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Numerical simulation of the miscible displacement of
radionuclides in a heterogeneous porous medium
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Mathématiques Appliquées de Bordeaux (MAB), Université Bordeaux 1, 351 Cours de la Libération,
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SUMMARY

The aim of this paper is to model and simulate the displacement of radioactive elements in a saturated
heterogeneous porous medium. New schemes are proposed to solve accurately the convection—diffusion—
reaction equations including nonlinear terms in the time derivative. Numerical tests show the stability
and robustness of these schemes through strong heterogeneities of the medium. Finally the CoupLEX 1
benchmark concerning the far field simulation of a polluted flow by a leak of a nuclear waste disposal
is performed and compared with the results available in the literature. Copyright © 2005 John Wiley
& Sons, Ltd.

KEY WORDS: convection—diffusion—reaction operators; Darcy’s law; adsorption; heterogeneous porous
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1. INTRODUCTION

Human activities use the radioactivity in several fields, for instance the production of elec-
tricity or medicine. The main attraction of this process is the possibility to produce a large
amount of energy. Nevertheless, in all the physical applications of the nuclear fission, the
disintegration of a radionuclide always produces other elements, generally radioactive too.
These products are useless, but are still dangerous for years. Since they cannot be totally
destroyed, the only way to avoid a contamination is to stock these nuclear wastes into some
containers that are buried underground. Many studies deal with the safety of this kind of
repositories in order to prevent the pollution of the ground by an eventual leak of the con-
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1054 C.-H. BRUNEAU, F. MARPEAU AND M. SAAD

tainers (for a mathematical point of view, see for e.g. Reference [1]). However, a leak is still
possible.

In this work it is assumed that some radionuclides have escaped from their storage site and
have started to contaminate the ground. At the usual depth the nuclear wastes are stocked, the
ground is a water-saturated porous medium where the contaminants can be carried on by the
flow. The main question is to know whether the radioactive pollution can reach the surface
and consequently affect a population.

According to the slowness of porous media flows, experiments may be difficult or impos-
sible. So, the numerical simulation is probably the best way to answer the question (see for
e.g. References [2,3]). It is now possible to simulate the dispersion of contaminants in large
domains for millions of years. The difficulty is to use an approximation accurate enough to
capture correctly the phenomena for such space and time scales.

The aim of this paper is to propose efficient schemes and algorithms to solve realistic bench-
marks, in particular the CourLex 1 (see Reference [2] or the web page [4]) in a heterogeneous
porous medium. The main result is the construction of a nearly second-order accurate scheme
for the approximation of a convection—diffusion—reaction equation with a nonlinear term in
the time derivative.

Next section is devoted to the modellization using Darcy’s law for the flow and a sys-
tem of convection—diffusion—reaction equations for the displacement of the radionuclides. The
adsorption of the radio elements on the porous matrix is also taken into account and often
leads to a nonlinear term in the time derivative. This last point is one of the major difficulties
we have to deal with.

In Section 3, we present the whole approximation in two space dimensions with emphasis
to the convection scheme which is studied in details. In addition to the nearly second-order
accuracy, the scheme is proven to be positive and stable even if the medium is heterogeneous.

Beyond these mathematical results, numerical illustrations show at Section 4 that the ap-
proximation is relevant. Indeed it is observed that the schemes are robust enough to represent
correctly the evolution of a contaminant through a discontinuity of the medium.

Finally, the end of the paper is devoted to CourLex 1 benchmark concerning a leak of
a nuclear waste repository in a heterogeneous medium constituted of marl, limestone, clay
and dogger rocks. Good results are obtained despite the strong discontinuities between these
various layers.

2. THE MODEL

We consider a water saturated heterogeneous porous medium the porosity of which is denoted
by ¢.

According to de Marsily [5] and Bear [6], the miscible displacement of a free substratum s
whose concentration in the water is ¢ may be governed by the following convection—diffusion
equation representing mass conservation:

H(X)0,c(t, X)) + div(c(t, X )V (X)) — div(DVe(t, X)) =0 (1)

.....

filtration velocity. In this equation, div(c(¢,X)V") represents the convection phenomenon while
div(DVc(t,X)) stands for the diffusion—dispersion one. The tensor D=d,,[ + d; is the sum
of the effective diffusion taking into account both the molecular diffusion and the tortuosity
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dI with a positive coefficient and of the mechanical dispersion d; [7-11]. The mechanical
dispersion tensor is defined as

a

do =V EV) + ol =EZD). (ED))y= 57

where the nonnegative constants o; and o, denote, respectively, the longitudinal and the
transversal dispersion coefficients. Thus the diffusion—dispersion tensor D is finally coercive.
Other forms can be found in Reference [10] or [12].

The heterogeneity of the medium implies that the coefficients ¢, d,,, «; and o, depend on X
but they are assumed to be constant in time.

The adsorption phenomenon can also be taken into account. We denote by F the adsorbed
phase of the substratum s, and because it only occurs at the solid matrix, its contribution to
the initial equation (1) leads to

¢0;c + (1 — ¢P)ps0,F + div(cV) — div(DVe)=0 (2)

where p,(X) is the density of the solid phase at location X. As the adsorption phenomenon
is assumed to be instantaneous, F' is a mapping of the nonnegative variable ¢ and is called
‘adsorption isotherm’. In Reference [5] the author gives several examples of such isotherm F
which are assumed to be functions of X to represent the heterogeneity of the medium:

Linear isotherm D FXe)=7y1(X)e
Quadratic isotherm : F(X,c)=71(X)c — y2(X)c?
e 71(X)e
Langmuir’s isotherm . F(X,c)= ——"——

g =100

Freundlich’s isotherm . F(X,c)=7,(X)c""
Exponential isotherm - ¢ =1 (X e

where n€ N*, 7, and 7, are nonnegative functions.

If the chemical species s is assumed to be radioactive, then it must lose its mass along the
time. The radioactive decay factor of s is denoted by 4. As this phenomenon exists in both
the aqueous and the adsorbed phases, the mass conservation equation finally writes

¢(0ic + 2c) + (1 — @)ps(0:.F (X, c) + AF(X,c)) + div(cV) — div(DVe) =0

But the disintegration of s may produce other chemical species of lower mass, and these
other chemical species might also be radioactive and produce again and again other ones
until the produced atom nucleus are stable. Thus a contamination by a finite number m of
radionuclides s* the concentrations of which are ¢ has to be considered and yields to the
following convection—diffusion—reaction system:

(P + (1 = p)psFH(X, M) + div(c" V) — div(DF V)

m k
+5 (Pt + (1 = @)pFA(X,F)) =S X %{ ra(pc’ + (1= P)psF' (X, ') =0
i
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where M* is the molar mass of s, r;; denotes the production rate of s* by s/, and A/ =0 if
s' is not radioactive. Note that the adsorption isotherms and the diffusion—dispersion operators
now depend on k. Since a nuclear reaction is irreversible, the m radionuclides can be ordered
such that Ry, = M*/Mry, is a lower triangular matrix with zero value on the main diagonal.
Moreover, the sum of the coefficients of each row never overtakes 1.

