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Experiments and direct numerical simulations of two-dimensional turbulence
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Experiments and direct numerical simulations reveal the coexistence of two cascades in two-dimensional
grid turbulence. Several features of this flow such as the energy density and the scalar spectra are found to be
consistent with well known theoretical predictions. The energy transfer function displays the expected upscale
energy transfers. The vorticity correlation function is logarithmic and thus consistent with recently proposed
models.
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Two-dimensional2D) turbulence is believed to be impor- signal is recorded and the Taylor hypothesis is used to con-
tant for the understanding of large scale atmospheric andert time scales to length scales. This hypothesis has been
oceanic flows and is of fundamental importance for the unthoroughly tested in such floyg] and assumes that the flow
derstanding of turbulence in generdll]. The two- structures are convected past the observation point without
dimensionality affects several features of the flow includingmuch deformation. The DNS benefit from recent advances in
its mixing properties which are important for industrial and the calculation of 2D flows around circular obstacles and use
natural processes. Two-dimensional turbulence admits twa so called penalization scheme which assimilates the ob-
different inertial ranges. This scenario as well as the scalingtacles to porous media whose permeability can be made
laws for the two regimes were worked out more than 30very small[8]. The resolution for the simulations was 640
years ago by Kraichnan and Bache]@t. The first range is X 2560. In the DNS, the measurements were also made at
at smaller scales than the injection scale and is supposed particular locations and time traces were recorded just as in
be host to a direct enstropligquared vorticitycascade from experiments so that comparisons can be made with no further
the large to the small scale. The second range is at largerssumptions. More information on the numerical techniques
scales than the injection scale and is host to an inverse eiand the experimental techniques can be found in several ref-
ergy cascade from the small to the large scale. Some doub&senceg4,6,8. Briefly, the soap films are suspended on ver-
persist, however, as to the validity of such a picture at lowtical nylon wires such that the flow is driven by gravity. The
Reynolds numberE3]. mean longitudinal velocities obtained hover at around 2 m/s

Experimental and numerical evidence for the coexistencand the turbulence intensity can be as high as 15% in experi-
of the two cascades is scarteee[4] for a review and an ments and even higher for the simulations as they reach
important step has been carried out by RutgBtsvho dem-  higher Reynolds numbers. The films obtained can last sev-
onstrated that such a situation can be obtained in turbulerdral hours as they are replenished at the top of the channel by
soap filmg[4]. We here follow a slightly modified scheme to soap water using a small micropump delivering a volume
obtain such a flow and characterize its properties in botHlux between 0.05 and 1 ml/s. As the flux increases, the
experiments and direct numerical simulatigBiNS). We fo-  mean velocity, the turbulent intensity, and the mean thickness
cus on previously unmeasured quantities such as the energy the film increase. The flux is therefore the control param-
transfer function, the scalar spectrum, and the vorticity coreter for the experiments. The results reported here are basi-
relation functions. Our results are consistent with theoreticatally taken at a flux of 0.4 ml/s for which a mean velocity of
expectations for the velocitfor energy spectjaand the en- 1.6 m/s is achieved with a turbulence intensity of 10%. The
ergy transfer function which is notoriously difficult to mea- mean thickness of the film is ams with a standard devia-
sure. Results for the passive scalar dispersion are also iion of less than 5%6].
agreement with these predictions. The vorticity correlation The experiments and the DNS use a 2D channel where the
function shows the expected logarithmic variation. flow is perturbed by arrays of cylinders placed both horizon-

The experiments use rapidly flowing soap films where thaally and vertically. The width of the chann&V, is 5 cm for
flow is perturbed by arrays of small cylinders. The experi-the experiments and 1 for the simulations. In units of channel
mental techniques used are laser Doppler velocin{éDy ) width, the diameter of the five cylinders in the horizontal
for the measurement of the velocity or vorticity fluctuationsarray was 0.1 with a spacing of 0.2. The diameter of the
and interferometry for the measurement of thickness fluctuaeylinders in the two vertical arrays placed at 0.1 from the
tions [4,6]. The velocity measurements are taken in twochannel walls was 0.04 for the experiments and 0.02 for the
points(using two LDV probes separated by a small horizon-simulations; the spacing between the cylinders was 0.2. This
tal distance between 0.3 and 0.7 mm depending on the dageometry is shown in Fig. 1 along with a snapshot of the
rate of the LDV} to estimate the vorticity using the Taylor vorticity field and the thickness field for the simulations and
hypothesi§4]. For both measurements, the time trace of thethe experiments, respectively. The presence of the cylinders
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FIG. 1. Left: vorticity field from DNS(Re=5000. Right: pho-
tos near the first horizontal grid and further downstream in the soap
film channel. Third photo: a zoom on the side of the channel to
show the intense activity created by the vertical cylinders in the
soap film.
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FIG. 2. Power spectra from experimei(# and simulationgb)

for the velocity (longitudinal U and transvers&/). The velocity
spectra and the energy density are shown in arbitrary units. The
on the sides of the channel clearly makes for the injection ofrequency axis and the wave-number axigbhand the inset tdb)
small scale vorticity into the main flow. This is very different are in reduced units in such a way that a frequehof 1 and a
from the situation where only the horizontal grid is presentvalue of 1 fork/2# correspond to the channel width. Inset(bj:

