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Abstract. We expand the well developed toolbox between quaternionic ideals
and supersingular elliptic curves into its higher dimensional version, namely
(Hermitian) modules and maximal supersingular principally polarized abelian
varieties. One of our main result is an efficient algorithm to compute an
unpolarized isomorphism A » Eg

0 given the abstract module representation
of A. This algorithm relies on a subroutine that solves the Principal Ideal
Problem (PIP) in matrix rings over quaternion orders, combined with a higher
dimensional generalisation of the Clapotis algorithm. To illustrate the flexibility
of our framework, we also use it to reduce the degree of the output of the
KLPT2 algorithm, from Opp25q to Opp15.5q.

1. Introduction

As a serious candidate for post-quantum cryptography standardization due to its
compactness [AAA+25], isogeny-based cryptography has seen a lot of algorithmic
improvements over the last decade.

A major tool in this context is the Deuring correspondence [Ler25; FKLPW20].
It allows to represent supersingular elliptic curves as quaternion orders, as soon
as their endomorphism rings are known. Efficient algorithms to convert between
ideals and isogenies are crucial backbones both for instantiating cryptographic
protocols, such as SQISign [FKLPW20; DLRW24; BDF+24], but also for security
reductions [EHLMP18; Wes21; HW25]. The first algorithm in this context was
the KLPT algorithm [KLPT14], which allows to (heuristically) smoothen an ideal.
The algorithm was made rigorous (under GRH) in [Wes21] (although this rigorous
version output much larger smooth ideals, so in practice the original KLPT was used
in protocols). The fall of the SIDH protocol in [CD23; MMPPW23; Rob23] led to
the consideration of higher dimensional isogenies, and the discovery of the Clapotis
algorithm [PR23] that uses higher dimensional isogenies as “shortcuts” for the ideal
to isogeny conversion problem. Clapotis has proven polynomial time complexity
(without GRH), but in practice faster heuristic variants are used [PPS25; DEF+25;
BCE+25; DEIV25].

A recent trend in isogeny based cryptography has been to consider the higher
dimensional maximal supersingular graphs for their own sake, rather than just
as providing convenient speed ups for computing dimension 1 isogenies. See for
instance [CDS20; KMM+25] for a generalisation of the CGL Hash function [CLG09]
in higher dimension. More recently [Rob24] proposed MIKE, a new NIKE that
makes crucial use of the dimension 2 and 4 isogeny graphs.
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There are two slightly different versions of the Deuring correspondance. The
first one, as mentioned represents a supersingular curve E{Fp2 by its endomorphism
ring O “ EndpEq, as a maximal order in Bp,8, the quaternion algebra ramified at p
and 8. The second one is to fix a base curve E0{Fp2 with endomorphism ring O0,
and represent E by the left O0-ideal I “ HomFp2 pE,E0q. Given I, O “ EndpEq

is the right order of I. Conversely given O, we can recover I as a connecting
ideal between O0 and O. (A slight subtlety is that there are two classes of such
connecting ideals, I and pI where p is the twosided ideal of O0 of norm p. This is
because the endomorphism ring representation does not distinguish between E and
its Fp2 {Fp-Galois conjugate Eσ).

These two versions of the Deuring correspondance extend to higher dimension.
We can represent a maximal supersingular ppav pA, λAq by its polarized endomor-
phism ring pEndpAq, rAq where rA is the Rosati involution. We can also use the
module representation M “ HompA,E0q, endowed with the unimodular Hermitian
form H induced by the principal polarizations: Hpφ1, φ2q “ φ1 ˝ φ̃2 P O0. This
later representation is due to Serre, and was introduced in the context of higher
dimensional isogeny based cryptography in [Rob24].

We note that there is a phase shift compared to the dimension 1 case: in
dimension 1 there are many maximal orders O in Bp,8, which all admit a unique
positive Rosati involution (given by the quaternionic conjugation). From the ideal
point of view, there are many classes of ideals (up to isomorphism as a O0-module),
which all admit a unique principal polarization (i.e. a unimodular Hermitian form)
HIpx, yq “ xy{NpIq. On the geometric side, this corresponds to the fact that
NSpEq “ Z, and all elliptic curves have have a canonical principal polarization, i.e.
the one induced by p0Eq. So the polarization lies in the background in dimension 1.
In higher dimension g ą 1, Deligne1 proved that a maximal superspecial abelian
variety A{Fp2 is always isomorphic to Eg0 . As a consequence, the endomorphism
ring EndpAq of A is isomorphic to the ring of matrices MgpO0q, and the module
M “ HompA,E0q is isomorphic to Og

0 . So this time, it is crucial to keep track of the
principal polarization λA of A, either as the Rosati involution for the endomorphism
representation, or as an Hermitian form in the module representation.

In particular, this means that we can represent pA, λAq by a Hermitian unimodular
definite matrix S P MgpO0q, whose associated Hermitian form on Og

0 is HSpx, yq “

xSy˚, and whose associated Rosati involution on MgpO0q is SM˚S´1, where
M ÞÑ M˚ is the conjugate transpose. This is the “IKO representation”, used in
[CDK+25] in their (heuristic) generalisation of the KLPT algorithm to dimension 2.

1.1. Contributions. In this paper, we extend the dimension 1 algorithmic tools to
convert between ideals and isogenies to higher dimension. Our main contributions
are as follows.

First, we explain how to convert between the abstract endomorphism ring rep-
resentations and the abstract module representations; this is more tricky than in
dimension 1. In particular, we give algorithms to compute from abstract representa-
tions of pEndpAq, rAq or pM,HM q, an isomorphism with MgpO0q or Og

0 respectively.
As mentioned above the existence of such isomorphisms is a new phenomena in
g ą 1. A key tool for this computation is a new algorithm to solve the Principal Ideal
Problem in MgpO0q. Another contribution is a new algorithm (see Corollary 3.8) to

1Deligne’s theorem is over Fp, but [JKP+18] gives a version over Fp2
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build an explicit isomorphism between two isomorphic central simple algebras A,A1

over Q, given maximal orders Λ Ă A and Λ1 Ă A1. This algorithm builds on [IRS12],
but uses the extra information given by Λ,Λ1 to bypass the need for a factorization
oracle.

Secondly, we extend the Clapotis algorithm from dimension 1 to dimension g.
(That such an extension was possible was conjectured in [Rob24]). A new technical
tool we use for this is the Poincaré decomposition for Hermitian modules, which we
transfer from the well known Poincaré decomposition for polarized abelian varieties.
Our generalised Clapotis (HD-Clapotis for Higher Dimensional Clapotis) allows
to make our abstract representations effective. For instance given the module
representation pM,HM q of pA, λAq, we can recover A (e.g. as given by theta
constants) along with the explicit endomorphism ring action of EndpAq » EndO0 pMq

on A and also the module action of M “ HompA,E0q on A. Given an isomorphism
M » Og

0 as constructed thanks to our solution of the PIP above, we can also use
HD-Clapotis to compute the (non polarized) isomorphism A » Eg0 . Likewise, given
the module representations pM1, H1q, pM2, H2q of pA1, λ1q, pA2, λ2q, we can make
effective any morphism φ : A1 Ñ A2 as represented via the canonical isomorphism
HompA1, A2q » HomO0 pM2,M1q, by the abstract module morphism ψ : M2 Ñ M1,

Thirdly, we explain how to go in the other direction, namely given an explicit
representation of morphisms pφ1, . . . , φmq P HompA1, A2q that generates it (as an
abelian group), how to recover its representation as an abstract abelian group. Given
also explicit representations of generators of EndpA1q,EndpA2q, we also explain how
to recover their ring structure and the pEndpA2q,EndpA1qq-bimodule structure of
HompA1, A2q. For this, we use the same method as already used in dimension 1 for
endomorphism rings [EHLMP18; Wes21], namely we embed HompA1, A2q into Zm
thanks to the trace pairing pφ1 |φ2 q “ Trpφ1φ̃2q. The trace pairing method was
already used in higher dimension to compute, from an explicit representation, an
abstract representation of endomorphisms rings, see [ABIGW25, § 3], and [Mon26]
when g “ 2. We show that the method works just as well for Hom modules than for
endomorphism rings. As an aside, both references above assume that they are given
an explicit representation not only of the φi P EndpAq, but also of their polarized
duals φ̃i, so as to be able to compute the action of the φiφ̃j in order to compute
their traces. In this paper we sidestep this by using the Weil pairing to recover
from the action of the φi on the ℓ-torsion, the action of its polarized dual φ̃i. The
Weil pairing trick is folklore in isogeny based cryptography (see for instance [Wes22,
§ 3.1]), and works just as well for general morphisms. A summary of the translations
between the different representations may be found in Appendix A.

To illustrate the flexibility of our algorithms, we also revisit the KLPT2 algorithm
in dimension 2 from [CDK+25] and show how the module point of view combined
with the Poincaré decomposition allows to improve the length of the resulting isogeny
from Opp25q to Opp15.5q.

All our algorithms are in classical polynomial time in logppq. They are mostly
deterministic, except that every time we use the HD representation, such as in the
HD-Clapotis algorithm, we need to express an integer as a sum of four squares,
which is only known to be randomized polynomial time [PT18]. Our PIP algorithm
relies on the KLPT algorithm, which is only proven to be polynomial time under
GRH [Wes21], and on Algorithm 1 which is randomized. Finally our improvements
to KLPT2 are heuristic (it uses the same heuristics as in [CDK+25]).
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We provide a proof of concept implementation of our algorithm for solving the
Principal Ideal Problem in Og

0 , available at:
https://gitlab.inria.fr/module-representation/PIP-quaternion-mat .

An explicit example may be found in Appendix B.

1.2. Concurrent work. In an independent unpublished work by Castryck, Eriksen,
Invernizzi, and Vercauteren [CEIV26], the authors also solve the Principal Ideal
Problem in the matrix ring MgpO0q, using a different approach. A noteworthy
difference is that they do not rely on the KLPT algorithm as a subroutine: this
makes their output smaller. On the other hand, their algorithm is only heuristically
in polynomial time, while ours is proven to be polynomial time under GRH, thanks
to the rigorous version of KLPT proven in [Wes21].

In another independent work, made recently available in [Mon26], Montessinos
also explains how to switch, in dimension 2, between the different endomorphism ring
representations above (abstract, effective, IKO), and how to compute an explicit
isomorphism A » E2

0 . His approach is complementary to ours: to build this
isomorphism out of an IKO representation of A, he uses the (heuristic) KLPT2
algorithm to build a 2e-isogeny E2

0 Ñ A, and then he carefully iteratively builds
isomorphisms E2

0 » Ai at each step of the 2e-isogeny chain. In this paper, we
instead rely on the HD-Clapotis algorithm to construct a double path A Ñ E2

0 ,
which also allows us to explicitly compute the isomorphism.

A difference with [Mon26] is that in this paper we mainly adopt the module
point of view, which is not used in [Mon26]. Thanks to the HD-Clapotis algorithm,
available in any dimension, this allows us to treat any dimension g, and also to handle
the missing reduction between Problem 3.3 and Problem 3.4 in [Mon26] (which is
only treated for polarized products of two elliptic curves there), see Remark 5.12.

Both papers have benefited from each other. In [Mon26], Montessinos uses our
solution to the PIP to find the IKO matrix. On the other hand, Montessinos pointed
out to us a crucial ambiguity that we had missed in a preliminary draft version of this
paper. Indeed, although all automorphisms of MgpBp,8q are inner automorphisms,
this is no longer the case for MgpO0q, where there is one extra outer automorphism
(see [Mon26, § 6.1.1] for more details). Thus the endomorphism ring representation
pEndpAq, rAq, where rA is the Rosati involution, has an ambiguity. As explained
in the introduction, this ambiguity is already present in dimension 1. Montessinos
solves this ambiguity by keeping track of the action by EndpAq on global differentials
of A. In this paper we follow his lead and use the same solution. (Although it may
seem that our notion of refined endomorphism ring representation in Remark 3.2
does not involve the global differentials, by Proposition 5.10 they are hidden in the
module representation.)

1.3. History. This work started as a follow up of the paper [GSS25] by Gaudry,
Soumier, and Spaenlehauer. In that paper, the authors explain how to compute
an explicit isomorphism E1 ˆ E2 ˆ ¨ ¨ ¨ ˆ Eg » E1

1 ˆ E1
2 ˆ ¨ ¨ ¨ ˆ E1

g of the polarized
product of maximal supersingular curves over Fp2 , given the endomorphism rings of
the Ei, E1

i.
In a private discussion with these authors, the second author of this paper had

sketched out an heuristic algorithm on how to compute an isomorphism A » Eg0 for
a general maximal supersingular abelian variety A{Fp2 (which exists by Deligne’s
theorem), given the module representation M of A, as introduced in [Rob24].
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This algorithm relied on two crucial ingredients. First we needed to solve the
purely number theoretic problem of computing an isomorphism ψ : M » Og

0 . For
this we turned to an algorithm due to the first author, who in 2014 wrote a note on
how to extend the KLPT principalization algorithm to any central simple algebra.
Unfortunately this note was never published. Also, and unlike the original KLPT
algorithm, that algorithm is at best subexponential in general. However, in our
context, the first author argued that it could be made polynomial time. In this
paper we present a drastically simplified version of this general algorithm, adapted
to our special case and using the module point of view. This simplified version was
fully worked out, along with an implementation, by the third author. A fun fact
that we realised when writing this paper is that the PIP for MgpO0q had already
been implicitly solved in [GSS25], see Remark 3.6!

Once we have the abstract isomorphism ψ : M » Og
0 , it remains to make it effective

(working coordinate by coordinate, this is the same as making the module action
effective, i.e. given v P Og

0 , being able to evaluate φi “ ψ´1pviq P M “ HompA,E0q

on any point of A for 1 ď i ď g). The second crucial ingredient relied on the
heuristic approach in [Rob24] for extending Clapotis from ideals to modules. Here
we give a rigorous version of HD-Clapotis, using as a crucial tool the Poincaré
decomposition for modules.

1.4. Organization of the paper. This work is organized as follow. Section 2 is
dedicated to the introduction of mathematical background, and Section 3 of the
possible representations for polarized abelien varieties. In Section 4 we present a
polynomial time solution to solve the principal ideal problem in matrix rings over
maximal quaternion orders. Then in Section 5, we develop very general frameworks
that will allow us to go back and forth between explicit and abstract representation
of abelian varieties. Furthermore assuming that we can construct double paths, we
show how to, given an abstract description of M , compute the associated abelian
variety A along with an effective description of the module action on A. In Section 6,
we develop the technical tools needed to compute the double paths using Hermitian
module theory, leading to an higher dimensional version of the Clapotis algorithm.
We conclude this paper by showing, in Section 7, that the tools developed above
lead to lighter outputs of KLPT2.

1.5. Technical overview. In Section 2 we recall some facts about abelian varieties,
and especially about maximal abelian varieties, which are isomorphic to a product of
supersingular elliptic curves Eg. Then we highlight how these varieties connect to the
theory of free Hermitian module through an anti-equivalence of categories. Namely,
the module version of Deligne’s theorem on superspecial abelian varieties is that a
torsion free rank g O0-module M is isomorphic to Og

0 ([JKP+18, Theorem 3.3]).
We use this in Section 3, to present the different ways we have to represent

principally polarized abelian varieties. More precisely we emphasize that we can
represent g-dimensional principally polarized maximal abelian varieties pA, λAq

as unimodular positive definite Hermitian modules pM,HM q of rank g over a
quaternionic order O0, where E0{Fp2 is a maximal supersingular elliptic curve and
O0 “ EndpE0q. Moreover, we show that specificities of such modules allows us to
represent the polarized abelian varieties pA, λAq as Hermitian modules pOg

0 , Sq where
S is the Gram matrix of the Hermitian form induced by HM over Og

0 . Indeed, in
our cases, there exists an isomorphism of modules φ : Og

0 Ñ M , so that pM,HM q is
5



isomorphic, as an Hermitian module, to pO0, φ
˚HM q. We also explore the fact that,

as in dimension 1 thanks to the Deuring correspondence, we can represent a module
pM,HM q by its endomorphism ring EndpMq enriched by the data of an involution
(up to an ambiguity). Knowing that M » Og

0 , we have EndpMq » MgpO0q and the
involution can be described by an Hermitian positive definite matrix over O0, as in
the IKO representation of [CDK+25]. We also explain how to navigate between the
standard representations pOg

0 , Sq and pMgpO0q, rSq (resp. abstract representations
pM,HM q and pEndpMq, rM q.