As the contaminant does not change much the characteristics of the fluid, we assume that
both the density p and the viscosity u of the fluid are independent of the concentration vector
and the filtration velocity V is given by Darcy’s law

KX)

VieX)= - T(VP(t’X) - rg) 3)

where p is the pressure, g is the gravity vector, and K € .#,(R) is the X-dependent perme-
ability tensor. The Darcy law is valid in our case as we consider a porous medium of porosity
smaller than 0.8 with small filtration velocities. Thus neither Brinkman equation nor Forch-
heimer terms are required [13]. Water being supposed incompressible, the free-divergence
equation div(}/)=0 is imposed. In summary we have to solve the following set of equations
for the pressure p, the velocity ¥ and the concentrations vector ¢ =(c',...,c¢™)T as unknowns
in an open bounded set (0,7) x €2

div (—iK(X)(Vp(r,X) - pg)) —~0 @)
V(X)= — %m)(vp(m ~ pg) 5)

0,GH (X, F (6, X)) + V(,X) Vi (1,X) — div(DN(X, V (£, X))Vck(£,X))

k
+FGHX, K (1,X)) = S M RuG (X, ' (1,.X)) = fH(.X), Vk=1,...,m (6)
=1

where the G* are given by
GH(X, M (6, X)) = P(X) (1,X) + (1 = p(X))ps(XFH(X, ¢ (1,X))

and the source terms f*(z,X) represent an eventual leak from a nuclear waste repository. To
solve this system we need to add initial and boundary conditions that will be given for each
numerical test.

3. APPROXIMATION

3.1. Generalities

In this section a method is described to approximate the system above in a two-dimensional
space domain where the space variable is denoted by X =(x,y). In all this work Q is
a rectangular domain (0,L) x (0,/). An accurate finite volume method is used on a uni-
form Cartesian grid with rectangular cells of size Ax x Ay. The interval (0,7) is split
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into subintervals (Z,,%,+1) and the time step A¢, is defined by #,.; — ¢, and will be denoted by
At in all the sequel. Furthermore, we write v, = At/Ax, v, = At/Ay, and we set x;=(i — 1)
Ax, y; =0 — Ay, x,1=iAx, y;,, =jAy and

¥ = Xi X B XH% Y B Xi Y - xH%
iLj = > i+1j— > ij+3 = > i+1j+s
Vi Vi Yij+d Y+t

The cells are assumed to be centred in X; ;. A generic cell is denoted by O, ; = (x;_1,x; +1) X

i1
(y',%,ijr%) and I'; ; = 00; ; (Figure 1). For every function ¢ defined on (0,7") x €, f;zfj, :;%’j,
5Zj+% and 5;’%’] Ly are, respectively, the approximations of &(#,,X; ;), {(4,,X; +1 s E(tn, X;, ; +%)
and é(t,,,XH%)H%) and the sequence ({7 ) ; is denoted by £".

The approximate pressure (p"), and velocity (V'"), are computed by solving, respectively,
Equations (4) and (5) (see Section 3.2 for more details). Then starting from ¢° the approximate
concentration vector ¢"*! is obtained by the resolution of Equations (6) on the interval (Z,,2,,1)
with the given velocity V.

For the resolution of the convection—diffusion—reaction equations (6), two main difficulties
arise. On the one hand, the presence of various differential operators makes our way towards
the operator splitting technique so as to treat separately the convection and the diffusion—
reaction terms as

0,G"(X, Y+ Vv =0 (7)
k

0,G*(X, ") — div(DFV ) + I GF(X, F) — S A RuGl (X, ¢!y = f* (8)
=1

If ¢*" is the approximation of c*(t,,.), a first way to construct a splitting scheme for (7) and
(8) would be to use the recurrent sequence

FH = (AL (AL, 1Y) )

where %, and %, are, respectively, approximation schemes for (7) and (8).

In the linear case it is proven in Reference [14] that such a way of splitting leads to a
too large numerical error so that for every schemes & and %, the resulting scheme %, 0 %)
becomes automatically a first-order accurate scheme in time. So the Strang splitting method
of References [14, 15] is more appropriate. It is defined by

Ck’n+1 :5”1 (Azt,yz (At,<¢] <A2t,ck’n>>> (10)

Xijr172 Xivipjrir2 i

©) T
i+1/2,j

XU XH—]/Z,_/' Q

ij i

Figure 1. The cell Q;;.
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and then in the linear case the additional error from this splitting technique to each scheme
is only (O(Af?). We use it by extension even if G* is nonlinear.

On the other hand, we have to deal with the strong spatial heterogeneities of the porous
medium modelling the ground. This will be discussed in Section 5 where a realistic test case
is performed.

The main result of this work is presented in Section 3.3.2 where we adapt the numerical
study of the hyperbolic systems of conservation laws summed up in Reference [16] to the
nonlinear G* case. Starting from a two-dimensional limitation technique [10, 17] for transport
equations such that div /' =0, we build a nearly second-order accurate scheme approximat-

ing (7).

3.2. Approximation of the pressure and the filtration velocity

Darcy equation (4) at time ¢, is solved in a classical way by a second-order finite volumes
scheme on the cell O;;. Hence the Stokes formula leads to

- f(X)axP(tn,X)d)’“‘
T

r ;
I+%~j

¥

where ' (X)=(1/u)K(X). Then, the values of # on the interfaces are evaluated with an
harmonic average

L1 g Lo 1(1 1
Hor o 2\ Ay A, A, 2\ Ay A

i+1.) ij+5

H(X)0x p(ts, X)dy

I=5.J

=

H XN, 10, X)) + pg) dx + /F H XN, pltnX) + pg)dr=0

i+

Then the space derivatives of the pressure are approximated by the centred second-order
differences scheme, so that the corresponding scheme to compute the pressure reads as follows:

Ay n n n n Ax 2 n n
E(‘%/Hr%,j(pi,j = Pin) A (Pl — pi)) + B(%,_/+%(Pi,j = Pii+1)
+ A (Pl = Piljo)) + Axpg( A — A1) =0 (11)

The whole approximation yields a linear system A p” = L", where L" contains the Dirichlet or
Neumann boundary conditions. The matrix 4 is a strongly dominant five diagonals matrix.
The inversion of this system is carried out by the conjugated bi-gradient method, which needs
to be preconditioned for a realistic heterogeneous porous medium (see Section 5).

The velocity V =(u,v) is finally computed on the interfaces thanks to Equation (3) with
the second-order centred scheme

v/ 7 7 1

pi+1.—p.. pliy— PP

n o oJ Ly, n o ij+1 ij
ui+%»j j[+%'j Ax ’ Uia/“ﬁ% jiajJr% AN y P9
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Note that

1 n n 1 n
A Wiy, — )t *(U,ﬁ - v
3.3. Approximation of the convection equation (7)
Let be
OxR — R
G:
X C) ~ GXC)
a function such that

e VX €0, G(X,0)=0,
e VX e, C— G(X,C) is a continuous increasing bijective mapping.

We want to approximate the equation
0,GX,C(t, X))+ V(X)) -VC(t,X)=0 (12)
For a porous medium modellization, such a mapping G represents
GX, C)=dp(X)C + (1 = p(X))ps(X)F(X,C) (13)

where C is a concentration and F is an usual adsorption isotherm. In the sequel G~!(X,C)
denotes the unique real number such that G(X,G~1(X,C))=C.
Assuming C is constant on every cell O;;, we build a scheme of the form

G(X,;, C )= G(X, ;, C1)) — At Z(X,C")

where & is a mapping. Since G is bijective on R, such a scheme is always well defined.
Then, C}fj’l is obtained by inverting G(X;, ,,C”“) It remains to require these numerical solu-
tions verify some physical properties such as positivity and boundedness. Note that without
positivity the isotherm functions lose their meaning.

