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The classifying topos of a group scheme and invariants
of symmetric bundles

Ph. Cassou-Nogues, T. Chinburg, B. Morin and M. J. Taylor

ABSTRACT

Let Y be a scheme in which 2 is invertible and let V' be a rank n vector bundle on Y endowed
with a non-degenerate symmetric bilinear form g. The orthogonal group O(gq) of the form g is a
group scheme over Y whose cohomology ring H*(Bo(g), Z/2Z) ~ Ay [HW1(q), ..., HW,(q)] is a
polynomial algebra over the étale cohomology ring Ay := H*(Yet, Z/2Z) of the scheme Y. Here,
the HW;(q)’s are Jardine’s universal Hasse-Witt invariants and Bo(q) is the classifying topos of
O(q) as defined by Grothendieck and Giraud. The cohomology ring H*(Bo(q), Z/2Z) contains
canonical classes det[g] and [C4] of degree 1 and 2, respectively, which are obtained from the
determinant map and the Clifford group of ¢q. The classical Hasse-Witt invariants w;(q) live in
the ring Ay .

Our main theorem provides a computation of det[q] and [Cy] as polynomials in HW;(g) and
HW5(q) with coefficients in Ay written in terms of w1 (q), w2(g) € Ay . This result is the source of
numerous standard comparison formulas for classical Hasse-Witt invariants of quadratic forms.
Our proof is based on computations with (abelian and non-abelian) Cech cocycles in the topos
Bo(q)- This requires a general study of the cohomology of the classifying topos of a group scheme,
which we carry out in the first part of this paper.

1. Introduction

In [6, 18], Frohlich and Serre proved some beautiful formulas that compared invariants
associated to various kinds of Galois representations and quadratic forms defined over a field
K of characteristic different from 2. Their work has inspired numerous generalizations (see,
for example, [2, 4, 17]). The basic underlying idea may be summarized as follows. Let (V, q)
be a symmetric bundle, defined over a scheme Y in which 2 is invertible and let O(q) be the
orthogonal group of (V,gq) considered as a group scheme over Y. We may associate to any
orthogonal representation p : G — O(q) of a finite discrete group G and any G-torsor X on Y
a cocycle in the cohomology set H!' (Y, O(q)). Since this set classifies the isometry classes of
symmetric bundles with the same rank of ¢, we may attach to (p, X) a new symmetric bundle
(Vx,qx), known as the Frohlich twist of (V,q). The results consist of various comparison
formulas, in the étale cohomology ring H*(Yet, Z/2Z), which relate the Hasse-Witt invariants
of (V,q) to those of its twisted form (Vx,gx). One of the principal aims of this paper is
to show that all these comparison formulas, together with a number of new results, can be
immediately deduced by pulling back from a single equation which sits in the cohomology
ring H*(Bo(q), Z/2Z) of the classifying topos Bo(q) and which is independent of any choice of
particular orthogonal representation and particular torsor.

In [7, 10], Grothendieck and Giraud introduced the notion of the classifying topos of a group
object in given topos, and they suggested that it could be used in the theory of characteristic
classes in algebraic geometry. Building on their insight, we will prove our main theorem using
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both abelian and non-abelian Cech cohomology of the classifying topos B, of the group
scheme O(q). To this end, the first part of this paper, namely Sections 2 and 3, is devoted to
the study of some basic properties of the classifying topos B¢ of a Y-group scheme G which is
defined as follows. Let Yy, denote the category of sheaves of sets on the big fppf-site of ¥ and
let yG denote the sheaf of groups of Yy; represented by G. Then B¢ is simply the category of
objects F of Yy, endowed with a left action of yG. We may view a Y-scheme as an object of
Yy and write G for yG.
In Section 2, we recall the fact that there is a canonical equivalence

Homtopy,, (£, Bg)*" s Tors(&, f*G), (1)

where f: & — Yy, is any topos over Yy, Homtopyfl((‘)7 Bg) is the category of morphisms of
Y-topoi from € to Bg and Tors(&, f*G) is the groupoid of f*G-torsors in €.

Section 3 is devoted to the study of the cohomology of Bg. First, we show that there is a
canonical isomorphism

H*(Bg, A) ~ H*(BGet, A), (2)

where the right-hand side denotes the étale cohomology of the simplicial scheme BG (as defined
in [5]) and A is an abelian object of B¢ that is representable by a smooth Y-scheme supporting
a G-action. It follows that, for a constant group G, the cohomology of Bg (or more generally
the cohomology of Bg/X for any Y-scheme X with a G-action) computes Grothendieck’s
mixed cohomology (see [8, 2.1]). There are several interesting spectral sequences and exact
sequences that relate the cohomology of Bg to other kinds of cohomology. For example, for
any commutative group scheme A endowed with a left action of G, there is an exact sequence

0— HO(B(;,A) e HO(Yfl,A) — CrOiSy(G, A) — Hl(Bg,.A)
— H' (Y}, A) — Exty (G, A) — H*(Bg, A) — H*(Yy,, A), (3)

where A = y(A), Croisy (G, A) is the group of crossed homomorphisms from G to A (which is
just Homy (G, A) if G acts trivially on A) and Exty (G, A) is the group of extensions 1 — A —
G — G — 1 inducing the given G-action on A.

We shall also establish the existence of a Hochschild—Serre spectral sequence in this context.
Let 1 = N — G — G/N — 1 be an exact sequence of S-group schemes (with respect to the
fppf-topology). Then, for any abelian object A of Bg, there is a natural G/N-action on the
cohomology H%(By,A) of A with values in Sy; (see Notation 3.9) and we have the spectral
sequence

H'(Bgn, HL(By, A)) = H""(Bg, A).
The five-term exact sequence induced by this spectral sequence reads as follows:

0 — H'(Bg/n,A) — H'(Bg, A) — H°(Bg,/n,Hom(N, A))
— H*(Bg/n,A) — H?*(Bg, A), (4)

where we assume for simplicity that A is given with trivial G-action.

This then concludes our description of the first part of the article, which is of a relatively
general nature.

The aim of the second part of this paper, which starts from Section 4, is to apply the
general results of the first part to the study of symmetric bundles and their invariants. From
Section 4 on, we fix a scheme Y in which 2 is invertible and a symmetric bundle (V,q) on Y,
that is, a locally free Oy-module V' of rank n endowed with a non-degenerate bilinear form
V ®0, V — Oy. A special case is given by (O, t,, = 22 + - - 4+ 22), the standard form of rank
n, and O(n) is defined as the orthogonal group for this form. The isomorphism (2), together
with a fundamental result of Jardine (see [14, Theorem 2.8]), yields a canonical identification
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of A-algebras
H*(Bo),Z/2Z) ~ H*(BO(n)et, Z/2Z) ~ A[HW, ..., HW,],

where HW; has degree i and A := H*(Ye,Z/2Z) is the étale cohomology ring of Y. The
symmetric bundle (V,q) provides us with the object Isom(t,,q) of Yy, which naturally
supports a right action of O(n) and a left action of O(g). It is easily seen that Isom(t,, q)
is in fact an O(n)-torsor of Bo(g). It follows from (1) that this torsor may be viewed as a
Y¢-morphism

Ty Bo) — Bowm)-
This morphism is actually an equivalence of Y,-topoi. Indeed, T}, has a quasi-inverse
T,": Bowm) — Bog)

given by the O(q)-torsor Isom(q, t,,) of Bo(n). Note that, however, the groups O(n) and O(q)
are not isomorphic in general. For a proof of the analogous fact in the simplicial framework, we
refer the reader to [13, Theorem 3.1] where it is shown that the simplicial sheaves associated
to O(n) and O(q) are weakly equivalent).

This yields a canonical isomorphism of A-algebras

H*(BO(q)’ Z/2Z) = A[HWI(Q)v v 7HWn(Q)]a

where HW;(q) := T, (HW;) has degree i. The classes HW;(q),1 <1i < n, will be called the
universal Hasse-Witt invariants of ¢. We may now view the object Isom(t,,q) as an O(n)-
torsor of Yy;; it therefore yields a map

{q} : Yfl — BO(n)v
which, incidentally, determines ¢q. The classical Hasse-Witt invariants of ¢ are defined by
wi(q) = {g}"(HW;) € H'(Y,Z/2Z).
We can attach to (V,q) both a canonical map deto(q) : O(q) — Z/2Z and also the central

group extension

1— Z/2Z — O(q) — O(q) — 1 (5)

derived from the Clifford algebra and the Clifford group of ¢. It turns out, by considering the
sequence (3), that the map detg(q) yields a cohomology class detlq] € H' (Bo(q), Z/27Z), while
the extension (5) gives us a cohomology class [Cy] € H*(Bo(q), Z/22Z). The main result of the
second part of the paper provides an explicit expression of det[gq] and [Cy] as polynomials in
HW1(q) and HW5(q) with coefficients in A expressed in terms of wy(q), wa(q) € A. To be more
precise, we will prove the following theorem.

THEOREM 1.1. Let Y be a scheme in which 2 is invertible and let (V,q) be a symmetric
bundle on Y. Assume that Y is the disjoint union of its connected components. Then we have
the equalities

detlq] = w1(q) + HW1(q)
and
[Cql = (wi(q) - w1(q) +w2(q)) +wi(q) - HW1(q) + HW2(q)
in the polynomial ring

H*(BO(q)a Z/2Z) = A[le(q), ce 7HWn(q)]
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Section 5 is devoted to the proof of this result. The identity in degree 1 is proved using simple
computations with torsors. The proof of the identity in degree 2 is more involved and is based
on computations with Cech cocycles. A technical reduction makes use of the exactness of the
sequence (4) derived from the Hochschild—Serre spectral sequence for group extension (5).

Theorem 1.1 is the source of numerous comparison formulas, which are either new results
or generalizations of known results (see [2, 4, 15]), by using the following method: for any
topos £ given with an O(g)-torsor, we have the canonical map f: & — B, and we derive
comparison formulas in H*(£,Z/2Z) by applying functor f* to the universal comparison
formulas of Theorem 1.1. For example, given an O(g)-torsor o on Y, we consider the map
[ & =Yy — Bo(g), which classifies a, and we thereby obtain an identity in H(Yy,Z/2Z) for
i = 1,2. Our result, Corollary 6.1, generalizes a result of Serre to any base scheme Y. A second
example is provided by an orthogonal representation p : G — O(q) of a Y-group scheme G: here
we consider the map B, : B¢ — Bo(q) and thereby get identities in H*(Bg,Z/2Z). It should
be noted that Corollary 6.3 is new, even in the case when G is a constant (= discrete) group.
A third example is provided by an orthogonal representation p : G — O(¢) and a G-torsor X
on Y: in this case we may consider the map

X B,
Yy — Ba — Boyg)

in order to derive identities in H*(Y};,Z/2Z) (see Corollary 6.5); the result that we obtain
essentially generalizes the theorem of Frohlich-Kahn—-Snaith (see [13, Theorem 2.4]). Our result
is general in the sense that Y is an arbitrary scheme (except that 2 must be invertible) and G
is not assumed to be constant. However, we should remark that we do not obtain a complete
analogue of [13, Theorem 1.6(ii)], when G is a non-constant group scheme (see the remark of
Section 6). Twists of symmetric bundles by G-torsors (for a non-constant group scheme G)
appear naturally in situations of arithmetic interest (for instance, the trace form of any finite
and separable algebra is a twist of the standard form). The formulas in Corollary 6.5 provide
us with tools to deal with the embedding problems associated to torsors; it is our intention to
return to these questions in a forthcoming paper.

2. The classifying topos of a group scheme

2.1. The definition of Bg

Let S be a scheme. We consider the category of S-schemes Sch/S endowed with the étale
topology or fppf-topology. Recall that a fundamental system of covering families for the fppf-
topology is given by the surjective families (f; : X; — X) consisting of flat morphisms that are
locally finitely presented. The corresponding sites are denoted by (Sch/S)c; and (Sch/S) ¢pp -
The big flat topos and the big étale topos of S are defined as the categories of sheaves of sets
on these sites:

—_—

S = (Sch/S)fppf and  Sgs := (Sch/S)es.

Here, C' denotes the category of sheaves on a site C. The identity (Sch/S)e; — (Sch/S) fppr
is a continuous functor. It yields a canonical morphism of topoi

1: Sfl — SEt«
This map is an embedding, that is, ¢, is fully faithful; hence S¢; can be identified with the full
subcategory of Sgy consisting of big étale sheaves on S which are sheaves for the fppf-topology.
The fppf-topology on the category Sch/S is subcanonical (hence so is the étale topology). In
other words, any representable presheaf is a sheaf. It follows that the Yoneda functor yields a
fully faithful functor

y:Sch/S — Sy. (6)
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For any S-scheme Y, we consider the slice topos Sy;/yY (that is, the category of maps F — yY
in Sy;). We have a canonical equivalence [10, IV, Section 5.10]

—_~—

Sp/yY = (Sch/S)n/yY ~ (Sch/Y) s =: Yy.

The Yoneda functor (6) commutes with projective limits. In particular, it preserves products
and the final object; hence a group scheme G over S represents a group object yG in Sy, that
is, a sheaf of groups on the site (Sch/S) ;.

DEFINITION 2.1. The classifying topos Bg of the S-group scheme G is defined as the
category of objects in Sy; given with a left action of yG. The étale classifying topos BE¥ of the
S-group scheme G is defined as the category of objects in Skt given with a left action of yG.

More explicitly, an object of B (respectively, of BE) is a sheaf F on Sch/S for the fppf-
topology (respectively, for the étale topology) such that, for any S-scheme Y, the set F(Y) is
endowed with a G(Y)-action

Homg(Y,G) x F(Y) — F(Y),
which is functorial in Y. We have a commutative diagram (in fact a pull-back) of topoi

L

Sfl % SEt

where the vertical morphisms are defined as in (7).

