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Abstract. We demonstrate a general and efficient technique to Hensel-lift
a solution to a system of (p-adically analytic) equations which may be given
implicitly in the form of an efficient evaluation algorithm. Contrary to textbook
Hensel lifting, we do not require the equations to be represented explicitly;
indeed, our main application uses the method for a system of equations that can
be exponentially larger than its representation as an arithmetic circuit: We show
how to compute traces of elliptic-curve endomorphisms over a finite field Fq by
constructing an (approximate) lift to Zq . Our examples include endomorphisms
represented as a chain of Vélu,

√
élu, modular, or radical isogenies, as well as

HD-embedded endomorphisms. The resulting trace-computation algorithm
outperforms the state of the art both asymptotically and concretely.

1. Introduction

Hensel lifting is an essential tool in computer algebra: In its most basic form,
it lifts any simple root α ∈ Z/p of a polynomial f ∈ Z[x] to a root α ∈ Z/pk of f
such that α mod p = α. This immediately generalizes to solutions of sufficiently
well-behaved systems of equations. The technique is most naturally viewed in the
context of p-adic analysis, where it is equivalent to Newton’s method, and “closer”
means “congruent modulo higher powers of p”.

Classical descriptions (and typical implementations) of Hensel’s method assume
that the system of equations under consideration is not just known, but also
small enough to be represented explicitly (say, on a computer). In this work, we
demonstrate that this is not needed: To apply Hensel lifting to a system F (x) = 0
with an analytic map F : Zin

q → Zout
q , all that is required is an explicit evaluation

algorithm for F which need not admit a succinct formula at all. One particular case
covering many practical situations is when F is given as an arithmetic circuit.

Our main application concerns the lifting of elliptic-curve endomorphisms from
Fq to Zq using Hensel’s method. This gives rise to a new algorithm for computing
the trace of an elliptic-curve endomorphism, very similar in spirit to Satoh’s al-
gorithm [Sat00] for point counting. We show that our approach can be applied to
all commonly used representations of elliptic-curve endomorphisms (chains of Vélu,√

élu, and radical isogenies, as well as HD-embedded endomorphisms) by expressing
the properties required from a correct lift via a system of algebraic constraints on
the data defining the isogeny.

In the process, we also determine the action on invariant differentials (the “isogeny
scaling factor”) induced by those various isogeny representations by providing a
generic method to compute it, requiring only access to a sufficiently general (e.g.,
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algebraic) evaluation algorithm for the isogeny. In addition, it is also usually
possible to explicitly determine the scaling factors for a given isogeny representation
theoretically; see Appendix A.

Our new algorithm for trace computation resulting from these techniques is
significantly faster than the current state of the art [MPSW25] both in theory (with
a quasiquadratic complexity in typical situations, rather than quasiquartic) and in
practice. It is also more general, since contrary to [MPSW25] we do not assume
supersingularity. (Note, however, that the standard SEA algorithm heuristically
achieves the same complexity as [MPSW25] even for ordinary curves.)

Thanks. The original formulas for the 2-radical and modular 2-radical isogenies in
the Montgomery model we used in Examples A.1 and A.6 were more complicated
than the current version. Their simplification is due to Sabrina Kunzweiler.

2. Hensel lifting

2.1. Preliminaries: p-adic fields. To introduce p-adic lifting, we start by recalling
the basic construction of p-adic integers and fix some relevant notation.

Theoretical construction. Let p be a prime. We denote by Zp = lim←−n
Z/pnZ the ring

of p-adic integers, and by Qp = FracZp its fraction field, the field of p-adic numbers.
Elements α of Qp can be identified with formal Laurent series

∑∞
n=n0

anp
n with all

coefficients an ∈ {0, ..., p− 1}. The (p-adic) valuation νp(α) ∈ Z∪{∞} of α is the
smallest n ∈ Z≥n0 such that an ̸= 0, and ∞ if no such n exists.

The p-adic valuation extends uniquely to any degree-d extension K/Qp via the
norm map NK/Qp

: K → Qp; concretely, we have νp(α) = 1
dνp(NK/Qp

(α)) for α ∈ K.
The ring of integers of K is the subring OK = {α ∈ K | νp(α) ≥ 0}; it is a local
ring with (unique) maximal ideal pK = {α ∈ K | νp(α) > 0}. The extension K/Qp

is unramified if OK / pK
∼= Fpm ; in that case, we have pK = pOK . There exists

an (up to Qp-isomorphism) unique unramified extension of Qp for every degree
m ∈ Z≥1, which we will denote by Qq, where q = pm. The ring of integers OQq

is
denoted by Zq. Letting C ⊆ Zq with 0 ∈ C denote a complete set of representatives
of the quotient ring Zq/pZq, every element α of Qq can be identified with a formal
Laurent series

∑∞
n=n0

anp
n with all an ∈ C. As before, νp(α) equals the smallest n

with an ̸= 0. Concretely, thanks to the isomorphism Zq/pZq
∼= Fq, the “digits” in C

can be represented as elements of the residue field Fq: We will employ this abuse
of notation throughout and view α ∈ Qq as a formal Laurent series in p “with
coefficients in Fq”. Under this viewpoint, the projection from Zq to Zq/pZq = Fq is
given by simply extracting the constant coefficient.

For practical computations, elements α of Zq are commonly truncated to some
finite precision k ∈ Z≥1: Formally, this means working with the coset α+ pkZq of α
in the quotient Zq/p

kZq. We also introduce the suggestive notation α+O(pk) for
α + pkZq, and we will (by abuse of notation) write “α+O(pk) ∈ Zq” to indicate
that α is only determined as a coset representative modulo pkZq. A lift of a
truncated element α + O(pk) ∈ Zq from precision k to precision k′ ≥ k refers to
any α + O(pk

′
) ∈ Zq such that α + O(pk) = α + O(pk). Conversely, in the same

situation, α+O(pk) is a truncation of α+O(pk
′
) from precision k′ to precision k.

The p-adic topology. The p-adic absolute value of an element α ∈ Qq is defined as
|α|p = p−νp(α) for α ̸= 0 and |0|p = 0. The field Qq is complete with respect to this
(non-Archimedean) absolute value, which enables the use of concepts from analysis:
In particular, one can define analytic functions and Taylor expansions exactly like
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in the Archimedean case. Throughout this paper, terminology from analysis will
always be understood to refer to the topology induced by the p-adic absolute value.

Arithmetic complexity. Let q = pm. As customary, Fq is constructed as a degree-m
algebraic extension Fp(ω), hence an element a ∈ Fq is represented as a polynomial
over Fp of degree <m. Consequently, representing an element α+O(pk) ∈ Zq as a
sequence of k coefficients in Fq takes O(k ·m log p) bits of space. Using asymptotically
fast multiplication, the cost of arithmetic in Zq lies in Õ(k ·m log p): Indeed, viewing
Zq as a degree-m algebraic extension of Zp by choosing a suitable lift of the minimal
polynomial of ω to Zp, each multiplication in Zq/p

kZq reduces to a multiplication of
polynomials of degree <m over the ring Zp/p

kZp, followed by a Euclidean division,
which also reduces (via Newton iteration [GG13, Theorem 9.6]) to a logarithmic
number of multiplications of polynomials of degree O(m) over Zp/p

kZp. All of this
can be done in quasi-linear time following [HHL17, § 9.2].

Notation 2.1. Suppose given q = pm a prime power. Let Mk denote the maximum
bit-operation cost of an arithmetic operation (addition, multiplication, inversion)
over Zq/p

kZq. By the discussion above, we have Mk ∈ Õ(k log q).

2.2. Hensel lifting. We recall a standard formulation of multivariate Hensel lifting:
It essentially consists of Newton’s method applied in the p-adic topology, where
values divisible by large powers of p are considered small.

Theorem 2.2. Suppose |in| ≥ |out|. Consider an analytic map F : Zin
q → Zout

q and
let DF (x) ∈ Zout×in

q denote its Jacobian matrix at a point x ∈ Zin
q .

Let x+ O(pk) ∈ Zin
q be a zero of the map F in precision k, i.e., F (x) ∈ O(pk),

and assume DF (x) mod p has full rank |out|.
Then there exists a δ+O(pk) ∈ Zin

q such that F (x+ pkδ) ∈ O(p2k). Furthermore,
the set of such δ +O(pk) forms a coset of a free rank-r submodule of (Zq/p

kZq)
in,

where r = |in| − |out|.

Proof. A constructive proof is given in Proposition 2.3 below. □

2.3. Implicit Hensel lifting. We show how to generalize Hensel lifting to analytic
maps that may not be given explicitly, but rather as an efficient algorithm that
evaluates the map at inputs lying in a quotient Zq/p

kZq.
The key idea is that for any representative x ∈ Zin

q of x+O(pk) and any δ ∈ Zin
q ,

we obtain the first-order Taylor expansion

(∗) F (x+ pkδ) = F (x) + DF (x) · pkδ +O(p2k) .

Thus, in double precision 2k, we can view F (x+ pkδ) as an affine-linear map in δ.
As a consequence, the Jacobian matrix DF (x) can be computed in precision k by
evaluating F at the two elements x and x+ pk in precision 2k.

Proposition 2.3 (Implicit Hensel lifting). Let F : Zin
q → Zout

q and x+O(pk) ∈ Zin
q

be as in Theorem 2.2. Suppose given a (black-box) algorithm A which, given
some a+O(p2k) ∈ Zin

q , outputs F (a) +O(p2k) ∈ Zout
q . Then a lift x+O(p2k) ∈ Zin

q

of x+O(pk) such that F (x) ∈ O(p2k) can be computed using |in|+1 calls to A and
by solving a linear system of |out| equations in |in| variables over Zq/p

kZq.

Proof. To ease notation, suppose in = {1, ...,m}. For each i ∈ in, let ei denote the
ith basis vector of Zm

q over Zq.
Fix a lift x0 +O(p2k) ∈ Zq of x+O(pk) and define xi := x0 + pkei ∈ Zq/p

2kZq

for each i ∈ {1, ...,m}. Run A on the m+1 elements x0, x1, ..., xm ∈ Zq/p
2kZq,
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yielding results y0, y1, ..., ym ∈ Zq/p
2kZq. By construction, for all i ∈ {1, ...,m},

yi = F (xi) ≡ F (x0) + DF (x0) · pkei (mod p2k) .

The expression DF (x0) ·ei equals the ith partial derivative ∂iF (x0) of F at x0, hence
by subtracting y0 from each yi for i ∈ {1, ...,m}, we get the m linear equations

yi − y0 ≡ pk · ∂iF (x0) (mod p2k) ,

or equivalently
∂iF (x0) ≡ (yi − y0)/pk (mod pk) ,

allowing us to recover DF (x0) in precision k.
Finally, to compute the desired lift x+ O(p2k) of x+ O(pk), we may compute

δ ∈ Zq/p
kZq satisfying F (x+ pkδ) ∈ O(p2k) by substituting the Taylor expansion

from (∗), resulting in the final system

(†) DF (x0) · δ ≡ −F (x0)/pk (mod pk) .

Note that this system is always solvable thanks to the assumption that DF (x0) has
full rank modulo p (and therefore modulo pk). The set of solutions is thus a coset
of the kernel of DF (x0) mod pk, which is of rank |in| − |out|. □

2.4. Hensel lifting for constraint systems. Fundamentally, our Hensel lifting
algorithm is based on an(y) algorithm to evaluate the analytic function F : Zin

q → Zout
q

that defines the conditions to be satisfied by the lifted solution. For efficiency, it is
often beneficial to split F into multiple separate functions Fj : Z

Xj
q → ZYj

q , where
the Yj form a partition of out, and each Xj is a (typically minimal) subset of in such
that F restricts to a well-defined map ZXj

q → ZYj
q . We call the collection of triplets

(Xj , Yj , Fj) a constraint system for F . One special case that occurs in practice is
when F is given by rational functions computed by an algebraic algorithm (see for
instance [BDLS20, § 1.1]), or equivalently by an arithmetic circuit ; in the latter case,
each Yj can be chosen as a subset of the output nodes and the corresponding Xj as
the set of input nodes v for which there exists a path from v to any node in Yj .