3.3.1. Classical first-order accurate schemes. The Upwind-like scheme: For any real z, we set

Z+:7|Z|+Z and z~ = |2l - =

2 2

so that zt >0, z= >0 and z=z" — z~. The classical upwind scheme can easily be extended
to the nonlinear case. Equation (12) is discretized as follows:

G(X; ,,,C"“)—G( 0> Ci )= v, ACT I aacy JACT vyvijAC” LV AC,

where AC;’ =Cr,. — Cr, ACr ,=Cr C?.. According to Proposition 3 in

i+1,j ij ij+i LjFl T Vi
Appendix A, the scheme is /*°-stable and positive under the crL condition

Vilui j| + vy v ]
max | —4 2N <]
i.j ( 0:,(G)
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where

—

0;,;(G)= min nf
2192

nf (G( lj’ZI) G( 11922))’ inf (G( lj7zl) G( 11722)> (14)
Z1 — 2y 2.22€R_ Z1 — 2Zp

172

The linearized-transport-projection scheme: This first-order scheme built in this work is based
on the Murman finite volume technique (see Appendix B). Assuming that C— G(X,C) is
differentiable, the quantity 1/0-G(X, C) is denoted by H(X, C), and sometimes, when it is not
ambiguous, by H(C). Then the scheme reads

n+l _ ol
GX.;,ClT ) =G =G(X,;,;,C))
vV
_ e n n n
v (1= 3007 1Y+, é)) AL, -, ACL )
—y 1—1 JHLL s ) (), ACH, —un A L)
Y i+3.J -1 H_ é/ i—3 ij+i ij+3
V“"y( H', (" AC, 1 —v" AC, 1)
i, i g N i =t i+l j—3 i+1,j+4 i+1,j+7
+ n =
+uz 5] Hl—*]( i—1,j— Aci_laj_% Ui*l,jJr%ACi_le‘%)
+ n + n o n
+Ui,j—%]_[i,j—%(ui—%,j—lACi—%,.f—l ui+%,j71ACi+%,j—l)
n - n
+Uu+' ,j+l(ul—*]+1 Ci—%,jJrl ui+%,j+1ACi+%,j+l)) (15)

Proposition 1
Under the crL conditions

Vy _ _
(UljJrl]—Ii’jJr% + Ui j-1 HJ” +Hy (Uiil,j+ 1:|:11 1)) =

v
oyt Hl+—/+“ lJH +H, e (u,
22

+
2 uz+ i—3.J + ui—%,jil)) <1

i+1,j+1

- + Yy ot -
) (V= 3 Hy 00, o)
+Vv(U at U ; 1) (1 Y 1 A+ “,-__%,J»Hi—%,j)) <0,,(G)

the linearized-transport-projection scheme (15) is both /°°-stable and positive.

This result comes directly from Proposition 3.
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3.3.2. A nearly second-order accurate limited scheme. Our main result is presented here.
Using the Lax—Wendroff technique, the aim of this paragraph is to adapt the method of
References [10, 17] for a nonlinear G to construct a second-order accurate scheme. Starting
from Taylor formula for G where time derivatives are replaced by space derivatives thanks
to Equation (B1) in Appendix B we get

2
G(X, C(tys1,X)) = G(X, C(t,, X)) — AtV - VC + ATZ div(H (X, C)div(CV V) + O(AF)

Integrating the result on the cell Q;; yields

G(X, Cty1, X)) = / GX,C(t, X))~ At [ V-vC
Oy 0y

2
Atz/ H(XC)( Zf) VC~nda+/ O(AR)

i j

Qi/'

Finally, the spatial derivatives are approximated as in Reference [10] by centred finite differ-
ences schemes, taking into account the direction of the flow (remember H is always positive):

/ ud,C dxdy ~ %(um JACL Ay AC )

i

/ vﬁyCdxdyN (Dlj+1AC Jrl"f‘l) 1AC”,L)

i

Ay
2 ~
/F} H(Cu 0Cdy~ JEHy iy AC,

H(C)uv@ CdyNL

2/

2
/ H(C)?0 Cde—I—L,‘H%viLH%ACLH%
1/+l
/ H(C)uv@ Cdx~ L11+1
where
_A ui+%’j IJ+1AC11+1+UZ-’ 1ACIJ_1 if ul+ 120
—Ay J .
+ +
5 o/ 2 Ui+l,j+%ACi+l,j+% + Ul+1jflACl+1j7* if ui+—,j<0
I — Asf Vijid [ jJAC +u_ 1 AG if v;;,120
i+1 +1 .
" M2 ui+%,_j+lACi+§,j+1 Fuy 0 ACy 0 if v, <0
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The same argument on the other edges of O;; leads to the second-order accurate
Lax—Wendroff-like scheme

Vx
G(Xep, CIf) = Gy Cly) = 5 (i JAC iy JAC )

=20 AC, gty AC, )

( it z+ JACL i’:%,ju?—%,jACi—%J)
(Hn]+lu,j+lAc, oy —H vl JAC )
e B L) (16)

We make this scheme [°°-stable and positive thanks to Proposition 3 with usual 2D flux-
limitation arguments. We refer the reader to References [18,19]. We construct a limited
scheme which is second-order accurate assuming div ¥ =0 (see Appendix C for more details).
Let ¢ be a positive function such that
=0 if x<0
@(x) , , (17)
< min(M,Mx) if x>0

where M <2. Introducing the following notations:

AC” ut, ACT
rn_ o t+ ] l+zj r,,Jr _ l*fy/ I=5,]
i=3.J AC" | D JAC
,;%,j i=3.J t+ T
v ACH v AC
- Ljy T ity e bj—3 T ij—3
Li-r o ps JACT | Tt of ACT
ij—3 ij—3 i,j+3 i,j+3
n— : n—
< <
) (/’(VH_%J) if Uil S0 . @(,j+;) if Uijl S 0
b; = s Qi1 =
+3.] n+ : Lj+3 n+
(p(rH%’j) if ui+%’j>0 q)(rlﬁé) if Vi jit >0
and
v
=1 — YVt n n _ X + n — n
i, j 1 2(Ui,j+lH j+l +U %I_Ii,j—%)’ ﬁz} 1 i+%,jl—1i+%,j+ui7%,jl—]i—%,j) (18)
K

_ + - + -
iy = maXCulatgy gl V(U oo, ) v o )

= - + +
K =max(v,|y; j+1\ vx(ui%jj+1 + “,-7%,141)’ ve(u

2:J= +u’+ J— 1))

ij+3 =
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we get the following nearly second-order limited scheme that is written down as an extension
of the previous first-order scheme:

G( s n+1)
l"»/

1, Vx o o
= Gi,jl‘q - E(|ui+%,j|(ai,j - KH%,,‘)(P:[%JAC;;%,_/ - ‘uif%,j‘(ai,j - Kl;%,j)@?_ ACT )

Vy
7?(|Di,j+%|(ﬂi,j 1]+l)golj+lAcnj+l 7| 1177‘([311 z,]+%)(pzj7%ACij%)

