DISCRETE AND CONTINUOUS Website: http://math.smsu.edu/journal DYNAMICAL SYSTEMS–SERIES B Volume 3, Number 1, February 2003 pp. 45–68

EXISTENCE RESULT FOR A MIXTURE OF NON NEWTONIAN FLOWS WITH STRESS DIFFUSION USING THE CAHN-HILLIARD FORMULATION

L. Chupin

Mathématiques Appliquées de Bordeaux Université Bordeaux 1 351, cours de la Libération 33405 Talence Cedex, France

Abstract. We consider a model of mixture of non-newtonian fluids described with an order parameter defined by the volume fraction of one fluid in the mixture, a mean-velocity field and an extra-stress tensor field. The evolution of the order parameter is given by a Cahn-Hilliard equation, while the velocity satisfies the classical Navier-Stokes equation with non constant viscosity. The non-newtonian extra-stress tensor, which is symmetric, evolves through a constitutive law with time relaxation of Oldroyd type. We derive at first a physical model for incompressible flows (with free-divergence property for the velocity). In fact, the model we consider contains an additional stress diffusion, which derives from a microscopic dumbbell model analysis. The main result of this paper concerns the existence and uniqueness of a local regular solution for this model.

Introduction. To study the behavior of a binary mixture polymer/solvent, we are interested in the specific case of an heterogeneous mixture. We propose a model which determines the evolution of the interface by diffusion and by movement. This approach was used in the 50’s by J.W. Cahn and J.E. Hilliard [4]. Its main advantage is that it automatically yields to a continuous description of the surface tension, which plays an important role in topological transition [17]. Furthermore, to model the hydrodynamic properties of a mixture an equation for a mean velocity field is needed. The resulting equation is essentially a non-homogeneous Navier-Stokes equation. The Cahn-Hilliard and Navier-Stokes equations are coupled because of the surface tension source term (in Navier-Stokes) and the convective transport of the interface parameter in the Cahn-Hilliard equation. Moreover, we study the case where at least one of the two liquids in the mixture is a non-newtonian fluid (a viscoelastic fluid). This characteristic is given by a non-zero extra-stress tensor σ which is symmetric [10] and obeys the constitutive law of Jeffreys type [19].

In this paper, we first present a theoretical model to study the incompressible mixture of viscoelastic flows. For the mathematical study, we assume that the two phases have the same densities. In the second section, having introduced some supplementary hypotheses (non-degenerate mobility, “almost polynomial” potential...) and having defined the mathematical context, we state the main result: the local existence and the uniqueness of a strong solution for our problem. Two rather different cases appear depending on the covariant derivative chosen in the Jeffreys

1991 Mathematics Subject Classification. 35Q10, 76D05, 76A05, 76A10, 76T05. Key words and phrases. Cahn-Hilliard equation, Navier-Stokes equation, Oldroyd model.

45

46 L. CHUPIN

model. The main part of the paper is devoted to the proof of these results. In the third part, we recall some preliminary results on the order parameter (whose average is conserved), on the tensorial algebra, on the classical term of the transport in the Navier-Stokes equation and on various results of compactness. The fourth part is devoted to the proof of the existence in the general case, based on Galerkin approximations and energy estimates. The last two parts are devoted respectively to the proof of the uniqueness and the proof of the particular case where we have chosen the corotational invariant derivative in the constitutive law.

1. Governing equations.

1.1. Derivation of the governing equations. In this section, we develop a model for a binary fluid in which both constituents are incompressible (such a binary fluid is called quasi-incompressible, see [17]). In this way, we consider a mixture composed of two incompressible phases of mass densities ρ^0_1 and ρ^0_2. The temperature is supposed to be constant. To describe a continuous time-dependent concentration profile, we need a dynamical equation for a parameter describing the ratio between the phase 1 and the phase 2 at each point of the mixture. To derive such an equation, we define the volumic fraction of the first fluid in the mixture (or equivalently, its mass concentration) by Φ = Φ(t, x) = dV_1/dV, where dV_1 is the volume filled by the fluid 1.

Let us introduce the density and velocity of the mixture as follows: the apparent densities of each fluid in the mixture, denoted by ρ_1 and ρ_2, are defined by

ρ_1 = Φρ^0_1, ρ_2 = (1 − Φ)ρ^0_2,

and the total density is equal to the sum ρ = ρ_1 + ρ_2. Each fluid possesses its own velocity field v_i. In this paper, we define the mean velocity v by v = Φv_1 +(1−Φ)v_2. Note also that some authors (see for instance [17]) consider a mean velocity defined by ρv^∗ = ρ_1v_1 + ρ_2v_2. The advantage of this first definition of the velocity is to preserve the divergence-free property.

In order to obtain the equations describing the mixture, we apply the usual mass and momentum conservation laws for the two fluids. The mass conservations read:

∂_tρ_i + div (ρ_iv_i) = 0, i = 1, 2.

Dividing each of the equations by ρ^0_i , adding the equations and using the definitions of ρ_1 and ρ_2, the mean velocity field satisfies the “incompressibility” property:

div (v) = 0.

Following A. Onuki [21] who introduces the relative velocity of the polymer and the solvent, we set w = v_1 − v_2. Moreover, to keep all the symmetry in the problem, we prefer to introduce the renormalized order parameter defined by

φ = 2Φ − 1.

We have −1 ≤ φ ≤ 1 and φ(x) = 1 (resp. φ(x) = −1) if and only if the fluid 1 (resp. the fluid 2) is present at the point x.

Using the “incompressibility” property (1.1) and the fact that v_1 = v +^{1−φ}_2 w, the equation of mass conservation for the first fluid reads ∂_tφ + v.∇φ + div ( 1 − φ^2 2 w ) = 0. (1)

NON NEWTONIAN CAHN-HILLIARD FLOWS 47

The momentum conservation gives two additional equations: the equations of motion for the two components are

∂_t(ρ_iv_i) − div (Σ_i) + div (ρ_iv_i ⊗ v_i) = F_i, i = 1, 2 (2)

where Σ_i and F_i respectively correspond to the stress tensors and the exterior forces. The stress tensors are split into two main parts, first the hydrodynamic partial pressures denoted by p_i, second the extra-stress tensors τ_i (which obeys a constitutive law that we will study further):

Σ_i = −p_iId + τ_i.

Moreover, we assume that the partial pressures are given from a total pressure p and that the extra-stress tensors are given from a global extra-stress tensor τ by the following relations

p_1 =

1 + φ 2 p, p_2 = 1 − φ 2 p, τ_1 =

1 + φ 2 τ, τ_2 = 1 − φ 2 τ. Finally, the forces are assumed to be of the following form:

F_1 = −ρ_1∇μ_1 + ρ_1g − ξ(φ)w , F_2 = −ρ_2∇μ_2 + ρ_2g + ξ(φ)w,

where the first terms correspond to the chemical potentials, the second terms to the gravity force and the last to the friction between the two components (ξ is called the coefficient of friction, see A. Onuki [21]). A thermodynamic description allows us to write the chemical potentials using the specific free energy F [20] as follows:

μ_1 = μ_0(φ) + 1 − φ 2ρ(φ) ∂ F ∂φ , μ_2 = μ_0(φ) −

1 + φ 2ρ(φ) ∂ F ∂φ . Here μ_0(φ) is the chemical potential of a theoretical uniform alloy of composition φ and the other terms are exchange terms due to the non-uniformity of the alloy. Afterwards, we suppose that the temperature is constant and the specific free energy depends only on both the concentration (or equivalently the order parameter φ) and its spatial gradient (see for instance [5], [21]): F(φ) = ∫ Ω A 2 |∇φ|^2 + EF (φ), (3) A and E being two physical parameters describing the interaction between the two phases, and F being the Cahn-Hilliard potential. For example, the Ginzburg- Landau-Wilson free energy functional for φ is given in the usual form (see [21]) by a polynomial expression of the following type

F (φ) = C_1φ^4 − C_2φ^2. (4)

This polynomial form of the chemical potential is classically used in the literature but it is an approximation of a logarithmic expression given by M. Doi in [7]:

F (φ) = T_c(1 − φ^2) + T ((1 + φ) log(1 + φ) + (1 − φ) log(1 − φ)). (5)

48 L. CHUPIN

Adding equations (2) describing the motion and using the definitions of the mean velocity, the total density, the global stress tensor and the total pressure, we deduce: ∂_t ( ρv + (ρ^0_1 − ρ^0_2)

1 − φ^2 4 w ) − div (−pId + τ) + div ( ρv ⊗ v + (ρ^0_1 + ρ^0_2 − ρ)

1 − φ^2 4 w ⊗ w + (ρ^0_1 − ρ^0_2)

1 − φ^2 4 (v ⊗ w + w ⊗ v) )

= −ρ∇μ_0 + ρg − (ρ^0_1 − ρ^0_2)

1 − φ^2 4 ∇ ( 1 ρ ∂ F ∂φ ) + 1 2 ∂ F ∂φ ∇φ. (6) To obtain a second equation coupling the two velocities v and w, we replace the equations of motion (2) by their non-conservative forms:

ρ_i∂_tv_i + ρ_iv_i.∇v_i − div (Σ_i) = F_i, i = 1, 2, (7)

and from ρ_2(7)_1 − ρ_1(7)_2, the relative velocity w is governed by

ρ_1ρ_2∂_tw+ρ_1ρ_2 ( v.∇w + w.∇v − φ(w.∇w) − 1 2 (w.∇φ)w ) − ρ 2 (τ − pId).∇φ + (ρ^0_1 − ρ^0_2)

1 − φ^2 4 div (τ − pId) = −ρ_1ρ_2∇ ( 1 ρ ∂ F ∂φ ) − ρξ(φ)w. (8)

A characteristic of the mixture is the fact that the two phases are non-Newtonian. More precisely, we assume that the extra-stress tensor is given by a differential constitutive equation of Jeffreys-type (see [12]): D τ_i Dt + τ_i λ_{1,i} = 2η_i λ_{1,i} D(v_i) + 2η_i λ_{2,i} λ_{1,i} D Dt D(v_i), i = 1, 2. (9)

In this model, the deformation tensor D(v), is defined as the symmetric part of the velocity gradient: D(v) = (∇v +∇^tv)/2 and the parameters η_i, λ_{1,i} and λ_{2,i} denote respectively the elastic viscosity, the relaxation time and the retardation time of the fluid i. The notation^D_{Dt} represents an invariant time derivative which can be defined by (see [12]): D M Dt = ∂_tM + v.∇M − W (v).M + M.W (v) − a(D(v).M + M.D(v)), where a ∈ [−1; 1] is a rheologic parameter and W (v) is the skew-symmetric part of the velocity gradient: W (v) = (∇v − ∇^tv)/2 (called the vorticity tensor).

