have Q; = Rf'Q(—d)[—2d] and the (sheafified) adjunction between Rf"
and Rf gives
Rf.RHom y (i.Qq, Q) = RHomg(R f1i.Q;, Q;(—d))[—2d]
= RHomg (is « R fs «Qr, Qi (—d))[—2d]
= i o RHom (R f, Q. Ri,Qi(—d))[~2d]
~ s RHom (Rfs .Qi, Q) (—d — 1)[—2d — 2]

where is : s — S is the closed immersion and fs; : Xy — s the base change
of f. Here we have also used Rf, = Rfi (f proper) as well as the sheafified
adjunction between i5) = i, and i',, and purity for S. This last complex has
cohomology in degree ¢ + 1 given by

Homg, (H*™27 71 (X5, Qu), Qi) (—d — 1)
which has weights greater or equal to 2(d +1) — (2d+2 —i—1) =i + 1 since
Wi H* (X5, Q) = H* (X5, Q;) by [9][Cor. 3.3.8]. This finishes the proof of a).

Concerning b), we apply the exact functor W to the diagram (84) and obtain
a commutative diagram

Wy H (X, Q) —2—s Wy H (X, Q)

Ta TSP
WiH (X, Q) —— WiH (X;5,Q).

For ¢ > 2 the map « is an isomorphism since

Wi HY (X, Q) € W;_1H (X, Q) =0

for j =4,i+ 1 by (85). For i = 0,1 we already have
Hi, (X, Qi) = Homg, (H>™?7(X5, Q1), Q) (=d = 1) = 0

before applying W7 and the map « is also an isomorphism. For any 7 the map
[ is an isomorphism since

Wi (H'™H (X5, Q)1 (—1)) = Woi (H™H(Xg, Qo)1) (-1) = 0
by Lemma 12. Hence the map induced by sp on W is also an isomorphism. For
i > d both sides of (83) vanish. Indeed, the weights of H*(X5,Q;) are greater
or equal to 2(i — d) > 2 by [9][Cor. 3.3.4] and the same is true for H* (X5, Q;)

as follows from Poincare duality and the fact that the weights on H*(X;, Q)
are < 2 for ¢ < d. This in turn can be read off from the spectral sequence (80)



ON THE WEIL-ETALE TOPOS OF REGULAR ARITHMETIC SCHEMES 81

in the strictly semistable case and follows in general from de Jong’s theorem.
Hence

WiH! (X5,Qp) = Wi H (X5, Q)" =0
for ¢ > d and we have finished the proof of b).

Concerning d), we apply the exact functor W;_; to the diagram (84) and obtain
a commutative diagram

Wi H (X, Q) SN Wi H (X5, Q!

Ta TSI)
Wi H'(X, Q) —— WisiH' (X5, Q)
where « is an isomorphism for the same reason as in the proof of b) and f is
an isomorphism since
Wi—l(Hi_l(Xﬁan)I(_l)) =W;_3 (Hi_l(Xle)I)(—l)
is dual to
H N (X, Q) (d + 1) /Waa—ige (H? 7 (X5, Q) ') (d+ 1)

which vanishes by the assumption in d).

Concerning c), the case i = 0 follows from b) since W1 H° (X5, Q;) = H°(X5,Q))
and W1 H®(X;, Q)" = H°(X5,Q;)!. The case i = 1 can be deduced from b)
and [22][Exposé IX] or from results of Raynaud on the Picard functor [35]. We
give the details of this last argument because the method, essentially using
motivic cohomology, might be of some interest. The short exact sequence

0— up — Gy, LU» Gy — 0 of sheaves on X,; induces an isomorphism
(86) R fupr = (R fo G

of sheaves on Se; since (f.Gy,)/1” = 0. Indeed, the stalks HO(Y, O5) = [[; R
and HO(Yy, O;ﬁ) = [L;(L; ®x K)* of f.G,, are I-divisible since S is strictly
Henselian. Here

X—-Y= HSpec(Ri) -5

is the Stein factorization and L; is the fraction field of R;. The Leray spectral
sequence for f gives an exact sequence
0— H'(S, £.Gp) = H'(X,Gy,) — H°(S,R' £.G,,) — H*(S, £.Gyp)

and H'(S, f.G,,) = 0 for i = 1,2. Indeed, H(S, f.G,,) = Pic(Y) = 0 (resp.
H?(S, £.G,,) = Br(Y) = 0) since Y is the disjoint union of spectra of local
(resp. strictly Henselian local) rings. Hence

