SPANNING THE ISOGENY CLASS OF A POWER OF AN ELLIPTIC CURVE
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ABsTRACT. Let E be an ordinary elliptic curve over a finite field and g be a positive integer. Under
some technical assumptions, we give an algorithm to span the isomorphism classes of principally polarized
abelian varieties in the isogeny class of £9. The varieties are first described as hermitian lattices over (not
necessarily maximal) quadratic orders and then geometrically in terms of their algebraic theta null point.
We also show how to algebraically compute Siegel modular forms of even weight given as polynomials in the
theta constants by a careful choice of an affine lift of the theta null point. We then use these results to give
an algebraic computation of Serre’s obstruction for principally polarized abelian threefolds isogenous to E3
and of the Igusa modular form in dimension 4. We illustrate our algorithms with examples of curves with
many rational points over finite fields.

1. INTRODUCTION

Let g,m > 1 be integers, p be a prime, ¢ = p™ and # be the isogeny class of a given dimension-g
abelian variety A over IF,. The elements of % will be the I -isomorphism classes of abelian varieties over
I, which are F-isogenous to A. Thanks to the work of Tate | | and Honda | |, one knows that
the Weil polynomial W is an invariant on #'. One can also characterize the finite list S(q,g) of possible
Weil polynomials for given ¢ and g. These finite lists have been made explicit up to genus 5 | ; ;

|. Representing now an isogeny class # by a polynomial W € S(q,g), a harder task is to describe
the finite set of elements (i.e. IFy-isomorphism classes of abelian varieties) inside #. Currently, there is no
unified nor complete way to achieve this task. To our best knowledge, one can get a full abstract description
(1) forg=1] I;
(2) for ordinary abelian varieties | ; ; ; : l;
(3) for abelian varieties A ~ E9 where E is a supersingular elliptic curve either over I, or over IF )2 with

trace +2p; | I;
(4) when g = p and W has no real root | |;
(5) for p-rank g — 1 simple abelian varieties over fields of odd characteristics | |.

Roughly speaking, the above descriptions functorially relate F,-isomorphism classes of (non-polarized)
abelian varieties in % and certain finitely generated modules over orders in products of number fields
or quaternion algebras. Notice that even for g = 2, the situation is still incomplete as far as we know: there
are only partial results for supersingular and superspecial abelian surfaces [ ; ; ] and
p-rank 1 split isogeny classes seem untouched.

The situation is even more critical if one is interested in IF,-isomorphism classes of polarized abelian
varieties in # . Since the distinction is important for one of our goal (identifying Jacobians in the isogeny
class), we denote the I -isomorphism classes of principally polarized abelian varieties isogenous to A by #4.
Notice that there is no inclusion between the elements of # and # since the notions of isomorphism classes
are distinct. When the abelian varieties in # are isogenous to products of non-isogenous ordinary simple
abelian varieties, there are algorithms to enumerate the elements of # or #; (see | ). The LMFDB
database is currently keeping track of the cardinality of these sets for small values of g and ¢ | .
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In the present article, we consider a different case from | |, namely # is the isogeny class of the g-th
power of an ordinary elliptic curve E/F,. Let m be the Frobenius endomorphism of E and R = Z[r, ¢/7] =
Z[r]. The set Sg of I -isomorphism classes of elliptic curves {E1,. .., E,} isogenous to E is in bijection with
the ideal class monoid ICM(R) of R. Moreover, it is always possible to identify in this set or directly construct
one elliptic curve isogenous to E with minimal endomorphism ring, i.e. equal to R (see the discussion at
the beginning of Section 3.3). We will assume from now on that this is our curve E. The functor given in
[ | which associates to any A € # the finitely generated torsion-free R-module (or in short R-lattice)
Hom(A, F) of rank g is an equivalence of categories and provides an inverse denoted .#g. Note that this
functor is distinct from the one used for instance in | | (it is contravariant and exact) and there is
no easy way to compare them away from projective R-modules. But both functors lead to the conclusion
that the elements in % are represented by products of elliptic curves Ei, ..., E; in Sg corresponding to a
sequence of orders R C End(E;) C ... C End(E,) and invertible End(E;)-ideal classes I; with a given fixed
product Iy - - - I, in ICM(R) (see [ , Th.1], | I, [ , Th.3.2]).

Since we are interested in IF,-isomorphisms classes of polarized abelian varieties, we need to translate the
notion of polarization in the category of R-lattices through the functor Hom(A, E'). We show in Theorem 3.3
and Corollary 3.6 that this can indeed be done: the elements in #; are in correspondence with the unimodular
positive definite hermitian R-lattice (L, h) of rank g (see Section 2.1 for a review on these notions for lat-
tices). This result is no surprise to the specialists as it generalizes a similar result of Serre | , Appendix]
when R is the maximal order in Q(7) and is analogue of the result of | ; ] using a different functor.

How to enumerate the lattices (L, h)? This is part of a broader and beautiful theory which has been
developed for general orders in number fields or quaternion algebras. However, even in the case of imaginary
quadratic orders, the algorithms have been mainly implemented in the case where R is a maximal order, cf.
[ ; |. In Section 2.2, we recall some elements of this theory restricted to imaginary quadratic orders
and show how to adapt these algorithms when R is not maximal. This generalization comes at the price of
much slower algorithms which can be sped up if one restricts to lattices which are projective R-modules (or
equivalently to abelian varieties which are products of elliptic curves with endomorphism rings isomorphic
to R). While our method for enumerating projective R-modules is quite efficient, we believe that there is
still lot of room for improvements in the general case.

Such descriptions, though powerful, do not allow to get a real grasp on a given polarized variety (A4,.%).
In particular, given an abstract description of an element in %7, one would like for instance to see if it is
the Jacobian of a curve and if so, to give an equation of the curve. For this, we have to jump back to the
algebraic geometry side and associate to the abstract description some data describing the embedding ¢ o,
i > 3, of A into a projective space PY. When p # 2, Mumford showed how to extend the classical theory
over C by using an algebraic version of the theta constants, called a theta null point. These constants are
projectively the image by ¢ i of 0 € A for a careful choice of basis of PY. However, if this data is not
available before hand for at least one principally polarized abelian variety in #1, the only known method to
compute it is to work with a lift of A and its polarization to C, perform analytic computations with enough
precision, hopefully recognize algebraic numbers and eventually reduce the result over the finite field. When
A is simple, this is the classical setting of the Complex Multiplication methods (see for instance | ,
Chap.18]) but the output is heuristic when g > 2 | ; |

In our case, we will take advantage that it is easy to compute the theta null point on Ag = EY € #] with
the product polarization .%. It boils down to computing the (projective) thetanull point on E. The formula
for their fourth power is a particular case of Thomae’s formula. We will give an elementary proof of this
result and show that one can take arbitrary fourth roots (see Lemma 4.6 and Corollary 4.8). Doing so, we
will also prepare for a ‘modular version’ of the thetanull point that we will need later and take great care of
the constant involved.

We also show how to deduce from the lattice description (L, h) of (4,.Z) € #; an isogeny f: Ag — A
such that f*.& = Z} for a certain £ > 1. This is achieved by looking for g orthogonal vectors of norm ¢ in
L# (a certain dual of L for h), see Section 2.3. We can then give f through an explicit maximal isotropic
kernel K in Ag[f], see Section 3.3. The explicit isogeny formula developed in | | allows then to transport
the thetanull point on (Ag,.%p) to the one on (A,.%Z). This leads to the following overview of our algorithm.
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Algorithm 1 Overview of the full algorithm

Input: An integer ¢ > 1 and the Weil polynomial W of an ordinary elliptic curve over I, (with some
technical restrictions, see the discussion below).
Output: The theta null points of all indecomposable principally polarized abelian varieties with Weil poly-
nomial W9.
1: Let R = Z[z]/(W) and compute an elliptic curve E/F, such that End(E) = Z[r] ~ R (see Section 3.3).
2: Use Algorithm 2 (resp. 3) to get a list of all (resp. all projective) indecomposable unimodular positive
definite hermitian R-lattices (L, h) up to isometry.
3: Apply Algorithm 5 to compute a maximal isotropic kernel K of an isogeny f : EF9 — Fg(L) for each
(L, h).
4: return the output of Algorithm 6 on each ((E);=1,...4,K).

g

In practice, there are restrictions on the W for which this algorithm is going to work. Indeed, the current
implementation of the isogeny formula imposes several constraints on the kernel K of f. We list them below,
starting from what would require the most work if one intends to remove it. This should be taken with a
grain of salt as it is of course impossible to predict possible obstacles without an actual study.

(1) The algorithm imposes p to be odd since it uses theta structures of even level;

(2) The algorithm imposes to look for f such that f*.¥¢ = .$0£ for an integer ¢ > 0, whereas the strategy
would work with f*.% any completely decomposable polarization. Because of this, f does not always
exist (see Example 2.24). We give necessary and sufficient conditions for its existence in Theorem 2.16
(for instance, it does always exist is g is odd);

(3) The algorithm imposes £ to be coprime to 2p, see Remark 4.1. We work out in Section 2.3 a thorough
local analysis of the lattices which gives a refinement of Theorem 2.16. For instance, when ¢ is odd
it is sufficient that the conductor of R is odd to find such an ¢;

(4) Even when ¢ is coprime to 2p, we have to discard cases when the kernel K from Algorithm 1 is not
isomorphic as an abstract group to (Z/¢Z)?. Notice that when ¢ is square free, K is necessarily
isomorphic to (Z/¢Z.)9 so the algorithm always works. We did not try to get a proof of the existence
of such a good ¢ and we pragmatically chose to test the group structure of a given kernel K until we
get the required abstract group isomorphism.

The full cost of the algorithm is hard to estimate: it heavily depends on the smallest good ¢ one can find
(when it exists) and it is an open question to find an upper bound in terms of R and g for the maximum
of the minimal ¢ for a given #;. Once { is given, a lower bound for the complexity is given by the one
of Algorithm 6 which is O(¢9). Be aware that this hides a large constant, since the computations have to
be performed on the extension of IF, where all /-torsion points of E are defined. Typically, the algorithm
works for a given element of #] in reasonable time when ¢ is smaller than 41 (resp. 19, resp. 7) for g = 2
(resp. 3, resp. 4). Then the full cost depends also on the cardinality of #; which can be computed by
[ | for g = 2 and 3. When R = End(F) is maximal, a lower bound for this cardinality grows linearly
in (disc(R))9"/* for fixed g.

The restrictions above artificially increase the smallest ¢ we would like to consider. We therefore urge the
reader to consider Algorithm 1 as a proof of concept, allowing computations which were completely out of
reach before for various classes #] in dimension 2,3 and 4 with R maximal or not (see Section 5).

We finally move to one last new algorithmic result. In Section 4.3, we show how to evaluate a Siegel
modular form x of level Sp, (Z) and even weight! at a principally polarized abelian variety (4,.%)/F,
when x is defined as a homogeneous polynomial P in the theta constants with coefficients in ;. A Siegel
modular form is a section of a power of the Hodge bundle on the universal abelian variety, so to give it a
value only makes sense once a I ;-rational basis of regular differentials on A is fixed. We show that choosing
such a basis yields a particular affine lift of the theta null point on (A,.%) which we call a modular lift (see
Definition 4.3). The coordinates of a modular lift are characterized, up to a common sign, by considering
all products of two theta coordinates as Siegel modular forms of weight 1. Evaluating y is then computing

Lyhen g is odd, all of them have even weight.



the value of P in the coordinates of the modular lift. We show that a certain affine version of the isogeny
formula preserves the modular lift property (see Theorem 4.5). Since in our Thomae’s formula for elliptic
curves we took care of having such a modular lift, we can therefore carry it to (A4,.%) through the isogeny
(see Algorithm 7) and perform the computation of the modular form on (A,.Z).

As an application and in order to illustrate our algorithms, we consider curves over I, with many points.
A curve C of genus g > 1 over IF; has at most 1+ ¢ + g|2,/q] and when this bound is reached, we say that
C is a defect-0 curve. The best upper bounds are known only for ¢ < 2 and sparse families of ¢g,q. If C is
a defect-0 curve, then its Jacobian JacC' is isogenous to £9 where E has trace —|2,/q]. If E is ordinary
(which is always the case for instance when ¢ = p™ with m =1 or 3 and ¢ # 2,3 | , p. 11.6.4]), we can
try to find Jac C' among the indecomposable principally polarized abelian varieties (4,.%) in the isogeny
class of EY.

When g = 2, each such (4, .%) is automatically the Jacobian of a defect-0 curve. It is therefore enough to
know that an indecomposable principally polarized abelian surface isogenous to E? exists which can already
be obtained on the lattice side of the picture using | | and | , Th.3.9.1]. Now, if one wants an
equation of the curve, it can be provided using Algorithm 1.

When g = 3, although each (A4,.7) is geometrically the Jacobian of a unique curve C/F,, there may be
an obstruction, called Serre’s obstruction, for C to have defect-0. Fortunately, the modular form ;g which
is a Siegel modular form of weight 18 defined as the product of the 36 even theta constants determines this
obstruction as we shall recall in Section 5. Since we can compute algebraically the values of x1g at all (A4,.%)
in the isogeny class of E3, we can compute the obstruction for each of them and check if a defect-0 genus-3
curve exists over IFy. This gives the first provable computation of this obstruction as, so far, one had only a
heuristic method using lifting and approximations over C | |

We conclude with an example in genus 4. We first show that Igusa modular form cuts the locus of
Jacobians and decomposable principally polarized abelian varieties over any algebraically closed field of
characteristic different 2 (see Theorem 5.8). We then use this to show that a certain class of isogeny does
not contain Jacobians (see Example 5.9).

The code and examples of our algorithms are available at [ ]. In the future, we hope to improve
the overall speed of the algorithm (for instance by working with Ay products of distinct elliptic curves E;
instead of EY) and waive the technical limitations above. Notice that the method presented here may be
adapted to other cases: one could replace E ordinary with E supersingular over I, or over IF> with trace
+2p; one could also replace E by a principally polarized abelian variety B for which a thetanull point is
known (with some restrictions, see | | and | , Sec.8]).

Acknowledgements. We would like to thank Andrew Sutherland who kindly provided us a fast Magma code
to check when an ordinary elliptic curve has minimal endomorphism ring and Jeroen Sijsling for helping us
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2. HERMITIAN LATTICES

2.1. Basic definitions and notations. Let F' = Q(v/d), where d < 0 is a squarefree negative integer. The
discriminant dp of F equals d if d = 1 (mod 4) and 4d otherwise. The non-trivial Galois involution of F'/Q
will be denoted by -. Further, let

Nr: F->Q,z—27 and Tr: F—>Q, z—ax+7T
be the usual norm and trace of F/Q.

Definition 2.1. A hermitian space (V,h) over F is a finite dimensional vector space V over F equipped
with a sesqui-linear map h: V' x V' — F such that

(1) h(av+ Bv',w) = ah(v,w) + Bh(v',w) for all @, € F and all v,v',w € V.

(2) h(v,w) = h(w,v) for all v,w € V.




The rank of a hermitian space (V,h) is the dimension of V over F. For a tuple b = (by,...,b,) € V" we

define its Gram matriz by
Gram(b) = (h(b;, b;)) € F"™*" .

Every hermitian space (V, h) in this paper is assumed to be non-degenerate, i.e. if v € V with h(v,w) =0
for all w € V then v = 0. This is equivalent to say that the Gram matriz of any basis b of V is invertible.

Definition 2.2. Let b be a basis of a hermitian space (V, k). Then

det(V, h) := det(Gram(b))
is called the determinant of (V,h). It is well defined when viewed as an element of Q*/ Nr(F™*).
Definition 2.3. Two hermitian spaces (V,h) and (V/, ') over F are called isometric if there is an isomor-

phism ¢: V — V' such that h'(p(v), (w)) = h(v,w) for all v,w € V. The map ¢ is then called an isometry
between (V, h) and (V’,h’). Moreover,

U(V,h)={p: V=V |pisanisometry} and SU(V,h)={p e U(V,h)|det(p)=1}.
are the unitary and special unitary groups of (V, h) respectively.

