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Abstract

We study the decomposition of the space L?(S™ ') under the ac-
tions of the complex and quaternionic unitary groups. We give an
explicit basis for the space of zonal functions, which in the second case
takes account of the action of the group of quaternions of norm 1. We
derive applications to hermitian lattices.
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1 Introduction

It is a classical fact that the functional space L?(S™!) on the unit sphere
S™~1 of the Euclidean space R® decomposes under the action of the orthog-
onal group O(R™) into the sum of the harmonic spaces Harmy, of degree k.
As shown by B. Venkov, the zonal spherical functions associated to this de-
composition are a powerful tool to study Euclidean lattices. A key property
is that, if P(z) € Harmy, then the theta series 0, p associated to P and to
the lattice L is a modular form. This property, together with the expres-
sion of the zonal spherical functions by means of Gegenbauer polynomials,
was used in [23] (see also [5, Chap.18]) to recover Niemeier’s classification
of the even unimodular lattices in dimension 24 and in [3] to prove the non
existence of lattices with certain properties.

In this paper, we follow the same line with respect to hermitian lattices.
The unitary groups over the complex numbers and the quaternion numbers
replace the orthogonal group. We discuss the decomposition of the space
L?(S™ 1) under their respective action and describe a basis of the zonal
spherical functions. In the quaternionic case, the irreducible components
have multiplicities greater than one, hence there is no canonical choice of a
basis for the zonal spherical functions; we construct a specific basis which
takes account of the action of the quaternions of norm one.

Then we derive explicit results on the hermitian unimodular lattices over
the Eisenstein ring Z[(1 + v/—3)/2] and over the Hurwitz order. Some of
them explain certain results previously obtained by the full classification of
the corresponding genus. We show how the concise and elegant treatment of
the Niemeier lattices of minimum 2 given by B. Venkov in [23] (see also [5,
Chap.18]) can be extended to these cases. We also prove the non existence
of extremal Eisenstein lattices of (real) dimension 48.

2  The group O(R").

In this section we recall some well-known facts on harmonic analysis for
the orthogonal group O(R™). The space R" is considered with its usual
Euclidean structure given by z -y = Y "' | 2;y;. The unit sphere S 1is a
homogeneous space for the action of the orthogonal group; if we fix a base
point y, the stabilizer O, of y in O(R") is isomorphic to O(R*™"). The
group O(R™) acts on the functional space L%(S" ') by (u.f)(z) = f(zu)



and the decomposition into irreducible subspaces is given by

L2(Sn71) = @kngarmk (1)
where Harmy, is the kernel of the Laplace operator A = )" % in the space
of homogeneous polynomials of degree k in the coordinates z1,...,z,. (In

(1) we again denote Harmj the space of polynomial functions on the unit
sphere). Moreover, the spaces Harmy are pairwise non isomorphic O(R")-
modules, hence the O,-invariant elements (so-called zonal spherical func-

tions) are spanned by a single element Z;, , which is known to be expressed

in terms of the Gegenbauer polynomials GZ/%I(X) ([24, Section 9.3.2] ):

Zy(z) = G}z ). (2)

3  The group U(C").
3.1 Notations.
We take the following notations: the group
U(C"):={P:P¢e M,(C) | PP'=1d} (3)

acts by right multiplication on the vector space C" which is endowed with
the usual hermitian form

h(z,2') := Zzziz (4)

The mapping

Co R
z=xz+yi — (z,y)

(5)
extends to an embedding ¢ : C* — R?", which respects the Euclidean
structures, i.e. ¢(z) - ¢p(z) = h(z,z), where “” denotes the usual scalar
product on R?” given by z -y = > 2iyi. Hence this mapping induces an
inclusion of the groups U(C") < O(R?*"). We set

U:={A:2eC|I=1}. (6)



The multiplicative group Uy acts by left multiplication on C" as a sub-
group of O(R?"). Tt is worth noticing that U(C") is the centralizer of Uy in
O(R?").

It follows from the next section that even for every irreducible O(R?")-
module Harmy, the matrices that commute with the action of U(C") on
Harmy, are precisely the linear combinations of elements in U;. If one would
know this in advance, this gives the decomposition of Harmy, into irreducible
U(C")-modules by the double commutant theorem [10, Th. 3.3.7]. The same
holds for the pair U(H") and @Q; in O(R*") treated in Section 4.

3.2 Decomposition of Harm, under U(C").

We need to decompose further the space Harmy (relative to the 2n real
variables) under the action of the subgroup U(C™). This decomposition is
described in [24, Section 11.2], we recall it here. We assume for the rest of
the paper that k is even. In view of applications to lattices, it is the only
case of interest. We first consider the action (by left multiplication on C™)
of the group U;. We set

V.E) .= {f: f € Harmy, | f(Az) = A" f(2) for all X € U }. (7)
Because U; is abelian, the following decomposition holds:
Harmy := ®yez V. (8)

Moreover, because the respective actions of Uy and of U(C") commute,
this decomposition is preserved by U(C"). It turns out that it is the irre-
ducible decomposition for U(C™"). In order to prove this, we compute the
zonal functions in V. We fix 2/ € §27~1 and set U, := Stabilizer(z',U(C")).
The group U, is isomorphic to U(C*~'). We denote by Hom;, the space of
homogeneous polynomials of degree k£ with complex coefficients in the 2n
variables 1,41, %2,Y2,...,%n,Yn. The zonal functions are elements of the
space

Homgz' = {f: f € Homyg | f(zu) = f(z) for all w € U,/ }. (9)

With an obvious meaning, we denote z = (21, ...,2,) = (z14+iY1, ..., Tn+
iyn), and see h(z,2') = (z1 +iy1)z1' + -+ + (zn +iyn)2,’ as an element of
Hom;.

