LINEAR REPRESENTATION OF ENDOMORPHISMS OF KUMMER VARIETIES

DAVID LUBICZ AND DAMIEN ROBERT

ABSTRACT. Let K4 be a Kummer variety defined as the quotient of an Abelian variety A by the
automorphism (—1) of A. Let Tj(A) be the co-tangent space at the point 0 of A. Let End(A) be
the additive group of endomorphisms of A. There is a well defined map p : End(A) — Aut(T(A)),
f = (df)§, where (df)j is the differential of f in 0 acting on T5(A). The data of f € End(K 4) which
comes from f € End(A), determines p(f) up to a sign. The aim of this paper is to describe an efficient
algorithm to recover p(f) up to a sign from the knowledge of f. Our algorithm is based on a study of
the tangent cone of a Kummer variety in its singular 0 point. We give an application to Mestre’s point
counting algorithm.

1. INTRODUCTION

1.1. Characteristic polynomial of the Frobenius. One of the motivations of this paper is to improve
point counting on abelian varieties based on canonical lifts. A point counting algorithm takes as input
an Abelian variety A defined over a finite field F, where ¢ = p” and outputs the cardinality of A(F,),
and even the full characteristic polynomial of the Frobenius morphism.

These family of point counting algorithms using canonical lifts were pioneered by Satoh | ] for
elliptic curves, and Mestre’s algorithm | ; | (and its generalisations) extend this to abelian
varieties.

An algorithm of this family proceeds in two steps and works under the generic hypothesis that A4 is
ordinary. First, it uses p-modular equations (for suitable modular invariants) to compute a canonical
lift A of A over Q, the degree r unramified extension of Q,. Satoh uses modular polynomials in terms
of the j-invariant of elliptic curves. This has been extended to abelian surfaces in | ; ]
by using modular polynomials in terms of the Igusa invariants. Mestre uses the duplication formula
between theta constants, which is given by a generalization of the Arithmetic-Geometric Mean (AGM)
sequence in higher dimension (so works when p = 2); and extensions | ; ; ; | use
p-multiplication formula between theta constants.

The second step is to compute the action of the ¢'"-Frobenius morphism (or its dual the g'"-
Verschiebung) on T (A) the co-tangent space in 0 of A. Modular invariants cannot recover this action,
so this step needs an explicit p-modular correspondance (parametrizing normalised isogenies) between
modular forms of some weight p. We will call this an affine modular correspondance. By definition of a
modular form, this allows to recover the determinant of the action of the Verschiebung to the power p.
This determinant is exactly the product of the invertible eigenvalues of the Frobenius.

Satoh computes this affine modular correspondance directly by lifting the kernel of the Verschiebung,
using Vélu’s formulae | ] to compute the equation B’ : y? = 23+ a’z + b of the normalised isogenous
elliptic curve, and then using the fact that the coefficients o’ and b’ of E’ are modular forms of weight 4
and 6 respectively to recover the action of the Frobenius to the square. This gives the value ¢ of the trace,
from which it is easy to recover ¢t by using Hasse’s formula. Mestre’s algorithm using duplication formulas
and its extensions using p-multiplication formulas relate the theta constants directly hence already give
an affine modular correspondance (of weight 1/2 from which it is easy to construct modular relations
between modular forms of weight 1). Of course it is easy from this affine modular correspondance
to give relations between quotients 6; /6y of theta constants, i.e. relations between modular functions,
which is what was used in the lifting step. For abelian surfaces, in | ] the authors use the same
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approach as Satoh’s, namely they lift the kernel and then use | ] to compute the theta constants of
the normalised isogeny.

A problem of this approach using modular forms of weight p is that it only allows to recover [[7_; A7
where \; are the invertible eigenvalues of the Frobenius. When g = 1 this is not a problem: given A\*,
then as mentioned above Hasse’s formula allows to take the correct root A, from which the trace is
recovered as t = A + ¢/\. In higher dimension, Mestre explains in | ] how to recover in most
cases the characteristic polynomial of the Frobenius morphism. But his method is painful from an
algorithmic point of view: it involves raising the level of p-adic precision needed for the computation of
a canonical lift above the level prescribed by Weil bounds and then to use a LLL algorithm on a lattice
of dimension 29 — 1. Moreover, Mestre gives examples of Abelian varieties of dimension g > 4 for which
the determinant of the Verschiebung does not characterises its isogeny class: as a consequence it is not
even possible to recover the characteristic polynomial of the Frobenius morphism from this data only.

In this article, we make the trivial but crucial remark that this ambiguity can be avoided if instead of
modular forms we compute the equation of the isogeny induced by the Verschiebung directly so that
we can compute its action on the differentials (or by duality its action on the tangent space at 0), to
recover not only the determinant, but the full matrix M of the Verschiebung (up to conjugation). It
is then straightforward to recover the characteristic polynomial of the Frobenius as the characteristic
polynomial of the matrix M + ¢M ~'. Strangely it seems that this obvious idea was not considered in
the literature, although it raises no difficulty: Satoh already lifts the kernel, and Vélu’s formula give the
equations of the isogeny along with the equations of the normalised isogenous elliptic curve. Mestre
uses the duplication formula between theta constants 6;(0,7), but it is well known that this duplication
formula extends to a duplication formula between theta functions 6;(z,7) which give an explicit equation

for the 2-isogeny. The extensions of Mestre algorithm | ; ; ] to characteristic p > 2
uses a p-multiplication formula between theta constants of level 2p (or 4p), which readily extends to a
p-multiplication formula between theta functions. The isogeny algorithm [ ] used by [ ] also

gives the equations for the isogeny, not only the theta constants of the normalised isogenous abelian
variety.
We refer to section 4 for more details, and give examples in dimension g = 1,2 in Section 5.

1.2. The tangent cone of the Kummer variety. A technical difficulty that arises when implementing
the strategy above, is that using level 2 theta functions as in Mestre’s original algorithm only give an
embedding of the Kummer variety K4 = A/ £ 1 rather than of A itself (if the polarisation is absolutely
simple). A solution would be to switch to theta functions of level n > 2, but this would increase the
complexity of finding a canonical lift (which would be described using n9 — 1 coordinates rather than
29 — 1).

So a natural question that we tackle in this article is the following: given an isogeny f : A — B which
is expressed in terms of the Kummer varieties f : K4 — Kp. Can we recover the action of df on the
tangent space of A and B at 0 from the action of f on the tangent cone of K4 and Kp at 07

Before describing our main results, we explain why this question is interesting for its own sake. In
many algorithmic applications Kummer varieties are more amenable to computation than Abelian
varieties. For instance, using theta functions, one can embed Kummer varieties inside the projective
space of dimension 29 — 1 whereas Abelian varieties need at least 39 — 1 parameters (generically).
Moreover, 49 — 1 parameters are required in order to have Riemann equations and all that arise from
them such as efficient representation and arithmetic | ]. This is why there is a series of papers
dealing with all sorts of computations with Kummer varieties: arithmetic, pairings, isogenies [ ;

; ]. Computing p(f) from the knowledge of an isogeny f € End(K4) can be viewed as a
continuation of this approach by enlarging our computational toolbox. Of course, in doing so, we want
to do it significantly more efficiently than recovering f € End(A) (which in the case of theta coordinates,
involves manipulating an ambient space of at least 39 — 1 parameters) and then computing (df)5. Our
algorithm works at the conditions that we have a description of a Zariski neighbourhood of 0 € K4 (k)
as a closed sub-variety of an affine space A™ given by explicit polynomial equations. Such models are
known for Kummer varieties of dimension less than 3 | ]. In general, the Kummer variety can be
defined by equations of degree 3 and 4 [ ].
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A first idea, if we are given a rational point! P on A which is not of 2-torsion, since K 4 is smooth at
P, then the action of df : Tp(A) — TpyB can be recovered directly on the Kummer variety. But, unlike
04 which is always rational, such a point may not exist, and we would like not to take an extension
of the base field to find such a point. Since the Kummer variety is singular at 0, we need to replace
tangent spaces by tangent cones.

We now fix the notations we are going to use for the rest of the paper. We let A be a dimension g
abelian variety over a field k of characteristic char(k), and denote by K 4 its associated Kummer variety
(by which we mean the quotient of A by the automorphism —1 acting on it). We denote by 0 the neutral
point of A. Let End(A) be the additive group of endomorphisms of A. For z any point of a variety X,
we denote by T, (X) its co-tangent space in . The map p : End(A) — Aut(T§(A)), f — (df)§, where
(df )o is the differential in 0 map of f. Apart from point counting, this differential has many theoretical
and algorithmic applications | ; ]. Tt is clear that any f € End(A) induces on the quotient
amap f: K4 — K4. Any such f is called an endomorphism of K4 and we denote by End(K4) the
monoid of endomorphism of K 4.

An endomorphism f € End(K 4) determines up to a sign an endomorphism 4f : A — A and then up
to a sign a linear automorphism +(df)§ : Tg(A) — T (A). In this paper, we describe how to compute
efficiently +(df)§ from the knowledge of f. In fact our algorithm easily generalizes to isogenies f : A — B
rather than only endomorphisms.

As explained above, the problem we face in recovering the linear representation of End(K 4) is that
the 0-point of K4 is singular. As a consequence, the co-tangent space in 0 of K4, T (K 4), has dimension
higher than that of g and it is not evident how to recover a g-dimensional linear action from an higher
dimensional action on T (K4).

. . Elui;li,5€{1,....g},i<j
Let RY = k[z1,...,x4], recall that Symz(Rg) is nothing but [u(zl;iiﬁuiki_}”l) 9 where (WijUpr —Uiktsr)

is the ideal generated by the elements w;;up — upuj. Let Q9 = Spec(Sym?(R?)). The variety Q¢ is
easily seen to be the quotient of A9 = Spec(RY) by the action of £1 on it. Considering this, the following
proposition should not be surprising;:

Proposition 1.1. Let A be a dimension g variety over a field k of characteristic different from 2, and
let K4 be its Kummer variety. Let TS(K4) be its tangent cone at the point 0 € K4(k). Then TS(K4) is
isomorphic as an algebraic variety to

QI = Spec(Symz(k[xl, coZgl))-

The proposition is a general structure theorem for the tangent cone at the point 0 of a Kummer
variety. It implies in particular that the dimension of the cotangent space in 0 of K4 is g(g + 1)/2. Its
interest for the purpose of this paper is that it describes a coordinate system where one can read the
linear action of an isogeny.

To explain this, denote by Aut(AY) (resp. by Aut(Q?)) the group of automorphisms of A9 (resp.
of Q9) preserving the origin. Every automorphism f of A9 preserving the origin is linear, so that f
commutes with the action of —1 and induces an automorphism f of Q9. Denote by 7 the map given by
f—=1f.

The following theorem tells that an element of Aut(Q9) determines an elements of Aut(A9) up to a
sign.

Theorem 1.2. There is an exact sequence:
0 — 7/27 — Aut(A9) —— Aut(Q9) — 0
where € : /27 — {—1,1}, is given by x — (—1)*. Moreover, the computation of the inverse image of T

in the canonical coordinate system of Q9 can be done via one square root computation in k and O(1)
field operations.

1n the cryptographic setting, such a point will of course be given as part of the public key cryptosystem.
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Now let f € End(K 4) be an isogeny that we suppose given explicitly. By differentiating the expression

ofif we easily deduce (df)§ : Ty (Ka) — T (K4) from which we deduce a map of algebraic varieties
(df)o: TS(Ka) = T§(K 4). In the following commutative diagram:

-
T 0 7o)

46%

Q———

we know, by Theorem 1.2 that from the knowledge of J, we can efficiently recover the linear action
df)§ : Ty (A) — T3 (A) up to a sign where f is a lift of f to A. In order to compute §, as (df)o is known,
the preceding diagram shows that it is sufficient to be able to compute quickly:

e the tangent cones T§(K 4);

e the isomorphism A.

