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ABSTRACT - In this paper we prove local existence, global existence with small data and
uniqueness of regular solutions for Landau-Lifschitz equations. Furthermore we establish local
existence and uniqueness for a system coupling Maxwell and Landau-Lifschitz equations arising
from Micromagnetism theory.
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1 Introduction

In Micromagnetism theory (see [2]), the behaviour of a ferromagnet is represented by an
unitary vector field u called magnetic moment. The variations of u are gouverned by Landau-
Lifshitz equation

ot (1.1)

{ @:u/\Au—u/\(u/\Au)
u(0,-) = uo(+)

where we assume that |ug| = 1.

Existence and non uniqueness for weak solutions of (1.1) are proved by F. Alouges and A.
Soyeur in [1]. Furthermore, P.L. Sulem, C. Sulem and C. Bardos establish in [6] local existence
of regular solutions for the equation

ou
i u A Au. (1.2)

Concerning equation (1.1) we prove the following theorems.
Theorem 1. Assume that
lup| = 1, Vug € H'(IR?).

Then there exists T > 0, there exists an unique u such that
(1)  we L®(0,T) x R%), |u|=1,
(i)  Vue L®((0,T); H'(IR®)) 0 L*((0,T); H*(IR?)),
(791) w satisfies (1.1).

Theorem 2. There exists § > 0 such that if |ug| = 1 and if Vug € IH'(IR®) with IVuoll g sy <
0, then the solution u given by Theorem 1 exists for T = 4o0.

The term —uA (uAAw) in (1.1) is in fact a dissipation term. For this reason, global existence
with small data is valid for (1.1) and not for (1.2) (see [6]).



On the other hand, the propagation of electromagnetic waves in the ferromagnet is gouverned
by a system coupling Landau-Lifschitz and Maxwell equations.

%ZUA(Au—i—H)—uA(uA(Au—l—H)),
0B

E—i—curlE—O,

oF

E—curlH—O,

B=H + u,

u(0,-) = uo(+), B(0,") = Bo(), E(0,) = Eo(),
where we assume that |ug| = 1 and div By = 0.

Instead of working with (u, H, E'), we will write the system with the unknowns (u, B, F).

ou

E—u/\(Au—i—B)—uA(u/\(Au—i-B)) (1.3)
88_1;3’ = —curl £ (1.4)
E
88_25 = curl B — curl u (1.5)
and we still assume that
lup| = 1 and div By = 0 in IR>. (1.7)

We will establish the following theorem.
Theorem 3. Let (ug, Fy, By) such that
Ey € H'(IR?), By < H'(IR?), div By =0,
luo| = 1, Vug € H'(IR?).
Then there exists T' > 0, there exists an unique (u, F/, B) such that
(@) |ul=1, Vue L>((0,T); H'(R*) N L*((0,T); H*(IR%)),

(ii) E and B belong to L>®((0,T); H'(IR?)),

(1it) (u, E, B) satisfies (1.3)-(1.6).

The existence of weak solutions for the system (1.3)-(1.6) is proved in [7] and in [3] in the
case of a bounded domain.
In [4], J.L. Joly, G. Métivier and J. Rauch prove the existence of solutions for a system

similar to (1.3)-(1.6) but without Aw in (1.3).

The asymptotic behaviour of weak solutions of (1.3)-(1.6) in a bounded domain is studied
in [3].

The proof of Theorems 1, 2 and 3 is based on a semi-discretization used in [1] and [6].

In Part 2, we describe the discretization process. Part 3 is devoted to the proof of Theorems
1 and 2. Theorem 3 is proved in the last part.



2 Discretization space, notations
Weﬁxh>0andwesetx?:jhforjEZ.
For o = (i, j, k) € Z3, we note X" = (:ri’,a:?,wﬁ) and
CZ:{(w,y,z),x?§$<x?—l—h, w?§y<x?—|—h, x2§z<xz+h}.

We denote
Z,%:{X};eﬂ%?’, a€Z3}.

In the sequel of this part, in order to simplify the notations, we will omit the exponent h.

We consider the following operators defined for u : Z® — IR? :
T1+’U,(LIZ7;, xj,x) = u(Tip1, x5, k)

Diu=—(r{'u —u)

S

m =(")"", Dy =1 oDf

In the same way, we denote 7'2+ , D; , Ty, Dy the same operations concerning the second
variable, and T3+ , D; , T3 , D3 for the third variable.