We denote

[a,b,r] := h(z,z')ah(z,z’)bh(z,z)r
with the convention that [a, b, 7] = 0 if a, b or r is negative. It is worth notic-
ing that the degree of [a,b,7] is a + b+ 2r and that \.[a,b,7] = A\* ®[a, b, r].



Proposition 3.1 The zonal functions in Homy, are the linear combinations
of the elements [a,b,r] with a + b+ 2r = k. Moreover,

Ala,b,r] = 4abla — 1,b—1,r]+4r(a+b+r—1+mn)a,b,r —1]. (10)
Proof. The space Homy, is generated by elements of the form (z-y)¥=2"(z-2)"
when r € [0...%/2] and y varies in S?"~!. The identity z -y = (h(z,y) +
b
h(z,y))/2 shows that the h(z,y)*h(z,y) h(z,z)" with a+b+2r = k generate
Homy. We can complete 2’ to an orthonormal basis (', e, ..., e,), write y
on this basis, develop again and apply suitable elements of U, = U(Cey +

-+ 4 Cey,) (diagonal matrices are enough) to see that an element of Homg’
is a linear combination of [a, b, r].

The computation of A on [a, b, r] is straightforward and can also be found
in [24, Section 11.2.2(13)]. 0

Notation: We denote [a,b mod c] the set of integers u, such that a < u <b
and v = a mod c.

Theorem 3.2 The spaces Vu]f are non zero if and only if w € [—k,k mod 2],
and in these cases they are U(C™)-irreducible and pairwise non isomorphic.

Proof. The formula (10) shows that there is up to a multiplicative fac-
tor a unique zonal function in Vu(,k), which is a linear combination of the
[a,b,r] with a + b+ 2r = k and a — b = w. Since w = k — 2b — 2r, we
have w € [—k,k mod 2]. It proves that dim(HarmkHz') =k + 1. Since
the decomposition (8) shows that at least k£ 4+ 1 components appear in the
irreducible decomposition of Harmy,, Frobenius theorem proves the result.

Definition 3.3 We denote by Z,(Uk) the unique zonal function in Vu(,k) of the
form
(k+w)/2
k+w k—w
Z,(Uk)(z,z') = Z ay| 5 Ty T 7] (11)

r=0

with ag = 1 and the coefficients . are computed recursively using (10).

Remarks and examples

) _ 5.

—w

e It is worth noticing that, clearly Z



e For all k, Z,gk)(z,z’) = h(z, ).

o If k=2, Zé2)(z,z’) = h(z,2')h(z,2') — Lh(z,2).

e The zonal functions for the symmetric space P(C") are computed
in [11]. They are equal to Zék) (up to a normalization) because
Zék)()\z, Z') = Zék)(z, 2') for all .

4  The group U(H").

4.1 Notations.

The field of quaternion numbers is H = R + Ri + Rj + Rk, where > =
j2 = =1, ij = —ji = k. The conjugate of ¢ = x| + x9i + 235 + x4k is
q = x1 — z91 — x3j — x4k. The isomorphism C ~ R + Ri gives H the
structure of a left C-vector space. We identify R + R; with C and denote
also ¢ = 21 + 297 with 2z; € C. Then jzo = Z37 and ¢ = Z1 — 29j.

The group

U(H"):={P:P € M,(H) | PP' =1d} (12)

acts by right multiplication on the space H” which is endowed with the usual
hermitian form

n
H(q,q') = qdj. (13)
=1

The mapping (with the previous notations)

H - ¢ Sr
q — (21,22) — (21,22,73,24) (14)

extends to embeddings H* — C?" — R, which respect the hermitian
and Euclidean structures and therefore induce the inclusions of the groups

U(H') < U(C?) < O(R*™). We set

Qui={p:p€eH|pn=1} (15)

The multiplicative group @1 acts by left multiplication on H" as a sub-
group of O(R*) because, if u € Q1, Trace(H (uq, 1q')) = Trace(uH (q,¢')i) =
Trace(H (q,q')). The elements of U(H") are exactly the elements in O(R*™)
which commute with the action of Q.



4.2 Decomposition of Harm; under U(H").

We now describe the decomposition of Harmy (in the 4n variables) under
U(H") and the zonal functions associated to this decomposition. We start
with the decomposition under the action of Q1.

The multiplicative group @ is isomorphic to SU,(C) by

o . Z1 z9
u=z1+ 2z — <—5 Z_1> . (16)

Its irreducible representations are given by the spaces W), = CX? 4
CXP~'Y +... + CYP of homogeneous polynomials in the two variables X,Y
of degree p. If we denote I(W,)*) the isotypic component of W, in Harmy,
we have

Harmy, = @,1(W,)®, (17)

Since the weights of W), are [—p,p mod 2], clearly the values of p for
which T(W,)®*) is non zero belong to [0,k mod 2].