These two algorithms are explained in Section 3.

One last algorithmic difficulty lies in that the isomorphism from Proposition 1.1 is defined over the
field of definition k of our model of the Abelian variety A. But we are algorithmically given a model
of K 4, which may have a smaller field of definition ky. Since we really want to work over the field kg
rather than k, we twist the isomorphism of Proposition 1.1 by g quadratic characters (see Example 3.2).

Before going further, we describe the organisation of the paper. In Section 1.3, we give some notations
and basic facts which will be used in the rest of the paper. Section 2 is devoted to the study of the
tangent cone at 0 of Kummer varieties. In section 3, we describe the algorithms to compute the linear
representation of the group of endomorphisms of a Kummer variety. As mentioned above, we give an
application of our algorithms to improve Mestre’s point counting algorithm in section 4.

1.3. Notations and basic facts. Let k be a perfect field, we denote by k its algebraic closure. If .o/
is a k-algebra, we denote by Spec(&) the associated algebraic variety over k. In this paper, we only
consider integral algebraic varieties. If X is an integral algebraic variety over k, we denote by Ox its
structural sheaf. If x is a point of X, the stalk Ox , of Ox in z is a local ring. Let 91 be the maximal
ideal of Ox , and let k' = Ox /9 be the residue field in . We denote by T (X) the co-tangent space
of X in x that is the k’ vector space 9/9M?. The point z is regular if dim, T (X) = g and singular
otherwise, in which case, dimy T (X) > g. We denote by T,.(X)) the affine algebraic variety over k':
Spec(Sym(9/9M?)), where Sym(9/9M?) is the symmetric algebra of M /9M2. Concretely, let MM (resp.
k’) be the maximal ideal (resp. the residual field) of O ,, then Sym(9/M?) = k'[z1,...,z,] where
T1,...x, are a k' basis of M/M? (i.e. are uniformisers).

If f: X =Y is a map of algebraic varieties and « a point of X then (df); : T7,,(Y) — T3 (X) is the
derivative of f in . It induces a map of algebraic varieties (df ), : T(X)) — T(g)(Y) that we also call
the derivative of f in .

If X is an Abelian variety over k, we denote by Kx, or by K when no confusion is possible, its
associated Kummer variety that is the quotient of X by the automorphism —1. We denote by 0 the
origin point of X as well as its projection on Kx.

If R is a local ring over k£ with maximal ideal 901, we denote by

GronR = EBiemei/im”l,

its associated graduated ring, where by convention 9° = R. For all i € N, let GrénR = /Mt
When no confusion is possible we will often replace Groy by Gr.

Example 1.3. If R is regular of dimension g then GronR = k’[x1, ..., x| is the polynomial ring over
k' = R/ in the g variables z1,...,z,.

Definition 1.4. Let X be an integral variety over k and x a point of X. Let Ox , be the local
ring of X in x and denote by 9t the maximal ideal of Ox ;. The tangent cone of X in z that we
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denote by T<(X) is by definition Spec(Gron(0x ,)). It is naturally embedded in T, (X), via the map
Sym(i)ﬁ/?)ﬁ2) — Grgﬁ(ﬁx,w).

We recall the basic properties of tangent cones that we use in the following and refer the reader to
[ | for a more in-depth coverage of the subject. First, if X is an algebraic variety of pure dimension
dim X then dim X = dim T¢(X) for all z point of X. If z is a regular point then T5(X) = T,.(X).

Moreover, if f: A — B is a map of algebraic varieties and z a point of A then (df), : T,(A) — T.(B)
induces a map (df), : TS(A) — TJ?(I)(B) which is functorial.

2. TANGENT CONE AT 0 OF KUMMER VARIETIES

This section is devoted to the study of tangent cone of Kummer varieties K 4 in 0 the O-point of
K 4. We prove that the tangent cone is isomorphic to a certain simple model. We use this isomorphism
to deduce interesting algorithmic consequences for the computation of the tangent cone of a Kummer
variety.

Let X be an Abelian variety over k. As the set of 2-torsion points of X are left invariant by —1, these
points project to double points on Kx. In particular, 0 € Kx (k) is singular and dim T (Kx) > g. We
would like to have a structure theorem for T§(K x ). First, we prove:

Lemma 2.1. Let k be a field of characteristic different from 2. Let R be a regular local Ting of dimension
g which is a k-algebra. Denote by M its unique maximal ideal. Let o be an automorphism of R. As
a(IM) C M, o acts on GropR. We also denote by o this action. We suppose that o :

e acts as the identity on k' = R/IMN;

e acts like —1 on the co-tangent k'-vector space O /IN2.

Then R° is a local ring with maximal ideal MM and there is an isomorphism of graduated rings
(1) Grope (R7) =~ (GrogpR),
where R (resp. (GranR)?) is the sub-ring of invariants of R (resp. GronR) for the action of 0.

Proof. Let x € R\M?. As M is a maximal ideal of R, there exists m € 9 and u € R such that
m +ux = 1 so that 1/2(m 4+ m?) + 1/2(u 4+ u”)x = 1. This shows that R° /M7 is a field so that M7 is
a maximal ideal of R?. If 901y is a maximal ideal of R then My R is a proper ideal of R. Thus Mty C M
since R is local so that 9y C 9. So R? is a local ring with maximal ideal 90t7.

Note that, as o acts by —1 on /9?2, we have that (Gry, R)® = Gri R for n even and (Gri R)° =0
for n odd. Since M C M and M /M2 C (IM/9M?)° = {0}, M C M2, Moreover M? N R is a strict
ideal of R” which contains 9. Thus 9° = M2 N R°. From this, we deduce that
(2) (mta)n C mt2n N Ra’
for all n € N.

For all n € N, the inclusion (917)" — (901)?" induces a map (9M7)"/(IM7)"+1 — M7 /M2"+1 and so
a map Grope (R%) — GronR. This last map factors through p* : Groge (R?) — (GranR)?. We are going
to prove that p* is an isomorphism that we seek.

We prove that p* is surjective. It suffices to prove that § € (Grgj‘%R)", represented by y € 9M??, has a
pre-image. Write y = y; ...yq for y; € M2, let v} = 1/2(y; +y7) for i =1,...,d and y' = y; ...y} We
note that y, = y; mod M3 so that y' € (M?)? and y =y mod M?¥*+!. Thus 3/ is a representative of
the pre-image of 7.

Next, we prove that p* is injective. Let T € Grane(R?) such that p*(Z) = 0. We can suppose
that T € Griy. (R%). Let 2 € (99)% be a representative of Z. As p*(z) = 0, z € 92! and we
have to prove that z = 0 that is 92T 0 (M7)4 C (M?)+!. But as (Gragt'R)? = 0, we have
M2+ A (M) = M2H2 N (M), So to prove that p* is injective, it is enough to prove that for all
n > 0 integer,

(3) M*™ N R C (M)
If we can prove that for all n > 0
(4) M2 N R C (M7)" + (M2FD 0 RY).
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then for m > n, we have:
M N RT C (M7)" + (M N RY),
and by an easy induction, we obtain that for all m > n:
gﬁ2n NR° C (ma)n + (m2(m+1) N RU).
As NiendNt = {0}, we have proved (3). So in order to finish the proof, it is enough to obtain (4).

For this, let x € M2 N R, there exists a1, ...,a, € M? such that x = a; ...a,. Using the surjectivity
of u*, we know that there exists a,; € M7 for i = 1,...,n such that a; = a,; +&; with g; € M3. Let
0 =a1...an — Ay Agn. Clearly, & € M1 N R?. Using the fact that (Grap ™' R)” = 0, we have
that actually § € 9?"*+2 and we are done. O

The following easy lemma complement the preceding lemma.

Lemma 2.2. Keeping the hypothesis of the preceding lemma, we have an isomorphism:
(5) Cron(R)? =~ Sym?® (k' [x1,. .., z,4]).
Proof. As R is a regular local ring of dimension g, Grop(R) ~ k'[z1,...,24]. By hypothesis, o acts

o

by on Gron(R) by leaving k' fixed and o(x;) = —x; for i = 1,...,g. As a consequence, Gron(R)? =
Kzt 5 € {1,...,g}. O

Definition 2.3. Let (R,9) and (R’,9') be local rings. We say that a morphism A : Spec(Grop (R')) —
Spec(Gran(R)) is homogeneous if A* : Gron(R) — Grop/(R') is a morphism of graduated rings.

Proposition 2.4. Let K be a dimension g Kummer variety over k and let T§(K 4) be its tangent cone
at the point 0 € K4(k). Then there is a homogeneous isomorphism of algebraic varieties:

A1 QY = Spec(Sym?®(k[z1, ..., 24])) = TG(Ka).

Remark 2.5. In the notation, we omit the field of definition of Q)9 since it will be always clear by the
context.

Proof. By definition K 4 is the quotient of an Abelian variety A by the automorphism (—1) of A. The
local ring €4 ¢ in 0 of A with maximal ideal 9 is regular. The action of the automorphism (—1)* on

O o verifies the hypothesis of lemma 2.1 and ﬁ’xol) = Ok, 0 is the local ring in 0 of K 4. We thus have
an isomorphism A\* : Grop—1, (O ,.0) = (Gron@a o)~ and Grog(0a)) Y ~ Sym?(k[z1,...,2,]) by
Lemma 2.2. Whence the existence of A. O

Remark 2.6. We deduce from Proposition 2.4 that the co-tangent space in 0 of a Kummer variety has
dimension g(g + 1)/2. An immediate consequence is that a Kummer variety of dimension g can not be
embedded as a closed sub-variety in an ambient space of dimension less than g(g + 1)/2.

Remark 2.7. Using the standard theory of quotients by a finite group, we can recover Proposition 2.4
as follow. Let G = Z/27Z acts on A. Then since A is projective, the quotient K4 = A/G exists, and
furthermore the quotient commutes with flat base change. This is a special case of the Keel-Mori
theorem | ] (see also | ] for a nice overview). In fact, the existence of a quotient for a finite
locally free group acting on a projective scheme is already given in | , IIT. Théoréme 5.3] (in the
greater generality of an action by a groupoid, see also | , V. Théoréme 4.1] for the proofs), and the
construction clearly shows that the quotient is uniform (that is stable by flat base change). Furthermore
the quotient is geometric in the sense of | , Theorem 1.1]. See also | , Theorem 4.16] for
another proof (in the case of an action by a group).

~

Now let P be a point of K4. Its completion Ok, , is flat and quasi compact over Ok, ,. Since
m: A — K, is finite, the pullback of Spec K 4 p is given by HQeAJ(Q):P Spec Ag. By uniformity, we
then have that Ok, » = [Igea ~(q)=p Of@.

So if P € K4 is not a point of 2-torsion, there are two points ()1 and @2 above it. The action of
G permutes (1 and Q2, s0 Ok, , = Oa, Oa,, ~ E[lz1,...,24]. If P € K4 is a point of two torsion,
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@ above P, then since the action of G on the tangent space at @ is given by = — —x, we get that
A 2
OEQ ~ kl[z,y]]/ £ 1 ~ Sym* k[[z1, ..., z4) =~ k[[z:x;]].

Since the tangent cone is also the graduate ring of the completion, we deduce immediately Proposi-
tion 2.4. In our case the action is sufficiently simple that we preferred to give an elementary proof of
this Proposition.

Proposition 2.8. The variety Q9 = Spec(Symz(kz[xl, ..., &g))) is birationally equivalent to A9. By
Proposition 2.4 so is T§(A).