In order to compute the standard Hermitian module representation pOg
0 , Sq from

an abstract one pM,HM q we thus need to compute an isomorphism Og
0 Ñ M . In

Section 3.2 we also showed that computing such an isomorphism is in fact equivalent
to solving a Principal Ideal Problem over MgpO0q. In Sections 4.1, 4.2 and 4.3 we
present an algorithm to solve this problem in polynomial time in Oplogppqq. The idea
is two work locally and proceed in two steps, assuming that we know a small prime
ℓ P O0 and an element u P O0 such that Nrdpuq “ ℓ. Let I Ă MgpO0q be an ideal.
First, thanks to the KLPT algorithm in dimension 1, we can principalize I locally
almost everywhere, except at ℓ. This means that we can compute an α P Ir 1

ℓ s such
that Ir 1

ℓ s “ αMgpO0qr 1
ℓ s. Then we propose an algorithm that allows us to compute

an δ P Or 1
ℓ sˆ so that δα´1I b Zℓ “ M2gpZℓq, thanks to the element u P O0. Then

we conclude by noticing that I and αδ´1MgpO0q are equal locally everywhere, so
they are equal as Z-lattices. This Section 4 finally leads to our Algorithm 4 that
allows to compute generator of ideals of MgpO0q in time polynomial in logppq, in
the case where O0 contains a known quadratic order of small discriminant (see
Theorem 4.11). Remark that this set up includes the cryptographic use case where
p ” 3 mod 4 and O0 “ Z ` iZ `

i`j
2 Z ` 1`k

2 Z Ă Bp,8, with the special order
Zris Ă O0. As explained below in Section 2.1, the generic case of a maximal order
Λ Ă MgpBp,8q reduces (under GRH) to the one handled above.

Then in Section 5 we show how we can switch between explicit representation
(given by a theta null point of level 4 for instance) and abstract representations of
polarized abelian varieties as described above. Especially we show in Section 5.1
how the bilinear form pφ1, φ2q ÞÑ Trpλ´1

A ˝φ_
1 ˝λB ˝φ2q over HomkpA,Bq allows us

to efficiently compute the abstract Z-module structure of HomkpA,Bq from explicit
representations of its generators, for pA, λAq and pB, λBq principally polarized
abelian varieties. In our general Theorem 5.8, we also prove that we can recover the
composition maps, and therefore the ring structure of EndkpAq in the case where
A “ B. In Section 5.2 we show that the abstract Hermitian module representation
already contains the refined information for acting over global differentials. Then
in Section 5.3 we show how to recover an explicit representation from an abstract
one, using coprime double path. We conclude in Section 5.4 by applying these
results to the context of maximal principally polarized abelian varieties pA, λAq.
Using the above subsections, our construction of double paths, and our solution
to the Principal Ideal Problem, we end up proving in Proposition 5.18 that from
the abstract module representation pM,HM q we can: 1) recover the corresponding
principally polarized abelian variety pA, λAq along with an effective description of
the module action on A, getting rid of the heuristic [Rob24, Heuristic 2.13]; 2)
compute an unpolarized isomorphism A » Eg0 , generalizing [GSS25] in some sense.

Section 6 is then dedicated to the construction of double paths between A and Eg0
using the module correspondence. We begin in Section 6.1 by expliciting a technical
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tool over Hermitian modules, Proposition 6.1. It can be seen as an analogue of the
Poincaré decomposition, translated in the world of Hermitian modules. In particular,
it allows us to compute polarized module isogenies between pM,HM q and a splitted
Hermitian module M1 ‘M2, while controlling its polarized degree in Corollary 6.2.
This corollary will be the cornerstone of our improvement of KLPT2 using module
correspondence. We then use the Poincaré decomposition in Section 6.2, to prove an
analogue of the Clapotis method for higher dimensional modules. Our method relies
on the fact that we can compute specific submodules M1 ãÑ M (resp. M2 ãÑ M)
inducing a 2n1D1

1-similitude (resp. 2n2D1
2-similitude) Ψ1,Ψ2 : M4 Ñ O4g

0 , with D1
1

and D1
2 coprime integers, and such that the 2maxpn1,n2q-torsion on E0 is accessible

(see Proposition 6.6). Then applying the splitting lemma to Ψ2 ˝ Ψ_
1 P EndpO4g

0 q,
and computing the few steps involving 2-isogenies, leads to an efficient representation
of the sought double paths.

Finally, as a last illustration of the flexibility of the module representation, we
end this paper by presenting in Section 7 a way to use this theory in order to
lower the degree of outputs of the KLPT2 algorithm. In Section 7.1, we use the
tools of [CDK+25] in order to apply Corollary 6.3, and then compute a polarized
module isogeny with a smooth polarized degree reaching a split module M1 ‘M2.
We finally conclude in Section 7.2 by showing how our method allows for the
computation of a polarized isogeny of polarized degree in Opp15.5q between polarized
abelian surfaces, compared to Opp25q given by the KLPT2 algorithm. We emphasize
that our algorithm inherits their heuristics. The key flexibility that the module
representation gives is that we can easily work with submodules M 1 Ă M given by
an orthogonal decomposition M 1 “ I1 ‘K I2 of rank 1 submodules. By contrast, the
IKO representation pM2pO0q, rq of [CDK+25] needs to write down an isomorphism
I1 ‘ I2 » O2

0 and can only work at the level of rank 1 submodules implicitely.

1.6. On the module versus the endomorphism ring representation. In
[Rob24] it was argued that the module representation is more convenient to use
for isogeny based cryptography than the endomorphism ring representation. We
expand a bit on this here.

First, we have an actual anti-equivalence of category, see Theorem 2.5, a morphism
φ : A1 Ñ A2 is represented by an explicit morphism φ˚ : M2 “ HompA2, E0q Ñ

HompA1, E0q. By contrast, in the endomorphism ring representation, a morphism φ :
A1 Ñ A2 is implicitly represented via the image in EndpA1q of the embedding of the
pEndpA1q,EndpA2qq-bimodule HompA2, A1q via the inclusion φ˚ : HompA2, A1q Ñ

EndpA1q. This makes translating the standard categorical constructions (pullback,
pushforward,. . . ) more awkward.

In dimension 1, this awkwardness was less apparent because translating between
ideals and orders is easier, so often the arguments and algorithms would implicitly
switch to the module representation on the fly. (Although even in dimension 1,
considering invertible ideals only rather than rank 1 projective modules make some
constructions more awkward. An invertible ideal I is the same thing as a rank 1
projective module M along with a choice of a specific embedding i : M Ñ R; which
on the geometric side corresponds to a choice of isogeny i : E0 Ñ E. In other words
this impose to work in the pointed overcategory, and for the categorical constructions
to be compatible with the choice of pointed morphisms. But in practice we would like
to work with E without imposing a specific choice of pointed isogeny i : E0 Ñ E.)
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Secondly, the endomorphism ring representation is not available in the com-
mutative case: already in dimension 1 all (primitively) oriented elliptic curves
E{Fq by a quadratic imaginary order R have the same oriented endomorphism ring
EndRpEq “ R. By contrast, the R-module representation works just as well in the
commutative case, and often allows to treat the maximal case and the oriented
case in a uniform way. For instance in Appendix E, we sketch how to extend
HD-Clapotis to the oriented case. Also, even in the maximal supersingular case,
the endomorsphim ring representation alone introduces an ambiguity, since is not
sufficient to distinguish between A and Aσ.

Finally, we remark that the IKO representation, althrough very compact since it
represents pA, λAq by a unimodular Hermitian matrix S P MgpO0q, is quite difficult
to work with algorithmically. For HD-Clapotis, we need to work with submodules
M 1 of our initial module M ; which is not easy to do in the IKO representation. (For
instance M 1 may not admit a principal polarization. And even if it did, the IKO
representation needs an explicit O0-basis of M 1, which may be hard to find, and
worse does not exist in general for rank 1 submodules). The IKO representation
only works for g ą 1, while the module representation works just as well for g “ 1
as with g ą 1. For instance, in our improvement of KLPT2, we make crucial use of
being able to sample nice rank 1 (but not necessarily free) submodules M 1 of our
initial rank 2 module M .

1.7. Acknowledgements. We are grateful to the authors of [CEIV26; Mon26] for
sharing with us preliminary versions of their work. We are especially thankful to
Montessinos for pointing to us the ambiguity in the endomorphism ring representa-
tion due to the outer automorphism of MgpO0q. As mentioned in Section 1.2 we
use his solution to clear this ambiguity. We thank Sam Frengley for pointing us mis-
prints. This work received funding from the France 2030 program managed by the
French National Research Agency under grant agreement No. ANR-22-PETQ-0008
PQ-TLS.

2. Background

2.1. Notations. In this paper we fix a prime p ą 3. We denote by Bp,8 the unique
(up to isomorphisms) quaternion algebras over Q, ramified at p and 8. We denote
by 1, i, j, k the standard Q-basis of Bp,8. We will denote E0 a fixed supersingular
elliptic curve over Fp2 , and let O0 “ EndpE0q. We let p be the unique two sided ideal
of O0, so that ppq “ p2 and O0{p » Fp2 . If E0 is defined over Fp, then p “ pπE,pq is
principal and generated by the Frobenius endomorphism.

In Section 4, we will require O0 to be the endomorphism ring associated to an
elliptic curve to be extremal in the sense of [KLPT14], i.e. whose endomorphism ring
contains small discriminant ∆. Such a curve always exist under GRH. In Section 5,
to convert between the abstract module and endomorphism ring representations to
explicit representations, we will assume that the action of O0 on E0 is explicit. This
is the case for the special curve E0 as above. See [HW25] for a detailed discussion
about what can be proven without assuming GRH. In our case we will need to
assume the GRH anyway for our solution to the PIP.

Typically for isogeny based cryptography, when p ” 3 pmod 4q, the base curve
is E0 : y2 “ x3 ` x whose endomorphism ring is isomorphic to the maximal order
O0 :“ Z ` iZ `

i`j
2 Z ` 1`k

2 Z Ă Bp,8, see e.g. [FMP23; Ler25; BDF+24], and in
particular contains Zris so is extremal. We emphasize here that solving the PIP
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for MgpO0q suffices to solve the general case of any maximal order Λ Ă MgpBp,8q.
Indeed, as in the proof of Proposition 3.9, at the cost of finding a connecting ideal
between MgpO0q and Λ (which only involves basic linear algebra) we reduce to
the extremal case. (This point was also remarked in [CEIV26, Corollary 1.6], to
which we refer for more details.) Likewise, if we have the O0-module representation
M “ HomFp2 pA,E0q of A with respect to E0, and we know I “ HomFp2 pE0, E

1
0q,

then M 1 “ I bO0 M gives the O1
0-module representation HomFp2 pA,E1

0q of A with
respect to E1

0 (see [Rob24, Lemma 4.13]).
For an abelian variety A over a finite field Fq, we denote by EndpAq its endomor-

phism ring over an algebraic closure Fq, and by EndFq
pAq Ă EndpAq the Fq-rational

endomorphisms.
In this paper, by polynomial time or efficient, we mean polynomial in log p.

Some of our arguments work for R-oriented abelian varieties over Fq, in which
case we mean polynomial in log q and ∆R. (In the maximal supersingular case,
q “ p2 and O0 is of discriminant p, so this reduces to log p). We assume that g
is fixed throughout. In particular we allow exponential complexity with respect
to g. For instance, representing an abelian variety in dimension g via level 2 theta
constants requires 2g coordinates already. When we work with an abstract module
or endomorphism ring representations, we assume that our coefficients are also
polynomial in log p. Given an arbitrary representation we can always use a lattice
reduction algorithm to reduce to this case. When we say that an integer N is
(power)smooth, we mean that the largest prime factor ℓ (resp. prime power factor)
is polynomial in log ℓ. The N -torsion on E0 is said to be accessible when one can
compute a basis of it in polynomial time in log p; this is the case if N is powersmooth.

2.2. Maximal abelian varieties and Hermitian modules. In this section, we
will introduce an equivalence of categories between principally polarized maximal
supersingular abelian varieties over Fp2 and suitable unimodular Hermitian modules.
Recall that a g-dimensional abelian variety A defined over Fp2 is maximal, when
#ApFp2 q “ pp`1q2g. Maximal abelian varieties are exactly the varieties reaching the
maximal amount of points, prescribed by the Hasse-Weil bound. We will see that a
maximal abelian variety over Fp2 is automatically superspecial, hence supersingular,
so we will often speak about a “maximal supersingular abelian variety” to emphasize
this fact, even through “supersingular” is redundant. The main features of maximal
abelian varieties are summarised in the following Theorem 2.2 for which we refer to
[EPSV24, Lem. 4] and [JKP+18, Prop. 5.1, Theorem 5.3]:

Example 2.1. If E{Fp is supersingular, then E is maximal over Fp2 . If E{Fp2 is a
maximal elliptic curve, then it is supersingular and its endomorphism ring EndpEq

is isomorphic to a maximal order in Bp,8 [Voi21, Thm. 42.1.9].

Theorem 2.2. Let A{Fp2 be a maximal abelian variety of dimension g. Then A
is superspecial, and EndFp2 pAq “ EndpAq. Conversely, any polarized superspecial
abelian variety pAFp

, λFp
q over Fp admit a unique (up to automorphisms) polarized

model pAFp2 , λFp2 q over Fp2 where AFp2 is maximal.
If g ą 1, and E{Fp2 is any maximal supersingular elliptic curve, then A is

isomorphic over Fp2 to Eg as an unpolarized abelian variety, so in particular if
O “ EndpEq, EndpAq » MgpOq.
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Essentially the same result holds for minimal abelian varieties; in fact A is
maximal if and only if its quadratic twist is minimal. The reason we stick to
maximal supersingular abelian varieties over Fp2 rather than superspecial ones is
to kill spurious twists. (In dimension 1, only the curves with j “ 0, 1728 can have
supersingular twists that are neither minimal nor maximal over Fp2 , but there are
many more abelian varieties with extra twists in higher dimension). In particular,
the maximal supersingular isogeny graph in Fp2 is isomorphic to the superspecial
isogeny graph in Fp. Recall that O0 “ EndpE0q is a maximal quaternionic order in
Bp,8.
Definition 2.3. An unimodular positive definite Hermitian O0-module pM,Hq is
a torsion-free left O0-module of finite type together with a Hermitian bilinear form
H : M ˆM Ñ O0 which is definite positive and unimodular (which means that H
induces an isomorphism of M with its dual M_).

The rank of M is the dimension of M bZ Q over Q. We denote by qH : M Ñ O0
(or qM ) the quadratic form associated to H: if x P M , qHpxq “ Hpx, xq.

We will often simply say that pM,HM q is unimodular as an abbreviation of
unimodular positive definite torsion free and of finite type. We refer to [Rob24, § 2]
for some basis theory of unimodular Hermitian modules. In the quaternionic case,
forgetting about the Hermitian form, the module structure is very simple:
Theorem 2.4. [JKP+18, Theorem 3.3 (c)] Let M be a torsion-free left O0-module
of rank g. Then M is projective, and if g ą 1 M is free: M » Og

0 .

2.3. The equivalence of categories. The Deuring correspondence has been a
major tool used in the recent advances regarding isogeny-based cryptography. The
following can be seen as an extension of this correspondance to higher dimension:
Theorem 2.5. [JKP+18] and [Rob24, Theorem 5.1].
The functor A ÞÑ M “ HomFp2 pA,E0q is an anti-equivalence of categories between
maximal abelian varieties over Fp2 and f.p torsion-free left O0-modules. Under this
equivalence, a principal polarization on A corresponds to an unimodular positive
definite Hermitian form H over M .

Example 2.6. Combined with Theorem 2.4, Theorem 2.5 shows that every maximal
supersingular abelian variety A{Fp2 is (non-polarized) isomorphic to Eg0 .