For a given F : Zin
q → Zout

q , and k ∈ Z≥0, Proposition 2.3 gives the complexity of
lifting an input a with F (a) ≡ 0 (mod pk) to an input a with F (a) ≡ 0 (mod p2k).

Proposition 2.4. Suppose given an algorithm that evaluates F : Zin
q → Zout

q with
|in| ≥ |out| in precision 2k with cost CF,2k, as well as a+O(pk) such that F (a) ∈
O(pk) and DF (a) has full rank modulo p.

Then we can compute a+O(p2k) satisfying a ≡ a (mod pk) and F (a) ∈ O(p2k)
via Proposition 2.3 using O(|in| · CF,2k + |in|ωMk) bit operations, where ω is a
linear-algebra exponent.1

In some cases, taking into account the structure of F can make lifting much
cheaper. Suppose given a constraint system ((Xj , Yj , Fj))j for F , as defined above,
such that |Xj | ≤ m for some constant m≪ |in|). In this case, it can be beneficial to
lift the outputs sequentially: Computing the system (†) applied to Fj only costs up
to m+ 1 evaluations of Fj (instead of |in|+ 1 evaluations), and the resulting linear
system is sparse, hence easier to solve.

Using Algorithm 1 and the following proposition, we show that lifting by consi-
dering output constraints “one (or few) at a time” leads to a better strategy than
Hensel-lifting the whole system at once.

1Certainly ω ≤ 3 using naïve matrix arithmetic, and there is a trivial lower bound of 2 ≤ ω.
The best currently known algorithms achieve ω ≈ 2.37....
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Algorithm 1: Lifting solutions to a constraint system to double precision.

Input: A constraint system ((Xj , Yj , Fj))j∈{1,...r}, for an analytic function
F : Zin

q → Zout
q with |in| ≥ |out|; an assignment a+O(pk) ∈ Zin

q with
F (a) ∈ O(pk), where DF (a) has full rank modulo p.

Output: A double-precision assignment a+O(p2k) satisfying F (a) ∈ O(p2k).
Initialize H ∈ (Zq/p

kZq)
out×in and b ∈ (Zq/p

kZq)
out with zeroes.

For j from 1 to r do
y0 ← Fj(aXj ) mod p2k ∈ (Zq/p

2kZq)
Yj .

For i ∈ Xj do
// ei has a 1 at position i and 0 at all positions in Xj\{i}
yi ← Fj(aXj

+ pkei) mod p2k ∈ (Zq/p
2kZq)

Yj .
Store HYj ,i ← (yi − y0)/pk ∈ (Zq/p

kZq)
Yj .

Store bYj ← −y0/pk ∈ (Zq/p
kZq)

Yj .

// Now H = DF (a) +O(pk) and b = −F (a)/pk +O(pk).

Compute an arbitrary solution δ ∈ (Zq/p
kZq)

in of Hδ = b. // Sparse.

Return a+ pkδ.

Proposition 2.5. Suppose given a constraint system (Xj , Yj , Fj)j∈{1,...,r} for an
analytic function F : Zin

q → Zout
q with |in| ≥ |out|, as well as an input a+O(pk) ∈ Zin

q

satisfying F (a) ∈ O(pk) and such that DF (a) has full rank modulo p.
Denote by Cj,2k the cost of evaluating Fj in precision 2k, and by Csys,k the

bit-operation cost of solving an inhomogeneous linear system with matrix DF (a)
in precision k (note that DF (a) has at most m · |out| nonzero entries). Write
m = maxj∈{1,...,r}|Xj |. Then Algorithm 1 computes a lift a+O(p2k) of a, satisfying
F (a) ∈ O(p2k), using at most (m+ 1) ·

∑
j Cj,2k + Csys,k bit operations.

Proof. Correctness follows from Proposition 2.3, as for Proposition 2.4.
Regarding the complexity: For each j ∈ {1, ..., r}, we perform |Xj |+1 ≤ m+1

evaluations of Fj , and finally we solve the system DF (a) · δ = b over Zq/p
kZq. □

We’ve seen above how to lift a given solution to a constraint system to double
p-adic precision. By repeatedly applying this procedure, starting from a solution
modulo p, i.e., in precision 1, we can lift it to arbitrarily high precision k.

Corollary 2.6. Suppose given an algorithm to evaluate F : Zin
q → Zout

q , and a
tuple a + O(p) ∈ Zin

q (or equivalently, a tuple in Fin
q ) satisfying F (a) ∈ O(p) and

such that DF (a) has full rank modulo p. Fix k = 2h ∈ Z, and let Ck be the cost
of lifting solutions from precision k/2 to precision k, as given by Proposition 2.4
and Proposition 2.5. We can compute an arbitrary lift a+O(p2k) of a, satisfying
F (a) ∈ O(p2k), with a cost of O(Ck) bit operations.

Proof. We apply Proposition 2.4 or Proposition 2.5 to repeatedly double the precision
from 1 to 2, 4, . . . , 2h. Given that the bit-operation cost of arithmetic modulo pk
grows superlinearly in k, each lifting step costs at most half as much as the next
one. In particular, we have Ck + Ck/2 + Ck/4 + . . .+ C2 ∈ O(Ck). □

Remark 2.7. In addition to constraints that are required to be zero for a solution,
practical computations often also require that other constraints are nonzero for a
solution. (We call these “closed” resp. “open” constraints, since their solution sets
have those respective properties in the Zariski topology.)
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Since clearly ̸≡ 0 (mod p) implies ̸= 0 ∈ Zq, all “open” constraints are trivially
satisfied for any lift of a solution modulo p. Therefore, we need not pay any attention
to “open” constraints during lifting: A lift to Zq of any variable that only appears
in “open” constraints can be chosen completely arbitrarily and hardcoded into the
system of “closed” constraints before the lifting of “closed” constraints commences.
(Alternatively, such variables could still be viewed as inputs to F anyway, but they
will always contribute a full dimension to the space of lifts.)

Remark 2.8. In the situation of proposition 2.5, if DF (a) = peM where the matrix
M has full rank modulo p and e < k, then we can apply a similar method but
we lose a precision e at each Newton iteration. More precisely given a + O(pk)
such that F (a) ∈ O(pk+e) (note that due to our assumption on DF , F (a) is well
defined modulo pk+e), then a Newton iteration will give a + O(p2k−e) such that
F (a) ∈ O(p2k).

Even more general type of Jacobian matrices DF (a) can be covered by switching
to a lattice model of the p-adic precision [CRV14].

2.5. A geometric description of Hensel lifting. In this section, we reinterpret
the algebraic Hensel lifting algorithm from a geometric point of view, recasting
the language of constraint systems into the language of schemes. The reader only
interested in the algorithmic applications can safely skip this section. We refer to
Remark 2.14 for an outline of a more general version.

In the context of Hensel lifting, we’re given a system of equations over Zq of
the form F (x1, . . . , xn) = 0, where F = (F1, . . . , Fs) is a polynomial map, and a
solution P = (a1, . . . , an) of the polynomial system modulo p. Theorem 2.2 tells
us how to lift the solution P to higher precision, say to a P̃ such that F (P ) = 0
(mod pk), but requires us to check that the Jacobian matrix has maximal rank. In
this section, using the language of schemes, we get geometric tools to check this
criterion —and we achieve a greater level of generality.

To fix notations, suppose we have a map of schemes φ : X → Y , a point
Q̃ ∈ Y (Z/pkZ) which reduces modulo p to Q ∈ Y (Z/pZ), and a point P ∈ X(Z/pZ)
such that φ(P ) = Q. In the setting of Theorem 2.2, X plays the role of the affine
scheme SpecZq[x1, . . . , xn]/(F1, . . . , Fm), and φ is the structure morphism onto
SpecZq. Our goal is to describe all lifts P̃ ∈ X(Z/pkZ) of P such that φ(P̃ ) = Q.

The Jacobian rank condition: smoothness and étaleness. If the morphism φ is
formally smooth then a lift as above always exists [Stacks, Tag 02GZ], and if φ is
formally étale the lift is moreover unique [Stacks, Tag 02HF]. By [Stacks, Tag 02H6,
Tag 02HM], φ : X → Y is smooth (resp. étale) if and only if it is formally smooth
(resp. formally étale) and locally of finite presentation2. Note that φ is étale at a
point P if and only if it is smooth at P of relative dimension 0 [Stacks, Tag 02GU].

Smoothness and étaleness are Zariski-local conditions; more precisely φ is smooth
(resp. étale) at P if and only if we can find small affine opens U = SpecR2 ⊂ X
and V = SpecR1 ⊂ Y , with P ∈ U and φ(U) ⊂ V , such that φ|U is standard
smooth [Stacks, Tag 01V7, Tag 01V9] (resp. standard étale [Stacks, Tag 02GU]).
Recall that an affine scheme morphism φ : U → V as above is standard smooth at P
of relative dimension r if and only if there exist F1, . . . , Fm ∈ R1[X1, . . . , Xn]
such that R2

∼= R1[X1, . . . , Xn]/(F1, . . . , Fs) with r = n − s, and the matrix
(
∂Fj

∂Xi
(P ))i,j∈{1,...,s} is invertible over R1 [Stacks, Tag 00T6]. So we see that, up

to permutation of the variables, this condition is exactly the rank condition of

2Being locally of finite presentation means that φ behaves well with respect to filtered limits
[Stacks, Tag 01ZC].
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Theorem 2.2. In the case r = 0 (i.e., étaleness of φ at P ) we can even reduce to a
single variable: φ is standard étale if we can find F,H ∈ R1[X], with F monic and
F ′ invertible in R2, such that R2 = R1[X]H/F (X) [Stacks, Tag 02GI, Tag 00UB].

Remark 2.9.

• The description of a standard smooth morphism above shows that a smooth
morphism is étale-locally of the form Ar

R → Spec(R) [Stacks, Tag 039P]. Indeed,
φ|U decomposes as U ≃ SpecR2 → SpecR1[Xs+1, . . . , Xn] ≃ Ar

R1
→ V ≃

SpecR1 where the map U → SpecR1[Xs+1, . . . , Xn] is standard smooth of relative
dimension 0, hence étale.

• Let φ : X/S → Y/S be a S-map of relative smooth schemes X,Y over S, P ∈ X,
Q = φ(P ). Then φ is smooth (resp. étale, resp. unramified) at P if and only
if dφ : TX/S,P → TY/S,Q is surjective (resp. bijective, resp. injective), where
Q = φ(P ) [GD67, IV Théorème 17.11.1, Corollaires 17.2.2 et 17.11.2].

Reformulating the lifting theorems. We now specialize the description above to
our case of interest. We have X a Zq-scheme and φ : X → SpecZq the structure
morphism, and assume that we are given a point P ∈ X(Fq). We will consider
the problem of lifting this point to P̃ ∈ X(Zq). Formally, a lift P̃ correspond to a
dotted morphism in the diagram below, which makes it commutative:

SpecFq X

SpecZq SpecZq

P

φ
P̃

As argued above, the situation is well behaved when φ is smooth at P . The
following proposition gives a refinement of Theorem 2.2 where the coset of lifts is
given a geometric description.

Proposition 2.10. Let X be a Zq-scheme and φ : X → SpecZq its structure
morphism. Assume given a point P ∈ X(Fq) such that φ is smooth at P of relative
dimension r. The point P can be lifted (non uniquely) to a point P̃ ∈ X(Zq), and the
set of such lifts P̃ forms a torsor under the natural action of Γ(P, TX/Zq

⊗pZq) ≃ pZr
q.