Proof. It suffices to prove that the function field K(Q9) of Q7 is isomorphic to k(y1,...,ys). Fix

an isomorphism Sym?(k[z1,...,z,]) ~ k[u(zlzif;{iuki};f]] Then K(Q) is the field of fractions of
1 Uk ikUj
Kluijlij€{1,...,9},i<]

(wijupr—wirw;i)
any non trivial algebraic relations between u1; we deduce a non trivial algebraic relation between the y;
[uijli,ge{l,...,9},i<J]

(wijurr—uikusr)
can define a morphism of function fields ¢* : K — k(y1,...,y4) by ui; = y; fori =1,...,g. It is clear
that ¢* is onto. Since for all 1 < k <1 < g, up; = uipu/ui1, ¢* has an inverse and we are done. O

. The elements uy; for i = 1,..., g of K(Q) are algebraically independent since from

of k[yi,...,yq) via the morphism of k-algebra k — kly1, ..., yg], wij — yiy;. . Thus we

In general the description of an isomorphism between algebraic varieties can involve high degree
polynomials and computing it may be difficult. It turns out that the isomorphism of Proposition 2.4 is
linear. This is the content of the following proposition and corollary:

Lemma 2.9. Let R and R’ be regular local rings of dimension g with respective mazimal ideals M and
M'. We suppose that Grop R and Grop' R’ are isomorphic graded rings and let \* : Gron R — Groy R’
be an isomorphism of graded rings. Then XN* induces a linear morphism X} : I/MM? — 93?’/93?’2. If
moreover, R’ is generated as a ring by ' /O'? then N\* is uniquely determined by .

Proof. This is immediate. O

Corollary 2.10. Every homogeneous isomorphism X : Q9 — TS(K 4) is linear which means that there
exists a linear morphism p = A(Tg (K 4)) — AIOHTD/2 such that we have the diagram:

Q — 2 Te(K)

-

H
Aglg+1)/2 — ATy (Ka))

where the vertical arrows are the canonical immersions.

Proof. This is an immediate consequence of the preceding Lemma. (I

Denote by Aut(AY) the group of automorphisms of A9 preserving the origin. Let Aut(Q?) be the
group of homogeneous (see Definition 2.3) automorphisms of Q9. In order to compute an isomorphism
between TS (K 4) and @9, it will be useful to have a description of Aut(Q¥¢) since this group acts on the
right on the set of isomorphisms between T (K 4) and Q9. First, we remark that

Lemma 2.11. The variety Q9 is the quotient of A9 by the action of £1 on it.

Pmof. .Let T Qg - A9 be the map given on coordinate ring by the injection 7* : Sym?(k[z1, . . . ,Lg])
k[u(zlzjiil{iulkﬁlf]] — klxili € {1,...,9}], wi = 27, v;j — x;x;. It is clear that the image of 7* is the
sub-ring of invariants of k[z;|i € {1,...,¢}] by the action of —1 whence the lemma. O

We denote by 7 : A% — Q9 the canonical projection. Every automorphism f of A9 preserving the
origin is linear, so that f commutes with the action of —1 and induces an automorphism f of Q9 such
that the following diagram commutes:
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A9 A9

|

Q—— Q7

Denote by 7 the map given by f — f.

Theorem 2.12. There is an exact sequence:

(6) 0 — Z/27 — Aut(A?) 5 Aut(Q9) — 0,
where Z./27 is sent to the £1 subgroup of Aut(AY).

Proof. Let f € Aut(A9) be such that f = 7(f) = 1. Let R = k[u”li’je{l"“’g}’égﬂ, we fix the isomorphism

(wij U — Uik
R ~ Sym2(k[x1, CoEg)), Ui Xy, As f*(u“) = wy, f*(x;) = xx;. Suppose, for instance, that
F*(x1) = 1, then for j € {2,...,g}, as [ (u1;) = uyj, f*(x;) = ;. The case f*(x1) = —z; is similar
so that we have proved that ker(r) ~ Z/2Z.
It only remains to prove that 7 is onto. For this let f € Aut(Q9) and consider the followings dual
diagrams:

A9 x— AI klwi] @3 klzi]
/ \K % K
AY AY k] klx;]
{ ? | j " j
QI Q9 Sym”(k[z;]) Sym” (k[i])

In these diagrams, AY XF AY is the fiber product of A9 by A9 over f. We condider k[z1,... , Tg]

as a R-module via the inclusion 7* : R — k[z1,...,24], w;j — xiz;. As 7* is an automorphism of
Sym?(k[z1, . . .,%,]), the tensor product k[z;] @7+ klz;] is the coordinate ring of A9 x+AY. We consider
klx;] X g k[z;] as a skew-right-module in the following sense: for all « € k|x;] x g k[z;] and A € R, we
put Az = zf (A). It is then clear that the map k[z;] ®pg klz;] — k[zi] @7 klril,z®y — r @y is an
isomorphism so that AY x+ A9 is isomorphic to A9 xgs A9. But as 7 : A9 — Q9 is a degree two étale
covering, A9 x s A9 ~ L;—; oAY9. By considering the restriction of p; on one of the two components of
Ui=1,249 25 A9, py admits a section that we denote by pfl. Let f = po Opfl, it clear by construction
that 7(f) = f. a

We can give a useful matrix interpretation of the preceding theorem. For this, we fix coordinate
systems with the isomorphisms A9 ~ Spec(k[z;]) and Q9 ~ Spec(k[u(;ljii{iuki}ll)gj]) and 7 (u;) = x;x;
fori,j € {1,...,g9}, i <j. Then to f € Aut(AY), we can associate tﬁe matri)Jc M = (ay5) € GL(g, k)
such that f*(z;) = Z?Zl a;;x;. In the same way, by choosing a bijection v : {1,...,9(g +1)/2} —
{(i,4),1 <i<j<g} tof € Aut(Q?), we can associate the matrix Mz~ = (vi;) € GL(g(g +1)/2, k)

such that f*(u, ;) = ?Sﬁ”“ Qi Uy (5) -

We have M- = Sym?(M;-) because

9 9 g
?*(u”) = f*(ziz;) = (Z Olikl”k)(z ;i) = Z (ko + ajra)ug.
k=1 1=1

k,l=1,....9,k<l
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In order to describe the image of the map Mg+ — Sme(M r+), consider the quadratic forms:
Qijkl = Ujj Ukl — UikUji,
fori,j,k,1=1,...,9,i <j <k <. We have an action of GL(g(g+1)/2, k) on klu;;|i,j € {1,...,g},i <
Jj] by setting for (o) € GL(g9(9 + 1)/2,k), (ar)(uij) = fr(bgl)m Qy-1((i,5)),mUv(m)- We denote by
SO(Q9) (resp. O(Q7)) the subgroup of SL(g(g + 1)/2,k) (resp. of GL(g(g + 1)/2,k) which leaves
invariant the vector space generated by the quadratic forms Q.
We have isomorphisms dy : GL(g, k) ~ SL(g,k) x k* and d; : O(Q9) =~ SO(Q9) x k* and the following

commutative diagram:

GL(g, k) 0(Q9)

do dl
/

SL(g,k) x k" ——— SO(Q9) x k*
where ¢ and ¢’ are defined by:

(7) M= Sym*(M), ¢+ (M, A) = (Sym*(M), A%).

Then Theorem (2.12) tells that ¢ is surjective and that ¢’ restricted to SL(g, k) is surjective onto
S0(Q7).

Example 2.13. In the case g = 2, there is one quadratic form Q1122 = ui1use — u%Q. Its associated
matrix in the basis (U,n, U929, ulg) is:

N~

0 1
M(Qu122)==11 0 0
0 0

If

is a change of coordinates then:

b a? v 2ab
Sym2(<a d>) = & 2
¢ ac bd ad+ bc
And Theorem (2.12) tells that the map:
SL(2,k)/ £1 — SO(Q?)

(®) +M + Sym?*(M)

is a bijection.

Remark 2.14. It is clear that from the knowledge of Sym?(M) € SO(QY), one can recover £M at the
expense of a square root and g2 — 1 divisions in k.

We consider the computation of the tangent cone of a Kummer variety. We suppose that a Zariski
neighbourhood U of 0 € K 4(k) is given as a closed sub-variety of A™, the affine space of dimension m,
by an ideal I(U) generated by (h;)i=1,. ¢ with h; € k[z1,...,2z,]. We suppose that via this embedding,
the point 0 € K 4(k) is sent to the point 0 € A™ (k). We would like to compute a model of the tangent
cone. By that we mean computing a coordinate system of Tp(K 4) and a embedding of T§(K 4) inside
To(K 4) by a set of algebraic equations.

For any h € k[z1,..., 2] we denote by min(h) the homogeneous component of smallest degree of h.
Then we know | , Definition 2, p. 527] that the ideal I(T§(K4)) of T§(K 4) is generated by the
set {min(h)|h € I(U)}. As for o, B € k[z1,...,2m], we do not have in general that min(«) + min(g) =
min(o + ), it is not true that I(T§(K 4)) is generated by (min(h;))i=1,...¢. It is shown in | ,
Proposition 4] that a set of generators of I(T§(K 4)) can be recovered by computing a homogeneous
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Groebner basis for a well chosen monomial order of the homogenized ideal of I. Such a computation
may be very time consuming and the complexity of a Groebner basis computation is sometimes difficult
to assess. In the case of the tangent cone of a Kummer variety, the following proposition, the proof of
which relies on Proposition 2.4 shows that it can be obtained with a well controlled and limited amount
of computations.

Proposition 2.15. Let K4 be a Kummer variety. We suppose given a closed embedding ¢ : U —
A™ = Spec(k[z1,...,2m]) where U is a Zariski neighbourhood of 0 € Ka(k). Let I(U) = {z €
Elx1,...,zn]|C*(2) = 0}, we suppose that the ideal I is generated by (h;)i=1,..¢ and that ((0) =0 €
A™ (k). Let Iy be the ideal generated by the set {min(h;)| deg(min(h;)) =1,i=1,...,£}. Let I be the
ideal generated by the set {min(h),h € I(U),deg(min(h)) = 2}. Then:
o the image of (dC)o : To(Ka)) = A™ (where (d()o is the derivative of ¢ in 0, see Section 1) is
the linear sub-space of A™ such that (d¢)§(I1) = 0;

o Spec(W) is T§(K 4) embedded in T§(Ka).

Remark 2.16. The first claim of the proposition which describes To(K 4) is general and makes no use
of any particular property of the singular point of a Kummer variety.

Proof. For the first claim of the proposition, let S. = Spec(k[e]/c2]) then To(K 4)(k) is by definition the
set of morphisms S — K4 such that Spec(k) — S. — K 4 is the 0-point morphism (here Speci%) — S
comes from the map kle]/e? — k defined by 1+ 1, & = 0). This is in bijection with the set of k-algebra

morphisms & : H — k[e]/€? such that k(z;) =0 mod . Such a k-algebra morphism & is given
by (Ai) € k" such that r(z;) = \e. By writing that x(h;) = 0, it is clear that the point (\;) € k' is in

Ty (K 4)(k) if and only if it satisfies the relations of I;.
For the second claim of the proposition, we know from Corollary 2.10 that the isomorphism g :

TS(K4) — @Y is linear so that p* preserves the degree of rational functions. As a consequence, if we

make the identification Q9 = Spec(k["’(‘;‘ffiil{igﬁ;i}_;égj 1), the p* (uijus — wipujy) are contained in I, We
ij ikUj

know moreover that the u;;ur; — uiruj is a complete set of relations for Q9. Since p* is an isomorphism
the p*(u;jum — uipu ) generate the ideal of the tangent cone Ti§(K 4) embedded in Ty(K4). O

Remark 2.17. In the preceding proposition, up to a linear transformation of A™, we can sup-
pose that I; is generated by (zg(g+1)/241,--+5Tm). In this case, the embedding (d()o : Tj(Ka) =
Spec(k[z1, ..., Tgg41)/2]) — A™ = Spec(k[x1,...,2n]) is defined by (d{)5(z;) = 0if i > g(g +1)/2
and (d¢)§(x;) = x; otherwise. The tangent cone of T{§(K 4) considered as a closed subset of To(K4) =
Spec(k[z1, ..., Tg4(g+1)/2]) is then just defined by the ideal (d¢)g([12).