Let & denote the set of prime numbers. For p € &2 U {oo} let F), := Q, ®q F be the completion of F at
p. Let (V,h) be a hermitian space over F. The map h extends to V,, := F, @ V by linearity. This yields
a hermitian space (V,, h) over F,. If p = oo, then Qo = R and (Vi, h) is a hermitian space over F,, = C.
The signature of this complex hermitian space is called the signature of (V, h).

The following local-global principle is well known.

Theorem 2.4 (Landherr). Two hermitian spaces over F are isometric if and only if they are isometric over
every place of Q.

Hermitian spaces over C are parameterized by their signatures while hermitian spaces over Q, are pa-
rameterized by their ranks and determinants (viewed as elements of Q;/Nr(F;)). We will only deal with

positive definite spaces, i.e. spaces with h(v,v) > 0 for all non-zero v € V. For these spaces, we can make
Landherr’s theorem more explicit.

Remark 2.5. Let g be a positive integer and let &2, be the set of primes which do not split in F'.

(1) Let (V,h) be a positive definite hermitian space of rank g. Since Q;/Nr(F,) has at most two
elements, the isometry type of (V,h) is uniquely determined by

I:={pe P |det(V,h) ¢ Nr(F})} C Py, .

The product formula for Hasse’s norm residue symbols shows that I is a finite set of even cardinality.
(2) Let I C P, be a finite subset of even cardinality. There exists a positive definite hermitian space
(V,h) of rank g such that

I={pec 2 |det(V,h) ¢ Nr(F;)} .

Moreover, this space admits the Gram matrix

diag(1,...,1,a)
with some positive integer a whose prime divisor are in 7U{q} for some prime ¢. This gives a method
to construct a positive definite hermitian space of rank g with given determinant, see | , Section

3.4] for details.

For the remainder of this section, let (V,h) be a hermitian space over F' of rank g. Further let R be an
order in F', that is a subring of F' which is a free Z-module of rank 2. The ring of integers & of F' is an order
and it contains every other order R of F. Thus the index f := [¢ : R] is finite and it is called the conductor
of R in F. Note that R is the unique quadratic order of discriminant f2dp. Moreover,

dr +Vdp
5 .
A fractional R-ideal a is an R-submodule of F' which has rank 2 over Z. It is said to be an invertible R-ideal
if there exists a fractional R-ideal b such that ab = R. Given two fractional R-ideals a,b we can define the
5
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fractional R-ideal (a: b) = {x € F,zb C a} called the colon-quotient of a and b. The particular case (a : a)
is called the multiplicator ring of a. It is the unique order in F' for which a is invertible.

Definition 2.6. An R-lattice of rank r is a finitely generated R-submodule of V' such that F'IL := L Qg F
has dimension r. If r = g we call L a full R-lattice in V.

The following result is due to Borevich and Faddeev [ ].

Proposition 2.7. Let L be a full R-lattice in V. Then there exist a basis (z1,...,x4) of V, some fractional
ideals a1,...,a4 of R and a chain of orders R C Ry C --- C Ry such that a; is an invertible R;-ideal and

L:a1z1@~~~@agxg.
The list of pairs (a;,;)i=1,...,4 is called a pseudo-basis of L.
In the implementation of our algorithms we represent an R-lattice either via a pseudo basis or a Z-basis
and we use the results of | | to switch between these two types of representations.
Definition 2.8. Let L be an R-lattice in V.
(1) The dual lattice of L is
L#* ={x €V |h(z,L) C R}.
(2) The lattice L is called integral if L C L¥ and unimodular if L = L#.
(3) An integral R-lattice L is called even, if h(z,z) € 2Z for all = € L; otherwise it is called odd.
(4) The lattice L is called decomposable if there exists two non-trivial R-submodules L1, Ly of L such
that L = Ly & Lo and h(x1,x2) = 0 for all x; € L;. If this is the case, we write L = Ly 1 Ls.
(5) If L is a free R-lattice with basis b, then det(L) := det(Gram(b)) is the determinant of L. It is a

well defined element in Q*/ Nr(R*).
(6) Given ay,...,a, € Q*, we denote by

(a1,...,aq)
the free hermitian R-lattice (L', h') of rank g having an orthogonal basis (b1,...,b,) such that
R (bi,b;) = a; for all 1 <i<g.
Let L be an R-lattice with pseudo-basis (a;, ;). Denote by (xf&) the dual basis (z;), i.e. the basis of V'
such that h(mi,xf&) =9, forall 1 <4i,j <g. Then
g
L* =P [R:a)af .
i=1
From this fact and the relation (R : (R : a)) = a it is easy to see that (L#)# = L.
Lemma 2.9. Let L be an R-lattice in (V,h) and let Lq,..., L, be Z-submodules of L. For a € F let
fa: VXV =Q, (v,y) = Tr(ah(z,y)) .
The following are equivalent:
(1) L=1Ly L ... L L, is an orthogonal decomposition into R-lattices.
(2) L=6p, L; and f1(L;, L;) = f\/E(Li,Lj) = {0} for alli#j.
Proof. We only need to prove that (2) implies (1). Let z € L; and y € @j#i L;. Then fi(z,y) = f (2, y) =
0 and thus Tr(ah(z,y)) = 0 for all @ € F. Since F/Q is separable, it follows that h(xz,y) = 0. Let r € R.

Then h(rz,y) = 0 and thus f,(rz,y) = 0 for all a € F. Hence ro € QL, N L = L;. So L; is indeed an
R-module. ]

If (V, h) is positive definite, then so is the rational bilinear map f; from above. In this case, a well known
result of Kneser shows that there exists a unique decomposition of L as in Lemma 2.9 (2) into minimal
Z-submodules. It can be computed as in | , Algorithm 4.5]. Hence the previous lemma shows that any
positive definite hermitian R-lattice L has a unique decomposition into indecomposable sublattices and it
yields a method to compute these sublattices.

For a prime p € & let R, := Z, ®z R and L, := R, ®r L be the completions of R and L at p. Then L,
is an R,-lattice in (V,, h). The introduced notion for R-lattices carries over to R,-lattices. For example we
call an Rq-lattice L even, if h(x, ) € 27 for all z € L.
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2.2. Enumeration of positive definite unimodular hermitian lattices. Let R = Z[wf] be the order
of conductor f in F. In this section, we present an algorithm to enumerate all positive definite unimodular
R-lattices of a given rank.

Definition 2.10. Let L and L’ be full R-lattices in the hermitian spaces (V, h) and (V’, h’). The lattices L
and L' are said to be isometric, if there exists an isometry ¢ from (V,h) to (V' k') such that ¢(L) = L'. In
this case, we write L = /. Further let

ds(L) = {¢(L) | ¢ € UV,h)} and  Aut(L) = {p € U(V,h) | o(L) = L}

be the isometry class and the automorphism group of L. Similarly one defines isometries between the
completions L, and L; at a prime p. The genus of L is

gen(L) :={L' C V| L is an R-lattice such that L, = L, for all p € &} .
When R is the maximal order, the following remark shows how to find a lattice in a given genus.
Remark 2.11. Every O)p-lattice L, admits an orthogonal decomposition
L,=Ly L...L L, suchthat p¥L¥ =L,

for some integers s; < ... < s,. Jacobowitz | | shows that (s1,...,s,) together with the ranks and
determinants of the lattices L; uniquely describe the isometry class of L, unless p = 2 and F5/Q2 is ramified.
For the remaining case, he shows that some additional invariants are needed.
Let G be a genus of hermitian O-lattices. Suppose that for each prime p, we are given the p-adic local
invariants of the lattices in G. Then we can construct an @-lattice in G as follows.
(1) Since the local invariants yield the determinant of L,, we can construct a hermitian space (V, h) over
F' that contains this genus using Remark 2.5.
(2) Fix any O-lattice L in V. Then the set of all primes p where L, has the wrong invariants is finite.
(3) If L, has the wrong invariants, let X be any &-lattice in some hermitian space (V’, k') over F' such
that X, has the correct invariants. Approximate an isometry between (V,, ') and (V},, h) by some
F-linear map ¢: V' — V. If the approximation is good enough, then ¢(X), has the same invariants
as X,. Then there exists a,b € Z such that

p“Ly, C ‘p(X)p Cc prp .

Now the lattice (¢(X) + p®L) N p°L coincides with L at all places different from p and it has the
correct invariants at p. So if we iterate this step, we end up with an &-lattice in G.

A different approach is suggested in | , Section 3.5].

Let L be an R-lattice in a positive definite hermitian space over F'. The analogue of Landherr’s theorem
does not hold for hermitian R-lattices, i.e. the genus of L does not necessarily consist of a single isometry
class. However, the genus of L is a disjoint union of finitely many isometry classes

h(L)
(1) gen(L) = 4 cls(L;) .

i=1
The number of classes h(L) is called the class number of (the genus of) L. There are only very few partial
results like [ ; | on how to deduce the class number from local invariants and these only deal
with O-lattices.

Thus an important problem is to work out the class number h(L) or more generally to make the de-
composition in Equation (1) explicit. This can be done by Kneser’s neighbour method. It is explained in
great detail in | | for O-lattices. Note that this is all we need, since we will reduce the case that R is
non-maximal to this special case in Algorithm 2.

The basic idea of Kneser’s method the following: Let p be a prime ideal of & over p > 2 such that L, is
unimodular. An &-lattice L' in V is called a p-neighbour of L if L/(LNL") = & /p and L' /(LNL') =2 & /p. Any
p-neighbour of L lies in gen(L) and the p-neighbours of L can be enumerated quickly. Strong approximation
yields a finite set S of unramified prime ideals of & such that given L’ € gen(L), there exists a sequence of
O-lattices L = Lo, L1, ..., L, = L' such that L; is a p;-neighbour of L;_; for some p; € S. In fact, Shimura
[ , Theorem 5.24 and its proof 5.28] shows how to choose such a set S. Note that if g is even, his
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description makes use of the groups {det(g) | g € Aut(L,)} at primes p that ramify in . These groups have
recently been worked out in | ]. So the isometry classes in gen(L) are found by repeatedly computing
p-neighbours for some p € S.

Note that this procedure can be sped up considerably by using Siegel’s mass formula as a stopping
condition: Since isometric lattices have isomorphic automorphism groups, the mass of L

R(L) 1
Mass(L) := Mass(gen(L)) = Z #Tt([,l)

is a well-defined positive rational number, which only depends on the genus of L. It can be computed a
priori using Siegel’s mass formula, which expresses Mass(L) in terms of special values of L-series and local

factors that depend on the genus of L. The local factors have been worked out by Gan and Yu | | for
all primes p, except if p = 2 ramifies in F. In this exceptional case the local factors can be worked out as
explained in | , Sections 4.3 and 4.5].

So if R = ¢ is maximal, we can construct lattices in a given genus and enumerate the isometry classes
in this genus. We will now extend these methods to enumerate the isometry classes of positive definite
unimodular R-lattices. Note that these lattices might lie in non-isometric hermitian spaces.

Lemma 2.12. Let L be a unimodular hermitian R-lattice. Then M := OL is an integral O-lattice and
fM#*9 CLCM.

Proof. The fact that M is integral and the inclusion L C M are clear. Suppose now z € fM#?. Hence
h(z/f,M) C ©. This implies h(z,L) C f0 C R. So z € L*® = L. O

Algorithm 2 Enumeration of unimodular positive definite hermitian R-lattices of rank g.

Input: An order R of conductor f in an imaginary quadratic number field F' and an integer g > 1.
Output: A set .Z of R-lattices representing the isometry classes of positive definite, unimodular hermitian
R-lattices of rank g.
1: L« 0.
2: Let p1,...,ps be the prime divisors of fdr that do not split in F.
3: for all subsets I C {p1,...,ps} of even cardinality do
4: Using Remark 2.5 construct some positive definite hermitian form h: F'9 x F9 — F such that

{pe P |det(F9,h) ¢ Ne(F;)} =1

5: Using Remark 2.11 find O-lattices G, ..., G, representing the genera of all integral &-lattices M in
(F9,h) such that fM#*¢ C M.

6: for 1 <i<rdo
7 Let My, ..., M represent the isometry classes of &-lattices in gen(G;) using Kneser’s method.
8: if R = 0 then
9: g(—fU{Ml,...,MS}.
10: else
11: for 1 <j<sdo
12: Let Ly, ..., L; be orbit representatives of the action of Aut(};) on
{L € M; | L a unimodular R-lattice containing fM7*? with 0L = M;} .
13: L — L UA{Ly,..., Li}.
14: end for
15: end if
16: end for
17: end for

18: return .Z.




Proposition 2.13. Algorithm 2 which takes as input an order R of conductor f in an imaginary quadratic
field and an integer g > 1 outputs the list of R-lattices representing the isometry classes of positive definite,
unimodular hermitian R-lattices of rank g.

Proof. Let L be a unimodular, full R-lattice in a positive definite hermitian space (V,h') of rank g. We
first show that the set £ returned by the algorithm contains a lattice isometric to L. Let p be a prime
not dividing fdr. Then L, is a unimodular &)-lattice. If p splits in F, then det(V,,h') € Q; = Nr(Fy).
Suppose now p is non-split. By [ , Proposition 4.4] L, admits an orthogonal basis. Hence det(V},, h')
has a representative in Z; C Nr(F}). So Landherr’s theorem implies that (V') is isometric to one of the
spaces (F9,h) the algorithm considers. After replacing L by an isometric copy, we may therefore assume
that M := OL is one of the lattices M; in line 7. Proposition 2.12 shows fMj#’ﬁ C L C M;. Thus &
contains an R-lattice isometric to L.

Next we show that £ does not represent any isometry class twice. Suppose Ly, Ly € £ are isometric. This
isometry extends to an isometry between ¢'L; and & Ls. By construction, this implies 6Ly = &' L,. Hence
Ly and Lo are in the same orbit under Aut(&’L,). This shows Ly = Lo. O

If we restrict ourselfs to projective unimodular R-lattices, we can speed up Algorithm 2 considerably. To
this end, let L be a full, projective R-lattice in a positive definite hermitian space (V,h) over F and set
M = OL. The R-lattice L has a pseudo-basis

g
L= @ a;x;
i=1

with invertible fractional ideals ai,...,a, of R since L is a projective R-module. Let (xfﬁ, e ,xf) denote
the dual basis of (z1,...,24). Then
g g g
M= bz, L*F =R a)zf and M*7 =@ (0: Ou)a] = OLFF.
i=1 i=1 i=1

Since (R : a;) is an invertible R-ideal, we see that L7 is projective as well.

Proposition 2.14. Let L be a full, projective R-lattice in a hermitian space (V,h) and let M = OL. Let @
be the bilinear map defined by

(2) ®: M/fM x M/fM — 6/R=Z7/{Z, (z,y) — h(z,y) + R.

Then the following hold.

(1) If L is a unimodular R-lattice, then M is a unimodular O-lattice.
(2) If M is a unimodular O-lattice, then the following are equivalent:
(a) L is a unimodular R-lattice.
(b) L is an integral R-lattice.
(¢) L/fM is an isotropic subspace of (M/fM,®), i.e. ®(x,y) =0 for all z,y € L/fM.

Proof. (1) The discussion before the proposition shows that L = L# % implies M = M#“. (2b) = (2a):

We have L C L# by assumption. Equality follows from the fact that the projective R-modules L and L#:2

both have index f9 in M = M#¢ = GL#%. The implications (2a) = (2b) <= (2c) are clear. O
9



Algorithm 3 Enumeration of projective unimodular R-lattices of rank g.

Input: An integer g > 2 and an order R in F.
Output: A set of representatives of the isometry classes of projective, positive definite, unimodular hermit-
ian R-lattices of rank g.
1: Fix a chain of minimal overorders R = 6 ¢ ¢V C ... C 6" = 0.

