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1. Physical context

Propagation of electromagnetic waves in a homogeneous isotropic
nonlinear material (cristal)
Maxwell’s equations

0D —curl H=0
OB+ curl E =0

div D =div B =0.

E : electric field

H : magnetic field

D : electric displacement
B : magnetic induction



1. Physical context

Propagation of electromagnetic waves in a homogeneous isotropic
nonlinear material (cristal)

O0yD —curl H =0
OB+ curl E =0

div D =div B =0.
Kerr Model : instantaneous response
B=Hand D= (1+|E*)E
Kerr-Debye Model : finite response time
B=Hand D= (1+y)FE
with

1 1
drx + =x = =|E|’
5 5

£ : delay time



Physical experiments : cristal excited by a laser beam
Initial Boundary Value Problem
e Cristal: Q=R x R*, T =N
e Fort<0,B=H=0,x=0
e impedance condition on the boundary I' = {0} x IR* :
Hxn+ A((E xn) xn)=¢for (t,x) € RxT

A positive endomorphism on I'.
¢ : source term modeling the laser impact, supp ¢ C IR} xT'
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2. Relaxation Framework

Kerr-Debye is a relaxation model of Kerr
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Kerr model Kerr-Debye Model
D=(1+|E]*)E D=(1+x)E

1
Orx = g(\E|2 — X)

Equilibrium manifold:

V={(D,Hx),x=|E?=01+x)"*D]*}

Reduced system:
Kerr is the reduced system of Kerr-Debye on the equilibrium manifold

Entropy relations:

1 3
Ex(D,H) = S(IB[ + | H[* + S| B])

1 . 1 1
Exp(D, H,x) = 5(1+X) "DJ? + §\H|2 + 1X2

On the equilibrium manifold,

gKD(D, H,X(D)) = gK(D, H)



3. Semi linear behaviour of Kerr-Debye

Kerr-Debye is quasilinear hyperbolic totally linearly degenerated

Theorem 1. Semilinear behaviour for KD
In the one dimensional and the 2d-TE models, if T7* is the lifespan of smooth
solutions, if T < 400 then

lim

D H o —
T (D, H,x)|lL Q) = T09

KD does not develop shock waves

G. Carbou, B. Hanouzet, Comportement semi-linéaire d’un systeme
hyperbolique quasi-linéaire: le modele de Kerr-Debye, C. R. Math. Acad.
Sci. Paris, 343 (2006)



3. Semi linear behaviour of Kerr-Debye

Theorem 1. Semilinear behaviour for KD
In the one dimensional and the 2d-TE models, if T is the lifespan of smooth
solutions, if T < +o0o then

lim

D H o —
T (D, H,x)|lL (Q) = T09

Proof: we assume that the solution is bounded in L*> ([0, TX[x€2).
We will prove that it is bounded in H*(Q7»):

4
W llrage) = Y N10FW I Loc (0,6,19-1(02))
1=0

Olivier Gues, Probleme mixte hyperbolique quasi-linéaire caractéristique,
Comm. Partial Differential Equations, 15, 1990.



2d-TE model

E(x17w27333) — t(OaEQ(wlax3)7O)7
H($1,372,373) — t(Hl(ajlaxS)aOa H3(£E17:U3))'

U= (E27H17H3)

(1 + X) 0 O 0 —(93 (91 —Gthg
0 1 0 |oU+| —05 O 0 U = 0
0 0 1 01 0 0 0

O x + x = (E2)?
e Symmetrized system for U
e Variational estimates for 9!U: 0;y bounded in L>
e Classical div-curl lemma to estimate ||U|| gx )

e We solve the e.d.o. to estimate



4. Convergence result

For the Cauchy Problem :
t>0,z€c IR E(t=0)=FEy, H(t=0)= Hy, x(t =0) = xo.

Convergence proved for the smooth solutions by Hanouzet-Huynh
using the results of Yong

B. Hanouzet, P. Huynh, Approximation par relaxation d’un systéeme
de Maxwell non linéaire, C. R. Acad. Sci. Paris Sér. I Math., 330, 2000.

W.-A. Yong, Singular perturbations of first-order hyperbolic systems
with stiff source terms, J. Differential Equations, 155, 1999.