2.2. Classifying torsors

More generally, let S be any topos and let G be any group in S. We denote by Tors(S, G) the
category of G-torsors in S. Recall that a (right) G-torsor in S is an object T' endowed with a
right action p : T'x G — T of G such that:

(i) the map T'— eg is an epimorphism, where es is the final object of S;
(ii) the map (p1,p) : T x G — T x T is an isomorphism, where p; is the projection on the
first component.

An object T in S, endowed with a right G-action, is a G-torsor if and only if there exists an
epimorphic family {U; — es} such that the base change U; x T is isomorphic to the trivial
(U; x G)-torsor in S/Uj;, that is, if there is a (U; x G)-equivariant isomorphism

U; xT ~U; x G
defined over U;, where U; x G acts on itself by right multiplication.
The classifying topos
Bg := Bg(S)

is the category of left G-objects in S. The fact that Bg is a topos follows easily from Giraud’s
axioms; the fact that Bg classifies G-torsors is recalled below. We denote by

7:Bg — S (7)

the canonical map: the inverse image functor 7* sends an object F in § to F with trivial
G-action. Indeed, 7" commutes with arbitrary inductive and projective limits; hence 7* is the
inverse image of a morphism of topoi 7. In particular, the group 7*G is given by the trivial
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action of G on itself. Let Eg denote the object of Bg defined by the action of G' on itself by
left multiplication. Then the map

EG X G — Eg,

given by right multiplication is a morphism of B¢ (that is, it is G-equivariant). This action
provides Fg with the structure of a right 7*G-torsor in Bg. We shall also use the following
notation.

NOTATION 2.2. Let G be a group in a topos S and let X (respectively, Y') be an object in
S endowed with a right action of G (respectively, with a left action of ). Then the contracted
product

XAY = (X xY)/G

is the quotient of the diagonal G-action on X x Y.

If f:£—8 and f/:& — S are topoi over the base topos S, then we denote by
Homtopg(E,E’) the category of S-morphisms from £ to £. An object of this category
is a pair (a,«) where a: & — &' is a morphism and «a: f' oa ~ f is an isomorphism, that
is, an isomorphism of functors « : f] o a. =~ f., or equivalently, an isomorphism of functors
a: f*~a*o f*. Amap 7 : (a,a) — (b, 3) in the category Homtopg(&,E’) is a morphism (of
morphism of topoi) 7 : a — b compatible (in the obvious sense) with o and (. The following
result is well known; see [7, VIIL.4.3].

THEOREM 2.3. Let f: & — & be a morphism of topoi and let Bg be the classifying topos
of a group G in §. The functor

¥ : Homtopg(€,Bg)® — Tors(E, f*G),
(a,q) — a*Eg

is an equivalence of categories. A quasi-inverse for ¥ is given by

U-1: Tors(€, f*G) — Homtopg (€, Bg)P,
T [ — (aT,aT),

where
ap: Bg — g,
X — fXACT

and ar : f* ~ a} on* is the obvious isomorphism.
An immediate corollary is the following result; see [7, VIII. Corollaire 4.3].

COROLLARY 2.4. Let f: & — & be a morphism of topoi and let G be a group in §. Then
the following square:

By (€) — Ba(S)

L

is a pull-back.
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2.3. Torsors under group scheme actions

COROLLARY 2.5. Let G be a group scheme over S and let Y be an S-scheme. There are
canonical equivalences
Tors(Yy;, Gy )° ~ Homtopy, (Y1, Ba, )
~ Homtopg , (Y, Bg)
~ Homtopg_, (Y, BE).

Proof. The first equivalence follows directly from the previous theorem, and so does the
second equivalence, since the inverse image of y(G) along the morphism Yy — Sy is the
sheaf on Y represented by Gy = G xg Y. The third equivalence follows from the canonical
equivalence

Bg := Bg(Sp1) ~ Sy Xs5, Ba(SEt)

given by Corollary 2.4. ]

The key case of interest is provided by an S-group scheme G which is flat and locally of
finite presentation over S. For an S-scheme Y, denote by Tors(Y,Gy) the category of Gy-
torsors of the scheme Y'; that is, the category of maps T'— Y which are faithfully flat and
locally of finite presentation, supporting a right action 7' Xy Gy — T such that the morphism
T xy Gy — T x T is an isomorphism of T-schemes. The Yoneda embedding yields a fully
faithful functor

y : Tors(Y,Gy) — Tors(Yy, Gy).

This functor is not an equivalence (that is, it is not essentially surjective) in general. However,
it is an equivalence in certain special cases; see [16, ITI, Theorem 4.3]. In particular, this is the
case when G is affine over S.

COROLLARY 2.6. LetY be an S-scheme. Let G be a flat group scheme over S that is locally
of finite type. Assume that G is affine over S. Then we have an equivalence of categories

Tors(Y, Gy)°" ~ Homtopg,, (Y1, Bg).

NOTATION 2.7. Let G be a flat affine group scheme over S that is of finite type and let Y
be an S-scheme. We have canonical equivalences

Tors(Y, Gy )°® ~ Tors(Yy, Gy )°P
~ Homtopg,, (Y1, Ba(Sp1))
~ Homtopy,, (Y1, Bay (Y1)

If a Y-scheme T is a Gy-torsor over Y, then we again denote by T the object of Tors(Yy;, Gy )°P,
and also denote by T,

T: Yy — Ba(Sp)
the corresponding object of Homtopg (Y1, Ba(Sy1)); and similarly we denote by T,
T . Yfl — BG’y (Yfl)7

the corresponding object of Homtopy, (Yy1, Bay (Yy1)).
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2.4. The big topos B /X of G-equivariant sheaves

Let X be an S-scheme endowed with a left action (over S) of G. Then yX is a sheaf on
(Sch/S) ¢pps with a left action of yG (since y commutes with finite projective limits). The
resulting object of Bg will be denoted by y(G, X), or just by X if there is no risk of ambiguity.
The slice category Bg/X is a topos, which we refer to as the topos of G-equivariant sheaves
on X. This terminology is justified by the following observation: an object of Bg/X is given
by an object F — X of Sy;/X ~ Xy (that is, a sheaf on the fppf-site of X'), endowed with an
action of yG such that the structure map F — X is G-equivariant. We have a (localization)
morphism

f:Bg/X — Bg

whose inverse image maps an object F of Bg to the (G-equivariant) projection F x X — X,
where yG acts diagonally on F x X.

Let Y be an S-scheme with trivial G-action, and consider the topos Bg /Y. We denote by
Gy := G xg Y the base change of the S-group scheme G to Y and we consider the classifying
topos Bg, of the Y-group scheme Gy . Recall that B, is the category of y(Gy )-equivariant
sheaves on (Sch/Y') ;. The following result shows that the classifying topos Bg behaves well
with respect to base change.

ProrosITION 2.8. If G acts trivially on an S-scheme Y, then there is a canonical
equivalence

Be, ~ Bg/Y.

Proof. Let 7 : Bg — Sy denote the canonical map. On the one hand by [10, IV, Section
5.10], the square

Bg /T (yY) — Sp/yY

| |

is a pull-back. Note that 7*(yY") is given by the trivial action of G on Y so that Bg/7*(yY) =
B¢ /Y. On the other hand, the square

Bg*(yG)(Sfl/yY) — Bg

| |

Sp/yy —2 St

is also a pull-back by Corollary 2.4. Hence, we have canonical equivalences

Bg/Y ~ Bg XSy Sfl/yY ~ Bsfl/yy(g*(yG)).

Here, the first equivalence (respectively, the second) is induced by the first (respectively the
second) pull-back square above. Finally, we have ¢*(yG) = y(G x5 Y) = y(Gy) in the topos
St1/yY =~ Yy; hence, we obtain

BSfl/yY(g*(yG)) = BYfl (yGY) = BGy~ D
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3. Cohomology of group schemes

The cohomology of a Lie group can be defined as the cohomology of its classifying space.
Analogously, Grothendieck and Giraud defined the cohomology of a group object G in a topos
as the cohomology of its classifying topos Bg.

DEFINITION 3.1. Let G be an S-group scheme and let A be an abelian object of Bg =
By (Sfi). The cohomology of the S-group scheme G with coefficients in A is defined as

H'(G,A) := H(Bg, A).

Note that any commutative group scheme A over S, endowed with an action of G, gives rise
to an abelian object in Bg. Note also that, in the case where the S-group scheme G is trivial
(that is, G = 5), the cohomology of G is reduced to the flat cohomology of S.

In this section, we show that the cohomology of the classifying topos Bg of a group scheme
with coefficients in a smooth commutative group scheme coincides with the étale cohomology
of the simplicial classifying scheme BG. This fact holds in the more general situation given by
the action of G on a scheme X over S.

DEFINITION 3.2. Let X be an S-scheme endowed with a left G-action. We define the
equivariant cohomology of the pair (G, X) with coefficients in an abelian object A of Bg/X by

H'(G,X,A):= H(Bg/X, A).

Note that if X = S is trivial, then the equivariant cohomology of the pair (G, X) is just the
cohomology of the S-group scheme G as defined before. If the group scheme G is trivial, then
the equivariant cohomology of the pair (G, X) is the flat cohomology of the scheme X.

3.1. Etale cohomology of simplicial schemes

After recalling the notions of simplicial schemes and simplicial topoi, we observe that the big
and the small étale sites of a simplicial scheme have the same cohomology. References for this
section are [5, LII, 11, VI, Section 5].

The category A of standard simplices is the category whose objects are the finite ordered sets
[0,n] ={0 <1< ---<n} and whose morphisms are non-decreasing functions. Any morphism
[0,1] — [0, m], other than identity, can be written as a composite of degeneracy maps s* and face
maps d’. Here, recall that s* : [0,n + 1] — [0, n] is the unique surjective map with two elements
mapping to i and that d’ : [0,n — 1] — [0, 7] is the unique injective map avoiding i. A simplicial
scheme is a functor X, : A°? — Sch. As usual, we write X,, := X([0,7]), d; = X¢(d’) for the
face map and s; = X,4(s?) for the degeneracy map. From the functor X,, we deduce a simplicial
topos

Xeot: A°® — Top,

[07 n] — n, ety

where X, ¢¢([0,7]) = X, et is the small étale topos of the scheme X,,, that is, the category of
sheaves on the category of étale X,,-schemes endowed with the étale topology. Strictly speaking,
Xe, ot is a pseudo-functor from AP to the 2-category of topoi.

Finally, we consider the total topos TOP(X,, ;) associated to this simplicial topos (see [11,
VI. 5.2]). Recall that an object of TOP(X, o) consists of the data of objects F, of X, e
together with maps a*F,,, — F,, in X, ¢ for each a : [0, m] — [0, n] in A satisfying the natural
transitivity condition for a composite map in A. The arrows in TOP(X, o) are defined in the
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obvious way. We observe that this category is equivalent to the category of sheaves on the etale
site Et(X,) as defined in [5, I, Definition 1.4].
In a similar way, we define the big étale simplicial topos associated to X, as follows:

Xemt: A® — Top,
[Ovn] [ — n, Bty

here, X,, ¢ is the big étale topos of the scheme X,,, that is, the category of sheaves on the
category Sch/X,, endowed with the étale topology. Then we denote by TOP(X, gt) the total
topos associated to X, mt.

LemMA 3.3.  For any simplicial scheme X,, there is a canonical morphism of topoi
t: Tor(X, my) — TOP(X, et)
such that the map
HY(ToP(Xe, o), A) — H(TOP(X, gt),t"A)

is an isomorphism for any i > 0 and for any abelian sheaf A of TOP(Xe et)-

Proof. The canonical morphism Ygi — Yet, from the big étale topos of a scheme Y to its
small étale topos, is pseudo-functorial in Y; this follows immediately from the description of
this morphism in terms of morphism of sites. Hence, we have a morphism of simplicial topoi

le : Xo,Et - X-,et
inducing a morphism between total topoi:
t: TorP(X, gt) — TOP(X,, et).
Note that we have a commutative diagram of topoi

tn
Xnpt ————>= Xp et

fni gnl

Topr(Xe, 5t) —— ToP(Xe, ot)

for any object [0,n] of A. Here, the inverse image g} (respectively, f) of the vertical
morphism g, : X, e; — TOP(X, o) (respectively, f,, : X, gr — TOP(X,, g¢)) maps an object
F = (F,; o*F,, — F,,) of the total topos TOP(X, ) (respectively, of TorP(X, g)) to F, €
Xn, et (respectively, to F,, € X, g¢). Recall that the functors g} and f; preserve injective

objects. This leads to spectral sequences (see [10, VI Exercice 7.4.15])
BT = HI (X, o, As) = H™(ToP(Xa, ), A) (®)
and
"By = HY (X i, (0 A)i) = H™(TOP(Xa 1), " A) ©

for any abelian object A of TOP(X, e¢). The morphism ¢ of simplicial topoi induces a
morphism of spectral sequences from (8) to (9). This morphism of spectral sequences is an
isomorphism since the natural map

HI (X oty Ai) — H (X g, (CA)) = H (X g, 0 (A)) (10)

is an isomorphism, where the equality on the right-hand side follows from the previous
commutative square. Then the map (10) is the natural morphism from the cohomology of
the small étale site of X; to the cohomology of its big étale site, which is well known to be an
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isomorphism. Therefore, the induced morphism on abutments
HY(TOP(Xq o), A) — H(ToP(Xo, 1), " A)

is an isomorphism. |

3.2. Classifying topoi and classifying simplicial schemes

Let S be a scheme, let G be an S-group scheme and let X be an S-scheme that supports a
left G-action G xg X — X. We consider the classifying simplicial scheme B(G, X)) as defined
in [5, Example 1.2]. Recall that

B(G, X), =G" x X,

where G" is the n-fold fiber product of G with itself over S and the product G™ x X is taken
over S, with structure maps given in the usual way by using the multiplication in G, the action
of G on X and the unit section S — G. We consider the big étale simplicial topos

B(G,X)s: A® —  Top,
0,n] — (G™ x X)gt

and the total topos ToP(B(G, X)gy) as defined in the previous subsection.