2: Using Algorithm 2 compute a set . of representatives of isometry classes of unimodular hermitian -
lattices of rank g.

3: fori=r,...,1do

4. Let p be the index of ¢¢~1 in ¢,

5: T + 0.

6: for M € . do

7 Let ¥ represent the orbits of all g-dimensional isotropic subspaces of (M /pM, ®) under the action
of Aut(M) where ® is chosen as in Equation (2).

8: for Ve ¥ do

9: Let L be the full preimage of V' under the canonical epimorphism M — M/pM.

10: If L is an integral ¢~ Y-lattice with ¢ L = M then include L to the set 7.

11: end for

12: end for

13: S — 7.

14: end for

15: return ..

Proposition 2.15. Algorithm 3 which takes as input an order R in an imaginary quadratic field and an
integer g > 2 outputs the list of R-lattices representing the isometry classes of positive definite, unimodular,
projective hermitian R-lattices of rank g.

Proof. After line 2, . is a set of representatives of the isometry classes of projective, unimodular hermitian
O lattices. Let L be a projective unimodular hermitian ¢("~Y-lattice. Then M := ") L is a projective
unimodular hermitian ¢()-lattice. So without loss of generality M € .#. Thus Proposition 2.14 shows that
the set .7 in line 13 contains an ¢("~-lattice isometric to L. Suppose it contains two such lattices L,
and Ls. Then there is an isometry o: Ly — Ly which induces an isometry 0L, — 6Ly, But then
0Ly =M = 0" L, and 0 € Aut(M). Hence Ly and Ly are in the same Aut(M)-orbit. This shows that
L, = Ly. Hence after line 13, . is a set of representatives of the isometry classes of projective, unimodular
hermitian ¢~ Y-lattices. By induction it follows that after r iterations, . represents the isometry classes
of projective, unimodular hermitian R-lattices. g

Note that Algorithm 3 calls Algorithm 2. But if R = & is maximal, the expensive steps 11-14 of
Algorithm 2 are skipped. They are replaced by a much more refined descent in lines 3-13 of Algorithm 3,
which is based on Proposition 2.14.

Also note that in Algorithm 3 it would be possible to go from O-lattices to R-lattices directly. But then
it would be much more difficult to find the desired (projective) R-lattices between fM and M.

2.3. Orthogonal families inside a lattice. Let (V,h) be a positive definite hermitian space over F' of
rank g. Let R be the order in F' of conductor f.

In this section, we give necessary and sufficient conditions for a unimodular hermitian R-lattice to contain
a free R-sublattice isometric to (¢,...,¢) for some ¢ € IN, which we may require to be odd. Such a free
sublattice will be needed in Section 3.3, where we provide an algorithm for finding a good isogeny from
our target principally polarized abelian variety to a totally decomposable one. But we also think that this
problem arises naturally and should deserve more investigations around the smallest values of £ that can be
obtained.

We will prove the following result.

Theorem 2.16. Let L be a full R-lattice in (V,h). Then the following hold:

(1) There exists an orthogonal basis (bi,...,by) € LY of V.
10



(2) There exists an integer £ and a free R-sublattice L' of L such that L' = (¢, ... £) if and only if g is
odd or det(V, h) € Nr(F™).

(3) Let L be unimodular and let a € Z\ {0}. Suppose g is odd or det(V,h) € Nr(F*). There exists some
positive integer £ coprime to a and a free R-sublattice L' of L such that L' = (¢,...,£) if and only if
the following conditions hold.

(a) For all primes p | a the module L, is free over R,.
(b) If a is even then there exists some Uy € 74 such that Ly =2 (ly, ..., 03).
(c) If g is even, then det(Ly, h) € Nr(Ry) for all odd primes p such that p | ged(a, f).

Remark 2.23 below shows how to check the conditions (a)-(c) in part 3 of Theorem 2.16. Let L be an
R-lattice L in V. Then we can find an orthogonal basis of V' in L as follows. For any positive rational
number ¢ the map

qge: V—Q, v— Tr(h(v,v)/l)
is a positive definite quadratic form on the Q-space V' and
{veL|h(v,v)=0} C{veL|q) =2}.

Note that the right hand side is finite and it can be enumerated using the Fincke-Pohst algorithm [ ]
This allows us to compute the set of vectors in (L, h) of norm .

It is now clear how to find an orthogonal basis as in Theorem 2.16. For part (1), we use the usual Gram-
Schmidt process. For parts (2) and (3), we apply Algorithm 4 to ¢ = 1,2,3,... until we find a suitable basis.
As all our algorithms, its complexity is at least exponential in the rank g. We could not find in the literature
any result about a possible upper bound on ¢ when it exists.

Algorithm 4 Computation of an orthogonal family of g vectors of norm /¢

Input: A full R-lattice L in V' and a rational number ¢ > 0.
Output: An orthogonal basis of V' consisting of vectors in L of norm /£ if possible; otherwise 0.
1: function BACKTRACK(F, S)
if #F = g then return F end if
if #F + dim(S) < g then return ) end if
Pick some v € S.
if h(v, f) =0 for all f € F then
T < BACKTRACK(F U {v}, {w € S| h(v,w) = 0})).
if T # 0 then return T end if
end if
return BACKTRACK(F, S\ {v}).
end function
. if 09 - det(V, h) ¢ Nr(F*) then return ) end if
: S+« {vel|h(vv)="_}
return BACKTRACK((), S).

—= = = e
L e

The remainder of this section gives a proof of Theorem 2.16. We start by giving a classification of all
free unimodular hermitian R,-lattices which admit an orthogonal basis. If R, is maximal, this follows from
Jacobowitz classification of local hermitian lattices [ ]

Proposition 2.17. Let L be a free, unimodular hermitian Ry,-lattice of rank g. Then
L=L;1...1L,

for some free unimodular hermitian R,-sublattices L; of rank at most 2. If one of p,g or L is odd, then all
L; can be chosen to have rank 1.

Proof. Let (by,...,by) be a basis of L. Suppose first that h(b;,b;) € Zy for some 7. Then L = Rpb; L
> (b — 222’213 b;). Suppose now that such an index i does not exist. Since L is free and unimodular,
there exist 1 <14 < j < g such that h(b;,b;) € R;. If p # 2, we can replace b; with b} := b; +1/(2h(b;, b;))b;.
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Then h(b;,b;) € Z; and we obtain a splitting L = Rb; 1 L' as before. If p = 2, we may assume that

(2

h(b;,b;) = 1. Then L = (Ryb; ® R,yb;) L L’ where

B(by, by (b bi) — h(bi,by) b, b)h(be.b;) — h(be.b)
! _ 75 Y3 ) y Vg L ) s Vg ) .
V=D Bl = = ohtei) =1 T h(boboht b -1 )

k#i,j
So in any case, we obtain a decomposition L = Ly | L' with free, unimodular lattices L1 and L’ such that
the rank of L; is at most 2. The first assertion now follows by induction on the rank g and we have also
seen that we can choose all L; of rank 1 when p is odd.
Suppose now p = 2 and also suppose that g or L is odd. If L is odd, we can choose the vector b; in our
original basis such that h(by,b1) € Z5. If ¢ is odd, then one of the L; must have rank 1. So in both cases,
there exists a summand L; = Rz of rank 1. Suppose L; = Roxo @ Roxs is binary. If h(xe,xz2) € Z5 or
h(zs,x3) € Z3, we can split L; just as before. So suppose h(za,x2), h(xs,x3) € 2Zy. Let x5 := 9 + 1.
Then as before L; ® L; = (Roxh @ Roxg) L Rox) for some 2} € L; ® L;. But now h(z}, z5) € Z3 and thus
L; ® L; has an orthogonal basis. Iterating this argument shows that L has an orthogonal basis. (Il

Remark 2.18. Let L be a free unimodular hermitian R,-lattice.

(1) If p = 2 and the rank of L is odd, then L is odd.
(2) L has an orthogonal basis if and only if p > 2 or L is odd.

The classification of all free unimodular hermitian R,-lattices which have an orthogonal basis more or less
boils down to a description of the norm group Nr(R}). To this end, let

*2 2 * *
7, ={u” |u € Zy} = {Nr(u) | u € Zy}
be group of squares in Z;.

Lemma 2.19. If p is odd, then
Nr(Rj) = {Zp ¥t fdr,

’ z,* ifp| fdr
and
Z; if 2tdp and 41 f,
Nr(Rp) = éz 01—z if 8| dr and 21,
2 if 2° | f2dr,
73 W 52L5° otherwise.

Proof. We have Z;Q - Nr(R;) C Z;, and the structure of Z; / Z;Q is well known. In particular, the square

classes can be distinguished modulo 4p. Any unit v € R, = Z,[fw] is of the form v = z+yfw with z,y € Z,
and

T L £ 2 2 r2 d% —dr

Nr(u) = (¢ +yfw)(z +yfw) = 2" +ayfdr +y 7 =——

The result now follows by a case by case discussion of the possible p-adic valuations of f and dp. |

*
€z

Corollary 2.20. Let L be a free unimodular hermitian Ry-lattice of rank g. Let u € Z, be a representative
of det(L) € Zy/Nr(Ry). If p>2, then L= (1,...,1,u).
Proof. Let ¢ € Zy be a non-square. Proposition 2.17 shows that L = (uy, ..., u,) with u; € {1,e}. It is well

known that there exists some U € GLy(Z,) such that U diag(1,1)U = diag(e,e). Hence (1,1) = (g,¢) and
thus we can assume that u; = ... = ug_1 = 1. O

Proposition 2.21. Let L be a free, odd, unimodular hermitian Rs-lattice of rank g > 2. Let uw € Z be a
representative of det(L) € Z5/ Nr(R3).
(1) If Ry is mazimal or 3 € Nr(R3) or 7 € Nr(R3), then L= (1,...,1,u).
(2) If g > 2 and the conditions in (1) are not satisfied then either
L={1,....,5u) or L=(l,...,1,33u)
but not both.
12



(3) If g = 2 and the conditions in (1) are not satisfied then either L = (1,u) or u=1,5 (mod Nr(R}))
and L = (3,3u).

Proof. If Ry is maximal, the result follows from | , Theorem 7.1 and Proposition 10.4]. Suppose now Ry
is not maximal. Proposition 2.17 shows that L = (u4,...,uy) with u; € Z3. If 3 € Nr(R3) or 7 € Nr(R3) we
may assume that u; € {1,5} for all <. As in the proof of Corollary 2.20 we conclude that u; = --- = uy_1 = 1.
The first assertion follows.

Suppose now 3,7 ¢ Nr(R3) and g > 3. | , Theorem 93:16] yields some T' € GL4(Zs) and e € {1,3}
such that

T diag(uy, ..., u,)T = diag(1,...,1,e,e, H“l) .

Hence L = (1,...,1,e,e,u). It remains to show that M := (1,...,1,1,1,u) and N := (1,...,1,3,3,u)
are not isometric. Let V' be the ambient hermitian space of M and N. Let X and Y be the Zs-lattices
M and N equipped with the bilinear form V x V' — Qq, (z,y) — Tr(h(z,y)/2). Lemma 2.19 shows that
Ry = Zs @ aZy for some o € Ry with Tr(«) = 0 and n := Nr(a) € 4Zs. Hence X = Xy L X; where X, and
X are free with Gram matrices diag(1,...,1,u) and diag(n,...,n,un). Similarly Y = Yy L Y7 where Yj
and Y7 are free with Gram matrices diag(1,...,1,3,3,u) and diag(n,...,n,3n,3n,un). Suppose M and N

are isometric hermitian Ry-lattices. Then X and Y are isometric bilinear Zs-lattices. By | , Theorem
93:29 (ii)], this implies that X is isometric to Y, which is impossible since the two ambient quadratic spaces
have different Hasse-Witt invariants. The case g = 2 follows along the same lines. ]

The above proof shows that the possible cases in part (2) and (3) of Proposition 2.21 can be distinguished
as follows.

Remark 2.22. Let L = (uq,...,uqy) where u; € Z3 and g > 2. Write u = [[, u;. Suppose that Ry is not

maximal and that 3,7 ¢ Nr(R3). Then L = (1,...,1,u) if and only if [],_.(u;,u;)2 = 1 where (_, )2
denotes the Hilbert-Symbol of Qs.

i<j(

We are now ready to prove the main result of this section.

Proof of Theorem 2.16. The first assertion is the Gram-Schmidt process. For the remainder let p € IN be a
representative of det(V,h) € Q*/Nr(F*). Let (V’, ') be a hermitian space over F' with Gram matrix - I,.
If g is odd or det(V,h) € Nr(F*), then (V,h) and (V',h’) have the same rank, the same determinant and
the same signature. Hence they are isometric by Landherr’s Theorem. Thus (V) h) contains a free R-lattice
M = (u,...,pu). Let m € IN such that L' := mM C L. Then L' = ((,...,¢) where £ = m?u. Conversely, if
such a lattice L’ exists and g is even, then det(V, h) = ¢9 € Nr(F*). This proves the second assertion.
Suppose now L has a sublattice L’ as in (3). For any prime divisor p of a, we have

L,CL,CLEC(L)*=1L,.
Hence L, = L;, = (¢, ..., () and if g is even, then det(L,,h) = ¢9 € Nr(R;). Finally suppose that the three
conditions of part (3) hold. If ¢ is even and a is odd, set » = 1. If g and a are both even let » € IN such
that /0y € Nr(R3). If g is odd, we also choose some integer r, but much more carefully. For all p | a
the assumption that L, is free and unimodular implies det(L,,h) € Z;. Hence we may assume that the

representative p € IN of det(V, h) from above is coprime to a. Dirichlet’s theorem on primes in arithmetic
progressions yields some prime 7 such that

r=/{; (mod Nr(R3))if2|a,
r=p (mod Nr(Ry)) for all 2 # p | a,
)

r=p (mod Nr(F)

Notice that if 2 | a, then £y = £ = p (mod Nr(Fy)) and for p { raudr we have r/p € Zy C Nr(F}). Hence

r/p € Nr(F}) for all primes p # 7. The product formula for norm symbols and Hasse’s norm theorem imply

that r/p € Nr(F*).

So whether g is even or odd, we have r9/u € Nr(F*). As in part (2) it follows that (V, k) has a Gram matrix

r- Iy Thus (V,h) contains a full R-lattice M = (r,...,r). Corollary 2.20, condition (3c) and the choice

of r show that for p | a there exists some local isometry o,: M, — L,. Since M has an orthogonal basis,
13
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we may assume that det(o,) = 1. Strong approximation yields some o € SU(V, h) such that o(M), = L,
for all p | a, cf. | |. Hence there exists an integer b coprime to a such that bo(M) C L. Then
L' :=bo(M) = ({,...,0) with £ = b*r. This proves the third assertion. O

Remark 2.23. Let L be a unimodular R-lattice in (V, h) given by a pseudo basis L = @7_; a;z;. Then the
conditions in part (3) of Theorem 2.16 can be checked as follows.

(1) The R,-module L, is free if and only a; R, is principal for all ¢. Since R is Gorenstein, the latter
condition holds if and only if the conductor of R and the conductors of the multiplicator rings of all
a; have the same p-adic valuation. In particular, this holds if R, is maximal.

(2) Let p > 2 be a prime such that p | gcd(a, f) and suppose L, is free. For 1 < i < g pick some a; € a;
such that a;R, = a;R,. Then L, = @, Ryb; with b; = a;x; and thus det(L,, h) = det(Gram(b)).
This can be used to check the condition (3c) as the norm group Nr(R;) has been worked out in
Lemma 2.19.