Non compatibility between the initial data and the equilibrium con-
dition = Boundary layer in time



4. Convergence result

For the Cauchy Problem : convergence and boundary layers in
time

For the Initial Boundary Value Problem:

Theorem 2 . Convergence result

let (Dg, Hy) be a smooth solution of Kerr on [0, 7.
(D., He, x¢) smooth solution of Kerr-Debye on [0, T (.
We fix T' < T™. For € small enough, T* > T and

|De = Dol + [|He — Hol| < Ce

null initial data, same boundary condition = no boundary layer

the boundary is characteristic



5. Proof of the convergence

A. Symmetrization with the entropic variables

OpExp = F E.
Ogéxp =H W. =1 H-
IExkp =2(x —|E)?) == Ve

3
1
Ag(Wo) oW + >~ A0, W. = QW)

j=1
with
(|E:|* +2v. + 1) I3 +2E.'E. 0
Ao(Wg) — 0 I3
2LF. 0
3 0 —curl O
> A;0; = curl 0 0 QW) =
i 0 0 0



e The system is symmetrized

e The boundary condition is linear for the variables (E., H.)

H. xn+A(E.xn)xn)=0on RS xT,

e The equilibrium manifold is linearized (see Hanouzet-Natalini)

{(D€7H€7X€)7 Xe — |Es|2} — {(Eg’HE’,UE)’ Ve = O}

and the relaxation term is linear



B. Hilbert expansion

null initial data, same boundary condition = No Boundary layer

E. =FEy+ <R, R,
H€:HO+555 ,05: S€
Ve = €81 + ES¢ Se



Ao(t, 2)0pe + Zj 1 Aj0jpe + L(t, x)pe ‘|‘B(t7

X
0
+G(e, t,x, pe,Ope) =—— | 0

pe(t=0)=0
R.xn+ A((S. xn) xn)=0on R xT

(|Eo|* + 1)I3 +2EqEy 0 2K,
® Ao(t,w) = AO(WO) - 0 Ig 0
2'F) 0 2

e [(t,x) linear, B(t,x) source term

o G(t,x,epe,e0:p:) non linear part



T < T* 1s fixed.

We perform estimates on [0, T¢]

1
T: = sup {t < T, |lpellrac,) < 75}

4
||PHH4(Qt) — Z H(9§P||L°°(0,t;H4—i(Q))
1=0

1
G(ta L, EPe, 8atp€) — EP(‘SIO&? 8atp€)

On [0,7.[, the nonlinear term is bounded



C. Variational estimates for the tangential derivatives

L?-estimate : we take the inner product of the system with p.:

Ao (t, w)@tngrZ] L A;0jpe + L(t, ). +B(t,

xr
0
+G(e,t,x, pe, Ope) = —= | 0

pe(t=0)=0

R.xn+A((S: xn) xn)=0on IR xT



C. Variational estimates for the tangential derivatives

L?-estimate : we take the inner product of the system with p.:

AO(ta 513)8t,05 + 2?21 Ajajpe -+ L(tv x)p&‘ + B(ta LU)
9 0
+G(€7taxap€78tp€) - _g 0
Se

1 d 1
/ AO(ta CC)atps " Pe = 5%/ Ao(t,$),0€ " Pe — 5 / ((975140),05 " Pe
Q Q Q

el ey < /Q Aot 2)p- - p



C. Variational estimates for the tangential derivatives

L?-estimate : we take the inner product of the system with p.:

Ay (t m)ﬁtpe +Z] 1A a]pé‘ +L(t L ps —I—B(t,

xr
0
+G(e,t,x, pe, Ope) = —= | 0

3
/ ZAjajps " Pe — / A(Rs)T ) (RE)T > 0



C. Variational estimates for the tangential derivatives

L?-estimate : we take the inner product of the system with p.:

Ao (t, :U)E?tpeJij L A;0jpe + L(t, ). +B(t,

xr
0
+G(et,x, pe, Oppe) = —= | 0

/flG('g?taxapéfaatp&) " Pe S CHp||L2(Q)



C. Variational estimates for the tangential derivatives

L?-estimate : we take the inner product of the system with p.:

Ao (t, :U)E?tpeJij L A;0jpe + L(t, ). +B(t,

X
0
+G(€ L, psaﬁtpe) - 0

Good sign!