LEMMA 3.4. There is a canonical morphism of topoi

k: ToP(B(G, X)g) — B&/X.

Proof. We let DEsc(B(G, X)gt) be the descent topos. It is defined as the category of objects
L of Xgy = B(G,X)o,5 endowed with descent data, that is, an isomorphism a : dfL — diL
such that

(i) sg(a) =1dz;
(ii) d§(a) o d5(a) = di(a) (neglecting the transitivity isomorphisms).

Then there is an equivalence of categories
Desc(B(G, X)g:) — B&/X. (11)

Indeed, for any object L of Sgi/X ~ Xgt, descent data on L are equivalent to a left action
of G on L such that the structure map L — X is G-equivariant (see [11, VI, Section 8]). We
define the functor

Ner: Dresc(B(G,X)g;) — Tor(B(G,X)gt),
(L,a) — Ner(L, a)

as follows. Let (L, a) be an object of DESC(B(G, X)gt). We consider
Ner,,(L,a) = (do---dp)*L
in the topos Sgi/(G™ x X) >~ (G™ x X)g. The map
d; Ner,,_1(L,a) — Ner, (L, a)
is Id for i < n and (dp - - - do)*(a) for i = n. Finally, the map
sf Ner,,(L,a) — Ner,,_1(L, a)

is the identity for any i. The functor Ner commutes with inductive limits and finite projective
limits, since the inverse image of a morphism of topoi commutes with such limits and since
these limits are computed component-wise in both DESC(B(G, X)gt) and Tor(B(G, X)gt)-
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Hence, Ner is the inverse image of a morphism of topoi
Tor(B(G, X)gy) — DEsc(B(G, X)gy).
Composing this map with equivalence (11), we obtain the desired morphism

k: ToP(B(G, X)gt) — DEsc(B(G, X)g:) ~ B&/X. O

LeEmMA 3.5. The canonical map
HY(B& /X, A) — H (Tor(B(G, X)gt), k" A)

is an isomorphism for any i and any abelian sheaf A on Bg /X .

Proof. 'We will prove this lemma as follows: we describe spectral sequences converging to
H*(B& /X, A) and H*(Tor(B(G, X)gt), £*A), respectively; then we show that these spectral
sequences are isomorphic at Fj. Let e be the final object of BE. Since the map E¢ — e¢ has
a section, it is an epimorphism, hence so is Eg x X — X, since epimorphisms are universal in
a topos. We obtain a covering Y = (Eg x X — X)) of the final object in Bg /X . This covering
gives rise to the Cartan—Leray spectral sequence (see [10, V, Corollary 3.3])

H'(U,H(A) = H(BE /X, A),
where H’(A) denotes the presheaf on B /X
HY(A) + (F — X) — H((B&/X)/F, F xx A)
and H*(U,—) denotes Cech cohomology. By [10, IV, 5.8.3], we have a canonical equivalence
(BE/X)/(Ea x X) ~ Sm/X.

Consider more generally the n-fold product of (Eg x X) with itself over the final object in
Bg /X
(EG XX)n:(EG XX) Xx - Xx (EG XX):(E?; XX)

Here, E. is the object of B represented by the scheme G = G xg -+ xg G on which G acts
diagonally. Then we have an equivalence

(B&/X)/(Bg™ = X) = (B&/X)/(Eg x (Eg x X)) = St/ (G" x X)

for any n > 0. Therefore, the term Eij of the Cartan—Leray spectral sequence takes the
following form:

Ey? = H((BE/X)/(BG x X),(EG" x X) xx A)
= H’((Su:/(G" x X),G" x A)
= H((G" x X)g, G* x A)

for any abelian object A — X of B& /X . We conclude that the spectral sequence can be written
as follows:

EY = H((G* x X)), G* x A) = H (B /X, A). (12)
We also have a spectral sequence (see (9))

"B = HI(B(G, X ) 1, (k% A);) = HF(Tor(B(G, X)gi), k*A), (13)
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where k : ToP(B(G, X)g) — B /X is the map of Lemma 3.4. For any i > 0, the following
square:

B(G, X)i gt (Bg/X)/(Eg™ » X)

| |

Tor(B(G, X)) ——— B&/X

is commutative, where the top horizontal map is the canonical equivalence
B(G,X)i gt = (G' x X)p =~ S /(G x X) ~ (BE/X)/(E5 x X).
Note that this last equivalence is precisely the equivalence from which we have deduced the
isomorphism E}7 = HI((G* x X)gy, G* x A). We obtain a morphism of spectral sequences from
(12) to (13). This morphism of spectral sequences is an isomorphism since (k*A); = G x A,
which in turn follows from the fact that the square above commutes. The result follows. O
We now consider the flat topos Sy, the big étale topos Sg¢ and their classifying topoi
Bg: = Byg(SEt) and Bél = By(;(Sfl).

It follows from Corollary 2.4 that the canonical morphism i : Sy — Sey induces a morphism
Bg — Bg such that the following square:

BG —_— Bg}
Sfl _t SEt
is a pull-back. This morphism induces a morphism [10, IV, Section 5.10]:
v:Bg/X — Bg/X.

The following is an equivariant refinement of the classical comparison theorem [9, Theorem
11.7] between étale and flat cohomology.

LEMMA 3.6. Let A = yA be an abelian object of B /X represented by a smooth X -scheme
A. Then the canonical morphism

v Hl(BgE/vaA) - H1<BG/X?yA)

is an isomorphism for any i > 0.

Proof. Consider the spectral sequence (a special case of (12))
HI((G" x X)g,G" x A) = H (B /X, A) (14)

associated to the covering (Eg x X — X) in B&/X. Applying the functor v* to U = (Eg x
X — X), we obtain the covering v*U = (Eg x X — X) in Bg/X, and we get a morphism of
spectral sequences from (14) to

HI((G" x X)51,G" x A) = H™ (Bg /X, A).
But the canonical maps

HI((G' x X)p, G" x A) — HI((G" x X)1,G" x A)
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are isomorphisms [9, Theorem 11.7]. It therefore follows that the maps
HY(B&/X,A) — H'(Bg/X,A)

are also isomorphisms. |

THEOREM 3.7. Let A= yA be an abelian object of Bg/X represented by a smooth X-
scheme A. Then there is a canonical isomorphism

H'(Bg/X,yA) ~ H (Et(B(G, X)), yA)

for any i > 0, where B¢ denotes the classifying topos of G and Et(B(G, X)) denotes the (small)
étale site of the simplicial scheme B(G, X)) as defined in [5].

Proof. The proof follows from Lemmas 3.3-3.6. |

3.3. Giraud’s exact sequence

Let A be a commutative S-group scheme endowed with a left action of G. We denote by
Exts(G, A) the abelian group of extensions of G by A in the topos Sy;. More precisely,
Extg(G, A) is the group of equivalence classes of exact sequences in Sy,

1—yA— G — yG —1,

where yA and yG denote the sheaves in Sy, represented by A and G, respectively, and such
that the action of G on yA by inner automorphisms induces the given action of G on A. Note
that G is not a scheme in general. We denote by Croisg(G, A) the abelian group of crossed
morphisms f : G — A. Recall that a crossed morphism is a map of S-schemes f : G — A such
that

flgg") = flg) +g-f(d) (15)

This identity makes sense on points. Equivalently (15) can be seen as a commutative diagram
in Sch/S. Note that if G acts trivially on A, then Croisg(G, A) = Homg (G, A).

More generally, for any abelian object A of B¢, one defines Exts(G,.A) and Croisg(G, A)
in the very same way (of course one has Exts(G,A) = Exts(G,yA) and Croiss(G, A) =
Croisg (G, yA)).

PROPOSITION 3.8. We have an exact sequence of abelian groups

0 — HY(Bg, A) — H"(S§;, A) — Croisg (G, A) — H'(Bg, A)
— Hl(Sfl,A) — Extg(G, A) — HQ(B(;,.A) — HZ(Sfl,.A).

Proof. This is a special case of [7, VIIL.7.1.5]. UJ

3.4. The sheaves Hy(Bg, A) fori=0,1,2

Recall that we denote by 7 : B — S the canonical map.

NOTATION 3.9. For an abelian object A of B¢, we denote by
HY(Bg, A) := R'(m,) A

the cohomology of Bg with values in the topos Sy;.
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The sheaf H;(Bg, A) may be described as follows:

PROPOSITION 3.10.  For any abelian object A of Bg and, for any i > 0, the sheaf H(Bg, A)
is the sheaf associated to the presheaf

Sch/S — Ab,
T —  HY(Gr,Ar),

where G is the T-group scheme G xgT" and Ar is the abelian object of B, induced by A.

Proof. The sheaf H; (B¢, A) is the sheaf associated to the presheaf
T — H(Bg/T,AxT),
but, by virtue of Proposition 2.8, we have

HY(Bg/T,AxT)=H'Bg,,Ar) = H(Gr, Ar). O

For any abelian sheaf A of Bg, we denote by AY the largest subobject of A on which G acts
trivially. Then we consider the abelian presheaf

Sy — Ab,

F +— Croisg, /p(G x F,Ax F). (16)

This presheaf is easily seen to be a subsheaf of the sheaf of homomorphisms Map(G, .A) (here
the group structure is not taken into account) in the topos Sy, endowed with the canonical
topology. The sheaf (16) is therefore representable by an abelian object Croisg(G,.A) of Sy
(recall that any sheaf on a topos endowed with the canonical topology is representable). There
is a morphism:

7: A — Croisg(G, A),

a —— gr—g-a—a.
Finally, we consider the presheaf

Sfl e Ab7
F [ — EXtSfl/F(GXF7AXF).

Basic descent theory in topoi shows that this is a sheaf for the canonical topology. We denote
by Extg(G, A) the corresponding abelian object of Sy;.

COROLLARY 3.11.  We have
Hg(Bg, A) ~ A%, Hi(Bg, A) ~ Extg (G, A)
and an exact sequence (of abelian objects in Sy;)
0— A% — AT Croisg(G, A) — Hi(Bg, A) — 0.
In particular, if G acts trivially on A, then
HA(Ba, A) = Hom(G, A).

Proof. By Proposition 3.8, for any 71" over S we have the exact sequence

00— HO(BGT,AT) — HO(Tfl,AT) — CrOiST(GT,AT) — Hl(BGT,.AT)
— Hl(Tfl7AT) — EXtT(GT,.AT) — HQ(BGT7AT) — HQ(Tfh.AT).
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This exact sequence is functorial in 7', so that it may be viewed as an exact sequence of abelian
presheaves on Sch/S. Applying the associated sheaf functor together with Proposition 3.10,
we obtain the exact sequence of sheaves

0— A® — A — Croisg(G, A) — H§(Bg, A)
2 0 — Extg(G, A) — H2(Ba, A) — 0
since the sheafification of the presheaf T +— H® (T}, Ar) is trivial for i > 1 (as it follows from
[10, V, Proposition 5.1] applied to the identity map Id : Sy — Sy;). O
3.5. The Hochschild—Serre spectral sequence
We consider a sequence of S-group schemes
l1— N —G— G/N —1,
which is exact with respect to the fppf-topology.

PROPOSITION 3.12. For any abelian object A of Bg, there is a natural G /N-action on
HY(Bn,A) and there is a spectral sequence

H'(G/N,HL(By, A)) = H™ (G, A).

Proof. The quotient map G — G/N induces a morphism of classifying topoi
[ Bec — Bg/n,
and hence a spectral sequence
H'(Bgn, R (f+)A) = H'"(Bg, A),
which is functorial in the abelian object A of Bg. In view of the canonical equivalences
Bg/n/Eq/n ~ Sy and  Bg/(G/N) ~ By,

we have a pull-back square

By s Sfl

p’l Pl
!

BGHBG/N

where the vertical maps are localization maps. As previously this ‘localization pull-back’ yields
isomorphisms for all n > 0,

Moreover, the functor p'* : B¢ — By maps a G-object F' to F' on which N acts via N — G, so

that, for A an abelian object of Bg, R™(m.)p"* A is really what we (slightly abusively) denote
by Hg(Bn, A). O

Recall that there is a canonical map 7: .4 — Croisg(G,.A), and that this map is the zero
map if G acts trivially on A.

COROLLARY 3.13. There is an exact sequence
0 — H'(Bg/n,AN) — H'(Bg, A) — H°(Bg/n, Croisg (N, A)/Im(t))
— H*(Bg/n, AY) — H?*(Bg, A).
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If N acts trivially on A, then we obtain an exact sequence

0— HI(BG/NvA) - Hl(BcaA) B HO(BG/Nvm(NaA))
—>H2(BG/N7A) —>H2(BG7A)'

Proof. This is the five-term exact sequence given by the Hochschild—Serre spectral sequence
of Proposition 3.12. |

4. Invariants of symmetric bundles

In the following sections, we fix a scheme Y — Spec(Z[1/2]) in which 2 is invertible. The
principal goal of this section is to associate to any symmetric bundle over Y cohomological
invariants that generalize the classical Hasse-Witt invariants associated to quadratic forms on
vector spaces over fields.

4.1. Symmetric bundles

A bilinear form on Y consists of a locally free Oy-module V' (which one may see as a vector
bundle on Y') and a morphism of Oy-modules

B:V®o, V— 0Oy
such that, for any affine open subscheme Z of Y, the induced map
By :V(Z)xV(Z) — Oy(Z)

is a symmetric bilinear form on the Oy (Z)-module V(Z). Let V'V be the dual of V. The form
B induces a morphism of bundles

ng:V—>VV7

which is self-adjoint. We call B non-degenerate or unimodular if pp is an isomorphism. A
symmetric bundle is a pair (V, B) consisting of a Y-symmetric bundle V' endowed with a
unimodular form B. In general, we will denote such a bundle by (V, ¢), where ¢ is the quadratic
form associated to B. Since 2 is invertible in Y, we will refer to (V, q) either as a symmetric
bundle or as a quadratic form over Y. In the case where Y = Spec(R) is affine, a symmetric
bundle (V,q) is given by a pair (M, B), where M is a locally free R-module and B is a
unimodular, symmetric, bilinear form on M.

