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Abstract

Numerical simulations of the 2D lid-driven cavity flow are performed at high
Reynolds number Re = 100000. The qualitative behaviour of the turbulent solu-
tion at this high Reynolds number is described and analyzed with respect to the
time scheme and the grid. Global quantities such as the energy and the enstrophy
show that solutions computed from a different initial datum converge to the same
asymptotic stage as expected due to the existence of a global attractor.
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1 Introduction

In the eighties’ a lot of theoretical works were dedicated to the existence of exponential
attractors for dissipative evolution equations (see [2] and references therein). In partic-
ular many researches concern the two dimensional Navier-Stokes equations for which an
estimate on the upper bound of the attractor dimension was obtain [8]. Although it is
still difficult to compute reliable solutions of these equations at high Reynolds numbers,
it seems possible to get a qualitative behaviour of the solutions. The aim of this work is
both to give some transient solutions at Re = 100000 in the lid-driven cavity problem and
to give a numerical confirmation of the presence of an attractor starting with two very
different initial data. There are very few computations at such a high Reynolds number
in the literature as it is difficult to represent correctly the flow in the boundary layer.
Nevertheless in [6] some results give a view of the solution in the transient starting from
rest.
The numerical simulation lie on a finite differences discretization and on a multigrid solver
with a cell-by-cell relaxation procedure. Classical Euler or Gear time schemes with explicit
treatment of convection terms are coupled to a second-order approximation of the linear
terms in space and a third order scheme for nonlinear terms [1]. To get reliable results
the solutions with the multigrid algorithm are computed on finest grids as fine as possible
and the results are analysed on various global quantities. Although finest 1024×1024 and
2048 × 2048 cells grids are used, the aim of this paper is not to give benchmark results
but to study the qualitative behaviour of the solutions. On the one hand the solutions in
the transient are described for the two grids and the two time schemes. And on the other
hand it is shown that the solutions computed from two different initial data converge to
the same asymptotic stage as expected by the existence of an attractor for two dimen-
sional Navier-Stokes equations.
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In the next section the Navier-Stokes equations in primitive variables are recalled and an
outline of the computational method is given. Then the numerical results are carefully
analysed.

2 Governing equations and discretization

To solve the incompressible flow in a 2D square cavity Ω = (0, 1)× (0, 1) and for a time
interval (0, T ), we set the unsteady Navier-Stokes equations:





∂tU −
1

Re
∆U + (U · ∇)U +∇p = 0 in ]0, T [×Ω

∇ · U = 0 in ]0, T [×Ω
U(t, x, y) = (−1, 0) on ]0, T [×Γ1

U(t, x, y) = (0, 0) on ]0, T [×Γ0

U(0, x, y) = U0(x, y) in Ω

(1)

where U = (u, v) and p are respectively the velocity and the pressure, Γ1 is the top
boundary, Γ0 represents the three other sides and U0 is an initial datum. The system
of equations (1) is discretized by means of either a first order Euler scheme or a second
order Gear scheme. The linear terms are treated implicitly whereas the convection terms
are treated explicitly. Let Un be the approximation of U at time tn = nδt , the Euler
semi-discretized system reads :





Un

δt
− 1

Re
∆Un +∇pn =

Un−1

δt
− (Un−1 · ∇)Un−1 in Ω

∇ · Un = 0 in Ω
Un = (−1, 0) on Γ1

Un = (0, 0) on Γ0

(2)

and the Gear semi-discretized system reads :





3Un

2δt
− 1

Re
∆Un +∇pn =

2Un−1

δt
− 2(Un−1 · ∇)Un−1

−U
n−2

2δt
+ (Un−2 · ∇)Un−2 in Ω

∇ · Un = 0 in Ω
Un = (−1, 0) on Γ1

Un = (0, 0) on Γ0

(3)

We shall see on numerical results the influence of the time scheme to the transient be-
haviour.
The system of equations (2) or (3) is discretized in space by finite differences on an uni-
form staggered grid. The discrete values of the pressure are located at the center of each
cell and those of the velocity field are located at the middle of the sides as shown on figure
1.
The discretization of the left hand side of equations (2) or (3) is achieved using second or-
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Figure 1: A staggered cell

der centered finite differences. For instance, the divergence-free equation is approximated
at the pressure point (i, j) by

un
i+ 1

2
,j
− un

i− 1
2
,j

δx
+
vn
i,j+ 1

2

− vn
i,j− 1

2

δy
= 0.