+vay( z+ J H—— ;(|Ul+11—f|q’z+1/ ACszrlj |Ul+1/+' |(pt+1,j+%AC;1+l,j+%)
+Hl~n_2_ (|Ul_1]—l|<P 11_1Acn 1= \Ui—l,_/+%|<P:l_1,j+%ACf_1,j+%)
+I—Iir,lj+%vi,7j+%(‘”i*%,j+l|q)?7%,j+lACinf% T |”i+%,j+1|¢?+§,j+1ACn+ j+1)

+I_[i’,1j—— U—l(|ut—n1—l‘(pz—— Jj— Ac;l—%,j—l o |ui+%,j—1|(p?+%,j—1AC?+%,j—1)) (19)

Proposition 2
Under the following crL conditions:

1 n n
A[<2A l/+1H +l—i—v H,j 1)

1 o 1
max (Ax'u‘ii’ﬂHiié».i’Ay AT LAty Fy( by oyt zlﬁl))) <!
(20)

i—3.J

1 n
At(zA (ul+ .Hl+7/+u H )

1 1 _ 1
+ max (Ay|vi’jiéllﬁ’ji;, E(ui+%,j+l+uz—fj+1) E(uf_%J AR 1))) <1
(21)

(Vx (2%/ i—%,]l_lzn 1. )+ vx (2%/ Rivy ][—['1%1)

1
0:.(G)

+vyvi,—j+%(2ﬁiai_’€i,jf ,/Hn )+VY j 1(2ﬁ11 t/+ /H +3 J))<1 (22)

Lj— L

=

the nearly second-order scheme (19) is /°°-stable and positive.
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1064 C.-H. BRUNEAU, F. MARPEAU AND M. SAAD

The proof of this proposition is detailed in Appendix C. In the same way it is possible to
improve the order of the scheme, for instance to third-order following Reference [17] but the
present scheme is much easier to implement and gives satisfactory results on the classical test
cases. Usual flux limiters are recalled

Roe’s limiters : o(r) = max(0, min(®r, 1), min(P,r)) where 1 <P<L2
For ® =1, such a ¢ is called the Minmod limiter. For ® =2, it corresponds to the Superbee
limiter

0 if »r<0
Van Leer’s limiter : o(r)= 2

if =0
1+r

3.4. Approximation of the reaction—diffusion equation (8)

Let S be a radionuclide of concentration C generated by a finite number & of other elements
that are called s/, /=1,...,k, the concentrations of which are denoted, respectively, by c'.
The following reaction—diffusion equation on the unknown C is considered

0:G(X, C) = div(D(X, V(X))VC) 4 1G(X, C) — Ek: MRIGI(X, )= f(1.X)
I=1

Note that if C denotes the concentration of a specie s* in Equation (6), then the coefficient R,
stands for the real number R;;, while f and A are related to f* and A*. Concentration C is
assumed known at time #,.

First, the time derivative term 0,G(X, C) is approximated at first-order by Euler scheme

G(X,C"™") — G(X,C")
At

06X, C)~

Next, to avoid a too restrictive crL condition, the diffusion operator div(DVC) is treated
implicitly, as well as the other terms. Note in addition that since the matrix R is lower
triangular with zero value on the main diagonal, Equations (6) can be solved sequentially

from the first one, so that E];:1 J'R,G'(X,c") is known at time #,,, and thus can be treated
implicitly without any difficulty. The equation

G, C(tn11,X)) — GX, C(10, X))
At

— div(DOX, V(X)VC (111, X))
LAG(X, Cltys1, X)) li HRIG' X b, X)) = (11, X)

is integrated on the cell Q;;. The velocities components u;., ; and v;,1 are given and
the scheme developed in Reference [10] yields using the Stokes formula as the tensor D
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is symmetric

div(DVC):/ (DllaxC—l—DlzayC)dy—/ (D"6,C + D"0,C)dy
0ij o1 L1

i+ i—5

[N
[N

+/ (D"?0,C + D*9,C)dx — / (D?0,C + D*0,C)dx
r

i+ 5

N

where 0,C =0,C(t,41,X) and 0,C=0,C(t,+1,X). The space derivatives are then approxi-
mated by the second-order accurate centred finite differences scheme as

/ D'o.Cdy~ iJ’Dn (cml ot

i+d j\ it ij

12 ~ 1 12 n+1 n+1 12 n+1 n+1
. D6,Cdy~ 1D, (Cl1! = Crl )+ 1D (C —Crtl )
i+7.j

12 1 nl2 n+1 n—+ 12 n+1
/r D3 Cax~iDP,  (Cl L~ )+ ADP, (L - C )

Ax
2 - 22 1 1
/F D¥0,Cdx~ £ DL (CTL = €l

ij+}

and D*2

l/+1

11 12
where D+ , Dl:l: jd

vlﬁ% and

are the coefficients of D evaluated using the velocities

Uird,j»
U1 = %(”H_l’j + U1 ; + Uil iyl + ul'_)'_%’j_'_])
Dip 1 4(vlj+ +v ij—1 L+ Uy L+l + 0, /—f)

Uppl jrl = E(”ii%,j Uil 1)

Vet ey = 300 + 00 1)

This process is repeated on the other edges of Q;; giving the scheme:

(1+ AANGX;;, CI T + Atz (C

= G(X,;,C )+At2)’R;G X + Arff! (23)
where
AC = (DI (G = Gy = DIy (= )
——<D2,+1( Crili = G = D5 (i = €ty
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1
_2AxAy( i+ ﬁl(

l

il —Crh-D2,

+1 +1
1,41 E,j,%(ij CiZi-1)

1

n+1 n+1 12
JFM(D,+ (e — iy - D2,

i+1,j—1 EJJF%

1
(Gl =Gl )

This implicit scheme leads to a nonlinear system if G is nonlinear, or to a linear system
otherwise. A Newton method is chosen to inverse this system. The Jacobian matrices are
nine diagonals. Let us note that for realistic coefficients and realistic velocities of porous
media flows, the effective diffusion often predominates the mechanical dispersion, so that
the coefficients D'' and D?? are often upper than D'?. But this is not enough to prove the
positivity of the scheme. When D'? is constant it is easy to get the positivity and stability of
the scheme but since in general it is not, the space contributions do not lead to a diagonal
dominant matrix. However, thanks to the time term the quantity ¢/A¢ can dominate the
extra terms under a CFL condition. For a realistic heterogeneous porous medium flow the
CFL condition given by the advection term can be used to solve the problem. The conjugate
bi-gradient method converges and the Jacobian matrices are preconditioned to improve the
performance.

4. NUMERICAL TESTS

This section is devoted to show the robustness of the schemes built in the previous section
to solve the convection—diffusion—reaction equation, by means of classical tests cases involv-
ing a constant velocity field such that div ¥ =0. Here the geometry is very simple and the
heterogeneities are quite weak, so that these tests do not represent a real porous medium.
Nevertheless they allow to quantify the accuracy of the schemes. A more realistic test case
is proposed in the next section.