The converse functor can be defined as follow: to M{O0 we associate the abelian
variety A{Fp2 whose associated fppf sheaf is given by the internal sheaf hom
HOMO0´fppf pM,E0q. (It is not hard to prove that A is a proper commuta-
tive group scheme, but to prove that it is an abelian variety requires more work.)
Of course this abstract definition does not allow to compute A in practice, one of
the goals of this paper is to give such an effective algorithm.
Remark 2.7 (Isogenies and module maps). Recall that φ : A Ñ B is an isogeny if
it is a surjective morphism between abelian varieties of the same dimension. On
the module side this corresponds to an injective morphism ψ : MB Ñ MA between
torsion free modules of the same rank. The degree of φ is the degree of the finite
scheme Kerφ, this corresponds to the cardinal of torsion module MA{MB .

In practice we deal with principally polarized abelian varieties, and isogenies that
respect the polarization: φ : pA, λAq Ñ pB, λBq are said to be polarized of type rns

if φ̃ ˝ φ “ rns, where φ̃ “ λ´1
A ˝ φ_ ˝ λB is the polarized dual of ϕ. By abuse of
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notation we will also say that φ is polarized of type (or degree) n, note that in this
case degφ “ ng. On the module side this corresponds to a n-similitude between
unimodular Hermitian modules ψ : pMB , HBq Ñ pMA, HAq satisfy ψ˚HA “ nHB .

Example 2.8. blank
iq The module associated with the abelian variety pEg0 , λ

g
0q is pOg

0 , H
g
O0

q, where
HO0 px, yq “ xy (which we will also denote by H0).

iiq In the other direction, we recover the Deuring correspondence for ideals [JKP+18,
Theorem 4.4 (d)]. Indeed, the variety associated to the ideal I seen as a
O0-module is E0{E0rIs.

iiiq Any unimodular principal Hermitian module of the form pO0x,
HM

qM pxq
q is

isomorphic as a unimodular module to pO0, H0q, hence corresponds to the
polarized isomorphism class of pE0, λ0q.

In Table 1 we summarize the main translations provided by Theorem 2.5.

Maximal abelian variety A{Fp2 Left f.p.t.f O0-module M “ HomFp2 pA,E0q

of dimension g of rank g
The dual abelian variety pA The dual module M_ (or M 7 if unimodular)

Principal polarization λA : A Ñ pA U.p.d Hermitian form HM : M ˆM Ñ O0
An isogeny φ : A1 Ñ A2 A module monomorphism ψ : M2 ãÑ M1

of degree n such that CardpM1{ψpM2qq “ n
An n-isogeny φ : pA1, λ1q Ñ pA2, λ2q An n-similitude ψ : pM2, H2q Ñ pM1, H1q

Table 1. Summary of the module correspondence.

Example 2.9. Let φ : A1 Ñ A2 be the n-isogeny associated to the n-similitude
ψ : pM2, H2q Ñ pM1, H1q. By Proposition 3.5, M2 Ă M1 can also be equivalently
described as an ideal I Ă EndO0 pM1q » EndpA1q. Then Kerφ “ tP P A1 | γpP q “

0 @γ P M2u “ tP P A1 | γpP q “ 0 @γ P Iu, and conversely M2 “ tγ P M1 |

γpKerφq “ 0u, I “ tγ P EndpA1q | γpKerφq “ 0u. This allows to go from φ to ψ
(resp. I) whenever n is smooth, the n-torsion is accessible on A1, and the module
action is explicit (resp. the endomorphism action is explicit). See [Rob24] for more
details (this reference only treats the module point of view, but the statements on I
above follow immediately from the statements on M2 and Proposition 3.5).

3. Representing polarized abelian varieties

Let pA, λAq be (polarized isomorphism class of) rank g principally polarized
maximal abelian variety over Fp2 . We will denote by rA the Rosati involution on
EndpAq induced by λA (up to isomorphism).

3.1. The abstract representations.
The abstract Hermitian module representation pM,HM q. This is the repre-
sentation given by the equivalence between principally polarized abelian varieties
and unimodular Hermitian modules. We assume that M is given by generators,
viewed as a submodule of Og

0 , and HM is given by an Hermitian Gram matrix.
We highlight that HM is well defined up to congruence, meaning that for any
P P GLgpO0q, pM,HM q and pM,PHMP

t
q represent the same Hermitian module.
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Remark 3.1. Note that if M is given by an abstract presentation:

Om
0

γ // Oq
0

// M // 0 ,

then we can reduce to the case of generators over Og
0 by linear algebra. Indeed,

let us denote by G P MqˆmpO0q the matrix given by the linear application γ in
canonical basis. The columns of G are the m relations between the q generators
of M given by the presentation. Now, extending the scalar, we obtain a matrix
GQ “ Gb Q representing a linear application between vector spaces. Therefore it is
easy to computes its cokernel, given by a matrix C P MgˆqpBp,8q (g rows since M
is of rank g). Then, rescaling by the greatest common divisor of the denominators
of the entries of C, we revover a matrix C 1 P MgˆqpO0q. Its columns give the q
generators of M seen as an Og

0 submodule.

The standard Hermitian module representation pOg
0 , Sq. Let pM,HM q be

the abstract module representation of pA, λAq. By Theorem 2.4, if g ą 1, the
O0-module M is isomorphic to Og

0 . Fixing an isomorphism ψ : Og
0 Ñ M , we obtain

an Hermitian form H “ ψ˚HM on Og
0 , which is represented by a matrix S in the

canonical basis: S “ Hpei, ejq, so that Hpu, vq “ uSv˚.
The abstract endomorphism representation pEndpMq, rM q. Given the ab-
stract module representation pM,HM q, we can also construct the endomorphism
representation pEndpMq, rM q where EndpMq is the endomorphism ring of M as a left
O0-module (so M is a pO0,EndpMqq-bimodule), and rM is the “Rosati involution”
γ ÞÑ γ˚, where γ˚ is the adjoint of γ with respect to HM .

In the abstract endomorphism representation, we work in the category of rings
with an involution. An isomorphism pA1, r1q of pA2, r2q of rings with an involution
is an isomorphism φ : A1 Ñ A2 such that r2 “ φr1φ

´1. By the anti-equivalence of
category, pEndpMq, rM q » pEndpAq, rAq as abstract rings with an involution. This
is the usual representation in dimension 1: a maximal supersingular elliptic curve
E{Fp2 is represented by O “ EndpEq, and where the Rosati involution is implicitly
given by the quaternionic conjugation on O.

Remark 3.2 (The refined endomorphism ring representation). A very important
point, is that the abstract endomorphism ring representation does not determine
the Hermitian module M uniquely. This is because MgpO0q has exactly one outer
automorphism as a ring, pEndpMq, rM q can be induced by two non isomorphic
Hermitian modules. Explicitly, pM,HM q and ppM,HM{pq » pM, pHMp´1q have
isomorphic associated endomorphism ring with involution (on the abelian variety
sides, these correspond to A and its Galois conjugate Aσ). This phenomena is well
known in dimension 1: a supersingular curve E is uniquely determined by the ideal
I “ HompE,E0q, but the endomorphism ring EndpEq only determines E up to
Galois conjugation.

To distinguish the two cases, we introduce the refined ring representation. The
idea is that the O0-module left structure on M induces a Fp2 -module structure on
M{pM » Fp2

g, hence an isomorphism EndpMq{p » MgpFp2 q (where p Ă EndpMq

is the pullback of the Jacobson radical of EndpMq{p). In particular, M induces an
Fp2-algebra structure on EndpMq{p, independent of the choice of basis of M{pM .
This extra Fp2-algebra structure gives us our refined representation.

Notice that the associated Fp2 -algebra structure on pEndpMq, rM q associated to
the two modules above differ precisely by the Galois conjugation of Fp2 {Fp.
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The standard endomorphism representation pMgpO0q, rSq. Given the stan-
dard Hermitian module representation pOg

0 , Sq, we obtain the standard endomor-
phism representation pMgpO0q, rSq where rSpMq “ SM˚S´1 and M˚ is the canon-
ical involution M ÞÑ M

t. (Here the O0{p-module structure on MgpO0q{p »

MgpO0{pq should of course be the natural one.)
Recall that an involution r on MgpBp,8q “ MgpO0qbZQ is positive if TrBp,8{QpMrpMqq ą

0 for all M P MgpBp,8q. If r is an involution on MgpO0q, it induces an involution on
MgpBp,8q that we denote by r too. We say that r is standard if r mod p respects
the Fp2-algebra structure of MgpO0q{p. (Otherwise, it acts by the Fp2 {Fp-Galois
action on scalar matrices, and conjugating r by the outer automorphism we get a
standard involution.)
Lemma 3.3. Let r be a standard positive involution on MgpO0q. Then r “ rS for
some unimodular Hermitian definite positive matrix (and conversely).

Proof. Let r0pMq “ M˚ be the canonical involution on MgpO0q, then a “ r ˝ r0
is an automorphism. If r is standard, since r0 is standard too, then a is an inner
automorphism, so r “ SM˚S´1 for some matrix S P MgpO0qˆ. Extending the
scalars by R, by [Voi21, Lemma 8.4.12], we see that up to replacing S by ´S, S is
Hermitian definite positive. Since its determinant is a rational number of absolute
value 1, by positivity of S it is 1. The converse is immediate. □

Remark 3.4. It is immediate to convert from pOg
0 , Sq to pMgpO0q, rSq. In the

other direction, we can recover S from rS by solving in X P GLgpO0q the linear
system given by rpMiqX “ XMi

t, for Mi the g2 canonical generators of MgpO0q.
Notice that a solution to this system will be well defined up to multiplication by a
scalar since MgpO0q is central. But the condition of both positivity and detpSq “ 1
lead to an unique S.

We remark that S, the Gram matrix of the associated Hermitian form H on
Og

0 : it is precisely what is called the IKO representation in [CDK+25] when g “ 2.
Changing basis of Og

0 amounts to changing S to GSG˚ for G an element in GLgpO0q,
and to conjugating rS : M Ñ SM˚S´1 by CG: rGSG˚ “ CG ˝ rS ˝ C´1

G , where
CGpMq “ GMG´1.
3.2. Converting between the abstract representations.
Proposition 3.5. The maps M 1 Ă M ÞÑ IM 1 “ tγ P EndpMq | γpMq Ă M 1u and
I Ă EndpMq ÞÑ M 1

I “
ř

γPI γpMq Ă M give converse bijections between submodules
of M and ideals of EndpMq.

For a general module M of finite type over a ring R, we have obvious inclusions
M 1
IM1

Ă M 1 and IM 1
I

Ą I. If M is projective, it is locally free over R hence these
inclusions are equalities. Proposition 3.5 is a baby case of the more general Morita
equivalence between O0 and MgpO0q, see Appendix C for more details. As we
will see in Section 4, Proposition 3.5 implies that finding an explicit isomorphism
M » Og

0 given an abstract representation of M as M Ă Og
0 and solving the Principal

Ideal Problem over MgpO0q are equivalent problems. These are solved in Section 4,
in randomized polynomial time in log p (under GRH).
Remark 3.6. Alternatively, one can directly solve the submodule problem as follows
(hence obtain yet another solution to the PIP). First, by standard linear algebra we
can write M as a direct sum of ideals: M » I1 ‘ ¨ ¨ ¨ ‘ Ig. This is standard in the
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commutative case by using pseudo-basis, and the same algorithm can be adapted
to the non-commutative case, see for instance [Kir16, Algorithm 2.2.6]. It remains
to find an isomorphism I1 ‘ ¨ ¨ ¨ ‘ Ig » Og

0 , which reduces to the case g “ 2 and is
solved in [GSS25] (under GRH).

It is immediate to convert from pM,HM q to the refined representation pEndpMq, rM q.
The other direction is less obvious, we begin by computing an isomorphism EndpMq »

MgpO0q.
The first step is to compute an isomorphism EndpMq b Q Ñ MgpBp,8q. Unfor-

tunately, there is no polynomial time algorithm (even for fixed g) in the literature to
do this: the most general algorithm is [IRS12] but it requires a factorization oracle,
so it only gives a polynomial time quantum algorithm. It is enough to show how
to find isomorphisms A – MnpQq, given A as input. The algorithm proceeds by
computing a maximal order Λ (using the factorization oracle) and finding a special
element in a lattice constructed from Λ among its vectors in a certain ball. If the
lattice does not contain very short vectors, this can be done efficiently when n is
fixed, but this condition is not always satisfied. When the lattice contains very short
vectors, the algorithm from [IRS12] uses a recursive step: this requires computing
more maximal orders and therefore make more calls to the factorization oracle.
In our setting, we can compute a maximal order in polynomial time in the initial
algebra since we know a good order to start from, but not in the recursive steps since
badly controlled algebras could appear. We show that we can avoid the recursion
by randomizing the maximal order, using the techniques of [BPTW25] and the fact
that random lattices do not have very short vectors with high probability.

Algorithm 1: Split
Input: A maximal order Λ in an algebra A isomorphic to MnpQq

Output: An isomorphism A – MnpQq

1 Compute an isomorphism ι : Ab R – MnpRq ;
2 Λ1 Ð Λ, ι1 Ð ι, λ Ð λ1pΛ, ιq ;
3 Let ℓ be the next prime after c3pn, λq ;
4 Compute an isomorphism Λ{ℓΛ – MnpFℓq ;
5 while λ1pΛ1, ι1q ă expp´c2pnqq do
6 Let ι1 be a small random perturbation of ι ;
7 Let H Ă Fnℓ be a uniformly random hyperplane ;
8 Let H 1 Ă pZ{ℓ2Zqn be the preimage of H ;
9 Let Λ1 “ 1

ℓ tb P Λ | bpH 1q Ă ℓH 1u

10 end
11 Compute the set X of elements a P Λ1 with }ι1paq} ď n ;
12 Let a P X be such that dimQpAaq “ n ;
13 Return the isomorphism A – MnpQq derived from the action of A on Aa.

Proposition 3.7. Given as input a maximal order Λ in an algebra A isomor-
phic to MnpQq, Algorithm 1 returns an isomorphism A – MnpQq in probabilistic
polynomial time for fixed n.
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Proof. The algorithm is adapted from [IRS12], so we refer to there for details of
intermediate steps. We also use the terminology of Euclidean lattices, cf. [Gra84;
BPTW25].

Let c1pnq ą 0 be a lower bound on the volume of semistable lattices of rank n.
An explicit such lower bound can be derived from [SW14] or [BPTW25, Section 5].
Let c2pnq be the constant c appearing in [Gra86, Theorem 2.2] when L “ M is a
lattice of rank n. By pΛ1, ι1q we denote the Euclidean lattice obtained by pulling
back via ι1 the standard Euclidean structure on MnpRq. Note that since n is fixed,
the first minimum of any lattice of rank n2 can be computed in polynomial time,
see for instance [HS07].

The order Λ is isomorphic to EndpLq for some Euclidean lattice L in a way that
is compatible with ι. From a lower bound on λ1pΛ, ιq, by [Gra86, Theorem 2.2], we
can derive a lower bound on λ1pLq (first of the successive minima). From [BPTW25,
Theorem 3], determine a small random perturbation over R and a bound c3pn, λq “

λ´Onp1q such that random sublattices of L of prime index at least c3pn, λq are
c1pnq{2-close to equidistributed in the space of lattices of rank n. Such a bound
can be derived without knowledge of L but simply from a lower bound on its first
minimum (in the terminology of [BPTW25] this gives a bound on the balancedness
parameter α). Also note that in our case, since the base field is Q, the Riemann
hypothesis is not needed and we do not need to average over several primes.

Since the isomorphism AbR – MnpRq can be computed in polynomial time, its
coefficients expressed on a basis of Λ have polynomial size, and therefore log λ1pΛ, ιq
is polynomially bounded, and similarly for log ℓ when n is fixed.

In the while loop of Algorithm 1, the order Λ1 that is constructed (note ℓΛ Ă

Λ1 Ă 1
ℓΛ) is of the form EndpL1q where L1 is the preimage of H in L via an

isomorphism L{ℓL – Fnℓ compatible with EndpLq{ℓEndpLq “ Λ{ℓΛ – MnpFℓq; by
construction L1 is a uniformly random sublattice of index ℓ in L. Therefore, with
probability at least c1pnq{2, the lattice L1 is semistable, and in this case by [Gra86,
Theorem 2.2], the loop terminates. In particular, the expected number of loop
iterations is at most 2{c1pnq.