The group U (H"), as a subgroup of U(C?"), preserves the decomposition
(8), and, since it commutes with @1, it also preserves the decomposition (17).
So we have the decomposition of U(H") modules:

Harm;, = ay I(W,)*®) Nk, (18)

w
we[—k,k mod 2]
p€[0,k mod 2]

p2w

Theorem 4.1 Let R;E,k) = I(Wp)(k) N Vp(k). For all p € [0,k mod 2], the
spaces R,(,k) are irreducible and pairwise non isomorphic U(H")-modules. For
all w € [—p,p mod 2], I(Wp)(k) N Vu(,k) ~ Rz()k), and we have the following

decomposition:
Harmy, =~ @pejok mod 2 (P + 1)31(;16)- (19)

This decomposition is also described in [12, Section 1.2], where the Young
diagram associated to RI(,k) is given. Since we need a concrete description of
the zonal functions and since such a description leads to the decomposition
in Theorem 4.1, we give another proof.

Proof. (of Theorem 4.1)
We fix ¢/, H(¢',q') = 1 and define U, := Stabilizer(¢’, U(H")). The
group Uy is isomorphic to U(H"!); the zonal functions are the elements of



Homg"'. The orbits of Uy acting on the unit sphere are clearly characterized
by H(q,q'), so the zonal functions are functions of H(q,q'). However, we
cannot express them as polynomials in H(q,q'), H(q, ¢') like in the complex
case because these last expressions are polynomials in the 4n coordinates
with coefficients in H and hence do not commute. We shall more conve-
niently express them in terms of the complex hermitian form h(q,q’) on
C?". We take the following notation:

. C - d
[a,b, ¢, d,r] := h(q,q")*h(q, id') h(q, ") h(q,5d") (g, q)" (20)

Proposition 4.2 The zonal functions for U(H") in Homy, are the linear
combinations of the elements [a, b, ¢, d,r] with a+b+c+d+2r = k. Moreover,

Ala,b,c,d,r] =4dacla — 1,b,c — 1,d,r] + 4bd[a,b — 1,¢,d — 1, 7]

(21)
+4r(k —r —1+2n)[a,b,c,d,r — 1].

Proof. Same proof as for Proposition 3.1. O

If A € Uy, then \.[a, b, c,d,r] = \*T0=¢=4[q, b, c,d,r]. Tt is worth noticing
that U; is a maximal torus of ;. A maximal torus of U(H") is

T:={T:= cU(C™) | \; € Uy} (22)
An

An

Up to a change of basis, we can assume that ¢ = (1,0,...,0) € H".
Then, if g = (q1, ..., qn) with ¢ = 214227, one easily computes [a, b, ¢, d,r] =
202575 (Y " :@)", and hence T.[a,b,c,d,r] = Xa=b=etd[g ¢ d,r]. So
the elements [a, b, ¢, d, ] are weight vectors for respectively @1 and U (H").
Note that the Laplace operator preserves both values ¢ + b — ¢ — d and
a—b—c+d (from (21), or because it commutes with the actions of the

groups Q1, U(H")). We denote by El(uk,zv, the C-vector space
E®) = span{[a,b,c,d,r] |a +b+c+d=k—2r,
a+b—-c—d=w, (23)
a—b—c+d=uw'}.

The Laplace operator A maps Efukzu, onto Eq(uk;,?) (one can see that A is

surjective because Proposition 4.2 shows that if the [a,b, ¢, d, r] are ordered



in such a way that r decreases and then lexicographically, the matrix of A
is upper triangular with non zero coefficients on the diagonal). This space is
not reduced to {0} if and only if w and w’ are even and belong to [k ... k]

(k is always assumed to be even). Clearly dim(Ekazu,) = %(%‘M‘WD +

1) (A-max{wlv) | 9). We obtain that dim(ker ANELY),,) = S=m2elw])
One can check that

) U, k— |’
dlm(Harmkq ) — Z maxéw |w |) — Z (p—|—1)2.

w,w'€[—k,k mod 2] p€[0,k mod 2]

Now we finish the proof of Theorem 4.1. Let R be an irreducible U (H")-
subspace of R,(,k). Then, for all ¢ € Q1, ¢R is isomorphic to R and is con-

tained in one of the Vu(,k). The space C[Q1]R is a @Q1-subspace of I(Wp)(k),
therefore it is isomorphic to the sum of copies of W), and hence it inter-

sects non trivially all the Vu(,k) for w € [—p,p mod 2]. Finally, there is at

least one subspace isomorphic to R in each Vu(,k) with w € [—p,p mod 2],
which proves that the multiplicity mpr of R is at least equal to p + 1.

U,
By Frobenius theorem, dim(Harm,”) = Y- pm%, and we have computed
U,
that dim(Harm, ") = ZpG[O,k mod 2] (p + 1)%, so we can conclude that the

subspaces R,(,k) are irreducible and isomorphic to I(Wp)(k) N Vu(,k) for all
w € [—p,p mod 2]. O

4.3 A special basis of Harm,?q’.

We have proved in Theorem 4.1 that I(W,)*) ~ (p + 1)R,(,k), so the space
of zonal functions in I(W,)*) is of dimension (p + 1)2. We describe in this

section an algorithmic method that computes a basis of Harmgql, on which
the action of ()7 is explicit.