We set )
A=Y D;Df,
i=1
divu = Z D;ruZ
i=1
curl u = (DS u® — DFu?, Dfu' — Dfw?, Dfu? — DS ul).
We denote

/ZSU: Z R3u(Xy).

acZ?

and we use the following classical notations

1
1 3 )
P
fullo = ([, 1l?)". ||D+u||1p=<z||Dfu||fp> ,
1=1

[ullrr = (ullfo + DT ullf,)

D=

Alllpr = lullyr2,

1
2
[ullpz = (HUHil +ZHD2LD}WH122) o Nlullie = sup |u(Xa)|.

ij acZ?
We remark that
Dju-v:—/ u-D; v,
z3 z3

furthermore,
D (uwv) = Dffu ;fv + uDj v.
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We recall now the following discrete Sobolev inequalities.

Lemma 1. There exists a constant C independant of h such that for all v : Z3 — IR3,

if ullp < +oo, then Jullis(zs) < ClID ulliz(z9), (2.1)

Discrete versions of Sobolev inequalities are established in [5] using interpolation procedures.
The same interpolation process is used in this paper (see 3.3 and 4.3) and is presented in
Section 3.3.

3 Proof of theorems 1 and 2

1. Discretization

For h > 0, let u? defined on the mesh Z} such that
o |ul|=1o0nZ3,

e rpuf tends to ug in L%OC(ZR?’)

. 04||D+U6L||h1(zg) < [IVuoll g (msy < éHDJrUthl(Zg)

where 7y, is the interpolating operator defined in [5] and in Section 3.3 of this paper, and where
« does not depend on h.
Now we fix h > 0 and we solve
du ~ ~
& = u" A AU —u A (P A AT
dt (3.1)

The map u — u A Au—u A (uA Au) is locally Lipschitz in 1°°(Z3}), so there exists an unique
solution of (3.1) with Cauchy-Lipschitz Theorem.

In order to simplify the notation, we will omit the exponent h in the computations of the
following subsection.
2. Estimates

We multiply (3.1) by u and we obtain that

d 2
il =0
dt|u| )

hence |u| =1 on Z3, as it is the case for uy.

With the above remark we can modify the form of the equation. We first note that
u A (uAAu) = (u- Au)u — Au.
Furthermore, writting that Alu?| = 0 as |u| = 1, we obtain that

2u - Au+ |DVu> + |D~u* = 0.



Hence, Equation (3.1) takes the form

Z—z; =uhAu+ Au+ = (|D+u|2+|D ul?)u (3.2)

First estimate. We multiply (3.2) by Au and after summation on Z3, we get

Dl = 1ul + 5 [ (1D7ul + D4R ue Au

so we obtain p
EHDWH% + 2| Aulp < 2D ul|f | Aull (3.3)

Second estimate. We multiply now (3.2) by A% and after summation on Z3 we obtain

1d

5 dt||Au||12 = /Z3 u A Au- A%u — || DV Aull%

1 -
1 +, 12 — o2\, A2
+2/ZS(|D ul*+|D u|)u A“u.

We remark now that

/ uAu- A%u
73

’Z D (u A Au) - D Au

:‘Z Dju/\Au-D;rAu
— [ 73

< ||DF Aull || Auls [ DF s (3.4)
Furthermore,
[ (1D ul? + D) u- A%
2 Jz3

‘ Z/ D (D~ uf +|D*uP)u) - D} Au

1 . ~
< 107 ((ID~ul + D uP)u) la ] DF Aulla.
Now we compute D" (|D7u|?) and we obtain that
ID* (1D~ ul? + [D*u)u) |2 < © (Z IDf Df - Dfull2 + |||D+u|3||l2)
)

as |ul = 1.
Thus there exists a constant K independant of h such that

d - - - -
ZAul + 2D Aulp < +K (| Aulls |D¥ulls + DT ullf) |DFBule (35)

With Lemma 2.1 and by interpolation there exists a universal constant C such that

ID*ulis < Cl|Aull
i o o (3.6)
[Aulls < CllAullz |DF Aul|
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From (3.5) and (3.6) we deduce
d X2 + A0, [12 FAMNE I ALNE + A Aull3
glAule + 2[D7 Aull < K { |IDTAullf [|Aulls + [ DT Aull [|Aullz (3.7)