for which previous experiments and numerical simulationsEnergy density spectrum obtained from the spatial velocity field for
evidenced an enstrophy cascade diiy,g. Measurements the DNS. The frequency axis in the experimental data can be con-
were taken at different positions from the horizontal grid inverted to length scales using the frozen turbulence assumftion
the central region of the channel. While near the horizontanits of channel width 160 Hz corresponds to 1/6r 1 cm in

grid only one range is observed, as in previous experiment%hySica| unitg. For the numeric_s the same thin_g can be achieved:
using only the horizontal grid, farther downstream, clearly=10 corresponds to 1/1@n units of channel width

two ranges coexist for the velocity spectra. Figurés and

2(b) shows the power spectra of the two components of thecales which is relatively podhalf a decadeis due to the
velocity from the experimentéat a distance of 4 from the small value of the experimental Reynolds number which lim-
grid) and the simulationgat a distance of 2.5 from the gjid its the range of the inverse cascade. This range is naturally
The first range at large scales is consistent with a =5/3 scalimited by the channel width at large scales and by the cross-
ing law while the second range is consistent with a =3 scalover scale between the two regimes which goes to smaller
ing exponent. These two ranges are separated by a scale sifales when the Reynolds number increases, as the simula-
about 1/10 for the simulations and between 1/3 and 1/4 fotions show. This is not the case for the simulations, which
the experiments; this is due to differences in Reynolds numreach much higher values of the Reynolds number and for
bers. The Reynolds numbérased on the radius of the hori- which the quality of the -5/3 regime as well as the isotropy
zontal cylinders for the simulations was 50 000 for the re- of the flow at large scales is quite good and extends for
sults presented but tests with 5000 and 10 000 were alsaimost a full decade. For the experiments, the turbulence
carried out. The crossover between the two regimes is at 1/Becomes anisotropic at the large scales, comparable to the
and 1/6 for the two Reynolds numbers, respectively. For thehannel width. At the small scale end of the spectra, a flat-
experiments the Reynolds number is rather small and is dening is seen: for the experiments, this is due to the limited
best around 5000. However, since the viscosity of the soagynamic range of the LDV measurements; for the DNS, this
film, which is not known directly, can be higher than that of is due to a limitation of the spatial resolution. Besides differ-
the bulk soap solution, this number can be even smaller. Wences in Reynolds number, the experiments and the DNS
believe that the quality of the —5/3 scaling law at largealso differ in one important aspect, which is the air drag that
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o T — ] inertial range shows up as a flatery close to zerppart in
il ] T(k). However, very few experiments if anyn 3D) have
evidenced this. In our case only a small plateau appears; this
is certainly due to the small extent of the inertial range and
the low value of the experimental Reynolds number.
10l ] The shape off(k) in Fig. 3 directly gives the sense of
energy transfers, i.e., from the small to the large scales. A
= simple way to view this result is that the large scales are
gaining energy since the rate of change of the energy density
is positive. However, the small scales are losing energy as
ok \— " the rate of change of the energy density is negative. To be
T more rigorous, however, one needs to evaluate the energy
1'0 160 flux H(k):fST(k)dk This function is displayed in the inset

Wk to Fig. 3 as a function dfVk The energy flux is positive and
roughly constant at scales whéf&) is flat and close to zero
(i.e., for scales between the channel width and the crossover
between the two regimes described abhovdis is the hall-
is present in the experiments and absent in the numerics. | ark of the inverse energy cascade as expected for two-
IS present per . . ; ' _dimensional turbulence and as has been shown through pre-
inclusion in the numerical simulations is under way to better . . : . .

) ; : vious numerical simulationg13]. The energy flux is
understand its effect. The inset to FigbRshows the energy .

. . . . . therefore roughly constant and positive for the range where a
density for the numerical simulations calculated in real SPACE . ling consistent with inverse enerayv cascade is present
directly. The spatial velocity field from a 522512 window 9 9y hresent.

. Tge energy flux then decreases at smaller scales and swings
at the base of the channel was Fourier analyzed and average L : ) )
-“negative in the range where a scaling consistent with an en-
over the angle. The result from an average over several im- . :

. . . . strophy direct cascade is present. At even smaller scales, the
ages is consistent with the presence of two ranges in agreé- : e

. . , énergy flux goes through a negative minimum and starts to
ment with the spectra from the temporal signal which uses imb ub to zero. Scales much smaller than the location of
the Taylor hypothesis. These results are also in agreeme l up ' . )

. . . ) . is minimum are, however, not resolved in the experiments
with previous experiments and simulatiojfs10,11. These .
. ; . here so the full return to zero is not seen.
spectra suggest that the coexistence of two scaling regimes is X . . -

. > .7~ 7 A third quantity for which our measurements indicate a
possible with such a channel flow. The DNS results bring in . . X ;

o . : . nice agreement with the theoretical expectations and for
additional support in the sense that only molecular VISCOSI'[)(N . :