To obtain a constitutive equation for the total extra-stress tensor τ in the mixture, we assume that there exists a mean viscosity η such that

η_1 =

1 + φ 2 η , η_2 = 1 − φ 2 η, and we define λ_1 = λ_1(φ) and λ_2 = λ_2(φ) by: 1 λ_1 = 1 + φ 2 1 λ_{1,1} + 1 − φ 2 1 λ_{1,2} , λ_2 λ_1 = 1 + φ 2 λ_{2,1} λ_{1,1} + 1 − φ 2 λ_{2,2} λ_{1,2} . We can remark that the rate λ_2/λ_1 measures the Newtonian default of the mixture (in a Newtonian fluid, the retardation time and the relaxation time are equal and

NON NEWTONIAN CAHN-HILLIARD FLOWS 49

close to zero, see [12]). With these definitions, adding equations (9) we obtain: D τ Dt + τ λ_1 = 2η λ_1 D(v) + 2η λ_2 λ_1 D Dt D(v) − ηλ_2 λ_1 ∂_tφD(w) + 2η

1 − φ^2 4 ( 1 λ_{1,1} − 1 λ_{1,2} ) D(w) − η λ_1 (∇φ ⊗ w + w ⊗ ∇φ) + 2η

1 − φ^2 4 ( λ_{2,1} λ_{1,1} − λ_{2,2} λ_{1,2} ) D Dt D(w) − ηλ_2 λ_1 D Dt (∇φ ⊗ w + w ⊗ ∇φ). (10)

Following A. Onuki [21], we assume that the relative velocity of the fluid 1 and the fluid 2 is lower than the mean velocity of the mixture (w ≪ v). Under the previous approximations, the equation describing the evolution of the relative velocity (8) can be written as 0 = −ρ_1ρ_2∇

(_1 ρ ∂ F ∂φ ) − ρξ(φ)w, and allows to deduce a convection-diffusion law for φ using (1):

∂_tφ + v.∇φ − ρ^0_1ρ^0_2 div ( (1 − φ^2)^2 8 1 ρξ(φ) ∇ ( 1 ρ ∂ F ∂φ ) ) = 0.

With these approximations, the equations (6) and (10) become (the terms −ρ∇μ_0 and ρg are considered as pressure terms)

∂_t (ρv) − div (−pId + τ) + div (ρv ⊗ v)

= −(ρ^0_1 − ρ^0_2)

1 − φ^2 4 ∇ ( 1 ρ ∂ F ∂φ ) + 1 2 ∂ F ∂φ ∇φ, D τ Dt + τ λ_1 = 2η λ_1 D(v) + 2η λ_2 λ_1 D Dt D(v).

Some authors [10], [11] decompose the stress tensor into a viscous stress plus an elastic stress τ = 2ηλ_2/λ_1D(v) + σ and introduce the retardation parameter r = 1 − λ_2/λ_1. Moreover, A. W. El-Kareh and L. G. Leal [8] have analyzed the microscopic dumbbell model and derive an additional stress diffusion term. In this way, we can add a term like ε̃Δσ to obtain the equations describing the mixture:

∂_tφ + v.∇φ − ρ^0_1ρ^0_2 div ( B(φ) ρ ∇ ( 1 ρ ∂ F ∂φ ) ) = 0, ρ(∂_tv + v.∇v) − div (2η(φ)(1 − r(φ))D(v)) + ∇p − div σ = −(ρ^0_1 − ρ^0_2)

1 − φ^2 4 ∇ ( 1 ρ ∂ F ∂φ ) + 1 2 ∂ F ∂φ ∇φ, D σ Dt + σ λ_1(φ) = 2 η(φ)r(φ) λ_1(φ) D(v) + ε̃Δσ,

where B(φ) = (1 − φ^2)^2/8ξ(φ) (mobility coefficient).

50 L. CHUPIN

1.2. Dimensionless equations and final model.

ρ = 1 +^γ_2 (φ − 1), div v = 0, ∂_tφ + v.∇φ −^1_{Pe} div (_{B(φ)} ρ ∇ (_μ ρ ) ) = 0, μ = −α^2Δφ + F^′(φ),

ρ(∂_tv + v.∇v) − 1 Re div ( 2η(φ)(1 − r(φ))D(v) ) + ∇p − 1 Re div σ = −γ 1 − φ^2 4 K∇ ( μ ρ ) + K 2 μ∇φ, D σ Dt +^1_{We(φ)} σ = 2η(φ)^{r(φ)}_{We(φ)} D(v) + εΔσ.

In this system we have introduced eight independent dimensionless parameters for the model. The generalized chemical potential μ is defined with the Gibbs free energy F (see (3)) by μ =^{∂ F}_{∂φ} = −AΔφ + EF^′(φ). The characteristic size of the interface is given by l = √ A/E. If we choose L as reference length, a first dimensionless parameter is introduced: α = l/L. The reference density is ρ̄ = max{ρ^0_1, ρ^0_2} (ρ̄ = ρ^0_1 for example) and the contrast between the two densities is described by another dimensionless parameter γ =^{ρ01 −ρ02}_{ρ̄} . Another reductions are obtained by using classical dimensionless variables, and introducing the Reynolds number Re = ρ̄V L/η̄, the capillary coefficient K = ET/Lρ̄V , the Peclet number Pe = LV/E(1−γ), the Weissenberg number W e = W e(φ) = λ_1/T , the retardation parameter r(φ) = 1 −^{λ2}_{λ1} and ε = ε̃T/L.

To obtain a well-posed problem, we define the initial conditions and the boundary conditions. We assume that the initial conditions φ_0(x), v_0(x) and σ_0(x) are given on a bounded domain Ω. For the order parameter, we assume ∂ φ ∂n = 0 and ∂ μ ∂n = 0,

where n is the outward normal on the boundary of the domain Γ. The first condition imposes locally the interface to be orthogonal to the boundary. The second imposes no-diffusion through this boundary. For the velocity, we assume that v|_Γ = h with h.n = 0.

As we have an diffusion term εΔσ in the constitutive equation for σ, we have give a boundary condition for the stress tensor: ∂ σ ∂n = 0 on Γ.

In the following, we restrict the study to the incompressible model: we suppose that the density are perfectly matched (ρ_1 = ρ_2 or simply γ = 0). For the mathematical study, all the physical constants (Reynolds number, Peclet number...) are equal to 1 and our model reduces to the following:

∂_tφ + v.∇φ − div (B(φ)∇μ)) = 0, with μ = −α^2Δφ + F^′(φ),

∂_tv + v.∇v − 2 div (η(φ)D(v)) + ∇p − div σ = μ∇φ, with div v = 0, ∂_tσ + v.∇σ + g_a(σ, v) + l(φ)σ − εΔσ = f(φ)η(φ)D(v), with boundary conditions and initial values,

(11)

NON NEWTONIAN CAHN-HILLIARD FLOWS 51

where we define g_a, l, f and h as follows: the application g_a is bilinear with values in the set of 2-tensors : g_a : ( σ , v ) −→ −W (v).σ + σ.W (v) + a(D(v).σ + σ.D(v)), the functions f, l : R → R, of C^∞ class with all derivatives bounded and in particular with 0 < f_1 ≤ f ≤ f_2, 0 < l_1 ≤ l ≤ l_2.

The first two equations are known as Cahn-Hilliard equation (see [4], [17]) with variable mobility. The parameter α measures the thickness of the interface between the two phases (a narrow transition layer across which the fluids may mix). Although the Cahn-Hilliard equation has been intensively studied, little mathematical analysis has been done for a diffusional mobility B which depends on φ. This concentration-dependent mobility appeared in the original derivation of the Cahn- Hilliard equation (see [4]). The mathematical study of the degenerate case of the Cahn-Hilliard equation is performed in [9]. Moreover, we can easily see that the convexity of the Cahn-Hilliard potential has an important effect on the comportment of the interface: if F is non-convex, the mixture is unstable (the diffusivity is negative in the Cahn-Hilliard equation) and the fluids are only partially miscible.

The next two are the classical Navier-Stokes equation for an incompressible fluid. Following [3], the viscosity η is generally non constant and depends on the local composition of the mixture. The chemical interaction μ∇φ and the extra-stress tensor σ are the two force terms which naturally appear.

The fifth equation represents the constitutive law of the extra-stress tensor. Contrary to Newtonian fluids, there is no universal equation for viscoelastic fluids (the various models are given for different values of the rheological coefficient a).

In the literature, various articles are devoted to these problems. Both uncoupled equations: Cahn-Hilliard [9], Navier-Stokes [6], [13] or transport equation, and coupled equations like Cahn-Hilliard/Navier-Stokes [2] or Navier-Stokes/transport [11] and [16].

2. Assumptions and main results.

2.1. Assumptions. The functions B, η and F are supposed to be regular enough (C^1 class with bounded derivatives for instance). We suppose here that the mobility is non-degenerate and that the viscosity is bounded:

∃ B_1, B_2 > 0, B_1 ≤ B ≤ B_2, (12)

∃ η_1, η_2 > 0, η_1 ≤ η ≤ η_2. (13) It remains to make assumptions on the Cahn-Hilliard potential F . A physicalmeaningful potential is always bounded from below and adding a constant to the potential does not change the equations. Then we can assume that

F ≥ 0. (14)

Usual potentials, as the potentials described before (see equations (4) and (5)) contain at the same moment stable and unstable regions. From the perspective to handle such cases, we shall suppose that ∃F_5 ≥ 0 / ∀x ∈ R F^{′′}(x) ≥ −F_5. (15) To obtain the existence of solutions, we shall add more general hypotheses on the growth of the potential in the neighborhood of the points φ = 1 and φ = −1.

∃ F_1, F_2 > 0 such that |F^{′′′}(x)| ≤ F_1|x|^q + F_2, (16)

52 L. CHUPIN

where 1 ≤ q < +∞. To obtain a global solution (theorem 2.2) we must suppose

1 ≤ q ≤ 3 if d = 3 and 1 ≤ q < +∞ if d = 2. (17)

It is clear that polynomial functions of even order for d = 2, or of order 4 for d = 3 (see for instance (4)) with a positive dominant coefficient can be used as a function F . The Cahn-Hilliard equation is usually studied with such non-linearities in the literature. Finally, the last assumption is a generalization of the convexity: ∀γ ∈ R ∃F_3(γ), F_4(γ) > 0 / ∀x ∈ R (x−γ)F^′(x) ≥ F_3(γ)F (x)−F_4(γ). (18) This hypothesis is satisfied for example by any convex function by using F_3(γ) = 1 and F_4(γ) = F (γ). However, under the critical point the Cahn-Hilliard potential considered have typically a double-well structure and are obviously not convex. They verify nevertheless this property.

Finally, we need of one hypothesis on the velocity boundary condition h. It’s defined only on the boundary and is rather regular:

h ∈ H^s(Γ) where s = (d + 1)/2, h.n = 0. (19)

In the three dimensional case we add an assumption on h which correspond, for instance, to the physical case of a channel where the velocity is constant on each plane (see section 4.1 and remark 4).