Since n is fixed and λ1pΛ1, ι1q is lower bounded by a function of n, the set X
can be computed in polynomial time [FP85; HS07]. By [IRS12, Theorem 2], the
element a P X always exists. The last step can be computed in polynomial time as
in [IRS12]. □

Corollary 3.8. Let A,A1 be two isomorphic central simple algebras over Q of
dimension n2. Given orders Λ Ă A and Λ1 Ă A1 together with factorizations of their
discriminants, one can compute an isomorphism A – A1 in probabilistic polynomial
time for fixed n.

Proof. Since we know the factorization of the discriminants of Λ and Λ1, by [IR93]
we can efficiently compute a maximal order containing Λ1 b Λop. Then we apply
Proposition 3.7 and [IRS12, Section 4]. □

Applying the previous corollary for the orders and Q-algebras EndpMq Ă

EndpMq b Q and MgpO0q Ă MgpBp,8q we can efficiently compute an isomor-
phism EndpMq b Q Ñ MgpBp,8q. Indeed the discriminants involved are powers
of p and are therefore easy to factor.
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Proposition 3.9. With the above notations, for g ě 2, there exists an algorithm
that computes an isomorphism φ : EndpMq Ñ MgpO0q. Under the GRH, this
algorithm is (randomized) polynomial in logppq.

Proof. Since we can compute an isomorphism EndpMq b Q » MgpBp,8q, we de-
duce an inclusion i : EndpAq ãÑ MgpBp,8q. Now ipEndpAqq must be isomorphic
to MgpO0q. Since the center Q has no nontrivial automorphisms, the Skolem–
Noether theorem implies that there exists a matrix P P MgpO0q such that the
map EndpAq Ñ MgpO0q given by α ÞÑ PipαqP´1 is an ring isomorphism, and in
particular ipEndpAqq “ PMgpO0qP´1. Finding this P reduces to solving a Principal
Ideal Problem in MgpO0q for an ideal connecting MgpO0q and ipEndpAqq. Indeed
let O1 and O2 be two maximal orders in MgpBp,8q and let Ic be any ideal connect-
ing O1 and O2. Since the narrow class group of Q is trivial, by Eichler’s theorem
the ideal Ic is principal. Furthermore if Ic “ O1β, then O2 “ β´1O1β. That is why
solving a principal generator for a connecting ideal between MgpO0q and ipEndpAqq

gives such a P . Therefore Theorem 4.11 leads to the desired conclusion. □

Remark that if we start with a refined abstract representation on EndpAq, up
to conjugating φ by the outer automorphism we can assume that φ is refined, i.e.
respects the Fp2-algebra structure. Then we apply Remark 3.4, to recover the
associated Hermitian module pOg

0 , Sq, where S is the Gram matrix of the Hermitian
form. The following theorem sums up the translations provided in this section. An
illustration of these can be found in Appendix A, Figure 1.

Theorem 3.10. Under GRH, there are polynomial time algorithms to convert
between the abstract module representation, the refined abstract endomorphism ring
representation, the standard endomorphism representation and the standard module
representation.

4. On the Principal Ideal Problem

This section is dedicated to the resolution of the Principal Ideal Problem for
matrix spaces over maximal quaternionic order O0. In the following, g ě 2.

Problem 4.1. Let I be an integral right-ideal in MgpO0q, given by generators.
Compute an element P P I such that I “ PMgpO0q.

As stated earlier this problem is equivalent to the submodule problem below,
by Morita equivalence. See Appendix C for one of the main result from Morita’s
theory, together with a more down to earth approach.

Problem 4.2. Given generators m1, . . . ,mr P Og
0 of a free right O0-module M of

rank g ě 2, compute a basis of M as a submodule of Og
0 .

In the following we choose to fit in the framework of [Rei03], so we will work with
right O0-modules (and right MgpO0q-ideals) instead of left O0-module as above.
(Of course, by transposition, the left setting is equivalent to the right setting.)

To facilitate the readability of Proposition 4.9 and Theorem 4.11 we use the vague
adjective small to call a prime ℓ and a discriminant ∆ of a quadratic order. Let us
make this precise. As often in this context, the complexity is described in terms of
the parameter p, the ramified prime of the quaternion algebra we are dealing with.
For both ℓ and ∆, we say that there are small to mean that they are in Oplogppqq.
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In the following sections we present an algorithm to solve Problem 4.1 using the
KLTP algorithm as a subroutine and linear algebra over O0 and its localizations.
We divide the solution of Problem 4.1 in two steps. First we reduce to the case of
a principal ideal I of MgpO0qr 1

ℓ1¨¨¨ℓr
s, and then we try to multiply I by elements

of MgpO0qr 1
ℓ1¨¨¨ℓr

sˆ so that it becomes locally trivial at every prime ℓi. This is
the same strategy as in [Pag14] and was inspired by it, but the features of our
special case allow us to design a polynomial time algorithm. For instance, our local
algorithm in Section 4.2 has a natural geometric interpretation on the Bruhat–Tits
building of GL2gpQℓq similar to [Pag14, Subalgorithm 3.9 and Figure 2].

4.1. Solving the problem almost everywhere. In the following we will denote
by O the algebra MgpO0q, with g ě 2. Let I be a right O-ideal, and S “ tℓ1, . . . , ℓru
a set of small primes such that ℓi ‰ p. In the following we denote by π the product
π :“ ℓ1 ¨ ¨ ¨ ℓr The first step is to find a generator of Ir 1

π s. We can handle dimension
1 thanks to KLPT.
Lemma 4.3. Let I be a (integral) right O0-ideal. There exists α P Ir 1

π s such that
Ir 1
π s “ αO0r 1

π s.

Proof. KLPT returns an α P Bˆ
p,8 such that I “ αJ , where J is an ideal of

norm ℓn1
1 ¨ ¨ ¨ ℓnr

r for positive integers ni. Thus we can write J as a sum J “

j1O0 ` ℓn1
1 ¨ ¨ ¨ ℓnr

r O0 which leads to Jr 1
π s “ j1O0r 1

π s ` ℓn1
1 ¨ ¨ ¨ ℓnr

r O0r 1
π s “ O0r 1

π s.
Thus Ir 1

π s “ αJr 1
π s “ αO0r 1

π s. Since 1 P O0r 1
π s, it is clear that α P Ir 1

π s. □

We now generalize this lemma to the right ideal I of O. We want, given I and S,
to find an element α P Ir 1

π s such that Ir 1
π s “ αOr 1

π s. Since we are working with I a
O-right ideal, it is equivalent to work with the O-module generated by the columns
of the given generators of I. Thus it suffices to solve following Problem 4.4, and
apply the solution iteratively.
Problem 4.4. Given Mℓ an Or 1

π s module generated by g ` 1 column vectors Mℓ “

xv1, . . . , vg, vg`1yOr 1
π s, compute g vectors w1, . . . , wg such that Mℓ “ xw1, . . . , wgyOr 1

π s.

We now present an algorithm to solve this problem, using only KLPT and O-
linear algebra. By Lemma 4.3, we know that there exists an α1 P O0r 1

π s such
that xv1,1, . . . , vg`1,1yO0r 1

π s “ α1O0r 1
π s, where vi,j denotes the j-th component of

vi. Thus there exists c1, . . . , cg, d1, . . . , dg´1 P O0r 1
π s such that:

w1 :“
g`1
ÿ

i“1
vi ¨ ci “ pα1, d1, . . . , dg´1qt

Hence, since α1 left-divises every element in tv1,1, . . . , vg`1,1u, by linear combinations
of the vi and w1 we can write that: Mℓ “ xv1

1, . . . , v
1
g`1, w1yOr 1

π s where the v1
i are of

the form: v1
i “ p0 v1

i,2 ¨ ¨ ¨ v1
i,gqt. By the same argument there exists an O0r 1

π s-vector
w2, such that Mℓ “ xv2

1 , . . . , v
2
g`1, w1, w2yOr 1

π s, where this time the v2
i are of the

form: v2
i “ p0 0 v2

i,3 ¨ ¨ ¨ v2
i,gqt. Repeating this process leads to g vectors wi such that

Mℓ “ x0, . . . , 0, w1, . . . , wgyOr 1
π s, which concludes the algorithm solving Problem 4.4.

We proved the following:
Proposition 4.5. Given an integral right O-ideal I and a set S of small primes
distinct from p, Algorithm 2 returns an element α P Ir 1

π s such that Ir 1
π s “ αOr 1

π s,
where π “

ś

ℓPS ℓ. Assuming GRH, this algorithm runs in polynomial time in logppq.
17



Proof. The correctness of the algorithm follows from the above discussion. It only
involves linear algebra and g calls to KLPT, which is proven to be polynomial under
GRH. It implies the complexity statement. □

Algorithm 2: PrincipalizeAlmostEveryWhere
Input: An integral right O-ideal I given by n generators, and a set of small

primes distinct from p denoted S
Output: An α P Ir 1

π s such that Ir 1
π s “ αOr 1

π s

1 Denote by Lv the list of the column vectors of the generators of I ;
2 Denote by Lres :“ r s what will be the rows of α ;
3 for irow in range(g) do
4 Write Lv “ pviqiPrr1,ngss;
5 Let Irow be the right O-ideal generated by pvirirowsqi ;
6 Call KLPT to compute β P Irowr 1

π s such that Irowr 1
π s “ βO0r 1

π s ;
7 Compute the ci P Bp,8 such that

ř

virirowsci “ β ;
8 Append w “

ř

vici to the list Lres ;
9 Replace Lv “

`

vi ´ w ¨ pβ´1virirowsq
˘

i
;

10 end
11 Return the matrix whose rows are the elements of Lres.

4.2. Solving the problem locally at every split ℓ P S. The only obstruction left
for I to be principal lies locally at primes ℓ P S, since we found a generator α P Ir 1

π s

suitable at each place where they are invertible. Let us denote J :“ α´1I, being an
O-ideal. We aim now to trivialize J by acting by elements of Or 1

π sˆ to preserve the
fact that Jr 1

π s “ Or 1
π s. In the following we fix an ℓ P S that splits in O0, so that

Or 1
ℓ sˆ Ă Or 1

π sˆ. We fix an isomorphism O bZℓ Ñ M2gpZℓq, that naturally extend
to an isomorphism ι : O bQℓ Ñ M2gpQℓq, and we denote by Om the image of O by
this map. We know that J bZℓ embeds in M2gpQℓq as a fractional principal ideal of
M2gpZℓq denoted Jℓ. Thus there exists βℓ P M2gpZℓq such that ℓrJℓ “ βℓM2gpZℓq,
for some r P Zě0.

Note that every permutation matrix is invertible in O. In addition, for x P O0
and distinct i, j P rr1, gss, we have Idg ` Eijx P Oˆ where pEijqi,jPrr1,gss denotes
the canonical basis of O. Therefore we can act on βℓ by G Ă Oˆ

m, the subgroup
generated by elements of the form P b Id2 and Id2g ` pEij b Mq, where P is a
permutation matrix, M P M2pZℓq, i ‰ j and b denotes the usual tensor product
for matrices.

Lemma 4.6. The subgroup G Ă Oˆ
m acts transitivly on P2g´1pFℓq.

Proof. Let x :“ rx11, x12, . . . , xg1, xg2s and y :“ ry11, y12, . . . , yg1, yg2s be two points
of P2g´1pFℓq. First by acting on x and y by the permutations P b Id2, we may
assume that px11, x12q ‰ p0, 0q and that pyg1, yg2q ‰ p0, 0q. Thus we can suppose
that x11 ‰ 0 or x12 ‰ 0, without loss of generality. We reduce to the case where
x11 ‰ 0, the other case being symmetric. We normalize x “ r1, x1

12, . . . , x
1
g1, x

1
g2s.

18



We can now construct the following matrix:

M1 :“

¨

˚

˚

˚

˚

˚

˚

˚

˝

Id2 0 0 ¨ ¨ ¨ 0
ˆ

y21 ´ x1
21 0

y22 ´ x1
22 0

˙

Id2 0 ¨ ¨ ¨ 0
...

... . . . ...
...

ˆ

yg1 ´ x1
g1 0

yg2 ´ x1
g2 0

˙

0 0 ¨ ¨ ¨ Id2

˛

‹

‹

‹

‹

‹

‹

‹

‚

P G

such that M1 ¨x “ r1, x1
12, y21, y22, . . . , yg1, yg2s. By a similar argument on yg1 and

yg2, we findM2 P G such thatM2¨r1, x1
12, y21, y22, . . . , yg1, yg2s “ ry11, y12, . . . , yg1, yg2s.

We conlude that there exists M P G such that M ¨ x “ y. □

On the other hand, Jr 1
π s is invariant by the action of elements of Or 1

ℓ sˆ. Let us

denote by Dℓ P M2gpQℓq the matrix image of D :“
ˆ

u 0
0 Idg´1

˙

P Or 1
ℓ sˆ, where u

is an uniformizer at ℓ which splits in O0. Notice that ℓD´1 P O.

Lemma 4.7. Let A P M2gpZℓq. A is left divisible by Dℓ in M2gpZℓq if and only if
A is left divisible by Dℓ in M2gpFℓq, where ¨ is the canonical projection.

Proof. It is clear that the division in M2gpFℓq is necessary. Let us prove the
converse. By assumption, there exists Y P M2gpFℓq such that A “ DℓY . Taking
any representative for the class Y leads to X,R P M2gpZℓq, such that A “ DℓX`ℓR.
ThusD´1

ℓ A “ X`ℓD´1
ℓ R, but by the comatrix formula we see that ℓD´1

ℓ P M2gpZℓq.
Hence D´1

ℓ A P M2gpZℓq which concludes the proof. □

Our goal is now to act on βℓ by Dℓ and by elements of G, until we reach an
element γℓ such that vℓpdetpγℓqq “ 0. Indeed, this action preserves the fact that I is
generated locally almost everywhere by α, and acting by D´1

ℓ allows us to decrease
step by step the ℓ-valuation of the determinant of the generator βℓ.

Proposition 4.8. There exists δℓ P ιpOr 1
ℓ sˆq such that δℓJℓ “ M2gpZℓq.

Proof. By preceding Lemma 4.7, checking whether βℓ is divisible by Dℓ, reduces to
checking it on M2gpFℓq. And since we are now over a field, a matrix A P M2gpFℓq is
left divisible by Dℓ if and only if ImpAq Ă ImpDℓq. Using the Hermite normal form
and the fact that detpDℓq “ ℓ, we see that rkpDℓq “ 2g ´ 1. It implies that ImpDℓq

is a hyperplane, say vK, the orthogonal of a vector v. From now on we suppose
that vℓpdetpβℓqq ą 0, else there is nothing to prove. Thus βℓ is singular, and Impβℓq
is contained in a hyperplane, say wK. Note that v and w are well defined up to
scaling. Hence Lemma 4.6 ensures that there exists M1 P G such that M1v “ w.
Thus Impβℓq Ă wK “ pM1vqK “ M´1

1
t
pvqK, and finally ImpM t

1βℓq Ă ImpDℓq.
Noticing that G is stable under transposition, we rewrite the previous equality
as ImpM1βℓq Ă ImpDℓq for M1 P G. Thus there exists βp0q

ℓ P M2gpZℓq such that
M1βℓ “ Dℓβ

p0q

ℓ , which leads to vℓpdetβp0q

ℓ q “ vℓpdetβℓq ´ 1. Repeating this process
vℓpdetpβℓqq times leads to a matrix M P M2gpQℓq such that Mβℓ “ γℓ P GL2gpZℓq.
Then by taking δℓ :“ ℓrM , we have δℓJℓ “ γℓM2gpZℓq “ M2gpZℓq.

It remains to prove that δℓ P ιpOr 1
ℓ sˆq. First notice that δℓ is constructed as

a product of elements of G, ℓr, and inverses of Dℓ. But G Ă Oˆ
m “ ιpOˆq, and

Dℓ “ ιpDq. Since we saw that D P Or 1
ℓ sˆ, it concludes the proof. □
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Proposition 4.9. Algorithm 3 takes as input a right O-ideal J and an element
u P O0 such that its norm ℓ :“ Nrdpuq is a small prime and outputs a δℓ P ιpOr 1

ℓ sˆq

as in Proposition 4.8. Moreover that algorithm runs in polynomial time in the size
of the inputs and in logppq.