(3) Suppose 2 | a, Ly is free and g is odd. The existence of ¢5 is guaranteed whenever Ry is maximal or
3 € Nr(R3%) or 7 € Nr(R3) since in these cases all free unimodular Ro-lattices in (V,, h) of determinant
det(L,, h) are isometric, cf. Proposition 2.21. So suppose we are not in this case. Since the square
classes of Zj are represented by {1,3,5,7}, there are at most 4 possibilities for ¢5. As before we
obtain an Ra-basis of L. The proof of Proposition 2.17 yields an orthogonal basis of Ly and thus
uy,...,uy € {1,3,5,7} such that Ly = (u1,...,uq4). By Remark 2.22 we have Ly = ({y,...,0s) if
and only if £y = [];u; (mod Nr(R3)) and [[,_;(us,uj)2 = (62,62)59_1)/2. This gives an effective
method to find the element ¢5 or to show that it does not exist.

(4) Suppose 2 | a, Lo is free and g is even. If 21 fdp then Lo = (1,...,1) by | , Proposition 10.4]. So
we may assume that 2 | fdp and we compute a Gram matrix G of Ly. The existence of ¢ implies that
det(G) € Nr(R3) and Ly is odd. The first condition is readily checked and the second holds if and only
if some diagonal entry of G lies in Z5. Suppose these conditions both hold. As in in the case of odd
ranks, the existence of ¢5 is now guaranteed whenever Ry is maximal or 3 € Nr(R3) or 7 € Nr(R3).
In the other cases, the proof of Proposition 2.17 shows how to compute uq,...,us € {1,3,5,7} such
that Ly = (u1,...,uq). Then Ly = (la, ..., ls) if and only if [[,_.(u;,uj)2 = (Eg,ﬂg)g/z. This again
yields an effective method to decide if ¢5 € {1,3,5,7} exists.

1<J

Ezample 2.24. Let F = Q(y/—10) and let p be the (non-principal) prime ideal of & over 2. Equip F? with
the hermitian form A induced by diag(1,2). Then

1
Li=p-(2,0)® 10 (V=10+2,1)
is a unimodular (and projective) @-lattice in (F?,h) but det(F?,h) = 2 is not a norm in F.

Ezample 2.25. Let R = Z][2i] be the order of conductor 2 in Q(7). Let L be the free hermitian R-lattice with
Gram matrix
3 21 21—-1
G=| -2 3 2i4+1)eR¥.
—21—-1 —-2i+1 3

The determinant of G is 1, so L is unimodular. We find that Ly = (1,3,3) and Nr(R*) = Z3? W 5Z3. Now
(1,3)3-(3,3)2 = =1 but (1,1)3 = (5,5)3 = +1. Hence Ly % ({2, 2, o) for any lo € Z3. In particular, L does
not contain a free R-sublattice L' = (¢, ¢, ¢) for any odd integer £.

3. THE DESCRIPTION OF POLARIZED ABELIAN VARIETIES IN TERMS OF LATTICES

We set up the essential tools to introduce the equivalence of categories which allows us to interpret certain
polarized abelian varieties as hermitian lattices.

3.1. The equivalence of categories. Let ¥ be an abelian category, let F be an object of ¥ and let R be
a ring. Fix a morphism p: R — End(E). Let L be a finitely presented left R-module and let
R™ % R" - L—0
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be a finite presentation. We identity the map ¢ € M, ,,,(R) with its image in M, ,,,(End(E)) by the map
induced by p, where M,, ,,(R) denotes the ring of matrices with n rows and m columns with coefficients in
R. Tt defines a morphism

E" i) E™

The object ker(‘p) does not depend on the presentation of L and | , II1.Sec.8.1] uses this to define the
functor Z g as F(L) = ker(%) on objects. Let us look now on what .Zg does on arrows. Let f : L1 — Lo

be a morphism of R-modules. Given finite presentations R™ <% R™ — L, — 0 of L; we can lift ftoa
commutative diagram of R-modules as follows.

$1

R™ R™ Ly 0
P/
me P2 n

R™2 R™ Lo 0.

We can define Zg(f) as the map induced by ‘F by restriction to ker(%ps2) — ker(%p1)

Em2 < F"2 < ker(Ypg) <—— 0

t@z
l’G i‘F lyE(f)

E™ T E™ < ker(fp;) <——0.

We now focus on the case where % is the category of group schemes over I, (with F,-morphisms), E/F,, is an
ordinary elliptic curve and R = End(FE). The ring R is an order in an imaginary quadratic field F' = Frac R.
Denote by m € R the Frobenius endomorphism of F. Let R — Mods, be the category of finitely presented
torsion-free left R-modules (this is the category of R-lattices from Section 2) and Abg be the sub-category
of € of abelian varieties IF4-isogenous to a power of E.

Theorem 3.1. Let E be an ordinary elliptic curve over F,. Then Fg defines an equivalence of categories
between (R — Mody.,,)°PP, the opposite category of R — Mody.,,, and Abg if, and only if, R = Z[r]. Moreover
the functor Fg is exact.

The reader can refer to | , Theorem 7.6] and | , Theorem 4.4] for proofs.

Remark 3.2. Serre also introduces another functor M +— M ® E: = Coker ¢ which is further studied in
[ , Appendice], | , section 8] or | |. This functor is covariant but not exact. We also prefer
to use Fg since the theory is settled for an arbitrary order R whereas Serre only develops it for the maximal
order. In general there is no easy way to compare the two functors if the R-module is not projective. Notice
that the image of a projective R-module L € (R — Mod;,)°P? by Z is an abelian variety A isomorphic to
a product of elliptic curves F; ~ F such that End(E;) = R for all 1 <i < g. Indeed, for an R-ideal I; such
that E; = Zg(I;), End(E;) ~ (I;: I;) and since R is Gorenstein, I; is invertible if and only if (I;: I;) = R
[ , Prop.2.1].

Notice that if F is such that R = End(FE) D Z[n] then the image of .#g consists of the abelian varieties
isomorphic to products of elliptic curves F; such that the conductor of End(E;) divides the conductor of
End(E), as subrings of the maximal order of F' = Frac(R) (see | , Theorem 7.5]). However, if
R # End(E), it may occur that (L) is not even an abelian variety (see | , Remark 4.6]).

Notice that, given an ordinary elliptic curve E/F, with Frobenius endomorphism , for each order R
containing Z[r], there exists an elliptic curve over Iy, isogenous to E, with endomorphism ring isomor-
phic to R (see | , Theorem 4.2]). Hence, in what follows, we will always assume that the assumption
R = Z|r] = End(E) is satisfied. Also notice that the main result of | | is more general and can also
deal with certain supersingular elliptic curves.

15



3.2. Polarizations. Let A be an abelian variety over IF, isogenous to a power of an elliptic curve E such
that R = End(E) = Z[x]. Let us recall that a polarization is an isogeny ¢o: A — A with £ an ample line
bundle. Let L be a R-lattice. Asin | , Sec.4.3|, we denote L* the R-lattice Homp(L, R) with the
action of r € R on o € L* given by r.a(x) = a(rxz). We want to translate polarizations in the category of
R-lattices.

Theorem 3.3. Let E/IF, be an ordinary elliptic curve with R = End(E) = Z[r] where m is the Frobenius
endomorphism of E. Let F = Frac(R). The functor Zg defines an equivalence of categories between polarized
abelian varieties A which are isogenous to E9 and positive definite hermitian R-lattices (L, h) of rank g where
h(z,y) = A(z)(y) with A: L& F =V — V* a linear map such that A='(L*) C L. Moreover the degree of
the polarization is equal to [L : A=1(L*)].

Notice also that, since Z is exact, a hermitian lattice (L, h) is indecomposable (see Definition 2.8) if and
only if the corresponding polarized abelian variety (A, a) is indecomposable (i.e. (A, a) is not the product of
two non-trivial polarized abelian sub-varieties).

Remark 3.4. In | , Chap.IT1.Sec.8]|, Serre uses the functor M — M ® E to get Theorem 3.3 under the
hypothesis that R is the maximal order. In another direction, | , Th.A] gets a similar result for arbitrary
R (not necessarily quadratic) but only for projective modules.

Before giving various lemmas which will culminate in the proof of Theorem 3.3, in order to stick with the
terminology of Section 2 and to lead to an algorithmic version of the theorem, we now give its translation in
terms of the dual lattice L# = {z € V,h(z,L) C R}.

Lemma 3.5. With the notation above, X := A~ is an isomorphism between the R-modules L and L*.

Proof. Notice that € V belongs to Im\ if and only if A(z) € L* which is the case if and only if Vy €
L,h(z,y) = A(x)(y) € R. This means, by definition, x € L#. Hence, L# = Im\. O

Under this isomorphism, one obtains a more natural functor as follows.

Corollary 3.6. Let E/I, be an ordinary elliptic curve with R = End(E) = Z[r| where w is the Frobenius
endomorphism of E. There is an equivalence of categories between polarized abelian varieties A which are
isogenous to E9 and positive definite hermitian R-lattices (L, h) of rank g such that L¥ is integral. Moreover,
the degree of the polarization is equal to [L : L¥].

Hence, the isomorphism classes of principally polarized abelian varieties in the isogeny class F9 correspond
to the isometry classes of unimodular positive definite hermitian R-lattices.

The rest of the section is devoted to the proof of Theorem 3.3, which will use several lemmas.

In | , Th.4.7], it is shown that the dual of A = Fg(L) is functorially isomorphic to .Zg(L*).
Hence we can relate polarizations and injective morphisms from L* — L. Now, a morphism A: L* — L also
induces a sesquilinear form

Hy: L* x L* = R, (a, B) = aAB.

We first prove the following lemma.

Lemma 3.7. The form Hy is hermitian if and only if there exists a line bundle £ on A = Fg(L) such
that Fg(\) = .

Proof. Let f : E9 — A be an isogeny induced by an inclusion ¢ : L — N ~ RY9. Observe that the isogeny
a = Fg()) is of the form ¢ if and only if @’ = faf is of the form ¢ for a line bundle £’ on EY9. The
direct implication is obvious since faf = ¢¢-«. As for the other direction, let £ be any prime distinct from

the characteristic of ;. By | , Th.2, p.188], the form ey(z,a’y) is skew-symmetric and therefore the
form eg(z,ay) is as well. Still using | , Th.2], we then have that there exists a line bundle .# such
that 2a = ¢ 4 and | , Th.3, p.231| shows that there exists .# such that .# ~ .#? hence a = ¢.».

Now, denote X' = tAt* so that #g(\') = a/. Similarly, the form H) is hermitian if and only if the form H),/
is. This equivalence can be checked on the F-vector spaces F'L and FFN where ¢ is an isomorphism. There
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we have that Hy (o/,8') = o/ (t\*)B = Hy(a/t,8't), so it is only a change of basis and the equivalence is
clear.

We can therefore assume that A = Fg(RY) = E9. Let \g : R* — R be the isomorphism defined by
a — «a(l). Since the dual of E is only defined up to isomorphisms, we can assume by composing with an
isomorphism that .Zz()\o) : E — E is the unique principal polarization P +— &([O] — [P]) on E. Then the
product polarization ag = Fg(Ag) where Ag : (R?)* — RY is defined by (av,...,aq) = (a1(1),...,a4(1)).
Now let M = M, ' € End(RY) = M,(R). Since AgM*Ay"' = *M, the Rosati involution 1 induced by ag on
End(E9) = My(R) is M + *M. Hence, 'M = M if and only if (a;'a)t = (ay'a) i.e. a = ¢ by | ,
Prop.17.2]. On the other hand, the form H) is hermitian if and only if ‘M = M. O

Lemma 3.8. Let L be a R-lattice of rank g and A: L* — L injective such that Hy is hermitian. Then
there exists a free over-lattice L 4 N = @?:1 Re; and integers ({;)1<i<g such that if X' = 1\*, then
Hy i N* x N* — R satisfies Hy (€], e}) = £idij.

Proof. Since ) is injective, the hermitian form H, is non-degenerate. As in Theorem 2.16(1), we can find
a basis (a;) of V* = FL* of vectors of L* which is orthogonal for Hj, ie., a;Aa; = ¢;6;; with ¢; € Z.
Consider N = @Y_, Ro; C L* and then N = N "* O L** ~ L, the last isomorphism being the evaluation
map ev : L — L**. Denote by ¢v: L — N the injection and (e;) the dual basis of (a;). Noticing that

af* = a;0oev™ !, we get that

Hy (e}, e;) = oz;-k*(a)w*)a;* = az Aoy = £;0;;.
O

Lemma 3.9. Let f: A — B be an isogeny and £ be an invertible line bundle on B. Then £ is ample if
and only if f*.Z is ample.

Proof. An isogeny is a finite faithfully flat morphism. So ampleness ascends along the isogeny, since it is
finite, by | , p. 11.5.1.12], and descends since it is faithfully flat | , - IV.2.7.2] (the proof holds for
relative ampleness but it is easy to adapt it for ampleness, see also | , Exercise 5.1.29)]). O

Lemma 3.10. Let L be a R-lattice and A = Fg(L) be the corresponding abelian variety. Let A : L — L* be
such that Hy is hermitian and a = Fg(\): A — A be the corresponding isogeny. Then there exists an isogeny
f: B9 — A, integers ({;)i<i<g, @ map D € End(E9) : (21,...,24) = (L121,...,l5xy) and a commutative
diagram

FiGURE 1. Fundamental diagram

where aqg is the product polarization on EY9. Moreover a is a polarization if and only if £; > 0 for all i, or
equivalently if and only if Hy is positive definite on F'L*.

Proof. Let v : L — N = @_, Re; and X = t\* be as in Lemma 3.8. Consider the isomorphism u: N = RY
given by the basis (e;) of N. Hence we have

L2 o

RI —> N* 2> N "> Ro.




We obtain the desired diagram by composing this diagram by #g and taking f = Fg(ut).

Since H) is hermitian, there exists a line bundle .Z on A such that a = ¢. Since agD is the pullback of a
by f the isogeny a is a polarization if and only agD is a polarization by Lemma 3.9 below. Moreover, agD
is a polarization of E9 if and only if ¢; > 0 for all 4. As in the first part of Lemma 3.7, we can conclude
that H) is positive definite if and only if Hy = diag(¢y,...,¢,) is, and we have the final equivalence of the
lemma. (]

Remark 3.11. The fact that H) is a hermitian form on L* and not on L is a bit cumbersome. Since )\ is
injective, it induces an isomorphism A := (A®p Idp)~t: L® F =V — V*. This defines a hermitian form
on V given by

h:VxV — F (z,y) — Alz)(y)

which makes (L, h) a hermitian R-lattice.

Proof of Theorem 3.3. Simply combine Lemmas 3.7 and 3.10 with Remark 3.11 to get h on L x L instead of
H)y on L* x L*. The final statement about the degree of the polarization is easily obtained using | ,

Theorem 4.4] which computes the degree of an isogeny corresponding to an inclusion of lattices with equal
rank ¢: L — M by deg Fg(1) = [M: «(L))]. O

3.3. Description of the abelian variety as a quotient of 9. Let (L, h) be a hermitian lattice with L#
integral. The goal of this section is to compute the kernel of the isogeny f: E9 — A = (L) of Corollary
3.10 obtained by the inclusion L < RY induced by ¢ in Lemma 3.8 after identification of N = @) Re; with
R9.

As a first step, to apply Corollary 3.6, we need to start with an explicit elliptic curve E/F, with ring of
endomorphism Z[n]. If ¢ is small, it is efficient to use an algorithm which determines the endomorphism
ring of an ordinary elliptic curve | | or | |. In the package implemented, we consider a version of
the latter kindly provided by Sutherland and apply it to the list of elliptic curves with a given trace (which
can be naively obtained from the list of all elliptic curves by computing the trace on each of them). If the
discriminant of Z[r] is small, the best way to obtain E is to compute a root j over I, of the Hilbert class
polynomial of Z[r] and find among the elliptic curves with j-invariant j the one with the right trace. We
refer to | ; | for algorithms to compute this class polynomial. Note that the complexity of the rest
of the algorithm strongly depends on the discriminant of Z[r], so choosing this second method, this step is
never the bottleneck of the whole algorithm.