2.2. Function spaces. Throughout this paper, the same letter C stands for a constant which may be different each time it appears. Let Ω be a smooth bounded domain in R^d , d = 2 or 3. We denote by Γ its boundary and n the outward unit normal vector. We will use the following spaces: the Lebesgue space L^p(Ω) (or simply L^p), 1 ≤ p ≤ ∞, with norms |.|_p (for p = 2 its inner product is (., .)); the Sobolev spaces H^s(Ω), (or simply H^s), s ∈ R, with norms ‖.‖_s and inner products ((., .))_s. To simplify the notations we will also denote the vector spaces (L^p)^d, (H^s)^d, (L^p)^{d×d}, (H^s)^{d×d} ... by L^p and H^s respectively , their norms being denoted in the same way as above. If I is an interval of R^+ and X a Banach space, we will also use the function space L^p(I; X), 1 ≤ p ≤ ∞, which consists of p-integrable functions with values in X. We now introduce the natural spaces linked to the problem (for s ≥ 0): Φ = {ϕ ∈ D(Ω) / ∂ ϕ ∂n |_Γ = ∂ Δϕ ∂n |_Γ = 0} and Φ_s = Φ^{Hs} with the norm ‖.‖_s,

V = {w ∈ D(Ω)^d / div w = 0} and V_s = V^{Hs} with the norm ‖.‖_s (s ≤ 3/2), Σ = {τ ∈ D(Ω)^{d×d} / ∂ τ ∂n |_Γ = 0} and Σ_s = Σ^{Hs} with the norm ‖.‖_s.

For s^′ < 0, we also use the notation Φ_s′ , V_s′ and Σ_s′ for the dual spaces of Φ_{−s}′ , V_{−s}′ and Σ_{−s}′ respectively. Finally, we denote by A the classical Stokes operator: Au = −Δu + ∇π (π ∈ L^2_0), with domain V_1 ∩ H^2.

2.3. Main results. Since h verifies the assumption (19), we know that there exists a vector field, being still noted h, which extend h on Ω and such that h ∈ H^2(Ω) and div h = 0 on Ω. With this result, we can express the following theorems

Theorem 2.1 (The general case). Assume that (12), (13), (14), (15), (16) and (18) hold, and let φ_0 ∈ Φ_2, v_0 ∈ h + V_1 and σ_0 ∈ Σ_1. Then there exists T^∗ > 0 and

NON NEWTONIAN CAHN-HILLIARD FLOWS 53

an unique solution (φ, v, σ) of (11) on [0, T^∗[ such that φ ∈ L^2(0, T^∗; Φ_4) ∩ L^∞(0, T^∗; Φ_2), v − h ∈ L^2(0, T^∗; V_1 ∩ H^2) ∩ L^∞(0, T^∗; V_1), σ ∈ L^2(0, T^∗; Σ_2) ∩ L^∞(0, T^∗; Σ_1).

Theorem 2.2 ( The case a = 0 ). Assume that (12), (13), (14), (15), (16) with (17) and (18) hold, and let a = 0 in (11), φ_0 ∈ Φ_1, v_0 ∈ h + V_0 and σ_0 ∈ Σ_0. Then there exists a global solution (φ, v, σ) of (11) such that φ ∈ L^2_{loc}(0, +∞; Φ_3) ∩ L^∞(0, +∞; Φ_1), v − h ∈ L^2_{loc}(0, +∞; V_1) ∩ L^∞(0, +∞; V_0), σ ∈ L^2_{loc}(0, +∞; Σ_1) ∩ L^∞(0, +∞; Σ_0).

Corollary 2.1 ( The case a = 0 in dimension 2 ). Assume that d = 2 and that (12), (13), (14), (15), (16) and (18) hold. Let a = 0 in (11), φ_0 ∈ Φ_2, v_0 ∈ h + V_1 and σ_0 ∈ Σ_1. Then there exists an unique global solution (φ, v, σ) of (11) such that φ ∈ L^2_{loc}(0, +∞; Φ_4) ∩ L^∞(0, +∞; Φ_2), v − h ∈ L^2_{loc}(0, +∞; V_1 ∩ H^2) ∩ L^∞(0, +∞; V_1), σ ∈ L^2_{loc}(0, +∞; Σ_2) ∩ L^∞(0, +∞; Σ_1).

Remark 1. - In the second theorem, we can suppose that F is of C^2-class only.

- The value a = 0 corresponds to the corotational convected derivative (the values a = 1 and a = −1 correspond respectively to the upper convected and lower convected derivative).

- In the general case, we show the existence and the uniqueness result for a local solution. In the case a = 0, we obtain a global weak (strong in dimension 2) solution for a general initial condition, but we do not have the uniqueness of such solutions in the three dimensional case.

3. Preliminary results. First of all, for any f ∈ L^1(Ω), we define the average of f by m(f) =^1_{|Ω|} ∫ Ω f. In particular when φ verifies the Cahn-Hilliard equation (with a regular velocity field for the transport) and the boundary conditions: φ ∈ Φ_1 , its average is preserved along the time. Moreover, we have the following lemma, proved in [24]:

Lemma 3.1. If ϕ ∈ Φ_1 then ‖ϕ−m(ϕ)‖_1 ≤ C|∇ϕ|_2, and more generally if ϕ ∈ Φ_{s+2} then ‖ϕ − m(ϕ)‖_{s+2} ≤ C‖Δϕ‖_s. From this lemma, if we use the embedding H^{3/2} ⊂ L^∞ for d = 2, or Agmon’s inequality if d = 3, and the interpolation between L^2 and H^3, we have in both cases Lemma 3.2. If ϕ ∈ Φ_4 then |∇ϕ|_∞ ≤ C|∇ϕ|^{1/2}_2 |Δ^2ϕ|^{1/2}_2 .

3.1. Elementary tensorial analysis. To obtain energy bounds, we recall some tensorial results. At the end of this part, we prove two equalities on the application g_a which will be usefull in the sequel.

Definition 3.1. The s-contracted product of a p-tensor A and a q-tensor B (for s ≤ min{p, q}) is a (p + q − 2s)-tensor defined by:

A_p^{(s)}: B_q = ∑ k_1 ,...,k_s a_{i1 ,...,ip−s,k1,...,ks} b_{k1 ,...,ks,js+1,...,jq} i_1 ,...,i_{p−s},j_{s+1},...,j_q .

54 L. CHUPIN

Remark 2. For more simplifications, we shall note A^{(0)}: B = AB, A^{(1)}: B = A.B and A^{(2)}: B = A : B. Moreover the operator ∇ represents the 1-tensor (∂_k)_k and we have Δ = ∇.∇, div M = ∇.M. With these notations, when A and B are two p-tensors, we define directly: (A, B) = ∫ Ω A^{(p)}: B.

Proposition 3.1. For 1 ≤ s ≤ min{p, q + 1}, let A_p be a C^∞ p-tensor and B_q a C^∞ q-tensor. If A_p is symmetric (or if p = s) then: ∫ Ω A_p^{(s)}: (∇B_q ) = − ∫ Ω (∇.A_p)^{(s−1)}: B_q + ∫ Γ (n.A_p)^{(s−1)}: B_q.

Remark 3. Remember that, for two p-tensors A and B, we have by definition (A, B) = ∫ Ω A^{(p)}: B, and in the case p = 2 (matricial case), since A : B = T r(A.^tB), we obtain: (A, B) = ∫ Ω T r(A.^tB). This remark allows us to obtain two interesting equalities in which we can see the particularity of the case a = 0.

Lemma 3.3. If g_a is defined as in (11) with v and σ regular, then we have: (g_a, σ) = 2a(σ.σ, ∇v) and (g_a, Δσ) = (a + 1)(∇v.σ, Δσ) + (a − 1)(σ.∇v, Δσ). Proof: By writing the definition of g_a, a direct computation gives us the result (the hypothesis of symmetry on σ is very important here)

g_a : σ = T r ( − W (v).σ.^tσ + σ.W (v).^tσ ) + aT r ( D(v).σ.^tσ + σ.D(v).^tσ ) , = 2aT r(D(v).σ.σ) = aT r(∇v.σ.σ + ∇^tv.σ.σ) = 2aT r(σ.σ.∇^tv). The proof of the second statement is very similar: we use the fact that Δσ is symmetric too.

3.2. Result for the inertial term in the Navier-Stokes equation.

Definition 3.2. Let u be a divergence-free vector field of R^d . We define, for σ and τ two p-tensors: b(u, σ, τ) = ∫ Ω(u.∇σ)^{(p)}: τ. For two vectors v and w, we find the classical definition (see [6]): b(u, v, w) = ∑ i,j ∫ Ω u_i(∂_iv_j )w_j .

The trilinear form b, as well as b, has many continuity properties (see [6], [23]). Among these, we will mainly use the ones given below:

Lemma 3.4. If u ∈ V_1, σ ∈ H^1 and τ ∈ H^1 then b(u, σ, τ) = −b(u, τ, σ), in particular b(u, τ, τ) = 0. (20) If u ∈ H^1 , v ∈ H^1 and w ∈ V_{d/2} then |b(u, v, w)| ≤ C|u|^{1/2}_2 ‖u‖^{1/2}_1 |v|^{1/2}_2 ‖v‖^{1/2}_1 ‖w‖_{d/2}.

4. Proofs of the existence results. All these proofs are based on a Galerkin approximations associated to energy estimates [15], [23]. In section 4.1, we reduce the non-homogeneous Navier-Stokes problem for the velocity v to a homogeneous problem for a new velocity u = v − h_δ. In a second step, we construct approximate solutions of the problem (11) by the Galerkin method. In section 4.3 and 4.4, we give some estimates for (φ, u, σ) and their derivatives. These estimates allow us to perform the limit in the non-linear terms (using compactness methods, and some strong convergence properties).

NON NEWTONIAN CAHN-HILLIARD FLOWS 55

4.1. The non-homogeneous boundary conditions. First, we recall the assumption (19): h ∈ H^s(Γ), s =^{d+1}_2 and h.n = 0 on Γ. In the three-dimensional case, we should add the following hypothesis: div h∘Π = 0 on a neighborhood of Γ where Π is the projection on the boundary Γ. This assumption is verified in the physical case of a channel where the velocity is constant on each plane (see remark 4). We saw before expressing the results (see section 2.3) that we needed to extend the application h to Ω. For the proofs, we shall need such a extension verifying other properties. More precisely we have the following lemma

Lemma 4.1. For any δ > 0, there exists h_δ, a vector field on Ω satisfying

h_δ ∈ H^2(Ω), div h_δ = 0 on Ω, h_δ = h on Γ, |b(w, h_δ , w)| ≤ C_1(Ω)δ‖w‖^2_1, ∀ w ∈ V_1, |h_δ |_4 ≤ C_1(Ω)δ. (∗)

This result (without (∗)) is a classical result for the non-homogeneous Stokes problem [23]. During the proofs of the existence results, we shall choose δ more precisely to obtain good estimates.

Remark 4. If we consider the channel Ω = {−1 ≤ z ≤ 1} ⊂ R^d and if the shear velocity is chosen to be U e_x on the upper boundary {z = 1} and −U e_x on the lower boundary {z = −1}, for any δ > 0, we have an explicit function h_δ which verifies the properties of the lemma 4.1 (see [18], [2]).