Proof. The correctness follows from the above discussion. It is clear that the other
operations derived from Zℓ-linear algebra lead to a polynomial algorithm. □

Algorithm 3: PrincipalizeAtℓ
Input: A fractional right O-ideal J given by n generators, an elment u P O0

such that its norm ℓ :“ Nrdpuq is a small prime
Output: A matrix δℓ P ιpOr 1

ℓ sˆq such that δℓJ b Zℓ “ M2gpZℓq
1 Compute r P Z such that ℓrJ b Zℓ Ă M2gpZℓq ;
2 Compute the images of i, j, k in M2gpZℓq by Hensel lifting ;
3 Deduce the images α1, . . . , αn of the generators of ℓrJ in M2gpZℓq ;
4 Compute their greatest common divisor βℓ with an Hermite Normal Form ;

// Here we know that ℓrJ b Zl » βℓM2gpZℓq
5 Construct Dℓ thanks to u ;
6 Compute v P F2g

ℓ such that ImpDℓq “ vK ;
7 Denote βp´1q

ℓ :“ βℓ and h :“ vℓpdetpβqq ;
8 for iv in range(h) do
9 Compute wpivq such that Impβℓ

piv´1q
q Ă wpivqK ;

10 Compute Miv such that Mivv “ wpivq with Lemma 4.6 ;
11 Compute βpivq

ℓ such that Mivβ
piv´1q

ℓ “ Dℓβ
pivq

ℓ ;
12 end
13 return ℓrD´1

ℓ Mh´1D
´1
ℓ Mh´2 . . . D

´1
ℓ M0

4.3. Local to global and conclusion. In this section we describe how to finally
recover the generator of I. Since I is in particular a Z-lattice, we will apply the
following local-global principle:

Theorem 4.10. [Voi21, Corollary 9.4.7] Let M,N two R-lattices for R a Dedekind
domain. Then M “ N if and only if M bRp “ N bRp for all primes p of R.

Suppose that ℓ is a small prime and u P O0 such that Nrdpuq “ ℓ. From
Section 4.1, taking S “ tℓu, we can compute α P Ir 1

ℓ s such that Ir 1
ℓ s “ αOr 1

ℓ s. Thus
if J :“ α´1I then for every prime q ‰ ℓ, we have the completion J b Zq “ O b Zq,
since ℓ is invertible in Zq. Now from Section 4.2 we can compute δℓ P ιpOr 1

ℓ sˆq

such that M2gpZℓq “ δℓ ιpJ b Zℓq. Denoting δ “ ι´1pδℓq yields to δ P Or 1
π sˆ and

O bZℓ “ δpJ bZℓq “ pδJq bZℓ. Since δ P Or 1
ℓ sˆ, we notice that δJr 1

ℓ s “ δOr 1
ℓ s “

Or 1
ℓ s, and for every prime q ‰ ℓ we still have δJ b Zq “ O b Zq.
Putting everything together we have that δJ b Zq “ O b Zq for every prime q.

Then by Theorem 4.10, O “ δJ “ δα´1I, and finally I “ αδ´1O.

Theorem 4.11. On input a right MgpO0q-ideal I, Algorithm 4 outputs a generator
of I. If O0 contains a (given) quadratic order Q of small discriminant ∆, this
algorithm runs in polynomial time in the size of the input and in logppq.
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Proof. The correctness follows from the above discussion. Let us analyse the
complexity of the described algorithm, assuming that we know a quadratic order Q
of small discriminant ∆ embedded in O0. The cost of finding a small prime ℓ and
u P Q such that Nrdpuq “ ℓ is polynomial in ∆ thanks to Cornacchia’s algorithm. By
assumption ∆ “ Oplogppqq, therefore the first step is polynomial in logppq. Finally
we proved in Propositions 4.5 and 4.9 that the steps 3 and 6 run in polynomial time,
hence Algorithm 4 also does. □

In our presentation of Algorithm 4 ComputeGenerator, for clarity we choose
to use S “ tℓu, with ℓ a small prime which is a norm in O0. But for efficiency
reasons we might be intersted in using several small different primes ℓ1, . . . , ℓn,
allowing some trade-off. Let us explain the small changes needed to make it work.
Firstly, Step 2 would be a call to Algorithm 2 with S “ tℓ1, ¨ ¨ ¨ , ℓnu. Then for every
ℓi, we would compute the δℓi

iteratively, calling Algorithm 3 on the corresponding
ui, and replacing J by δℓi´1J each time. Denoting δi for the preimage of δℓi

, the
result would be αpδn ¨ ¨ ¨ δ1q´1.

Recall that, as explained in Section 2.1 and in [CEIV26], Theorem 4.11 leads to a
solution of the Principal Ideal Problem for arbitrary maximal orders in MgpBp,8q.

Remark 4.12. A solution of the Principal Ideal Problem with usual cryptographic
settings comes as a corollary of Theorem 4.11. Indeed for a prime p ” 3 mod 4 and
the maximal order O0 “ Z ` iZ `

i`j
2 Z ` 1`k

2 Z, it is easy to find elements u P O0
of small prime norm. It follows from the fact that Zris Ă O0, and thus that every
prime ℓ such that ℓ ” 1 mod 4 will be a norm as a sum of squares.

Algorithm 4: ComputeGenerator
Input: A right O-ideal I given by generators
Output: An element γ P O such that I “ γO

1 Compute an element u P Q Ă O0 such that its norm ℓ :“ Nrdpuq is a small
prime

2 Call PrincipalizeAlmostEveryWherepI, tℓuq to compute α P Ir 1
ℓ s such

that Ir 1
ℓ s “ αOr 1

ℓ s and denote J “ α´1I ;
3 Call PrincipalizeAtℓpJ, uq to compute δℓ such that δℓJ b Zℓ “ M2gpZℓq ;
4 Recover the preimage of δℓ in Or 1

ℓ sˆ, denoted δ ;
5 return αδ´1

5. Switching between explicit and abstract representations

In this section we explain how to switch between explicit and abstract represen-
tations. Then we pair this framework with the results of Section 4 and 6 to prove
in Proposition 5.18 that from pM,HM q we can efficently recover the corresponding
pA, λAq together with the explicit action of EndpAq over A, and an unpolarized
isomorphism A » Eg0 .

By an explicit representation of a principally polarized abelian variety A{Fq, we
mean that we are given some theta null point of level 4 on it. This is too specific for
our purpose: we could be agnostic on the exact model as long as it allows us to do
the basic operations we need (sampling points, computing a basis of the ℓ-torsion for
small ℓ, computing pairings, computing isogenies from generators of their kernels,
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testing if two ppavs are isomorphic and if so computing an isomorphism), but for
the sake of simplicity we stick to the theta null point, for which there exist explicit
algorithms in the literature for all of the above, see [Rob21].

By an explicit representation of an isogeny φ : A Ñ B, defined over a finite
extension k of Fq, we mean that we have an explicit representation of A and B over
k, and that we have a data structure that contains a bound M of the size of φ (as
defined in Section 5.1), along with an algorithm such that given any point P P Apkq

outputs φpP q in polynomial time in M (in terms of arithmetic over k).
Our main goal in this section is to develop algorithms to switch between abstract

representations and explicit representations, both for modules and endomorphism
rings.
Remark 5.1. We will need slightly different variants of an explicit representation
of an isogeny φ. A sufficiently explicit representation is a representation where we
can evaluate φ only on points P P ApFqq of small prime torsion ℓ (more formally
the evaluation φpP q is polynomial in ℓ and log q.)

A fully explicit representation of φ allows to evaluate φ on points P P ApRq for
R a local Artinian algebra over Fq (in time polynomial in log degR), not only for
points defined over fields. Being able to evaluate φ on such infinitesimal point allows
us to recover the action of φ on differentials.

For an n-isogeny φ between ppavs, thanks to the HD representation we can
recover in polynomial time a fully explicit representation of φ from a sufficiently
explicit representation (see [Rob25] and Remark 5.16).

It is not obvious how to extend this to general morphisms. Remarkably, we will
see that if A{Fp2 is maximal, then a sufficiently explicit representation of generators
φi of M “ HompA,E0q allows to recover the Hermitian module pM,HM q abstractly,
and then our higher dimensional Clapotis algorithm allows to recover a fully explicit
representation of the φi, all in polynomial time.
5.1. From explicit to abstract representations. In this section we explain how
to recover an abstract module structure from generators of HompA,Bq given by
explicit isogenies. This generalizes previous algorithms to recover the endomorphism
ring of a supersingular elliptic curve to higher dimension and to modules. Our
method works for general abelian varieties. As a particular case, when A is maximal
supersingular over Fp2 , applying the general method to HompA,E0q or EndpAq “

HompA,Aq will allow us to recover the abstract module and endomorphism ring
representations from explicit ones.
Definition 5.2. For A,B{k explicit principally polarized abelian varieties over
a finite field k, an explicit representation of HomkpA,Bq is a list pγ1, . . . , γrq of
morphisms, each given via an explicit representation, and such that they generate
HomkpA,Bq as an abelian group.

A complete representation of HomkpA,Bq is an explicit representation as above,
as well as a basis of their lattice of relations. In the case where B “ A, for a
complete representation of EndkpAq we also require explicit matrices that compute
the composition.

We remark that a complete representation is both an abstract and an explicit
representation, in such a way that we can express an abstract morphism φ P

HomkpA,Bq in terms of the explicit generators γi, so as to obtain an explicit
representation of φ. As in Remark 5.1, we also have notions of sufficiently explicit and
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sufficiently complete representations of HomkpA,Bq. We will prove in Theorem 5.8
that given an explicit (resp. sufficiently explicit) representation of HomkpA,Bq, we
can recover a complete representation (resp. sufficiently complete).

Recall that if A{k is an abelian variety over a finite field, we have a well defined
notion of trace on EndpAq, which can also be computed by embedding EndpAq into
M2gpTℓAq where TℓA is any Tate module, and taking the trace of the associated
matrix (which is independent of ℓ, and belongs to Z), see [Mum70, p. 180–182].
Definition 5.3. Let φ : pA, λAq Ñ pB, λBq be an isogeny between two principally
polarized abelian varieties over a finite field k “ Fq. We define a bilinear form on
HomkpA,Bq via pφ1 |φ2 q “ Trpλ´1

A ˝ φ_
2 ˝ λB ˝ φq where Tr is the (reduced) trace

from EndpAq to Z, and associated norm Npφq “
a

pφ |φ q.
Example 5.4. Let φ : pA, λAq Ñ pB, λBq be an n-isogeny, which means that
λ´1
A ˝ φ_ ˝ λB ˝ φ “ rns. Then Npφq “

?
2gn, whereas degφ “ ng. More generally,

if φ : A Ñ B is an isogeny, then by the AGM, degφ ď Npφq2g{p2gqg. In particular,
we can recover degφ from a bound N on its size in polynomial time (in N and log p)
by combining the CRT and Weil pairings and DLPs on points of small order.

The main advantage of N compared to the degree is that it gives a well behaved
notion of size for morphisms that may not be isogenies. In particular if a morphism
φ : A Ñ B vanishes over Arms for any m ą Npφq, then by submultiplicativity
(proved in the next proposition) φ “ 0.
Proposition 5.5. The bilinear form p¨ |¨ q is symmetric and definite positive. It
satisfies |pφ1 |φ2 q| ď Npφ1qNpφ2q, Npφ1 ` φ2q ď Npφ1q `Npφ2q, and if φ1 : A Ñ

B,φ2 : B Ñ C, Npφ2 ˝ φ1q ď Npφ1qNpφ2q.

Proof. We can embed HomkpA,Bq into EndkpA ˆ Bq as well as HomkpA,Bq ˆ

HomkpB,Cq into EndkpA ˆ B ˆ Cq in a way compatible with composition. If we
take the product polarizations, then these embeddings respect the bilinear forms
by definition of the product polarization. So we reduce to proving this statement
for endomorphism rings. Tensoring with R, arguing as in [Mum70, Theorem 6
p. 208] we reduce to the case of a ring MgpKq where K “ R,C,H and the Rosati
involution is given by the conjugate transpose M ÞÑ M˚. So the scalar product is
pM1,M2q ÞÑ TrpM˚

1 M2q which is symmetric definite positive, and the associated
norm is the Frobenius norm which is submultiplicative, as we wanted. □

Lemma 5.6. Suppose that we have a sufficiently explicit representation of a
morphism φ : pA, λAq Ñ pB, λBq. Then this is also true for the contragredient
φ̃ : B Ñ A.

Proof. We want to evaluate φ̃pP q for P P Brℓs and ℓ a small prime. We sample
a basis pe1, . . . , e2gq of Arℓs. By compatibility of the polarized Weil pairings with
morphisms [Mum70, p. 186], we have eλA

pφ̃pP q, eiq “ eλB
pP,φpeiqq. Since we can

compute φpeiq by assumption on φ, then Weil pairings and DLPs allow to express
φ̃pP q in the basis of the ei in polynomial time in ℓ. □

Lemma 5.7. Suppose that we have a sufficiently explicit representation of two
morphisms φ1, φ2 : pA, λAq Ñ pB, λBq. Then we can compute pφ1 |φ2 q in polynomial
time in their size.

Proof. We use a CRT method as in Schoof’s algorithm. Let ℓi be a small prime. By
Lemma 5.6, we can compute the action of φ̃2 ˝ φ1 on a basis of Arℓis, the trace of
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the associated matrix gives us pφ1 |φ2 q modulo ℓi. Since pφ1 |φ2 q ď Npφ1qNpφ2q

we recover the scalar product using sufficiently many small primes, in polynomial
time in Npφ1q, Npφ2q. □

Theorem 5.8. If we have explicit representations of generators φ1, . . . , φm P

HomkpA,Bq (as an abelian group), then we can compute the abstract Z-module
structure of HomkpA,Bq in polynomial time in the size of the base field, the number
of generators, and their size. Given an explicit representation of some other φ P

HomkpA,Bq, we can also recover a decomposition φ “
ř

miφi of φ.
If we also have explicit representations of generators of HomkpB,Cq, then we can

compute the abstract structure of the composition map HomkpA,BqbHomkpB,Cq Ñ

HomkpA,Cq.
In particular, if we have explicit representations of generators γi of EndkpAq (resp.

of EndkpBq, resp. of both), then we can compute the ring structure of EndkpAq

via the multiplication map EndkpAq b EndkpAq Ñ EndkpAq, along with the right
EndkpAq-module structure of HomkpA,Bq (resp. its left EndkpBq-module, resp. its
pEndkpBq,EndkpAqq-bimodule structure).

Proof. Let M “ HomkpA,Bq. Since the φi are generators of M by assumption, and
the bilinear form from Definition 5.3 is definite positive, ψ P M ÞÑ pψ |φi q P Zm is an
embedding, which we can explicitly compute by Lemma 5.7. Applying this to ψ “ φi
allows to recover the Gram matrix pφi |φj q. Applying this to the composition of two
explicit morphisms, this also allows to recover the ring and module structures. □

Example 5.9. Recall that φ P HomkpA,Bq ÞÑ φ̃ P HomkpB,Aq is an isomorphism
of abelian groups. If we have a sufficiently explicit representation of generators γi
of HomkpA,Bq, Lemma 5.6 also gives us sufficiently explicit representation of the
generators γ̃i of HomkpB,Aq. In particular, using Theorem 5.8, given an explicit
representation of EndpBq we can recover the full endomorphism γ_

j ˝ γi P EndpBq

rather than just its trace. As an application, this allows to recover the abstract
representation of the Rosati involution on EndpAq (using B “ A), or the Hermitian
form associated to a module M “ HomkpA,E0q (using B “ E0).

5.2. The refined abstract representation of EndpAq. Now let us assume that
A{Fp2 is maximal supersingular. If we have an explicit representation of EndpAq

(given by suitable generators γi), the general framework of Section 5.1 gives us its
abstract representation. But by Remark 3.2, this representation has an ambiguity,
and we need its refined version to clear it. We adopt the same strategy as in
[Mon26], of keeping track of the action of EndpAq on the global differentials Ω1

A{k.
This is at this point that it is useful to be able to evaluate the γi on infinitesimal
points, to recover this action. To show that this action allows us to recover the
refined representation of EndpAq, as defined in Remark 3.2 using the module
M “ HompA,E0q, we use:

Proposition 5.10. Fix ω0 a global differential on E0. Then the morphism Φ : φ P

M “ HomFp2 pA,E0q ÞÑ φ˚M induces an Fp2-isomorphism M{pM » Ω1
A{k.