4.1. Classical convection in a circular velocity field

First, we use the limited scheme of Section 3.3.2 to solve the classical convection equation
0,C+V-vC=0

coupled to the usual boundary conditions. Setting Q2 =(0,1) x (0, 1), the velocity field is sup-
posed circular and centred at (3, 5

V=(=2n(y - 3),2n(x — 7))

The initial condition for C is given by C =1 in the disk (x —0.25)*> +(y —0.5)><0.0036, and
C =0 elsewhere. The crL number is taken equal to 1 and the mesh is defined by the 100 x 100
uniform Cartesian grid. The solution of some schemes are plotted at # =1 for which the exact
solution is the same than the initial condition (Figure 2). After these results we decide to use
in the following the second-order Superbee-limited scheme which is the more accurate. Note
that similar results are obtained with a linear adsorption G.
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Figure 2. Concentration contours and cross section along the axis y =1 after one turn for the exact so-

2

lution (top-left), the upwind-like scheme (top-centre), the transport-projection scheme (15) (top-right),
the present nearly second-order scheme with Minmod (bottom-left), Van Leer (bottom-centre)
and Superbee limiters (bottom-right). Twenty isovalues are plotted between the extrema.
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4.2. Nonlinear convection in a homogeneous porous medium

We test now our scheme for a nonlinear adsorption G on the same domain and mesh. The
porosity, the density of the solid matrix and the velocity are assumed to be constant: ¢ =0.5,
ps=1and V' =(1,0.7).

The adsorption isotherm is defined by the quadratic law

FX,C)=4{C—-1C?
and we have to solve the following equation:
O(PC+ (1 —P)p(JC—1C)+V-VC=0

The initial condition is given by C =1 in the disk (x — 0.2)*> + (y — 0.2)><0.01, and C=0
elsewhere. The results are plotted on Figure 3. We observe clearly the retardation phenomenon
due to the adsorption. The solution presents a shock in front of the contaminant and an
expansion wave behind it. This is an obvious consequence of the concavity of the adsorption
mapping. Let us note that the grid convergence is almost achieved as about the same results
are obtained on a 200 x 100 mesh.

4.3. Classical convection in a heterogeneous porous medium

Finally the scheme is tested for a heterogeneous porous medium on the same domain and
mesh. The porosity is assumed to be discontinuous across the line y= — 323 x + 0.78. The
value of the porosity is denoted by ¢, under this line and by ¢, above. The equation

$0,C+V -VC=0 for V=(03,0.5)

is solved. The initial condition has the value 1 on the square (0.1,0.3)x (0.1,0.3) and 0
elsewhere (see Figure 4).

Two sets of porosity are chosen ¢, =0.6, ¢, =0.3 and ¢, =0.3, ¢, =0.6. The correspond-
ing results are plotted in Figures 5 and 6. A discontinuity of the porosity coefficient ¢ is
generally difficult to handle but the results obtained with our scheme are relevant. Indeed
the contaminant crosses properly the discontinuity and a symmetric solution is recovered

@
o D

Figure 3. Convection in an oblique velocity field with a quadratic adsorption. Concentration
contours of the initial condition (left), numerical solution at times ¢#=0.2 (centre) and
t=0.4 (right), using twenty isovalues between 0 and 1.
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Oy

g

Figure 4. Geometry and initial condition for the discontinuous porosity convection problem.

L

Figure 5. Numerical solution with ¢,=0.6 and ¢,=0.3 at times #=0.1 (left), r=0.3 (centre) and
t=0.47 (right), using twenty isovalues between 0 and 1.

D

Figure 6. Numerical solution with ¢,=0.3 and ¢,=0.6 at times t=0.06 (left), r=0.15 (centre)
and ¢ =0.6 (right), using twenty isovalues between 0 and 1.

beyond in both cases. This is quite normal because Proposition 2 does not require any
homogeneity of the medium.

In the first case the contaminant spreads because the porosity becomes twice smaller and
consequently the effective velocity of the contaminant becomes twice faster. On the contrary,
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in the second case the curve is compressed. Nevertheless, in both cases the mass [, G(X,C)dX
remains unchanged along the time.

4.4. Convection—diffusion—reaction in a heterogeneous porous medium with a nonlinear
adsorption

The last test case of this section couples convection, diffusion and reaction phenomena in a
heterogeneous porous medium (Equation (6)) on the same domain and mesh. The medium is
discontinuous on both sides of the line y =x. The region above this line is denoted by €2,
and the region underneath is denoted by €),. The porosity is 0.3 for €2;, and 0.2 for €2,. The

velocity field is defined by
v 1 i 1
V= <_50 (y_ 2) ’50 <x_ 2)>

1 2 1

The displacement of two chemical species s' and s is studied. The species s' is assumed
radioactive, with 14 as molar mass. Its decay factor A' is such that A' = In 2/T"', where the
period T'=15. The species s is assumed stable (4>=0) with 12 as molar mass, and is
generated by filiation from the element s' with the rate 90%. The diffusion—dispersion tensor

DA =il + |V IGE0) + kB, (B = 1
is independent of £ and its values are given in the Table I.

The adsorption isotherm for s' is linear in € as F'(x,c')= f; ¢!, and Langmuir-like in Q,
as F'(x,c')=15(c'/1 + ¢'"). The species s> is assumed unadsorbated (F2(x,c?)=0 in ).
The boundary conditions are D¥Vcf -n — ¥V -n=0 everywhere on the boundary. The initial
condition for s' is ¢! =1 in the disk (x —0.2)> + (y —0.5)>=0.01 and ¢! =0 elsewhere. The
value ¢? at t=0 is zero everywhere (see Figure 7). Obviously the geological coefficients
presented here are not realistic in comparison with a ground, but nevertheless they allow to
observe that the scheme can take into account all the phenomena described in Section 2.
Solutions at times 2,5 and 14 are plotted in Figure 8. We can observe that although s is not
present at £ =0, it is produced by the destruction of s'. Thus by the way of the radioactivity s!
loses its mass along the time whereas s increases its one as Figure 9 shows. The different
phenomena are well captured, in particular the species s> goes faster as there is no delay
due to the adsorption as for the species s!. Moreover, the diffusion of the species is clearly
observed.

Table I. Value of the diffusion and dispersion coefficients.

di, o o
o 0.00001 0.00005 0.00002
0 0.000001 0.00001 0.000005
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O

Figure 7. Geometry for the convection—diffusion—reaction test-case (left), initial
conditions for s' (centre), and for s* (right).

1 2

Figure 8. Concentration contours ¢ (top) and c¢° (bottom) for the convec-
tion—diffusion—reaction problem at times ¢ =2 (left), t=35 (centre) and ¢ = 14 (right).
Twenty isovalues between 0 and 1 are plotted.

Remark

In this last test case a splitting is needed and we can then compare the two splittings given
in Section 3. An iteration of the Strang splitting scheme (10) is more expansive than one of
the classical splitting scheme (9) but the Strang splitting scheme can be implemented with a
cFL number twice greater than the one of the classical splitting scheme. Finally, it converges
faster in terms of CPU time.

Copyright © 2005 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2005; 49:1053-1085



1072 C.-H. BRUNEAU, F. MARPEAU AND M. SAAD
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Figure 9. Mass of s! (left) and s? (right) along the time.

5. THE COUPLEX 1 TEST CASE

This section presents the final test of this work where the ground is represented by several
geological layers. The additional difficulty in comparison to the previous computations is the
presence of strong heterogeneities that exist in the ground porous matrix. For example, the
permeability of clay rocks can be thousand or million times smaller than limestone ones, and
so the finite volumes matrix of the scheme (11) can be very ill-conditioned. Moreover, the
effective diffusion d,,, and the mechanical diffusion «; and o, of the tensor D can also be
thousand times greater from one rock to another. Thus the Jacobian matrices of the scheme
(23) are also often ill-conditioned. So it leads to precondition the matrices and we choose the
incomplete factorization of Gauss.