Let (V,q) be a symmetric bundle over Y and let f: T — Y be a morphism of schemes. We
define the pull-back of (V,q) by f as the symmetric bundle (f*(V), f*(¢)) on T where f*(V)
is the pull-back of V' endowed with the form f*(¢) defined on any affine open subsets U’ and
U of T and Y, such that f(U’) C U, by scalar extension from q. We denote by (Vr,qr) the
resulting symmetric bundle on 7.

An isometry of symmetric bundles w : (V,¢q) — (E,r) on Y is an isomorphism of locally free
Oy-modules v : V — E such that r(u(z)) = ¢(x) for any open affine subscheme U of ¥ and
any « in V(U). We denote this set by Isom(g,r). It follows from [3, III, Section 5, no. 2] that
T — Isom(qr,rr) is a sheaf of sets on Sch/Y endowed with the fppf-topology. We denote this
sheaf by Isom(q,r), or by Isomy (q,r). We define the orthogonal group O(q) as the group
Isom(q, q) of Yy;. This sheaf is representable by a smooth algebraic group scheme over Y,
which we also denote by O(g). We denote by (O, t, = 22 + --- + z2) the standard form over
Y of rank n and by O(n) (or by O(n)y if we wish to stress that the base scheme is Y') the
orthogonal group of %,.
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4.2. Twisted forms

Let (V,q) be a symmetric bundle over Y. A symmetric bundle (F,r) is called a twisted form
of (V, q) if there exists an fppf-covering {U; — Y, i € I} such that there exists an isometry

(V@y Ui, q ®y Ui) ~ (F®y U;,r Qy Ui) Viel.

Recall that a groupoid is a small category whose morphisms are all isomorphisms. We denote by
Twist(q) the groupoid whose objects are twisted forms of (V, ¢) and morphisms are isometries.
Let Twist(g)/~ be the set of isometry classes of twists of (V,¢), which we consider as a set
pointed by the class of (V,q). If (F,r) is a twist of (V,¢), then Isom(g,r) is an O(q)-torsor of
Yy We denote by Tors(Yy;, O(q))/~ the pointed set of isometry classes of Tors(Yy;, O(q)),
pointed by the class of the trivial torsor.

PROPOSITION 4.1. The canonical functor
Twist(q) — Tors(Yy;,0(q)),
(F,r) — Isom(q,r)

is an equivalence.

Proof. By [3, III, §5, no. 2.1], the functor above induces an isomorphism of pointed sets:

Twist(q)/~ — Tors(Ys;,0(q))/~,
(F7 T) — [Isom(% T)]a

where [Isom(q,r)] is the isometry class of the torsor Isom(g,r). Since Twist(g) and
Tors(Yy;,O(q)) are both groupoids, we are reduced to showing that the automorphism group
of Isom(gq,r) in Tors(Yy;,O(q)) is in bijection with the automorphism group of (F,r) in
Twist(g). In other words, one has to show that the map

O(T) (Y) - HomTors(Yfl,O(q)) (ISOl’l’l(q, T)a ISOIn(Qv T))
is bijective. But this follows from the fact that Isom(g,r) is a left O(r)-torsor. O

Since O(g) is smooth, the functor Tors(Y, O(q)) — Tors(Yy;, O(g)) is an equivalence.
Hence, any twist of ¢ is already split by an étale covering family. This can also be seen as
follows: let (O, t, = 2?2 + -+ 22) be the standard form over Y of rank n and let O(n) be
the orthogonal group of ¢,,. Since on any strictly henselian local ring (in which 2 is invertible)
a quadratic form of rank n is isometric to the standard form, any symmetric bundle (V| ¢) on
Y is locally isometric to the standard form ¢,, for the étale topology. We denote by Quad,,(Y)
the groupoid whose objects are symmetric bundles of rank n over Y and whose morphisms are
isometries. There are canonical equivalences of categories

Quad,, (V) ~ Twist(¢,) (17)
~ Tors(Ye, O(n)) (18)
~ Tors(Yy;, O(n)) (19)
~ HOl’ntOpyfl (Yfl, Bo(n))OP. (20)

Given a symmetric bundle (V, ¢) on Y, we denote by {q} : Y; — Bo(y) the morphism of topoi
associated to the quadratic form ¢ by this equivalence.

PROPOSITION 4.2. There is an equivalence of categories
Quad,(Y) — Homtopyfl Yy, Bo(n) )°P,
Vig)  +— {a}.
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4.3. Invariants in low degree: det[q] and [C]

For a symmetric bundle (V,q) over Y, there are canonical cohomology classes in
Hl(Bo(q)7Z/2Z) and HZ(BO(q), Z/2Z)

4.3.1. Degree 1 The determinant map
deto(q) : O(q) — po = Z)2Z
is a morphism of Y-group schemes. By Proposition 3.8, there is a canonical map
Homy (O(q), Z/2Z) — H"(Bo(y), Z/27Z).
This yields a class det|q] € H'(Bo(q), Z/27Z).

DEFINITION 4.3. The class det[q] € H'(Bo(q), Z/2Z) is the class defined by the morphism
deto(g) : O(q) — Z/27Z.

The cohomology class det[qg] is represented by the morphism
Baeto(,, : Bo(q) — Bz/2z-

The Z/2Z-torsor of Bg(,) corresponding to this morphism is given by O(q)/SO(q) with its
natural left O(g)-action and its right Z/2Z-action via O(q)/SO(q) ~ Z/2Z. In other words,
we may write

det[q] = [O(q)/SO(q)] € H'(Bo(q), Z/2Z).

4.3.2. Degree 2 One can define the Clifford algebra of the symmetric bundle (V, ¢); this is
a sheaf of algebras over Y. This leads us to consider the group O(q) which, in this context, is
the generalization of the group Pin(q) (see [5, Section 1.9, 13, Appendix 4]). The group O(q)
is a smooth group scheme over Y which is an extension of O(q) by Z/2Z, that is, there is an
exact sequence of groups in Yy

1—7Z/2Z — O(Q) — 0(q) — 1. (21)

Such a sequence defines a class C, € Exty (O(q),Z/2Z) and therefore (see Proposition 3.8) a
cohomology class in H?(Boyy), Z/2Z) that we denote by [Cy].

DEFINITION 4.4. The class [Cy] € H*(Bo(g), Z/2Z) is the class defined by the extension
C, € Exty (O(q),Z/2Z).

4.4. The fundamental morphisms T, and O,

Let (O, t, =22+ ---+22) denote the standard form over Y of rank n and let O(n) :=
Isom(t,,t,) be the orthogonal group of ¢,. Let 7 : Bg(y) — Yy be the morphism of topoi
associated to the group homomorphism O(g) — {e}. The sheaf Isom(t,, ¢) has a natural left
action of O(¢) and a natural right action of O(n):

O(q) x Isom(t,,q) x O(n) — Isom(ty,q),
(T,f,O') — To foo.

These actions are compatible; more precisely, Isom(t,,, g) is naturally an object of Bo(q) that
carries a right action of 7°O(n).

LEMMA 4.5. The sheaf Isom(t,,, q) is a 7*O(n)-torsor of Boq)-
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Proof.  On the one hand, Isom(t,, ¢) is an O(n)-torsor of Y, since there exists an fppf-
covering (or equivalently, an étale covering) U — Y and an isometry

(V@y U,q®y U) ~ (01"/ Ry U, t, Qy U)
We obtain a covering U — Y in Yy; and an O(n)-equivariant isomorphism in Uy ~ Yy /U:
U x Isom(t,,q) = U x O(n).

On the other hand, there is a canonical equivalence Yy, >~ Bo(y) / Eo(q) such that the composite
morphism

[+Yp = Bog)/Eoq) — Bo(g)

is the map induced by the morphism of groups 1 — O(g); in other words, the inverse image
functor f* forgets the O(g)-action. We may therefore view, respectively, the right (Eg(g) x
1*0(n))-objects Eog(q) x Isom(t,,q) and Egg) x 7*0(n) of the topos Bo(q)/Eo(q) as the
right O(n)-objects Isom(t,,q) (with no O(g)-action) and O(n) of the topos Yy;. We obtain
an O(n)-equivariant isomorphism

U x Eg(g) x Isom(t,,q) = U x Eg(g) X 7*0(n)
in the topos
Boy)/(U x Eo(g) = (Bo(g)/Eo)/(U % Eo(g) = Yn/f*U = Up.

The result follows since U x Eg(4) — * covers the final object of Bo(q)- O

DEFINITION 4.6. We denote by T; the sheaf Isom(t,,q) endowed with its structure of
7*(0(n))-torsor of Bo(q), and we define

T, - Bo(q) — Bo()

to be the morphism associated to the torsor 7j,.
PRrROPOSITION 4.7.  The map Ty : Bo(q) — Bo(n) Is an equivalence.

Proof. Let X, : Bom) — Bo(g) be the map associated to the O(g)-torsor of Bo(y,) given
by Isom(q,t,), and consider

XgoTy: Bog) — Bom) — Bo(g)-
We have
(Xq0Ty) Eowy = T; X} (Eo(g) = T, (Isom(q, t,)) = Isom(t,, q) A°™) Isom(q,t,).

But the map

Isom(tna q) X Isom(q, tn) — ISOIn(Qa Q)a
(f.9) — feog

induces a 7*0(g)-equivariant isomorphism
Isom(t,,q) AO™ Isom(q,t,) ~ Isom(q, q) = Eog)-
Hence, we have a canonical isomorphism

(XqoT,)" Eo(q) = Isom(t,,q) AC™ Isom(q, t,,) ~ Eoq)
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of 7*O(q)-torsors in Bo(q). By Theorem 2.3, we obtain an isomorphism X, o T}, ~ ldps,, of
morphisms of topoi. Similarly, we have
(Ty 0 Xy)*Eo(ny = Isom(q, t,) A% Isom(t,, q) ~ Eo(

n),
hence Ty 0 Xg >~ Idp,,,,, - U
Let 1 : Yy — Bo(q) be the morphism of topoi induced by the morphism of groups 1 — O(q),
while 7 : Bo(q) — Yy is induced by the morphism of groups O(¢q) — 1. Note that
Idyfl = 71o n: }/fl — Bo(q) — Yfl'

*

However, nom 2 1dp,,,, since (nom)* sends an object of Bg(q) given by a sheaf F of Yy,
endowed with a (possibly non-trivial) O(g)-action to the object of Bg(q) given by F with trivial
O(g)-action. The pull-back n*Isom(t,,q) is an O(n)-torsor of Yy;, and 7*n*(Isom(t,,q)) is a
7*(0(n))-torsor of Bo(q). We denote this torsor by ©, . This is the sheaf Isom(t,,, ) endowed
with the trivial left action of O(g) and its natural right action of O(n).

DEFINITION 4.8.  We consider the 7*(O(n))-torsor of Bo(q) given by
Oq :=mn"(Isom(ty, q)),
and we define
©q: Bo(q) — Bo)

to be the morphism associated to the torsor 0.

We have a commutative diagram:

Boy(q)

Y,
Id I =r Tsom(tn.a)
\ /

In other words, we have canonical isomorphisms:

Yy

Bom)

Bo(qg)

mon~id, {qtom~0O, T,on~0,0n~{q}.

4.5. Hasse—Witt invariants

In [14, Theorem 2.8|, Jardine proved the following result, which is a basic source for the
definitions of our invariants.

THEOREM 4.9. Let Y be a scheme in which 2 is invertible and let A denote the algebra
H}(Y,Z/2Z). Assume that Y is the disjoint union of its connected components. Then there is
a canonical isomorphism of graded A-algebras of the form

H*(Tor(B(O(n),Y)m), Z/2Z) ~ A[HW:, ..., HW,],

where the polynomial generator HW, has degree i.
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By Theorem 3.7, there is a canonical isomorphism:
H*(Bo(n),Z/2Z) ~ H*(Tor(B(O(n),Y )gt), Z/2Z).

We use this isomorphism to identify these two groups and from now on we view HW; as an
element of H'(Bo(n), Z/27Z).

DEFINITION 4.10. The universal Hasse-Witt ith-invariant of the quadratic form ¢ is

HW;(q) = T;(HW;) € H'(Bo(y), Z/2Z).

When ¢ is the standard form ¢, the invariants HW;(q) coincide in degree 1 and 2 with the
invariants we introduced in subsection 4.3, that is, we have

HW1 = HWl(tn) = det[tn] and HW2 = HWg(tn) = [Cn]

COROLLARY 4.11. There is a canonical isomorphism of graded A-algebras of the form
where the polynomial generator HW;(q) has degree i.

Proof. This follows from Theorem 4.9 and Proposition 4.7. ]

We note that the ‘usual’ ith Hasse-Witt invariant of g is the class of H*(Yy;, Z/2Z) obtained
by pulling back HW;(q) by 7. To be more precise, the ith Hasse-Witt invariant of ¢ is defined
by

wi(q) = n" (HWi(q)) = {¢}" (HW3).
Since n* o w* ~ Id, the group homomorphism
n* : H(Bo(y), Z/2Z) — H'(Yy,Z/27Z)

is split for any i > 0. Therefore, we may identify via 7* the group H* (Y}, Z/2Z) as a direct
factor of H*(Bo(y), Z/2Z). Since ©,4 ~ {q} o 7, we note that under this identification ©," (HW;)
identifies with w;(q). This leads to the following definition.