in order to link the four velocity components of the same cell. The convection terms in the
right hand side of equations (2) are approximated by the third order scheme constructed
in [1]. For instance the discretization of the term −vn−1∂yu

n−1 at point (i− 1
2
, j) (see

figure 1) is given by
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This new third-order scheme has been compared successfully in [1] to the classical ones,
namely the original third-order upwind scheme, the quickest scheme [7] and an other
upwind scheme based on a centered stencil [5].
To reduce the CPU time a multigrid algorithm using a V-cycle procedure and a Gauss-
Seidel cell-by-cell smoother is used to solve the system at each time step.

3 Numerical results

We present here various numerical results at Re = 100000 performed on fine grids of
1024× 1024 and 2048× 2048 cells to get reliable results. The goal is to have a mesh size
small enough to capture the boundary layer effects. With these fine grids, we ensure that
there are a few grid points in the boundary layer. Of course, we do not claim that the
number of points is sufficient to represent the whole phenomenon but is enough to get a
good qualitative behaviour of the solution. In addition we compare the results obtained
with the two time schemes. The first test is to compute the solution from rest on two
consecutive grids for a short time. We can see on figures 2 and 3 that the solutions
obtained in the transient stage look similar on the two consecutive grids even if it is clear
that there is more diffusive effects with the coarser grid.
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grid 1024× 1024

grid 2048× 2048

Figure 2: Evolution of the vorticity with Euler scheme for Re = 100000 at times t = 4, t = 6, t = 10,
t = 14, t = 16 and t = 20 (from left to right and top to bottom).
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grid 1024× 1024

grid 2048× 2048

Figure 3: Evolution of the vorticity with Gear scheme for Re = 100000 at times t = 4, t = 6, t = 10,
t = 14, t = 16 and t = 20 (from left to right and top to bottom).
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In addition the results obtained with Gear scheme are more reliable as the corre-
sponding solution exhibits more vortices and in particular more small eddies along the
wall (shown clearly at time t = 20). Let us point out to the reader that to better isolate
the various vortices we have represented the vorticity isolines given in table 1.

The results in the transient are not similar and it is clear that the grid convergence is

Isolines values
Stream-function -0.1 -0.08 -0.06 -0.04 -0.02 -0.01

-3×10−3 -1×10−3 -3×10−4 -1×10−4 -3×10−5 -1×10−5

-3×10−6 -1×10−6 -1×10−7 -1×10−8 -1×10−9 -1×10−10

0.0 1×10−10 1×10−9 1×10−8 1×10−7 1×10−6

3×10−6 1×10−5 3×10−5 1×10−4 3×10−4 1×10−3

3×10−3 0.01 0.03 0.05 0.07 0.09
0.1 0.11 0.115 0.1175

Vorticity -40.0 -35.0 -30.0 -25.0 -20.0 -15.0
-10.0 -8.0 -6.0 -4.0 -2.0

2.0 4.0 6.0 8.0 10.0
15.0 20.0 25.0 30.0 35.0 40.0

Pressure from -2.0 to 2.0 by step 0.01

Table 1: Contours values of the stream-function, the vorticity and the pressure.

not reached. However global quantities as the kinetic energy or the enstrophy defined by

E =
1

2

∫

Ω

‖U‖2dx, Z =
1

2

∫

Ω

‖ω‖2dx,

are identical for this short time. The problem is to compare our solutions to other simu-
lations or experiments. Unfortunately, there is very few results available in the literature
but it seems that qualitatively the behaviour of our solutions is correct. At intermediate
Reynolds number Re = 25000, the solution exhibits about the same structures along the
walls but there is still a strong primary vortex in the center of the cavity [3]. However some
authors find a more regular solution at Re = 30000 [4]. On the contrary, at Re = 100000
there are many more eddy structures filling up the whole cavity as it can be seen also in
[6].
In addition, to validate our results we verify that the flux term

∫

Ω

U · (U · ∇)Udxdy

vanishes in the lid-driven cavity as U ·n = 0 on the boundary. As the velocity components
are given on staggered grids, we evaluate the whole quantity at the center of each cell and
then approximate the integral by the first order formula

δxδy Σi,j(U · (U · ∇)U)i,j.