Proof. Since ΩE0{Fp2 is of dimension 1, the differential φ˚ω0 is non zero precisely
when φ is not a smooth morphism. But this is the case if and ony if φ_ factors
through the infinitesimal subgroup E0rπps, hence the kernel of Φ is pM , and we
have a monomorphism M{pM Ñ Ω1

A{k. Since both modules have rank 2g over Fp
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this is an isomorphism. We remark that since the action of O0 onto ω0 gives an
isomorphism O0{pO0 » ΩE0{Fp2 » Fp2 and our morphisms φ are defined over Fp2 ,
Φ is indeed compatible with he Fp2 structure on both M and Ω1

A{k. □

Remark 5.11. The isomorphism above is a special case of a more general isomor-
phism of Dieudonné modules DpArpsq » DpE0rpsq bO0 M . Here we endow DpE0rpsq

with its natural pZqtF, V u,O0q-bimodule structure coming from the natural action
of O0 on E0, where ZqtF, V u is the usual non commutative Dieudonné ring.

Indeed, taking a presentation Om
0 Ñ On

0 Ñ M Ñ 0 of M , we have by the module
action 0 Ñ A Ñ En0 Ñ Em0 , and since the Dieudonné module is a contravarient
equivalence of categories on p-divisible group, we obtain DpEm0 rpsq Ñ DpEn0 rpsq Ñ

DpArpsq Ñ 0. On the other hand, taking tensor products we have DpE0rpsq bO0

Om
0 Ñ DpE0rpsq bO0 On

0 Ñ DpE0rpsq bO0 M Ñ 0, whence the conclusion using the
natural isomorphism DpEm0 rpsq » DpE0rpsqm » DpE0rpsq bO0 Om

0 .
Now by [Oda69, Corollary 5.11], we have a canonical isomorphism of DpArpsqrF s

and of the global differentials Ω1
A.

Remark 5.12. Given pA, λAq, to recover the action of EndpAq on the differentials,
we need a fully explicit representation. If we are only given a sufficiently explicit
representation of EndpAq, then by Section 5.1 we can still build an abstract rep-
resentation of EndpAq, but not a refined representation. This means that using
Section 3 to recover the module representation, we obtain both the module pM,HM q

associated to A, but also the one associated to its Galoisian conjugate Aσ. Then to
distinguish between the two, we need to use HD-clapotis to compute the abelian
variety associated to each module, and test which one is isomorphic to A. By
Remark 5.16, HD-Clapotis give us a fully explicit representation of EndpAq. In the
end we obtain, in a very circumvoluted manner, a way to turn a sufficiently explicit
representation of EndpAq into a fully explicit representation.
5.3. From abstract to explicit representations. In this section, we give a
general framework to turn an abstract module representation HomkpA,Bq into an
explicit (and even full) representation. This relies on being able to construct suitable
double paths, as introduced in [DLRW24].
Definition 5.13. A double path φ1, φ2 : pA1, λ1q Ñ pA2, λ2q between ppavs are
two (explicit) isogenies of polarized coprime degrees d1, d2.

The splitting lemma, at the core of the Clapotis algorithm in dimension 1, gives a
nice way to construct a double path between principally polarized abelian varieties,
see [Rob25]:
Lemma 5.14. Suppose that we have an explicit description of an endomorphism
γ : A1 Ñ A1, such that γ factorizes as γ “ φ̃2 ˝ φ1 for two ni-isogenies φ1, φ2 :
A1 Ñ A2 where n1 is coprime to n2.

Then we can compute an explicit representation of A2 along with an explicit
representation of φ1, φ2 (and their duals).
Proposition 5.15. Suppose that we have:

‚ An abstract representation of HomkpA1, B1q

‚ Two double paths u1, u2 : A1 Ñ A2, v1, v2 : B1 Ñ B2
‚ A complete representation2 of HomkpA2, B2q

2By Theorem 5.8 it suffices to have an explicit representation of HomkpA2, B2q.
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‚ And the abstract representation of the maps
HomkpA1, B1q Ñ HomkpA2, B2q, φ ÞÑ vj ˝ φ ˝ u_

i

Then we can compute a complete representation of HomkpA1, B1q, in polynomial
time in the input.

Proof. Given P1 P A1pFqq, and φ P HomkpA1, B1q, we want to compute φpP1q.
We can find a multiple N of the order of P1 by point counting. Let d1, d2 be the
polarized degrees of u1, u2. Since they are coprime, taking suitable gcds, we can
write N “ N1N2 where N1, N2 are coprime, N1 is coprime to d2, and N2 is coprime
to d1. By the CRT we can write P1 “ P 1

1 ` P 2
1 where P 1

1 (resp. P 2
1 ) is of order

dividing N1 (resp. N2). We now explain how to compute φpP 1
1q, the case φpP 2

1 q

being symmetric. To ease notations we now assume that P1 “ P 1
1 has order coprime

to d2. Now let e1, e2 be the polarized degrees of v1, v2. Splitting further, we can
decompose again P1 “ P 1

1 ` P 1
1, where this time P 1

1 is of order coprime to e2, and
P 2

1 of order coprime to e1. Letting P1 “ P 1
1 again, we can now assume that P1 is of

order coprime to both d2 and e2. The other cases are treated similarly. We can find
P2 P A2 such that ũ2pP2q “ P1: P2 “ u2pP1{d2q, which is well defined since P1 is
of order coprime to d2. We then compute Q2 “ v1 ˝ φ ˝ u_

2 pP2q “ v1pQ1q, where
Q1 “ φpP1q. And we recover Q1 “ v_

1 pQ2q{e1. □

Remark 5.16. We remark that the HD representation ([Rob25]) of our polarized
isogenies φ1, φ2 in a double path, allows, using the theta isogeny algorithm of
[LR22], to evaluate them on infinitesimal points (in other words give a fully explicit
representation, see Remark 5.1). It follows that, in Proposition 5.15, if we have a
sufficiently/fully complete representation of HomkpA2, B2q, then we also obtain a
sufficiently/fully complete representation of HomkpA1, B1q.

To apply Proposition 5.15 for a point P P A1pRq where R is a finite Artinian
algebra over k “ Fq, we need to know a multiple N of the order of P . In practice,
apart from the case where R is a field, we only need the case where R “ Fqrϵs{pϵ2q

in Section 5.2, and P is above 0A1 , i.e. gives a tangent vector of A1 at 0A1 , in which
case we can take N “ p.

We briefly explain the general case. Up to a precomputation only involving R,
we may assume that we know an explicit isomorphism R “

ś

Ri of R with local
Artinian algebras, and reduce to the case where pR,mq is local, with residue field
k1. By definition of the formal group Γ associated to A1 (the formal completion
of the zero section in A1), the kernel of the reduction map A1pRq Ñ A1pk1q is
equal to HompSpecR,Γq (morphisms of formal groups, with R given the discrete
topology). Since Γ is a formal Lie group, we have that HompSpecR,Γq “ Γrms,
since m consists of the nilpotent elements of R. Since A is smooth, the reduction
map is surjective. Hence the reduction map gives an exact sequence

0 Ñ Γrms Ñ A1pRq Ñ A1pk1q Ñ 0.
A bound on #A1pk1q is given by point counting. Finally, Γrms is a p-group, and
if P P Γrms, rps ¨ P P mph where h ě 1 is the height of Γ. This gives a bound,
depending only on the nilpotency index of m (which is smaller than the dimension
of R as a Fq-vector space), of the order of P .

Remark 5.17. The same techniques hold if, rather than a double path between
A1, A2 and B1, B2, we can construct explicit embeddings i1 : A1 Ñ A2, i2 : B1 Ñ

B2 along with an explicit section p2 : B2 Ñ B1 of i2, and where we can make
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HomkpB1, B2q explicit (for instance using Proposition 5.15 recursively). A typical
example is to take A2 “ Ar1, B2 “ Br1 .

5.4. Applications to maximal supersingular abelian varieties. Let pA, λAq

be a maximal supersingular abelian variety of dimension g ě 2. Let pM,HM q be the
corresponding Hermitian module. We gave in Section 6 a higher dimension Clapotis
algorithm that from pM,HM q builds a double path between A and Eg0 . Assume
that we have an effective representation of O0 “ EndpE0q on our base curve E0. In
particular, we have an effective representation of MgpO0q acting on Eg0 . Given our
double path to Eg0 from Proposition 6.6 and Theorem 6.5, the following proposition
is an application of Proposition 5.15. We refer to Appendix D for a detailed example
on how the double path allows to compute the isomorphism A » Eg0 .

Proposition 5.18. Given pM,HM q of rank g ě 2, we can construct in polynomial
time the associated abelian variety pA, λAq, and also evaluate efficiently the module
action M on A along with the endomorphism action EndpAq “ EndO0 pMq on
A. Using Section 3.2 to compute an (unpolarized) isomorphism M » Og

0 , we can
also effectively compute the associated (unpolarized) isomorphism A » Eg0 (in both
directions).

Given pM1, H1q, pM2, H2q we can construct in polynomial time the associated
abelian varieties pA1, λ1q, pA2, λ2q, and make explicit the isomorphism HomFp2 pA1, A2q »

HomO0 pM2,M1q.

Remark 5.19. If ϕ : pA1, λ1q Ñ pA2, λ2q is an isogeny between maximal supersin-
gular abelian varieties and pM1, H1q the unimodular module associated to pA1, λ1q,
then ϕ corresponds to a monomorphism ψ : M2 Ñ M1, and we can recover the
image of M2 in M1 as the elements of M1 that are zero on Kerϕ [Rob24, Proposi-
tion 4.24]. In particular if we have an explicit representation of ϕ and of M1, and
that furthermore the degree d of ϕ is smooth and the d-torsion is accessible on A1,
we can recover M2 by computing the action of ϕ and generators of M1 on A1rds (as
usual thanks to the Weil pairings, DLPs in µℓ for divisors ℓ of d and linear algebra).

Thanks to Proposition 5.18, we can refine this to the case where ϕ is an N -isogeny
where N is smooth but the N -torsion may not be accessible. We split ϕ into a
product of powersmooth isogenies: ϕ “ ϕm ˝ ¨ ¨ ¨ ˝ ϕ1. We recover the kernel of
ϕ1 : A1 Ñ A2,1 a above, this gives the submodule M2 Ă M2,1 Ă M1, and we then
build a double path to the codomain of ϕ1 from the knowledge of M2,1, to find the
explicit module action of M2,1 on A2,1. We can evaluate the reminder of the isogeny
ϕm˝¨ ¨ ¨˝ϕ2 on any point of order prime to deg ϕ1, which is enough to recover it. This
allows us to proceed recursively to find the chain M2 “ M2,m Ă ¨ ¨ ¨ Ă M2,1 Ă M1.
We refer to [CDK+25, § 5.2] for more details.

6. Constructing double paths

In this section we show how to build a double path Eg0 Ñ A, given an abstract
module representation pM,HM q of pA, λAq a maximal supersingular abelian variety
of dimension g. Unless stated otherwise, we assume g ě 2. Because we want to
apply the theory in the commutative case and not only the maximal supersingular
case, in this section we let R be either a maximal quadratic imaginary order or a
maximal quaternionic order, and K its fraction field. We denote by rZ the rank
of R as a Z module, being either 2 or 4. Proposition 6.1 lies at the heart of our
approach. Corollaries 6.3 and 6.2 will help us improve KLPT2 in Section 7.
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6.1. The Poincaré decomposition for modules.

Proposition 6.1. Let pM,HM q be a unimodular Hermitian module over R (torsion
free of finite type as always). Let V “ M bZ Q, and H “ HM bZ Q the induced
Hermitian form on V . Let ι1 : M1 ãÑ M be a primitive submodule. Let V1 be the
K-span of M1 inside V , and M 7

1 the R-orthogonal of M1 in V1. Let V “ V1 ‘K V2
be the orthogonal decomposition given by V and V1, and denote by M2 “ M X V2
the primitive submodule of M induced by V2. Then M 7

1{M1 » M 7
2{M2.

Proof. This follows from the polarized Poincaré decomposition for abelian varieties
([BL, § 5.3, § 12.1]), and the anti-equivalence of categories Theorem 2.5). For
convenience, we give a pure module-theoretic proof. We will prove that M{pM1 `

M2q » M 7
1{M1. By symmetry, we deduce M 7

2{M2 » M{pM1 `M2q » M 7
1{M1.

Using the natural isomorphism M 7 » M_, M 7
1 » M_ induced by H, we have

a natural restriction map i71 : M “ M 7 Ñ M 7
1, dual to the inclusion i1 : M1 Ñ M ,

and whose kernel is given by the elements of M that are orthogonal to M1, which is
precisely M2 by definition.

On the other hand since M1 is primitive in M , M{M1 is torsion free, so projective
under our hypothesis that R is maximal. It follows that M splits as M1 ‘M{M1,
and that i71 is surjective. So we obtain an isomorphism M{M2 » M 7

1, which induces
M{pM1 `M2q » M 7

1{M1. □

Corollary 6.2. With the notations above, suppose that M is of even rank g “ 2g0,
that M1 is of rank g and that M 7

1 “ 1
eM1. Then the natural map pM1 ‘M2,

1
eHM |

M1 ‘HM | M2q Ñ pM,HM q is an e-similitude between unimodular modules.

Proof. By Proposition 6.1, M 7
2{M2 » M 7

1{M1 » pZ{eZqrZg0 as a Z-module. Since
M2 is of rank g ´ g0 “ g0, it follows that M 7

2 “ 1
eM2. So M1 ‘ M2 is unimodular

for the product polarization 1
eHM | M1 ‘HM | M2, and the claim follows. □

Corollary 6.3. If g “ 2 and x P M is a primitive element of norm qM pxq “

HM px, xq, then we obtain a qM pxq-similitude Rx‘M2 Ñ M where M2 is a rank 1
module.

6.2. A higher dimensional Clapotis algorithm. Our algorithm can be seen
as a generalisation of Clapotis to higher dimension. In Clapotis we had a rank 1
module Hermitian module, and we needed to sample to sample two elements x1, x2
of coprime norm qpxq “ Hpx, xq. Here we explain how a similar strategy as Clapotis
applies in higher dimension, provided that we can sample two distinct orthogonal
basis of coprime “total degree”.

Definition 6.4. Let pM,HM q be an unimodular Hermitian module of rank g. An
orthogonal full submodule of M is a submodule M 1 ãÑ M , given by an orthogonal
basis M 1 “

Àg
i“1 Rei such that HM pei, ejq “ 0 for i ‰ j.

Notice that for any orthogonal full submodule ι : M 1 ãÑ M , we have that
ι˚HM “ qM pe1qHR ‘ ¨ ¨ ¨ ‘ qM pegqHR, so M 17 »

ř

i
1

qM peiq
R, and in particular

CardpM 17
{M 1q “

ś

qM peiq
rZ .

Theorem 6.5 (Higher dimensional Clapotis). Let M1 “ pe1, . . . , egq,M2 “ pe1
1, . . . , e

1
gq

be two orthogonal full submodules of the unimodular module pM,HM q associated
to A. Let D1 “ lcmpqpeiqq, D2 “ lcmpqpe1

iqq. Assume that D1, D2 are coprime (or
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more generally their gcd d is smooth and the d-torsion is accessible on E0). Then
we can efficiently build a double path Eg0 Ñ A.

Proof. Let e1, . . . , eg the orthogonal basis of M1, and di “ qM peiq. The inclusion
M1 Ñ M induces a pd1, . . . , dgq-isogeny A Ñ Eg0 on the geometric side. For every
i P rr1, gss, denote D1 “ did

1
i. At the cost of quadrupling the dimension we can

compute, using the Zarhin’s trick, a pd1
1, . . . , d

1
gq-isogeny E4g

0 Ñ E4g
0 . Hence by

composition we obtain, up to dualization, a D1-isogeny Φ1 : E4g
0 Ñ A4. Similarly,

we can build a D2-isogeny Φ2 : E4g
0 Ñ A4.

Under our assumptions on the gcd of D1, D2, then we can compute efficiently the
d-isogenies Φ1

1 : E4g
0 Ñ A1 and Φ1

2 : E4g
0 Ñ A2 factoring Φ1 “ Φ2

1 ˝ Φ1
1,Φ2 “ Φ2

2 ˝ Φ1
2.