Proof. Since SpecZq is the inductive limit of the SpecZq/p
kZq, we reduce to lifting

P to a point P̃ ∈ X(Zq/p
kZq). The fact that we can lift P to P̃ follows from

the fact that φ is formally smooth. To obtain the more precise description of the
set of lifts, we use the fact from remark 2.9 that there is an affine open U of X
containing P such that φ|U factors as an étale map π : U → Ar

Zq
followed by the

smooth projection map Ar
Zq
→ Spec(Zq).

Since π is étale, lifts of P to X(Zq) correspond bijectively to lifts of π(P ) to
An

Zq
(Zq), which are parametrized by Γ(π(P ), TAr

Zq/Zq
⊗ pZq). Since π induces an

isomorphism on tangent spaces (by étaleness), we see that the lifts P̃ are parametrized
by Γ(P, TX/Zq

⊗pZq) (non-canonically, as the parametrization depends on the choice
of π). However, the action of Γ(π(P ), TAr

Zq/Zq
⊗ pZq) on the lifts of π(P ) induces an

action of Γ(P, TX/Zq
⊗ pZq) ∼= pZr

q on the lifts of P , and the latter does not depend
on the choice of π. This action on the lifts of P that we’ve just obtained also has a
more intrinsic description: See for example the proof of [Stacks, Tag 06JI], setting
F to be the deformation functor associated to X, so that (by [Stacks, Tag 06SS])
TF is the relative tangent space TX/Zq

. □
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Towards a clearer connection between the geometric point of view and the
previous sections, we now explicitly describe in coordinates the lifts of P whose
existence is given by Proposition 2.10. The following Proposition is a reformulation
of Proposition 2.3 in geometric language:

Proposition 2.11. Let U ⊆ X be an open affine subscheme containing the point
P , and let i = (X1, . . . , Xn) : U → An

Zq
denote local affine coordinates around P as

above, and πr = (X1, . . . , Xr) : An
Zq
→ Ar

Zq
the projection onto the first r coordinates.

If the structure morphism φ is smooth of relative dimension r at P , up to reindexing
of the coordinates we may assume that the differential d(πr ◦ i) is injective on the
tangent space TX/Zq,P , so πr ◦ i is étale at P .

Now let I = (F1, . . . , Fc) be an ideal of definition of i(X) ∩ U ⊂ U in an
affine open U of An

Zq
containing i(P ). Assume that we have access to a black-box

algorithm B that returns the value of the Fi(Q) for all Q ∈ U . Given any lift P̃ ′ of
P ′ = πr◦i(P ) to p-adic precision m, we can compute the unique lift i(P̃ ) of i(P ) such
that πr ◦ i(P̃ ) = P̃ ′ to p-adic precision k in O(log k) call to the black-box algorithm
B on points living in An

Zq
(Zq/p

kZq) along with linear algebra on (Zq/p
kZq)

n.

Example 2.12. Anticipating Section 3, we give two examples, related to elliptic
curves, where the lifts are naturally parametrized by a space of dimension 1.

(1) Let E : y2 = x3 + ax+ b be an elliptic curve over Fq, and j(E) its j-invariant.
The coarse moduli space of elliptic curves is isomorphic to A1, via the j-invariant,
so any j̃ ∈ Zq lifting j(E) is the j-invariant of an elliptic curve Ẽ/Zq lifting E.

Let A1 be the fine moduli space (over Fq) of elliptic curves as defined in
[Stacks, Tag 072K]. By definition, to give a map φ : S → A1 is the same as
giving an elliptic curve Eφ/S. Via this definition, the map Id : A1 → A1 defines
the universal elliptic curve X1/A1, where X1 (like A1) is an algebraic Deligne–
Mumford stack; any elliptic curve Eφ as above is then obtained as the pullback
of X1/A1 by φ. If j(E) ̸= 0, 1728, then, étale-locally above j̃, the universal
elliptic curve is given by a scheme which is smooth of relative dimension 1. In
other words, the Weierstraß coefficients ã, b̃ of the elliptic curves with Ẽ such
that j(Ẽ) = j̃ can be parametrized by a linear space of dimension 1: fixing any
of the two coefficients uniquely determines the other.

For curves with j-invariant j ∈ {0, 1728}, lifting curve coefficients requires
extra care, as these values of j correspond to stacky points in the fine moduli
space A1. While the universal elliptic curve is smooth of relative dimension 1
above A1, it is only represented by a scheme if we specify enough level structure
(i.e., twist information) to remove the ambiguity given by the extra auto-
morphisms at these j-invariants.

(2) Let Ẽ : y2 = x3 + ãx + b̃ be an elliptic curve over Zq. Then Ẽ is smooth of
relative dimension 1, and Ẽ is naturally embedded into P2

Zq
. If P ∈ Ẽ(Fq) is

a point, the lifts of P are parametrized by a linear space of dimension 1. For
instance, if y(P ) ̸= 0 (i.e., P /∈ Ẽ(Fq)[2]), the projection map (x, y) 7→ x is étale
at P . It follows that the lifts P̃ ∈ E of P are parametrized by their x-coordinate:
x(P̃ ) = x(P ) + px1 + p2x2 + O(p3). The y-coordinate of P̃ is then uniquely
determined by y(P ) and the curve equation.

Remark 2.13. Using the notation of Proposition 2.11, we observe the following:

(1) We can use the methods of Section 2.3 to compute the Jacobian matrix of the
generators of I at i(P ), provided we have the full set of polynomial constraints
locally at P (i.e., a basis of our ideal of equations I). This allows to check if φ
is smooth at P , and pick up our choice of coordinates for the projection.
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However, in practice, often we know from geometry that φ is smooth of
relative dimension r at P , but we do not know if we have a full set of constraints
(or we have a very large set of constraints that works generically, but we want a
smaller subset for our specific P for efficiency reasons.) In this case, it suffices
to add enough constraints until the Jacobian matrix has the correct rank n− r,
we then know that we have enough local equations around i(P ).

(2) Rather than directly embedding U → An, we can first look for an intermediate
embedding of Zq-schemes i : U → X ′, such that the structure morphism of X ′ is
smooth at i(P ), then embed i′ : X ′ → An. Then if we have black-box algorithms
for evaluating the equations of i′ and the equations defining i(U) inside X ′,
then we can apply the tools of Proposition 2.11 to compute the lifts of i(P )
that belong to i(U). This corresponds to the formulation of “lift constraints one
after another” of Algorithm 1.

As an example, to lift a point of n-torsion P ∈ E[n] of an elliptic curve, we
could either embed E[n] directly into affine space, or decompose this via the
natural embedding of E[n]→ E followed by the embedding of E into P2, and
solve first the lifting problem to E, using the algebraic constraint that P̃ should
be on the curve (as in the example above), and then to E[n] by adding a further
algebraic constraint that P̃ should be of n-torsion. The requirement of i being
an embedding can be weakened to i being unramified at P , since by [Stacks,
Tag 04HG] an unramified morphism is étale-locally an immersion.

(3) Our assumption that we have a map φ : X → SpecZq of schemes is more
general that what we need. Indeed, the scheme X, seen as a presheaf on
the category of affine schemes, has a well defined functor of points X(R) for
any ring R, but in our lifting problem we are only concerned with X(R) for
Artinian local Zq-algebras. The correct setting for this section would thus be
the context of smooth morphisms between deformation functors or deformation
categories, for which we refer to [Stacks, Tag 06G7]. A deformation category is
a predeformation category that satisfies the Rim-Schlessinger conditions [Stacks,
Tag 06J9]; this is enough to describe the lifts as a torsor under the tangent
space of the deformation category, see [Stacks, Tag 06JI].)

Remark 2.14. In this section we looked at the problem of lifting a point P ∈ X(Fq)

from characteristic p to a point P̃ ∈ X(Zq) of characteristic zero. A similar approach
would work to compute lifts/deformations of P to X(Fq[[ε]]) instead. We refer to
[KR24] for an algorithmic application.

3. Elliptic curves, endomorphisms, lifts

In this section, we fix notations and recall useful facts concerning elliptic curves
and their morphisms, and we discuss the theory of p-adic canonical lifting.

3.1. Elliptic curves and their endomorphisms. Let k be a field and a, b ∈ k
with 4a3 + 27b2 ̸= 0. We consider elliptic curves E = Ea,b in short Weierstraß form
over k, (we assume char(k) /∈ {2, 3} throughout).

Two elliptic curves E0 = Ea0,b0 and E1 = Ea1,b1 are isomorphic over k if
and only if there exists u ∈ k∗ with a0 = a1u

4, b0 = b1u
6, and in this case

(x, y) 7→ (x/u2, y/u3) is an isomorphism. They are isomorphic over the algebraic
closure of k if and only if they have the same j-invariant j(E0) = j(E1), with
j(Ea,b) = 4a3/(4a3 + 27b2).

For N ∈ Z≥1, the N -torsion subgroup E[N ] is the kernel of the scalar multi-
plication by N . We denote by ψa,b,N (x) = ψN (a, b, x) the N -division polynomial

9

https://stacks.math.columbia.edu/tag/04HG
https://stacks.math.columbia.edu/tag/06G7
https://stacks.math.columbia.edu/tag/06J9
https://stacks.math.columbia.edu/tag/06JI


on E = Ea,b, which has integer coefficients and is such that for P ∈ E, we have
P ∈ E[N ] is of N -torsion if and only if its x-coordinate x(P ) is a root of ψE,N .
Remark 3.1. In this paper we will also work with elliptic schemes over rings like
R = Zq or Zq/p

mZq. But if E → SpecZq is an elliptic scheme, it is proper smooth
(hence flat) over Zq, and E is the Néron model of its generic fiber EQq

. Hence we
can adapt the theory of elliptic curves over Qq to these rings.

Isogenies and endomorphisms. An isogeny φ : E0 → E1 is a rational map that sends
∞E0 to ∞E1 ; every isogeny is a homomorphism of abelian groups. We say an
isogeny is defined over a field k (resp. separable, resp. of degree d ∈ Z) if it is defined
over k (resp. separable, resp. of degree d) as a rational map. A separable isogeny is
uniquely determined by its kernel, up to post-composition with an isomorphism on
the codomain. Given a separable kernel kerφ = ⟨P ⟩ with ordP = N =

∏
i ℓi, the

isogeny φ splits as a chain φ = φn ◦ . . . ◦ φ1 with degφi = ℓi. If the degree is of the
form N = ℓn, we also refer to φ as an isogeny path in the ℓ-isogeny graph. Given
two curves E0, E1 whose j-invariants are respectively j0, j1, there exists an ℓ-isogeny
E0 → E1 if and only if Φℓ(j0, j1) = 0, where Φℓ is the ℓ-modular polynomial.

Given a curve E over k, the isogenies φ : E → E, together with the zero morphism,
form the endomorphism ring End(E). If char(k) = 0, then End(E) can be either
Z or an order in a quadratic imaginary number field. If char(k) = p > 0, then
End(E) is either an order in a quadratic imaginary number field (in this case E
is called ordinary) or a maximal order in the quaternion algebra Bp,∞ ramified
at p and ∞. In both cases, a nonscalar φ ∈ End(E)\Z is a quadratic imaginary
algebraic integer, i.e., it is a root of a quadratic polynomial x2− tx+d with negative
discriminant, where d = degφ and t = trφ are respectively the degree and trace of
the endomorphism.
Higher-dimensional isogenies. Principally polarized abelian varieties (PPAVs) are a
useful computational tool to represent elliptic curves isogenies whose degree can’t be
factored into small primes. We refer the reader to [Mil86] for the underlying theory
and [Rob24b] for the computational applications, and recall some relevant facts
here. A polarized N -isogeny of PPAVs Φ: (A, λA) → (B, λB) is an isogeny that
respects the principal polarizations and such that Φ ◦ Φ† is the multiplication-by-N
endomorphism on A, with Φ† = λ∨A ◦ Φ∨ ◦ λB .