We need to introduce a certain hermitian product on Homy,. It is defined
on the monomials in the 4n-indeterminates x; of the same degree k by:

A
< z%zl >:= 5a,5< ) (24)
e
where (]oi) = al'kilun' is the multinomial coefficient. It has the nice prop-

erty to be U(C')-invariant (see [22]). Therefore the irreducible O(R")-
subspace Harmy, is orthogonal to (Zfﬁl z7)Homy,_o because the latter has

no constituent isomorphic to the dual (Harmy)* = Harmy of Harmy,.
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Lemma 4.3 Let a,b,c,d,d',b',c,d',r' € Z>g witha+b+c+d=a +b +
d+d +2r'=k. Then

2h(g' gV () T a—a =c—cd >0
)
< la,b,e,d,0],[a' b, ¢ d '] >= (apresa) b—b =d—d >0

0 otherwise .

Proof. We first assume that h(q',q') = 1. Then, we can replace ¢’ by q'u
with « € U(C?"), and assume that ¢’ = (1,0,...,0) € C*". If (z1,..., 2)
are the complex coordinates of ¢, then [a, b, c,d,r| = Z%zSECTQd(Zizl 25Zs)" .
If 2, = o5 1 + Togh, [a,b,c,d, ] = (1 + £20)%(x3 + 24i)° (21 — 299)%(z3 —
24 (00, 22)". Let

U:= V2 € My, (C)

V2
then UTU' = 2Ids, and hence %U € Upp(C). TIf we let (y1,...,Y4n) =
(@1, .-, 24n)U, one has [a,b, ¢, d, 7] = yiy5u504 (Y192 + ysya + 55 ¥2/2)"
The computation of < [a,b,c,d,0],[a', b, d',r'] > follows from the fact
that this hermitian product is U(C'")-invariant and from the expression
(24).
In the general case, ¢ = A(1,0,...,0) with A\ € C and the function

[a, b, c,d,r] is multiplied by ot bt

previous hermitian product is multiplied by (AXN) =" = h(¢', ¢')

. An easy computation shows that the
k—r'
: O

Remark 4.4 With the Lemma 4.3, we are able to compute the hermitian

U, . .
product of any two elements of Harm, " : such functions are linear com-
binations of some |a,b,c,d,r] from Proposition 4.2, and are orthogonal to
the elements of h(q,q)Homg_o so, in one of them we can ignore the terms

la,b,c,d,r] with r # 0.

Recall that W), is the C-vector space of homogeneous polynomials of
degree p in two variables. It is equipped with the same hermitian product,
given by < XP-aya XpP-byb 5= 5 , (2)71, which is invariant under the
action of SU,(C).

11



Proposition 4.5 There exists an essentially unique basis
{Z(k Yww'e[—pp mod 2 Of the zonal functions of 1(W, )( ) such that :

pyw,w’

o 7% ,EE()

pww
o {Z wwl}w 'e[-p,p mod 2} is a basis of T(W, )(k) ﬂVu(,k)
e For all w' the set{ pww

phic to Wy, such that the mapping Z®) L XBEY R s an isomorphism

p,w,w’
of Q1-modules, and an isometry for the hermztmn products <, >.

The uniqueness of this basis holds up to the change ZIE 3) w aw/Zz() 3) w
with a,y € Uy.

wel—pp mod 2] 15 @ baszs of a (Q1-space isomor-

Proof. We assume by induction that we have proved the proposition for
I(Wp)®), ..., I(Wp+2)(k). We have previously seen that dim(ker AﬂE’;{Z,) =
(k —p)/2+ 1 for w' € [—p,p mod 2]. We have already constructed in

this space (k — p)/2 elements Zt(p)u)’ for t € [k,p+ 2 mod 2]. It should

be noticed that Z( )w, must be orthogonal to them because it belongs to
a different isotypic component. So the conditions: Z( ) € ker AN E®

5 iwl iwl’
<z .7 >=0forallt € [k,p+2 mod 2], and < 209 . 7% >=1

p,p;w’ “ppw
(k)
determine the elements Zp p w

ber of norm 1. For each w' fixed, Z

(k)

, up to the multiplication by a complex num-

(k)

p,p,w’

is a highest weight vector of the

(Q1-module spanned by Z

o’ which therefore is isomorphic to W,. Up

to an element Of U1, pkg w18 sent to XP, and we define Z(k) . to be the
preimage of x5ty et by this isomorphism. The element Z( ) oy TIUST be
of the form ,u.Z( ) | with i € @1, hence it remains a zonal functlon, hence

p,p,w’
a linear combination of some [a, b, ¢, d,r]. We must have a +b—c—d =w

because it reflects the fact that X 5"V 3" is a weight vector for the weight
w, and @ —b— ¢+ d = w' because the actions of (1 and U(H") commute.

We end this subsection with some remarks on the algorithmic computa-
tion of the basis described in Proposition 4.5. The next lemma makes more
precise the action of @ on the [a, b, c,d,].

Lemma 4.6 Let u € Q1. For all [a,b,c,d,r], p.la,b,c,d,r] is a C-linear
combination of elements [a',b',c,d',r'], with ' = r.