DEFINITION 4.12. The ith Hasse—Witt invariant of ¢ is defined by
wi(q) = ©(HW;) € H (Bo(q), Z/2Z).

Let Gy be a Y-group scheme and let (V) ¢, p) be a Gy-equivariant symmetric bundle on
Y. The group scheme homomorphism p : Gy — O(q) induces a morphism of topoi p : Bg,, —
Bo(q)- We obtain

Tq op: BGy — Bo(q) — BO(n)

This morphism corresponds to the O(n)-torsor p*(Ty) of Bg, , which is given by the sheaf
Isom(t,, q) endowed with a left action of Gy via p and a right action of O(n).

DEFINITION 4.13. The ith equivariant Hasse-Witt invariant of (V, ¢, p) is defined by
wi(q, p) = p" (HWi(q)) = p™T; (HW;) € H'(Bg,,Z/27Z).
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5. Universal comparison formulas

Let (V,q) be a symmetric bundle on the scheme Y. We assume that 2 is invertible in Y and
that Y =[], ca Yo is the disjoint union of its connected components. This second condition is
rather weak but not automatic.

By Corollary 4.11, we have a canonical isomorphism

H*(Boyg), Z/2Z) ~ AJHW1(q), ..., HW,(q)],
where A = H}(Yy;,Z/2Z). Under this identification, we have classes
wi(q), wa2(q) € A and det[q], [C,] € A[HW1(q),..., HW,(q)]

defined in subsection 4.5. Theorems 5.2 and 5.3 provide an explicit expression of det[q] and [Cy]
as polynomials in HW;(¢q) and HW5(q) with coefficients in A written in terms of w1 (¢), w2(q) €
A. More precisely, we will prove the following theorem.

THEOREM 5.1.  Let (V,q) be a symmetric bundle of rank n on the scheme Y in which 2 is
invertible. Assume that Y is the disjoint union of its connected components. Then we have

detlq] = wi(q) + HW1(q)
and
[Cq] = (wi(q) - wi(q) + wa(q)) + wi(q) - HWi(q) + HWa(q)
in the polynomial ring

H*(BO(q)a Z/QZ) = A[le(Q)a s 7HWn(Q)]

These formulas are the source for many other comparison formulas that either have been
proved in previous papers [2, 4] or that we shall establish, using the following principle. For
any topos £ given with an O(g)-torsor, we have a canonical map f : £ — Bg(q), and we obtain
comparison formulas in H*(€,Z/2Z) by applying the functor f* to the universal comparison
formulas of Theorem 5.1.

We split Theorem 5.1 in two theorems according to the degree.

THEOREM 5.2. Let (V,q) be a symmetric bundle of rank n on the scheme Y in which 2 is
invertible. Then

HW1(q) = wi(q) + det[q]
in Hl(Bo(q), Z/2Z).

Proof. The group H 1(Bo(q),Z/QZ) can be understood as the group of isomorphism
classes of Z/2Z-torsors of the topos Bo(q). Hence, the theorem may be proved by describing
an isomorphism between the torsors representing both sides of the required equality. The
cohomology class HWy(q) = T, (HW1) = T} (det][t,]) is represented by the morphism

Baeto,y © 1y : Bo(g) — Bom) — Bz/2z,

where Bqeto,,, is the map of classifying topoi induced by the morphism of groups deto(y) :
O(n) — Z/2Z. Therefore, HW;(q) is represented by the Z/2Z-torsor:

(Bdetom) © 14)" Ez/2z = T; Bacro,,, Ez/22z = T3 (0(n) /SO(n))
=T, \°™ (O(n)/SO(n)).
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Similarly, wi(q) is represented by the Z/2Z-torsor ©, A®™ (O(n)/SO(n)). Note that O(q)
acts on T, A°") O(n)/SO(n) via its left action on T, while it acts trivially on ©, AC™
O(n)/SO(n). In both cases Z/2Z acts by right multiplication on O(n)/SO(n) ~ Z/2Z. The
group O(gq) acts on T, A°(™ (O(n)/SO(n)) as follows:
O(q) x (T, A% (0(n)/SO(n))) — T, A% (O(n)/SO(n)),

(f,lo,9)) — [foo,g].
We now consider Z/2Z as an object of Yy; endowed with a right action of O(q) via deto(q)
and right multiplication on the one hand, and with a left action of O(n) via deto(y) and left
multiplication on the other hand. Then O(q) acts on the left on ©, A" Z/2Z as follows:

O(q) x (©,A°M Z/27) —  ©,A0M Z/2Z,
(f,[o€]) [y e-detogg)(f) ']

Let us show that the map
v: T,A°™ 0O(n)/SO(n) — ©,A\°M Z/2Z,
[Ua g] E— [0-7 detO(n) (g)]

is an isomorphism of Z/2Z-torsors of Bg(g). The map ¢ is an isomorphism of Z/2Z-torsors
of Yy since detg(y,) induces O(n)/SO(n) ~ Z/27Z. It remains to check that ¢ respects the left
action of O(q). On points, we have

Wf (0,9 = ilf 00,5 = tloro (0 0 f 0 0) L, 5T g g
= [0, detr, (9) detoq) (/)] = [ o 3]
since 07! o f o ¢ is a section of O(n). We remark that
O(n)/SO(n) A*/*% 0(q)/SO(q)

is canonically isomorphic to Z/2Z and is naturally given with a right action of O(q) and a left
action of O(n). Hence, ¢ yields a canonical isomorphism of Z/2Z-torsors in the topos Bo(g):

7, A% O(n)/SO(n) =~ ©, A°™ (O(n)/SO(n) A"*** O(g)/SO(q)). (22)

Recall that the class det[q] € H'(Boq), Z/2Z) is represented by the Z/2Z-torsor O(q)/SO(q).
We have

wi(q) + detlg] = [(©4 A% O(n)/SO(n)) A*/?% O(q)/SO(q)] (23)
= [0, A°™ (0(n)/SO(n) A?/** O(q)/SO(q))] (24)
= [T, A% O(n)/SO(n)] (25)
= HWi(q) (26)

Here, (24) is given by the associativity of the contracted product (see [7, 1.3.5]) and
isomorphism (25) is just (22). O

THEOREM 5.3. Let (V,q) be a symmetric bundle of rank n on the scheme Y in which 2 is
invertible. Assume that Y is the disjoint union of its connected components. Then

HW3(q) = wa(q) + wi(q) U det[g] + [C]
in H*(Bo(y), Z/2Z).

Proof. For the convenience of the reader we split the proof into several steps.
Step 0: Cech cocycles.
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Let & be a topos, let A be an abelian object in £ and let U be a covering of the final object
of &, that is, U — * is an epimorphism. We consider the covering U := {U — x}. The Cech
complex C*(U, A) with value in A with respect to the covering U is

0 — A(U) 2% AU x U) 25 AU x U x U) 25 . 2 g2y &0
where, for f € A(U™1) = Homg (U™, A), we have
dn(f) = Z (=1 1f °Pigo. i.nt2 € A(U™?) = Homg (U™12, A).
1<i<n+2

Here, p, 2 i : U"*T2 — U+ is the projection obtained by omitting the ith coordinate.
We denote by Z" (Z/{ A) := Ker(d,) the group of n-cocycles, and the Cech cohomology with
respect to the covering U with coefficients in A is defined as follows:

H"(U, A) := Ker(d,,) /Tm(d,,_1).

For a refinement V' — U, that is, V' covers the final object and is given with a map to U, we
have an induced map of complexes C*(U, A) — C*(V, A), hence a map H"(U, A) — H"(V, A)
for any n, which can be shown to be independent of the map V — U, using the fact that
the cohomology H*(U, A) = H*(Ry, A) (respectively, H*(V, A) = H*(Ry, A)) only depends
on the sieve Ry (respectively, Ry) generated by U (respectively, by V). We then define

H™(E,A) :=lim H"(U, A).

There are always canonical maps H™(E, A) — H"™(E, A) (given by the Cartan-Leray spectral
sequence) but this map is not an isomorphism in general. However, the map

HY(E,A) — HY(E, A)

is an isomorphism for any topos £. Fix a ring R in the topos £, and let A and B be R-modules.
We have cup-products

H™(E,A) x H™(E,B) - H"™"™(£, A®R B)
induced by the maps

C™(U,A) x C™U, B) — C"™(U, A®g B),
(f:U™ = A,g: U™ = B) = fopi a1 ®gOPus1, ntmil,
where p1, 41 is the projection on the (1,...,n + 1)-components. We obtain a cup-product

HY(&,A) x H'(E,B) = H'(E,A) x H'(§,B) — H*(§,A®pr B) — H?*(£,A®r B).

For A = B = R, composing with the multiplication map R x R — R, we obtain the following
lemma.

LEMMA 5.4. For any ringed topos (£, R) there is a cup-product
HY(&,R) x H'(§,R) — H*(&,R)
compatible with cup-product of Cech cocycles.

For a (not necessarily commutative) group G in &, we denote by H'(€,G) the pointed set
of isomorphism classes of G-torsors in €. Let U = {U — *} be a covering. The definitions of
C'U,G), 2'U,G) and H'(U,G) extend to the non-abelian case. Indeed, we set C' (U, G) :=
GU xU) and

ZHU,G) :={s € GU x U), (sopas)(sopis) " (sopi2) =1},
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where p;; : U x U x U — U x U is the projection on the (4, j)-components. There is a natural
action of CO(U,G) := G(U) on ZY(U,G) that is defined as follows: if o € G(U) and s €
ZY(U,Q), then

oxs=(ocop))-s-(cop)~t € ZNU,G),
where py,p2 : U X U — U are the projections. Then one defines
H'U,G):= 2" U,G)/G(U)

to be the quotient of Z'(U,G) by this group action. Note that Z*(i, G) and hence H' (U, G),
both have the structure of a pointed set. Then there is an isomorphism

HY(E,A) :==1lm H'U,G) — H'(E, A)

of pointed sets.

The 1-cocycle associated to a torsor.

Let G be a group in the topos £ and let T' be a G-torsor in £. In order to obtain a 1-cocycle
that represents T', we proceed as follows. By definition T — * is a covering of the final object
in £ which trivializes T'. More precisely, the canonical map

w: T'xG — T xT,
is an isomorphism in £/T. Here, the assignment (¢,g) — (¢,¢-g) makes sense on sections.
Indeed, for any object X in &, the set T'(X) carries a right action of the group G(X) such that
the map
wX): TX)xGX) — T(X)xT(X),
(t.9) — (tt-g)
is a bijection, that is, G(X) acts simply and transitively on T(X). Let u=': T xT — T x G
be the inverse map. For any X in &, we have
pHX): T(X)xT(X) — T(X)xG(X),
(t,u) — (t,t~ ),
where, by the notation g = ¢~!u, we mean the unique element of the group G(X) such that

t-g=wu. If f:U — T is a morphism of £ such that U — x* is a covering, then we obtain a
1-cocycle representing T', by considering

cr € Z2'({U — #},G) C G(U x U)

defined (on sections) by
cr: UxU — G,
(tu) — fO) f(u),

where Z1({U — x}, Q) is the pointed set of 1-cocycles with respect to the cover {U — *} with
values in (G. Recall that

ZH{U — },G) = {s € GU x U), (sopas)(sopiz)” (sop12) =1},

where p;; : U x U x U — U x U is the projection on the (¢, j)-components. The cocycle cp
represents the G-torsor T' in the sense that

ZY{U — %},G) » H'({U — %},G) — HY(£,G) = HY(E,G)

maps cr to [T], where [T] is the class of the G-torsor T.
The 2-cocycle associated to a central extension with local sections.
We consider an exact sequence of groups in £

1 —A—G—G—1 (27)
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such that A is central in G. We have a boundary map H'(£,G) — H?(E, A) defined as follows:

§: HYEG) — H2(EA),
[T = T((C],
where [C] € H?(Bg, A) is the class defined (see Proposition 3.8) by the extension (27). The
class (T is trivial if and only if the G-torsor can be lifted into a G-torsor T' (that is, if and
only if there exists a G-torsor T and an isomorphism of G-torsors T' INTERS T). Let T be a

G-torsor, let U = {U — *} be a covering and let cr € ZY (U, G) be a 1-cocycle representing 7.
Assume that there exists a lifting ¢ : U x U — G of ¢p. Then

S(cr) := ér 0 pag — é7 0 13 + ér 0 P12

is a 2-cocycle with values in A, that is, one has §(cr) € Z2(U, A). The class of §(cr) in H?(U, A)
does not depend on the choice of ér. Moreover, the image of d(cr) in H?(E, A) is 6([T ]) =
T*([C]) (see Giraud IV.3.5.4).

Step 1: First reduction.

The aim of this step is to prove the following result. Denote by

qu : B()(q) - BO(Q)

the map induced by the morphism 7, : f)(q) — O(q) (see Step 2 for a precise definition of r,).

PROPOSITION 5.5. The identity

HW>(q) = wa(q) + wi(q) U detlg] + [C] (28)
in H2(Bo(q), Z/27) is equivalent to the identity
Bl (HW2(q)) = By, (w2(q) +w1(q) U det[q] + [Cy]) (29)

in H*(Bg 0 2/27).

Proof. By functoriality (28) implies (29). Let us show the converse. Assume that (29) holds,
so that (see Lemma 5.6)

By (HW2(q) + w2(q) + wi(q) U det[q]) = 0.