C. Variational estimates for the tangential derivatives

L?-estimate : Taking the inner product of the system with p.:
On [0, T7],

1d 1
531 - Aope oot 2 [ 1P OO+l



C. Variational estimates for the tangential derivatives
Estimates on the tangential derivatives:

We can derivate the IBVP for KD with respect to the tangential
derivatives : for ¢ # 1,

e same initial data and same boundary condition for 0;p.
e same form for the relaxation term

e sufficient bounds for the nonlinear terms on [0, T¢]

Sﬁg(t):||Pe(t)||%2(ﬂ)+z||5iﬂs(t)H%2(Q)+---+ Z 1955510 ()] 22 0
i£1 i gk 11

d
— [ (Aope - pe+ Y AcDipe-pe+ ...+ Y AoDijripe - Oijuipe)

dt Jo i#1 i,5,k,1#1
< C(1+ gog)

= . is uniformly bounded on [0,7¢].



D. Estimates on the normal derivatives

e From the curl

8tS€ -+ curl R&; =0

OR> = O3R! + 0,52
= estimate on 91 R’

In the same way, we estimate 01 R%, 9152, 0,52.



D. Estimates on the normal derivatives
e From the curl: estimates on 01 RZ, 01 R2, 0152, 01.52.

e From the divergence free condition on H:
div Hg = 0= div Sg — O, that is 815; == —(925? - (935?

= estimate on 01 5..



D. Estimates on the normal derivatives
e From the curl: estimates on 01 RZ, 01 R2, 0152, 01.52.
e From the divergence free condition on H: estimate on 9;S..

e From the divergence free condition on D:

01 RL + 25y =K
T B2+ 2(E)




D. Estimates on the normal derivatives
e From the curl: estimates on 01 RZ, 01 R2, 0152, 01.52.
e From the divergence free condition on H: estimate on 9;S..

O RL + 2L, K
(] —
e Tl B2+ 2(ENE T

e E.d.o. for 0¢s

1
0;015: + 58185 = —8t(E381R;) -+ 8t(K2)

1
8,5(110155) + 58185 = th



D. Estimates on the normal derivatives
e From the curl: estimates on 01 RZ, 01 R2, 0152, 01.52.
e From the divergence free condition on H: estimate on 9;S..
2}
O1 R} 0 =K
o 1 €—|—1—|—‘E0|2—|—2(E6L)2 1
e E.d.o. for 0¢s

b 1 [(tblo)1 £ 1
81882___'__/ ﬂ_e_fa ah(q—)deO_
0

h ' k), hio)e
1 1+ |Egl?
— < h= <1
3 1+ |Eo|? +2(E})? —

= Bound for 0;s. and therefore for 04 R;



D. Estimates on the normal derivatives

e From the curl: estimates on 01 RZ, 01 R2, 0152, 01.52.

e From the divergence free condition on H: estimate on 9;S..
2B

O R1 = K
SO T T R+ 2B

e E.d.o. for O;s: estimate on d;s. and on 01 R}

= Uniform bound for ||p. |40, )



E. Conclusion

T < T* is fixed.

1
Te = sup {t < T, |lpellraca,) < 75}

There exists C s.t. for all e > 0

lpellnr@r) < C

= for € small enough 7. = 7" and uniform bound for the remainder
term.



Perspectives

e Semilinear behaviour for Kerr Debye: 2d TM case, 3d case 7

e (Global existence in 3d:

For Kerr:
R. Racke, Lectures on nonlinear evolution equations. Initial value
problems. Aspects of Mathematics, E19. Friedr. Vieweg & Sohn, Braun-

schweig, 1992
For Kerr-Debye 7

e Global existence for KD in 1d

Perturbation of a constant non zero field (Shizuta Kawashima condi-
tion)

B. Hanouzet, R. Natalini, Global existence of smooth solutions

for partially dissipative hyperbolic systems with a convexr entropy, Arch.
Ration. Mech. Anal. 169 (2003).

General case ?