Proof. We can write = 21 + 297. Then h(ug,nq) = h(q,q), h(ug,q') =
z1h(q,q') + 22h(jq,q') and h(jq.q') = —h(q,j¢'). We replace in the ex-

12



pression (20) of [a,b,c,d,r] and obtain a linear combination of elements
[a' b, d, ', with v =r. n

We assume that we have constructed the {Zt(lfg w wwe[—tt mod 2] for all

t € [k,p+2 mod 2]. We now wish to compute the {Z Z®) ' €[—p,p mod 2-

pyaw,w’
We first determine the Z) (k) (up to a multiplicative factor in U;) as de-

p,p,w’
scribed in the proof of Proposition 4.5. Since Z( ) o 18 of the form p. Z( )w,,

from Lemma 4.6 it is a linear combination of [a b c.d ,v] with r < (k— p)/2

One can then check that the space of functions in ker A N E®  which are

w w”
orthogonal to all the Zt(,uz,w’ for t € [k,p +2 mod 2] and which have the
additional property that r < (k — p)/2, is one-dimensional. Let Z be a
generator of this space, we know that ZIE’) w = a7 for some complex num-
ber a. In order to compute o, we use the action of u = (1 — j)/v/2. One
easily computes that < u.XP?, x5y >=27P/2_ Tt remains to calculate

Zz()p)w” Z >, which is easy with Lemma 4.3 and the rules described in
the proof of Lemma, 4.6.

Remarks and examples

, and zk) The expression of

w,w pw,—w'"

: (k) : (k)
e Easy rules link Zp’w’w, with Zp’
AL , is obtained from AY by replacing each term [a, b, ¢, d, r| by

p,—w,w pswzw’

(—1)2*€[d, ¢, b, a,r], and the expression of Zz()kg) o by (=1)*FC[b,a,d, ¢, 7).

« k=2, 7590a.q) = H(a.q)H(q,¢) — H(q.q), and:

23 5(a.4') = Lh(q.q)’

75300 ¢') = hla,¢)h(a, 7)

739 5(a.4') = $ha.d)h(a, jd)

739 0(a.4') = —Lh(a.d)h(a, &) + Sh(a. jd')h(a, ja)

e The zonal functions for the symmetric space P(H") are computed

(k)

n [11]. They are equal to Z;,, (up to a normalization) because

ZS{CO)’O(,uq, q) = ZS{CO)’O(q, q') for all u (note that these functions cor-

respond to the only irreducible component with multiplicity equal to
one).
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e In view of applications to lattices, we are lead to consider sums of the
type > .cg Z(x) where S is closed for the left multiplication by some
finite group U < @1 (see Section 5; we may consider lattices with an
hermitian structure over a maximal order of a quaternion field defined
over Q, S is the set of lattice vectors of given norm, and U is the group
of units of the maximal order). In that case, we need only consider
the zonal functions which are U-invariant. Proposition 4.2 shows that
we only need to know a basis for the polynomials of degree p which
are invariant for the action of U < SU(C), and transfer this basis
through the @)q-isomorphism explicitly given. For example, the first
non trivial invariant for the group M* (29) is the degree 6 polynomial
X5Y — XY?. So we take account of one zonal function in degree 2

and 4 (namely Zé?&o and Z[()jlo),o)a and of 441 zonal functions in degree

6 (namely Zé?g’o, and the Zé64) w — Zé614 . for w' €[0,6 mod 2]).

5 Applications to lattices

We consider lattices with an hermitian structure over a field K, which is
either a totally imaginary quadratic field, or a quaternion field over Q, ram-
ified at oo.

We take the following notations: in the quadratic case, K = Q(v/—d)
where d > 0 and —d is the discriminant of K. The ring of integers of K
is denoted Ok and its unit group O%. The complex conjugation on K
is denoted x — Z. In the quaternionic case, we again denote Ok a fixed
maximal order of K, O} its group of units and x — T the conjugation. The
discriminant of O is denoted d.

The left K-vector space K™ is endowed with the hermitian form hg (2, 2’) :
S" | %zl An hermitian lattice L over K is an Og-submodule of K™ of full
rank. Its hermitian dual is defined by

L*he =z 2z € K" | hg(z,L) C Og}. (25)

The lattice L is also a Euclidean lattice when considered as a Z-module,
for the scalar product -y := Tracegg(hr(z,y)) and of rank 2n in the
quadratic case and 4n in the quaternionic case (in this last case, Traceg q
is the reduced trace). We set Ly := (L,z - y). The dual of Lz and the
hermitian dual of L are related by:

Ly = DE'L*« (26)
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where D;(I is the inverse different of O, i.e. the dual with respect to the
reduced trace. In particular, if L is hermitian unimodular, i.e. L*"%x = L
and Dy is a principal ideal, then Ly is d-modular as an Euclidean lattice,
in the sense of [16].

Such lattices have been widely studied ([1], [2], [5], [9], [21]). We shall
be concerned with numerical applications in the cases: K = Q(v/—3), and
K =Q0 = Q+Qi+Qj +Qk, where i? = j2 = —1,ij = —ji = k (in these
two cases the order of the unit groups are the largest possible, which allows
easier computations as we shall see later).