This benchmark has been proposed in 2001 by the French anpra to study the safety of
the nuclear waste repositories in the ground (see References [2,4]). This test concerns the
displacement in the underground of the Iodine '*’I and plutonium ?**Pu elements which come
from a leak in a nuclear waste repository that lies into a clay layer. This clay layer is round
off by a dogger and a limestone layer. The near ground is made of some marl rocks. The
geometry of this test is drawn on Figure 10. The repository # is modelled by the rectangular
uniform injection well

R={(x,y)€[18440,21680] x [244,250]}

Note that the width of the domain is quite small in comparison with its length. Furthermore,
the width of the repository (6 m) is also very small compared with the width of the domain
(695 m), and this is a restriction for the uniform mesh we want to use, but such a mesh
is suitable to keep the accuracy of the approximation. Finally, because of the slowness of
the flow, the time scaling is chosen very long (7= 107 years) in comparison with the space
scaling. But the radio-elements leak from the repository over a small period compared with 7
(see Figure 11).

As the boundary conditions for pressure and velocity fields are assumed independent of time,
the flow is also independent of time. The permeability tensor is the diagonal matrix K =K./,
where K, is called the permeability coefficient. Setting k., = pgK./u, the hydrodynamic load
is defined by 4= p—pg +y, s0 V= —k,Vh and div(—k,Vh)=0. This equation in the % variable
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Figure 10. Geometry for the COUPLEX 1 test-case.

0.0016 , , 0.0001
0.0014 | | ge-05}
8e-05 |
0.0012}
7e-05 |
0.001 | 1 6e05}
0.0008 | 1 5e-05}
0.0006 | | 4e057
3e-05
0.0004 |
2e-05 |
0.0002 | 1 1e-05}
0 , ~ oL ‘
1000 10000 100000 1000 10000 100000 1e+06

t t

Figure 11. Source terms fl (left) and fz (right) along the time.

does not lead to an additional difficulty compared to Equation (4) as the following set of
boundary conditions is specified:

h=289 on {25000} x [0,200]
h=310 on {25000} x [350,595]
h=180+ 160x/25000 on [0,25000] x {695}

h=200 on {0} x [295,595]
h=200 on {0} x [0,200]
V-n=0 elsewhere

The coefficient &, is defined in Table II.
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Table II. Value of the intrinsic permeabilities.

Marl Limestone Clay Dogger

ke (m/year)  3.1536 x 10~° 63072 31536 x 107 25.2288

Table III. Value of the diffusion and dispersion coefficients.

1291 242 Pu

d, (m’/year) o) (m) o (m) dj (m’/year) of (m) o (m)

Dogger 5x107* 50 1 5x107* 50 1
Clay 9.48 x 107’ 0 0 442 % 107* 0 0
Limestone 5 x 107* 50 1 5x107* 50 1
Marl 5% 107 0 0 5% 107* 0 0

Figure 12. Hydrodynamic load contours for the CoUPLEX 1 test case with
twenty isovalues between 180 and 340.

We are interested by the elements Iodine '*’I and plutonium 2*’Pu that escape from the
repository. In system (6), the iodine is represented by s' while the plutonium is depicted
by s?. The adsorption is assumed linear and is then modelled by two retardation factors R!
and R? in the equations

GR¥ O,k + V- Vck — div(DFV k) + pAFRA = fH(t,x), k=1,2
The elements generated from the destruction of iodine and plutonium are not taken into
account. The other data of this benchmark are summarized in the following:

e In the clay layer, ¢R' has the value 0.001 for '*’I and 0.2 x 10° for >*>Pu. In the other
layers, ¢R* =0.1 for both iodine and plutonium.

o )F=1n2/T*, T* being the period of the element s*: T'=1.57x 107 years and
T?=3.76 x 10° years.

e For the diffusion—dispersion tensor,

DF=dil +|VI(EWV )+ af(I — E(V))), (E(V))y= |VV|V§

and the X-dependent coefficients are given in Table III.
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Figure 13. Concentration of %I from left to right and top to bottom at times 10110,

50110, 100000, 150000, 200000, 10°, 5 x 10° and 107 years. The contour values
are 10712, 1071°, 1078, 107°, 107*.

e The source terms f* denote the leaked concentrations. They vanish outside the repos-
. koL . .
itory and keep constant f inside. Denoting by S the surface of the repository, the

o =, . . .
quantities %4 =S§f 7 and the times 14 they are related to are given in tabulated form

in a data file available on site [4]. Their unity is the mol/year and their appearance is
shown on Figure 11.

The initial datum for iodine and plutonium is zero and the boundary conditions are for both

% 0 on {0} x [295.595]
s =0 on )

ock

= =0 on {0} x[0200]

DV n—cf V7 -n=0 on [0.25000] x {0}

=0 elsewhere on the boundary
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Figure 14. Concentration of 2*?Pu at times 10° years (left), and 5x 10° years (right). The contour
values are 1072, 107'%, 107%, 107%, 107*.

The hydrodynamic load and concentrations of both radio-elements at time 200,10110,50110,
10° and 107 years are expected.

This benchmark has been performed with the 850 x 208 uniform Cartesian mesh. The results
are drawn on Figures 12—14. We see in Figure 12 that the hydrodynamic load is directly linked
to the boundary conditions as the flow goes from right to left in the limestone and dogger,
and the frontiers of clay and marl layers are not permeable. The concentrations of iodine
are plotted on Figure 13. The effects of the diffusion can be observed everywhere while the
convection is only important in limestone and dogger layers and generates a displacement
from right to left. The weak retardation phenomenon and the diffusion—dispersion coefficients
allow the iodine to exit from the clay layer and its radioactivity period cannot avoid it to
move towards the near ground. The concentrations of plutonium are given on Figure 14.
The plutonium is more diffusive than the iodine, but its adsorption by the clay rock is so
strong that with the same velocity field, its radioactive decay does not allow it to escape
from the clay layer until its entire destruction. The results above are in very good agreement
with the ones of the literature [2]. This test case highlights the importance of the adsorption
phenomenon in the study of miscible displacements in a saturated porous medium.

6. CONCLUSION

In conclusion a stable and robust second-order scheme is built and tested on various test
cases. Despite the difficulties involved by the simulation of a real porous medium flow that are
the convection phenomenon, the nonlinearity of the adsorption and the strong heterogeneities
between the different geological layers a ground is composed with, the approximation yields
accurate results. We are able to perform quite realistic simulations of the displacement of
radionuclides in porous media. Furthermore, in spite of the slowness of general porous me-
dia flows, radionuclides can reach the floor before they are totally destroyed, even if they
come from a leak of some containers that are stocked deeply in the underground. This occurs
with convenient geological diffusion—dispersion coefficient, and when the adsorption is suffi-
ciently weak, as the displacement of the iodine shows for the CourLex 1 benchmark. When
the retardation phenomenon is too strong, the radionuclides are trapped in their geological
environment. This can be illustrated by the confinement of the plutonium into the clay layer
in the same test case.
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APPENDIX A: POSITIVITY AND /> STABILITY

In this appendix we adapt some standard results (see References [16, 20]) on the approximation
of hyperbolic conservation laws to Equation (12).