From the Proposition 2.15 and Remark 2.17, we deduce the Algorithm 3 which computes equations for
the tangent cone at 0 of a dimension g Kummer variety K 4 over the field k. More precisely, Algorithm
3, takes as input a closed embedding U — A™ where U is an open neighbourhood of 0 € K 4(k) and
outputs:

e A linear automorphism o : A™ — A™ such that the image of the embedding o o (d()o :
ATy (K4)) — A™ = Spec(k[z1,...,Tn]) is the closed sub-variety given by x; = 0 for i >
g(g +1)/2 so that we can identify Tjf (K 4) with Spec(k[z1,...,T4g41)/2]);
e G, a set of generators of the ideal Iy such that T§(K 4) is the closed sub-variety of A(T§(K4))
given as Spec(k[z1,. .., 24(g11)/2]/12)
In general, to compute degree m relations of the tangent cone, one need to compute the Macauley matrix
of degree m induced by generators of the defining ideal I(U) and compute the row echelon form. In
our case, from the structure theorem, we know that once we have done the linear change of variable to
work in a linear space of dimension g(g + 1)/2, we can recover the degree 2 relations directly from the
generators.

If the closed embedding is given by ¢ polynomials in (h;)i=1,...¢, hi € k[z1, ..., 2] then Algorithm 1
for the computation of the equation of the tangent cone needs to compute the Gaussian elimination of a
matrix with O(¢) lines and O(m) columns, (line 2 of Algorithm 1). This costs O(¢£?>m) operations in
the base field. We remark that heuristically, in practice we may take £ = m + O(1). Afterwards, for
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the substitution of z}, we may precompute all z;x; in terms of the z} for a total cost of O(m?g*), and
then the substitution of h; costs O(m?) additions of a polynomials with O(g*) monomials (since we may
truncate everything in degree 2). The total cost is O(¢m?g?).

We may also compute an echelon form of the monomial coefficients of the elements in G, in order
to remove the linear relations between the equations. This involve the reduction of a matrix with £
lines and g(g + 1)/2 columns, hence costs O(¢?g?). We may then assume that Gy, is given by O(g?)
equations.

Proposition 2.18. Suppose that h; = 0, where h; € klz1,...,xy], for i =1,...,L are equations for
K4, a dimension g Kummer variety over k, in a neighbourhood of 0 € K s(k) in the ambient space A™.
The complexity of Algorithm 1 to compute equations of TS(K a) is O(fm?g*) operations in the base field.

Algorithm 1: Algorithm to compute equations for the tangent cone at 0 of a Kummer variety.

input :The polynomials:
(hi)i=1,...6,hi € klT1,...,Zm],

where h; =0 for i = 1,...,¢ are equations for K4, a dimension ¢ Kummer variety over
k, in a neighbourhood of 0 € K 4(k) in the ambient space A™.
output:
e An invertible matrix ¥ such that if (zf,...,2},) = (z1,...,2,)% the ideal I; is generated by z}

for i > g(g+1)/2;
e G, a set of generators of the ideal I5 such that T§(K 4) ~ Spec(

kL2t g g1y o] )
T, :

1 Set G, = {min(h;)| deg(min(h;)) =1,i=1,...,¢};
Using a Gaussian elimination compute an invertible matrix 3 such that if
(@1, @) = (@1, @) B, Span(z), 1) /0115 Tm) = Span(Gr, );

N

3 fori<«+ 1to/do

4 Compute h} such that hi(x),...,2),) = hi(z1,...,2Tm);

5 w; hg(x'l,...,x’g(g+1)/2,0,...,0 // w; € k[m’l,...,x’g(g+1)/2]
6 end

7 for i < 1 to /£ do

8 if deg(min(w;)) =2 then

9 | Add min(w;) to Gp;

10 end
11 end

12 return X, Gp,;

Example 2.19. Let k be a field of characteristic different from 2 and let K4 be a Kummer surface
over k. Using level 2 theta coordinates, one can embed K4 into P3. This embedding is defined by a
degree 4 homogeneous equation f | ]. The 0 point of K, inside P? is given by homogeneous
coordinates (0;(04)i=o.....3). If 6o(04) # 0, an affine neighborhood of 04 is given by the coordinates
(0:/00 — 6:(04)/60(04))i=1,....3. Plugging these coordinates into the equation f and taking the degree 2
part gives the equation of the tangent cone at 04. It lives inside the cotangent space which in this case
is P, so does not require any linear equation.

3. LINEAR REPRESENTATION OF ENDOMORPHISMS OF KUMMER VARIETIES

Let K4 = A/ £ 1 be a Kummer variety over k. We say that f : K4 — K4 is an endomorphism of
K 4 if there exists f € End(A) such that the diagram:
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|

Ky—— Ky

is commutative. We denote by End(K 4) the group of endomorphisms of K 4. Let f € End(A), it induces
an automorphism (df)§ : Tg(A) — T (A) so that we have a map p : End(A) — Aut(To(A)). If moreover
we chose a basis of Tjf(A), we obtain:

(9) po : End(A) — GL(g, k).
Starting from f € End(K4) we can lift it to {f, —f} C End(A) so that we have a map:
(10) Po : End(Ka) — GL(g, k)/(£1)

The aim of this section is to present an efficient method to compute p,. More precisely, for each
f € End(K 4) we want to compute a matrix Mf which is in the same conjugacy class as py(f). By this,
we mean that there exists T' € GL(g, k) such that:

(11) My = +Tp(f)T".

In particular, we obtain all the similarity invariants of po(f) up to a sign.
Let f € End(K 4), the idea of how to compute po(f) up to a sign is explained in Diagram (12).

d
1) 9 1 )

To To

T (Ka) L, T5(Ka)

Yl Ao Ao |7
Sym?(6)

Q ——— @

1 1

A9

AY
(12)

In this diagram my : To(A) — T§(K4) and 7 : A9 — Q9 are the canonical projections. From the
knowledge of f, one can compute (df)y and we would like to recover £(df)o up to conjugation. For
this we chose an isomorphism ~ : To(A) — A9. Then § = v o (df)o oy~ and we want to recover 4.
Proposition 2.4 ensure that there exists an isomorphism A : Q9 — T§(K). We are going to show that
once we have chosen 7, there exists a unique isomorphism Ag : Q9 — T§(K 4) which makes Diagram (12)
commutative. As we know (df)o we can recover Sym?(8) as Ay ' o (df)o o Ag. From Sym?(§) we recover
easily +9 and we are done. We want to prove that there exists a (unique) Ao which makes Diagram (12)
commutative and at the same time have an effective way to compute A\g. For this, it is convenient look
more in detail at the arithmetic of a group quotiented by (—1).

Let G be a general Abelian group and denote by K the quotient of G by the automorphism (—1).
Let 7 : G — K be the canonical projection. In the following if =z € G, we denote by T € K the element
m(x). In general, K is not anymore a group but still enjoys some arithmetic properties inherited from
G. For instance, for all A € N and T € K, AT € K is well defined. In fact, 7 lift via 7 to {+z, —z} and
{Az,— Az} is going via 7 to the same element in K that we denote by A\Z. In the same way, we have the
following arithmetic operations in K | |:



LINEAR REPRESENTATION OF ENDOMORPHISMS 13

e Normal addition: from the knowledge of Z,7 € K, compute the pair {x —y,z + y}. We denote
it by NormAdd(z, v).
e Differential addition: from the knowledge of T,7,z —y € K compute x + y. We denote it by
DiffAdd(z, 7,z — v).
e Three-way addition: from the knowledge of T,%,z,z + v,y + 2z, compute y + z. We denote it by
ThreeWayAdd(Z,7,z, v + v,z + ).
All this apply to K (k) which is the quotient of A(k) by the automorphism —1 acting on it, and to
T§(K A)(F) = To(A)(E) + 1.

Definition 3.1. We denote by m; : A9 — Q9 = A9/(£1) the canonical projection. Let Z1,...,T, €
QI(k). We say that Z1,...,T, € Q9(k) are in general position if there exists z1,...,z, € A9(k) such
that

o mi(z;)=x; fori=1,...,¢;
e 1,...,7, span the k-vector space AY(k).
Let Z1,...,T, € QI(k) be points in general position. We define (F;;)1<i<j<g € Q?(k) in the following
manner:
o for j = 1,...,9, 75 =75
o for j=2,...,g, Ty, is an element in NormAdd(Z;,%;) (recall that NormAdd returns of pair);

e for1<i <j<g,12 2, Xij is defined as: ThreeWayAdd(fl,@,@,fli,flj).
We say that (Z;;)1<i<j<g is a compatible basis of Q9(k) associated to Z1,...,T, € QI(k).
We extend these definitions for any 7, ...,Z, € T§(K)(k) using an isomorphism A : Q9 — T§(K )
given by Proposition 2.4.

Example 3.2. Let Q9 = Spec(k[u&lifﬁﬁg_;i}_;ggj}) so that we have the coordinate system (u;;) on Q9.
ij ikUj

Let A= (A1,...,Ag) € %’ . For 1 < k <1< g, we define the points Py (A) € Q9(k) as:
Nifi=j=korifi=j=I,

(13) uij(Pkl) = /\i)\j ifi==k andj = l,
0 otherwise,

for 1 <i < j<g. Let A% = Spec(k[z1,...,2,4]), for 1 <i < g, we define the points P;(A) € AY(k) such
that

xzj(P;) = \;if i = j and 0 otherwise.
Then it is easily seen that for 1 < i < g, m(P;) = P; and for 1 <i < j < g, m(P;, + P;) = P;;. From
this, we deduce that (Pj;(A)) form a compatible basis of Q9 (k) that we call the A-standard compatible
basis. If A = (1,...,1), we denote it by (Py;) and call it the standard compatible basis of Q9(k).

Proposition 3.3. Let (z;)i=1,... € A9(k). Define the (Tij)1<i<i<g @ family of points of Q9 by:

<X

’/Tl(xi) :f“‘, fOT’ Zil,,g

14
" m (i +x) =Ty, for 1<i<j<yg.

Then (Ti;)1<i<j<g i a compatible basis of Q7 if and only if (x;)=1,. 4 is a basis of AI(k). Moreover
(@i)i=1,..,q and (—x;)i=1,... 4 are the only two basis of AI(k) satisfying the relations (14).

Proof. The first claim is an immediate consequence of Definition 3.1.

Let a; € A9(k) be such that m(z;) = T;. We chose z1 € {z},—2)}. For j > 2, we have
NormAdd(z,,T;) € {z1 + &}, z1 — 2}} so the knowledge of Z1; corresponds to a choice of z; in {z}, —z}}.
Hence the signs of x; is completely determined from the choice of sign of x1, and it is clear that replacing
x1 by —x1 replaces all the x; by —z;. Once we have chosen the base (x;);=1,.. 4, it is clear from the

AL g

definition of a compatible basis that it is a basis of A9(k) and it satisfies all the relations (14). O
We have the following easy lemma:

Lemma 3.4. Let T1,...,ZT, € QI(k) be points in general position. Let (T;;)1<i<j<q De the associated

compatible basis following Definition 3.1. Denote by k[Z;;] the field of definition of T;;. Then :
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(1) k[Z;;] is either k or a degree 2 extension of k;

(2) the field of definition of all the points in (Z;;) is the compositum of the fields k[Z1;] forj =1,...,g;

(8) suppose that for aj =2,...,g, k[T1;] is a degree 2 extension of k, let {T1;,7);} = NormAdd(Z1, T;)
then flj,f’lj are conjugates by the Galois action of the extension k[Z1;] over k.