Given an inclusion of equal rank g R-lattices ¢: L1 — Lo and surjective morphisms 7;: R™ — L; we can
lift ¢ to P € My m, (R)

T
R™ —— L,

|,
R™ s L

by computing the image of the canonical basis of R™ by ¢ o 77 and taking any preimages by 7T5. Since
the morphisms 7T; are surjective, .#g(T;) are injective and the kernel of the corresponding isogeny Zg (1) =
f: Zr(La) — FE(L1) can be computed by ker f = Zg(Tz) ! ker 'P.

In the present situation, L1 = L,Ly = N = @ Re;,mo = g and Tp = Id. It remains to make 7 and
the (e;) explicit. Consider a pseudo-basis L = a121 @ --- @ agx,. Since the a; are fractional R-ideals they
have at most 2 generators. Hence, L is generated by g < r < 2g generators. So, T3 is the surjective
morphism R" — L sending the canonical basis of R" on the generators of L. Applying the functor .#g to
the composition leads to the commutative diagram

F
pr< 220 5y

x4

and ker f = ker(Zg(T) o f) = ker ‘P. By Figure 1, one sees that ker f C ker D = [[7_, E[(;] C E[{]Y with
¢ = lem(¢;) and D the map of Lemma 3.10. Thus, it is enough to compute the action of ‘P on a basis
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of the /-torsion of EY to have the whole kernel. To go on, we will assume that ¢ is prime to charF; so
E[f] ~ (Z/07)* is étale and we can work with geometric points.

Let clarify how to compute the family (e;)1<;<4. Let us recall that we defined it as the dual basis of an
orthogonal family of L* so they satisfy e; e} = ¢;6;;. This means that \'(e}) = £;e; and then h(e;, ;) = e%-
(see proof of Lemma 3.5). Consider an orthogonal family (u;)1<;<, of vectors of L# of norm (¢;)1<i<, and
let e; = iui. By the inclusion @?_, Ru; C L# we have

#
LC ( 1 Rui> = 1 (Ru)* = _L Re,.
1<i<g 1<i<g 1<i<g
Hence, if we find an orthogonal family (u;)1<i<4 of L# with norm (4;)1<i<4 then (e;)1<i<g = (1/€; - u;)1<i<g
is an orthogonal family of norm (1/¢;)1<;<4 suited for the inclusion ¢t: L — @Y_, Re;.
We summarize these computations in Algorithm 5.

Algorithm 5 Computation of the kernel of an isogeny EY9 — A

Input: A R-lattice (L, h) and E an elliptic curve over I, with End(E) = Z[r] ~ R.
Output: A basis of the kernel of an isogeny f : E9 — Fg(L) such that the polarization a on L induced by
h satisfies fa f is a completely decomposable polarization.
1: Compute an orthogonal family (u;)1<i<y of L# of norms ¢; € Z using the Gram-Schmidt process (when
01 = ... =y, use Algorithm 4). Define e; = u;/¢;, { =lem(¢;), N = @?_, Re; and ¢ the inclusion of L
in N.
2: Compute a pseudo-basis L = a1z1 @ -+ @ agx4 given by 1 < r < 2g generators. Let T7: R” — L be a
surjective morphism that sends the canonical basis of R” on the generators of L.
3: Let P be the matrix of the morphism ¢ o7 : R" — N in the canonical basis of R" and the basis (e;) of
N.
4: Compute a basis (by,b1) of E[f]. This allows us to identify E[f] with (Z/¢Z)? and let u: E[{]?9 —
(Z,/0Z.)?9 be the isomorphism induced by the identification.
Compute the action of the Frobenius 7 on (bg, b1) as a matrix II € M (Z/(Z).
Create a matrix Q € Ma, 24(Z/{Z) by replacing each entry a + br of P by al, + bIL.
Compute a basis B of ker Q € (Z/(7.,)9.
return u~ (%) .

We will use this algorithm with the additional condition ¢; = ... = {,. Indeed, in Section 4, we need
more specific properties about the kernel K of the isogeny in order to be able to compute the theta null
point on A using the current algorithms. We first require that £ = ¢; = ... = ¢, is odd and prime to ¢
(see Remark 4.1 for the condition ¢ odd). We have discussed in Theorem 2.16, when this can be achieved.
By | , Prop.16.8], K is a maximal isotropic subgroup of E[¢]9 for the Weil pairing on EY induced by
the product polarization. However for the algorithms we also need K to be of rank g, that is isomorphic
as a group to (Z/0Z)9. We call such a K a totally isotropic subgroup. Equivalently, for an abelian variety
Ay, K C Aplf] is a totally isotropic subgroup of level ¢ if it is isotropic, and one can find a symplectic
decomposition Ag[¢] = K @& K'. If K is maximal isotropic, it is always totally isotropic when ¢ is square
free, but this can fail if £ has a square factor (for instance Ag[¢] is maximal isotropic in Ag[¢?]). We adopt a
pragmatic approach here and test that a given K has indeed the right group structure. In every computation
we made, when an odd /¢ exists, we always found one for which K was totally isotropic.

4. THETA STRUCTURES AND A MODULAR INTERPRETATION OF THE ISOGENY FORMULA

In this section, k is any field of characteristic p # 2. We will first recall in Section 4.1 how to use
the so-called isogeny formula to derive the theta null point on a target abelian variety from a (well-chosen)
isogenous one. Then, in Section 4.2, we will show that the isogeny formula is actually valid over the universal
abelian scheme. Although the proof basically follows the same lines as the proof over a field, this result, and
the notation introduced there, will be useful in Section 4.3, where we will derive a precise affine version of
the isogeny formula. More precisely, we introduce a particular choice of affine lifts of the theta null points
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which we call modular, since they are derived from interpreting the theta constants as modular forms, and
we show in Theorem 4.5 that the isogeny formula respects the modular lifts. In Section 4.4, we explain how
to compute k-rational modular lifts for a product of elliptic curves with a product polarization. Combining
the ‘modular’ isogeny formula and these initial modular lifts allow us in Section 4.5 to compute values of
Siegel modular forms of even weight given as polynomials in the theta constants with coefficients in k on the
span of the isogeny class (see Theorem 4.9 and Algorithm 7).

4.1. Input for the isogeny formula over k. Let (A,.Z,© «)/k be a principally polarized abelian variety
of dimension g with a totally symmetric theta structure © ¢ of level n on #. This implies that n is even
which we assume from now on (until the end of this section). Let K be a k-rational totally isotropic subgroup
for the Weil pairing of .Z*, with ¢ prime to np or to n if p = 0.

In | ; ], an algorithm (which we call the isogeny formula and implemented in the package
Avisogenies | |) is given to compute the isogeny f : (A, %,0%) — (B, #,0_4) where B = A/K,
[ = £ and O 4 is the unique symmetric theta structure of level n on .# compatible with © ¢ (the
unicity comes from the fact that £ is prime to n). More precisely the algorithm takes as input the (projective)

theta null point 64(0) = (Gféz(m (0)) € P(k)™~! of A, where Z(7) = (Z/nZ)9, along with the theta
coordinates of the geometric points of K (or suitable equations giving the kernel K') and outputs the theta

null point HB(O) = (HiBeZ(ﬁ) (O)) of B along with the equations for the isogeny f. We usually take n = 4
(since this is the smallest even n which gives an embedding of the variety into projective space) and the
theta null point completely characterizes (B, .#) up to k-isomorphism. We will describe in more details (a
generalisation of) this algorithm in Section 4.2. In this section we explain how to compute the inputs for
the isogeny formula in our situation.

Let E/k be an elliptic curve. If (B,.#) is isogenous to EY, we show how to compute 87 (0) of level 4
by applying the algorithm with A = [[7_, E; where E; are elliptic curves over k isogenous to E and .Z the
principal product polarization on A. For this, we need three elements as inputs for the algorithm:

e compute a totally isotropic kernel K such that B = A/K. When k is a finite field and £ = E; =
... = FE, is ordinary, we have seen in Section 3.3 how to do this effectively;
e compute the theta null point §4(0) of level 4 on (A,.#). As we deal with the product polarization,

the coordinate 9;‘},_“71-9 (0) of #4(0) is equal to [Ti<j<y ij (0). Getting the theta null point on an
elliptic curve (over a field of odd characteristic) is a classical result. In Corollary 4.8, we give an even
more precise version of this to which we refer now and that we use in Step 1 and 2 of Algorithm 6.

e compute the theta coordinates of the points in the kernel K. Likewise since we have a product polar-
ization, 0;} i, (@1 mg) = Tlhcj<, ij (x;). Computing the theta coordinates (GJE (xi))jeZMZ is
also classical | I, [ , Chapter 5], and is implemented in Avisogenies |

We therefore get the following algorithm 6.
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Algorithm 6 Computation of the theta null point of level 4 on the quotient variety

Input: Elliptic curves E;/k with equation y? = (x — ey;)(z — eg;)(x — e3;) where k is of characteristic p
different from 2, a k-rational totally isotropic subgroup K of A = [], E; of order prime to 2p (or just
prime to 2 if p = 0).

Output: The theta null point #Z(0) of level 4 on B = A/K with .# the polarization induced by the product
polarization on A.

1: For all 1 < i < g, define GSE"' = ey — 631-,9'1}5"’ = Ve — egi,G/QEi = ea; — es; for arbitrary choices of
the roots.

2: Compute 07 (0) = 07 + 0%, 051(0) = 65F" — 6F and 67 (0) = 651 (0) = 057 for all 1 <i < g.

3: Compute 07, 1 (0) =0 (0)---0;7(0) for all (i1,...,i,) € Z(3).

4: Forall 1 <4 < gand forall z = (x1,...,24) € K\ {0}, compute the theta coordinates (0;3 (.731))

jez)az’
using | , Chapter 5],
5: Compute for all j = (j1,...,Jjg) € Z(4) and for all z = (z1,...,z4) € K\{0} 6}(z) = GjEll (x1)--- 95"(309).
6: Use | Jtaking as input 4(0) and the theta coordinates of the points of K and output 67(0).

7: return 05(0) € P(k)*' 1.

Remark 4.1. Some remarks on the code:

e The original version of Avisogenies assumed ¢ to be a prime. The only modification to the code
we had to make is on how to construct a matrix F € Mat,(Z) such that "FF = ¢Id used by
Koizumi’s formula Eq. (6). The integer r depends on £ being a square (hence r = 1), £ being a sum
of two positive squares (hence r = 2) or a sum of four positive square (hence r = 4). Adapting the
construction of F' to ¢ odd non prime is straightforward by multiplicativity of the complex norm (if
r = 2) or of the quaternionic norm (if r = 4).

e The restriction £ odd is not necessary in theory if some great care is taken. First the lift from level n
to level ¢n is more complicated since we cannot work only on the points in the kernel K. We first
need to compute a basis of points P; such that nP; is a basis of K (this was given to us for free
before by the CRT). Furthermore this basis has to be compatible with the level n structure on A, so
this may require first to act by an automorphism of the theta structure to make the level n structure
on A compatible with K[n]. Secondly, if ¢ is not odd, then there may be several symmetric theta
structures on B compatible with the one on A. So the isogeny formula in this case yields several
solutions. This has not yet been implemented in | |

4.2. The isogeny formula on the universal abelian scheme. In this section we reformulate the isogeny
formulae from | ] to show that the formulae are polynomials with coefficients in Z[4-] in the coordinates
of the points of K. Since the fine moduli scheme (or stack if n < 2) 47, ,, of abelian varieties with a symmetric
theta structure of level n is smooth (or by rigidity | , § 6]), the isogeny formula is thus valid on the
universal abelian variety defined over Z[ﬁ]. Though well known to experts, this is not completely obvious
in the formulation of | | since the authors only work with fields and implicitly use divisions in their
equations.

We first give some motivations for this result. In Section 4.3 we give an algebraic modular interpretation
of the isogeny formula by first considering the analytic modular interpretation over C. It is then possible, by
standard lifting arguments to extend this result to ordinary abelian varieties over a finite field. But, while
possible, this is a bit painful to do properly since we want to control the lifts of the endomorphisms along
with the differentials, and then give an algebraic meaning to the reduction of the period matrix modulo p. By
contrast, showing that the isogeny formula is actually defined over Z[%] yields a much simpler proof that the
analytic interpretation holds algebraically. Indeed, by smoothness, the modular interpretation is ultimately
a statement about the equality of two multivariate polynomials defined over Z[%]. But this equality holds
when it holds over C. In addition, this proof holds for all abelian varieties rather than just the ordinary
ones. The notations introduced in this section will also be useful in Section 4.3 where we keep track of each
modular factor at each step of the algorithm.

21



In order to avoid heavy notation, we will often let the theta structure © ¢ (and eventually the polarization
Z) be implicit, along with the coordinate group Z (7).

Assume from now on that n is (even and) greater or equal to 4 and ¢ prime to n. Mumford constructs
in | | the universal abelian variety 2y, — 9, , with a totally symmetric normalized relatively ample
line bundle? and a symmetric theta structure of level n over Z[1/n] * as a quasi-projective scheme. Moreover
Mumford uses Riemann’s relations | , p- 83] to define a projective scheme yg,n — gg,n (where
the equations of <7, ,, are given by evaluating the Riemann’s relations on the zero section, together with
the symmetry relations 6;(0) = 6_;(0)) and an embedding of 2, — %, into 24, — 4., (so that
Zyn is the pullback of yg,n to 7, ,). We denote (0;)icz@m) the theta coordinates on either 2, or
Z gn and (0;(0));ez@m) the theta null point coordinates on either &7, or &/, coming from the section
s:9 g — Z gn (which restricted to 47, ,, corresponds to the zero section).

On 2., we have an explicit action A of the Heisenberg group H () on qu,n [ , Step 1, p. 84].
Writing H(7) = G, x Z(7) x Z(7) where Z
is given by A(7).0; = 6,4, for i € Z(7) and A

—~

n) ~ @®J_, p, is the Cartier dual of Z(7), this canonical action
1).0; =<1,j >0; forie Z(ﬁ) where < 4,7 > is the canonical

—~

pairing between Z(@) and its Cartier dual Z(7). Acting on the zero section s gives a canonical basis of
n-torsion.
Mumford’s isogeny theorem | | then describes the universal isogeny (with a descent of level of the

theta structure)

(3) T Zgen = Zgns 0)icz@my = (0)iczmyc 2@y

On Zy en the level fn theta structure induces a symplectic basis of the fn-torsion, and in particular a sym-
Plectic decomposition Kl @ K of the (-torsion. Concretel.y over a field k, K1 = {(< 4,5 > 0;(0)) ;¢ 7m) }geZ(Z)
is the kernel of 71, while K3 = {(0i+;(0)),c zm) ic z(p) is such that m1(K2) = {(6i1;(0))jez(m) iz 15 the
kernel of the contragredient isogeny 7.

Using 71, we can now describe the isogeny formula in three steps.

Step 1. Denote 11y : 2, ¢ — 2., (0:)icz@m (Wl(A(i)(aj))jeZ(ﬂ)) . where A is the action of the
: ")) e

g,n’

Heisenberg group H(¢n) described above. For j € Z(£) the component H{ of II; is given by
i* 0 Xy Fgin - _
(4) I (6; ):9i+yj£ , i€ Z(m).
The image of the restriction of II; to o7 s, (seen as the zero section of %y ¢,) then describes the moduli
scheme 7, ,, ¢ of abelian varieties with a level n symmetric theta structure together with the points of an
isotropic kernel of the /-torsion. o o
It is easy to see that m extends to a morphism 71 : £ gn — £ gn. Since the action A is defined on

yg,ém we can also extend II; to a morphism II; : ?g,ln — yin' Let T be the image of E%gn. By
construction .7, , , embeds into 7' and since we have explicit equations for Egln we have equations for T.