(87) Pic(X) = H'(X,G,,) = H°(S, R' £.G,,).
A similar argument for f, shows

(88) Pic(X,) =2 H(X,,G,) = H(n, R £.G.,).
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We have a commutative diagram
HY(Xg, pv) = HO(S, R fupr) = HO(S,R' f.G,,)pr = Pic(X)p
. l 1 |
H'(Xg, )t = HO(n, R fupur) — HO(, R fu Gy )rr — Pic(Xp)iw

where the isomorphisms in the top row are given by proper base change, (86)
and (87) and in the bottom row by an elementary stalk computation, (86) and
(88). Passing to the inverse limit over v we are reduced to studying the map

(89) @Pic(X)lu =: T} Pic(X) — T; Pic(X,)) := @Pic(Xn)lu
and the proof of ¢) for ¢ = 1 is then finished by the following Lemma. O

LEMMA 13. The map (89) is injective with finite cokernel.
Proof. Since X is regular and X, is an open subscheme the map
Pic(X) = ClI(X) — CI(X,)) = Pic(X,)

is surjective and its kernel K is the subgroup of Cl(X) generated by divisors
supported in the closed subscheme Xz C X, hence is a finitely generated abelian
group [23][I1.6]. By the snake lemma we obtain an exact sequence

(90) 0 =TiK — Tj Pic(X) — T; Pic(X,)) = K & Pic(X)

where A = @V A/1” denotes the [-completion of an abelian group A.

Let Pic’(X) C Pic(X) be the subgroup defined in [35][3.2 d)], i.e. the kernel
of the map

(91) Pic(X) = P(S) — (P/P°)(5) x (P/P°)(n)

where P = Picy/g is the relative Picard functor of f [35][1.2] and P° is the
connected component of P restricted to schemes over § (resp. 7). Note that
over a field P is represented by a group scheme, locally of finite type, hence
has a well defined connected component. By [35][Thm. 3.2.1] the target group
in (91) - the product of the Neron-Severi groups of the geometric fibres - is
finitely generated, hence so is Pic(X)/Pic (X).

By [35][Thm. 6.4.1] - and this is the key fact in the proof- the group KNPic’(X)
is finite. In the notation of loc. cit. we have K = E(S) by Prop. 6.1.3 and
Pic’(X) = P°(S) € P7(S). Hence the kernel of K — Pic(X)/Pic’(X) is
finite and since both groups are finitely generated, so is the kernel on their
l-completions. But this means that the map p in (90) has finite kernel which
proves the Lemma. O
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10.2. p-ADIC COHOMOLOGY. In this section we assume that K has charac-
teristic 0 and for simplicity also that k = F,. For [ = p one still has the
specialisation map

(92) sp: H' (X5, Qp) — H'(X;,Q,)"

since proper base change holds for arbitrary torsion sheaves. However, it is
well known that p-adic étale cohomology of varieties in characteristic p only
captures the slope 0 part of the full p-adic cohomology, which is Berthelot’s rigid
cohomology Hﬁig (Xs/k) (for proper X, this follows from [3, Thm. 1.1] and [24,
Prop. 3.28, Lemma 5.6]). Here the slope 0 part Vs1°P¢0 of a finite dimensional
Qp-vector space V' with an endomorphism ¢ is the maximal subspace on which
the eigenvalues of ¢ are p-adic units. One knows that the eigenvalues of ¢ on
Hﬁig(Xs/k) are Weil numbers, and a proof similar to that of Lemma 12 shows
that the same is true for D5 (H* (X5, Qp)), and hence for

Dcv"iS(Hi(Xﬁv Qp)) = Dst(Hi(Xﬁan))NZO = Dpst(Hi(Xﬁ7Qp))I’N:0~

Therefore one deduces weight filtrations on both spaces.
In analogy with the l-adic situation one might make the following conjecture.