Proof. The first claim follows from the fact that 7 has degree 2. The second is a consequence that (Z;;)
can be computed from the knowledge of 7;; for j = 1,...,g and 7y, for j = 2,..., g using ThreeWayAdd
which is defined over k. The last claim is clear. O

Proposition 3.5. Let T;; € Q9(k) for 1 < i< j < g be a compatible basis of Q9. Then (T;;) is a basis
of the vector space of geometric points of AY9TV/2 in which QI is embedded. Moreover there exists a
unique automorphism p of Q9 which extends to the linear morphism p' : A99HD/2 5 A9WG+D/2 defined
by W' (Py(A) =Ty for 1<i<j<gandAek’

Proof. The first claim follows immediately from the second and the fact that the standard compatible
basis of QY defined in Example 3.2 is basis of the vector space A9(9+1)/2 (k).

By Proposition 3.3, (Z;;) (resp. (P;;(A))) lifts to a unique, basis (x;)i=1,.._ 4 (vesp. (Qs)i=1,....q4) UpP to
a sign of A9(k). There exists a unique linear automorphism o € Aut(AY)) such that po(Q;) = x; for
i=1,...,g. This po is defined up to a sign by the choice of the basis (z;)i=1,... 4 and (Q;)i=1,.. 4. SO
that pgo defines via 7 a unique p which makes the diagram commutative:

AQLAQ

Q —— Q7

By construction z extends to the linear morphism ' : A99+1/2 5 A99+1)/2 defined by p/(P;;(A)) = Ty;
for1<i<j<g. O

Corollary 3.6. Let (Tij)1<i<i<g € TS(K a)(k) be a compatible basis of T§(K a). Then (T;;) is a basis
of the vector space Ty(K 4)(k). Moreover there exists a unique isomorphism X\ : Q9 — T§(K 4) which
extends to the linear morphism N : A99FTV/2 5 Ty(K 4) such that N'(Py;(A)) =T for 1<i<j<g
and A € K.

Proof. This is an immediate consequence of Proposition 3.5 and Proposition 2.4. (I

Corollary 3.7. Once we have chosen 7y in Diagram (12), there is a unique Ao : Q9 — T§(K a) which
makes the diagram commutative.

Proof. Let (x;)i=1,..4 be a basis of Ty(A)(k). Then (y(x;))i=1,. 4 is a basis of A9(k). Using Propo-
sition 3.3, we define a compatible basis (Z;;)1<i<j<g € T6(Ka)(k) (resp. (Pij)i<i<i<g € @I(k)) from
(@i)i=1,..,g (resp. from (y(x;))i=1,...4). By Corollary 3.6 there is a unique Ao : Q9 — T§(K 4) such that

Xo(Pij) =T for 1 < i< j < g. It is clear that this A\g makes the Diagram (12) commutative. O

We can use the notion of compatible basis to efficiently compute an isomorphism A : Q9 — T§(K 4)
given by Proposition 2.4. We remark that from the knowledge of an isomorphism A : Q9 — T§(K4), one
can easily recover g points of T§(K 4). Actually, fix an isomorphism Q9 = Spec(k[ualzii;{i;;;i};f)gﬂ ), the
family of points (P;);=1,... 4 such that u;;(P;) = 6;; and u;;(P;) = 0 for j # [ are obviously in Q9. We
are going to show that, under some general computational hypothesis about K 4, reciprocally, if one is
given g points of T§(K 4) in general position, there is an efficient algorithm to compute an isomorphism
A:Q9 = TE(K ).

We make the following algorithmic hypothesis:

Hypothesis 3.8. There exists efficient algorithms to perform differential additions, normal additions

and three-way additions with the representation of Ka(k). By efficient algorithm, we mean algorithm

with a running time at most quadratic in the size of the representation of an element of K (k).
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This hypothesis is verified in the case that K4 is represented by level 2 theta functions | ].
But it should apply in general with any efficient representation of Kummer varieties. We explain that

the arithmetic of K4(k) compatible with the projection m4 : A — K4 extends to an arithmetic of
T$(K a)(k) compatible with the projection mo : Ty(A) — T§(K ). Recall from proof of Proposition 2.15
that if S. = Spec(k[e]/e?]) then Ty(K 4)(k) is by definition the set of morphisms S. — K4 such that
Spec(k) — S. — K4 is the O-point morphism. The arithmetic of K4 (normal addition, differential
addition, three-way addition) acts on K4(S:) and thus on Ty(K4)(k) and it is clear that it respects

the tangent cone inside A(T§ (K 4)). For instance, if 7,7,z —y € T§(K 4)(k) then DiffAdd(Z, 7,2 — y) €
TS(K 4)(k). The functoriality of S.-points shows that everything is compatible with 74 : A — Ka.
From this discussion, we conclude that under Hypothesis 3.8, we have efficient algorithms to compute
the arithmetic laws of T§(K4).

We thus have a reduction of the computation of A to the problem of finding g general points of
TS(K4). We keep the hypothesis of Proposition 2.15 then Algorithm 1 gives a coordinate system
(zf,... ’Ilg(g+1)/2) for T;(K4) as well as a set of degree 2 generators Gy, for an ideal I such that
TS(K 4) is the closed sub-variety of To(K 4) = Spec(k[x), ... ,:z:;(g+1)/2]) defined by the ideal Is.

By Proposition 2.8, T§(A) is birationally equivalent to AY. Up to a random linear change of coordinate,
we can suppose that zi,... ,qu are algebraically independent and we have a birational isomorphism
T5(A) =~ Spec(k[z],...,x}]). We can choose a k-point P of T§(A) by setting z(P) = P; € k. We
specialize each element w € G, by setting x; = z;(P) for i = 1,...,g. Then, as presented in Algorithm
2, we can recover the z(P) for i > g at the expense of a Gaussian elimination in a matrix with g(g+1)/2
columns and O(g?) lines. This can be done in O(g®) operations.

Proposition 3.9. The Algorithm 2 computes g general elements of TS (K 4)(k) in time O(g°) operations
on the base field.

Heuristically, taking a submatrix with g(g + 1)/2 + O(1) lines will have the same rank, so in practice
the computation will be in O(g").

Algorithm 2: Algorithm to chose a random elements in T (K 4)(k).

input : Gj, generators for the ideals Iy defining T§(K 4) as a closed sub-variety of
A9G+D/2 = Spec(k[z], ...  Tyigrny/al)-
output: T € T§(K 4)(k) a random element;

1 Choose at random z(Z) in k fori =1,...,g;

2 for w € Gy, do

3 w' = w(@ (Z), ..., 25 (@), ..., Ty, 1)0)i/" We specialize the variables a1, ... 2y in T */

4 Write w’ = Y p; M; where M; are monomials ordered following a monomial order ;

5 Add the row vector [u;] is the matrix M whose columns are indexed by the M; and y; is in
the column corresponding to M; ;

6 end

7 Let My be the row-echelon form of M ;

8 The rows of My corresponding to degree 1 monomials gives us (%) for i > g;

9 return =

We suppose that A is defined over k so that there exists an isomorphism v : To(A4)) — A9 defined
over k and the associated ¢ via Diagramm (12) is also defined over k. We would like to be able to
find efficiently a A : Q9 — T§(K 4) such as Ag which is defined over k. With Algorithm 2, we know how
to find general elements Z1,...,T, € T§(Ka)(k). Let (T;5)1<i<j<g be a compatible basis associated to
Z1,..., %4 following Definition 3.1. If the (Z;;) are points defined over k then it is clear that the morphism
A: Q9 — TE(K ) given by Corollary 3.6 (with A = (1,...,1)) is also defined over k. Unfortunately, in
general (T;;) are not defined over k because each element of NormAdd(Z:,%;) for j =2,...,¢ is not in
general defined over k but over a degree 2 extension of it. Still the following Proposition shows that it is
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possible to ensure, by choosing carefully A € k” that A : Q9 — Tg(K 4) associated by Corollary 3.6 to
the compatible basis (%;;) and the A-standard compatible basis (P;;(A)) (see Definition 3.1) is defined
over k.

Proposition 3.10. Let 79,...,T) be g elements of T (K a)(k) is general position (see Definition 3.1),
let (T zg)1<Z<J<g be an assoczated compatzble basis following Definition 3.1. For 1 <i < j < g, denote
by k[z? ] the field of definition of T x . which is either k or a degree 2 extension of it by Lemma 3.4.
For j = 2,...,g, let \j € k[z] be L if k[ZY;] = k or such that k[X;] = k[zV,] if k[zV;] # k. Let
A= (1,),...,A), then the morphism A : Q9 — TS(K 4) associated by Corollary 3.6 to the A-standard
compatible basis (Hj (A)) and the compatible basis (T3;) is defined over k.

Proof. Let X' be the unique linear morphism X : A5(9+1)/2 — Ty(Ka) such that N'(P;;(A)) = zY; for
1< i< j <gasin Corollary 3.6. Note that for 2 < j < g there exists PIJ (A) € A9lgF) /2(k) such that
{PY; (M), Pl(A)} = NormAdd(PH(A) P;;(A)) where we have set P}(A) = P;;(A) forall 1 <i<j<g.
In the same manner, there exists xlj € A(T3 (K 4))(k) such that {f?j7flj} = NormAdd(Z11,Z;j;).

As X respects the quotient structure of Q9 and T (K 4) respectively, X' (P};(A)) € NormAdd(Z1, T;;)
and because )\ is injective we deduce that

(15) N (Pf;(A) =735
Let &’ be the field of definition of all the points in (7;)1<i<j<g- Then by Lemma 3.4, k" = k(Xa,..., Ag)
is the compositum of the fields k[xl | for 2 < j < g. More precisely, there exists a smallest integer r and

amap &: {1,....,7} = {1,...,¢9} such that k = k(Xe1), -+ Aer))- Then &’ a finite Galois extension
of k and Gal(k’/k) is isomorphic to (Z/2Z)". Via this isomorphism, we can describe the action of
g € (Z/2Z)" on k'. For this we denote by g[j] € Z/27Z the j**-component of g and we have:

(16) 90e() = (=19 g
Then it is clear that for g € Gal(k'/k) = (Z/27Z)", g is uniquely determined by its action on Plg( N (resp.
f(fg(j)) for j=1,...,7 and we have:

—g(s]
(17) Q(Pfg(j)) Plgg(j)andg(xl&(a)) ngj(j)'

From this and Equation (15), we deduce that for all g € Gal(k’/k) and 2 < j < g, /\’(g(PO (A) = g(flj).
Using the fact that (Z);) can be computed from the knowledge of Z}; for j = 1,...,g and T9; for
j=2,...,g using ThreeWayAdd which is defined over k, we obtain that for all 1 <i < j < g¢:

(18) X (g(Pij (1)) = g(T%))-

so that ) is defined over k. O

From Corollary 3.6, we deduce Algorithm 3 to compute an isomorphism A : Q9 — T§(K4) from the
knowledge of g points of T§(K 4)(k). Moreover, Proposition 3.10 tells that if A is defined over k the
matrix M returned by Algorithm 3 has coefficients in k. From our algorithmic hypothesis, the arithmetic
operations require in O(g?) elementary operations in k, so the complexity is dominated by the linear
algebra and is in O(g").

Proposition 3.11. The complexity of Algorithm 3 to comptute the linear isomorphism X : Q9 — T§(K )
is in O(g°%).