. . S hich to our knowledge no measurements have appeared in
's used here with no large scale dissipation. such a situation are the scalar field fluctuations: the thickness
As mentioned earlier, the energy cascades to large scale : : . : ;

. ) . ’ 2~ 0f the soap film and its fluctuations around the mean. Their

in two-dimensional turbulence. A direct test of the direction : . . .
._measurement is quite delicate but can be done using a re-
of energy transfers comes from the energy transfer function g
S . . . cently developed interferomet§,14]. As the photographs

T(k) whose origin is the nonlinear term in the Navier-Stokes . . :
equations[JE(K)/ At =T(K)+ 12E(K), where v is the kine- of F|g.' 1 show, the thlc;kne§s f[eld seems to fpllow the flow

d e Vi " has b d ' trated for 3D turbul and gives a natural visualization of the vortical structures
Matc viscosi ) as has been demonstrated for Urbulenc&pat detach from the cylinders. Previous measurements of the
[12]. This function can be calculated from a knowledge of

the two correlation functions Suu(r)=(W(y)u(y-+r)) thickness fluctuations in such soap filfits14] for decaying

B : . turbulence evidenced only one range. Here the measure-
and 1) =((y)u(y)v(y+r)) (v is the transverse velocity ments are consistent with the coexistence of two scaling re-

and r is parallel tou). Van Atta [12] calculated this gimes just as in the velocity or energy spectra. Indeed, the
function for two dimensions and it readsT(k)  power spectrum of the soap film thickness fluctuations turns
==2kI [} [orSmi(r)codkyr)dr kydk;/\VkZ-k? (i=1, 2. To  out to be consistent with theoretical expectations for a pas-
our knowledge, no experimental measurements of this funcsive scalafthe expected scaling exponents are -5/3 and -1,
tion, in 2D turbulence, have been carried out so far despiteespectively[13]) as seen in Fig. 4 which shows a -5/3
its importance. As can be seen in Fig.T3k) is positive at  scaling regime at large scales followed by a(with a loga-
smallk and then swings negative at larg®er smaller scales rithmic correction scaling regime at small scales. The two
with a small plateau at intermediate scales. The maximum ofegimes are highlighted with straight lines indicating the
the positive bump is close to the channel width while the-5/3 exponent and a regime consistent with a
minimum of the negative bump is near 1.5 cm which is neafk log;o(k/ky)]™* regime. Logarithmic corrections are ex-
the position of the crossover from the enstrophy to energyected in the enstrophy cascade rafitfs] so the exponent
cascade range. The —5/3 range is situated between these twieasured is not —1 exactly. Our results seem to be consistent
length scales as expected. Measurement3(kf in three-  with such deviations.

dimensional turbulence exhibit the opposite trend: a negative To further explore this turbulent flow we have measured
bump at large scales followed by a positive bump at smalthe vorticity fluctuations as well. It must be noted here that
scales, indicating a direct energy transfer to the small scaltheoretical calculations and predictions concern the vorticity
end of the spectrum. It must be noted here that an energgorrelation function or moments of vorticity increments di-
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FIG. 3. Energy transfer functiom(k) from the experimentsyV
is the channel width of 5 cm. Inset: the energy flixk).
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FIG. 4. Power spectrum of thickness fluctuationsyean 1.2x10°
=160 cm/s so 100 Hz corresponds to 1.6 cm. 1.0x10°
rectly rather than the spectrum. One of the main predictions 8.0x10° F
states that the vorticityw) correlation function, or more pre- A
cisely, ((0)w(r))*? is logarithmic inr [15]. In Figs. Fa) 8.0x10" I,
and 3b) we test the validity of the logarithmic correction 4.0x10" F
where(w(0)w(r))*? is displayed versus the incremeanflo a et L
good approximation, this correlation function is logarithmic aedl|
in r. From this figure we conclude that the logarithmic cor- 00F o
rection is relevant for both the experiments and the simula- o ox10° | .
tions. The second order structure functions of the vorticity 1E3 0.01 0.1
{{60%(r))={[w(r)-w(0)]»} are displayed in the insets to (b)

these figures. Their variation is consistent with the previous . _ .

test but as mentioned above these structure functions are not FIG- 5 (@(0)a(r))>? versusr in semilog plot:(a) experiments;

strictly logarithmic. It should be noted here that this structure(b) nymerlcal simulations. The insets show the vorticity structure

function looks similar to previously reported vorticity struc- [Unctions.

ture functions[4,16] (where particle tracking velocimetry

was used tra as well as the energy transfer function. The vorticity cor-
We have studied two-dimensional turbulence both nu+elation function is logarithmic according to our data. These

merically (direct numerical simulationsand experimentally. results are consistent with already existing experiments and

While the experiments are limited by the small or moderatenumerical simulations and extend them through tests of pre-

values of the Reynolds number, the simulations allow muctviously unmeasured quantities such as the energy transfer

higher Reynolds numbers. The results are in good agreemefitnction, the scalar spectrum, and the vorticity correlation

with theoretical expectations for the energy and scalar spedunctions.
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