Recall that Y =[] Y, is the disjoint union of its connected components. Since cohomology
sends disjoint sums to direct products, we may assume Y to be connected. By Lemma 5.7, we
have either

HW>(q) +wa2(q) +wi(g) Udet[g] =0
HWs(q) + wa(q) + w1(q) U detlqg] = [Cy].
Assume that
HWs(q) + wa(q) + wi(g) Udet[q] = 0.
By Theorem 5.2, we would obtain
HW:(q) +wi(q) - HWi(q) + (wi(q) - wi(q) + wa(q)) = 0

in the polynomial ring A{HW1(q), ..., HW,(q)]. This is a contradiction since w1 (¢), w2(q) € A.
Identity (28) follows. O
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LEMMA 5.6. Consider an extension
1—wA—G—G—1

of a group G' by an abelian group A in some topos €. Let C € Ext(G, A) be the class of this
extension and let [C] be its cohomology class in H*(Bg, A). Then C vanishes in Ext(G, A). A
fortiori, [C] vanishes in H*(Bg, A).

Proof. The natural map
Ext(G, A) — Ext(G, A)
sends the class C of the extension 1 — A — G — G — 1 to the class C of
1—A—GxgG—G—1,

which is split by the diagonal G — G x¢ G, so that C' = 0.
Giraud’s exact sequence (Proposition 3.8) is functorial in G, so that one has a commutative
square:

Ext(G,A) —— H?*(Bg, A)

| |

Ext(é,A) HHQ(B@,A)
hence [C] € H?(Bg, A) maps to [C] = 0 € H*(Bg, A). O

Recall that we denote by C, the class of the canonical extension

1— Z/2Z — O(q) — O(q) — 1.

LEMMA 5.7. The Hochschild—-Serre spectral sequence associated to the above extension of
group schemes induces an exact sequence

0 — H°(Y,Z/2Z) — H*(Boy(y), Z/2Z) — H*(Bg,): Z/2Z).
Moreover, if Y is connected, then Z/2Z — H?(Bo(q), Z/2Z) maps 1 to [Cy).

Proof. The scheme Y is the disjoint union of its connected components. Since cohomology
sends disjoint unions to direct products, we may suppose Y to be connected. By Corollary 3.13,
we have an exact sequence

0 — H'(Bo(q), Z/2Z) — H'(Bg,) Z/2Z) — H°(Bo\qy), Hom(Z/2Z, Z/2Z))
— H*(Boy(g), Z/2Z) — H*(Bg,): Z/2Z).
But Hom(Z/2Z,Z/2Z) = Z/2Z and H°(Bo(y),Z/2Z) = Z/2Z, hence we obtain an exact
sequence
Z/2Z — H*(Boy(g), Z/2Z) = H*(Bg,), Z/2Z).

By Lemma 5.6, the class [Cy] lies in Ker(ry). It remains to show that [C,] #0 in
HQ(BO(q),Z/QZ). Let U — Y be an étale map (or any map) such that gy is isomorphic to
the standard form ¢, y on U. Then there is an equivalence (using Proposition 2.8)

Bo(qU) ~ Bo(q)/U ~ BO(n)/U ~ Bo(tn’U)

such that [Cy,] maps to [Cy, v] = HWy € H*(Boy,, ), Z/2Z), which is non-zero by Theo-
rem 4.9. Hence, [C,] maps to [Cy,] # 0, hence [C,] # 0. O
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Step 2: The maps 0 and 6.

For a brief summary of the Clifford algebras and Clifford groups associated to a symmetric
bundle, see [4, Section 1.9]. Let (V,q) be a symmetric bundle on Y. We denote by C(q)
its Clifford algebra and by C*(q) its Clifford group. We then consider the sheaf of algebras
and the sheaf of groups for the flat topology, defined by the functors C(q) : T — C(gr) and
C*(q) : T — C*(qr), respectively. The norm map N : C(q) — C(q) restricts to a morphism of
groups

N : C*(q) I Gm7

where G,,, denotes the multiplicative group. We let O(q) denote the kernel of this homomor-
phism. This is a sheaf of groups for the flat topology that is representable by a smooth group
scheme over Y. The group scheme O(q) splits as O (q)[JO_(g). Let = be in O.(q) with
¢ = =1, then we define ry(z) as the element of O(q)

re(z): V —V,
v — exvz L.

This defines a group homomorphism ry : O(q) — O(q). One can show that, for each z € (~)€(q),
the element r4(x) belongs to O4(g) = SO(q) or O_(q) = O(gq) \ SO(q) depending on whether
e =1 or —1, respectively.

We start by considering the affine case Y = Spec(R), where R is a commutative ring in
which 2 is invertible. In this situation, O(g) and O(q) can be, respectively, considered as the
orthogonal group and the Pinor group of the form (V,q), where V is a finitely generated
projective R-module and ¢ is a non-degenerate form on V.

LEMMA 5.8.  Let (V,q) and (W, f) be symmetric bundles over R and let t € Isom(q, f)(R).
(i) The map t extends in a unique way to a graded isomorphism of Clifford algebras

i : Clag) — C(f).
(ii) The isomorphism Uy induces, by restriction, an isomorphism of groups, again denoted
by 1, such that the following diagram is commutative:

T

{1} — (2/2Z)(R) — O(q)(R) ——= O(q)(R)

N

Tf

{1} —= (Z/2Z)(R) — O(f)(R) —— O(f)(R)

where v, is the group isomorphism u — tut~".
(iii) For any a € O(f)(R) and t € Isom(q, f)(R), we have the equalities

7/~Jat = 7/~1a o &t and g = atbya”!

(iv) Suppose that (V,q) = (W, f). We assume that t has a lift s(t) in O(q)(R). Then 1, = is(t)
(q

(respectively, gig) on O.(q)(R)) ift € O, (q)(R) (respectively, O_(q)(R)).

Proof. 1t follows from the very definition of the Clifford algebra that ¢ extends to a graded
isomorphism ’(/Jt C(q) — C(f), which itself induces by restriction an isomorphism 1, : O(g) —
O(f). For a € O.(q), one has by definition

rrody(a)(z) = ety(a)ry(a)™t Vo e W.
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Since ¢ is induced by a morphism of R-algebras, the right-hand side of this equality can be
written as

ety (a7t (z)a™h).

Since ¢, coincides with t on V and since at~!(z)a~! € V (recall that a € O(q)) we conclude
that

rpody(a)(z) =y org(a)(z) Vo e W.

Therefore, (i) and (ii) are proved. The second equality of (iii) is immediate. In order to prove
the first equality, it suffices to observe that both sides of this equality coincide when restricted
to V.

If we now assume that ¢ has a lift in O(g)(R), then we obtain two automorphisms of C/(q),
namely ¢, and 15(t)- Moreover, since s(t) € O.(q), it follows from the definition of r; that
t(x) = es(t)as(t)~! for any z in V. If t € O, (q), then e = 1 and v, and i) coincide on V, and
therefore coincide on C(q). If t € O_(q), then e = —1 and therefore 1; and i () will coincide
on Cy(q) and will differ by a minus sign on C_(q), and the result follows. O

We now return to the forms ¢ and ¢, on Y and the sheaf Isom(¢,,q) of Yy;. Let us define
morphisms in Yy;:

: Isom(t,, q) x O(g) — Isom(t,, q) x O(n),
: Isom(t,,q) x O(q) — Isom(t,,q) x O(n)

[ 1D

as follows. The morphisms # and § can be defined on sections. Furthermore, the class of
affine schemes yields a generating subcategory of Yy, hence one can define the morphisms 0
and § on sections over affine schemes of the form Spec(R) — Y. For any Spec(R) — Y and
t € Isom(t,, q)(R), we set 8, = ¢,—1 and §, = ¢,—1. Then the maps
0(R): Isom(t,,q)(R) x O(q)(R) — Isom(t,,q)(R) x O(n)(R),
(t, ) — (t,04(x))

and

O(R): Isom(t,,q)(R) x O(q)(R) — Isom(ty,q)(R) x O(n)(R),
(t, ) — ( 0,(2))

are both functorial in Spec(R) — Y, and yield the morphisms 6 and d 6. We denote by

B, -
T Bé(q) — Bo(q) — Yy
the canonical map. Recall that
Oy := 1"Isom(t,, q).
Similarly, we denote by éq the object of B()( ?) given by
0, := B; ©, = 7"Isom(t,, q),

which is the sheaf Isom(t,,, ¢) with trivial O(q)-action. Pulling back # and § along the morphism

T B(—)(q) — Yy, we obtain morphisms in B(—)(q);
79: 0, x 770(q) — O, x 7O0(n) and #0:0, x 70(q) — O, x 7O(n),

where the above maps are just ¢ and 0 seen as equivariant maps between objects of Yy, with
trivial O(q)-action. Moreover, 7*0 and 7*@ are defined over O, that is, 7*0 and 7*@ commute
with the projection to G) In other words, 7%6 and 70 are maps in Bg /G)q, which we simply

denote by 0 := 76 and é := 7*0. We summarize what we have constructed so far.
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LEMMA 5.9. The following diagram is a commutative diagram in B()(q)/éq.

O, —= 6, x Z/2Z —= 0, x #*0(q) — = O, x #*0(q) —= O,

Idl 0 9l
0, — 0, x 2/2Z — 0, x #*0(n) ——= O, x #*0(n) — O,

Moreover, the horizontal rows are exact sequences of sheaves of groups on Bg (@) / @ and the
vertical arrows are isomorphisms. Note that @ is the trivial group in Bo( 2 / G)

We now use the morphisms 6 and 0 to associate to any object p: W — (:)q of B()(q)/(:)q
isomorphisms of groups

0, : 70(q)(W) =5 7*O(n)(W) and 6, : 7*0(q)(W) == 7O (n)(W),

where W is the object of Bg(,) underlying p. For example, we have 7*O0(n)(W) :=
Homp, (W, 7*O(n)). These isomorphisms can be described as follows:

Op: (f: W = 70() —= (0,(f) : W —2L 6, x 70(g) —2> O, x 7*0(n) > 7*0(n)),
I (F: W = 7°0(g) —= (G,(f) : W =58, x 7 0(g) ——> 6, x 7*O() = 7"O(n).
where pr denotes the projection on the second component. We then have a commutative

diagram of groups

1 ——=Z/2Z(W) — 7#*0(q)(W) —— 7*O0(q)(W)

Idl G}i Gpl
| —> Z/2Z(W) — 7O(n)(W) —=> 7O (n)(W)

We (also) denote by n:Yy — B()(q) the morphism of topoi induced by the morphism of

groups 1 — O(q). The functor n* forgets the O(g)-action. It has a left adjoint i, which is
defined as follows: n(Z) is the object of Bgy) given by Eg ) X Z on which O(q) acts via

the first factor. Furthermore, we may consider the maps n*6 and n*é as maps in the topos
Yy /Isom(t,, q). For a map t : Z — Isom(t,, q) in Yy, we define

(1°0): : O(g)(Z) — O(n)(Z) and (n*0); : O(g)(Z) — O(n)(2)
in a similar manner. In particular, for ¢ : Z = Spec(R) — Isom(t,, ¢), one has
(7" 0)e =+ and  (7"0); = ¢y (30)

as defined in Lemma 5.8.

LEMMA 5.10.  Let Z = Spec(R) be an object of B,y with trivial O(q)-action and let
7 — @ be a map in B

O(q
()ir ( )(Bog % Z) = O(n)("Z) = O(n)(R), (31)
(g 7 O0()(Egy * )LO( )(1°Z) = O(q)(R), (32)

(—)|R 1 04(Eg ) X Z) — Isom(t,,q)(n*Z) = Isom(t,, q)(R) (33)

) By adjunction one has canonical identifications
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such that

Op(0)ir = (1"0)pn(01R) = V,-1(01r)  and  Oy(0)|r = (1"0)px(0]R) = ¥por(ojr)  (34)
for any
(p,0) € O4(Eg g X Z) X ﬁ*é(q)(Eé(q) X Z).

Proof. The map (31) is defined as follows. Given

0 : Egg x Z — 7°0(q) € 70(q)(Eg ) X 2);

q)
we define
* * * *(o) * ~ %k ) 2
olr 0" Z == n"Egy x 0" Z == 1°7*0(q) = O(g),
where e : n*Z — W*Eé(q) x n*Z is the map given by the unit section of O(q) = n*EO(q). This
morphism o — 0| is an inverse of the adjunction map:

O(n)(n*Z) = Homy,, (n*Z, O(n)) = Homy,, (n*Z,7*7* O(n))
= HomBO(q) (mn*Z,7*0(n))

=Homp,  (Eg % Z 7*0(n)) = ﬁ*é(n)(Eo(q) X 7).

O(a)
Replacing successively O(n) with O(g) and Isom(t,,q), we obtain, respectively, (32) and
(33). Then (34) follows immediately from the definitions: for some (p,0) € O4(Egq(,) % Z) x
%*O(q)(Eo(q) X Z) we have

0y(0) : Eg(g) X Z — Oy x #*0(q) — 64 x #*0(n) — 7*O(n)

and

n * * * * O * ~ % 0 * O * ~ % * ~ %
Op(0)\r =" Z — 0" Egg X1 Z —>1"O¢ x 'R O(q) L= "0, x n*7*0(n) — n*7*O(n),

which is just

7 P ) fsom(tn, ) x O(g) % Tsom(tn, ) x O(n) — O(n).

(77*9)1’\1? (o1r) : Spec(R)

We shall also need the following result.

LemMA 5.11. The class of objects of the form Eg, ) x Spec(R), where Spec(R) is an affine

J q
scheme endowed with its trivial O(q)-action, is a generating family of the topos B()( Q)

To be more precise, here we denote by Spec(R) an object of Bg(,) given by a sheaf on Yy,
represented by a Y-scheme of the form Spec(R) — Y (the map itself is not necessarily affine)
endowed with its trivial O(g)-action.