Then Φ “ Φ̃2 ˝ Φ1 factors as E4g
0 Ñ A1 Ñ A4 Ñ A2 Ñ E4g

0 . We can compute Φ
which is given by explicit endomorphisms of E0, along with Φ1

1,Φ1
2, so we can find

the action of the middle term Φ̃2
2 ˝ Φ2

1 on enough torsion points. We can then apply
the splitting lemma [Rob25] to recover Φ2

1 and Φ2
2, since their polarized degrees are

coprime. □

The reason we allow D1, D2 to not be comprime is that there exists definite
positive even unimodular lattices arising from quadratic forms in (at least) 8 variables
over Z, see [CH87]. It means that we might end up with a quadratic form qM such
that 2 | qM pxq for every x P M , and thus constructing two coprime orthogonal full
submodules of M might be impossible.

The above discussion shows that we boiled down the problem to computing
two orthogonal full submodules M1,M2 ãÑ M , inducing respectively a D1 and
D2-similitudes, where Di “ 2uiD1

i for ui polynomial in g and D1
i coprime odd

integers. Therefore the following proposition will allows us to conclude. We refer to
Appendix F for its proof, which makes crucial use of Proposition 6.1.

Proposition 6.6. Let pM,HM q be an unimodular Hermitian module, and D1 be
an odd integer bounded by a polynomial in p. We can efficiently compute an
orthogonal full submodule M1 ãÑ M inducing a D1-similitude M4 Ñ O4g

0 , where the
2v2pD1q-torsion is accessible on E0 and D1 is coprime with D1.

7. Improvments to KLPT2

The goal of this section is, given a rank 2 unimodular Hermitian module pM,HM q,
to deduce a smooth N -similitude O2

0 Ñ M . If the N -torsion on E0 is accessible,
this allows to compute the abelian surface A associated to M explicitly. This
complements Section 6 where we instead compute A via a suitable double path
provided by our higher dimensional Clapotis algorithm. This question was already
solved in [CDK+25] (under some heuristics), using the IKO representation rather
than the module representation. In this section, we explain how the module point
of view, in particular Proposition 6.1 allows to improve on the bounds of [CDK+25],
under the same Heuristics. For convenience, we assume that N is of the form ℓe.
Our goal is as follows:

Problem 7.1. Given pA1, λ1q and pA2, λ2q two principally polarized abelian sur-
faces, along with their associated module representation, compute an ℓe-isogeny
φ : pA1, λ1q Ñ pA2, λ2q, for ℓ a small prime.

By the anti-equivalence of categories, this reduces to:
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Problem 7.2. Given pM1, H1q and pM2, H2q two u.p.d Hermitian modules of rank
2, compute an ℓe-similitude ψ : pM2, H2q Ñ pM1, H1q, for ℓ a small prime.

The idea is to find short smooth similitudes ψi : pMi, Hiq Ñ pIi ‘ Ji, Hi1 ‘Hi2q

to a direct sum, and then to connect the direct sums using the 1-dimensional theory.
This would lead to a composition of the form

pM2, H2q
ψ2 // pI2 ‘ J2, H21 ‘H22q

1-dimensional computations
++

pI1 ‘ J1, H11 ‘H12q
ψ1

_

// pM1, H1q .

The 1-dimensional computations will be complete thanks to a call to Wesolowski’s
heuristic free variant of the KLPT algorithm, that is described in [Wes21]. Therefore
we mainly focus on the special case where we want to compute an ℓe-similitude
ψ : I1 ‘ I2 ãÑ M spliting the module M .

7.1. A smooth splitting similitude. Let us present an heuristic algorithm to
compute a smooth ψ : I1 ‘ I2 ãÑ M . This will be done in two steps. The idea
is to find an element v P M such that HM pv, vq “ qM pvq is the power of a small
prime ℓ, in order to apply Corollary 6.3. For this, we first sample a primitive small
element x P M of norm in Op

?
pq. Then, we restrict to a particular submodule

O0x` O0y Ă M to find v. In both step we will frequently use of the tools developed
in the KLPT2 paper.

Without any loss of generality, thanks to our solution of the PIP, we assume that
our M is given by a basis: M “ O0b1 ` O0b2, with given b1, b2 P M . Then HM is
described by its Gram matrix pHM pbi, bjqqi,jPt1,2u.

Step 1: Find a good x P M .
For efficiency reasons we first compute an element x P M of norm qM pxq «

?
p.

Writing x “ ν1b1`ν2b2, direct computations lead to the following equation: qM pxq “

qM pb1q Nrdpν1q `qM pb2q Nrdpν2q `Trdpν1HM pb1, b2qν2q. Knowing that pM,HM q is
an unimodular Hermitian module, since it represents a principally polarized abelian,
its Gram matrix has determinant detpmq “ qM pb1qqM pb2q ´ NrdpHM pb1, b2qq “ 1.
So, as in [CDK+25, Proposition 3.10], we can apply the usual Minkowski bound
to argue that, using the Hermite–Korkine–Zolotarev lattice reduction algorithm
we find an x P M such that qM pxq ă 3

2
?
p. This step is polynomial in logppq (the

logarithm of the discriminant of the lattice), and theoretically efficient since we
work at fixed dimension. Here we can suppose that x is primitive, otherwise we can
find a smaller element in xQ

Ş

M .

Step 2: Reduce to a particular submodule.
First of all, since x is primitive then as in the proof of Proposition 6.1, we can
decompose M » O0x ‘ M 1. Since M 1 is of rank 1, it is isomorphic to an ideal,
so we can find a vector ỹ P M 1 such that the inclusion O0ỹ ãÑ M 1 is of index
qM pỹq “ α «

?
p. Then if we denote by y P M any lift of ỹ we obtain a similitude

ψy : O0x ‘ O0ỹ ãÑ M of index α, given by ψypµ1x, µ1ỹq “ µ1x ` µ2y. Now to
recover v P M such that qM pvq “ ℓe for a small ℓ, it suffices to find µ1, µ2 P O0
such that qM pψypµ1x, µ2ỹqq “ ℓe. Hence it suffices to solve the below equation in
µ1, µ2 P O0 (compare with [CDK+25, Equation (10)]):

(7.1) ℓe “ qM pxq Nrdpµ1q ` qM pyq Nrdpµ2q ` Trdpµ1HM px, yqµ2q.
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Step 3: Find v of smooth norm.
Now we want to find v P O0x ` O0y, such that qM pxq “ ℓe for a small prime ℓ.
As before we represent the Hermitian submodule pO0x ` O0y,HM q by its Gram
matrix my. Note that the congruence class tu˚myuu does not depend on the chosen
lift of ỹ. In particular we see that the determinant of my and its top left entry are
independant of the chosen lift y. Now by [CDK+25, Lemma 2.10 and Corollary 2.11]
we have: α “ degpψyq “ detpmyq2. Using [CDK+25, Section 3.3] we can reduce

the matrix my to another matrix g “

ˆ

s r
r t

˙

, such that Nrdprq ď s2pp` 5q{8. In
addition reducing my preserves the determinant and the top left entry of the matrix,
so

?
α “ detpgq “ st´ Nrdprq “ qM pxqt´ Nrdprq. All that leads to the estimate:

t ď qM pxqpp` 5q{8 `
?
α{qM pxq « qM pxqp « p3{2.

Now following the proof of [CDK+25, Theorem 3.13] we can heuristically find µ1
and µ2 such that qM pψypxµ1, ỹµ2qq “ ℓe, if ℓe ´ 2tpNrdprq qM pxq2 ą 0. Combined
with the previous bounds, we obtain the approximate sufficient condition: ℓe ą p11{2.

Consequently we can heuristically compute, in polylogarithmic time, a lift y P M
of ỹ and µ1, µ2 P O0 such that qM pxµ1 ` yµ2q “ ℓe ą p11{2. Moreover, by denoting
v :“ xµ1 ` yµ2, we found an elment in v P M such that qM pvq “ Opp11{2q. By
Corollary 6.3, the addition map induces an ℓe-similitude O0v‘ O0v

K ãÑ M between
unimodular Hermitian modules. We summarize the above method in Algorithm 5.

Algorithm 5: SplittingModule
Input: M an left f.p.t.f O0-module of rank 2, and HM an u.p.d Hermitian

form over M given as its Gram matrix
Output: A primitive left f.p.t.f O0-module of rank 1 M1 Ă M , such that the

addition map M1 ‘MK
1 ãÑ M induces an ℓe-similitude, for ℓ a small

prime.
1 Use a lattice reduction algorithm to compute x P M such that qM pxq «

?
p ;

2 Compute ỹ P M 1 “ M{O0x such that CardpM 1{O0ỹq «
?
p ;

3 Compute a lift y P M of ỹ, µ1, µ2 P O0 such that
qM pµ1x` µ2yq “ ℓe « p11{2 ;

4 Return O0v, where v “ µ1x` µ2y.

7.2. KLPT2 for the module representation. We can now solve Problem 7.2,
using the same notations and the subscript i P t1, 2u. Previous paragraph allows
(heuristically) for the computation of two vectors vi P Mi and ℓei-similitudes
O0vi ‘M 1

i ãÑ Mi, with ℓei « p11{2. Thus by effective equivalence of categories for
smooth similitudes [Rob24, Corollary 4.27], we compute two ℓei -isogenies φi : Ai Ñ

E0 ˆEi. We can now use the 1-dimensional KLPT algorithm to compute a smooth
ℓe3-isogeny φ3 : E1 Ñ E2, for ℓe3 “ Opp9{5q, as described in [BDF+24]. Since
p4.5 " p, we can also find an endomorphism φ1

3 : E0 Ñ E0 by solving a norm
equation in O0. Finally, by denoting Φ: E0 ˆ E1 Ñ E0 ˆ E2 the diagonal isogeny
pφ1

3, φ3q, the composition xφ2 ˝ Φ ˝ φ1 : A1 Ñ A2 gives an ℓe1`e2`e3-isogeny for
ℓe1`e2`e3 “ Opp31{2q.
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Algorithm 6: ModuleKLPT2

Input: Two Hermitian unimodular f.p.t.f O0-modules of rank 2, pMi, Hiq.
Output: An ℓ-isogeny A1 Ñ A2, where Ai is the abelian variety associated

with Mi.
1 For i P t1, 2u compute a smooth ℓ-similitude of the form O0vi ‘ O0v

K
i Ñ Mi

given by Algorithm 5 SplittingModule ;
2 Recover the two corresponding ℓ-isogeny φi : Ai Ñ E0 ˆ Ei ;
3 Compute the dual isogeny xφ2 : E0 ˆ E2 Ñ A2 ;
4 Use 1-dimensional KLPT to compute an ℓ-isogeny φ3 : E1 Ñ E2 and an

endomorphism φ1
3 : E0 Ñ E0 of the same degree;

5 Return the composition xφ2 ˝ pφ1
3, φ3q ˝ φ1 : A1 Ñ A2 ;

Theorem 7.3. Algorithm 6 is correct and output an ℓe-isogeny for ℓe “ Opp31{2q.
Under the heuristics from [CDK+25, Theorem 3.13] this is a polynomial-time
algorithm.

Proof. The correctness and the estimate on the size of the output follow from the
above discussion. Using the same notations, since we used arguments of [CDK+25,
Section 3] to compute φ1 and φ2 in polynomial time, our result inherit their heuristics
for the number of iteration (for Step 3 of Algorithm 5). It is clear that the other
operations are at most polynomial. □

Remark 7.4. If g ą 2, we can as above sample a primitive x P M , and invoke
Proposition 6.1 to reduce to a submodule M1 ‘KM2 where M1 “ O0x. The problem
is that now M2 is of rank 2, and M2 | HM may not be a multiple of a principal
polarization on M2. This is the key difference with the case g “ 2 where M2 is of
rank 1 and every polarization is a multiple of the canonical principal one. Thus it is
not obvious how to extend KLPT2 to g ą 2 by recursive calls to smaller dimension,
unless we extend it to also treat non principally polarized abelian varieties.
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Appendix A. A summary of the provided conversions

In this section we illustrate the conversions provided through our work, section
by section. The dashed arrows indicate trivial translations, where the starting point
is already more structured than the ending one. We would like to emphasize that
the abstract module representation allows to compute every other representation in
polynomial time, potentially under GRH. We begin by the results from Section 3.

Abstract pM,HM q

PIP, polynomial under GRH
..
Standard pOg

0 , Sqnn OO

Remark 3.4
��

Refined pEndpMq, rM q

Proposition 3.9..
Standard pMgpO0q, rSqnn

Figure 1. Summary of Section 3 translations

We continue with results from Section 5.

Sufficiently Complete EndpAq
..

Remark 5.12, HD-Clapotis

��

Sufficiently Explicit EndpAq

Theorem 5.8, using pφ1|φ2 q

nn

Remark 5.12, HD-Clapotis




Fully Complete EndpAq

TT

00

Example 5.9





Fully Explicit EndpAq

Theorem 5.8, using pφ1|φ2 q
pp

JJ

Abstract pM,HM q

Proposition 5.18, HD-Clapotis
00

Proposition 5.15, HD-Clapotis

and Section 5.2

JJ

pA, λAq ` EndpAq Fully explicit

OO

Figure 2. Summary of Section 5 translations

Appendix B. Explicit example

Example B.1. We present an experimental result obtained from our code, available
at:

https://gitlab.inria.fr/module-representation/PIP-quaternion-mat .
We fix the prime p “ 231 ´ 1. We work with SageMath version 10.8 using Python
3.12.5. In the file TestsPrincipalize.sage (where the seed is fixed at 12345), the ideal
to principalize is given by the two following generators:

ˆ

´107 ` 133{2 i` 7{2 j ´ 21 k ´76 ´ 17 i` 8 k
47{2 ´ 167{2 i´ 93{2 j ` 65{2 k ´73{2 ` 126 i` 40 j ` 33{2 k

˙

and
ˆ

´107{2 ` 195{2 i` 1{2 j ´ 11{2 k ´77{2 ` 2 i` 21 j ´ 5{2 k
135{2 ` 101{2 i` 75{2 j ´ 25{2 k ´13 ´ 47{2 i´ 53{2 j ` 15 k

˙

.
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Then our algorithm output a generator of the form
ˆ

1 0
x 1

˙

, where x P O0 is:

´ 46730783585866828646136107206482198199245953093776405796899252978
´ 48825422605014945677722426096850970410908167898189669861575082117{2 i
` 9337186162012436912667941462130059756799956950052870966124091229{2 j
` 5921239788964024187274097361271511116360250499937526932543298788 k.

Note that we check the outputs using linear algebra. Finally, our algorithm relies
on KLPT as a subroutine, and we used the already implemented version of KLPT
from [EPSV24].

Appendix C. Morita equivalence

In this section we explain some consequences of the Morita equivalence between O0
and MgpO0q. The interested reader may refer to [Rei03] for a more comprehensive
exposition.

Let M be a right O0-module. We denote by Λ the ring HomO0 pM,Mq. Remark
that M is canonically equipped with a left Λ-module structure. By [Rei03, Corollary
16.9], if M is a free module with g ě 2 generators, then we have a Morita equivalence
bewteen O0 and Λ. Moreover, if we have a free O0-basis of M , we can explicitly
computes an isomorphism Λ » MgpO0q (Equation p16.17q of the same book). We
denote by N the left O0-module HomO0 pM,O0q, and by MO0 (resp. MΛ) the
category of right O0-modules (resp. right Λ-modules). Keeping this notations, we
highlight a consequence of the Morita equivalence.

Theorem C.1. [Rei03, Theorem 16.14]
The following functors S : MΛ Ñ MO0 and T : MO0 Ñ MΛ are inverse equivalences
of categories.

S “ ¨ bΛ M » HomΛpN, ¨q,

T “ ¨ bO0 N » HomO0 pM, ¨q.

Moreover they induce an isomorphism of lattices:
φ : L1 Ñ L2

J ÞÑ J ¨M

Where L1 is the lattice of right ideals of Λ, L2 is the lattice of right O0-submodules
of M , and J ¨M denotes the canonical left action of J Ă Λ “ HomO0 pM,Mq over
elements of M .

It follows that if M “ Og
0 , then φ induces a lattice isomorphism between the right

submodules of Og
0 and the right ideals of MgpO0q, which recovers Proposition 3.5,

establishing equivalence between Problems 4.1 and 4.2. Let us give more details to
facilitate the readability of the description of our algorithm.