In the case K = Q(v/—3), d = 3. We denote w := (—1 + +/—3)/2. The
hermitian unimodular lattices have been classified up to the real dimension
24 by W. Feit [9]. They are special cases of 3-modular lattices, for which
the theta series 0y, is a modular form for the Fricke group I'*(3). As shown
in [16], this property leads to an upper bound for the minimum of such a
lattice:

min(L) < 2[n/6] + 2 (27)

(here m is the rank over K = Q(w)). A lattice is said to be extremal if its
minimum attains this bound; the Coxeter-Todd lattice K9 is an example of
an hermitian unimodular lattice which is extremal. Of course the dimensions
which are multiples of 6 are the most interesting ones. Feit’s classification
has shown that there is no extremal hermitian unimodular lattice for n = 12.
However a 3-modular 24-dimensional extremal Z-lattice was discovered in
[14]. This lattice has the structure of a Z[w]-module but is not hermitian
unimodular.

We prove in Theorem 5.6 that there are no extremal hermitian unimod-
ular lattices for the relative dimension n = 24 (and we also recover Feit’s
result for dimension 12).

In the case K = (o o, the maximal orders are conjugate to the Hurwitz
order M:

—1+i+j+k

M =7Z[1,i,j,w:= 5

] (28)
Its group of units is

+1+itjitk

M* = {£1, +i, +5, +k, 5

} (29)

and has 24 elements. As an abstract group, it is isomorphic to SLs(3) =
2.Alt4. The hermitian unimodular lattices over the Hurwitz order are special
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cases of 2-modular lattices, and therefore satisfy the estimate
min(L) < 2[n/4] + 2 (30)

(here n is the rank over (2 ;). They have been classified up to the relative
dimension 8 (see [1] and [2]). This classification has shown that none of the
lattices of dimension 8 reach the bound (30).

5.1 Root lattices.

Let L be a lattice which is integral over O, meaning that L C L*'x. We
set

R(L):={z:z€L|hg(z,z)=2}. (31)

The elements of R(L) are called the roots of L, and are the norm 4
elements in Lz (note that hi(z,z) is always in Z). To x € R(L) we can
associate the reflection

pz(y) ==y — hk(z,y)z (32)

which preserves the lattice L. If U(L) denotes the group of unitary trans-
formations preserving L, the reflections p, generate a subgroup W (L) of
U(L) which is a finite, complex or quaternionic, reflection group. Just like
in the case of the Euclidean root lattices, one easily proves that a lattice
L spanned by its roots is the orthogonal sum of indecomposable sublattices
spanned by their roots, and that, if the sublattice spanned by the roots is
indecomposable, then the group W (L) is irreducible.

The complex irreducible finite reflection groups have been classified by
Shephard and Todd [20] and their invariant lattices are studied in [15]. To
such a group, one can associate an essentially unique reduced root system
(see [15, Definition 19]). If L is indecomposable and is spanned by R(L),
then R(L) is a reduced K-root system for W(L) in the sense of [15], with
the additional property that all the roots have the same length.

The quaternionic irreducible finite reflection groups are classified by A.
M. Cohen [4], together with their root systems. In the quaternionic case, it
happens that the root system is not uniquely determined by the group (see
[4]), but not in the cases we are dealing with (the groups are defined over

Q)
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Proposition 5.1 Let R C {z : 2z € C" or H" | h(z,z) = 2} be a finite set
such that the reflections py, * € R generate a finite irreducible subgroup of
U(C") (or of U(H")) and act transitively on R. Then

S hia o) = 22 h, ). (33)

reR

Proof. Let G denote the group generated by the reflections associated to R.
Let ¢(z,y) = Y, cph(z,7)h(y,r). Clearly ¢ is a non-degenerate hermitian
form which is G-invariant; since G is irreducible, it must be a multiple of
h(z,y). The multiplicative factor is computed by application of the Laplace

operator A. 0

Definition 5.2 By analogy with the Euclidean case (see [22, Proposition
5.5]), we define the Coxeter number of a K-root system R to be

_ 2[R|
W) = 5

Remark 5.3 Equation (33) can be read also as: ZreR Z(SQ)(QS,’F) =0 (re-
spectively > cp Zé?g’o(x,r) = 0 in the quaternionic case).

In the complex case, if moreover R is closed for the multiplication by the
sizth roots of unity, which is the case if R = R(L) and L is a hermitian
lattice over K = Q(v/=3), then >, p ZQ(Q)(QS,’F) = 0 holds trivially; hence R
is a spherical 2-design in the sense of [22].

In the quaternionic case, the same result holds if R is closed under multi-
plication by a group of units U, which has no harmonic polynomial invariants
of degree 2. This is the case for the group M* (the first non trivial invariant
of M* occurs at degree 6).

In view of the previous remark, we list from [15], [9] and [4] the possible
irreducible root systems over Q(v/—3) and over Qu » which can occur as the
roots of an integral lattice. We shall denote by L the lattice spanned by R
and by det(Lg) its determinant as an Og-lattice.

If R C R" is an irreducible Euclidean root system with roots of equal
length, namely if R is one of {A,, Dy, Fs, F7, Eg}, then O} R := {ur,u €
O3.,7 € R} is one of them and |03 R| = |0} ||R|/2.