There is a still a missing piece in the description of our approach. It is due to the fact that we don’t
want to lift our computation to A since it would be too expansive from a computational point of view.
Thus the morphism v of Diagram (12), although we know it exists, is not given to us explicitly nor
is the isomorphism Ao : Q9 — T§(K 4) associated to v via Diagram (12) and Corollary 3.7. The only
thing that we are going to be able to compute is an isomorphism A : Q9 — T§(K 4) that we cannot
explicitly relate to . Denote by p: Q9 — Q9 an automorphism such that A = Ay o u. The situation is
summarised in Diagram (20).
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Algorithm 3: Algorithm to compute an isomorphism A : Q9 — T§(K4).
input : The elements T11,...,%T45 € Ti(K4)(k) with A an Abelian variety defined over the field
k;
output: A matrix M representing the linear isomorphism A : Q9 — T§(K ).

for j < 2 to g do
{040, Oél} — NOI‘IHAdd(fll,Tjj);
Ty < Qo;
Let A; € k[ao] the field of definition of o be such that k[\;] = k[ag];
end
fori,j<2tog,i1<jdo
‘ Tij ThreeWayAdd(fu7fii,fjj,fu,Elj);
end
Let A = ()\17. . .,/\g);
Let (P;;(A)) be the A-standard compatible basis of Q¢ (see Example 3.2);
Compute the unique matrix M € GL(k, g(g + 1)/2) such that M P;;(A) = Z;; in To(Ka)(k);
return M.

© W g O N W N

e e
N R O

We suppose that we know how to compute (df)o and we want to obtain the conjugacy class of 4.
By looking at Diagram (20), we see that

(19) Ao (df)oo A= p~t o Sym?(dp) o pu.

But, by the surjectivity of 7 in Theorem 2.12, there exists § € Aut(A9) such that p = Sym?(5). So
p~toSym?(6p)op = Sym? (6! 0y o) from which we obtain £6~' 080 d which is exactly the conjugacy
class of dg up to a sign.

T5(Ka) ——— T5(Ka)

(df)o
//)\0 )\(\

Q7 Q7 Q7 Q7
H Sym?(d) pt
T ‘ ™ 1 1 1
g 9 g g
A A 5 A pu A

(20)

Putting all together the results of this section, we obtain Algorithm 4 to compute a matrix representing
the conjugate class of p(f) up to a sign from the knowledge of f € End(K4).

We just have to explain how to compute (df)o in this algorithm. If we identify A™ = Spec(k[z1, ..., Zm]),
up to a linear change of coordinates, we can suppose that (xl, e ,xg(g+1)/2) is a coordinate system of
K 4 in 0 (that is the class of functions x; — x;(0) € Ok, o generate T3 (K4)). For j=1,...,9(9 +1)/2,
we define the points P, € Ka(k[e]/e?) by setting x;(P.,) = x;(0) +¢ if i = j and x;(0) otherwise. These
points form a basis of Ty(K 4)(k) as a k-vector space.

.....

such that for all P € K4(k),
x;(P) = fi(x1(P),...,zm(P)).

Definition 3.12. For ¢ = 1,...,m, we call the computation size of f; and denote it by S(f;) the
minimal number operation in a k-algebra o7 to evaluate f;(x1,...,2.,) for x1,...,2, € &. The size of

(fi)i=1,...,m that we denote by S((fi)) is >, S(fi).
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We write:
(21) /\i+u¢j€:f,;(xl(PEj),...,:cm(st)),
for \; € k. Then the matrix (u;;) € GL(k, g(g + 1)/2) is the matrix of (df)o in the coordinate system of
Ty (K a) given by the (P;).

Proposition 3.13. Let f € End(K ) be given by functions (f;)i=1,...m defined in a neighbourhood of

0 € Ka(k) such that for all P € K4(k),

fz(P) = fl(xl(P)? s 7xm(P))
There exists an algorithm the complizity of which is O(S((f;))) to compute a matriz (p;;) € GL(k, g(g +
1)/2) representing (df)o.

We now can use Algorithm 4 to recover the similitude class of +dfy. Gathering the complexity analysis
of Proposition 2.18, Proposition 3.9, Proposition 3.11 and Proposition 3.13, we deduce:

Proposition 3.14. The complexity of Algorithm 4 to compute the linear representation of End(K4)
is O(max(g°, tm2g*, S((f;)))) base field operations (heuristically O(max(g”, tm2g*, S((f;)))) base field

operations).

Algorithm 4: Algorithm to compute the linear representation of End(K 4).

input
e Let K4 be a dimension ¢ Kummer variety given by:
(hi)i=1,...6, hi € k[z1, ... 2]
equations for K4 in a neighbourhood of 0 € K 4(k); B
o f € End(Kjy), given by functions (f;)i=1,...m such that for all P € K4(k),
x;(P) = fi(x1(P),...,zm(P)).
output: A matrix M € GL(k, g) a matrix representing the conjugation class of p(f).

1 Call Algorithm 1 to compute a coordinate system (7, ..., 2y, ) ,) for T5(Ka) as well as Gy,
generators for the ideal I3 such that T§(K ) is isomorphic to Spec(k([z}, ..., z} 1) /0]/12);

Call g times Algorithm 2 to obtain ¢ elements Z1,...,Z, € T§(K 4)(k);
Call Algorithm 3 to compute a Matrix M, € GL(k, g(g + 1)/2) representing A : Q9 — TS(K4);
Compute the matrix M (o = (i) where p;; is defined by Equation 21;

-1 .
MSym — M)\ 'M(df)o'MA’
Compute M € GL(k, g) such that Mgy, = Sym(M);
7 return M;

w W N

[

4. APPLICATIONS TO POINT COUNTING ALGORITHMS IN SMALL CHARACTERISTIC

Strictly speaking, a point counting algorithm is an algorithm that takes as input a genus g curve X
(resp. a dimension g Abelian variety A) defined over a finite field F, and outputs the cardinality of
X (F,) (resp. A(F,)). Most of the time, one expects that a point counting algorithm returns a slightly
more general information which is L(X, ), the L-function of X that encodes the cardinality of X (k) for
any k finite extension of F,,.

The efficiency of a point counting algorithm is measured by its worst case running time as a function
of the size of the input. Designing efficient point counting algorithms has applications in cryptography
[ ]. All known efficient point counting algorithms can be interpreted as the computation of the
action of the Frobenius morphism on some Weil cohomology group Hyy, (X). Actually, let x,(X,t) be
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the characteristic polynomial of the Frobenius morphism acting on Hy;,(X) then the L-function of X is
given by :
t9xp(X,1/t)
(1-t)1—qt)
Note that if A is the jacobian of X then the cardinality of A(F,) is given by the residue in 1 of L(X,t)
that is x,(1).

One can distinguish several families of point counting algorithms with different algorithmic behavior
according to what cohomological theory they are based on. Mestre’s point counting algorithm belongs
to the p-adic point counting algorithm family which has been introduced by a paper of Satoh | ].

L(X,t) =

4.1. Limitations of canonical lifts algorithms. We briefly recall the principles of Mestre’s algorithm
which is a variation of Satoh’s algorithm | ; | to explain our improvement. Let X be a
genus g ordinary curve over F, with ¢ = p™ and let A = J(X) be its jacobian variety which is a
dimension g Abelian variety. Let Z, be the degree m unramified extension of Z,. A lift of A over
Z4 is an Abelian scheme over Z, which reduces to A over F,. Among all the possible lifts of A,
there is only one up to isomorphism, that we denote by A, such that the reduction morphism induces
an isomorphism End(A) ~ End(A). In particular, the ¢'*-Frobenius endomorphism of A lifts to an
endomorphism of A that we denote by X. Its contragredient morphism is the ¢'"-Verschiebung V.
Let x1(X,t) be the characteristic polynomial of the ¢*"-Verschiebung acting on the space H°(A4, Q) of
global differential forms of A. As X is ordinary, there are g Eigenvalues 71, ... ,mq of the ¢*"-Frobenius
morphism acting on H{,(X) which are units modulo p [ ]. Then the roots of x1(X,t) are 71,...,m,
so that x,(X,t) = t9x1(X, ¢/t)x1(X,t). The computation of the action of V on H°(A, Q) is difficult
because, when ¢ is big, V' is a high degree isogeny. Using a classical trick [ ], we can replace it by
the computation of the action of the of the p'"-Verschiebung and then take the norm of the resulting
matrix. The p-adic precision of the computations is chosen big enough according to Weil conjectures to
be able to recover x,(X,t). To sum up, Mestre and Satoh’s algorithms can be decomposed in two main
steps:

e The computation of the canonical lift A of the jacobian of X;

e The computation of the action of the pt"-Verschiebung morphism acting on the global differential

forms of A.

We detail this second step, because this is where our improvement lies. In order to fix the notations,
we need a more precise description of canonical lift algorithms. They take as input an ordinary projective
algebraic curve X of genus g (resp. the theta null point of a dimension g Abelian variety A) over F,
where ¢ = p™ and returns x,(X,t) the characteristic polynomial of the Frobenius morphism. Denote by
c:F, —Fy, x— 2P the pt"-Frobenius morphism. Let A = Ag be the jacobian of X.

Fori=0,...,m,let 4, =A XF, Ei(Fq). Note that A = Ay = A,,. Denote by 7; : A; — A;;; the
p'"-Frobenius morphism and by V; : A;;1 — A; the p*"-Verschiebung morphism: by definition V; is the
contragredient morphism of o; that is we have V;05; =p. Welet ¥ =5,,_10...009 € End(ﬁo) be
the ¢'"-Frobenius endomorphism of Ay and V' € End(4g) be the contragredient endomorphism of . Let
A be a canonical lift of A. Fori =0,...,m,let A; = A X7, 0'(Zq), we remark that A; is a canonical lift
of A;. Fori=0,...,m, denote by o; : A; — A;11 (resp. Vi : Ajp1 — A;) alift of &; (vesp. of V;) and
let ¥ =0,,_10...000 € End(4p) be a lift of ¥. Denote by V € End(Ag) the contragredient morphism
of ¥, so that we have V o ¥ = ¢. We also let 0 : Z; — Z, be the Frobenius morphism of Z, which is the
unique automorphism of Z, which reduces to & modulo p. We have the following diagram where the
vertical arrows are reduction mod p:

oo 0; Om—1
Ag Ay A; Ai1 Apn1 A =4
| o | | 2| | oo |
+ EO ¢ s El . o Emfli .
Agp — Aq A; Aiv1 Am,lf_ A,, = Ag
VO Vz Vm—l
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Let wa, = (wf, ..., w)) be a basis of T (Ag) as a Q, vector space. Let o be the unique automorphism
of Q4 which reduce to & modulo p, we can transport wa, by acting on its field of definition by o.
For this, for i = 1,. -1, let wj'; = wa, Xqi Qq be a basis of T5(Ap X4i Qq). Remark that

Ap Xpi Qq is 1somorphlc to A; so that wA defines a basis wy, of T§(A4;). Denote by M, the matrix
of (dViz1)g = T (Aiy1) — T5(A;) expressed in the basis wy, , and wya,. It is easy to see that for

i=1,...,r—1, M; = Mg and that Ng, /0, (Mo) is the matrix of the Frobenius morphism acting on
Ty (Ao).

If g is a scalar modular form of weight p, the algebraic interpretation of g (in the sense of Katz)
shows that g(A7, w9 ) = det”(M;)g(Aiy1,wa,,,). The quotient of these two modular forms allows us to
recover det”(M;) and then Ng, /g, (det(Mo)) = []{_; AY where \; are the invertible eigenvalues of the
Frobenius.