Let, E0, E1 be two elliptic curves over k, and P = (P0, P1), Q = (Q0, Q1) be
points on (E0 × E1)[N ], with N ∈ Z≥1 that generate a maximal Weil-isotropic
subgroup, i.e., ⟨P,Q⟩ ∼= (Z/NZ)2 and eN (P,Q) = eN (P0, Q0) · eN (P1, Q1) = 1.
Setting kerΦ = ⟨P,Q⟩ uniquely determines a polarized N -isogeny Φ: E0 × E1 →
E2 × E3 up to post-composition with an isomorphism, provided the products of
elliptic curves are equipped with the product polarization. If N =

∏
i ℓi, the isogeny

Φ splits as a chain Φ = Ψn ◦ . . . ◦Ψ1 with Ψi an ℓi-isogeny, as in the 1-dimensional
case.

In dimension 2, let UA
11,11(z) be the level-(2, 2) even theta function, referred to as

θ1111 in [Igu62]. The constant χsplit(A) := UA
11,11(0) is a tool to recognize products

of elliptic curves: given a PPAV A, the constant χsplit(A) vanishes if and only if
A is a product E1 × E2 (i.e., the polarization of A is a product polarization) with
product theta structure.

3.2. Scaling factors. Let φ : E0 → E1 be an isogeny over k. As a rational map,
it can be written as φ(x, y) = (f(x), c yf ′(x)) for some f ∈ k(x), c ∈ k [Gal12,
Theorem 9.7.5]. The factor c, which we also denote by cφ, is the differential scaling
factor of φ [Gal12, § 9.7]. An isogeny φ is said to be normalized if its scaling factor
cφ is 1. Given an elliptic curve E over k, the map End(E)→ k defined by φ 7→ cφ
is a ring homomorphism.
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Retrieving the scaling factor from a given isogeny is immediate in some cases:
if η : E0 → E1, η(x, y) = (x/u2, y/u3) is an isomorphism, its scaling factor cη is u.
Secondly, by multiplicativity of scaling factors cφ1◦φ0 = cφ1 · cφ0 , the scaling factor
of an isogeny chain is the product of the scaling factor of its steps.

For a general isogeny φ, via a straightforward use of the formula φ(x, y) =
(f(x), c yf ′(x)), Algorithm 2 can efficiently compute the scaling factor cφ. We use
the well-known fact that for the “first-order thickening” S = k[[ε]]/(ε2) the Taylor
expansion f(x+ ε) = f(x) + f ′(x)ε holds for any f sufficiently regular, so f ′ can be
retrieved from an evaluation of f over S. We assume given a (black-box) algebraic
x-only evaluation algorithm evalφ, that takes input the x-coordinate of a point
Q ∈ E(S′) defined over any k-algebra S′ and outputs the x-coordinate of φ(P ).

Algorithm 2: Computing the scaling factor of an isogeny over k.
Input: An x-only evaluation algorithm evalφ of an k-isogeny φ : E0 → E1;

a point P = (x, y) ∈ E0 and its image P1 = φ(P ) = (x1, y1) under φ.
Output: The differential scaling factor cφ of φ.
S ← k[ε]/(ε2)

a+ εb← evalφ(x+ ε) ∈ S // a = f(x), b = f ′(x)

Return y1/(y · b) // (x1, y1) = (f(x), c yf ′(x)) = (a, cyb)

Remark 3.2. An x-only evaluation algorithm for φ only determines φ up to a sign,
i.e., up to post-composition with [±1], hence cφ up to a sign.

3.3. Lifts of endomorphisms. In this section, we use Serre and Tate’s theory of
canonical lifts, as extended by Grothendieck and Messing, to describe the problem
of p-adic lifting of isogenies and endomorphisms of elliptic curves.

We first show that the lift of an isogeny of degree prime to p is uniquely determined
by the choice of lift of its domain. Denote by A1 the moduli stack of elliptic curves
and, if Γ is a congruence subgroup, denote by A1(Γ) the moduli stack of elliptic
curves with Γ-level structure (cf. [DR72]). The stack A1(Γ

0(ℓ)) parametrizes pairs
(E,K) where K ⊂ E[ℓ] is a cyclic subgroup of order ℓ, and the forgetting map
A1(Γ

0(ℓ)) → A1 given by (E,K) 7→ E is étale over Z[1/ℓ]. As a consequence, if
Ẽ/Zq is an elliptic curve with reduction E over Fq, and φ : E → E′ is an ℓ-isogeny
over Fq with p ∤ ℓ, then φ lifts uniquely to an isogeny φ̃ : Ẽ → Ẽ′. We can compute φ̃
by lifting the points of the kernel of φ: since E[ℓ]/Zq is étale, the points of ℓ-torsion
of EFq

lift uniquely.
Now let γ : E → E be an endomorphism over Fq. If γ is of degree ℓ prime to p,

for every Ẽ/Zq that lifts E, then γ lifts to an isogeny γ̃ : Ẽ → Ẽ′, but in general Ẽ′

is not isomorphic to Ẽ. Only for an (essentially) unique choice of lift Ê over Zq the
domain and the codomain coincide, that is, γ lifts to an endomorphism γ̃ ∈ End(Ê)

provided suitable conditions on γ. We call such a lift Ê a γ-canonical lift of E.

Proposition 3.3 (Lifting endomorphisms). Let E/Fq be an elliptic curve and γ
be a non-scalar endomorphism over Fq of discriminant not divisible by p. There
exists a γ-canonical lift Êγ over Zq (resp. over Zq/p

k for k ∈ Z≥1) such that γ
lifts as an endomorphism to Êγ . This lift is unique up to a Zq-isomorphism (resp.
Zq/p

k-isomorphism) that reduces to the identity modulo p.
If E1, E2/Fq are two γ-oriented curves [Onu21], then lifting gives a canonical

bijection from the γ-oriented isogenies HomFq,Z[γ](E1, E2) between E1, E2 to the
Zq-isogenies HomZq

(Ê1,γ , Ê2,γ) between the respective γ-canonical lifts.
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We devote the rest of the section to proving Proposition 3.3, by recalling important
results in the theory of p-adic lifting of abelian schemes.

Theorem 3.4 (Serre–Tate, Grothendieck–Messing). Assume that p > 2. The
functor A/Zq 7→ (AFq

,Ω1
A/Zq

⊂ H1
dR(A/Zq)), which associates to an abelian

scheme A/Zq its special fiber A = AFq
and the Hodge filtration on H1

dR(A/Zq) ≃
H1

crys(A/Zq), is an equivalence of category with tuples (A/Fq,Fil) where Fil is a
direct summand lift of the Hodge-Filtration Ω1

A/Fq
⊂ H1

dR(A/Fq) ≃ H1
crys(A/Fq) to

H1
crys(A/Zq). The morphisms in the second category are given by the morphisms

φ : A/Fq → B/Fq such that the induced map on cohomology H1
crys(φ) : H

1
crys(B/Zq)

→ H1
crys(A/Zq) (a morphism of Zq{F, V }-modules, where Zq{F, V } is the Dieu-

donné ring) furthermore respects the given filtrations.

Proof. By standard inductive limit arguments and Grothendieck’s algebraization (see
also the proof of [Mes72, Theorem V.3.3]), it suffices to understand the deformations
(i.e., the lifts) of A/Fq to Zq/p

mZq. The theorem is obtained by combining the
theorem by Serre and Tate that encodes the deformations of an abelian variety
A/Fq in terms of the deformation of its p-divisible group A(p) [Kat06], along with
the theory by Grothendieck-Messing that encodes deformation of a p-divisible group
G in terms of admissible liftings of the Hodge filtration of its crystal D(G) [Mes72,
Theorem V.1.6]. We also use the fact that H1

crys(A/Zq) induces the crystal D(A(p))
associated to the p-divisible group A(p) of A, and that given any lift A/(Zq/p

mZq)
of A, the Hodge filtration on H1

dR(A/(Zq/p
mZq)) ≃ H1

crys(A/Zq) ⊗Zq Zq/p
mZq

gives an admissible lift of the Hodge filtration of D(A(p))Fq ≃ H1
dR(A/Fq) [BBM82,

Théorème 2.5.6, Propositions 2.5.8 and 3.3.7]. The restriction to p > 2 is needed
to ensure that the canonical divided power pn/n! be locally nilpotent. We refer to
Appendix B for more details. □

Remark 3.5. IfA,B are abelian schemes over Zq, the reduction map gives an injection
HomZq

(A,B) ⊂ HomFq
(A,B) where A = AFq

, B = BFq
. By Theorem 3.4, the image

of the reduction map is given by the morphisms φ : A→ B that respect the Hodge
filtration induced by A,B on H1

crys(A/Fq) and H1
crys(B/Fq) respectively. Using the

isomorphism HomFq (A,B)⊗Zp ≃ HomZq{F,V }(H
1
crys(B/Zq), H

1
crys(A/Zq)) given by

Tate’s theorem, we conclude that a morphism φ : A → B is completely determined
by its action on cohomology H1

crys(φ) : H
1
crys(B/Zq)→ H1

crys(A/Zq).

Proof of Proposition 3.3. As the discriminant ∆(γ) ̸= 0 (mod p) is nonzero, γ is
diagonalisable on H1

crys(E/Zq) with distinct eigenvalues modulo p. The associated
filtration Filγ lifts the one on H1

dR(E/Fq) since γ is an endomorphism over Fq. Thus,
Ẽ is the lift associated with this filtration as given by Theorem 3.4. Conversely,
since the eigenvalues are distinct, any filtration stable by γ has to be the one given
by the eigenvectors. From the proof of Theorem 3.4, we also get that ÊZq/pkZq

is
the unique γ-canonical lift modulo pk.

By Theorem 3.4, the isogenies Ê1,γ → Ê2,γ are precisely the (unique) lifts of the
isogenies φ : E1 → E2 such that H1

crys(φ) preserves the filtrations Filγ on Ei. Now
H1

crys(φ) preserves the filtrations if an only if it commutes with H1
crys(γ) and, by

Remark 3.5, this happens if and only if φ commutes with γ. □

Example 3.6 (Canonical lifts of an ordinary elliptic curve). If E/Fq is ordinary,
∆(πq) ̸= 0 (mod p) and there is a unique lift Ê/Zq where the Frobenius lifts as an
endomorphism, usually referred to as the canonical lift. Since the endomorphism
ring is commutative, all other endomorphisms respect the filtration induced by the
Frobenius on H1

crys(E/Zq) hence they all lift to Ê.
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We remark however that, though endomorphisms on E lifts uniquely to endo-
morphisms of Ê, they may not lift uniquely as isogenies if their degree is not
coprime with p. For instance, the Verschiebung endomorphism admits several lifts
as isogenies to Ê, only one of which is still an endomorphism (namely, the one
whose kernel is generated by the unramified points of q-torsion of Ê). The Frobenius
endomorphism πq, on the other hand, does lift uniquely even as an isogeny.

Remark 3.7 (Canonical lifts of an ordinary abelian variety). If A/Fq is ordinary, there
is a unique canonical lift Â/Zq such that the Frobenius πq lifts as an endomorphism.
The canonical lift Â/Zq can also be characterized as the unique lift such that the
reduction map EndZq

(Â)→ EndFq
(A) is bijective, or also as the unique lift such that

the small Frobenius πp : A→ A(p) lifts to an isogeny Â→ Âσ (or the same thing
for an iterate of the small Frobenius or Verschiebung). If Â, B̂/Zq are canonical lifts
of A,B/Fq, the reduction map HomZq

(Â, B̂)→ HomFq
(A,B) is bijective. We refer

to [Mes72, Appendix] for more details.

4. Efficient representations of isogenies

In this section, we review some widely used forms of efficient representations of
isogenies, and we describe how to lift a given isogeny over Fq, with q = pm, to the
ring Zq (we will always assume the degree of φ to be coprime to p). Throughout the
section, we will use Notation 2.1 to describe the cost of arithmetic over Zq/p

kZq.