CONJECTURE 6. Let X — S be proper, flat and generically smooth. Then there
1 a ¢-equivariant specialization map

Hiy (Xo/R) 25 Deyaa(H (X, Q)

and a commutative diagram of Gal(k/k)-modules

Hi(XEva) L) Hi(Xﬁ’Qp)I
)\Sl /\nl
sp'®1

Hiy (X /k) ®g, QU 225 Deris(H(X5,Qp)) ®g, QU

where @;T is the p-adic completion of the mazimal unramified extension of Qp.
Moreover, the vertical maps induce isomorphisms

As ¢ Hi(Xg,Qp) = (H:‘“](Xé/k) ®Qp Q;T)¢®¢:l ~ Hiig(Xs/k_)slopCO
and
)‘71 : Hi(XﬁvQ;D)I = (Dcris(Hi(Xﬁva)) ®Qp QZT)¢®¢:1
(93) = Dcris(Hi(Xﬁ,@p))SlOpeo.

Note here that for any ¢-module D the Gal(k/k)-module (D ®q, Qgr)¢®¢:1
can also be viewed as a ¢-module (via the action of ¢ ® 1) and as such is non-
canonically isomorphic to D*1°P¢?. Moreover the action of Frob,, !¢ Gal(k/k)
coincides with that of 1® ¢! = ¢ ® 1 = ¢.

The p-adic analogue of Theorem 10.1 (replacing a) by the conjectural local
theorem on invariant cycles) would be the following conjecture.
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CONJECTURE 7. Assume that X is moreover reqular. Then the following hold.

a) The map sp’ is surjective.
b) The map

ig(Xs/k) =, Wi—1Deris(H (X5, Qp))

induced by sp’ is an isomorphism.
¢) The map sp’ is an isomorphism for i =0, 1.

W;,_H?

r

Combining both conjectures we deduce the following statement for p-adic étale
cohomology.

CONJECTURE 8. If X is reqular then the map

WiotH' (X5, Qp) = Wi  H' (X5, Q)"
induced by sp is an isomorphism.
Here we deduce the weight filtrations on H'(X5,Q,) and H(X;,Q,)! from
Conjecture 6 via the injectivity of the maps As; and A,. For the applications
in this paper we only need this isomorphism on Wy (or in fact on the still

smaller generalized eigenspace for the eigenvalue 1). For reference we record
this statement separately.

CONJECTURE 9. If X is reqular then the map
WoH' (X5,Q,) 2 WoH (X, Q)"
induced by sp is an isomorphism, where Wy is the sum of generalized ¢-

etgenspaces for eigenvalues which are roots of unity.

Again, if Conjecture 6 holds the maps As and A, are injective and it suffices to
establish an isomorphism

WoH?, (Xs/k) = WoDeris(H (X5,Qp)).

We do not know how to establish Conjecture 6 or Conjecture 9 in general,
since it seems difficult to make use of the regularity assumption. In case X has
semistable reduction, however, it seems plausible that one can avoid any ref-
erence to rigid cohomology and establish a commutative diagram of Gal(k/k)-
modules

ig

H'(X5,Qp) — H'(X5,Qp)"

g .l
7 = Aur < ®1 7 Aur
(Hjy (X5 /R)N=0) @, Q)" —— Deris(H' (X5, Qp)) ®q, @}
where HY - (Xs/k) is Hyodo-Kato cohomology. Contrary to what the notation
suggests this cohomology theory not only depends on X, /k but on the scheme

X/S. Building on work of Fontaine-Messing, Bloch-Kato, Hyodo-Kato, and
Kato-Messing, Tsuji [39] proved that there is an isomorphism of (¢, N)-modules

H}JK(Xa/k) £> Dst(Hi(Xﬁ’Qp))
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and hence an isomorphism of ¢-modules

Hipge (X, /R)V=0 £5 Dy (HH (X3, Qp))N=0 = Doy (H (X, Q).

In addition to the commutative diagram it would then be enough to show that
\s and Ay are injective. We refrain from giving more details since in this paper
Conjecture 9 is only used in the proof of Proposition 9.2 (via Proposition 9.1)
which already needs to assume a host of other, much deeper conjectures that
we are unable to prove.

Remark 1. (Added in Proof) Conjectures 6, 7 ¢), 8 and 9 have meanwhile been
proven in the Caltech thesis of Yitao Wu [40]. In fact Wu shows that

H'(X5,Qp) = H'(X5,Qp)"

is an isomorphism for regular X. Conjectures 7 a) and b) however, still seem
out of reach.
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