By construction, given a k-point (Ao, Ko) of F; ¢, geometric points of I (Ao, Ko) — oy o corresponds
to abelian varieties B € g en (k) with a level fn symmetric theta structure such that the universal isogeny
w1 restricted to By is the contragredient isogeny of AO,E — AO,E/KO,E' In particular, starting with our
abelian variety (A,.Z)/k, if k' is an étale extension of k such that all points of K are defined, then fixing an
isomorphism Z(¢) — K over k' yields a k’-point of 7, , ,. A k”-point in Hfl(A,K) then correspond to a
theta structure on (B, .#") defined over k” such that the contragredient isogeny f : B — A is given by the
pullback of 71 to B.

The discussions in | , Corollary 3.6, Proposition 3.7], | , Algorithm 4.4.10]), | , § 4.1],
[ ] can then be reinterpreted as a way to use Riemann relations to give explicit equations for ﬁ;l (A4, K)
and TI7 (A, K).

2See [ , Definition p.78| for the definition of these terms.
3The irreducible components are defined over Z[1/n, (»] since over this ring all points of the level n Heisenberg group H (@)
are defined.
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Step 2. Now let r = 1 if £ is a square, r = 2 if £ is a sum of two squares and r = 4 otherwise (the reason of
our choice of r will appear in Step 3). On 47 ¢, the Segre embedding yields a map ms : &7 1 — 9.4 ¢, Which
sends the universal abelian variety %Zy.¢n to Z, g.0n, With its product theta structure [ , Lemma 1, p.
323]. Concretely,

(5) 71_;(9%7.g,en) _ efg,ln L 'ng,ﬁn

il,“.,i,,- Ty

In particular, 72 sends the theta null point of level fn of (B,.#*) to the theta null point of (B",.#* «
et
Step 3. Let F be an r x r matrix with integral coefficients such that *FF = ¢Id (see Remark 4.1). Then the
Koizumi-Kempf formula | ; | yields a map 73 : g 00 — g Which corresponds to the isogeny
Fo 2, = 2, along with the descent of product theta structure from level {n to level n. The formula
is given, for (iy,...,i,) € Z(R)", by

(6) (670 ) = R0 070 = ST gl gt
(J1,e-rdr)EZ(EN)"
F(juyedr)=(i1,0ir)
Since Eq. (6) is homogeneous, this is well defined for projective coordinates.
In particular, 73 uses F to send (B", A" % - % .#*) to (B", .M % -+ % .4 ), from which (B,.#) can be
recovered by projecting to one of the factor.
The isogeny formula is then the composition 73 o w5 © Hl_l.

Theorem 4.2. Let n be an even integer greater or equal to 4 and £ be an integer prime to n. The image of
Iy x w3 07 2 g pn — Tgne X Dy induces a modular correspondence defined over Z[ﬁ].
Let k be a field of characteristic prime to ¢n. If (A, K) is a k-point of Ty e, then w3 o mg 0 IT; }(A, K)
only has a single k-point (with multiplicity £9 and which is actually defined over k), corresponding to AJK.
This point can be computed in O(¢9 max(l,r/2)) operations in k where, by assumption, k contains the field
of definition of the geometric points of K.

Proof. The first part follows from the steps above. For the statement over a field k, by construction, each
geometric point in HII(A, K) corresponds to B = A/K with a level ¢n structure compatible with the level
n structure on A. Descending the product level {n structure via F' then induce the same level n structure
on B.

For the complexity estimate, writing equations for IT;* is in O(¢9) operations, the Segre embedding only
depends on 7 so is absorbed by the big O notation, and computing 73 requires O(¢"/?) operations, hence
the total complexity. We refer to | | for more details. O

4.3. Modular interpretation. Consider again the algorithm from Theorem 4.2 but suppose now that we
would like to apply it to an affine lift of a theta null point of (A,.Z,©«). Notice that the choice of an
affine lift is induced by the choice of a trivialization of .# since the 6* are sections of a power of .#. Since
71,72 and w3 are well defined as affine morphisms (using the exact same equations), we can also interpret
the isogeny formula 73 o 75 o H;l as an affine isogeny formula, yielding an affine lift of the theta null point
of B=A/K.

In this section, we want to achieve two goals: give the precise relation between affine lifts on A and B
through the affine isogeny formula (Theorem 4.5) and also show that we can compute Siegel modular forms
constructed as polynomials in the theta constants.

For both purposes, we will need modularity and we therefore start with some classical notions on Siegel
modular forms (see for instance | ; ; ; ]). As before, let g > 1, n even and greater
or equal to 4. Let m : &, — 27, , be the universal abelian variety with a totally symmetric normalized
relatively ample line bundle and a symmetric theta structure of level n over Z[1] and s : &, — 2., be

the zero section. We denote H = A9(s*Qq, ) = A9 (7.Q2, ) the Hodge line bundle.

41f 2 is a line bundle on A; and .# is a line bundle on A2 we use the notation .21 .5 to denote the line bundle p} %1 @p3.%>
where p; is the projection A1 X Ay — A;.
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Let R be a commutative ring with all residue fields k of characteristic p = 0 or prime to n. Recall that a
(scalar) Siegel modular form  of integral weight p > 1 and level n ° over R is a section of H” on Hygn @R 6,
For a given (A, Z,0¢) € o, ,(k) and wa a basis of k-rational regular differentials on A, it can also be seen
as a function x : (4, %,0%,w4) — k, such that x(A,. 2,02, \wa) = (det \)? - x(A, £, 0, wa) for any
A€ GL, (k). Likewise, a Siegel modular form  of weight p and level 1 7 is a section of H” on the algebraic
stack 7,1 of principally polarized abelian schemes. In that case, we simply write x(A4,.Z,wa).

Let 2, , be the totally symmetric normalized relatively ample line bundle on 2, as in Section 4.2.

Let ¢ : Speck — &, , — Zyn corresponding to a closed point (A,.Z,04) € <, (k). We have that

1*0%sn(0) = 64(0), as projective coordinates. In the special case where k& = C, let Q be a Riemann
matrix in the Siegel upper half-space H, and let us denote 9 [51](0,2), the value at 0 of the classical theta
function with characteristic (z1,z2) € Q29 | , P-192]. We will refer to these complex values as theta

constants (in contrast with the theta coordinates when speaking about the 6:1(0)). Following | ,
Prop. 5.11] (see also loc. cit. Definition. 5.8 and p. 36), if (4,.%,0.4) = C9/(Z9 + QZ9), with its associated
polarization induced by Im2~! and associated canonical symmetric level structure induced by the canonical
symplectic basis on the lattice, then (9 (0))iez@m) is projectively equal to (¥ [Z?n} (0,82/n)) for arbitrary lifts
ofi € Z(m) to Z9. In fact Mumford shows this equality for the adically defined theta functions. For the level n
algebraic theta functions, it suffices to remark that both the algebraic 6;(z) and analytic 9 [, ] (z,Q/n)
theta functions satisfy the canonical irreducible representation of the Heisenberg group of level n | ,
Theorem 2 and definition p. 297].

We will use this projective equality to fix a particular choice of affine lifts over any field in the following

way. Because of the transformation formula | , Cor.5.11], if we define for any ¢, j € Z(7),

(7) Xij (A, £, 04, (2imdzy, . .. 2imdzy)) =9 [, ] (0,2/n) -9 [ ;9,] (0,92/n)

we get Siegel modular forms of weight 1 and level n over C. Since the Fourier coefficients of the theta
constants belong to Z, by the g-expansion principle | , p-140], this definition can be extended to a
section of H over Z[X] and therefore over R. Since the sections (Xi;); jezm) and (9;6{9’"(0)9;%’" (0))ijezm)

are equal up to a constant over C, for any (A, Z,04) € Z;.(k) and wa a basis of k-rational regular
differentials on A, x;; (A4, Z,0.4,w4) is an affine lift of 61(0) - 934(0). This allows the following definition.

Definition 4.3. Let (A4,.Z,0¢) € o, (k) and w4 a basis of regular differentials on A. A modular lift,
denoted §4(0, /wa) = (6(0, /wa))ic z(m), is an affine lift of 6(0) such that for all i, j € Z(7), ;*(0, \/wa)-
93-4(0, Vwa) = Xi;(A,Z,04,w4). Notice that the modular lift is unique up to a common sign.

Remark 4.4. We consider the two by two products because they give modular forms of weight one. The
04(0, /wa) themselves would be modular forms of weight one half. But the line bundle Ly, does not

descend on <7, 1, only to a ps-gerbe of <71 | |. Since we only need to compute modular forms of
integral weight, this ad hoc definition is sufficient and requires less abstract material. Notice also that as a
consequence of | , p- 82] and | , Th. 4.2.1], .,2{22{9 . == M, which gives another purely algebraic

(Qfg,n)

proof of the modularity of s*(@?“"" -0 . In particular, a choice of basis of regular differentials gives a

trivialization of H, so a trivialization of fffg . and corresponding affine lifts for the x;;.

If we start with a principally polarized abelian variety (4,.¢) over a field k with a k-rational basis of
regular differentials w4, we may need to go to an extension to build the level n structure © ¢ on A. Hence
the 62(0, y/Wa) are not necessarily defined over k. However, consider a Siegel modular form x of level 1
and of integral weight p > 1, written as a homogeneous polynomial P of degree 2p in the theta constants
of level © ¢ and with coefficients in k. As 2p is even, we can express P as polynomial @ in pairs of theta
constants, and therefore P(64(0, /wa)) = Q((xij(A4,Z,02,w4))) = X(A, L, wa) € k. This is important
for our application to the modular form yig in dimension g = 3 (see Section 5.2).

A B

S5Here by level n we mean the level group I'y(n,2n) of matrices v € Spoy(Z) such that v = |:C D

] =1Id (mod n) and 2n

divides the diagonals of B and C.
6At least when g > 1. When g = 1 we also need to check that the modular form stays bounded at infinity, or algebraically
that the evaluation on the Tate curve is given by a Laurent series in ¢ with no negative terms.
"Meaning the full level group I'y = Spa2y(Z) and not I'1(1,2).
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Theorem 4.5. Let (A, Z,0¢) € oy, (k). Let £ be an integer prime to np (or ton if p=10). Let K be a
k-rational totally isotropic subgroup for the Weil pairing of £*. Let f : (A, £,0.) — (B, .#,0 4) where
B = A/K, f*# = £* and ©_y4 be the unique symmetric theta structure of level n on .4 compatible with
O©g. Let wa be a basis of k-rational regular differentials on A and (0*(0,\/wa))iczm) be a modular lift.
Finally, let r = 1,2 or 4 depending on £ being a square, a sum of two square or not. Then the affine isogeny
formula 73 0wy 0TIt yields the products (05(0, VWRB) X -+ X 05 (0, \/WR))i,.....i,ez(m) where wp is such that
f*wp = wa. Note that the product is uniquely defined except if r = 1 in which case we get all constants up
to a common sign.

Proof. Using the results of Section 4.2, the statement of this theorem makes sense over Z[ﬁ]. We will thus
prove this theorem for %, , — <7, over Z[ﬁ], the result will then be valid for any field of characteristic
prime to nf.

We note that the theta coordinates computed by the isogeny formula give sections of the very ample line
bundle .2, , of @4, over B". Thus the s; can also be interpreted as sections of Z;Zg over B. We are thus

rg,n

trying to prove the equality of two sections of £, ' i.e. that for any i,..., i, the corresponding theta null
point of coordinates (i1,...,i,) computed by the isogeny formula is equal to (62(0, \/wg)--- 62 (0, /wg)).

Since @7 ,, is smooth, .Z,,,  is without torsion, so we only need to check this equality over C. The abelian
variety A/C is isomorphic to a torus A ~ C9/(Z9 & QZ9). First it is easy to check that if we change our
affine lift by multiplying it by A € C, then the result of the isogeny formula is multiplied by A". Indeed in
Step 1 (in affine coordinates), the affine lift of the points of K are normalized with respect to the affine lifts
of the theta null point. Multiplying the theta null point by A multiply the points Q) € HII(A, K) by A. Then
applying the Segre embedding multiply the theta null point by A", and Koizumi’s formula does not change
this constant.

Changing the basis of regular differentials by a matrix M € GL4(C) changes the value of a modular lift
by A = y/det(M) for a fixed choice of the square root, since their pair products are weight 1 modular forms.
This changes both the modular forms (67 (0, \/wg) - -- 07 (0,/wp)) and the result of the isogeny formula by
a factor A". So we may fix the differentials on A to be wy = (2imdz, ..., 2indz,) of C9.

By Eq. (7), the corresponding modular lift of the theta null point on A is then given by the analytic theta
constants 0 = ¢ [Z?n] (0,9/n) (where we do a slight abuse of notations in identifying i € Z (%) to a fixed
lift to Z.9).

We can then keep track of the constants in each of the three steps of the isogeny formula of Section 4.2.

Step 1: we compute an affine lift of a theta null point of level fn on B, such that the isogeny theorem

applied to f gives our theta null point on A. From our hypothesis, K corresponds to the subgroup %Zg /79,

so B = C9/(29 & (QZ9) and f : z + (z. The contragredient isogeny f : B — A is then given by
f: B — A z+— z. So we see that one possible lift for the theta null point of level /n on B is given by
U [;} (0, %). By plugging any 4 divisible by ¢ we see that the constant involved in Step 1 is 1. Indeed, the

isogeny theorem (the pullback f of 71 to B) is simply given in terms of analytic theta coordinates by

(L2160 8) i (TETED) = (1)

Algebraically, this means that we are computing (9?’”” (0, \/“TB»ieZ(R) where w'; is such that f*wa = w'.
By definition of the contragredient isogeny, we have that wl = wp/¢ (as seen analytically by the fact that
the map f above acts by ¢ on the tangent space).

Step 2: the Segre embedding simply consists on taking the sections induced by the basis of regular
differentials on B" given by the pullbacks of the differentials w by the projections on each factor. Notice
that the theta constants on B" are then easily related to the ones on B since 9 [,)7 ] (0, fdiag(2,Q)) =
9107(0,62)0 [2] (0, €€2).

Step 3: For this step, we need a version of Equation (6) taking into account the possible multiplicative
constant. This is given for instance in | , Théoréme 7.2.1]

®) eI [L]0 /)9 [2] (Ve b n) =D 0 [ )] (Xy 411, Q/n) -0 [ L] (X + £, Q/n),
[t1, o tr]EMat,.x o (Z)F 1/ Mat,.x 4 (Z)
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where F € M,(Z) is such that 'FF =/Id, Y in (CY)", X =YF~ 1 € (CY9)", i€ Q", j =iF ! and
¢ = [Mat, g (Z)F~! : Mat,«y(Z)] = [Mat,x4(Z) : Mat,,(Z)F] = ¢97/2.

Taking into account that FF—1 = % F, that the kernel of F' in Z(f)" is exactly the image of ' F, and taking
Y; =0, we can rewrite Eq. (8) in terms of modular lifts

B, # B,.# B,.#* B,.#*
¢ 0;,77 (0, \Jwp) -+ 0577 (0, \Jwp) = > 05,77 (0,4 Jwp) -0, (0,4/w).
(J15-00dr) EZ (Cn)"
F(ji,edr)=(i1,...,0r)
Since w = wp /¢ we have 5(0, /wp) = £1/2-05(0, \/wp). This kills the constant c and we get the result
(up to a fixed sign if r = 1 because there is no way to choose a canonical square root of £ in a field k in
general). O

This theorem shows that, given a Siegel modular form x of even weight as a polynomial P in the theta
constants with coefficients in k, we can compute the value x (B, .#,©p,wg) from the corresponding modular
lift on (A, ). In practice | | does not compute all products (62 (0, /wg) - - - - 02(0, ywg))iczm) but
only the products t; := (62(0, Jwg) - 65 (0, Jwp) - - - - 05 (0, /wB))iczm), since this is enough for isogenies.
It is also enough in our case: the weight being even means that each monomials of P in the theta constants
has a degree multiple of 4 (and hence of 7). We then get

(r=1)p
X(BV%?@//ZJUB) = P(ezB(Ov \/@)) = t(;T ’ P(tz)

The modular forms we will consider are written as polynomials in the theta constants with half char-
acteristics and not in the algebraic theta of level 4. However it is easy to convert one into the other: see
Remark 4.7

4.4. An algebraic version of Thomae’s formula. If F : y? = F(z) is an elliptic curve defined over k,
we would like to compute the modular lift of the theta null point of level 4 with respect to the k-rational
differential w = dx/y. Over k C C, the expression of the fourth powers of theta constants can be seen as
an elementary case of Thomae’s formula | , p.121] for hyperelliptic curves (although a sign remains
unspecified). For dimension 1, one could also use o functions as in | , D-55], but one still only gets
expression for the fourth powers of the theta constants. We will reprove these formulas in the following
lemma and show that one can take arbitrary fourth roots. This will be useful for the computation of Siegel
modular forms of even weight at (B, #,wpg) in the isogeny class of EY.