For instance, Mestre’s algorithmuse theta coordinates to represent Abelian varieties over Q,. In
particular, for the second step, it relies on the transformation formula of theta functions | ] to
build a scalar modular form of weight p = 1 and thus to recover the product m; ...m,. This is one of
the main limitations of the higher genus version of Mestre’s algorithm: it does not recover each of the
T1,...,Tg. Mestre has proposed in | | an algorithm to recover mq,...,m, from the knowledge of
the product 7y ...my. This algorithm consists in computing a degree 29 — 1 symmetric polynomial Psym
with coefficients in Z, a roots of which is 7; ..., using LLL algorithm. From the knowledge of this
polynomial it is then easy to recover m1,...,my. The complexity of this algorithm is 5(m45) where
m = 0(29) is the dimension of the lattice and § the precision used by | ]. Indeed in order to use the
LLL algorithm, it is necessary to increase the p-adic precision of the computation far beyond what it
prescribed by the Weil conjectures | , § 5.4]. Moreover starting from genus 4, Mestre has shown in
[ ] that, in general, the product m ... 7, does not characterize the isogeny class of J(X) so that
there is no way to recover the individual 7y, ..., 7, from it. The improvement that we propose is more
efficient and easier to implement. For instance it does not rely on an efficient implementation of the
LLL algorithm which is tricky and needs a quick floating point arithmetic. Moreover, it always allows to
recover the characteristic polynomial of the Frobenius morphism even if g > 4.

4.2. The improvement. As explained in the introduction, our improvement in the second step of
the algorithm is that whenever we have the equations of the isogeny induced by the lift of the small
Verschiebung Vp, we can compute its action on the basis of differentials w4,, 0~ twa, to recover the
matrix M,,—1 (up to conjugation). Taking the norm then gives the action M of V on wa,.

We detail this step for Mestre’s algorithm which uses theta function, but a similar method would work
for other models. The original version of Mestre’s algorithm is for curves defined over a characteristic 2
field. It has been generalized for field of any (small) characteristic | ; | and improved from
an algorithmic point of view in [ ] to achieve a complexity of O(n) over the field F,n. We detail our
improvement to this more general version of Mestre’s algorithm.

We recall briefly, and refer the reader to | ] for a more in-depth presentation of the algebraic
theory of theta functions, that if (B, %g) is a dimension g Abelian variety together with a principal
polarization then for ¢ > 2 an integer, a level £ theta structure for (B, #*), that we denote by 0%

in the following, determines a basis (91Q

£
?)iez/ezys of HO(B,fé). For all ¢ positive integer, we let
— ']
Z(£) = (Z/CZ)? and in order to ease the notations we write (0¢)iez@ instead of (G?B)iez(z) when no
confusion is possible. We will also have to evaluate these sections only in the case that the base field
of B is a characteristic 0 field k. In this case, by embedding kg into C, following [ ], we can
13

identify (093)162@ with the theta functions (6 [i(/]e] (z, Q/E))ZGZ@ Here  is a representative of a class
of H,/T'(¢,2¢) where H, is the dimension g the Siegel upper half space and I'(¢,2¢) is a Igusa subgroup
of the symplectic group acting on Hj | ]. This allows us to consider the sections 9 5 as functions
on CY by taking care of the fact that this imply that we have chosen an embedding of ko into C and a
particular € in a conjugation class. Let Aq = Z9 + QZ9 and let Ay, = C9/Aq then A is an Abelian
variety analytically isomorphic to B over C.
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The projective point with homogeneous coordinates (6’1Q & (0))ie(z/ez)s is the theta null point associated
to (B, Z%5,0%). Tts data is equivalent to the data of (B, %%, 0%): in particular they have the same
field of definition. With these settings, we can give a more thorough description of the improved version
of Mestre’s algorithm in 4 main steps:

(1) Using Thomae-Formulas (if X is a hyperelliptic curve) or a generalization for it, compute the
theta null point of (Ao, 92”3 ,0% ) where A = Ay is the jacobian of X, .,Z”ZO a degree 1 symmetric
ample line bundle on Agy and 9 is a level 2 theta structure for .,f 2

(2) Using a Newton lift with a modular equation, compute (a p-adic approxnnatlon of) the theta
null point of (Ag, £% Ao 3 “4,) an Abelian scheme together with a level 2 theta structure which
reduces modulo p to (AO,.,?ZQO, @%ﬂ). Here Ay = A is an Abelian scheme over Z, which is a
canonical lift of A.

(3) Compute K, ; the kernel of V,,_;. and lift it to K,,_; the kernel of V,,_; as the only
unramified lift.

(4) Compute the isogeny V,,_; from the kernel K,,_1, the matrix M,,_1 of (dV;,—1)* in the basis
o twa,, wa,, and then via a norm a matrix of (dV)g € Aut(Tp(Ag)) where Ty(Ap) is the
co-tangent space in the 0 section of Ag.

For a comparison with Mestre’s original version, where Steps (3) and (4) are replaced by the theta
transformation formula, we refer the reader to | ]
Remark 4.1. Some remarks about this brief description of Mestre’s algorithm:

e If the input of the algorithm is the theta null point of an Abelian variety with a theta structure
over F,, (4, .,?227 6)22)7 we can skip step (1).

e In the papers | ; ] we use modular polynomials between theta constants of level 2,
and then lift the kernels as indicated in the algorithm above.

e In the paper | ], step (2) is instead replaced by the computation of (ZO,,,?ZQ: , @221; ) and
then lifting it to (Ag, £2P, @i’;). This can be seen as lifting both Ay and the kernel K,,_;
simultaneously. More precisely, using the algorithms of | ; ; ], we can recover
(A0,$2p,(92A];) from (A;,.2%,0%) and Ko = KerVy and conversely, in O((2p)?) base field
operations.

So from the theta null point of level 2p we can recover the kernel in level 2 and then apply
[ ] to compute the isogeny. But in fact once we are in level 2p we can also directly use
Mumford’s isogeny formula to compute the isogeny V,,,—1 : A9 — A,,—1. To compare the action
on differentials we need to go from level 2p on Ag to level 2, which can be done either by using
the formula from | , § 3.2] (which descends to A;) hence encode a p?-isogeny, or using the
descent formula from | , § 4] (which descends to Ao).

A problem with step (4) is that for efficiency reason we want to work with theta functions of level 2.
As all level 2 theta functions are even, they form a coordinate system for a projective embedding of
the Kummer variety K 4,. Hence we work over the Kummer variety rather than over Ag. In this case
we cannot directly compute the tangent space TpAp, let alone the action of V on it. We could use
[ ], to compute a level 4 theta null point for Ay and then compute the action of V* on Ty(Ayp)
but we would end up with an algorithm less efficient than the original one since we would have to
compute with (4p)9 coordinates instead of the (2p)9 coordinates of a level 2 embedding. But we have
just explained in Section 3, how to recover (dV')g : To(Ag) — To(Ap) up to a sign from the knowledge of
(dV)o : To(Ka,) — TO(KAO) More precisely, we actually compute V,,—; then d(V;,—1) and recover the
action of (dV')o by a norm computation. In the following, we detail the computation of V,,,_; and how
to recover the action of (dV)o.

If p > 2, we can compute V;,,_1 with the isogeny computation algorithm | ]. Actually, from the

@2
preceding steps of the algorithm, we know (6, *° (0))2.62(5) and K,,_; the kernel of V,,_{ which are
exactly the inputs of algorithm [ .
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If p = 2, the expression of V,,_1 : A9 — A,,_1 is given by the duplication formula. With the

convention taken for the numbering of ramification points in the computation of Thomae formula in
2

(C]
Step (1) of the algorithm, we know by | ] that there exists € H,, such that (6, "™ (0)icz@) =

2
(0 [i%] (0,9/2));e2() and (Q?AO (0)iez@) = (0 [1/2] (0,82));e7@3)- Said in a more informal way, we
have the analytic isomorphisms A, ~ A,,—1 and Ap,, ~ Ap and the isogeny Ax, — An,y, 2+ 2
reduces modulo p to the Frobenius morphism ¢,,_1.
By setting 6;(z) = 6 [2/2} (2,Q) and 6i(z) = ¢ [1/2] (2,9Q/2) for i € Z(2), the usual duplication

formula | , p- 139] gives for all i,j € Z(2), 21, 22 € CY:
(22) €i+j(zl + 2’2)92 J(Zl — 22 Z 9’L+7Z 21)9J+77(22)
nez(2)

By setting z1 = 29 = 0 in (22), for g = 1, we recover the usual arithmetic-geometric mean. For x € Z (2),
the dual group of Z(2), using this formula, we compute

1
(23) Z X(MWOitjrn(z1 + 22)0i—jin(21 — 22) = % Z X(m +n2)0; 1, (21)05 4, (22)

nez(2) n1,m2€Z(2)
1
=0 | 2 x| | X X()04(22)
nez(2) nez(2)

By setting zo = 0 and j = 0 in (23), we obtain an expression of V,,,_1 : Ap,—1 — Ag:

(24) Z X(i)zneZ(i) X(1)0i4n(21) — ().
e (Zoezm xm8;0)

In order to use this expression, we only have to know the theta null points (6;(0)),. 7(3)- But from Step

(2) of the algorithm, we know a theta null point of (Ag,.£3 ,0% ) which is (92.@%0 (0));ez()- This theta
null point is defined over Q; and we obtain a theta null point of (A, fj}_, @?4]_) as (191-@2;‘O (0));‘€jz(§).
We explain how to adapt Algorithm 4 for our purpose. By Proposition 2.4, there exists a morphism
Ao Q9 — T§(Ka,), as Ap is defined over Qq, by Proposition 3.10, we can compute such a Ag defined
over Q;. The Algorithm 3 allows to compute such a )y defined over Q,. We let \; = /\gi QY —
TS(K 4,)° ~ T¢(K 4,) be the twist of Ag by o
We have the following diagram:

(25)
. (dVo)o . . . (dVim—1)q
TE(Ka,) —— T§(Ka,) TS(Ka,) TO(KA,,,L,1)<—T0(KAO)
)\0 )\1 )\i Am—l )\0
2 2
Sym™(%0) o Q7 go T Omm1) o
T T T T ™
50 6m71
A9 A9 A9 A ——— A9

where m; : A9 — Q9 are the canonical projections, Sym? (6;) : Qg — Q9 are the unique map which make
the upper squares commutative. The fact that the maps Sym?(;) are acutally of the form Sym?(é;) for
; : A9 — A9 is a consequence of Theorem 1.2. Then the J; which makes the Dlagram (25) commutative
are defined up to a sign. We chose &y and set §; = 6§ . Then Sym?*(6;) = Sym?*(5o)”
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Algorithm 5: Algorithm to compute a representative up to a sign in the conjugacy class of the
action of V on Ty(A).

input

@2

o (0,7 (0));cz() the level 2 theta null point of K4, a canonical lift over Z, of K7 the Jacobian

of a curve X defined over F,.
output: A matrix M € GL(k, g) whose characteristic polynomial x; verifies:

Xp(X, 1) = t7x1(g/t)xa (8)-

@2
1 Using (0, *
2 Call Algorithm 1 to compute a coordinate systems (z7, ... Ty (gr1y/2) for 15 (Ka) as well as G,

°(0));ez(3) compute a complete set of equations (h;)i=1,...¢ verified by Ka,;

generators for the ideal 5 such that T{§(K4) is isomorphic to Spec(k[z}, ..., @} 1) /ol/12);
Call g times Algorithm 2 to obtain g elements Z1,...,Z, € T§(K 4)(k);
Call Algorithm 3 to compute a Matrix My € GL(k, g(g + 1)/2) representing A : Q9 — TS (K 4);
Using Equation (24) compute an expression of V,,_1;
Compute the matrix My, ), = (ti;) where p;; is defined by Equation (21);
MSym,O — M,\.M(dvmil)o.(M)\_l)g;
Compute M, € GL(k, g) such that Mgym o = Sym(My);
Compute M = Nz, /z,(Mo);
10 return M;

© ® N O oA~ W

Now, if we define § and Sym? (6) such that the following diagram is commutative:

) (@
T5(Ka,) e Tg(Ka,)
Ao Ao
Sym?(9)

Qe

T T
(26) A9 A9
then it is clear that:
(27) Sym?(8) = Sym?(dy) o Sym*(60)” o ... 0 Sym* (o)
(28) §=0600650...08]" "
where
(29) Sym?(8p) = Ag ' o (dVp)o 0 AS.