Proof:

- At first, since Ω is regular with a regular boundary Γ (in fact, the hypothesis of C^2-class is sufficient) we have the existence of a tubular neighborhood of Γ in which the projection on Γ is well defined (see for instance [1], p.106). Let T ub_RΓ this tubular neighborhood of Γ, Π the projection from T ub_RΓ on Γ and ρ(x) the distance from x ∈ T ub_RΓ to Γ (we have ρ(x) = ‖x − Π(x)‖, ∀x ∈ T ub_RΓ).

- Following A. Miranville (in the canal case [18]) let us introduce the function ϕ_δ (s) = exp ( 1 δ^4 ) exp ( R δ^4(s − R) ) if s ∈ [0; R[, ϕ_δ (s) = 0 if s ∈ [R; +∞[.

This function is C^∞-class on R^+ , all its derivatives are bounded and it satisfies ∫_R 0 |ϕ_δ (s)|^4ds ≤ R 4 δ^4. (21)

According to the dimension, we are going to proceed differently. In the threedimensional case, let h_δ(x) = ϕ_δ (ρ(x))h(Π(x)).

This vector field is well defined on Ω̄. Moreover, it is obvious that h_δ = h on Γ and that h_δ ∈ H^2(Ω) (using the fact that the functions ϕ_δ , ρ and Π belong to C^2 and using the regularity of h (see (19))).

- Using the definition of h_δ, we have div (h_δ (x)) = ϕ_δ (ρ(x)) div (h(Π(x))) + ϕ^′_δ (ρ(x))h(Π(x)).∇ρ(x). The assumption div (h ∘ Π) = 0 allows us to cancel the first term. To cancel the last term, it is necessary to use the hypothesis h.n = 0, and show that ∇ρ(x) = n_{Π(x)}. This last equality results from two remarks. First of all, the equality is true for a point of the boundary (the boundary is a level line of ρ and so ∇ρ is orthogonal to the boundary). Then, differentiating the equality ρ(x)^2 = ‖x − Π(x)‖^2 and using n_{Π(x)} =^{x−Π(x)}_{‖x−Π(x)‖} we deduce the result.

56 L. CHUPIN

- Since h ∈ L^∞(Ω̄) and making the change of variable T ub_RΓ → [0, R] × Γ , x → (ρ(x), Π(x)) whose Jacobian is bounded, we deduce by using (21) that ∫ Ω |h_δ(x)|^4dx ≤ |h|^4_∞ ∫ ρ(x)≤R |ϕ_δ (ρ(x))|^4dx ≤ C|h|^4_∞ ∫_R 0 |ϕ_δ (ρ)|^4dρ ≤ Cδ^4. The last relation is obtained straightforwardly by using the fact that |u|_4 ≤ C‖u‖_1 for u ∈ V_1 (see [18]).

- In the two-dimensional case, O. Ladyzhenskaya [14] proves the existence of a function ξ : Ω → R such that h has a continuation over Ω of kind h = curl ξ. Moreover, the construction of ξ ([14], p. 26) shows us that we can chose ξ such that

ξ|_Γ = 0, ξ(x) = R for ρ(x) > R,

and the application x → (Π(x), ξ(x)) is a diffeomorphism from T ub_RΓ to Γ × [0; R].

As in the three-dimensional case, we introduce the function ϕ_δ and we let h_δ(x) = ϕ_δ (ξ(x))h(x). - Using the definition of h_δ, we have div (h_δ (x)) = ϕ_λ(ξ(x)) div (h(x)) + ϕ^′_λ(ξ(x))h(x).∇ξ(x). Since h = curl ξ (when d = 2) we cancel the first term. To cancel the second, we easily remark that curl ξ.∇ξ = 0.

The rest of the proof is made exactly in the same way in the three-dimensional case.

The idea of the proof of theorem 2.1 is to use the previous lemma for a fixed value of δ (which will be clarified after): we let v = u + h_δ so that the boundary conditions on v are homogeneous. Since h_δ − h ∈ V_1 ∩ H^2 the theorem 2.1 (we have a similary formulation for the theorem 2.2) will be proved if we show that for suitable δ there exists an unique solution (φ, u, σ) of (11) on [0, T^∗[ such that

φ ∈ L^2(0, T^∗; Φ_4) ∩ L^∞(0, T^∗; Φ_2),

u ∈ L^2(0, T^∗; V_1 ∩ H^2) ∩ L^∞(0, T^∗; V_1),

σ ∈ L^2(0, T^∗; Σ_2) ∩ L^∞(0, T^∗; Σ_1).

4.2. Galerkin approximations. We use the Fadeo-Galerkin method. Since Φ_2, V_1 and Σ_1 are separable Hilbert spaces, there exist Hilbertian basis (ψ_i)_{i≥1}, (w_i)_{i≥1} and (τ_i)_{i≥1} of Φ_2, V_1 and Σ_1 respectively. Moreover, we can assume that (ψ_i)_{i≥1} are the eigenfunctions of the operator −Δ with domain Φ_2, (w_i)_{i≥1} the eigen functions of the Stokes operator A with domain V_1 ∩ H^2 and (τ_i)_{i≥1} the eigen functions of the operator −Δ with domain Σ_2.

We seek three functions in the form

φ_n(t) = n∑ i=1 α_i(t)ψ_i, u_n(t) = n∑ i=1 β_i(t)w_i, σ_n(t) = n∑ i=1 γ_i(t)τ_i, where α_i, β_i and γ_i are functions of C^1 class, φ_n(0), u_n(0) and σ_n(0) are the respective orthogonal projections in L^2 of φ_0, u_0 and σ_0 on Ψ_n = Span((ψ_i)_{1≤i≤n}), V_n = Span((w_i)_{1≤i≤n}) and T_n = Span((τ_i)_{1≤i≤n}) satisfying the following ordinary differential equations: For any ψ ∈ Ψ_n, any w ∈ V_n and any τ ∈ T_n, ∫ Ω ∂_tφ_nψ + ∫ Ω B(φ_n)∇μ_n.∇ψ − ∫ Ω (u_n.∇ψ)φ_n − ∫ Ω (h_δ.∇ψ)φ_n = 0, (22)

NON NEWTONIAN CAHN-HILLIARD FLOWS 57 ∫ Ω ∂_tu_n.w + b(u_n + h_δ, u_n + h_δ , w) + 2 ∫ Ω η(φ_n)D(u_n) : D(w) + 2 ∫ Ω η(φ_n)D(h_δ ) : D(w) + ∫ Ω σ_n : ∇w = − ∫ Ω (w.∇μ_n)φ_n, (23)

∫ Ω ∂_tσ_n : τ+ b(u_n + h_δ, σ_n, τ) + ∫ Ω g_a(σ_n, u_n + h_δ) : τ + ∫ Ω l(φ_n)σ_n : τ + ε ∫ Ω ∇σ_n^{(3)}: ∇τ = ∫ Ω f(φ_n)η(φ_n)D(u_n + h_δ) : τ,

(24)

μ_n = −α^2Δφ_n + F^′(φ_n). (25) This problem is a set of ordinary differential equations in (α_i)_{1≤i≤n}, (β_i)_{1≤i≤n} and (γ_i)_{1≤i≤n}. The functions B, η, F^′, l and f being locally Lipschitz (of C^1-class), the Cauchy theorem ensures that there exists a unique solution (φ_n, u_n, σ_n) on a maximal interval [0, t_n[.

4.3. Estimates. In this part, we denote φ, μ, u and σ instead of φ_n, μ_n, u_n and σ_n. First of all, we use a result for the Cahn-Hilliard equation which allows us to use the lemma 3.2:

Lemma 4.2. For φ ∈ Φ_1 solution of the first equation of (11), with any vector field v(t) ∈ V_0, we have ∂_tm(φ) = 0, and so the average of the order parameter is conserved all along the time (where this solution exists):

m(φ(t)) = m(φ_0).

4.3.1. H^1-estimate for φ. We use μ as a test function in (22): ∫ Ω ∂_tφ μ + ∫ Ω B(φ)∇μ.∇μ − ∫ Ω (u.∇μ)φ − ∫ Ω (h_δ.∇μ)φ = 0. From^{∂ φ}_{∂n} |_Γ = 0 and (25), we then deduce that ∫ Ω ∂_tφ μ = −α^2 ∫ Ω ∂_tφΔφ + ∫ Ω ∂_tφF^′(φ) = d dt ( α^2|∇φ|^2 2 ) + d dt ∫ Ω F (φ). We use the assumption B_1 ≤ B (12) to obtain: d dt ( α^2 2 |∇φ|^2 + ∫ Ω F (φ) ) + B_1|∇μ|^2 ≤ ∫ Ω (u.∇μ)φ + | | | | ∫ Ω (h_δ.∇μ)φ | | | | . We remark that, thanks to the boundary conditions ∫ Ω h_δ .∇μ = ∫ Ω div (μh_δ ) = ∫ ∂Ω μ(h_δ .n) = 0, then we can write (using successively the lemma 4.2, the Young inequality, the lemma 3.1 and the lemma 4.1) | | | ∫ Ω (h_δ .∇μ)φ | | | = | | | ∫ Ω (h_δ.∇μ)(φ − m(φ)) | | | ≤ B_1 2 |∇μ|^2 + C_1(Ω)^2δ^2|∇φ|^2.

Following F. Boyer [2], under the assumptions (18) and (15), we have

|∇μ|^2 ≥ α^2|Δφ|^2 + C_1|∇φ|^2 + C_1F_3(m(φ_0)) ∫ Ω F (φ) − 2C_2F_4(m(φ_0)),

where C_1 and C_2 are two positive constants which only depend on α, |Ω| and F_5.