Lemma 4.6 (Analytic form of Thomae’s formula). Let E be an elliptic curve with Weierstrass equation

y? = F(z) defined over over C. Let ey, ez, e3 be the roots of F. Fix arbitrarily three fourth roots ay,as,as

of e, —e; for (i,5) € ((2,3),(1,2),(1,3)). There exists a basis 61,02 of Hi(E,Z) such that if we denote
lwi,wa] = [[5, dx/y, [5, dz/y] then T = wa /w1 € Hy and

ﬁ~19[8](7’) =az, +c-V [162} (1) =az, e 9 [1(/)2] (1) =ay
with ¢ = %—T for an arbitrary fixed square oot of c.
Proof. Let 7 € H; and denote
Poo(2) = 9[§] (2,7), D10(2) = 9 ['{?] (2,7), Dor(2) = 9 [1)2] (2,7),

and 911(2) = ¢ [1;3} (z,7). When z does not appear, it denotes the corresponding value at z = 0. As in

[ , p-125], let us consider the map ¢ : C — P? given by
(950(2)911(2) : Yoo (2)Po1(2)910(2) : 931 (2)).

Using the divisors of these sections, one can prove that the image by ¢ of C/(Z + 77Z) is the elliptic curve
By : Y37y = Xo(BXo — aZs)(aXs + B2)

where a = 93,93, and 8 = 93,9%,. Letting Yo = Y1910901/9%), X2 = X1 and Zy = Z;, we can transform
further in
By :YPZ = X1(X1 — o/BZ1) (X1 + BaZy).
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Then letting Z; = (93,9%,)Zo and finally Y; = Yy/(901910) and X; = X, one gets
Eq : Y5 Zo = Xo(Xo — 915(0) Zo)(Xo + 95, (0) Zo)

Let us study the regular differential wy = d(Xo/Zo)/(Yo/Z0) = 5 - d(X2/Z2)/(Y2/Z2) on Ey. Since
00
we = d(X2/Z5)/(Ya/Z2) is regular, ¢*(w2) is a constant multiple of dz. Now

Yo0(2)V11(2) — V11(2) Do0(2)

Prwy =2 -

’1910(2)’1901(2)
¥11(0)900(0) .
=g L/ evaluating at z =0
910(0)901(0) ( & )
= 2#M (Jacobi identity 91, = —m900%01910)
Y10%01
= 27T19(2)0.

Hence if 1 : C/(Z + 7Z) — Ejy is the isomorphism composed from ¢ and the changes of variables we get
that ¥§wy = 2wdz (notice that this is not the natural 2imdz we chose before but we will take care of the
extra factor ¢ when we choose the fourth root).

Now, let us start with E : y?> = F(z). If we make the change of variable X = x — e3, Y = y, then we
get B/ 1 Y2 = X(X — (e1 — €2)Z)(X + (e2 — e3)Z). If we integrate w = d(X/Z)/(Y/Z) along a basis of
the homology of E’, we get a torus C/(w1Z + wyZ) and up to a change of the order in the basis, we can
assume that 7 = we/wy € Hy and ¢ : C/(w1Z + weZ) — E’ an isomorphism such that ¢*w = dz. Let
5:C/(w1Z + wsZ) = C/(Z + T7Z) such that z + z/w;. The composition

—1

C/(wlZ + WQZ) <’l/f— El

S\L m
%o
defines an isomorphism p : E’ — FEgy such that (X : Y : Z) — (a®?X : a®Y : Z) with a € C*. After a
possible change in the generators of the homology of E’ (by a lift to SL2(Z) of a change of basis of E'[2]),
we can even assume that p maps the roots 0 to 0, e; — ez to ¥}y/a® and ey — e3 to ¥4, /a®. Note that
e1 — ez = (V1 +U8,)/a® = 93, /a®. Now p*wy = w/a = (¢ =1)* 0 s* 0 9§ wo = 27 /wy - w. Hence a = wy /2.
This means that we have the equalities

4 2,94 4 2 4 2
Gy =e1 —ey=—cVy, a]=ex—e3=—cVo, a3=e —esz=—c"Vgo.

To conclude, we must show that we can choose the basis of homology for F in order to choose the
fourth root of unity arbitrarily and get the correct result up to a common fourth root of unity. As the
two-torsion points are now fixed, this boils down to find some matrices in SLo(Z) which are congruent to
(1) } and T = (Ol é), let H =< S2,7?% (ST)3,(STS)? > and
(a1, g, a3) = (iv/cdor, v/, iv/cOop). Notice that the a;s do depend on 7 but also on wy. The actions of
S and T on the lattice induce actions on the «; which can be computed through the classical transformation
formula | , Th.7.1]. Namely

the identity modulo 2. If we call S =

S.oq = Q3, T.a1 = vV —iag,
Sy = €™4ay, and T.as = +/—iay,
S.a3 = Qq, T.Ot3 = 7’L'Oég.
Hence we get
52.041 = 1, T2.Oél = —iOél,
52.042 = i()zz, 5 TQ.OZQ = —iQQ,
52.043 = 3, T2.Otg = 721043,
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and

(ST)S.Oél = ’L'Ozl7 (ST ) = —ial,

(ST)B'OQ = io@) ) (ST ) = —Q,

(ST)3.a3 = ia37 (S ) Ckg = —Qs.
The group pj has generators uy := (i,1,1),us := (1,i,1),u3 := (1,1,4). The expressions above show that
1 = (ST)3(STS)? (resp. g2 = S?, resp. g3 = gng(ST) ) acts on (a1, ag,a3) as up (resp. ug, resp. ug).

Starting from (a1, ag, ag) it is therefore possible to find a 7 such that (a1, as, a3) = (v/cdo1, vVcio, Vedoo). O

Remark 4.7. The algebraic theta functions of level 4, (61, 62,0s3,04) analytically correspond to the theta
functions (¢ [i?d (2,92/4))icz/az. Going to these functions from the standard level (2,2) analytic theta

9 [Zﬁ} (2z,2) is given by a change of variables [ I, , p. 38]
o 00(2) = 98] (2 ) + 9 [{2] (2,9), 62(2) =9 [o] (2, ) + 0 | 113] (. 2),
02(2) = V18] (2,2 = 9 [ 2] (2,9), 0s(2) =0 [\}o] (2.0 = 9 [ 113] (2.,

where 6;(z) = ¢ [1/4] (z,9/4).

The functions ¥ [‘Zg } (22,9) also have algebraic analogues as partial Fourier transforms over Z(2) of the
functions 6; as explained in | , D- 334] and | , Exemple 4.4.9]. If 6, is a theta function of level n,

the partial Fourier transform is given for a € Z (2) by

(10) 0[¢1= > ali)bir;
JEZ(2)

Analytically, 0[F] (z) =0 {;ﬁl} (22,29 /n), so if n =4 we do recover the theta functions of level (2,2).

All these expressions for the theta constants over C are true over k. Indeed, pairing them will give modular
forms with integral Fourier expansion, so we get similar expression for the modular lift, up to a common
sign which can be swallowed in the choice of the fourth root.

Corollary 4.8 (Algebraic form of Thomae’s formula). Let E be an elliptic curve with Weierstrass equation
y? = F(x) defined over a field k of characteristic p # 2. Let ey, e, ez be the roots of F in k. Fiz arbitrarily
three fourth roots a1, as,as of e; —e; for (i,7) € ((2,3),(1,2),(1,3)). Then there is a level 4 symmetric theta
structure on E, such that a modular lift of the theta null point on E with respect to the reqular differential

dz/y is
(11) 05 (O, \/dz/y) = az + as, 0 (0, /dx/y) = a,
0F (0p,Vdz/y) = —az +as, 0¥ (0p,/dz/y) = ai.

Proof. Define 0[3](0g) = as, 0 [162} (0g) = as,0 [1(/)2] (0g) = a;. First we note that the first part of
Lemma 4.6 is valid algebraically: we just need to replace the argument involving divisors by the algebraic
Riemann relations instead. Indeed it is easy to check that the theta null point defined satisfy the Riemann
relation 0[3] (0g)* = 0 [162] (0p)*t+0 [1/2] (0g)* (this is the standard Jacobi relation to which Riemann
relations reduce to in genus 1 | , p- 353]). Since we also have that 8 [§] (0g)6 [1(/)2] (0g)0 [1/2] (0g) =
ajazaz # 0, the theta null point we compute is valid projectively by | , p- 353]. This also proves that
each choice of fourth root is valid.®

It remains to check that the affine lift given by Eq. (11) corresponds to the trivialization coming from
the differential w = dz/y. Since the construction is valid over the universal elliptic curve with a level 4
symmetric theta structure, whose moduli space is defined over Z[1/2], by considering the pullback to C we
may assume that F is defined over C, as in the proof of Theorem 4.5. Looking at the proof of Lemma 4.6,

8 Alternatively, the affine modular action of I'/I'(4,8) induces a projective action | , Lemme 6.2.1] which holds true
algebraically, as automorphisms of the Heisenberg group of level 4. So the same generators gi1,g2 and g3 as in the end of
Lemma 4.6 acts by fourth-root of unity projectively.

28



we see that the isomorphism between E and E’ does not change the differential w, while the one from E’ to
Ey acts by a = 27 /wy. Correcting for this last factor yields

(12) 0[] (0p, vVdz/y) =as, 0 [162} (0g,\/dz/y) = a2, 0 [192} (0g,\/dz/y) = a.

Applying the linear change of variable Eq. (9) to Eq. (12) yields Eq. (11). O

4.5. Computing a Siegel modular form on the isogenous variety. Combining Corollary 4.8 with
Theorems 4.2 and Theorem 4.5 gives the following theorem and Algorithm 7.

Theorem 4.9. Let g be a positive integer, (E;/k)1<i<q be elliptic curves, K be a k-rational totally isotropic
subgroup of [, E; of order €9 prime to 2p (or just prime to 2 if p=10). Let B = (Ey X --- X Eg)/K with
the principal polarization induced by the product polarization on Ey X --- x Eq and let f : [, E; — B be the
quotient isogeny. Finally define wp such that f*wp = (pidz1/y1,...,pydzy/yy) wherep; : By XX Ey — E;
is the canonical projection. Let r = 1,2 or 4 depending on £ being a square, a sum of two squares or not.
Algorithm 7 computes the products 95 0, y/wg)--- 95 (0,/wg) of any r modular lifts in time O(¢9 max(1,r/2))
operations in the field of definition of the points of K. Given a Siegel modular form x of even weight as a
polynomial P in the theta constants with coefficients in k, Algorithm 7 also computes the value x(B, # ,wp) €
k.

Remark 4.10. We can make several comments about this result.

e Note that during the execution of the algorithm, we only need to take care to compute the modular lift
of the theta null point. Indeed, apart from the theta null point, we only need to compute projective
coordinates for the points in the kernel, the computation of Hfl will take care of normalizing these
coordinates with respect to our choice of affine lift of the theta null point.

e We only require x to be of even weight w if r = 4. Otherwise given the r-fold products

0;(0,v/wp) -+ 00, /wp)

we can evaluate a modular form of odd weight.
e We do not need to evaluate all the r-fold products, but only the ones of the form

tizeiB(Ov\/@)"'azB(ov\/@)

(provided 65 (0, /wp) # 0). If x is of weight w, it can then be evaluated as x(B,.#,wp) =
P(t;) /w12,

e If the modular form x that can be written as a polynomial with respect to the level 2 theta constants,
we can do the whole isogeny computation in level 2. This gains a factor 29 in the number of
coordinates to compute.
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Algorithm 7 Algebraic computation of the theta null point and a Siegel modular form of even weight

Input: Elliptic curves E;/k with equation y? = (x — ey;)(z — eg;)(x — e3;) where k is of characteristic p
different from 2, a k-rational totally isotropic subgroup K of A =[], E; of order ¢9 prime to 2p (or just
prime to 2 if p = 0). A Siegel modular form x of even weight as a polynomial P in the theta constants
with coefficients in k.

Output: The theta null point of level 4 and the value x(B, .#,wg) where B = A/K with . the polarization
induced by the product polarization on A and wp such that f*wp = (pidr1/y1,...,pydr,/y,) where
f A — B is the quotient isogeny and p; : By X --- X Ey — E; is the canonical projection.

1: For all 1 < i < g, define 06& = Yey; — ez, 9’1Ei = ey — eqy, 9/2E'i = eq; — e3; for arbitrary choices of

the roots.

2: Compute 057 (0,/dz;/y:) = O + 0F 050, \/dx:Jy;)) = O — 6F and 07 (0,\/dx;i[y;) =

02 (0, \/dxi/y;) = 05F for all 1 <i < g.

3: Compute all 0 . (0, \/wa) = 070, v/dz1/y1) -+ 0,2 (0, \/dwn [yn) for all (ir, ... ,ig) € Z(3).

4: Forall1 <i < gandforall z = (21,...,24) € K\ {0}, compute the theta coordinates (0? (xi))jGZMZ.
5: Compute for all j = (j1,...,Jjg) € Z(4) and for all z = (z1,...,z4) € K\{0} 6}(z) = GjEll (x1)--- 95"(309).
6: Use the affine version of the isogeny formula to compute ¢; = 02(0, /wg) - 02 (0, Jwg) - -- 08 (0, \/wg)

which is a product of r factors with » = 1 if ¢ is a square, r = 2 if £ is the sum of two positive squares
and r = 4 otherwise.

_G=1p
7: return ({;);c (z) and ¢,

- P(t:).

5. APPLICATION TO DEFECT-0 CURVES OF GENUS AT MOST 4

Let C' be a curve of genus g > 0 over I, with ¢ = p™. The Hasse-Weil-Serre bound asserts that
#C(IF,) < 14 q+ gm where m = [2,/q]. A curve which number of rational points reaches with bound
is called a defect-0 curve. When g > 2, it is not known in general for a given field IF, whether a defect-0
curve C/F, of genus g exists. If it does, Jac C' is isogenous to the g-power of an elliptic curve E with trace
—m. In order to see if such a curve exists, we therefore start by enumerating the indecomposable principally
polarized abelian varieties (A;,.%;) of dimension g in the isogeny class of E9. When m is prime to ¢ and
hence E is ordinary, we have seen in Section 3.3 how to describe all of them as a quotients of EY by given
maximal isotropic subgroups K C E[{1] x --- x E[{y4]. When we can moreover choose { = {1 = ... = {, odd,
prime to the characteristic of Iy (see the condition in Theorem 2.16) and K totally isotropic, we can use
Algorithm 6 to compute the theta null point of level 4 for each (4;,.%).