Estimate for Theorem 1.
We absorb ||[DFAul|;z in (3.7) and we obtain

d - _ _
EHAUH% + [ID*Aulff < K| Aulp (3.8)
On the other hand, from (3.3), by interpolation in IL*, we derive
d < -
@HDWH% +[|Aulle < K|[ID%ullz [|D*ullis < K|[D ullz || Aulli (3.9)
Combining (3.8) and (3.9) we obtain
d ot 2 A2 +,.16
ZIDTuly + Al < K (14 DT ullfs) (3.10)
We set now g(t) = |[DVul|?, and we have
dg

Z<KO1+g3
o = (1+4+9°),

hence there exist T' > 0 and K independant of h such that

D ull oo 0,101y < K,

1A L2 0.131) < K, (3.11)

du
||E||L°°(O7T;l2) < K.

The last estimate is obtained using (3.1) and the previous estimate concerning D *u.

Estimate for Theorem 2.
We absorb | D" Aul|;z only in the first term of the right hand-side of (3.7) writting

3
2

~ 3. ~ ~ ~
IDF Aull [|[Aullf < (IID+AUII?2 + (10T Aullje [|Aull )

1
2
and we obtain J

@HAUH% + D Au|lp < K| Aull}s [|D Aullp (3.12)

Combining (3.9) and (3.12) we derive
d _ ~ _ ~
SID ul + Auls < K (1Al 1D+ Aulle + D%l | A2 )
Hence there exists a constant K independant of h such that

d " "
D ulli + [Aull < KD ullf [|Au]j:



thus p
aHDWHil + | Auf7 (1 — K[| DY ul7i) <0 (3.13)

1
We set now § = T and we suppose that || DT ugl|,: < 6.

We claim that for all ¢ > 0, |DTu(t)||,n < 9.
If it is not the case, then let ¢; be the first ¢+ > 0 such that ||[D"u(t)||; > 6.
For all t < tq,

1— K||DTulj?: >0,

hence, for all ¢ < tq,
d
@HDWH% <0, so [DFullzi (1) < [DTu(0)|F <6

which leads to a contradiction.
Therefore, if ||[DVugl| < 4,
1D Ul 0, ht) < 8 (3.14)
and from (3.13) we deduce that there exists K such that

”AUHLQ(O,—i-oo;hl) <K (3.15)

3. Limit when h goes to zero

Let us prove Theorem 1.
In the preceding subsection, for all A > 0 we have constructed a solution u” of (3.1) defined
on the mesh Z} which satisfies (3.1) and (3.11).
We extend u” to the whole space using an interpolation process described in [5], p. 224.
We introduce the following interpolating operators :
For X = (z1,79,23) € C!, if we note X" = (2, 28, 28), we set

o rpul(X)=ul(XD),

o ppu(X) = uM(X}) + X0, Dfu(XR) (i — )

+2i<icj<s DZFD;F(XQ)(% - «’U?)(% - 33?) + DTD;D;U}I(XQ) ?:1(5171' - «’17?)7

o qpu"(X) =uM(X3) + Xy Df uh(X3) (2 — )

)

Dy DF (X)) (i — af)(wj — 2}).

T2 <icj<3

i,j #k
We recall that 9
8332-

Furthermore we have the following proposition proved in [5].

(pru") = g (D u").




Proposition 1. If one of the interpolates ppu®, gnu”, or rpu™ converges strongly (resp. weakly)

in L? when h goes to zero, then the two others also converge to the same limit in L? strongly
(resp. weakly).

The estimate (3.11) gives that there exists K > 0 such that for all » > 0,

(D} DY Dfu) |2 0.myx w3y < K
lrn (D Df u") | 20,1y x 2 < K

lrn (D ") | 20,y x w2y < K

Furthermore rpu” is bounded in L120c independentely of h > 0.
Thus, up to subsequences, we deduce that when h goes to zero,

rpu = win L?  weakly,

loc
rp(Diful) — v; in L? weakly,
rh(DjD]f"uh) — w;j in L? weakly,
rh(D;rD;-rD,juh) — w;jk in L? weakly,

h
rh(%) — fin L? weakly.