Proof.  'We need to show that, for any object F in BC)( Q) there exists an epimorphic family
{Eo(y) x Spec(R;) — F, i € I}

of morphisms in Bé(q). Recall that we denote by n : Yy — Bé(q) the morphism of topoi induced

by the morphism of groups 1 — O(q) The functor n* forgets the O(q)-action. It has a left
adjoint 7, which is defined as follows: n(Z) is the object of Bg(,) given by Eg ) x Z on

which O(q) acts via the first factor.

q
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Using the Yoneda lemma, one sees that the class of Y-schemes Y/ — Y forms a generating
family of the topos Yy;. Since any Y-scheme Y’ can be covered by open affine subschemes, the
class of objects of the form Spec(R) — Y is a generating family of Y;. Now let F be an object
of Bo(q), and let

{9: : Spec(Ri) — 0" F, i € I}
be an epimorphic family in Yy;. By adjunction we obtain a family

{fi : m(Spec(R;)) — F, i eI}

of morphisms in B()( Q) such that
g9i =" (fi) o 7 : Spec(R;) — n*m(Spec(R;)) — " F,

where 7; : Spec(R;) — n*mi(Spec(R;)) is the adjunction map.
Let u,v:F = G be a pair of maps in Bé(q) such that wo f; =vo f; for each i € I. In
particular, we have

n*(u) on*(fi) o =n*(v) o (fi)omi
for each i € I, hence n*(u) o g; = n*(v) o g; for each ¢ € I. Tt follows that n*(u) = n*(v) since
the family {g;,7 € I'} is epimorphic. We obtain u = v since n* is faithful. Hence, the family
{fi,i € I} is epimorphic as well, and the result follows. O

Step 3: The cocycles «, (3 and ~.
Recall that we denote by
~ qu T
T: Bg(g) — Bow) — Yn
the canonical map. We set

O, :=B; 0, T,:=B; T, Eoy =B Foq =O0()/(Z/2Z).
We now look for a covering of B()(q) that splits both the 7*O(n)-torsors Tq and (:)q and also
the 7*O(q)-torsor Eo(q). The map
Eow) x 0y — Eo(g x 1y,
(z,t) — (z, xt)
is an isomorphism of Bg . It follows that {U = Eo(q) x ©, — *} is a covering of the final
object in B()( ) trivializing T, @ and Eo(q) We now can use the construction recalled in
Step 1 to obtain 1-cocycles of U that represent each of these torsors. We then consider the
map f: U — T, defined by
f:U= Eo(q) X (:)q — Eo(q) X Tq — Tq, (x,t) — (x,2t) — at,
in order to obtain the 1-cocycle v € Z'({U — },7*0(n)) which represents T,:
v: UxU —  70(n),
(z,t,y,u) —  (2t)"(yw).
We apply again this construction where the role of f is now played successively by the
projections U = Eo(q) X @ — @ and U = Eo(q) X @ — Eo(q) We obtain firstly

g: UxU — 70(n),
(v, t,y,u) +—  tlu
for a representative of (:)q and secondly

a: UxU — 70(q),
(x’t7y7u) — x_ y
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for a representative of Eo(q). Of course, we have
a€ Z'{U — %},7°0(q)) and fB,7y € Z'{U — x},7*0(n)).
Finally, applying the construction described in Step 2, we consider the group isomorphism
0, : 70(q)(U x U) — 7 0(n)(U x U)

associated to

p: UxU — (:jq,
(x,t,y,u) - L.

Considering « as an element of the group 7*0(q)(U x U) and j3,~ as elements of the group
7*0(n)(U x U), we have

Y = By(a) - B € FOm)(U x V), (35)
since we may write
vz, t,y,u) = "z y)t) (" ) € 7*0(n)(U x U).

Note that (35) only makes sense in the group 7#*O(n)(U x U), since Z1({U — },7*0(n))
only carries the structure of a pointed set.

We continue to view o and (3 as elements of the groups 7*O(q)(U x U) and #*O(n)(U x U),
respectively, and we consider the maps

re: 7*0(q) - 70(q) and 7, : 7*0(n) - 7*O(n).

LEMMA 5.12. There exist an epimorphism U’ — U together with elements

aprxer €70(q)(U' x U')  and  Biyrixy € 7°0(n)(U' x U')

such that

-
s = re(uixe)  and  Burxur = ra(Blurxur)-

Proof. First, we show that § has a lift. The map g can be factored in the following manner:
ﬂ U x UZEO(q) X éq X Eo(q) X éq — éq X éq i) 7}*0(’11),

where

b: ©,x0, — 7*0(n),
(t,u) +—  t7lu.

By base change, it is enough to show that there exists an epimorphism V — éq and a
commutative diagram in B()( Q)

V xV——=7*0(n)

A

0, x 6, —=7*0(n)

The objects ©, x ©,, #*0(n) and 7*0(n) of Bg,) occurring in this square are all given
with the trivial action of é(q), hence it is enough to show that there exist an epimorphism
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V — Isom(t,,q) in Yy, and a commutative diagram in Yj;:

VxV———>0(n)

| |

Isom(t,, q) x Isom(t,,q) — O(n)
Take an étale covering Y/ — Y trivializing ¢, that is, such that there is an isometry f : ¢y —
t, vy, that is, such that there is a section

[:Y' — Y xIsom(q,t,) inYy/Y'
Composition with f

(/1)

Y’ x Isom(t,,q) = Y’ x Isom(q,t,) x Isom(t,,q) (1:2o7)

Y’ x O(n)
yields an isomorphism of O(n)-torsors over Y:
Y’ x Isom(t,,q) =~ Y' x O(n).
Indeed, this map is clearly O(n)-equivariant; it is an isomorphism whose inverse is induced by
composition with f=% : ¢,y = gy in a similar way. We consider the maps
V=Y"x0(n) — Y x0(n) ~Y xIsom(t,,q) — Isom(t,,q)
and ~ 3 }
VxV=Y%x0(n)xY' x0(n) — O(n),

.0.77) — ool
It is then straightforward to check that the above square is commutative.
It remains to show that « has a lift. We consider the epimorphism in BC)( )
/ ~  (rId) =~ A
U' = E()(q) X @q — Eo(q) X @q =U.
Here, r : Eg ) — Eo(q) is the map O(q) — O(q) seen as an O(q)-equivariant map, where O(q)
acts by left multiplication on both O(g) and O(g). Then

U x U —7*0(q)

|

UxU——=7"0(q)
is a commutative diagram in B()( Q) where the top horizontal map is defined as follows:

U'x U = Eg, X 0, x Eg g * 0, — #*0(q),
(o,t,T,u) — o l7.

We have shown that there exists epimorphisms U, — U and Ug — U such that oy, xuv,

and By, xu, have lifts ama and [y, xv,, respectively. The conclusion of the lemma with
U =U, xy Ug — U follows. O

Tt follows from (35) that

Yoo = (Op(a) 'B)\U’XU’ = Op g (e xvr) - Blur v (36)

Using Lemma 5.11, we obtain

“Ym’ = 9p|U,X[,/ (04|/r;'\_x/U') Blurxur € 7~T*O(Q)(U/ x U') (37)
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is a lift of vy xpr €7 *O(q)(U’ x U"). From now on, we write U for U’, p for Plurxu U’ x
U —-WwW — Oq, a for oy xyr, B for Burwpr and v for vy« pr. We have hftb a e 7 0(q)(U x
U), B e #0m)(U x U) and 5 € #O(n)(U x U) of a € #0(q)(U x U), § € #0n)(U x U)

and v € 7*0(n)(U x U), respectively. Moreover, we have
§=0,(a)- B €7 0(q)(U x U). (38)

Step 4: Reduction to an identity of cocycles
The extension of group objects in Yy

1— Z/2Z — O(n) — O(n) — 1
gives a morphism
87« H' (Bg ), 7 O(n)) — H?*(Bg,), Z/2Z).
Note that one has
5721 (Tq) = T; [Cn] = B:qT; [Cn] = B:q HWs(q) (39)
and

6721((:)11) =0;

glCnl = B ©4[Ch] = B wa(q). (40)
Similarly, the group extension
| — 2/22 — O(q) — O(g) — 1
gives a morphism
8 H'(Bg 4 7*0(q)) — H?(Bg ) Z/22)
such that

33(Eo) = Ed()Cql = B, [C] = 0. (41)

PROPOSITION 5.13. One is reduced to show

62(Ty) = 62(04) + B;, wi(q) U B, det[q] + 65 (Eo(y) (42)
in H 2(B(~)( o)+ Z/2Z), which in turn will follow from an identity of cocycles
52(7) = 62(B) + (deto(ny © 8) U (deto(q) © ) + 5, (a) (43)

in H*({U — x},Z/27Z).

Proof. By Proposition 5.5, it is enough to show that (43) implies (42) and that (42) implies
(29). The fact that (42) implies (29) follows immediately from (39)-(41) and the fact that B;,
respects sums and cup-products.

Let us show that (43) implies (42). The 2-cocycles 62(7), & (ﬁ) and 52( ), all elements
of Z2({U — *},Z/2Z), represent the cohomology classes 62(T,), 62(0,) and (52(E0 Q)
respectively. Then we observe that deto(,) o # and detg(y) © a are 1-cocycles representing the
maps

r deton
Boy — Bow —> Bow) " Bzy2a

and
EO(q) =Id deto

Boy) —> Bot = Bow — Bz,
respectively. By definition, these two maps correspond to the cohomology classes B:qwl(q)
and B det[g], respectively. The result follows since the map H>*({U — %},2/2Z) —
H*(Bg,, Z/2Z) is compatible with cup-products. O
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Step 5: Proof of (43)
We still denote by

pij U xUxU—UxU
the projection on the (4, j)-components. Then we have
0n(7) = (Vp23) (Gp1s) " (Gprz) € Z2({U — #},2/2Z) € 7O (n)(U x U x U),

a 2-cocycle representative of 62(T,) € H ?(Bo(q): Z/2Z). Of course, &7, () is only well defined

in H2({U — *},Z/2Z); that is, a different choice for the lift 4 gives a cohomologous 2-cocycle.
By (38), we have

0n(7) = (B, (@)p23) (Bp23)) (B (@)p13) (Bp13) " (0p(@)p12) (Bpr2))-

Our first goal is to understand the terms 6,(&)p;;. To this end, we introduce the natural
projections p; for 1 < ¢ < 3:

pi:UxUxU 55U — Eg(y) x 0y 22 6,.
Recall from Step 2 that
ép(d)pgg =profo (p X &) o pas,
where
p:UxU&»UHEO(q)xéq%éq.
We now observe that
(p X &) 0 pag = (pop23) X (@opa3) =Ppa X &0 pa3.
Hence, we deduce that
0,(@)p23 = Oy, (Gp23) € T*O(n)(U x U x U).
Similarly, we have
Op(@)p13 = O, (apra) and  0,(@)p1o = O, (ap12)
in the group #*O(n)(U x U x U). This yields
5721 (V) = épz (apas) (sz:s) (Bplrs)flém (dpl_.?ol)épl (54}712)(5]?12)- (44)
Moreover, we have
ém (5471_31)5;:1 (ap12) = ém (5471_315‘?12) = ém (&pz_sl)ém (dp2354p1_315‘p12)-
Since dpgg&pl_31dp12 is in the kernel of 7, 7 and since 9~p1 coincides with the identity on this
kernel, we can write

Op, (pas )0y, (Apascpys Gp12) = Op, (Ap33 ) (Gpascpis apra). (45)

Since (Bpa3)(Bp1z) ' (Bpi2) is in the kernel of r, z, it belongs to the centre of #*O(n)(U x
U x U), and it follows from (44) and (45) that we have

0(7) = 62(8) - € 63(a) € T O(n)(U x U x U),
where £ is defined as follows:
& = 0y, (6p23) (Bpr2) ™0y, (p3) (Bpr2) € Z2({U — #}, 2/22).
Clearly, the result (43) would follow from an identity
€ = deto(n)(B) Udeto(y (o) € Z°({U — *},Z/2Z)
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in the group of 2-cocycles Z2({U — x},Z/2Z). Since Z*({U — *},Z/2Z) C Z/2Z(U x U x
U), it is of course equivalent to showing that
&= deto(n)(ﬂ) Udeto(q)(a) €Z/2Z(U xU x U). (46)
Let us first make the cup-product deto(,)(8) U deto(q) () more explicit: It is given by
m o (deto(n)(B)p12, detog) (a)pes) : U x U x U — Z /27 x Z/27Z — Z/2Z,
where m : Z/2Z x Z/2Z — 7 /27 is the standard multiplication,
deto(n)(ﬁ) = deto(n) of: UxU — o = 7Z/27,
(€1, t1,22,82) = deto(m (t7 t2)
and
deto(q) () := deto(qg oo : UxU — po = 7Z/27,
((El,tl,.’bg,tQ) — deto(q)(l'fl.’tg).
By Lemma 5.11, the class of objects of the form E()(q) x Spec(R) — Y, where Spec(R) is an
affine Y-scheme endowed with its trivial O(g)-action, is a generating family of the topos B (g)-
Therefore, in order to prove (46), it is enough to show
Eou= (deto(n) (B)U deto(q)(a)) ou € Z/ZZ(EO(q) x Spec(R)) (47)
for any map wu in B()(q) of the form

u: Eg g x Spec(R) — U x U x U,

where Spec(R) is an affine scheme. Moreover, by adjunction we have an isomorphism (see the
proof of Lemma 5.11)

Homg, ,

(Eg(q) * Spec(R),Z/2Z) — Homy,, (Spec(R),Z/27Z),
— f|R
sending f : Eg ) X Spec(R) — Z/2Z to

* “f
fir : Spec(R) — 0" (Eg,) % Spec(R)) 117/)2Z.
Using the bijection f — f|r above, we are reduced to showing the identity

(§ou)|r = mo (deto(n)(Bpi2u)|r, deto(q) (ap2su)|r) (48)

in Z/2Z(Spec(R)) = Z/2Z75pec(F)  Note by the way that one may suppose Spec(R) to be
connected and reduced. Indeed, (48) can be shown after restriction to Spec(R;)*? — Spec(R)
for any connected component Spec(R;)™? of Spec(R), given its unique structure of reduced
closed affine subscheme (note that a connected component is always closed but not necessarily
open). By Lemma 5.10, we have