58 L. CHUPIN

In the sequel, we choose δ such that 2C_1δ ≤ C̃α^2. The new estimate is writen d dt ( α^2 2 |∇φ|^2 + ∫ Ω F (φ) ) + C ( α^2 2 |∇φ|^2 + ∫ Ω F (φ) ) + B_1 2 |∇μ|^2 + α^2B_1|Δφ|^2 ≤ ∫ Ω (u.∇μ)φ + C. (26)

4.3.2. L^2 -estimate for u. Now, we use u as a test function in (23): ∫ Ω ∂_tu.u + b(u, u, u) + b(u, h_δ, u) + b(h_δ, u, u) + b(h_δ, h_δ, u) + 2 ∫ Ω η(φ)D(u) : D(u) + 2 ∫ Ω η(φ)D(h_δ ) : D(u) + ∫ Ω σ : ∇u = − ∫ Ω (u.∇μ)φ. Here, we use the fact that u and h_δ are a divergence-free vector fields and therefore b(u, u, u) = b(h_δ , u, u) = 0 (see (20)). From the assumption (13): η_1 ≤ η and the Korn inequality, we deduce 2 ∫ Ω η(φ)D(u) : D(u) ≥ η_1|∇u|^2. We use the lemma 4.1 (assuming δ < η_1/(8C(Ω)C_1)) and the Poincaré inequality: |b(u, h_δ, u)| ≤ C_1(Ω)δ‖u‖^2_1 ≤ η_1 8 |∇u|^2. Moreover, we have the classical bounds |b(h_δ , h_δ, u)| ≤ |h_δ |_4|∇h_δ|_2|u|_4 ≤ C|∇u|_2 ≤ C + η_1 8 |∇u|^2, | | | | ∫ Ω η(φ)D(h_δ ) : D(u) | | | | ≤ η^2|∇h^δ|^2|∇u|^2 ≤ C + η_1 8 |∇u|^2, | | | ∫ Ω σ : ∇u | | | ≤ η^1 8 |∇u|^2 + C|σ|^2, and so, finally d dt ( |u|^2 2 ) + η_1 2 |∇u|^2 ≤ − ∫ Ω (u.∇μ)φ + C|σ|^2 + C. (27) 4.3.3. L^2 -estimate for σ. We use σ as a test function in (24). Since u and h_δ are divergence-free and h_δ.n = u.n = 0 on Γ, we can use (20): d dt ( |σ|^2 2 ) + l_1|σ|^2 + ε|∇σ|^2 ≤ | | | ∫ Ω f(φ)η(φ)D(u) : σ | | | + | | | | ∫ Ω g_a(σ, u) : σ | | | | + | | | | ∫ Ω g_a(σ, h_δ ) : σ | | | | + | | | | ∫ Ω f(φ)η(φ)D(h_δ ) : σ | | | | . The first term of the right member is estimated by | | | | ∫ Ω f(φ)η(φ)D(u) : σ | | | | ≤ f^2η^2|∇u|^2|σ|^2 ≤ η_1 8 |∇u|^2 + C|σ|^2. Moreover, by lemma 3.3, the Cauchy-Schwarz inequality, the Hölder inequality and Sobolev embeddings: | | | ∫ Ω g_a(σ, u) : σ | | | ≤ 2|a||(σ.σ, ∇u)| ≤ 2|a||σ|^3|σ|^6|∇u|^2 ≤ η_1 8 |∇u|^2 + a^2C‖σ‖^4_1,

NON NEWTONIAN CAHN-HILLIARD FLOWS 59

where C does not depend on a (we obtain the same results when h_δ takes the place u). Finally, we have d dt ( |σ|^2 2 ) + ε|∇σ|^2 ≤ η_1 4 |∇u|^2 + C|σ|^2 + a^2C‖σ‖^4_1 + C. (28)

It is important to notice that the constants C here do not depend on the rheologic coefficient a. It is the reason for which the particular case a = 0 will be interessant to study: all the powers of |σ|_2 in the right member will be lower than 2 and we can apply the Gronwall lemma (see the section 6).

4.3.4. H^2-estimate for φ. Substituting ψ = Δ^2φ into (22): ∫ Ω ∂_tφ Δ^2φ − b(u, φ, Δ^2φ) − b(h_δ, φ, Δ^2φ) − ∫ Ω div (B(φ)∇μ)Δ^2 φ = 0.

Then, integrating by parts the first term, writing Δμ = −α^2Δ^2φ + Δ(F^′(φ)) for the last one and using Young inequality, we get d dt ( |Δφ|^2 2 ) + α^2B_1|Δ^2φ|^2 ≤ α^2B_1 6 |Δ^2φ|^2

+ C(|u|^2|∇φ|^2_∞ + |h_δ|^2_∞|∇φ|^2 + |Δ(F^′(φ))|^2 + |∇φ∇μ|^2).

We have (using the lemma 3.2): |u|^2|∇φ|^2_∞ ≤ |u|^2|∇φ|_2|Δ^2φ|_2 ≤ α^2B_1 6 |Δ^2φ|^2 + C|u|^4_2|∇φ|^2.

Following [24] and [2], the inequality |∇φ|^2_3|∇φ|^2_6 ≤ C‖∇φ‖^4_1 (as we did for σ) allows us to estimate the term |Δ(F^′(φ))|_2 under the assumptions (16):

|Δ(F^′(φ))|^2 ≤ |F^{′′′}(φ)|_∞|∇φ|^2_6|∇φ|^2_3 + |F^{′′}(φ)|^2_∞|Δφ|^2, ≤ C(1 + |φ − m(φ)|^{2q}_∞)‖∇φ‖^4_1 + C(1 + |φ − m(φ)|^{2q+2}_∞ )|Δφ|^2, ≤ C(1 + |Δφ|^{2q}_2 )‖∇φ‖^4_1 + C_3|Δφ|^2.

By definition of the potential μ, we have |∇φ∇μ|^2 ≤ α^2|∇φ|^2_∞|∇Δφ|^2 + |∇φ|^2_6|∇φ|^2_3|F^{′′}(φ)|^2_∞. For the first term, we use the Agmon’s inequality and the lemma 3.1 |∇φ|^2_∞ = |∇(φ − m(φ))|^2_∞ ≤ ‖∇(φ − m(φ))‖_1‖∇(φ − m(φ))‖_2 ≤ |Δφ|_2|∇Δφ|_2. Moreover, integration by parts yields |∇Δφ|^2 ≤ |Δφ|_2|Δ^2φ|_2 and so,

|∇φ|^2_∞|∇Δφ|^2 ≤ |Δφ|^{5/2}_2 |Δ^2φ|^{3/2}_2 ≤ α^2B_1 6 |Δ^2φ|^2 + C|Δφ|^{10}_2 .

For the second, the assumption (16) with the embedding H^2 ⊂ L^∞ show us that:

|∇φ|^2_3|∇φ|^2_6|F^{′′}(φ)|^2_∞ ≤ C(1 + |Δφ|^{q+1}_2 )‖∇φ‖^4_1.

We deduce that there exists a polynomial function P such that d dt ( |Δφ|^2 2 ) + α^2B_1 2 |Δ^2φ|^2 ≤ (‖∇φ‖^2_1 + |u|^2)^2P (‖∇φ‖^2_1) + C_3|Δφ|^2 + C. (29)

60 L. CHUPIN

4.3.5. H^1 -estimate for u. For this estimate, we use Au as a test function in (23): ∫ Ω ∂_tu.Au + b(u + h_δ, u + h_δ, Au) − 2 ∫ Ω div (η(φ)D(u)).Au − 2 ∫ Ω div (η(φ)D(h_δ )).Au − ∫ Ω div σ : Au = − ∫ Ω μ∇φ.Au. For the second term, we write: |b(u, u, Au)| ≤ C|u|_6|∇u|_3|Au|_2 ≤ C(|u|_2 + |∇u|_2)(|∇u|_2 + |∇u|^{1/2}_2 |Δu|^{1/2}_2 )|Au|_2, ≤ C‖u‖^2_1|Au|_2 + C‖u‖^{3/2}_1 |Au|^{3/2}_2 ≤ η_1 18 |Au|^2 + C(‖u‖^4_1 + ‖u‖^6_1).

With Agmon’s inequality, it follows |b(u, h_δ, Au)| ≤ |u|_∞|∇h_δ |_2|Au|_2 ≤ C|∇u|^{1/2}_2 |Au|^{3/2}_2 ≤ η_1 18 |Au|^2 + C|∇u|^2, |b(h_δ, u, Au)| ≤ η_1 18 |Au|^2 + C|h_δ|^2_∞|∇u|^2, and |b(h_δ, h_δ, Au)| ≤ η_1 18 |Au|^2 + C|h_δ |^2_∞|∇h_δ |^2.

The next term splits into three parts: ∫ Ω div (η(φ)D(u)).Au = ∫ Ω η^′(φ)∇φD(u).Au − ∫ Ω η(φ)Au.Au + ∫ Ω η(φ)∇π.Au. The assumption (13) on η implies ∫ Ω η(φ)Au.Au ≥ η_1|Au|^2, so we use successively lemma 3.2 and the regularity of the Stokes operator [23] to show that we have an estimate where all the powers of |Au|_2 and |Δ^2φ|_2 are small enough to apply the Young inequality and obtain as follows an estimate of kind (30).

On the one hand, after integration by parts (remember that div u = 0 and u = u_n is in V_n, subset of the set of eigen functions of A) | | | | ∫ Ω η(φ)∇π.Au | | | | = | | | | ∫ Ω η^′(φ)∇φ π.Au | | | | ≤ |η^′|^∞|∇φ|^∞|π|^2|Au|^2, ≤ C|η^′|_∞|∇φ|^{1/2}_2 |Δ^2φ|^{1/2}_2 ‖u‖_1|Au|_2 ≤ η_1 18 |Au|^2 + α^2B_1 48 |Δ^2φ|^2 + C|∇φ|^2‖u‖^4_1.

On the other hand, using the lemma 3.2 again, | | | ∫ Ω η^′(φ)∇φD(u).Au | | | ≤ η_1 18 |Au|^2 + α^2B_1 48 |Δ^2φ|^2 + C|∇φ|^2|∇u|^4_2.

We write the same term with h_δ as follows: | | | | ∫ Ω div (η(φ)D(h_δ )).Au | | | | = | | | | ∫ Ω η^′(φ)∇φD(h_δ ).Au + ∫ Ω η(φ)Δh_δ .Au | | | | , ≤ η_1 18 |Au|^2 + α^2B_1 48 |Δ^2φ|^2 + C(‖∇h_δ ‖^2_1 + |∇φ|^2).

We have clearly, | | | | ∫ Ω div (σ) : Au | | | ≤ η_1 18 |Au|^2 + C|∇σ|^2. We can repeat the same argument with the last term ∫ Ω μ∇φ.Au: | | | ∫ Ω μ∇φ.Au | | | ≤ α^2 | | | ∫ Ω Δφ∇φ.Au | | | + | | | ∫ Ω ∇(F (φ)).Au | | | , ≤ η_1 18 |Au|^2 + α^2B_1 48 |Δ^2φ|^2 + C|∇φ|^2|Δφ|^4_2.