Now with Proposition 1., qi(D*(D*DJruh)) and rh(DfD;-rD,juh) have the same limit wjjy,
and since qh(DJr(DJFDJr hyy = aa (ph(D+D+ku ), as ph(D;-rDJrkuh) tends to wjy, in L? weak,

we deduce by uniqueness of the hmlt in D’ that

0

(3

With the same reasonnement we deduce that

ou &%u Pu

YT e T eday T G0
0 0 0 0
In addition, we have f = 8_:: and, since aphuh - 8—1: and 8:r¢phUh - &Z in L? weakly,

since ppul — u in LlOC weakly, we deduce that

pru” — win LP strongly for 2 < p < 6,

loc

using the compactness of Sobolev embeddings in bounded domains.

In order to prove that u satisfies (1.1), we take ¢ € D((0,T) x IR?) and we introduce Q such
that ¢ is zero outside of 2. We have

/ = /rhu ArtAu - o — /r ul A (rPul A AURY) - @ (3.16)



Now,
du” ou

au ou L r2m3
W 5 B L*(IR’) weakly,

rnAu — Au  in L?(IR®) weakly,

rpul — u  in L2(Q) strongly (for the first term),

rpul — u  in L*(Q) strongly (for the second term).

Thus we can take the limit in (3.16) and we obtain that u satisfies (1.1) in D’(IR?).

Furthermore, by lower semicontinuity of the different norms, we obtain from (3.11) that «
satisfies
Vu € L((0,7); H'(IR%)) N L*((0,T); H*(IRY)).

h h

Finaly, since rpu’ — u in leoc strongly, by extracting a subsequence, r,u
|u| =1 as it is the case for rju”.

— u a.e., hence

Let us prove now the uniqueness of the solution of (1.1) satisfying (i) and (é¢) in Theorem 1.

Let % be another solution, and let 4 = u — .

We have ~
gu
ot

We multiply (3.17) by @ and we obtain

= A+ AAu+aAAG+ |Vul*a — Vi (Vu+ Vi) (3.17)

1d _12 12 _ _ ~ — 112 2
sl +IValz: < IVallzllal 2 [Valze +llallz: [Vulz-
Flull 2l Val g2 ([[Vul[ Lo + V][ o).

We absorb ||Vl 2 in the left hand-side of the inequality and we obtain
T 12 _ .
o llzz +lIVallze < Kljal (1 Vulle +[IVal| ).

Now since Vu and Vi belong to L1(0,T; L>) (with Sobolev injections), we can use Gronwall
Lemma to conclude that u = 0.
Therefore Theorem 1 is proved.

In the same way we prove Theorem 2, starting from Estimates (3.14) and (3.15).



4 Proof of Theorem 3

1. Discretization.

For all h > 0 we consider (u}, E}, B}) defined on Z} such that

o [ul|=1, rpul 3 o in L} (IR3),

h a|’D+U6LHh1(Zg) < HVUOHHl(R3) < é”D—i_u(f)Lth(Zgy

o BYel™(Z}), Bl — Byin L(IR?),

. 04||Bg||h1(zg) < VBl g w3y < éHBthl(zg),

o H}eI®(Z}), rHE — Hy in L2(IR?),

® a”H(éLth(Zg) < ”VHOHHI(R‘) < é”HSLHhI(Zgy
where o does not depend on h.

We remark that B{ and E} are bounded in [°°(Z3) but not uniformly in h.
Now, for h fixed, we solve the system

du” - -
d_? = ul A (AuP + B —uP A (ul A (Al + BPY)
h —
% = —curl E"

E" — —
d— = curl B" — curl u”
dt
u'(t =0)=ul, B"t=0)=B E"t=0)=E!

Using Cauchy-Lipschitz theorem, there exists a local solution of (4.1)-(4.4).
Multiplying (4.1) by u we prove that |u"| = 1 hence, we can write (4.1) on the form

du” . " 1
d_? = u" A (B + B") + Rul + S(ID* P + D7 Pt — A (u B
Furthermore, we can eliminate E in (4.2)-(4.3) to obtain

dQBh

iz AB" = caﬁ car/l ul

as div B" = 0.

(4.6)

In order to simplify the notations we will omit the exponent h in the computations of the

following section.
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2. Estimates.