Definition 1
A nine points scheme in two space dimensions can be put on the incremental form when for
every n there exist twelve real numbers

1 1 2 3 3 1 1 2
Ai+%..i’ Bi—lz Az+z,J+l’ Bi—*J-H’ At+ =1 BF%’FI, Du+;’E,J—— D+l jt3
2 3 3
EHrlj Dz—lj+ Et—l,]——
such that

G( z]acn+l)—G()(;]an

1 n 1 n 2 n
+Ai+%ﬂjACi+%’j —Bl, AC, +4%, AC

i+ 1, j+1 i+3,j+1
l AC” 5 /+1 +A13+ J—IAC1n+ ,/—l i /—lAcln—— j—1
+Dzlj+' AC" Eil,j—%ACn 1 +Dl+1 j+;ACln+1j+2
E12+1j IACZHHJ +D3 1/+lAC Lj+1 E?—l,j—%ACin—],j——
where
AC) =Clay—Cly and ACY =Cliy = Cly

We get the following stability result.

Proposition 3
Assume C+— G(X,C) is an increasing mapping. A scheme on the incremental form in the
sense of Definition 1 is /°°-stable and positive provided that for every i and j

A1]+2,1 Di2+1,j+2 E12+1 j—1 =0
Dzl;+2 A12+ L+l _B?—%,ﬁl =0
le—lj _D?—l,j+% _E?—l,j—% >0
Eil,j—% _B?—%,j—l _A?Jr%,j—l =0
Alz+ J+1 +Dz+1 J+i =0
Dy 4By, 20
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3 3
B, tE ;o120
3 2
Ar o tEL ;20 (A1)
and
Al 4D +BL +E L <0,(6) (A2)
where
1 1 G ij> i,js . G i i
Hi,j(G):mIIl inf ( Xijy21) = G Zz)), inf ( (Xij»21) — G(Xi; 22))
21,20 €ERL zZ1 — 2Zp 212 ER_ Z1 — 25
219 v
Remark

In porous media flow modelling, C+— G(X,C) belongs generally to ¢!(R*;R), so that 0; ;(G)
should be replaced by inf-cgs (0cG(X;;,C)) in (A2). The application J¢G is positive.
According to (13), a sufficient crL-like condition would be

Aj oy 4D+ B E <))

1+ J i

Proof

We first show the positivity property. Let C}'; >0, for every i, j. If Cl”j+1 =0, there is nothing
to show, hence it may be assumed that C,-’jl # 0. Taking first C}'; # 0, we define two positive
numbers

n n+1
0. = 7( 0> Ciy) and 0= 7(;()(’ ¢
b Cr; b cr!
. i,
Scheme (1) becomes
ntl _ 1 1
Ci,] 0n+1 (9 l+ JJ Di,jJr% B Bifé,j B 1] l)
+(Az+ i Dt+1 g+ l+1 = 1) l+1] + (Al+ i Dt+l g+ l+1 j—l) Lj+1
1 3 3 n 1 3
+(Bz 1 D —Lj+3 Ez 1,j— 1)C,',1’j + (Ei,j—% - Bifé,jfl l+ = 1) i,j—1
2 n
+(Az+ L+l +Dz+1 jt+i )G g+t (Dz Lj+1 +Bi7%,j+1)ci—1,j+l
+(B?f%,j 1+E13 1,71)C Lj— 1+(Az+ = 1+E12+1/—l) i+1,j—1

and therefore the assumptions of the proposition yield the positivity of C”“ since 0} ;> 0; ;(G).
The proof when C}'; =0 is obvious.
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Now let us prove the stability property. If ijl cr.

7;, there is nothing to show. If

C,»’f“;é 7> we define the positive number
it G €2 = G 1)
i I
G -Gy

Scheme (1) can be rewritten as

n+1 __ ”+z 1 1 ! n
G = +1 (0 z+ gD 3 Bz—— J Ei,.f—%)cﬂj
ij
+4!, - D? —E? e, + (D -4, —-B,. )C"
i+3,j i+ T il =1 /i L) ij+y T ittt i—g,j+17 0+
+(B_, ,—D; —E} )Cly, +(E ., — B — 4 )C
i—1.j i— 1]+— i—1,j—%5/ =1 ij—1 i—3.j—1 i+3,j—170j =1

+(Az+ j+1+Dl+lj+l)C+1/+l+(Dl3 1;+‘+Bz /+l) —Lj+1

+(B?7%,j 1+Ez3 1,j— ‘) —Lj— 1+(Az+ = 1+E12+11 1) l{zrl,jfl

1 ce .
The scheme being positive, 9272 >0; ;(G), and we conclude on the /*°-stability since C{ffl is
a convex combination of the components of the vector C”.

APPENDIX B: CONSTRUCTION OF THE LINEARIZED-TRANSPORT-
PROJECTION SCHEME (15)

This first-order scheme is based on the Murman finite volume technique. The mapping
C—G(X,C) is assumed differentiable, and the quantity 1/0cG(X,C) is denoted by H(X,C).
First note that since dcG never vanishes, Equation (12) is equivalent to the simple transport
equation

0,C+HX,C)V -VC=0 (B1)

The velocities u; ny and v, ; 41 are supposed known and constant on every cell sub-domain
defined in Figure B1. We set

Vi,lj ::(ui+%,j’vi,j+%)T if Xe Ql{j
~ V:ZJ 3:(%,1 j,vij+1)T if Xe Q[Zj
V= v, ) if X€O)
V=g o)t i X €O
The equation

0,G(X,C(t,x)) + V(X) - VC(5X)=0
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12
X:_i+1/2 Xi+l/2j+1/2 ]'l;
2 1
Qif Qil' 13 Q] 11
—_—
Ui 1p; u . l—; i 1";
i-172) i+1/2) ij
Vije1/2 Vij+1/2
%
14
Xij Xirin; T.
3 4 ij
Qlj Q'I
Uigpj Uir1/2;
Vij-112 Vijan
0,

Figure B1. 2D-geometry for the linearized-transport-projection scheme.

is integrated among the space-time cell (#,,%,41) x O; ;. Hence the Stokes formula leads to

: (GX, C(ty11,X)) = G(X, C(1, X)) dX

tht1 ths1
/ C(t,X)V! -ndX dr + / C(t,X)V7,-ndX dt
t 20} ; t

s w0y

byt Int1
/ C(t,X)I/i3j~ndth+/ C(t,X)V} -ndX dr=0
£ 6Q§_j. ’ t BQ,‘{/. ’

n

where n stands for the outward unit normal to each sub-cell dQ! .. To approximate C on 0Q)

i L

we consider successful Riemann problems on sides I‘i’}, 1“1!’}?, I‘ilj, 1"1.1)’;‘ (see Figure B1). For

F}j, C is evaluated as the exact solution of the constant-velocity convection equation
OC(LX)+HV . VC(t,X)=0 for t € (tytui1), X €0, (B2)

where C‘(tn,X ) is assumed to be known

" .

¢l if XX 1 and YY1
" .