NON NEWTONIAN CAHN-HILLIARD FLOWS 61

The term | |∫_Ω ∇(F (φ)).Au | | vanishes as u = u_n is a sum of eigenvectors for A with div u = 0. Finally, from the Sobolev embeddings, we have d dt ( |∇u|^2 2 ) + η_1 2 |Au|^2 ≤ α^2B_1 8 |Δ^2φ|^2 + C(‖∇φ‖^2_1 + ‖u‖^2_1)^3 + C + |∇σ|^2. (30)

4.3.6. H^1 -estimate for σ. Substituting τ = −Δσ into (24). After an integration by parts and using the result of the lemma 3.3, we have d dt ( |∇σ|^2 2 ) + l_1|∇σ|^2 + ε|Δσ|^2 ≤ f_2η_2|∇u|_2|Δσ|_2 + f_2η_2|∇h_δ|_2|Δσ|_2 + |u|_6|∇σ|_3|Δσ|_2 + |h_δ |_4|∇σ|_4|Δσ|_2 + (a + 1)|(∇u.σ, Δσ)| + (1 − a)|(σ.∇u, Δσ)| + (a + 1)|(∇h_δ.σ, Δσ)| + (1 − a)|(σ.∇h_δ , Δσ)| + |l^′|_∞|∇φ|_∞|σ|_2|∇σ|_2 Remember that |(∇u.σ, Δσ)| and |(σ.∇u, Δσ)| can be controlled by |∇u|_3|σ|_6|Δσ|_2 (use the same estimate for the similar term with h_δ ). A Young inequality gives d dt ( |∇σ|^2 2 ) +l_1|∇σ|^2 + ε|Δσ|^2 ≤ ε 4 |Δσ|^2 + C|∇u|^2 + C|∇h_δ|^2 + C|u|^2_6|∇σ|^2_3 + C|h_δ|^2_4|∇σ|^2_4 + C|∇u|^2_3|σ|^2_6 + |l^′|_∞|∇φ|_∞|σ|_2|∇σ|_2 + C. Finally, we use the Sobolev embeddings again and the Young inequality to write

|u|^2_6|∇σ|^2_3 ≤ ε 4 |Δσ|^2 + C(|u|^2 + |∇u|^2 + |∇σ|^2)^3,

|σ|^2_6|∇u|^2_3 ≤ η_1 4 |Au|^2 + C(|∇u|^2 + |σ|^2 + |∇σ|^2)^3.

And the last term gives, |∇φ|_∞|σ|_2|∇σ|_2 ≤ α^2B_1 8 |Δ^2φ|^2 + C(|∇φ|^2 + |σ|^2|∇σ|^2).

These estimates give d dt ( |∇σ|^2 2 ) + ε 2 |Δσ|^2 ≤ η_1 4 |Au|^2 + α^2B_1 8 |Δ^2φ|^2 + C(‖u‖^2_1 + ‖σ‖^2_1 + ‖∇φ‖^2_1)^3 + C. (31)

4.4. Estimates for the derivatives. Equations (22), (23), (24) and (25) can also be written: d φ_n dt = −P^∗_{Ψn} ( div (B(φ_n)∇μ_n) + div (φ_nv_n) ) , d v_n dt = −P^∗_{Vn} ( B(v_n, v_n) + E(φ_n, v_n) − div (σ_n) + φ_n∇μ_n ) , d σ_n dt = −P^∗_{Tn} ( div (σ_nv_n) + g_a(σ_n, v_n) + l(φ_n)σ_n − εΔσ_n − fη(φ_n)D(v_n) ) , with E(φ, v).w = 2 ∫ Ω η(φ)D(v) : D(w). Remark 5. The fact that all the projectors are orthogonal in L^2 implies ‖P ‖ ≤ 1 and ‖P^∗‖ ≤ 1 (as linear operator). More precisely, P_{Ψn} , P_{Vn} and P_{Tn} are projectors respectively in, Φ_1, V_s and Σ_s for any s ≥ 0. So, we have: ‖P_{Ψn} ‖_{L(Φ1,Φ1)} ≤ 1, ‖P_{Vn} ‖_{L(Vs,Vs)} ≤ 1, ‖P_{Tn} ‖_{L(Σs,Σs)} ≤ 1, ‖P^∗_{Ψn} ‖_{L(Φ}′_{1,Φ}′_{1)} ≤ 1, ‖P^∗_{Vn} ‖_{L(V} ′_{s ,V} ′_{s )} ≤ 1, ‖P^∗_{Tn} ‖_{L(Σ}′_{s,Σ}′_{s)} ≤ 1.

62 L. CHUPIN

4.4.1. L^2-estimate for ∂_tφ_n. We first show that if φ_n and v_n are regular enough, for example {φ_n} bounded in L^2(0, t; Φ_4) ∩ L^∞(0, t; Φ_2) and {v_n} bounded in L^2(0, t; V_1 ∩ H^2), then we have an estimate {∂_tφ_n} bounded in L^2(0, t; Φ_0). (32) Indeed, ∂_tφ_n has the same regularity than div (B(φ_n)∇Δφ_n) (the other terms are clearly more regular) and since div (B(φ_n)∇Δφ_n) = B^′(φ_n)∇φ_n∇Δφ_n + Δ^2φ_n, we obtain a bound on this term using interpolation results: {φ_n} is bounded in L^4(0, t; Φ_3) which implies in particular {∇φ_n∇Δφ_n} bounded in L^2(0, t; Φ_0).

4.4.2. L^2-estimate for ∂_tv_n. To obtain this estimate, we assume first that we have {φ_n}, {v_n} and {σ_n} bounded in L^2(0, t; Φ_4) ∩ L^∞(0, t; Φ_2), L^2(0, t; V_1 ∩ H^2) ∩ L^∞(0, t; V_1) and L^2(0, t; Σ_1) respectively. Using the products of Lebesgue spaces (for example if d < 4, then H^1×H^1 ⊂ L^2), we obtain directly a bound for {v_n.∇v_n}, {μ∇φ_n}, {∇φ_n∇v_n} and {Av_n} in L^2(0, t; L^2), and so { div (η(φ_n)D(v_n))} = {η^′(φ_n)∇φ_n∇v_n + η(φ_n)Av_n} is bounded in L^2(0, t; L^2) which proves that {∂_tv_n} is bounded in L^2(0, t; V_0). (33)

4.4.3. L^2-estimate for ∂_tσ. Of course, when we have {v_n} is bounded in L^2(0, t; V_1 ∩ H^2)∩L^∞(0, t; V_1) and {σ_n} is bounded in L^2(0, t; Σ_2)∩L^∞(0, t; Σ_1) then with simple arguments like the above we deduce that:

L^2(0, t; H^2) × L^∞(0, t; H^1) ⊂ L^2(0, t; H^1) then {v_nσ_n} is bounded in L^2(0, t; H^1), L^2(0, t; H^1)×L^∞(0, t; H^1) ⊂ L^2(0, t; L^2) then {Dv_n.σ_n} is bounded in L^2(0, t; L^2), and more generally, {g_a(σ_n, v_n)} is bounded in L^2(0, t; L^2). The other term are clearly bounded in L^2(0, t; L^2), we deduce {∂_tσ_n} is bounded in L^2(0, t; Σ_0). (34)

4.5. Passing to the limit. We are going to show now the result in the case a ≠ 0: if we define the total energy of the system by z(t) = α^2 2 ‖∇φ_n‖^2_1 + ∫ Ω F (φ_n) + 1 2 ‖v_n‖^2_1 + 1 2 ‖σ_n‖^2_1,

we see that the sum of inequalities (26), (27), (28), (29), (30) and (31) has the following form (P is a polynomial function):

z^′ + α^2B_1 2 |Δ^2φ_n|^2 + η_1 2 |Δv_n|^2 + ε 2 |Δσ_n|^2 ≤ P(z). This estimate shows us that there exists a T^∗ > 0 such that {φ_n} is bounded in L^2(0, T^∗; Φ_4) ∩ L^∞(0, T^∗; Φ_2), {v_n} is bounded in L^2(0, T^∗; V_1 ∩ H^2) ∩ L^∞(0, T^∗; V_1), {σ_n} is bounded in L^2(0, T^∗; Σ_2) ∩ L^∞(0, T^∗; Σ_1).

Using the inequalities (32), (33), (34), it follows that {∂_tφ_n}, {∂_tv_n}, and {∂_tσ_n} are bounded in L^2(0, T^∗; Φ_0), L^2(0, T^∗; V_0) and L^2(0, T^∗; Σ_0) respectively. We apply

NON NEWTONIAN CAHN-HILLIARD FLOWS 63

the classical results (see for instance [22]) to extract subsequences of {φ_n}, {v_n} and {σ_n}, still denoted by {φ_n}, {v_n} and {σ_n} such that

φ_n ⇀ φ in L^∞(0, T^∗; Φ_2) weak-∗, φ_n ⇀ φ in L^2(0, T^∗; Φ_4) weakly, ∂_tφ_n ⇀ ∂_tφ in L^2(0, T^∗; Φ_0) weakly, φ_n −→ φ in L^2(0, T^∗; Φ_0) strong a.e.,

v_n ⇀ v in L^∞(0, T^∗; V_1) weak-∗, v_n ⇀ v in L^2(0, T^∗; V_1 ∩ H^2) weakly, ∂_tv_n ⇀ ∂_tv in L^2(0, T^∗; V_0) weakly, v_n −→ v in L^2(0, T^∗; V_0) strong a.e.,

σ_n ⇀ σ in L^∞(0, T^∗; Σ_1) weak-∗, σ_n ⇀ σ in L^2(0, T^∗; Σ_2) weakly, ∂_tσ_n ⇀ ∂_tσ in L^2(0, T^∗; Σ_0) weakly, σ_n −→ σ in L^2(0, T^∗; Σ_0) strong a.e..

Moreover, a compacity result (see [22]) ensures that φ_n ⇀ φ ∈ C^0([0, T^∗[; Φ_2) weakly, v_n ⇀ v ∈ C^0([0, T^∗[; V_1) weakly and σ_n ⇀ σ ∈ C^0([0, T^∗[; Σ_1) weakly.

Consequently, the limit functions φ, v and σ verify the initial conditions. Indeed, φ_n(0) = P_{Φn} (φ_0) converges weakly to φ(0) in Φ_1, and since P_{Φn} converges strongly to the identity, φ(0) = φ_0. From the strong convergence of v_n, we can pass to the limit in equation (11), in particular in the quadratic terms like σ_n.∇v_n, v_n.∇v_n. This proves the result.