Numerically we get a mean value in time around 6 × 10−5 on the grid 1024 × 1024 and
around 3× 10−5 on the grid 2048× 2048.
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The second numerical test is performed initializing the solution at time t = 0 with the
steady solution obtained at Re = 5000 with global values E = 0.0473 and Z = 40.26 (see
figure 4).
The aim of this second test is to compare the behaviour of the solution with respect to

Figure 4: Steady solution at Re = 5000 computed with present scheme on grid 1024× 1024. From left
to right stream-function, vorticity and pressure fields.

the initialization. We know that for the 2D Navier-Stokes equations there is an attractor,
so we expect the behaviour of the solutions is asymptotically close. The question is to
estimate the time needed to reach the asymptotic state. On the one hand, the plots of
figure 5 illustrate the evolution of the solution in the transient stage starting from rest.
The stream-function contours at times t = 10, t = 100, t = 200 and t = 400 show that
the flow enters progressively the cavity to yield a quite stable gyrator flow in the middle.
Nevertheless, the vorticity and pressure isolines reveal the presence of numerous eddies
coming from the walls inside the whole cavity. A careful study indicates that the effects
of viscosity are confined to a thin layer close to the solid boundaries. Small eddies de-
velop in the vicinity of the walls and the two lower corners. These eddies are sometimes
organized in Karman alleys and yield dipole structures that are convected inside the cav-
ity. This is confirmed by some animations and many pictures available on the web page
http://www.math.u-bordeaux1.fr/MAB/DNS. A similar behaviour is shown in [6].
On the other hand, the evolution of the solution starting from the steady solution com-

puted at Re = 5000 is given on figure 6. The same quantities plotted at the same times
show that the strong primary vortex is progressively reduced as many eddies coming from
the wall spread into the whole domain. At the beginning the three secondary vortices in
the corners are broken by the small eddies. Then the two flows look much more similar
as can be seen at time t = 400 (last line of figures 5 and 6).
This is confirmed by the energy and enstrophy histories. Indeed the energy of the first

simulation increases with time from zero as the energy of the second simulation decreases
from the value reached by the steady solution at Re = 5000 namely 0.0473 (figure 7). In
addition the enstrophy histories are much more similar at the end of the numerical sim-
ulations. The asymptotic stage is not fully reached but from time t = 300 the solutions
are quite close and become closer as time is going on. In addition the enstrophy histories
are similar at the end of the simulation.
To confirm that the behaviour of both solutions is quite close, the velocity evolution from

time t = 200 to time t = 400 at monitoring point (14/16,1/16) is plotted on figure 8. We
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Figure 5: Evolution of the solution at Re = 100000 computed from initialization at rest. From left to
right stream-function, vorticity and pressure fields on grid 1024× 1024 at times t = 10, t = 100, t = 200
and t = 400. Computation with Gear scheme in time.
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Figure 6: Evolution of the solution at Re = 100000 computed from initialization by the steady solution
at Re = 5000. From left to right stream-function, vorticity and pressure fields on grid 1024 × 1024 at
times t = 10, t = 100, t = 200 and t = 400. Computation with Gear scheme in time.
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Figure 7: Comparison of the energy (left) and the enstrophy (right) histories at Re = 100000 with the
two initializations.

see clearly that the time signals are also similar. On figure 9 is plotted the corresponding
Fourier spectrum of the two signals which are quite close with respect to the frequency
and the amplitude. Let us note that the two spectra of the horizontal component capture
about the same main low frequency and that the two spectra of the vertical component
exhibit many peaks located at about the same place.
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Figure 8: Horizontal (left) and vertical (right) velocity components history at monitoring point
(14/16,1/16) for Re = 100000.

4 Conclusion

The various computations at high Reynolds number show the robustness and efficiency
of the approximation and of the computational method. The direct numerical simulation
of the unsteady Navier-Stokes equations with a strongly coupled solver in the primitive
variables, enable to describe the qualitative behaviour of the solution at Re = 100000. The
numerical tests from two different initial solutions converge toward the same asymptotic
stage, confirming the presence of an attractor.
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Figure 9: Power spectrum of the horizontal (left) and the vertical (right) velocity components at
monitoring point (14/16,1/16) for Re = 100000.
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