From these formulas, we deduce immediately the Algorithm 5 to compute the Eigenvalues of the
Verschiebung morphism V.

We recall that Algorithm 5 corresponds to the Step (4) of the description of Mestre’s algorithm to
compute the number of points of X a curve defined over F, with ¢ = p™. We remark that if p # 2,
Algorithm 5 involves no loss of p-adic precision. Actually, one can check easily that all the computations
makes sense modulo p as long as the used models have good reduction: T§(K 4) and the morphism
A QI — TG(Ka) are well defined modulo p, so is the matrix Mgy, _,),. In the case of p = 2, in the
numerical example that we have treated (see next section), we found that the loss of precision was
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small. We leave a full analysis of the loss of precision in this case, using the results of | ], for a
subsenquent work.

The level 2 theta functions provide with a embedding of a Kummer variety in the projective space of
dimension 29 — 1. Moreover the p-adic precision needed for the computation is m/2. As a consequence
the running time of an operation in Z, is O(m/2log(p)). Using Proposition 3.14, we deduce that the
running time of Algorithm 5 is O(max(g?,29)m/2log(p)).

5. EXAMPLES

In this section, we suppose given an ordinary genus g curve C defined over Fom. Let Ay be jacobian
of C which is an ordinary principally polarized Abelian variety of dimension g. Let Ay be a canonical
lift of Ay which is a Abelian scheme of Zom. We give a step by step execution of our algorithm when
g=1,2.

5.1. Genus 1. A dimension 1 Kummer K 4 variety is obtained as the quotient of an elliptic curve A by
the automorphism (—1). It is easily seen that A is isomorphic to the projective line. The arithmetic in
the theta representation of Kummer lines has been studied in | ]

The level 2 theta functions (6

) ic 7(3) 8ives an isomorphism Ky, — ]P’%zm so that:
o

TA, = gAY’
0

is a local parameter of K 4, in 0 (for a general choice of Ag). We note that for g = 1, K4 is smooth in 0.
Keeping the notation of Diagram (25), we can define local parameters x4, in 0 for K4, by twisting x4,
by o?. The duplication formula gives an expression of Vj,_1 : Ag — A,,,_1 at 0:

(A+B)z% +B-A

(B— A% +A+B’

(30) LAp_1 =

where A = 964"“1(0) + 0;1’”‘1(0) and B = 964"“1(0) - 961’”‘1(0). Then, we have:

4xAOAB
((B—A)r% + A+ B)?

(31) d:L’Am_l = dl’Ao

In this case, as the tangent cone and the tangent space are equal, our method is trivial and we obtain
the trace of the Frobenius morphism as ¢ + 2™ /¢ where:

B 4on (O)AB

5.2. Genus 2. Let (A, 2 02) be a Abelian surface together with a level 2 theta structure over the field
k such that char(k) # 2. When A is not a product of elliptic curves (with their principal polarisations),
the embedding i : K4 — PZ®) such that i*(Opze (1)) = £? is a closed immersion (see [ ]). The
level 2 theta functions satisfy a degree 4 homogeneous equation parametrized by the theta null point

(01-@2‘* (0));cz(3) that we denote by E((QQi (0))icz@)) € k[Xi,i € Z(2)]. This equation defines the image

?

of i as a closed surface inside P#(?) | ; ]. From the knowledge of (97@ A (0)) one can easily
@2
compute E((0;*(0)),cz(3))-
The tangent cone T§(K 4) is a dimension 2 closed subvariety of the dimension 3 tangent space 1| O(K A).

If necessary by doing a linear transformation on the basis of theta functions, we can suppose that 9 A
does not cancel in 0 € K 4(k). Then by doing the change of variables xg = 1, z; = X;/Xo + 6;(0 )/90(

in E((Gl.@i‘ (0));ez()) we obtain a new equation E’((Gi@i‘ (0)iez@)) € klzi,i € Z(2) — 0]. An equation of
TS(K 4) inside Ty(K 4) is given by the degree 2 homogeneous component of E’ ((9?2“ (0));cz() that we
denote by Q. We have Tf; = Spec(k[r1, 22, 73]/ QK ,)-
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Proposition 2.4 tells us that there exists a linear isomorphism:
k[xl»xzamﬂ _)k[U117U227u12]
Qa Ur1Uze — Uiy
One can use Algorithm 3 to find A\* but in genus 2, we give another point of view. For this, we

consider (4 as a quadratic form and we remark that it is the orthogonal sum of a hyperbolic plane and
a definite one dimensional quadratic form. We can compute A\* with the following steps:

(33) ¥

(1) find an isotropic vector v for Qg , ;

(2) take any w such that Q¥%, (v, w) # 0 where QY% , 1s the scalar product associated to Qk ,;

(3) find A € k such that if we set w’ = w 4+ Av, we have Qg ,(w') = 0 and scale such that
Q?{A (U7 wl) = 17

(4) compute an orthogonal vector z to the plane (v, w’);

(5) we put t = —1/2Qx , (z) so that we have an isomorphism
klx1,z2,23]  ku,v,w]
)\1 : .

Qx. uv — tw?

We remark that all the computations in step (1) to (4) can be done over the base field k. But, in step
(5), if t is not a square in k it is not possible to chose z such that Qx ,(z) = 1. We define

. Elu, v, w] Eluy1, u22, u12]

: )
yv — tw? U1 U2z — UTy

such as Ag(u) = tugy, Ao(v) = ug2, Ao(w) = uis then A* = Ay 0 Ay,

All the preceding steps are trivial except finding an isotropic vector for Qx, for which we give more
details. In order to find an isotropic vector of Qk , (z1, 2, x3), we can specialize the variables o and
x3 by computing Qg , (z1,t2,t3) with t2,t3 € k. Then by Proposition 2.8, for a general choice of ts, t3,
Qx ,(x1,t2,t3) is a degree 2 equation with a solution in k.

5.3. Example. Let Fg ~ % and denote by Fg[z] the polynomial ring in the variable x over Fs.
Let:
h=@*+z+1)d+(z+1)a*+at+z+1
k=za®+ (z4+1)a*+a+2”+z+1
Let H be the ordinary genus 2 hyperelliptic curve over Fy4 given by its equation:
(35) y? + hy = hk

(34)

Let Qg by the unramified extension of Q, defined by w?ﬂ;’il Using Thomae formulas, we can

compute a level 2 theta null point for the jacobian of H :

b5 = [90(0), 031 (0), 015.(0), 673 (0)] =
[1,17 + 16w? + O(2°), 17 + 24w? + O(2°), 1 + 16w + 8w? + O(2°)]

By computing a sequence of generalized AGM steps starting from 6, we obtain the theta null
point of an Abelian variety which is an approximation to 2-adic precision 23 of the canonical lift of a
2k_isogeneous for a certain k to canonical lift of the Jacobian of H:

0.4, = [1,1618241 + 2703936w + 1893624w? + O(22'), 3154537 + 1708228w + 260732w? + O(2%),
4465257 + 856260w + 981628w? + O(2%1)]

With one more step of generalized AGM, we compute the theta null point of A; which is 2-isogeneous
to Aoi

04, = [1,1377889 + 1471112w + 287912w? + O(221), 306481 + 424180w + 1198760w? + O(221),
2010417 + 686324w + 1329832w? + O(221)]
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For i € Z(2), let 2 = 0% /6% (resp. z** = 621 /65) be a coordinate system in a neighbourhood
of 0 € Ao(k) (resp. 0 € Ai(k)). We use Equation (24) to express the isogeny Vi : Ay — A in the
coordinate systems (zf‘j ) for j = 0,1 and compute the matrix of partial derivates in 0. We obtain:

%jol)(o) = 11325 + 11501w + 12177w? 4+ O(2')
0z
oV,
W(O) = 7980 + 2298w + 12300w? + O(2'?)
0z
v,
ﬂm) = 24364 4 2298w + 12300w? + O(2'°)
(%EH
v,
w(m = 4178 + 2743 /2w + 7815w” + O(2"?)
axm
oV,
#&0)(0) = 6547 + 895 /2w + 606w? + O(23)
0xi§
oV,
VI i) (0) _ 5843 4 1185720 + 39330 + 0(21)
oz
OV (zih
#(0) = 4178 + 2743 /2w + 7815w” + O(2"%)
0z
OV (aih
#H)(O) = 5842 + 11857/2w + 3933w? + O(2'?)
oxigy

vy ($11 )

(0) = 6547 + 895 /2w + 606w? + O(2'3)
8;611

oV (w; ))”
P AO ij -
We have seen that the tangent cone T(§ (K 4,) is defined as a closed subvariety of To(K 4,) by a unique
quadratic form. In the basis (zo, 1, 22) this quadratic form is given by the matrix Mg « . such that:
0

We denote by M ((dV1)o) the matrix (

[[75389 + 9245w + 105194w? + O(2'7), 82775 + 170179w + 39924w? 4+ O(2'%),
82775 4 137411w + 203764w? + O (2],
[82775 + 170179w + 39924w? + O(2'®), 42077 + 112217w + 52286w? + O(2'7),
23789 + 77601w + 69246w? + O(2'®)],
[82775 + 137411w + 203764w? + O(2'8),23789 + 77601w + 69246w? + O(2'®),
42077 4 46681w + 117822w? + O(2'7)]]
Then using the algorithm described in Paragraph 5.2, one can find a matrix M for the linear morphism

klx1, z2, 23] . Qam [u, v, w]

A1
! Qa uv — tw?

with
t = 2894 + 38321 /2w + 35959/2w? + 26927w® 4+ O(2'7).
The matrix M is:

[[1445/2+986w+892w?+0(2'%), 503 /2341081 /2*w+267/22w?+0(27), 15+29/2w+ 71 /2%w? +0(2°)],
[83+ 845w +1289/2w? +0(21°),1055/2* +-1773 /2w +123w* +O(27), 57/2 + 85 /22w +83/22w* + O(2°)],
[81/2 + 1513w + 1821 /2w? + O(2'1),877/2* + 199w + 164w? + O(28), 33/2 + 75/2%w + 10w? + O(29)]]
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Denote by ¢ the 2"-Frobenius automorphism acting on Qg. Following Algorithm 5, by computing:

Nos/Q. (M_lM((dvl)O)Mg)a

we obtain the action of the 8*"-Frobenius automorphism on the standard tangent cone of K4,. One
must take care a little bit here that if the matrix of the Frobenius morphism acting of Tp(Ap) is given
by in the basis (zg, z1):

(36)

(¢ 4

as we are working with the basis (tz%, 23, z125) of Sym?(k[z1, x2]) the matrix that we obtain is:

(37)

a?  th? tab
A/t d? cd
ac/t db ad+ be

which allows to recover the matrix (36) up to a sign. If p; and ps are the invertible root modulo 2 of the
Frobenius polynomial of the Jacobian of H we obtain that p; + p2 =0 mod 64 and pi1p2 =7 mod 64.
We deduce immediately that the Frobenius polynomial is:

[BL04]

[CKLO6]

[CLO7)

[CLOS]
[CL09)

[CRV14]

[CF+96]

[CFA-+06]

[CR15]

[CLOY2]

[Del69]

2t + 72% + 64.
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