Now, we need to single out the ones which are Jacobians of curves of genus g over F,,. By | ], we know
that any indecomposable principally polarized abelian variety (A,.Z) of dimension g < 3 is the Jacobian
of a curve Cp of genus g over FF,. When g = 4, this is not the case, but we will be able to distinguished
them computing a certain Siegel modular form using Algorithm 7, see Section 5.3. However if (4,.%) is a
Jacobian of dimension 4 over I, there is currently no way to check if it is also a Jacobian over F,. As for
g < 3, notice that there is a big difference between the genus 2 and genus 3 case when dealing with the
existence of C' over IF,. For the genus 2, this is automatic: the existence of an indecomposable principally
polarized abelian surface over I, in the class of E? is enough to ensure the existence of the curve C. For
genus 3 curves though, there may be an arithmetic obstruction as we shall recall in Section 5.2. As we shall
see this obstruction can be computed from the value of a Siegel modular form.

For g = 2 or 3, we can even get an equation for the curve C' when it exists. In genus 2, the construction
of such a curve from its theta null point is classical and we refer for instance to [ ] ; in genus 3, the
formulae depend on the curve being hyperelliptic or not, which can be distinguished by exactly one of the
36 even theta coordinates being 0 or none. In the hyperelliptic case, one can use [ ]° to construct first
a model Cy over IF;. Then one computes Shioda invariants'® and then reconstruct via | ] when p > 7.

9[ | noticed that there are some mistakes in this article of Weng and | , Appendix] gives a correct implementation

(see also | ). However, we did not try to implement the reconstruction in the genus 3 hyperelliptic case.
or computes them directly from the theta constants using for instance | | and overpass the difficulties mentioned
above.
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In the non-hyperelliptic case, one can use Weber’s formulae (| , p-108], see also | ]) to get first
a curve C; over an extension Fg of Fy (p # 2). To get an equation of Cy over F,, we implemented an
explicit Galois descent taking advantage of the fact that C;, being given with its full level-2 structure, has
all its bitangents defined over IF;». Hence, all isomorphisms between C; and its Galois conjugates over IF,
are defined over Fye as well.

It may still be that Jac Cy is not isomorphic over IF,, to the chosen (A, .Z) as Cy may be a twist of the right
curve C. If the geometric automorphism group of C' is trivial (which can be read from the automorphism
group of the lattice), then the curve has no automorphism, hence no non-trivial twist and Cy ~ C. Otherwise,
one has to compute the list of all twists: in the hyperelliptic case see | , Sec.4.6] (implemented in Magma),
and in the non-hyperelliptic case see | , Sec.4].

To conclude, it is then enough to check among the twists which ones are defect-0 curves over I, which
can be achieved through naive point counting algorithms. Hence for g = 2 and 3 our algorithms provide an
explicit list of all isomorphism classes of defect-0 curves over IF,.

Remark 5.1. A different way to do so is to pick a random I ,-rational divisor D € Jac C’(IFy), and check if
(1+q—Trace(E))D = 0. A better way would be to select the right Galois descent directly by keeping track
of the Galois action on the two torsion points of EY9 through the isogeny. This could actually be achieved
since a more general isogeny formula exists which can also be applied to an arbitrary torsion point of E9Y.
We did not implement this method yet.

5.1. Curves of genus 2. Let us give some examples to illustrate our algorithms. We start with a very
simple one.

Ezample 5.2. Let E/Fg; : y> = 23 + 11z + 17 be an elliptic curve such that R := Z[r] = Z[w] with
w= =1 V2_19. When g = 2, the algorithm developed in Section 2 shows that there is only one indecomposable

unimodular positive definite R-lattice of rank 2, namely R? with the hermitian form h = —2w —3w] (this
can alternatively be seen from Schiemann’s tables [Sch]). Hence A = Zgr(R?) = E? with the polarization

% induced by h is the only Jacobian inside the isogeny class of E2. Using Algorithm 5 one can check that
there is a polarized isogeny f from Ay = E? with the product polarization to (4,.#) with kernel K C A[/]
with ¢ = 3. Explicitly K is generated by the two affine points of £?

((51a® + 39a® + 36a + 13,59a> + 43a” + 48a + 35), (3a® + 31a® + 38a + 4, 44a® 4 22a* + 19a + 11)),
((58a> + 30a® + 23a + 36, 14a® + 550> + 47a + 45), (51a® + 39a® + 36a + 13, 24> 4 18a” + 13a + 26))

where a € Fg;4 has minimal polynomial 2 + 322 + 402 + 2. We can also compute the theta null point which
we express in the classical basis of theta constants characteristics. For instance 6% (0) = 9 [39] (0) is equal
to

43b™ + 340 + 2867 + 116% + 67 + 19b° + 300° + 27b* + 276° + b + 30b + 59

where b € Fg;12 with minimal polynomial 212 + 228 + 4227 4 332 4 82° 4 382% + 1423 + 22 + 152 + 2. Using
the reconstruction method explained above, we find C : y? = 4525 + 1325 + 252* + 2323 + 322 + 202 + 13.

Consider the complex expression x5(7) = [, cven Yl€](7). Then x19 = X2 is a Siegel modular form of
weight 10 and level T’y defined over Z. Using Algorithm 7, we find that x10(4,.Z,w4) = 22 where w4 is the
basis of differentials constructed in Theorem 4.9. There is a well-known relation with between x19 and the
discriminant of C : y? = f(x) (which is 28 times the discriminant of f) up to the choices of bases of regular
differentials. One must have that x19(A, %, w4)/(2'? - Disc(C)) is a 10th power of the determinant of the
change of bases, hence a 10th power in IF,. This is indeed the case.

Ezample 5.3. In a similar way, we can work out an example over £ = IF53 with a non-maximal order
of discriminant —2%. In that case there is a unique defect-0 curve of genus 2 over k, namely C : 3% =
325 + 3% + 322 + 3.

Example 5.4. Let us consider now the case k = Fy7; with a non-maximal order of discriminant —60. In

that case, there are 9 indecomposable principally polarized abelian surfaces in the isogeny class. For only

two of them, there exists an odd ¢ (¢ = 5) and one can write down the corresponding curves, namely

y? = 6525416725 4+ 632* +4923 + 6322 + 1672465 and y? = 8926 +2242° +1552* + 1623 4 15522 42241 + 89.
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For the seven other cases, such an ¢ does not exist: Theorem 2.16 shows that either there is no orthogonal
basis with the same odd norm for two of them, or no orthogonal basis with the same norm for the last 5 of
them.

5.2. Curves of genus 3. In his lectures at Harvard in 1985, Serre found that a principally polarized abelian
variety (A,.%) of dimension g > 2 defined over a perfect field k, which is geometrically a Jacobian, is not
necessarily a Jacobian over k (unlike in dimension 1 or 2). The obstruction is given by a quadratic character
of Gal(k/k) and is called Serre’s obstruction. This obstruction is always trivial for hyperelliptic curves.
When k C C and g = 3, this character can be computed in terms of the value of the modular form defined
over C by x1s(7) = — 55 - [, 9[€](), where the product is over the 36 even theta constants (| 1, [ 1,
[ I, [ |). Using lifting techniques, one can thus get the obstruction for certain (A, %) when k is a
finite field of characteristic different from 2 and therefore address the question of maximal number of points
of genus 3 curves (see for instance | ]). However, the numerical approximations during the computation
of the value of the modular form lead to heuristic results only.

The techniques developed in Section 4.3 allows us to directly work out these computations over an (exten-
sion) of the finite field. In | |, it is proved that x1s is a modular form of degree 18 and level 1 and therefore
it induces an element of T'(a% 1 (C), H'®). Then | , Prop.3.4] proved that actually x1s € T'(o%4 1(Z), H'8).
In | , Th.1.3.3], over a number field, and in Proposition | , Prop.2.3], over a field k of character-
istic different from 2, it is proved for a principally polarized abelian threefold (A,.%)/k and any choice
of k-rational basis of regular differentials w4 on A, that x15(A,.Z,w4) is a non-zero square in k if and
only if (A,.%) is the Jacobian of a non-hyperelliptic curve of genus 3 over k. Using Algorithm 7, we can
compute this value and check whether (A,.¥) is the Jacobian of a non-hyperelliptic genus 3 curve over k
without computing the equation of the curve. Note that as we started with (A4,.%)/F, indecomposable, if
X18(A, L, wa) =0, then (A4, .Z) is the Jacobian of a hyperelliptic genus 3 curve over IF,.

Ezample 5.5 (A unique defect-0 curve without non-trivial automorphism). Let consider the question of the
existence of defect-0 curve of genus 3 over ', with ¢ = 10313. If there is such a curve C/F, then JacC' ~ E3
with F of trace —m = —203. The curve F has therefore complex multiplication by the maximal order
O = Z[w)] of Q(w) where w = Hzﬂ. As 0 has class number 1, there is a unique (non-polarized) abelian
variety in the class of E3 up to isomorphism, namely E? itself. Moreover using Algorithm 3 (see also | D,
we find 5 isomorphism classes of indecomposable positive definite unimodular hermitian &-lattices (L, h;)
leading to 5 indecomposable principally polarized abelian threefolds (E?, a;). In Table 1, we give h by its
Gram matrix in the canonical basis of ¢. For each lattice (L, h;), we also give the smallest odd ¢ determined
by Algorithm 4. Recall that it determines the degree £3 of the isogeny we will compute using the Algorithm 7.
We also display in Table 1 the order of the automorphism group of (L, h;), and if x := x1s8(E?, a;,wgs) = 0
or if it is a square in IF,.

We see that only a; leads to a non-trivial obstruction and therefore to a non-hyperelliptic defect-0 curve.
This result agrees with the heuristic result which can be deduced from | , Table 2|. An equation of C is

x4+ 778023y + 886227 + 45622y? + 211822y + 184622 + 5713xy> + 10064xy? + 7494zy
+ 6469z + 7559y" + 9490y> + 7458y* + 214y + 6746 = 0.

Moreover by Torelli theorem | , p-790-792], since Aut(E3,a;) ~ Aut(L,h;) ~ {&1} and C is non-
hyperelliptic, the automorphism group of C' is trivial. As far as we know, this is the first example of a
finite field for which one can ensure that the defect-0 curves have no extra-automorphism. As recalled in
[ |, most of the methods developed to find curves of genus 3 with many points use the existence of
extra-automorphisms. The question of existence of a defect-0 curve over IFyg313 could not have been solved
in this way.

Ezample 5.6. Let ¢ = 131. As previously, the existence of a defect-0 curve of genus 3 over IF, leads to

consider indecomposable unimodular positive definite O-lattices L; of rank 3, where & has discriminant

—40. The class number of & is 2 and we find 12 L;, out of which 6 are not free and the largest ¢ we have to
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Case Gram matrix of h; L | #Aut(L,h;) | Is x =07 | Is x a square?
3 1 1-w
1 1 4 2 11 2 no yes
1l—w 2 5
3 1+w 2—-—w
2 14w 5 —2-w 9 12 no no
2—w —-2-w 5
2 -1 1
3 -1 4 1—-w 9 4 no no
1 1—-w 4
3 1 —1—-w
4 1 3 -1 11 4 no no
—1—-w -1 5
3 -1 —-1-w
5 -1 3 0 11 4 no no
—1—-—w O 5

TABLE 1. Example 5.5.

consider is 19. We get 11 defect-0 curves of genus 3 over I, up to IF4-isomorphism, for instance

ot 722%y + 11122 + 55x%y? 4+ 9927y 2 + 472722 + Say® + 95wy

+  Tdzyz? 4+ 30x2° + 39y* + 53y°z 4 58y? 22 4+ 40yz> + 592 = 0
which has an automorphism group of order 2.

FEzample 5.7. Let ¢ = 97. As previously, the existence of a defect-0 curve of genus 3 over I, leads to consider
indecomposable unimodular positive definite R-lattices of rank 3, where R has discriminant —27 and therefore
is not the maximal order of Frac(R). Our algorithms finds 4 indecomposable unimodular positive definite
R-lattices and there is one lattice which is not projective, namely R? @ ¢. This leads to 4 indecomposable
principally polarized abelian threefolds over I, isogenous to E? where E JEq y? = 2% + 922 + 10. For
three of them, Serre’s obstruction is trivial, so we get exactly three defect-0 curves of genus 3 over I, up to
IF,-isomorphism for instance

ot 4+ 6323y + 28232 + 1022y? + 81a%yz + 432222 + 89xy® + 102y%2 + T0zy2? + 45223

+  24y* +55¢%2 4+ TTy%2% + 35y2° + 5424 =0
with an automorphism group of order 6.

5.3. Curves of genus 4. Jacobians of curves of genus 4 are not dense in the moduli space 7 1. They
form a codimension-1 variety which we shall characterize thanks to the Igusa modular form J of level 1
and weight 8. The modular form J is defined over C as a homogeneous polynomial of degree 16 in the
theta constants with integer coefficients, see for instance | , p-538| or in | | (with the choice of
characteristics from [ ]). It is therefore an element of I'(<7 1(Z), H®) and its values can be computed
using Algorithm 7. We will also need the following result below. In | |, the first term in the Fourier
expansion of J is computed and its constant coefficient is —2'6. This means that the Siegel modular form J
does not vanish identically on 7 ; ® k for any algebraically closed field k of characteristic different from 2.
Igusa proves that the Igusa modular form is related to the classical Schottky modular form by

=g (S0 -2 Loiaer)

the sums being over all even characteristics. Hence, over C, this form is zero precisely on the locus of
principally polarized abelian varieties of dimension 4 which are decomposable or a Jacobian. Following the
same lines as | , Prop.2.3|, this can be extended to any field of characteristic different from 2.

Theorem 5.8. Let (A,.%) be an indecomposable principally polarized abelian variety of dimension 4 over
an algebraically closed field k of characteristic different from 2 and wa a basis of reqular differentials. Then
J(A, L, wa) =0 if and only if (A,L) is the Jacobian of a curve of genus 4 over k.
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Proof. Let 7,1 be the moduli stack of principally polarized abelian schemes of relative dimension 4 and let
us denote by .7 the Torelli locus (the image of the moduli stack of genus 4 curves of compact type). Following
[ , p-554], it is a reduced and closed substack of 7 1. Moreover for any algebraically closed field k,
T (k) coincides with the disjoint union of the set of Jacobians of genus 4 curves and the set of decomposable
principally polarized abelian varieties of dimension 4 defined over k.

Over C, 7(C) = (J = 0)peq(C). This shows that T @ Q = (J = 0)yeq ® Q. Taking the schematic
closure over Z[%] weget 7 DT RQ=(J=0)rea®Q C (J = 0)peq in <%, We need to prove that the
two inclusions are equalities, i.e. that none of the loci 7 or (J = 0),.q has a vertical component. For
(J = 0)yeq this is the case since the modular form J € T'(# 1 ® Z[$], H®®) is primitive and the fibers of
7y 1 are irreducible (see for instance the proof of | , Lemma 3.2, p. 163]). Similarly, for .7, this is true
because we can lift any genus 4 curve in a special fiber to characteristic 0.

From this we deduce that J(A, %, wa) = 0 if and only if (A, %) € J ® k. Since we have assumed that
the polarization .Z is indecomposable, this is the case if and only if (A, %) is a Jacobian. O

As we only need to check if the value of J is zero or not, we can work with any affine lift of the theta null
point. However, if it is zero and (A,.¥) is therefore a Jacobian over the algebraic closure, there is currently
no way to ensure that it is also a Jacobian over the ground field.

Ezxample 5.9. Let us consider the case of defect-0 genus 4 curves C' over F59. The Jacobian of C' would be
isogenous to E* with E an elliptic curve with End(E) of discriminant —11. There are three indecomposable
principally polarized abelian varieties in the class of £4. We can check (using for the three of them the value
¢ = 3) that for none of them the Igusa form is 0. Hence there is no defect-0 curve of genus 4 over Fs59 as it
is confirmed in the manYPoints tables | | or | , Th.1.1].

It would be more interesting to look at one unknown entry of these tables, like for instance ¢ = 89. However
in this case the discriminant of the associated elliptic curve is 32 and our algorithms are not efficient enough
to work it out yet.
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