If M “ m1O0 ` ¨ ¨ ¨ ` mrO0, then M is exactly the module generated by the
columns of the matrix C “

`

m1 ¨ ¨ ¨ mr

˘

P MgˆrpO0q. Write r “ qg ` r the
Euclidean division of r by g, and let us denote by I the right ideal of MgpO0q

generated by
`

m1 ¨ ¨ ¨ mg

˘

,
`

mg`1 ¨ ¨ ¨ m2g
˘

, . . . ,
`

mqg`1 ¨ ¨ ¨ mr 0 ¨ ¨ ¨ 0
˘

.
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Since we work with right modules, if α is such that I “ αMgpO0q then α is obtained
as a linear combination of the columns mi. In other words, the module generated
by the columns of α is the same than the one generated by the columns of C, which
is M . Thus the columns of α give a generating set of M with g elements. Since M
is free of rank g, it is a basis. Reciprocally, if I is given by generators α1, . . . , αr
we consider the module M generated by the columns of the αi. Then computing a
basis v1, . . . , vg P Og

0 of M leads to a principal generator of I given by the matrix
`

v1 ¨ ¨ ¨ vg
˘

P MgpO0q.

Appendix D. Computing explicit isomorphisms A » Eg0

We detail the case of computing an effective isomorphism A » Eg0 , given the
Hermitian module representation pM,HM q of a polarized abelian variety pA, λAq,
as an illustration of Proposition 5.18.

By Section 6, we can compute, for i P t1, 2u, ψi : M Ñ Og
0 a di-similitude with

d1 and d2 coprime integers. Our solution to the PIP leads to the computation of an
isomorphism ψ : M Ñ Og

0 , that does not preserves the Hermitian structures. This
leads to

pOg
0 , Idq

ψ1 --

ψ2

11 pM,HM q
ψ // pOg

0 ,
`

ψ´1˘˚
HM q .

For the similitudes ψ1, ψ2 and ψ1ψ,ψ2ψ, we can compute their corresponding
polarized isogenies φ1, φ2 : A Ñ Eg0 and φ1

1, φ
1
2 : Eg0 Ñ Eg0 by applying the Clapoti(s)

approach from [Rob24, Proposition 4.10]. The following diagram describes what we
computed, the dashed arrow representing the isomorphism φ : Eg0 Ñ A we want to
recover.

Eg0

φ1
1

  
φ //

φ1
2

??
A

φ1 **

φ2

44 E
g
0

We have the commutativity of both up and down part of this diagram: φi ˝ φ “ φ1
i.

Now to evaluate φ on points of Eg0 , for simplicity we look at the action of φ act on
a point of order ℓe. Let P P Eg0 rℓes for a fixed prime ℓ. Since d1 and d2 are coprime,
there exists i P t1, 2u such that gcdpℓ, diq “ 1. Without any loss of generality, we may
assume that i “ 1. Therefore to compute φpP q, we first compute Q “ φ1

1pP q P Eg0 .
Then since we have an efficient representation of an φi, we can compute the action
of pφi over Eg0 . Thus we can compute xφ1pQq “ diφpP q P A. Now, since d1 and ℓ are
coprime, we recover φpP q “ d´1

1 xφ1pQq. The exact same type of arguments works in
the other direction.

Appendix E. The commutative case

Let R be a primitive quadratic imaginary suborder of EndpE0q for some elliptic
curve E0{Fq. We suppose that we know how to evaluate the endomorphisms in R
explicitly on E0.

Typical examples are when E0 is ordinary or supersingular over Fp and R “

EndpE0q, or E0 is maximal over Fp2 and R is a primitive suborder of O0 “ EndpE0q.
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We remark that when Zrπqs is a non trivial suborder of R, then the isogeny division
algorithm allows to compute any endomorphism on R explicitly, see [Rob25].

We also have an (anti)-equivalence of categories A ÞÑ HomRpA,E0q between
R-oriented abelian varieties A isogeneous to Eg0 , and torsion free R-modules of
rank g (under some mild extra conditions on A if p is inert in R). A principal
polarization on A also corresponds to a unimodular Hermitian R-form. We refer to
[Rob24] for more details.

Assume first for simplicity that R is a maximal order. Then most of the results
of Section 5.4 apply directly to this case. First, a torsion free R-module M of
rank g is projective, and isomorphic to Rg´1 ‘ I, where I is an invertible ideal of R
(called the Steinitz class of M). The isomorphism class of I uniquely determines
the isomorphism class of M . Computing I from M is standard using a pseudo-basis
of M , along with the computation of an explicit isomorphism M » Rg´1 ‘ I, see
[Coh12, Chapter 1].

If R is a non maximal quadratic imaginary order, things become more tricky.
Already in dimension 1 we do not know how to efficiently convert the isogeny
associated to the conductor ideal f Ă R (which corresponds to the ascending isogeny
in the volcano) into an isogeny when f “ Npfq contains a large prime factor. We
cannot apply Clapotis directly because each element x P f has norm divisible by f .
We need to add the extra assumption that M is projective over R, not only torsion
free. In that case, M is also isomorphic to Rg´1 ‘ I for an invertible ideal I of R,
as in the maximal case.

The Hermitian Poincaré decomposition theorem still holds, because it holds for
principally polarized abelian varieties and we have a suitable anti-equivalence of
categories. We give below a direct proof.

Proposition E.1. Let R be an imaginary quadratic order, and let pM,HM q be a
unimodular Hermitian module over R (torsion free of finite type as always, but we
do not assume M projective here). Let V “ M bZQ, and H “ HM bZQ the induced
Hermitian form on V . Let ι1 : M1 ãÑ M be a primitive submodule. Let V1 be the
K-span of M1 inside V , and M 7

1 the R-orthogonal of M1 in V1. Let V “ V1 ‘K V2
be the orthogonal decomposition given by V and V1, and denote by M2 “ M X V2
the primitive submodule of M induced by V2. Then M 7

1{M1 » M 7
2{M2.

Proof. The proof is the same as in Proposition 6.1, except for the argument that
i71 is surjective. Instead, we rely on biduality: for any lattice N in V “ M b Q,
N 77

“ N [KNRR21, p. 6]. Let U1 “ i71pMq Ă M 7
1 be the image of M by i71, we

want to prove that U1 “ M 7
1, or equivalently by biduality that U 7

1 “ M1. Since
we know that U1 Ă M 7

1, it suffices to prove that U 7
1 Ă M1. But if v1 P U 7

1,
then Hpv1, i

7
1pmqq “ Hpv1,mq P R for all m P M , so (using that M 7 “ M),

v1 P V1 XM “ M1, as we wanted. □

Remark E.2. When R is not maximal, the proof of Proposition 6.1 gives the
following stronger statement: since M{M1 is torsion free it is projective, hence we
get a splitting M » M1 ‘ M{M1. When R is not maximal, M{M1 may not be
projective anymore, hence we many not get a splitting as above.

Now if pM,HM q is an unimodular projective Hermitian R-module corresponding
to pA, λAq, A is isomorphic without the polarization to Eg´1

0 ˆEI , where EI “ I ¨E0.
Our higher dimensional Clapotis algorithm (see Section 6.2) works just as well in
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this setting, because it only relies on the Poincaré decomposition theorem and the
fact that the module is locally free when it is projective, and allow us to build a
double path Eg0 Ñ A.

As in Section 5.4, we obtain applying Proposition 5.15:

Proposition E.3. Given an abstract representation of a projective module pM,HM q

associated to A R-isogenous to Eg0 , we can recover A explicitly, along with the
explicit action of the module HomRpA,E0q and the endomorphism ring EndRpRq “

EndRpMq on A. Given an isomorphism M » Rg´1 ‘ I, we can also explicitly build
the (non polarized) isomorphism A » Eg´1

0 ˆ EI .

Of course, given an explicit representation of HomRpA,E0q, we can also build
the Hermitian module pM,HM q explicitly, this is a special case of Section 5.1.

The main difference with the maximal supersingular case is that in the commuta-
tive case, pEndRpMq, rM q does not give enough information to recover M , hence A.
This is already clear in dimension 1, where all ideals I have a canonical Hermitian
R-form HI “ 1

NpIq
HR where HRpx, yq “ xy, yet their polarized endomorphism rings

are all given by pR, ¨q. The advantage of the module point of view is thus that it
allows to treat both cases uniformly.

Appendix F. Sampling suitable orthogonal basis

To prove Proposition 6.6 we first state few usefull lemmas. First of all, we will
rely on the Schwartz-Zippel Lemma:

Lemma F.1. Let R be an integral domain, and I Ă R be a finite set of elements.
Let Q P Rrx1, . . . , xns be a non-zero polynomial of degree d for, whose vanishing set
is denoted ZpP q. Then #ZpP q X In ď d#In´1.

Indeed this lemma will help us to sample elements of M , with norm coprime to
some fixed integer. Before using it, we need to be sure that the quadratic form given
by qM is not zero modulo odd primes.

Lemma F.2. Let pM,HM q be an unimodular Hermitian module of rank g. Let
M1 ãÑ M be a free submodule of rank r, equipped with the induced Hermitian form.
We denote N “ CardpM 7

1{M1q, and n2 “ v2pNq its 2-adic valuation. For every odd
prime ℓ not dividing N , there exists yℓ P M1 such that qM1 pyℓq ı 0 mod ℓ. Also
there exists y2 P M1 such that qM1 py2q ı 0 mod 2n2`2.

Proof. To avoid any confusion, we denote by qM1 (resp. HM1) the quadratic (resp.
Hermitian) form induced on M1. We introduce the Z-bilinear map HZ “ TrdHM1 ,
and the following notation M˚

1 “ tv P M1 b Q | @m1 P M1, HZpv,m1q P Zu, and
similarly O˚

0 “ tv P Bp,8 | @m P O0, Trdpvmq P Zu. We work by contraposition
here.

First suppose that ℓ be an odd prime distinct from p, such that qM1 ” 0 mod ℓ.
Then the Z-bilinear map HZ is also zero modulo ℓ. Thus we have 1

ℓM1 Ă M˚
1 , and

there exists an element of order ℓ in M˚
1 {M1. Now we link M˚

1 and M 7
1 as follow.

First notice that M˚
1 “ tv P M1 b Q | @m1 P M1, HM pv,m1q P O˚

0 u. Moreover at
the cost of working locally we may assume that O˚

0 “ π{pO0 (where ππ “ p). We
thus have M˚ “ π{pM 7. Let m P M˚

1 such that m R M1 and ℓm P M1. Writing
m “ π{pm1 with m1 P M 7

1 leads to the fact that ℓm1 P M1. To see that m1 R M1,
remark that it would imply m P 1

pM1 X 1
ℓM1, and since ℓ ‰ p, m P M1 which is a
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contradiction. So we have an element of order ℓ P M 7
1{M1, and ℓ | N . This reasoning

also gives the last assertion of the proposition.
On the other hand if qM1 ” 0 mod p the same argument implies that 1

pM Ă M˚,
and hence 1

πM Ă M 7. And since 1
πM{M » Og

0{πOg
0 has elements of order p, so do

M 7{M . □

Lemma F.3. We keep the notations of Lemma F.2, and D1 be an odd integer,
coprime with N , and bounded by a polynomial in p. Suppose that we can efficiently
compute an y0 P M1 such that qM1 py0q ı 0 mod 2n2`2. Then we can efficiently
sample an element y P M1 such that qM1 pyq is coprime with D1, and that qM1 pyq ı

0 mod 2n2`2.

Proof. Notice that in order to find y P M1 with norm coprime to D1 and non zero
modulo 2n2`2, it suffices to work locally at each prime divisor ℓi of D1. Indeed if,
for all ℓi | D1, we manage to find an yi P M1 such that qM pyiq ı 0 mod ℓi, then
we can combine them using the CRT to recover some y P M1 such that qM1 pyq is
coprime to

ś

ℓi, and hence coprime to D1. Remark that for any (odd) prime ℓi | D1,
qM1 ı 0 mod ℓi by Lemma F.2, since N and D1 are coprime. On the other hand,
the 2-adic condition on qM1 pyq can be handle thanks to the y0 given by assumption.
So now we can focus only on the ℓi dividing D1.

Let B be a positive integer, that will be use as a bound on the primes ℓi for the
next step. Now for each ℓi ď B dividing D1, we can compute q mod ℓi and construct
in time polynomial in B elements yi P M1 such that qM1 pyiq ı 0 mod ℓi.

For other prime factors ℓ1
i ą B of D1 that we do not want to compute for efficiency

reasons, we proceed differently. Let sB be the number of primes ℓ1
i ą B dividing

D1. The idea is now to sample random elements in y1 P M1{D1M1 and hope that
one gives a non zero value mod ℓ1

i for every i P rr1, sbss. To ensure that we can
efficiently find such an y1, we rely on Lemma F.1. Indeed it implies for an ℓ1

i ą B,
the reduction qM1 of qM1 over Ri “ Z{ℓ1

iZ has at most 2ℓ14r´1
i roots. This implies

that the proportion of isotropic elements of qM1 in R4r
i is at most 2{ℓ1

i ă 2{B.
Therefore the probabilty Pi of picking at random an element vi P M1{ℓ1

iM1 such
that qM1 pviq ı 0 mod ℓ1

i is at least 1´2{B. Since the CRT gives a ring isomorphism
and that qM1 is polynomial, the elements v P M1{

ś

ℓ1
iM1 with norm coprime

with
ś

ℓ1
i are in bijection with the tuples pv1, . . . , vsB

q P
ś

M1{ℓ1
iM1 such that

qM1 pviq ı 0 mod ℓ1
i for all i P rr1, sBss. Now by independence of the events, the

probabilty of finding a suitable tuple pv1, . . . , vsB
q P

ś

M1{ℓ1
iM1 equals

ś

Pi. Hence
the probability P of finding a good y1 P M1{

ś

ℓ1
iM1 is at least p1 ´ 1{BqsB . We

can now bound sB ď logpD1q{ logpBq, leading to P ě p1 ´ 1{BqlogpD1
q{ logpBq. By

setting the bound B to be logppq2 and using that logpD1q ď C logppq, we have
that P ě p1 ´ 1

logppq

2
qC logppq{ logplogppqq. Using the substitution x “ 1{ logppq, and

computing the first order expansion of x ÞÑ expp
´ logp1´x2

q

x logpxq
q near x “ 0, we eventually

obtain P ě p1 ´ 1
logppq logplogppqq

` opÑ8p 1
logppq

qqC . Therefore we only need a constant
number of retries to sample an y1 P M1 such that qM py1q ı 0 mod

ś

ℓ1
i.

Wrapping up, we can construct in polynomial time in logppq an y P M1 such that
gcdpqM pyq, D1q “ 1 and v2pqM pyqq ă n2 ` 2. □

Proof. of Proposition 6.6.
To construct the desired orthogonal full submodule M1 ãÑ M , we in fact compute
the elements e1, . . . , eg P M such that M1 “ Re1 ‘¨ ¨ ¨‘Reg, i ‰ j ñ HM pei, ejq “ 0
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and qM peiq “ 2ϵidi, where di is an odd integer coprime with D1, and
řg
i“1 ϵi is

bounded by a polynomial in g (and independant with p). We proceed by iteration
over the ei.

First, we need to sample an element e1 P M such that qM pe1q “ 2ϵ1d1, with d1
odd and coprime to D1. Such an e1 is precisely given by Lemma F.3, with ϵ1 P t0, 1u

since M is unimodular.
Second, suppose that we have pe1, . . . , er´1q satisfying the above conditions, and

let M1 “
Àr´1

i“1 Rei seen as a submodule of pM,HM q (that we can assume to be
primitive). Then we can write N :“ CardpM 7

1{M1q “
śr´1
i“1 pqM peiq

rZq “ 2n2d,
where d is odd and coprime with D1. Denoting M2 the orthogonal of M1 as
constructed in Proposition 6.1, then since M 7

2{M2 » M 7
1{M1, CardpM 7

2{M2q is also
coprime with D1. Hence we can apply Lemma F.3 over M2 to compute er, and then
we iterate over M 1

1 “ M1 ‘Rer.
In the end we obtain a D1-similitude with v2pD1q ď rZg

2, which leads to accessible
torsion. (Recall that rZ is the rank of R as a Z-module, hence either 2 or 4.) The
coprimality condition follows directly from the constructions of the ei. □
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