Clij if x>x;,1 and y<y; o

Clnryy={
i1y 1 x>x0and y>y; 0

" .
G if x<x;, 1 and y>y; .0
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and H and V are defined to take into account the direction of the flow

H=H" and V= (uﬁ;’j) with &= R
i+1./ = =

l v otherwise

i+1,j+1
The exact solution of (B2) is C(,X)=C(ty,x — Huyy [(t —1,), y — Hil(t — 1,)).
The same process is repeated on Flljz with

. . il u
H=H" , and V= with &=
T3
Uij+i

H—%,]’ if Ul]+l>0

u otherwise

i+1,j+1
On Fl 3% (ty,tys1) and I‘l 4 X (ts tay1), We take obviously C = C}';. Finally, the same arguments

than before for O0? and 0? ., lead to scheme (15), and Proposition 1 follows easily from
Proposition 3.

i,j* i,j°

APPENDIX C: LIMITATION OF SCHEME (16)

A flux limitation technique is used as in Reference [10]. First scheme (16) is written as a
perturbation of the linearized transport-projection-like scheme

1
G(X.;,ClT =G}
Vyx
*5(|”i+%,j|(“z/ Hi i j)AC,-i%’j*|”i7%,j|(°‘zji*1’1,-n_%, )Ac,n ,j)
Y
(|Ulj+l|(ﬁlj +1K11+')A ij+1 — v j7—|(ﬁlj ,jff jf—)AC,nj,L)
-y ACT ACT
( ,,,] i— (|Uz 1]+2| 1j+ |Ui—1,j—%‘ ,;1)]',%)
n _
+I_Ii+%’ju[+%’j(|vi+],]+z ‘AC1+1 ]+ ‘UH—],] llACl+1 j_,)
+Hzn/—* :r/ ‘(‘u”r = ALY it+3.j—1 |ui*%*f*1|ACl{1—%aj—1)
+]—1,’:lj+%v:j+%(|ul+%,j+l|Acln+ L+l |u1—§ j+1|ACI‘rL%’j+1)) (Cl)

where Gl-l’f/’.’ is defined by (15), o;; and p;; are defined by (18), and

Kit = Vel s K =vylv ]

We obtain the nearly second-order limited scheme (19) thanks to an usual flux limitation
argument.
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One sets ;1 ; =V, 1 ; and 0 ;1 =V,v
form in the sense of Definition 1 with the corresponding coefficients

1 -
Ai+%,j - O-i+%,j %~ 2 (% _Hz+z1 l+2,1)q)(rz+ ])

B, =o o — = | (i, —H" \ 35,1 )o@
i—3.j -3\ "2 (@ =3 i—1,1)9( i—%,j)

(il )

3.7

7(%31 I—It{l% J l+ o] rn+
i+3.J

1
l _ —_
Du+2 =041 Bij = 2 (B — u+'K’J+1)(p(ru+l)

, (P(r,n;_%)
—(Bij— H,-,j_% Kij—1 )?
ij—1

1
Eil,j—% = O-er,% ﬁi,j - E (ﬁl/ ,j 1/7—)(70(}’ )
7J+
_(ﬁ” i’ 7K’]+2)T2
1 e q)(rin—_%,ﬁrl)
I=3 (‘P(Vi+;,j+1) B a—
z—i,‘]-‘rl
¢ rz"z:l ‘+1)
<q0(r 3 /+1) 7t =
i+3.j+1
1 ¢ V,n;l 1)
- E <q)(rz+l,]+2) n— —

1
A2, =-H' 07 0
i+4,j+1 PN RN A RS WA

1

2 _ ~n - + _ _
Bi—%,Hl - 2Hi,j+éai,j+%o-z~j+1 (1 2

1
D) . =-H", 0., 0. —_—
i+1,j+1 2 ity 1+2] i+1,j+13 r
i+1,j—4%

n+
r
n+ ¢ l+1/+2)

1 n -
E? = _H o Pl o) —

i+1,j—3% 2 i+1.j 1+ JoiFLj—1 1
t+ j+2

ij+1- This scheme can be put on the incremental
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A3 lHn + — 1 n— ('D(rt——,j—l)

= -H" - = r —_—
N D T ¥ B R S A W > (Ui, ) - =

1——,]—1

n+

o(rily )

B, _ lHn ot ot 1 _1 St ) — i+3./-1
i—1,j—1 2 ij—y ij—3 =51 2 1——/—1 n+

i+5.j—1

3 _ _gn L o
Difl,jJr% - 21—1175,1 17—,]Gz—l,j+2 2 z—lj+l)
l—LJ—*
1 1 et 1)
J+3
E | =-H", a*la+ N I e T 1)—72
i—lLj—5 2 177,/ i—5.j i—1,j—3 2 i—1,j—5 7"

._.
/\/:\/\
|
S
~~~
o~
=
|_|
<
|
N—
N
v\_/vv

Recall the limiter ¢ defined by (17) verifies the property

91>0, 92>0, b?é0:>—292 91(p(a)—0 QD( )<291

If
o — Hipy iy ;20 and iy —Hjyik ;0120 (C2)
we get
l+l61+2aJKi+%J < A}+%>]' SO (2%] ]—[l ]K’_f’/)
Hzn_%a:*,j i1 S le—i,l S O- (2%1 z+ jKH'%’j)
I—Iz,j+%6;j+%’€i,j+% < Dil,j+g S0, ,+1(2ﬁ11 i, lJ—*)
I_Ii,jJr%o-,Tj,%Ki,jf% < Eil,j—% S0 ,j 1(2ﬂu ,j+2 z;+2)
0< 47y, < AL L
0< Btsz,jJrl S Ht/HJ,ﬁégul—nﬁl
, e (C3)
0< Di+1,j+2 Hz+f Jj 1+2,101+1,/+2
0<EY, < Hl 001 %
0< Ay yms SHY 00, 1000
0<B , ,<H_, LA
0< Dz371,j+§ S HL 35 sz,jai:l,j+%
O<EL , y<HL o0, 0"
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so that
1 2 2 — n + —
| D _E >0 H K.1.— (0 + o
i+3.J i+1,j+5 itlj—3 7 Vit i+%,j( i+3.] ( i+1,j—% i+1,j+%))
1 2 2 — n - +
D 4 _ B >0 H K...1— (o +o
ij+% i+1,j+1 i+1,j+3 7 Vil i,j+%( ij+3 ( i+l j+1 57%,j+1))
B, . -D}, [ —E . =0, H' | (K, e T
l—%,] 17%471 171,17% = 17%,1 l*%,j( 1 %,j ( 171,17% i—],j+%))
1 3 3 + n + -
E 4 — B >0 H k.. 1— (o +o
ij—1 i+1,j—1 i—Lj+1 = Yij-1 t,j—é( ij—3% ( i—1,j-1 i+g,j—1))

To verify the property (Al) in Proposition 3, our choice is to modify some second-order

terms: ;1 ; and K;j_1 are, respectively, replaced in (C1) by

_ + - + -
Ripy,; = max(K g (ai+1,j7% + O-i+l,j+%)’ (Chy Lt O-i—l,j-‘r%))

j7

-1 +01’:—%,j—]))

_ - + +
Kiji1 —max(Ki,H%, (GH%JH + 0 l,j+1)’ (0'1,7%

i1 J

and then assumption (A1) turns to hold. However to justify estimates (C3), the condition (C2)

has to be verified with these new coefficients £, 1 ; and X, ;1. This is true under the crL-like

conditions (20) and (21). It finally remains to fulfill the assumption (A2) of Proposition 3
to ensure positivity and stability of the scheme. For this, estimations (C3) can be used, and
they drive to (22).
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