((ou)r = (‘?pzu(&P%U) : (Bplgu)fl ‘éplugéngu)il : (BPDUN))\R (49)
= (Opou(ap2su)) g - (ﬂpl2u)|_Rl : <0P1U(dp23u))‘_}%l - (Bp12u) |k (50)
= ﬁ*épwm(dmgum) '31912“(131 'n*éplum(@mgum)_l 'Bp12U\Ra (51)

where ap;jujp € O(q)(R), Bpijum € O(n)(R) and n*épiu‘R : O(q)(R) — O(n)(R) is the map
induced by p;u|r € Isom(t,,q)(R); see Step 2. Moreover, one has

P2 = p1 * Bp12,

where * : éq X 70(n) — (:)q is the 7*O(n)-torsor structure map of éq. Applying successively
(=) owu and (—)|r, we obtain

pauir = (P1ur) © (Bp12u|R),
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where the right-hand side (piu|r) o (Bp12ujr) € Isom(t,,q)(R) is the composition of pyujr €
Isom(t,,q)(R) and Bpioujr € O(n)(R). It then follows from (30) and Lemma 5.8 that
77*9"2“\1% - ¢pzuf1§ = w(ﬁpmu\R)’l(Pw\R)*l = d)(mnzum)’l °© 77[}(Pluua)*1

= wﬁplzu‘}l © n*eplu\R' (52)
]?y Lemma 5.8(iii) and (iv), if fpiaujr € Oy (n)(R), then '(/;(ﬁplzu‘R)—l = U (Bprgujp)- 1> SiCE
Bpi2u|g is a lift of Bpiour. For Bpioujr € O4(n)(R), we obtain

U*épzum(*) = (Bpuu\R)il ! U*éplum(*) ’ (Bp12u\R)’

hence, by (51), ({ou)r =0. We now suppose that Bpi2uir € O_(n)(R) and apazu|p €

Q+(q)(R). It follows that dpaosu|g € 6+(q)(R~) and that 17*0p, ., , (Ap23u|r) € O, (n)(R). Since
V(Bpraup)-1 coincides with U (Bprau )1 OO0 O, (n)(R), we deduce from (51) and (52) that

((ou)p =0. We now assume that apasuip € O_(q)(R) and apasuir € O_(q)(R). Using

Y(Bpraup)-1 = U Bpraup) -1 ON O_(n)(R), we conclude that (§ou)g =1 in this last case.
A comparison in each case of the values of (£ ou)|r and
|
((deto(n)(B) U deto(qg) () o u)ir = deto(n) (Bpi2uir) - deto(q) (ap2su|r)
yields
(§ou)|r = ((detom) () Udetog (a)) o u)|r € Z/2Z(Spec(R)) = Z/2Z
for any Spec(R) connected. The result follows. O

REMARK 5.14. Let us define

H(Bo(),Z/2Z)" = q1+ay +as € EB H'(Bo(q),Z/2Z);a; € H (Boy), Z/2Z)

0<i<2
We define an abelian group structure on H(Bo(q), Z/2Z)* by
(1+a1—|—a2)(1+b1 +b2) = 1+(a1+b1)+a2+b2+alub1.

Moreover, T, and ©, induce morphisms of abelian group from H(Bony,Z/2Z)* to
H(Bo(q),Z/2Z)*. We associate to (V, q) the element

sq = 1+ det[q] + [Cq] € H(Bo(q), Z/2Z)"
and we simply write s, for s; . Then Theorem 5.1 yields the identity
Sq = T;(Sn)(aq*(sn)il-

6. Consequences of the main theorem

6.1. Serre’s formula

Our aim is to deduce comparison formulas from Theorem 5.1 which extend the work of Serre
(see [12, Chapitre III, Annexe, (2.2.1), (2.2.2)]) to symmetric bundles over an arbitrary base
scheme. This formula is also referred to as the ‘real Frohlich-Kahn—Snaith formula’ in [13]. A
direct proof of this result is given in [2, Theorem 0.2].

We consider an O(q)-torsor a of Yy;. We also denote by o : Yy; — Bo(q) the classifying map
for this torsor, and by [a] its class in H*(Yy;, O(g)). We define by

8 H'(Y1,0(q)) — H'(Y1,Z/2Z)
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the map induced by the determinant map det, : O(¢) — Z/2Z, and by
82+ H'(Yy1,0(q) — H*(Y1,Z/22Z)
the boundary map associated to the group extension Cy in Yy,
1 — Z/2Z — O(q) — O(q) — 1. (53)
In other words, we have
(5; [a] == a*(det[q]) and 63[@] =" [Cy]. (54)

As in Section 4.2, we associate to a a symmetric bundle (V4,, g, ) on Y.

COROLLARY 6.1. For any O(q)-torsor e of Yy;, we have

(i) wi(ga) = wi(q) + 0[] in H'(Y,Z/2Z);
(i) wa(ga) = walq) +wi(q) - 61[a] + 62[a] in H(Y, Z/2Z).

Proof.  We define {qa} : Y1 — Bo(n) to be the morphism of topoi associated to the O(n)-
torsor Isom(t,, qo) of Yy, and we let Tj, : Bo(q) — Bo(n) be the morphism of topoi defined in
Definition 4.6.

LEMMA 6.2. The following triangle is commutative:
Vi —== Bog)

Tq
o |

Bom)

Proof. 1t will suffice to describe an isomorphism
{90} Eowm) ~ o T, Eo(n)
of O(n)-torsors of Yy;. It follows from the definitions that {g,}* Eon) = Isom(t,, ¢,) and that
Ty Eo(ny = a*Isom(t,, q) = Isom(q, o) AO@) Isom(t,,q).
The lemma then follows from the fact that the map
Isom(q, go) x Isom(t,, q) — Isom(t,,qn),
given by composition, induces an O(n)-equivariant isomorphism

Isom(q, ¢, ) AC? Isom(t,, q) ~ Isom(t,, ¢a).

As a consequence of the lemma we obtain that
Ty (HW;) = {qo} (HW;) = w;i(qo) in H(Y,Z/2Z) fori=1,2. (55)
We now observe that, since m o a 2~ id, we have
o (wi(q)) = o' (wilq)) = wi(q)- (56)
Using (54)—(56), the corollary is just the pull-back of Theorem 5.1 via a*. O
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6.2. Comparison formulas for Hasse-Witt invariants of orthogonal representations

Let (V, g, p) be an orthogonal representation of G. To be more precise, G is a group scheme over
Y, (V,q) is a symmetric bundle over Y and p : G — O(q) is a morphism of Y-group schemes.
We denote by B, : Bg — Bo(,) the morphism of classifying topoi induced by the group
homomorphism p. The Hasse-Witt invariants w;(q, p) of (V,q, p) lie in H(Bg, Z/2Z). Indeed,
there is a morphism
B, T,
Be — Bo(q) — Bo)
canonically associated to (V, g, p) and w;(q, p) is simply the pull-back of HW; along this map:
wi(gq, p) := (Ty 0 B,)"(HW;) = B,(HWi(q)). (57)
On the other hand, the morphism of groups
detqop: G — O(q) — Z/2Z
defines (see Proposition 3.8) a cohomology class w1 (p) € H'(Bg, Z/27Z). Note that one has
wi(p) = Bj(det]g]). (58)
Pulling back the group extension C, along the map p : G — O(g), we obtain a group extension

1 —Z/2Z2 —G—G—1,

where G := O(q) X0(q) G- We denote by Cq € Exty (G, Z/2Z) the class of this extension and
by [C¢] its cohomology class in H?(Bg, Z/2Z) (see Proposition 3.8), so that

B,(1Cq)) = [Cal- (59)

COROLLARY 6.3. Let G be a group scheme on Y and let (V,q,p) be an orthogonal
representation of G. Then, in H*(Bg,Z/2Z) we have

(i) wi(g,p) = wi(q) +wi(p);
(ii) wa(q, p) = wa(q) +wi(q) - wi(p) + [Cal.

Proof. Let us denote by p and 7 the morphisms of classifying topoi associated to the group
morphisms Gy — 1 and O(q) — 1, respectively. We have pu ~ m o B,, and therefore

w*(wi(a) = Bn*(wilq), i=1,2. (60)

As in subsection 4.5, we identify H'(Yy;,Z/2Z) as a direct summand of H'(Bg,Z/2Z)
(respectively, H'(Boq), Z/2Z)) via p* (respectively, 7*). In view of (57)—(60), the corollary is
just the pull-back of Theorem 5.1 via Bj. |

6.3. FEréhlich twists

In this section, we extend the work of Frohlich [6] and the results of [2], Theorem 0.4, to twists
of quadratic forms by G-torsors when the group scheme G is not necessarily constant. Let G
be a group scheme over Y and let (V, ¢, p) be an orthogonal representation of G.

DEFINITION 6.4. For any G-torsor X on Y, we define the twist (Vx,gx) to be the
symmetric bundle on Y associated to the morphism

B T,
{ax}:Yp = By =% Bo(g) — Bo(n)-
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Equivalently, (Vx,qx) is the twist of (V) given by the morphism

Y5 =5 Bg 25 Bogy).

The twist (Vx,qx) can be made explicit in a number of situations (see, for example,
Section 6.4). In order to compare w(q) with w(gx), we denote by

8y, H' (Yp,G) — H' (Y1, Z/2Z)
the map induced by the group homomorphism det, o p and by

5; , H' (Y, G) — H*(Yy1,Z/27Z)
the boundary map associated to the group extension Cg in Yy

1—Z/2Z2 — G — G — 1.

COROLLARY 6.5. Let (V, q, p) be an orthogonal representation of G and let X be a G-torsor
over Y. Then we have

(i) wi(gx) = wi(q) + 9, ,[X];
(il) wa(gx) = walq) +wilq) - o, [X] + 62 ,[X].

Proof. By definition 6;, p[X | is the cohomology class associated to the morphism

Bp B etyg
Bdctq o} Bp oX : Yfl — BG I Bo(q) L> BZ/2Z.

It follows that

8q,p1X] = (B, o X)*(det[q]). (61)
Moreover, one has
53 ,[X] == X*([Cal) = X" B, ([Cq)) = (B, 0 X)*([Cy]) (62)
and
wi(gx) == (Tg 0 By o X)"(HW;) = (B, o X)*"(HWi(q)). (63)
and finally, we have
wi(q) = (B, o X)"(wi(q)) (64)
since B, o X is defined over Yy;. In view of (61)—(64) the corollary now follows by pulling back
the equality in Theorem 5.1 along the morphism B, o X. |

REMARK 6.6. We have associated to any orthogonal representation p : G — O(g) an exact
sequence of Y-group schemes:

1—Z/2Z2 — G — G — 1.

For any G-torsor X over Y the class 53’ p[X | may be seen as the obstruction of the embedding
problem associated to the scheme X and the exact sequence. Corollary 6.4 provides us with a
formula for this obstruction in terms of Hasse-Witt invariants of symmetric bundles:

5§,p[X] = wa(gx) + wa(q) + wi(q)* + wi(q)wi(gx).

In the particular case where p : Gy — SO(q) we have this remarkably simple formula

82 [X] = walgx) — wa(q),
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which expresses this obstruction as a difference of two Hasse-Witt invariants of quadratic
forms.

6.4. An explicit description of the twisted form

We shall use our previous work to obtain an explicit description of the twists which, in this
geometric context, generalizes Frohlich’s construction [6]. Recall that (Vx, gx) is the symmetric
bundle on Y associated to the morphism

X B,
Yfl — BG — Bo(q).
In other words, (Vx, gx) is determined by the fact that we have an isomorphism of O(g)-torsors
Isom(q, gx) ~ X A% O(q).

Our goal is to provide a concrete description of (Vy,qx) at least when G satisfies some
additional hypotheses. We start by recalling the results of [1] in the affine case.

DEFINITION 6.7. Let R be a commutative Noetherian integral domain with fraction field
K. A finite and flat R-algebra A is said to satisfy Ha when Ag is a commutative separable
K-algebra and the image under the counit of the set of integral of A is the square of a principal
ideal of R.

Let S = Spec(R). We assume that G — S is a group scheme associated to a Hopf algebra A
which satisfies Hy (we will say that G satisfies Hy). We consider a G-equivariant symmetric
bundle (V, g, p) given by a projective R-module V' endowed with a non-degenerate quadratic
form ¢ and a group homomorphism p: G — O(q). We have proved in [1, Theorem 3.1] that,
for any G-torsor X = Spec(B) — S where B is a commutative and finite R-algebra, the twist
of (V,q,p) by X is defined by

(Vx,qx) = (DY*(B) @r V, Tr @ q)*.

The twist (Vx;gx) can be roughly described as the symmetric bundle obtained by taking the
fixed point by A of the tensor product of (V, ¢) by the square root of the different of B, endowed
with the trace form, (see [1], Sections 1 and 2 for the precise definitions).

We now come back to the general situation. We assume that G — S satisfies Ha. Moreover,
for the sake of simplicity, we suppose that Y is integral and flat over S. Let (V,q,p) be a
Gy-equivariant symmetric bundle and let X be a Gy-torsor. For any affine open subscheme
U—Y weset Xy =X xy U and Gy = Gy Xy U. We know that by base change Xy — U
is a Gy-torsor. Moreover, by restriction (V,q) defines an equivariant Gy-symmetric bundle
(V|U,q|U,p|U)over U. Using the functoriality properties of the different maps involved, it
is easy to check that

(Vx,qx) | U= ((V | U)xy, (g [ U)xy)-

Since the properties of G are preserved by flat base change, we conclude that Gy — U satisfies
H and therefore that, by the above, (V | U)x,, (¢ | U)x, ) has now been explicitly described.
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