The other irreducible root systems over Q(v/—3) which can occur as the
roots of an integral lattice are:
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Table 1:

\ R IR | h(R) W(R) | det(Lp) |
Zwl*A, |3n(n+1)| n+1 |Gi(n)~Spi1| n+1
[w]*Dy, |6n(n—1)|2(n—-1)| G2(2,2,n) 4
D,(1—w) |9n(n—1) [3n—-1)| G23,3,n) | (1—w)?
Rs 270 18 G33 2
Rg 756 42 G34 1
Z[w]*Eg 216 12 G35 3
Z[w]*Er 378 18 G36 2
Z[’UJ]*ES 720 30 G37 1

e Dp(l—w):={(u,v,0,...,0), € C" |u,v € Z[w]*, u+v=0 mod 1—
wh.

e Rs:=Z[w]*As U {i—t}(l,w,wQ, 1w, w?)y}.

e R := Dg(l —w) U {i—b(ul,UQ,U3,U4,U5,u6),ui € Zwl* | u; =1

mod (1 —w) and 3% u; =0 mod 3}.

where (z1,...,2,), denotes any permutation of (z1,...,z,).

The lattice spanned by Rg is the Coxeter-Todd lattice Kis.
summarizes the properties of these root systems.

The irreducible root systems over (Q; oo which can occur as the roots of
an integral lattice are, apart from the M*R where R is a Euclidean root
system:

Table 1

e Dy(l—w) := {(u,v,0,...,0), € H" | u,v € M*,u+v =0 mod 1-w}.
e Dy(1+1) :={(u,v,0,...,0)p e H" | u,v € M*,u+v =0 mod 1+1i}.
e The root systems S, S and Us given in Table II of [4].

The lattice spanned by Ss3 is the Barnes-Wall lattice BWyg, the one
spanned by Sp is a sublattice of index 1 4 ¢ of the previous one, and the
one spanned by Us is a hermitian unimodular lattice of quaternionic rank
5. Table 2 summarizes the properties of these root systems.

Feit’s classification of the Z[w]-hermitian unimodular lattices of relative
dimension 12 shows in particular that the roots of such a lattice span the
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Table 2:

\ R \ |R] | h(R) | det(Lg) |
M*A, 12n(n + 1) n+1 n+1
M*D, 2dn(n—1) | 2(n—1) 4

Dy(1—w) | 36n(n—1) | 3(n—1) | (1 —w)?
Dy(1+14) | 24n(4n —3) | 2(4n — 3) | (1 +14)?
M*R; 1080 18 2
M*Rg 3024 42 1
M*Eg 864 12 3
M*E; 1512 18 2
M*Eg 2880 30 1
Sy 864 18 (1+14)?
Ss 4320 90 1
Us 3960 66 1

whole space, just like for the Niemeier lattices of minimum 2. B. Venkov
has shown that one could prove a priori that an even unimodular lattice of
dimension 24 has a root system either empty or of rank 24, and that in this
last case it should belong to a limited set of possibilities because the Cox-
eter number of its irreducible components have to be equal. His argument
relies on the use of theta series with harmonic coefficients. We prove here
a completely analogous result for the Z[w]-unimodular lattices of relative
dimension 12 and for the M-unimodular lattices of relative dimension 8.

Proposition 5.4 Let L be a Z[w]-hermitian unimodular lattice (respectively
a M-hermitian unimodular lattice) of dimension n. If n < 12 (respectively
n < 8) and R(L) # 0, then R(L) has rank n, and the irreducible root systems
occurring in R(L) have the same Cozeter number.

Proof. We briefly sketch the proof, since it is essentially the same as the
one in [5, Chap 18, Prop. 2]. The study of the theta series with spherical
coefficients for the modular lattices ([3], Theorem 3.1 and Proposition 3.2)
shows that, in this range of dimension, we have

> P(r)=0 (34)

reR(L)

for all P € Harmy. We then take P(z) = ZU(Q)(gs,y) or P(x) = Zé’?&o(x,y)
and obtain (here h(z,y) stands for the complex or quaternionic hermitian
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form on R ®g K"):

S i) = gy, ), (39

reR(L)

Taking y € R(L)", we see that y = 0, and taking y in an irreducible
component of the root system, we see from Proposition 5.1 that its Coxeter
number is independent of the chosen component. 0

Remark 5.5 The previous proposition gives a strong constraint on the pos-
sible root systems for unimodular lattices. Of course it does not say anything
on the eventuality that R(L) = RE for some Ry.

In the case of K = Q(w) and n = 12, and if we assume that R(L)
contains at least two different types of irreducible root systems, from the
inspection of Table 1, R(L) is one of the following: Z[w|*E7 L Rs or
Zw|*Ag L Dy(1 — w). It remains to study the effective existence of Zw]-
hermitian unimodular lattices of dimension 12 with such roots. Feit’s classi-
fication [9] proves that in both cases one and exactly one such lattice exists.

In the case of K = Qb o and n = 8, we are left with three possible root
systems, D3(1+1i) L M*Us, M*As L D3(1 —w) and M*Dg L Do(1 + 1).
It is proved in [2] that such lattices do exist and are unique.

5.2 Extremal hermitian unimodular lattices.

The property of a lattice L to be extremal forces its theta series to be
uniquely determined. It also gives a constraint on the Jacobi theta series
associated to the lattice, which, if the dimension is not too large, determines
it uniquely. In [3], we make use in the Euclidean case of a method involving
the properties of the theta series with spherical coefficients to compute such
Jacobi theta series. It involves the zonal functions for the orthogonal group
acting on the unit sphere, expressed in terms of the Gegenbauer polynomials.