Definition 4.1. Let φ : E → E′ be an isogeny between elliptic curves over a
field k. An efficient representation of φ is given by its “data” D ∈ {0, 1}s, usually
encoding a tuple of elements of k, together with three algorithms which are assumed
to be polynomial-time (in the size of the input):

• domainφ takes D and outputs the domain curve E.

• codomainφ takes D and outputs the codomain curve E′.

• evalφ takes D and some point P ∈ E(R), where R is a k-algebra, and
outputs the image point φ(P ) ∈ E(R).

4.1. Lifting a path of j-invariants. Suppose given an isogeny φ of composite
degree N =

∏
i ℓi. To describe it efficiently, it is convenient to split it as a chain

E0 E1 . . . Er−1 Er
φ1

φ

φ2 φr−1 φr

where the isogeny step φi has degree ℓi. Via the ℓ-modular polynomial, the existence
of an ℓ-isogeny between two curves can be encoded as a polynomial relation between
the j-invariants of the two curves. Through this idea (already appeared in [VPV01]
for Satoh’s point counting algorithm) we can encode isogenies as solutions of
polynomial systems, which allows us to compute their lifts via Hensel lifting.

Lemma 4.2. Suppose given a tuple D = (j0, . . . , jn) +O(pk) ∈ Zn+1
q that satisfies

the polynomial constraints:

Φℓi(ji−1, ji) ∈ O(pk) i = 1, . . . , n

where Φℓi is the ℓith classical modular polynomial.
For every elliptic curve E0/Fq with j(E0) ≡ j0 (mod p), the tuple D defines an

isogeny chain φ : E0
φ1−→ E1

φ2−→ . . .
φn−−→ En, with j(Ei) ≡ ji (mod p) for all i.

If the tuple also satisfies the additional constraint

jn − j0 ∈ O(pk) ,
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then D defines an endomorphism φ ∈ End(E0) over Fq.
Suppose that for all i, the isogeny φi is the only ℓi-isogeny from Ei−1 to Ei up to

post-composition with automorphisms of Ei. Then, letting ℓ = maxi deg(φi) < p, we
can compute a lift D = (j0, . . . , jn) of D in Õ(ℓ2n)M2k bit operations.

Proof. The first part of the claim stems from the classical theory of modular
curves over a field. Let F = (F1, . . . , Fn) with Fi(j0, . . . , jn) = Φℓi(ji−1, ji). The
uniqueness condition on φi ensures ∂jiF (D) ̸= 0 (mod p), so the Jacobian matrix
DF (D) has full rank modulo p. We also observe that this Jacobian matrix is a
sparse matrix (banded with only 2 nonzero diagonals, except possibly the last row).

To compute the lift, we apply Proposition 2.5. Note that that each polynomial
constraint depends at most m = 2 variables, and the complexity of evaluation of a
modular polynomial of degree ℓ is Õ(ℓ2); finally, because of the sparsity pattern of
DF (D), solving the relative linear system in precision k costs O(n)Mk. □

A path of j-invariants as above is technically not enough to be an unambiguous
efficient representation: we must also specify a domain curve E0 with the given
j-invariant j0 (or an algorithm to produce E0 from j0), which is what we do next.

4.2. Lifting an isogeny step. Given a cyclic isogeny φ : E0 → E1 of small (typi-
cally prime) degree ℓ, several algorithms in the literature allow us to get an efficient
representation of φ from the domain E0 and a single extra parameter x. All common
such representations can be encoded as solutions of an algebraic (hence analytic)
constraint system, hence they’re suited for Hensel lifting.

Vélu,
√

élu. Vélu’s formulas [Vél71] and the
√

élu algorithm [BDLS20] can be used
to represent a (separable) isogeny of (typically) prime degree ℓ by a single point of
order ℓ that generates the kernel. Such representations can be chained: suppose
given a chain φ : E0

φ1−→ E1
φ2−→ . . .

φn−−→ En of Vélu or
√

élu isogenies φi, with
each individual prime-degree step φi having small degree ℓi, often assumed to be
polynomial in log(degφ). Whenever N = degφ is a smooth integer, we get an
efficient representation for φ. The data D is given by a tuple of field elements
(a0, b0, x1, ..., xr) ∈ kr+2 such that a0, b0 are the short Weierstraß coefficients of E0,
and each kerφi is generated by a point on Ei−1 with x-coordinate xi.

Lemma 4.3 ([Vél71; BDLS20]). Fix ℓ ∈ Z≥1 with p ∤ ℓ and let φ : E0 → E1 be a
normalized cyclic isogeny over k with kernel kerφ = ⟨P ⟩, P ∈ E0[ℓ]. Vélu’s formulas
(resp. the

√
élu algorithm) are algebraic algorithms that compute the Weierstraß

coefficients of E1 as a rational map (a(E1), b(E1)) = Vélu(a(E0), b(E0), x(P )) in
O(ℓ) (resp. Õ(

√
ℓ)) arithmetic operations over k.

Lemma 4.4. Fix ℓ ∈ Z≥1 with p ∤ ℓ. Let D = (a0, b0, x1, a1, b1) +O(pk) ∈ Z5
q with

4a3i + 27b
2

i ̸= 0 (mod p), i = 0, 1 satisfy the following rational constraints:

(1)

{
ψℓ(a0, b0, x1) ∈ O(pk)

(a1, b1)− Vélu(a0, b0, x1) ∈ O(pk)

This tuple defines an ℓ-isogeny φ : E0 → E1 defined over Zq/p
kZq. For every lift

(a0, b0) +O(p2k), using Vélu’s formulas (resp. the
√

élu algorithm), there exists a
lift (a0, b0, x1, a1, b1) +O(p2k) that satisfies the constraints in precision 2k. We can
compute this lift in O(ℓ)M2k (resp. Õ(

√
ℓ)M2k) bit operations.
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Proof. The Jacobian matrix of the above constraints is of the form∗ ∗ ∂x1
ψℓ(a0, b0, x1)

∗ ∗ 0 1
∗ ∗ ∗ 0 1


where ∂x1

ψℓ(a0, b0, x1) = ψ′
ℓ,a0,b0

(x1) ̸= 0 (mod pk) is nonzero since a division
polynomial with p ∤ ℓ is separable. We use Algorithm 1, noting that the pivots of
DF (D) correspond to variables x1, a1, b1, and see that the solution set is parametrized
by the lifts of a0, b0. □

The BMSS algorithm. While Vélu and
√

élu compute an isogeny from the domain
curve and a kernel point, an isogeny can also be computed from the data of the
domain curve and the j-invariant of the codomain.

More precisely, given an elliptic curve E0 = Ea0,b0 over Zq/p
kZq and the

j-invariant of a curve ℓ-isogenous to E0, the algebraic algorithm from [BMSS08]
can compute the codomain E1 of a normalized ℓ-isogeny φ : E0 → E1 provided
{j(E0), j(E1)} ∩ {0, 1728} = ∅. We denote by (a1, b1) = BMSS(a0, b0, j1) the
resulting algorithm, which runs in Õ(ℓ)Mk bit operations.

The following lemma shows how to lift the representation of an ℓ-isogeny using
this algorithm, and can be proved analogously to Lemma 4.4.

Lemma 4.5. Fix ℓ ∈ Z≥1 with p ∤ ℓ. Let (a0, b0, j1, a1, b1) + O(pk) ∈ Z5
q with

j(ai, bi) mod p /∈ {0, 1728}, i = 0, 1 satisfy the following rational constraints:{
j1 − j(a1, b1) ∈ O(pk)

(a1, b1)− BMSS(a0, b0, j1) ∈ O(pk)

This tuple defines an ℓ-isogeny φ : E0 → E1 defined over Zq/p
kZq. For every

lift (a0, b0) +O(p2k), there exists a lift (a0, b0, j1, a1, b1) +O(p2k) that satisfies the
constraints in precision 2k. We can compute this lift in Õ(ℓ)M2k bit operations.

Radical isogenies. Radical isogenies, introduced in [CDV20], provide a different
algorithm to parametrize ℓ-isogenies outgoing from a given curve, not via their
kernel point but via a choice of ℓth root. In this case, a curve E is described in Tate
normal form E : y2 + (1− c)xy − by = x3 − bx2, so that the point P = (0, 0) is of
order ℓ.3Suppose given coefficients (b0, c0) defining a curve E0, and α an ℓth root of
ρ = fℓ,P (−P ), where fℓ,P is a Miller function for P . The tuple (b, c, α) defines an
ℓ-isogeny φ : E0 → E1 to another curve in Tate normal form, and the coefficients of
E1 are algebraic expressions (b1, c1) = RadIsog(b, c, α). For ℓ ≤ 13, these expressions
are more efficient to compute than the other representations mentioned above. We
can use Hensel lifting once again to compute p-adic lifts of radical isogenies.

Lemma 4.6. Fix a prime ℓ ≤ 13, ℓ ≠ p. Suppose given D = (b0, c0, α1, b1, c1) +
O(pk) ∈ Z5

q, where (bi, ci) define a curve Ei in Tate normal form with Pi = (0, 0) ∈
Ei[ℓ] of order ℓ, for i = 0, 1. Assume D satisfies the following rational constraints:{

αn
0 − tN (P0,−P0) ∈ O(pk)

(b1, c1)− RadIsog(b0, c0, α1) ∈ O(pk)

This tuple defines an ℓ-isogeny φ : E0 → E1 defined over Zq/p
kZq. For every

lift (b0, c0) +O(p2k), there exists a lift (b0, c0, j1, b1, c1) +O(p2k) that satisfies the
constraints in precision 2k, thus defines a radical isogeny lifting the given one.

3However, we present in Appendix A.1 formulas to compute radical 2-isogenies on curves in
Montgomery form.
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4.3. Lifting isogeny and endomorphism chains. Once we know how to lift a
small-degree isogeny, we show how to lift isogenies and endomorphisms that can be
factored into a chain of small-degree isogenies (possibly including isomorphisms). We
show how to do that in the case of Vélu steps, but remark that the same algorithms
can be used to lift chains of

√
élu, BMSS, radical-isogeny steps.

Lifting an isogeny chain is immediate from the lifting of a single steps. From the
repeated application of Lemma 4.4, we get the following

Corollary 4.7. Let φ be the composition E0
φ1−→ E1

φ2−→ . . .
φn−−→ En, let ai, bi be

the Weierstraß coefficients of Ei and xi = x(Pi) where Pi ∈ Ei[ℓi] is a generator of
kerφi. Let ℓ = maxi ℓi.

Suppose given a tuple D = (a0, b0, x1, a1, b1, . . . , xn, an, bn) +O(pk) such that the
elements (ai−1, bi−1, xi, ai, bi) are a solution of (1) for all i = 1, . . . , n. For all lifts
(a0, b0) +O(p2k) of (a0, b0), we can compute a lift D +O(p2k) of D satisfying the
system in precision 2k, using O(nℓ)M2k bit operations.

To lift an endomorphism, we need extra data: introducing a variable u representing
an isomorphism factor, we add constraints to ensure that the last step of the chain
is isomorphic to the domain.

Proposition 4.8. We follow the notation of Corollary 4.7. Suppose given a tuple
D = (a0, b0, x1, . . . , an, bn, u) satisfying

Ydivpoly,i : ψai,bi,ℓi
(xi) ∈ O(pk) i = 1, . . . , n

YVélu,i : (ai, bi)− Vélu(ai−1, bi−1, xi) ∈ O(pk) i = 1, . . . , n

Yendo : (an − a0 · u4, bn − b0 · u6) ∈ O(pk).