5. Uniqueness of the solution. In this section, we show that the solution obtained in the theorem 2.1 is unique. Let (φ_1, v_1, σ_1) and (φ_2, v_2, σ_2) be two solutions of equation (11) such that φ_1, φ_2 ∈ L^2(0, T ; Φ_4) ∩ L^∞(0, T ; Φ_2), v_1, v_2 ∈ L^2(0, T ; V_1 ∩ H^2) ∩ L^∞(0, T ; V_1), σ_1, σ_2 ∈ L^2(0, T ; Σ_2) ∩ L^∞(0, T ; Σ_1), with same initial values (φ_0, v_0, σ_0). The scalar function φ = φ_1 − φ_2, the vector function v = v_1 − v_2 and the tensor function σ = σ_1 − σ_2 satisfy the following relations: For any ψ ∈ Φ_3, any w ∈ V_1 and any τ ∈ Σ_1, ∫ Ω ∂_tφ ψ + b(v, φ_1, ψ) + b(v_2, φ, ψ) − α^2 ∫ Ω (B(φ_1) − B(φ_2))∇Δφ_1.∇ψ − α^2 ∫ Ω B(φ_2)∇Δφ.∇ψ + ∫ Ω (BF^{′′}(φ_1) − BF^{′′}(φ_2))∇φ_1.∇ψ + ∫ Ω BF^{′′}(φ_2)∇φ.∇ψ = 0, (35)

∫ Ω ∂_tv.w+b(v, v_1, w) + b(v_2, v, w) − ∫ Ω div σ.w + 2 ∫ Ω (η(φ_1) − η(φ_2))D(v_1) : D(w) + 2 ∫ Ω η(φ_2)D(v) : D(w)

= −α^2 ∫ Ω (w.∇φ_1)Δφ − α^2 ∫ Ω (w.∇φ)Δφ_2, (36)

∫ Ω ∂_tσ : τ+b(v, σ_1, τ) + b(v_2, σ, τ) + ∫ Ω l(φ_2)σ : τ + ∫ Ω (l(φ_1) − l(φ_2))σ_1 : τ + ε ∫ Ω ∇σ : ∇τ + ∫ Ω (g_a(σ, v_1) + g_a(σ_2, v)) : τ = ∫ Ω (fη(φ_1) − fη(φ_2))D(v_1) : τ + ∫ Ω fη(φ_2)D(v) : τ, (37)

64 L. CHUPIN

together with zero initial conditions, φ(0) = 0, v(0) = 0, σ(0) = 0. For i = 1 or 2, we have φ_i ∈ C([0, T ] × Ω̄) and so there exists R > 0 such that |φ_i(t, x)|_∞ ≤ R, ‖φ_i(t)‖_2 ≤ R, ‖v_i(t)‖_1 ≤ R, ‖σ_i(t)‖_1 ≤ R. 5.1. Estimate on φ_1 − φ_2. We take −α^2Δφ as a test function in (35), we use the assumption (12) on B: B_1 ≤ B to deduce: d dt ( α^2 2 |∇φ|^2 ) +α^4B_1|∇Δφ|^2 ≤ α^2|v|_2|∇φ_1|_6|Δφ|_3

+ α^2|v_2|_6|∇φ|_2|Δφ|_3 + α^4|B^′|_∞|φ|_∞|∇Δφ_1|_2|∇Δφ|_2 + α^2|(BF^{′′})^′|_∞|φ|_3|∇φ_1|_6|∇Δφ|_2 + α^2|BF^{′′}|_∞|∇φ|_2|∇Δφ|_2. In the two first terms of the right member, using |Δφ|^2 ≤ |∇φ|_2|∇Δφ|_2 we have

|Δφ|_3 ≤ C(|Δφ|_2 + |Δφ|^{1/2}_2 |∇Δφ|^{1/2}_2 ) ≤ C(|∇φ|^{1/2}_2 |∇Δφ|^{1/2}_2 + |∇φ|^{1/4}_2 |∇Δφ|^{3/4}_2 ). In the third term, a straightforward integration by parts gives |∇Δφ_1|_2 ≤ |Δφ_1|^{1/2}_2 |Δ^2φ_1|^{1/2}_2 ≤ √ R |Δ^2φ_1|^{1/2}_2 ,

and successively, the Agmon’s inequality |φ|_∞ ≤ C‖φ‖^{1/2}_1 ‖φ‖^{1/2}_2 , and the lemma 3.1 (with m(φ) = m(φ_1) − m(φ_2) = 0) give: |φ|_∞ ≤ C|∇φ|^{3/4}_2 |∇Δφ|^{1/4}_2 . In the same way, we have |φ|_3 ≤ ‖φ‖_1 ≤ ‖φ − m(φ)‖_1 ≤ C|∇φ|_2. The above estimates, the bound R on the solutions and a straightforward application of the Young inequality give the following energy estimate d dt ( α^2 2 |∇φ|^2 ) + α^4B_1 2 |∇Δφ|^2 ≤ C(|v|^2 + |∇φ|^2) + C|Δ^2φ_1|^{4/3}_2 |∇φ|^2. (38)

5.2. Estimate of v_1 − v_2. In the same way, we take w = v as a test function in (36), using the assumption on η, the fact that b(v_2, v, v) = 0 (20) and the Korn inequality we obtain directly d dt ( 1 2 |v|^2 ) + η_1|∇v|^2 ≤ |b(v, v_1, v)| + ∫ Ω |σ||∇v| + 2|η^′|_∞ ∫ Ω |φ||D(v_1)||D(v)| + α^2|b(v, φ_1, Δφ)| + α^2|b(v, φ, Δφ_2)|. Using the Hölder inequality again, we have d dt ( 1 2 |v|^2 ) + η_1|∇v|^2 ≤ |v|_6|∇v_1|_2|v|_3 + |σ|_2|∇v|_2 + 2|η^′|_∞|∇v_1|_2|φ|_∞|∇v|_2 + α^2|∇φ_1|_6|v|_2|Δφ|_3 + α^2|Δφ_2|_2|v|_2|∇φ|_∞.

As in the last part, the Sobolev inequalities give

|v|_6|v|_3 ≤ C(|v|^2 + |v|_2|∇v|_2 + |v|^{3/2}_2 |∇v|^{1/2}_2 + |v|^{1/2}_2 |∇v|^{3/2}_2 ).

The lemma 3.1 with m(φ) = 0 gives |∇φ|_∞ ≤ C|∇Δφ|_2, then following the technics introduced in the estimate of φ, we can deduce that d dt ( |v|^2 ) + η_1|∇v|^2 ≤ C(|v|^2 + |∇φ|^2 + |σ|^2) + α^4B_1 2 |∇Δφ|^2. (39)

NON NEWTONIAN CAHN-HILLIARD FLOWS 65

5.3. Estimate of σ_1 − σ_2. Finally, substituting τ = σ in (37). As in the proof of lemma 3.3, we have ∫ Ω g_a(σ, v_1) : σ = 2a ∫ Ω T r(∇v_1.σ.σ), ∫ Ω g_a(σ_2, v) : σ = (a + 1) ∫ Ω T r(∇v.σ_2.σ) + (a − 1) ∫ Ω T r(∇v.σ.σ_2). Therefore, by Hölder inequality we deduce the following estimate d dt ( 1 2 |σ|^2 ) + ε|∇σ|^2 ≤ |v|_6|∇σ_1|_2|σ|_3 + 2|a||∇v_1|_2|σ|_6|σ|_3 + 2|∇v|_2|σ_2|_6|σ|_3 + |(fη)^′|_∞|φ|_3|∇v_1|_2|σ|_6 + f_2η_2|∇v|_2|σ|_2 + |l^′|_∞|φ|_3|σ_1|_2|σ|_6.

Finally, by Sobolev lemmas, using the bound R on the solutions and the Young inequality we obtain d dt ( |σ|^2 ) + ε|∇σ|^2 ≤ C ε (|v|^2 + |∇φ|^2 + |σ|^2) + η_1 2 |∇v|^2. (40)

5.4. Conclusion. Let us add the inequalities (38), (39) and (40) to obtain y^′(t) ≤ h(t)y(t), where y(t) = |v|^2 +^{α2}_2 |∇φ|^2 + |σ|^2 and h(t) = C + C|Δ^2φ_1|^{4/3}_2 ∈ L^1(0, T ). It ’s clear that the uniqueness of the solution follows from Gronwall’s lemma.

6. The particular case a = 0. In this part, we study the case where the rheological coefficient a is zero. The result (theorem 2.2) shows us that we need less regularity on the initial conditions to obtain an existence result. This model for the evolution of the stress tensor was studied by N. Masmoudi and P.L. Lions [16]. The explanation comes from the fact that the quadratic terms in the constitutive equation of σ nullify (see lemma 3.3).

6.1. Energy-type bounds. We have the same estimates than (26), (27) excepted that (28) becomes now: d dt ( |σ|^2 2 ) + ε|∇σ|^2 ≤ η_1 4 |∇u|^2 + C|σ|^2 + C. (41)

Then, we add the results (26), (27), (41) to deduce an estimate of kind d dt ( |∇φ|^2 + ∫ Ω F (φ) + |u|^2 + |σ|^2 ) + ( |∇μ|^2 + |∇u|^2 + ε|∇σ|^2 ) ≤ C|σ|^2 + C. In this case, it’s clear that we can show that the sequences {φ_n}, {v_n} and {σ_n} are bounded, for any T > 0, respectively in

L^∞(0, T ; Φ_1) for {φ_n}, L^∞(0, T ; V_0) ∩ L^2(0, T ; V_1) for {v_n}, L^2(0, T ; Φ_1) for {μ_n}, and L^∞(0, T ; Σ_0) ∩ L^2(0, T ; Σ_1) for {σ_n}.

To have good estimates on the derivatives, we shall need that φ is bounded in L^2(0, T ; Φ_3). This result can be obtained only by using the supplementary hypothesis (17) and the equation (25):

α^4|∇Δφ|^2 ≤ 2|∇μ|^2 + 2|∇F^′(φ)|^2

66 L. CHUPIN

We have just seen that the term |∇μ|^2 is bounded. For the last term, since q satisfies (17) the embeddings H^1 ⊂ L^6 and H^1 ⊂ L^{3q−3} hold in the three-dimensional case and the two dimensional case. We deduce |∇F^′(φ)|^2 ≤ C ∫ Ω (1 + |φ|^{2q−2})|∇φ|^2 ≤ C|∇φ|^2 + C|∇φ|^{2q−2}_2 |Δφ|^2, and we obtain that {φ_n} is bounded in L^2(0, T ; Φ_3).

6.2. Bounds on the derivatives. We can show that, if φ_n and v_n are less regular than in the part 4.4 then we have an estimate of ∂_tφ_n in L^2(0, t; Φ_{−1}): assume that {φ_n} and {v_n} are bounded in L^2(0, t; Φ_3)∩L^∞(0, t; Φ_1) and L^2(0, t; V_1) respectively then we can write

‖ div (φ_nv_n)‖_{−1} ≤ C‖φ_n‖_1‖v_n‖_1, ‖ div (B(φ_n)∇μ_n)‖_{−1} ≤ B_2‖φ_n‖_3, hence, we get ‖∂_tφ_n‖_{−1} ≤ C‖φ_n‖_1‖v_n‖_1 + B_2‖φ_n‖_3. Time integrating gives ‖∂_tφ_n‖^2_L2_{(0,t;Φ−1 )} ≤ 2C^2‖φ_n‖^2_L∞_{(0,t;Φ1 )}‖v_n‖^2_L2_{(0,t;V1)} + 2B^2 ‖φ_n‖^2_L2_{(0,t;Φ3 )}. (42) As for the estimate of ∂_tφ_n, we show here a similar result than (33) in which we have less regularity. We only suppose that {φ_n}, {v_n} and {σ_n} are bounded in L^2(0, t; Φ_3) ∩ L^∞(0, t; Φ_1), L^2(0, t; V_1) ∩ L^∞(0, t; V_0) and L^2(0, t; Σ_0) respectively and we clearly obtain ‖E(φ_n, v_n)‖_{−1} ≤ 2η_2‖v_n‖_1, ‖ div (σ_n)‖_{−1} ≤ |σ_n|_2, ‖φ_n∇μ_n‖_{−1} ≤ ‖φ_n‖_1‖φ_n‖_3. We know (see lemma 3.4) that for w ∈ V_{d/2}, we have |b(v_n, v_n, w)|_2 ≤ C|v_n|_2‖v_n‖_1‖w‖_{d/2}, ‖B(v_n, v_n)‖_{−d/2} ≤ C|v_n|_2‖v_n‖_1. We use here the embedding H^{−1} ⊂ H^{−d/2}, to get