First Estimate. We multiply (4.5) by Au and after summation on Z3, we get
d . 1 .
~ YDtz = A +/ (WA B)—uh (wAB)) - Au+ = / (ID*uf + D) u- Au.
dt 73 2 Jzs

Hence d
SN0l + | Aul < € (1Bl [Bulle + D ule | Aul) (4.7)

Second Estimate. We multiply (4.5) by A%u and we obtain

1d, « ~ L

S IBul+ 1D Al = [ unBu- A%
1 +,(2 — 12 A2

+5 J, (IP7ul + 1Duf) - A%

—/ ZD;F(u/\B)-DZFAzH—/ S"Df (u A (uA B)) - Di Au.
73 % 73 %
Now

/Z3ZDj(uAB)-DjAu:Z/ZS (DjuAB+rZ.+u/\DjB> - D Au,
% %

thus

/ > "D (uA B)- D Au
z3 i

< K|D* Aulle ( D Fulli | Bl + ||D+B||p) .
In the same way,

< K|D* Aullpe ( D Fulli | Bl + ||D+B||p) .

/ZSZDj(uA (uA B))- Df Au

We treat the first two terms as in part 3 and we get

1d, « ~ ~
5 | 8ull + D% Bulfe < KID* Bule (D% ulle| Bl + |D* Bl
(4.8)

~ 3 3 ~ ~
41 (D% Bl |3l + 1D+ Bule | Bl )

Now, by interpolation and discrete Sobolev embeddings, and absorbing ||[D*Aul|;z in the
right hand-side of (4.8), we obtain

d - - -
ZAul + 1% Aullf < K (ID ulle || Aullz|| Bll | D¥ Bl e
(4.9)
+ID*BIE + [ Aullf)
Third estimate. We multiply (4.2) by B and (4.3) by E and we obtain, as ||curl ufz <
ClD*ule,
d
= (Il + I1B1%) < KDV ulle (2] (4.10)
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Fourth estimate. We multiply (4.6) by

7 and we get, since |curl curl ul|;2 < K||Aul;2
& (15218 + 107 B ) < KlBulle |5 e (@.11)
Combining (4.7), (4.9), (4.10) and (4.11), if we denote
&) = (10wl + 1Bl + |EIE + 1B1E + |5 1% + 1D BIE ) (@),
we obtain

d€ 3
— I Aulf ) < K (1+¢%).
Therefore, there exist T and K independent of A such that

D% ullpoo o rimy < K, || Aullp2orm) < K
du
I o=y < K (4.12)
1Bl oo 0,750y < Ky 1Bl oo 0,m5m1) < K

We note that we can estimate || D" E||;2 since

ID*Ellpz = ||div E|[fz + [lcurl B[

”le Eollf> + ” 7 ”12

3. Limit when h goes to zero and uniqueness

As in Part 3, we extend the discrete solution (u”, E?, B") to the whole space and with the same
arguments, we can take the limit when h goes to zero, using (4.12)

The limit (u, E, B) satisfies the properties (i), (ii), and (ii7) anounced in theorem 3

Now let us prove the uniqueness of the regular solution for (1.3)-(1.6)

1.3)-(1.6).
Let us consider (@, E/, B) another regular solution for (1.3)-(1.6). We set

=u— —FE—-E, B=B-B.
We have 5
5 = —curl £ (4.13)
i curl B — curl 4 (4.14)
ou o . o I
n =Aut+uANAut+auANAu+uANB—-aANDB
Va2 — Va - (Vu+ Va)a (4.15)

—~aA(uAB)—aA(uAB+1uAB).

12



We multiply (4.15) by @ and we obtain

1d, ) e
S olal3e + Va3 = [anda-a- [anB a
—I—/|Vu|2|ﬂ|2 —/va-(w+va)(a-a)
—/ﬂA@AB)a—/aA@AByu

Hence, using that ||@[|2, < C||u||2|| V|2, and absorbing the term ||Va| 12, we obtain that

Sl + Va2 < Klal3s (il + [ Vulie + B3 +1) 1813 (416
Furthermore, multiplying (4.13) by B and (4.14) by E, we obtain
4 (1B + 1B13:) < 21 Vall.21 B (4.17)
We set
£(t) = (WBI3: + 1Bl + lali3: ) (¢
and

f(t) = (1 B2 + [ Vul 2 + ||va|r%m) (t).
Combining (4.16) and (4.17) and absorbing ||Vl 72, we obtain

Lot < ke

We remark that f(t) € L'(0,T), and with Gronwall Lemma, we conclude that & = 0.
Therefore, Theorem 3 is proved.
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