This tuple defines an endomorphism φ = η ◦ φn ◦ . . . ◦ φ1 over Zq/p
kZq of degree

N =
∏

i ℓi, factored as a chain of normalized Vélu isogenies followed by a Weierstraß
isomorphism η : En → E0 with isomorphism factor u. Assume that φ does not reduce
to a scalar endomorphism modulo p.

Set ℓ = maxi ℓi assume p ∤ ℓ. For all lifts a0 + O(p2k) (resp. lifts b0 + O(p2k),
if j(E0) ≡ 0 (mod p)) we can compute a tuple (a0, b0, . . . , an, bn, u) satisfying the
system in precision 2k, using O(nℓ)M2k bit operations.

Proof. The division polynomial constraints ensure that xi defines a point of order
ℓi on the curve Ei, hence a separable ℓi isogeny. The last (2-dimensional) constraint
Yendo = (Ya, Yb) ensures the codomain of this isogeny is isomorphic to the domain
curve, hence the isogeny is actually an endomorphism.

We must prove that the Jacobian matrix DF (D) of the evaluation function
F at the given tuple is full-rank modulo p. First, if a0 ̸= 0 (mod p), the par-
tial derivative ∂uYa(D) is nonzero, since the isomorphism factor u is always non-
zero. Otherwise b0 mod p is nonzero, so ∂uYb(D) ̸= 0 (mod p). We prove for
simplicity the case a /∈ O(p); for the other case, replace Ya with Yb. Proceeding
as in the proof of Lemma 4.4, we see that the rows relatives to the constraints
(Ydivpoly,1, YVélu,1, . . . , Ydivpoly,n, YVélu,n, Ya) are linearly independent, since the top-
right (3n+1)-by-(3n+1) submatrix of DF (D) is triangular with nonzero diagonal.
We’re left to prove that the last constraint is independent of the others. Suppose
not. Since a lift of φ must exist, the system (†) has solution, and the set of solutions
is parametrized by the (arbitrary) lifts of a0, b0. If Yb were lineary dependent
with the previous constraints, having free choice on the lifts a0, b0 would yield at
least two non-isomorphic endomorphisms that lift of (E0, φ0), which contradicts
Proposition 3.3.

16



To evaluate the complexity of lifting, we use Proposition 2.5. In precision 2k, the
cost of evaluating Ydivpoly,i is O(log ℓ)M2k, the cost of YVélu,i is O(ℓ)M2k and the
endomorphism constraints take O(1)M2k, for a total evaluation cost of O(nℓ)M2k

bit operations. Since the Jacobian matrix DF (D) is a sparse matrix (banded with
only 6 nonzero diagonals, except the last row), the relative linear system (†) can be
solved in O(n)Mk. □

Remark 4.9. We remark a substantial difference in the above two statements. In
the first, we see that for a general isogeny φ : E0 → E1, any arbitrary lift E0 of the
domain defines a valid lift φ : E0 → E1. In the case of endomorphisms, however, the
lift is unique, as we know from Proposition 3.3. More precisely, given a separable
φ ∈ End(E0), for every E0 lifting E0 there is a lift φ : E0 → E′

0 as an isogeny, where
E′

0 lifts of E0 as well, but for only one E0 (up to isomorphism) we have E′
0
∼= E0.

Remark 4.10. In this paper, we focus on p ≥ 5, where it is always possible to
consider all curves to be defined in short Weierstraß form. The algorithms we
present generalize to curves of arbitrary shape, as long as one replaces (a0, b0) with
the tuple of relevant coefficients.

Remark 4.11. This section represents Vélu isogeny chains of degree ℓn with the
kernel points of each step of the chain. It is possible to represent chains with
a single kernel point P ∈ E0[ℓ

n] generating the kernel, the resulting algorithm
is slightly less efficient, since x1, . . . , xn must be recovered from P via repeated
doubling and isogeny evaluations [DJP14, § 4.2.2]. Therefore, instead of lifting a
representation from a single kernel point (exactly as in Equation (1)), it is faster
to first transform the representation (E0, P ) into a chain (E0, x1, . . . , xn) in low
precision, then perform the lifting.

4.4. Lifting HD representations. Suppose given a separable isogeny φ : E → E′

over Fq of odd degree d, not necessarily polynomially smooth in log(qd). Though φ
cannot in general be split into a chain of small-degree factors, [Rob22a] describe a
way to “embed” φ as a component of a N -isogeny (of principally polarized abelian
varieties) between products of elliptic curves, where N is polylog(qd)-smooth. The
dimension of the abelian varieties involved is r ∈ 2, 4, 8. We consider here for
simplicity the 2-dimensional case with N = 2n.

Lemma 4.12. Fix N = 2n for some n ∈ Z≥0. Suppose given elliptic curves
E0, E1 over R = Zq/p

kZq, let (ai, bi) denote the short Weierstraß coefficients of Ei

for i = 0, 1, and let (P0, P1), (Q0, Q1) be points on (E0×E1)(R)[N ] such that the
subgroup K = ⟨[4](P0, P1), [4](Q0, Q1)⟩ is maximally isotropic. Let Φ: E0×E1 → A
be the polarized N -isogeny defined by kerΦ = K and R = (R0, R1) ∈ (E0×E1)(R) a
point with U11,11(Φ(R)) ̸= 0 (mod p). Using O(n log n)Mk bit operations, on input
((ai, bi, xPi , xQi , xRi)i=0,1), we can compute a theta structure A for the codomain of
Φ, the splitting constant χsplit(A) and, in case χsplit(A) = 0, compute E2 (and E3).
All the algorithms are algebraic in the coordinates of the input.

Proof. We refer to [DMPR24, § 4.1] for the details of computation. We remark that,
if A ∼= E2 × E3 is isomorphic to a product, there is a linear change of coordinates
with coefficients in Z, computable from the reduction of A modulo p, that maps A
to the product structure E2 × E3. To compute the splitting constant, [DMPR24]
computes (χsplit(A))

2 = U11,11(0)
2, but we need the non-squared value for our

purposes. To compute it, we can use the duplication formula [Rob21, Eq. (2.9)] with
x̃ = R, ỹ = 0 to get θA11,11(0), using the fact that θA11,11(R) is invertible. □

In the following, we denote by split((ai, bi, xPi
, xQi

)i=0,1) the algorithm to com-
pute the splitting constant as above, where we treat xR as a constant, fixed at the
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beginning depending on the input curves and kernel modulo p (see Remark 2.7).
Similarly, we denote by HDcodom1((ai, bi, xPi

, xQi
)i=0,1)) the algorithm to compute

the first factor of the codomain, as given by the lemma.
The lemma above states that a two-dimensional isogeny Φ: E0 × E1 → E2 × E3

between two elliptic products yields an efficient representation of the one-dimensional
isogeny φ : E0 → E2 given by the composition E0 ↪→ E0 × E1

Φ−→ E2 × E3 ↠ E2.
We show how to lift this representation when E0 = E2, i.e., when φ ∈ End(E0).

Proposition 4.13. Let D be a tuple (ai, bi, xPi , xQi , u)i=0,1 ∈ Z9
q satisfying

(ψ2n+2(ai, bi, xPi
), ψ2n+2(ai, bi, xQi

)) ∈ O(pk) i = 0, 1

split((ai, bi, xPi , xQi)i∈{0,1}) ∈ O(pk)

HDcodom1((ai, bi, xPi , xQi)i∈{0,1})− (a0u
4, b0u

6) ∈ O(pk)

The tuple D defines a two-dimensional 2n-isogeny Φ: E0 ×E1 → E0 ×E3 over
Zq/p

kZq. For all lifts a0 +O(p2k) (resp. for all lifts b0 +O(p2k), if a0 ∈ O(p)) and
of a1 +O(p2k) (resp. b1, if a1 ∈ O(p)) we can compute a tuple D lifting D satisfying
the system in precision 2k, using O(n log n)M2k bit operations.

We remark that the lifting approach is the p-adic analogue of what [KR24] does
over Fq[ε]/(ε

2), see also Remark 2.14.

Proof. In the constraint system, the division polynomial constraints make sure
(xPi

, xQi
) define points Pi, Qi on Ei of order 2n+2. Write P ′

i = [4]Pi, Q′
i = [4]Qi.

As by assumption the points (P ′
0, P

′
1), (Q

′
0, Q

′
1) generate an isotropic subgroup

when reduced to lower precision, the lifted points themselves also generate an
isotropic subgroup. Indeed, the pairing e2n((P

′
0, P

′
1), (Q

′
0, Q

′
1)) must be a lift of

e = e2n([4](P 0, P 1), [4](Q0, Q1)) = 1, but also a lift of e as a root of f(x) = x2
n − 1

since Weil pairings are always 2nth roots of unity. Since the polynomial f(x) is
separable, the root 1 has a unique lift, namely 1 itself. The splitting constraint
makes sure that the isogeny Φ lands on a product. Finally, the last constraint
ensures that the one-dimensional isogeny embedded as a component of Φ is an
endomorphism.

We show that the Jacobian matrix DF (D) of the constraint function F has full
rank modulo p. First, by similar arguments as in the proof of Lemma 4.4 invoking
separability of ψ2n , we observe the top-right 4-by-4 submatrix is triangular with
nonzero diagonal elements. The splitting constraint must have nonzero partial
derivative modulo p with respect to one between a1 and b1 (depending on which
one is nonzero modulo p). If not, in precision 2k there would be an E0 and at
least two non-isomorphic choices of E1, that admit a separable d(2n − d)-isogeny
E0 → E1 lifting the isogeny diamond that we’re given in precision p. This contradicts
the fact that lifts of separable isogenies are unique once the domain and a kernel
generator are fixed, as shown in Lemma 4.4. To show that the differential of the
endomorphism constraint is linearly independent from the rest of the Jacobian
matrix when evaluated at the given tuple D modulo p, we invoke the uniqueness of
lifts of endomorphisms as in the proof of Proposition 4.8.

The complexity of the constraint system amounts to four evaluations of division
polynomials of degree 2n, which costs O(n)M2k bit operations, and the evaluation
of the splitting character, as well as the codomain algorithm, both of which have
complexity O(n log n)M2k. Having a constant number of variables, the complexity
of the linear algebra step is negligible here. □

Remark 4.14. The same observations as for 1-dimensional chains apply here: if
Φ is a general isogeny that doesn’t have to be an endomorphism, every choice of
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lift of E0, E3 uniquely determines a lift of Φ. Via small edits, the theorem can be
generalized to polylog-smooth polarized degree N (not of the form 2n). Instead of
two kernel generators on E0×E3, we can shave a factor log logN off the complexity
of lifting if we represent the 2D isogeny as a chain and save the kernel points of each
step, although this adds complications since the intermediate steps here are non-split
theta structures, therefore the classical algorithms we use on elliptic curves (e.g.,
evaluating division polynomials to test point orders) are nontrivial to generalize.
Finally, the above lifting algorithm (presented on 2D representations for simplicity)
can be generalized to 4D and 8D representations using the same techniques.

5. Computing the trace of an endomorphism

We now turn to the problem of computing the trace of an Fq-endomorphism
φ : E → E via gradual p-adic lifting. Our approach is inspired by [MPSW25]. It is
based on the observation that the differential scaling factor cφ of an endomorphism
φ ∈ End(E) is itself a root of the characteristic polynomial of φ and the trace tr(φ)
is easily computable from cφ. Being a coefficient of this characteristic polynomial,
the trace of an endomorphism over a ring R lies on the image of Z in R. If (E,φ) is
defined over Fq, then trφ is an integer modulo the characteristic p of Fq. If instead
we first lift the endomorphism to characteristic 0, the same observation yields the
full trace as an integer.

Proposition 5.1. Consider an efficient representation of a nonscalar separable
endomorphism φ ∈ End(E)\Z defined over Fq with q = pm, described as a zero of
an efficiently evaluatable analytic function F : Zin

q → Zout
q . Let k = ⌈logp(4

√
degφ)⌉.