‖∂_tv_n‖_{−d/2} ≤ 2η_2‖v_n‖_1 + C|σ_n|_2 + C‖φ_n‖_1‖φ_n‖_3 + C|v_n|_2‖v_n‖_1. (43) Finally, for ∂_tσ we have a similar result: suppose that {v_n} and {σ_n} are bounded in L^2(0, t; V_1) and L^2(0, t; Σ_1) respectively, then we clearly have ‖l(φ_n)σ_n‖_{−1} ≤ C|σ_n|_2, ‖Δσ_n‖_{−1} ≤ ‖σ_n‖_1, ‖f(φ_n)η(φ_n)D(v_n)‖_{−1} ≤ C‖v_n‖_1. For the two other terms, we remark that, with Sobolev inequalities for τ ∈ Σ_s, s >^d_2 + 1, we can write ∇τ ∈ Σ_{s−1} ⊂ L^∞ . We obtain, on the one hand, ( div (σ_nv_n), τ) ≤ |σ_n|_2|v_n|_2|∇τ|_∞, ‖ div (σ_nv_n)‖_{−s} ≤ |σ_n|_2|v_n|_2, and on the other hand, (g_a(σ_n, v_n), τ) ≤ C|∇v_n|_2|σ_n|_2‖τ‖_s, ‖g_a(σ_n, v_n)‖_{−s} ≤ C‖v_n‖_1|σ_n|_2, which implies (H^{−1} ⊂ H^{−s} since s ≥ 1):

‖∂_tσ_n‖_{−s} ≤ C(|σ_n|_2|v_n|_2 + ‖v_n‖_1|σ_n|_2 + |σ_n|_2 + ε‖σ_n‖_1 + ‖v_n‖_1),

‖∂_tσ_n‖^2_L2_{(0,t;Σ−s)} ≤ C ( |σ_n|^2_L∞_{(0,t;Σ0)}|v_n|^2_L2_{(0,t;V0)} + ‖v_n‖^2_L2_{(0,t;V1)}|σ_n|^2_L∞_{(0,t;Σ0)}

+ |σ_n|^2_L2_{(0,t;Σ0 )} + ‖σ_n‖^2_L2_{(0,t;Σ1)} + ‖v_n‖^2_L2_{(0,t;V1)} ) . (44)

NON NEWTONIAN CAHN-HILLIARD FLOWS 67

6.3. Passing to the limit. We can also use the inequalities (42), (43), (44): {∂_tφ_n}, {∂_tv_n} and {∂_tσ_n} are bounded in L^2(0, T ; Φ_{−1}), L^2(0, T ; V_{−d/2}) and L^2(0, T ; Σ_{−s}) respectively. Just like above (section 4.5), the compacity results [22] allows us to conclude the proof in the case a = 0. For instance, a classical compacity result [22] ensures that φ_n ⇀ φ in C^0([0, T [; Φ_1) weakly, v_n ⇀ v in C^0([0, T [; V_{(2−d)/4}) weakly, σ_n ⇀ σ in C^0([0, T [; Σ_{(1−s)/2}) weakly.

Remark 6. In the case where φ is constant, we can obtain an uniform bound in time. The term ∫ Ω σ : ∇u of the L^2 -estimate for u canceling with the term ∫ Ω ηfσ : ∇u of the L^2 -estimate for σ. We find the results presented in [16].

6.4. Proof of the corollary. We resume the estimations realized in the proof of the theorem 2.1 by using the fact that we have a global weak solution. Here, the assumption d = 2 allows us to obtain better estimates. First of all, in the H^2- estimate for φ (see section 4.3.4) we can use two results due to F. Boyer based on the fact that H^{1+δ} ⊂ L^∞ for all δ > 0 in the two-dimensional case (see [2]):

|Δ(F^′(φ))|_2|Δ^2φ|_2 ≤ α^2B_1 4 |Δ^2φ|^2 + C|∇φ|^{4/3}_2 (1 + |∇φ|^{α1}_2 ), α_1 > 0, |∇φ∇μ|_2|Δ^2φ|_2 ≤ α^2B_1 4 |Δ^2φ|^2 + C|∇φ|^2|Δφ|^2|∇μ|^2 + C|∇φ|^2 + C|Δφ|^2|∇μ|^2.

The estimate (29) becomes d dt ( |Δφ|^2 2 ) + α^2B_1 2 |Δ^2φ|^2 ≤C|∇φ|^{4/3}_2 (1 + |∇φ|^{α1}_2 ) + C|∇φ|^2|Δφ|^2|∇μ|^2

+ C|∇φ|^2 + C|Δφ|^2|∇μ|^2 + C|∇φ|^2|u|^4_2 + C.

(45)

For the H^1 -estimate for u (see section 4.3.5), we juste change the estimate of the term b(u, u, Au) by |b(u, u, Au)| ≤ C|u|_4|∇u|_4|Au|_2, ≤ η_1 18 |Au|^2 + C|u|^2|∇u|^2 + C|u|_2|∇u|^3_2 + C|u|^4_2|∇u|^2 + C|u|^2|∇u|^4_2.

So, the estimate (30) becomes in the two-dimensional case d dt ( |∇u|^2 2 ) + η_1 2 |Au|^2 ≤ α^2B_1 8 |Δ^2φ|^2 + C|u|^2|∇u|^2 + C|u|_2|∇u|^3_2 + C|u|^4_2|∇u|^2

+ C|u|^2|∇u|^4_2 + C|∇φ|^2 + C|∇u|^2 + C|∇φ|^2|∇u|^4_2 + C|∇σ|^2 + C|∇φ|^2|Δφ|^4_2 + C. (46)

And for the H^1 -estimate for σ (see section 4.3.6), we deduct easily d dt ( |∇σ|^2 2 ) + ε 2 |Δσ|^2 ≤ α^2B_1 8 |Δ^2φ|^2 + η_1 4 |Au|^2 + C(1 + |∇u|^2 + |u|^2|∇σ|^2

+ |u|_2|∇u|_2|∇σ|^2 + |u|^4_2|∇σ|^2 + |u|^2|∇u|^2|∇σ|^2 + |∇σ|^2 + |∇u|^2|σ|^2 + |∇u|^2|σ|_2|∇σ|_2 + |σ|^4_2|∇u|^2 + |∇u|^2|σ|^2|∇σ|^2 + |σ|^2 + |∇φ|^2 + |σ|^2|∇σ|^2).

(47)

Finally, adding the equations (45), (46) and (47) we obtain an estimate of kind z^′(t) + α^2B_1|Δ^2φ|^2 + η_1|Δv|^2 + ε|Δσ|^2 ≤ g(t) + h(t)z(t),

68 L. CHUPIN

where z(t) = |Δφ|^2 + |∇u|^2 + |∇σ|^2, and where, using the estimates on the weak solutions (see theorem 2.2) we have g and h in L^1_{loc} (0, T ). With the Gronwall lemma, it’s now straightforward to deduce the global existence of strong solution in the two-dimensional case.

Acknowledgments: The author wishes to thank Professor P. Fabrie for directing this work and giving much advice, and F. Boyer for helpful discussions. I also thank the referee for the care she/he brought to the reading of this paper.

REFERENCES .

[1] M. Berger, B. Gostiaux, Géométrie différentielle: variétés, courbes et surfaces, P U F (1987) [2] F. Boyer, Mathematical study of multiphase flow under shear through order parameter formulation, Asymptotic Analysis, Vol. 20 n.2, pp 175-212 (1999) [3] F. Boyer, A theoretical and numerical model for the study of incompressible mixture flows, Computers and fluids, Vol. 31, pp 41-68 (2001) [4] J.W. Cahn, J.E. Hilliard, Free energy of non-uniform system. I. Interfacial free energy, J.

Chem. Phys. 28, pp 258-267 (1958) [5] R. Chella, J. Vinals, Mixing of two-phase fluids by a cavity flow, Physical Review E 53, pp 3832-3840 (1996) [6] P. Constantin, C. Foias, Navier-Stokes Equations, University of Chicago Press (1989) [7] M. Doi, Dynamics of domains and textures, Theoretical Challenges in the dynamics of complex fluids, pp 293-314 (1997) [8] A.W. El-Kareh, L.G. Leal, Existence of solutions for all Deborah numbers for a non- Newtonian model modified to include diffusion, J. Non-Newtonian Fluid Mech. 33, No.3, pp 257-287 (1989) [9] C. M. Elliott, H. Garcke, On the Cahn-Hilliard Equation with degenerate mobility, Siam J.

Math. Anal. 27, n 1 , pp 404-423 (1996) [10] P. Germain, Cours de mécanique des milieux continus, Tome 1, Masson (1973) [11] C. Guillopé, J.C. Saut, Résultats d’existence pour des fluides viscoélastiques à la loi de comportement de type différentiel, C. R. Acad. Sci. Paris, t.305, Série I, pp 489-492 (1987) [12] D. D. Joseph, Fluid Dynamics of Viscoelastic Liquids, Springer (1990) [13] I. Kukavica, Interior gradient bounds for the 2D Navier-Stokes system, Discrete and Continuous Dynamical Systems, vol. 7, pp 873-882 (2001) [14] O. Ladyzhenskaya, The Mathematical Theory of Viscous Incompressible Flow, Gordon and Breach (1969) [15] J.L. Lions, Quelques méthodes de résolution des problèmes aux limites non linéaires, Dunod (1969) [16] P.L. Lions, N. Masmoudi, Global solutions for some Oldroyd models of non Newtonian flows, Chin. Ann. Math., Ser. B 21, No.2, pp 131-146 (2000) [17] J.S. Lowengrub, L. Truskinovsky, Quasi-incompressible Cahn-Hilliard fluids and topological transitions, Proc. Royal Soc. of London, Serie A, vol. 454, pp 2617-2654 (1998) [18] A. Miranville, Upper bound on the dimension of the attractor for the shear-layer flow in space dimension 3, In Dynamical Systems (Stockholm, 1992), pp 61-74. World Sci. Publishing, River Edge, N J (1993) [19] J.G. Oldroyd, On the formation of rheological equations of state, Proc. R. Soc. Lond. A200, pp 523-541 (1950) [20] P.D. Olmsted, C.Y. David Lu, Phase separation of Rigid-Rod Suspensions in Shear Flow, Physical Review E 60, pp 4397-4415 (1999) [21] A. Onuki, Phase transitions of fluids in shear flow, J. Phys. Condens. Matter 9, pp 6119-6157 (1997) [22] J. Simon, Compact sets in the space L^p(0, T ; B), Ann. Mat. Pura Appl. (4) 146, pp 65-96 (1987) [23] R. Temam, Navier Stokes Equations, North-Holland (1977) [24] R. Temam, Infinite-dimensional dynamical systems in mechanics and physics, Applied Mathematial Science 68, Springer-Verlag (1997)

Received June 2001; first revision February 2002; final version August 2002.

E-mail address: chupin@math.u-bordeaux.fr