In this section, we apply the same method but replace the polynomials
used in [3] by the zonal functions for the unitary groups, the computation of
which is explained in Sections 3 and 4. Since the general method is explained
in details in [3], we shall not give here more information about it.

Let L be a hermitian lattice over K with the notations of the beginning
of Section 5. Our goal is the computation of the following numbers:

Npo(y) :=card{z,z € L | hg(z,z) = m and hi(z,y) = z} (36)
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for certain choices of y (basically, y is a minimal vector of L).

We denote Loy, := {z,x € L | hg(z,z) = m} (so that the index of L
refers to the Euclidean norm x - x = 2hg (z,x)). The coefficient of ¢ in the
spherical theta series 0z, p := ), o1 P(z)¢"*/? equals the sum

Z P(z). (37)

r€Lam

Since the set Loy, is invariant under left multiplication by the elements
of the finite group O, which act as a subgroup of the orthogonal group of

*

the whole space, we can restrict our attention to the elements of Harm,?".
If the group O} is reduced to {#1}, it only means that we consider the
polynomials of even degree. In the general case, the zonal functions which
are invariant under the action of a given subgroup U of U; or of (); are easy
to compute. In the quadratic case, it means that we need to consider only
the Z% with w = 0 mod \U|. In the quaternionic case, see the remark
following Proposition 4.5.

5.2.1 K =Q(/-3).

We consider an extremal lattice L of dimension n = 6n’ a multiple of 6. Let
S(L) denote the set of its minimal vectors, which have norm 2m = 2n' + 2
(from (27)). The computation of the coefficients of the theta series of such
lattices does not show any contradiction with their existence until n’ = 63
([19]). However, Feit’s classification has shown that no extremal lattice
exists for n’ = 2 and none of them are constructed for higher n'.

It turns out that the numbers Ny, .(y) (36) for y € S(L) are independent
of the choice of y up to n = 24. It is worth noticing that only a finite
number of z can satisfy Ny, ,(y) # 0, and that Y, Ny, .(y) = [S(L)| the
first non-zero coefficient of the theta series of L. Table 3 gives the results of
the computation of these numbers for the dimensions 12, 18, 24. We have
omitted the value Ny, ,,(y) = 6 and we have taken z modulo Z[w]* since
clearly Ny, .(y) = Ny (y) for all u € Zw]*.

Theorem 5.6 Extremal Z[w]-hermitian unimodular lattices of dimension
24 cannot ezist.

Proof. The numbers found in Table 3 cannot correspond to a lattice, al-
though they are integral and positive, because they do not satisfy a certain
convexity condition (analogous to the one used in [3, Prop. 7.1]) that we
explain now:
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Table 3: Computation of Ny, ,(y) for extremal unimodular Z[w]-lattices, for
y € S(L) and for 2m = min(L).

dlm(L) mln(L) Nm,O Nm,l Nm,lfu) Nm,2 Nm,1+3w Nm,3+w
12 6 1496 2673 198
18 8 31569 67456 6528 2176
24 10 598644 | 1461075 | 217350 | 75900 2875 2875

We use the hermitian product on Homy defined in (24), which has the
property that < (z-y)*, h >= h(y) for all h € Harm, (see [22]). We consider
the element Hy := 32 cg(z - y)* and its orthogonal projection Hy,,, on

u()k). The positivity conditions: < Hy, y,, Hj, 4, >> 0 must hold; on the other
hand, the next lemma shows that < Hy ,,, Hy,, > is a linear combination of
the numbers from Table 3.

Lemma 5.7 Let S C S?"~! be a finite subset of the unit sphere. Let Hy, :=
Zyes(as )% and let Hy, oy be its orthogonal projection on Vu(,k). Then

< Hk,waHk,w >= )‘k,w Z Zq(uk)(yay,) (38)
y,y' €S

where A\, € R and has the same sign as Z,(f:[)w)ﬂ

Definition 3.3.

a, with the notations of

Proof. Clearly, for 3 fixed, the projection p of (z - 3')* onto Vu(,k) is a zonal
function so it is equal to AZE )( ) for some A € C. Since

<p,Z()(x y') >=< (z-y)*, ( y') > k( '.y'), we can calculate
)\—Z&)(y,y)/ < Zq(u)( y'), Zq(y)( y') >, which is independent of y' €

S?n=1 and has the sign of Zq(u)( y') = >, ar. Hence < Hy pp, Hy qy >=<
k

HkaHk,w >= Zyes Hk,’lﬂ(y) = }\Zy,y’es ZT(U)(yay’) [

We conclude the proof of the theorem: since Z,(Uk)(y, y') is a function of
h(y,y'), the sum expressing < Hy, , Hi,, > is a linear combination of the
numbers Ny, .(y). In the case under consideration, we take Zéﬁ) (y,y) =
h(y,y')® which gives a negative result, and therefore contradicts the exis-
tence of such a lattice. 0
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Remark 5.8 The same argument yields the non existence of an extremal
lattice in dimension 12. It does not say anything for the dimension 18, and
the question of the existence of an extremal Z[w]-unimodular lattice remains
open in this case (such a lattice would have a better density that any other
known Euclidean lattice of dimension 36).

For the M-lattices, the method does not lead to significant results; for

n = 8, the numbers Np, ,(y) are uniquely determined but not for n = 12, 16,
and we cannot deduce anything for the existence of extremal lattices.
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