Then Algorithm 3 computes the trace tr(φ) ∈ Z using O(log2(k)) calls4 to Algorithm 1
(to construct a lifted endomorphism φ in precision k), followed by one call to
Algorithm 2 (to recover the scaling factor of φ).

Proof. We first prove that Algorithm 3 is correct. Let (E,φ) be the lift over Zq/p
kZq

computed by Algorithm 3, and let (Ẽ, φ̃) be a lift over Zq. Since reduction modulo p
is a ring homomorphism, both φ and φ̃ satisfy the quadratic equation x2 − tx+ d = 0
given by the characteristic polynomial of φ; in particular, they have the same trace
t ∈ Z. Similarly, the map φ 7→ cφ is a ring homomorphism End(E)→ Zq/p

kZq, so
the scaling factor cφ ̸= 0 ∈ Zq/p

kZq is a root of x2 + (t mod pk) + (d mod pk). In
particular, we have cφ+d/cφ ≡ t ∈ Z/pkZ. Finally, Hasse’s theorem gives the bound
|t| ≤ 2

√
d < pk/2. Thus, t equals the representative of cφ + d/cφ mod pk centered

around 0, i.e., the unique representative in the integer interval Z∩ [−pk/2, pk/2]. □

The following corollary gives the complexity of trace computation for the case
of a smooth-degree endomorphism represented as a chain of small-degree isogenies,
and for the case of HD representations.

Corollary 5.2. Let φ ∈ End(E0)\Z be a separable endomorphism defined over Fq.
Let k = ⌈logp(4

√
degφ)⌉.

(1) Suppose that degφ =
∏n

i ℓi, ℓ = maxi ℓi, and that we’re given an efficient
representation of φ as a chain φ = η ◦ φn ◦ · · · ◦ φ1, with φi an ℓi-isogeny
computed via Vélu’s formulas (resp.

√
élu) and η an isomorphism. Then we can

compute tr(φ) using O(nℓ)Mk) (resp. nÕ(
√
ℓ)Mk) bit operations. If ℓ ∈ O(1),

this cost simplifies to Õ(n2 logp q + n log q).

4As noted in Corollary 2.6, the last lifting from precision ⌈k/2⌉ to k dominates the cost.
19



Algorithm 3: Computing the trace of a separable finite-field endomorphism.

Input: An efficient representation Aφ of φ ∈ End(E) over Fq given as a zero
of a constraint system over Zq in precision 1; and d = degφ ∈ Z.

Output: tr(φ) ∈ Z.
k ← ⌈logp(4

√
degφ)⌉.

For i from 1 to ⌈log2(k)⌉ − 1 do
Lift Aφ from precision 2i−1 to precision 2i // Algorithm 1

Lift Aφ from precision ⌈k/2⌉ to precision k. // Algorithm 1

// now Aφ satisfies the constraints in precision k

(E,φ) over Zq/p
k ← compute representation from Aφ

Compute scaling factor cφ ∈ Zq/p
k from (E,φ) // Algorithm 2

t← cφ + d/cφ ∈ Z/pk
Return the representative of t in Z ∩ [−pk/2, pk/2].

(2) Suppose given an HD representation of φ embedded into a 2n-isogeny in dimen-
sion r ∈ {2, 4, 8}. Then we can compute tr(φ) using O(n log n)Mk bit operations.
As above, this cost simplifies to Õ(n2 logp q + n log q).

Proof. In the case of a chain, Proposition 4.8 and Corollary 2.6 show that the
complexity of lifting φ to precision k is O(nℓ)Mk (resp. nÕ(

√
ℓ)Mk with

√
élu). To

find the scaling factor, applying Algorithm 2 amounts to evaluating the isogeny over
S = R[ε]/(ε2), with R = Zq/p

kZq; the cost of arithmetic over S is the same as in
Zq/p

2kZq, that is, M2k ≲ 4 ·Mk, therefore Algorithm 2 has the same asymptotic cost
as lifting. We remark that, if the isogeny steps computed via Vélu are normalized
(or more generally, if their scaling factors over Zq can be freely chosen as arbitrary
lifts of those over Fq; see Remark 2.7), then Algorithm 2 is not needed. Indeed,
since composition multiplies scaling factors, the scaling factor of the chain is the
product of

∏
i cφi

with the scaling factor u of the last isomorphism; note that u is
explicit in the representation as part of η.

If ℓ ∈ O(1), from degφ ≤ ℓn we get k ∈ O(n log ℓ/log p). Substituting the cost of
arithmetic Mk ∈ Õ(k log q) into the cost O(nℓ)Mk yields Õ(n2 logp q + n log q).

In the case of a HD representation, lifting costs O(n log n)Mk by Proposition 4.13;
repeating the above reasoning, Algorithm 2 costs O(n log n)Mk bit operations too.
As degφ ≤ 2n, we see as above that the cost simplifies to Õ(n2 logp q + n log q). □

Remark 5.3. It seems tempting, but equally difficult, to adapt the methods outlined
in this section to point counting, i.e., to computing the trace of Frobenius. For
example, given the (inseparable) Frobenius endomorphism π ∈ End(E), lifting a
separable endomorphism γ encoding π, such as γ = π−1, would allow us to compute
tr(γ) and thus tr(π) = tr(γ) + 2. However, the first step of this strategy would be
to construct a liftable representation for γ, which seems impossible without already
solving the point-counting problem in the process: Indeed, knowledge of the degree
of γ is equivalent to knowledge of trπ.

An alternative approach would be to compute a lift of the separable Verschiebung
isogeny π̂p (the Verschiebung is separable, but of degree p, so we need to be a bit
careful when lifting it). We can represent π̂p from its kernel polynomial h, using
Vélu’s formula, but this cost O(p). Also, computing h is not obvious: it can be
recovered from the division polynomial ψp, but computing ψp costs O(p2). (In
[MRS25] an alternative method is given which is quasi-linear: Õ(p) arithmetic
operations.)
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A better idea is to compute an HD representation of π̂p, this can be done in
polynomial time in log p. However, this involves the computation of πp on enough
small torsion points, so this initial step is already essentially Schoof’s algorithm. In
particular, it already gives the trace of πp modulo p.

If q = p, we obtain the full trace, and there is no need to apply the implicit lifting
method to π̂p. But if q = pn for a large n, implicit lifting of the Verschiebung works
and yield substantial improvements to Satoh’s point-counting algorithm. We refer
to [MRS25] for the resulting point counting algorithm when π̂p is computed via
Vélu’s formula from its kernel polynomial, and to [Rob22b, § 5] for a sketch of the
algorithm when using an HD representation of π̂p.

Remark 5.4. The algorithm from [MPSW25] can be seen as adapting the SEA
algorithm, which computes the trace of the Frobenius, to the computation of the
trace of an arbitrary morphism. Our algorithm follows a similar approach, except
that it adapts Satoh’s algorithm. A similar method should work to adapt Kedlaya’s
algorithm [Ked01], and Harvey’s variant [Har07].

5.1. Implementation & experiments. Our lifting algorithms were implemented
in SageMath 10.8 for Vélu isogeny chains and HD-embedded endomorphisms. The
software is available at:

https://gitlab.inria.fr/isogenies/lifting_traces

For comparability with prior work, we approximately replicated the benchmarking
strategy employed in [MPSW25]: By means of the Deuring correspondence, we
generated a number of Vélu 2-isogeny chains over Fp2 of length approximately
4 log2(p) for various random choices p for a given bit length. We then applied
both the trace-computation function of [MPSW25] and our own implementation to
those endomorphisms. For this particular size imbalance (≈ 4) between degree and
characteristic, our implementation consistently outperforms [MPSW25]; see Table 1,
with apparently superior asymptotic scaling, as predicted by theory. However, note
that the difference diminishes when smaller size imbalances are considered; for
instance, for endomorphism degrees ≤ p2/16 the required precision k is just 1, so
computing the trace modulo p alone already suffices (in both algorithms).

Table 1. Example timings (in wall-clock seconds) for computing
the trace of a separable endomorphism of degree 2L ≈ p4 defined
over Fp2 . (Using SageMath 10.8 on a single Intel “Alder Lake” core
running at 2.1 GHz.)

≈ log2(p) 16 24 32 40 48

[MPSW25] 1.9 3.2 9.5 16.4 33.1
This work 0.7 1.2 2.0 2.9 4.3
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Appendix A. Other isogeny representations

In Section 4 we saw different representations of chains of isogenies: via their
kernels, generators of their kernels, via j-invariants and modular polynomials, via
radical isogenies, or via the HD representation.

Then in Section 5 we saw how to recover the trace by computing the action on
differentials, which can be done by any evaluation algorithm applied to a suitable
infinitesimal point.

In this appendix, we explore an alternative approach, which relies on using
modular forms. Although this is a classical topic, to the best of our knowledge
Appendix A.4 explains for the first time how to combine radical isogenies with
modular forms.

A.1. Modular invariants and radical isogenies. In this section, we expand on
Section 4.1 on the use of modular invariants (respectively, sequences of modular
invariants) to represent an isogeny (resp. isogeny chains).

Using j-invariants. As mentioned in Section 4.1, an ℓ-isogeny φ : E1 → E2 is
uniquely determined by specifying just ℓ along with the j-invariants j(E1), j(E2)
of the domain and codomain elliptic curves, as long as the modular polynomial Φℓ

is smooth at j(E1), j(E2) and the j-invariants are different from 0, 1728. Indeed,
under these conditions we can set up from j(E1), j(E2) a differential equation that
allows us to reconstruct the isogeny φ. This idea is due to Elkies [Elk92], and was
exploited by [BMSS08] for fast isogeny computation algorithms.

Geometrically, the isogeny φ : E1 → E2 is encoded by the associated moduli point
(E1, kerφ) in the algebraic stack A1(Γ

0(ℓ)) (see Example 2.12). There is an étale
modular correspondence A1(Γ

0(ℓ)) → A1 × A1, (E1, kerφ) 7→ (E1, E1/ kerφ) over
Z[1/ℓ], which induces a modular correspondence Ψℓ : A1(Γ

0(ℓ))→ A1×A1 ≃ A1×A1

at the level of the coarse moduli space. (Furthermore, if j(Ei) ̸= 0, 1728, the modular
correspondence is strongly étale by the same argument as in [KPR25, § 4.2], so
it suffices to look at the coarse modular correspondence.) The fact that φ can
be recovered from the j-invariants is due to the fact that zeroes of the modular
polynomial Φℓ(X,Y ) describe the image of this modular correspondence. Indeed,
whenever (j(E1), j(E2)) is a smooth point of the curve defined by Φℓ, then Ψℓ is a
local isomorphism around this point.

Radical isogenies. The arguments above can be extended beyond Φℓ to different
modular polynomials stemming from different modular invariants, possibly with an
extra level structure. Radical isogenies, first introduced in [CDV20], may be seen as
such an extension.

Suppose given a curve E1 and a rational point P1 ∈ E1[ℓ]. The point P1 generates
the kernel of a cyclic isogeny φ1 : E1 → E2 of degree ℓ. The idea of radical isogenies
is to pick up a new ℓ-torsion point P2 ∈ E2[ℓ] on the codomain, such that the
corresponding isogeny φ2 is not backtracking with respect to φ1. One can show
that the set of such P2 is parametrized by choices of ℓth root of the non reduced
self Tate pairing eT,ℓ(P1, P1); we refer to [CD21; CDHV22; Rob23] for more details.

Geometrically, radical isogenies encode extra level structure as follows. Consider
the moduli space A1(Γ

1(ℓ)) that parametrizes pairs (E,P ) with P ∈ E[ℓ] (unlike
with Γ0(ℓ), here the points of ⟨P ⟩ are not identified together). Secondly, let Γ′(ℓ) be
the congruence subgroup (containing Γ1(ℓ2)) such that A1(Γ

′(ℓ)) parametrizes pairs
(E,P ′) with P ′ ∈ E[ℓ2] modulo translation by ℓP ′. For such a point P ′, the group
⟨ℓP ′⟩ is well defined, and if φ is the corresponding isogeny, φ(P ′) is also well defined.
There is a modular correspondence A1(Γ

′(ℓ))→ A1(Γ
1(ℓ))× A1(Γ

1(ℓ)) that sends
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(E,P ′ + ⟨ℓP ′⟩) to
(
(E, ℓP ′), (φ(E), φ(P ′ + ⟨ℓP ′⟩)

)
. In this modular correspondence,

the projection to the first variable defines a Kummer extension, hence why the
preimages are parametrized by ℓth roots. This parametrization has a more precise
geometric description (see [Rob23]): if (E,P ) is the universal elliptic curve over
A1(Γ

1(ℓ)), then A1(Γ
′(ℓ)) is isomorphic to the µℓ torsor associated to the Tate

pairing eT,ℓ(P, P ).

Example A.1 (Radical isogenies in the Montgomery model). When searching for
cycles in the supersingular isogeny graph, using 2-radical isogenies for Montgomery
curves is more convenient than using the classical modular polynomial Φ2. We
haven’t been able to find radical isogeny formulas for the Montgomery model in
the literature, so we include them for completeness. They can be easily found
by combining the 2-radical isogeny formulas in the theta model [Kun+25] and
the conversion map between the theta model and the Montgomery model (see for
instance [BRS25, § 4]).

Let E : By2 = x3 +Ax2 + x be a Montgomery curve, and P =
(
x(P ), 0

)
∈ E[2]

be a two-torsion point with x(P ) ̸= 0. Using the identity A = −x(P )− 1/x(P ), we
see that the knowledge of x(P ) =

(
X(P ) : Z(P )

)
is enough to recover the Kummer

line E/±1, as the latter does not depend on B. Let (X2 : Z2) be given by{
X2 = X(P ) + γ

Z2 = X(P )− γ
γ =

√
(X(P ) + Z(P ))(X(P )− Z(P )).

Depending on the choice of square root, we get either x2 = X2/Z2 or its inverse
1/x2. Either way, The point P2 = (X2 : 0 : Z2) defines a 2-torsion point on the
Montgomery curve E2 = E/⟨P ⟩. The assumption that x(P ) ̸= 0 ensures that E2 is
a well-defined Montgomery curve. The isogeny with kernel T = (0, 0) ∈ E2[2] gives
the dual isogeny E2 → E.

A.2. Modular forms. Let φ : E1 → E2 be an isogeny of elliptic curves. Given
invariant differentials ω1, ω2 on E1, E2 respectively, the isogeny φ acts on differentials
via its scaling factor:

φ∗ω2 = cφ · ω1.

We discussed in Section 3.2 how to compute this action on differentials for a general
φ. Here, we discuss the special case where φ is encoded as in Appendix A.1 by
the j-invariants j(E1), j(E2). As mentioned in Section 4.1 and appendix A.1, we
can use the modular polynomial Φℓ(X,Y ) to reconstruct the rational equation of
isogeny φ. While the equations of φ are clearly enough to compute the action on
differentials, it is possible to skip the reconstruction step and compute the action
directly from Φℓ, using modular forms. We first review the theory of modular forms.

For elliptic curves over a general local ring (not necessarily C), we can define a
modular form of weight k as a function g on tuples (E,ωE) with ωE an invariant
differential on E, such that if α : E′ → E is an isomorphism with α∗ωE = λωE′ ,
then g(E′, ωE′) = λkg(E,ωE).

More formally, let h be the Hodge line bundle, defined as follows: if π : E → A1 is
the universal elliptic curve, with section ε, then h = π∗ΩE/A1

= ε∗ΩE/A1
. A modular

form g of weight k is a section of h⊗k that extends to a suitable compactification of
the moduli space A1 ensuring g is well-defined on the Tate curve. This algebraic
well-definedness condition corresponds to the analytic condition of holomorphy at
the cusp.

Example A.2. Let a4, a6 be modular forms defined as follows over Z[1/6]. To an
elliptic curve E/k and global differential ωE , pick up a short Weierstraß equation
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E : y2 = x3 + a4x+ a6 for E such that ωE = dx/2y. Then we define a4(E,ωE) = a4
and a6(E,ωE) = a6.

We remark that the isomorphism η : E1 → E2 defined by (x, y) 7→ (x/u2, y/u3)
gives a new Weierstraß equation E2 : y

2 = x3 + a/u4x+ b/u6, dx
2y on E2 pulls back

to udx
2y on E1. We see that a4, a6 are of weight 4 and 6 respectively.

The modular forms a4, a6 are the algebraic version of the holomorphic Eisenstein
series G4(τ), G6(τ) from the analytic theory of modular curves. In what follows, we
make the correspondence more precise.

Define the normalized Eisenstein series E4(τ) = G4(τ)
2ζ(4) = 45

π4G4(τ), E6(τ) =
G6(τ)
2ζ(6) = 945

2π6G6(τ). The q-expansion of E4, E6 is given by primitive integral coeffi-
cients, hence they are defined over all Z by the q-expansion principle. Given τ , the
elliptic curve Eτ = C/(Z+ τZ) satisfies the equation ℘′2(z) = 4℘3(z)− g2(τ)℘(z)−
g3(τ), with g2(τ) = 60G4(τ), g3(τ) = 140G6(τ). Setting x = ℘(z) and y = ℘′(z) in
this equation, the invariant differential dz on Eτ corresponds to dx/y.

We now make a change of variable to obtain a curve defined over Q(E4, E6): via
(x, y) 7→ ((2πi)−2x, (2πi)−3y), the curve Eτ is mapped to E′

τ : y
2 = x3 − E4(τ)

48 x+
E6(τ)
864 , where this time 2πi dz corresponds to dx

2y . If we see E4, E6 as algebraic modular
forms given analytically by E4(Eτ , 2πi dz) = E4(τ), E6(Eτ , 2πi dz) = E6(τ), then
we have

a4(E,ωE) = −E4(E,ωE)/48, a6(E,ωE) = E6(E,ωE)/864.

We see that the short Weierstraß coefficients a4, a6 have bad reduction at 2, 3 as
expected.

We refer to the discussion in [FC90, p. 141, 142] as to why it is the analytic
differential 2πi dz which is algebraic, rather than the differential dz. We will call
the first one the canonical algebraic differential, and the second one the canonical
analytic differential. We warn the reader that in the literature on modular forms,
given an algebraic modular form g of weight k, then over the upper half plane,
it is often the ‘analytic’ modular form Gan(τ) = g(Eτ ,dz) that is studied rather
than the ‘algebraic’ one Galg(τ) = g(Eτ , 2πi dz) = 1/(2πi)kGan(τ). For instance,
the discriminant ∆ is a weight 12 modular form defined algebraically on a curve
E : y2 = x3 + a4x+ a6 by the formula ∆(E,dx/2y) = −16(4a34 + 27a26). Seen as a
modular form on τ , the analytic version is usually given: ∆an(τ) = ∆(Eτ ,dz) =

∆
(
y2 = x3 − g2(τ)

4 x− g3(τ)
4 , dx2y

)
= g2(τ)

3 − 27g3(τ)
2. Compare with the algebraic

version:
∆alg(τ) = ∆(Eτ , 2πi dz)

= ∆

(
y2 = x3 − (E4(τ)/48)x+ E6(τ)/864,

dx

2y

)
= (E3

4 − E2
6)/1728

Indeed, since ∆ is of weight 12, we have ∆an(τ) = (2πi)12∆alg(τ).

Example A.3. Although j(τ) is of weight 0 (it gives an isomorphism invariant), we
can recover a modular form of weight 2 from j as follows. Write the q-expansion
j(τ) = J(q) where q = e2πiτ , and consider its derivative j′(τ) = dJ

dq (q). We give
now an algebraic interpretation of j′. The Kodaira–Spencer isomorphism gives a
canonical isomorphism between the tangent space at E in A1 and Sym2(Lie(E)).
That is, given a differential ωE on E/k, we can associate a point TEA1 on the
tangent space, which depends only on ω⊗2

E . Pulling back the universal elliptic curve
to the point on the tangent space, we obtain a deformation Ẽ of E to Spec k[ε]/(ε2).
Then j(Ẽ) = j(E) + εj′(E,ωE).
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By [Sch95, Proposition 7.1], we have j′/j = −E6/E4 and, by Example A.2,
j′ = −18 a6

a4
j. In particular, given a4, a6 we can recover j, j′, and conversely if

j ̸= 0, 1728. We remark that j′ is not an entire modular form, as it has a pole at
the curve j = 0.

A.3. The action on differentials from modular forms. A modular correspon-
dence gives a relation between modular functions (i.e., modular forms of weight 0)
of isogenous elliptic curves. For instance, whenever E1, E2 are ℓ-isogenous, their
j-invariants are tied by the relation Φℓ(j(E1), j(E2)) = 0 given by the classical
modular polynomial.

Now let instead g be a modular form of weight k > 0. We want to define an “affine”
modular correspondence5 that doesn’t only take into account the isomorphism class
of a curve E, but rather the curve E itself (in other words, we keep track of its
invariant differential). More concretely, we look for a polynomial Φg,ℓ such that
whenever we have (E1, ω1), (E2, ω2) and an isogeny φ : E1 → E2 with φ∗ω2 = ω1

(we say that ω2 is normalized with respect to ω1), then

Φg,ℓ

(
g(E1, ω1), g(E2, ω2), j(E1), j(E2)

)
= 0.

To find Φg,ℓ, we first observe that, by linearity of φ∗, given λ a scalar, λω2 is
normalized with respect to λω1, so Φg,ℓ must be homogeneous with respect to the
first two variables. Because of this, we are allowed to represent g in either its analytic
or algebraic version: we only need to know g up to an unspecified scalar, as long as
the same scalar is the same for E1 and E2. Analytically, the ℓ-isogeny Eτ → Eτ/ℓ

defined by z 7→ z is normalized, so we must have Φg,ℓ(g(τ), g(τ/ℓ), j(τ), j(τ/ℓ)) = 0.
Now suppose that we know Φg,ℓ, and that we have a way to evaluate g algebraically.

Then we can use the affine modular polynomial Φg,ℓ to recover the action on
differentials of φ : E1 → E2 given only j(E1), j(E2) as follows. First, pick up some
arbitrary short Weierstraß equation for E1 with j-invariant j(E1), and compute
g1 = g(E1,

dx
2y ), and do the same for E2 to get g2. Then compute g2 by solving

Φg,ℓ(g1, g2, j1, j2) = 0. As g is of weight k, we must have g2 = λkg2 for some λ;
moreover, the differential on E2 that is normalized with respect to φ is of the form
ζλdx

2y on E2, for some unknown ζ ∈ µk.
More generally, given G = (g1, . . . , gm) a tuple of modular forms of weights

(k1, . . . , km), we could use a similar approach and consider an affineG-modular corres-
pondence given by multivariate system of modular equations ΦG,ℓ(G(τ), G(τ/ℓ)) = 0.
This would allow to recover the action on differential up to a ζ ∈ µk with
k = gcd{ki}i. The case above is G = (g, j).

Example A.4. Differentiating the modular equation Φℓ(j(τ), j(τ/ℓ)) = 0 gives an
affine modular equation for (j, j′):

j′(τ)
∂Φℓ

∂X

(
j(τ), j(τ/ℓ)

)
+ j′(τ/ℓ)

1

ℓ

∂Φℓ

∂Y

(
j(τ), j(τ/ℓ)

)
= 0.

Using the method outlined above, if φℓ(j1, j2) = 0, we can compute normalized
equations for the associated elliptic curve E1, E2 as follows.

First we pick up any short Weierstraß equation y2 = x3 + a4x+ a6 for E1, and
compute from this j′1 = j′(E1,

dx
2y ) = −18

a6

a4
j
(
E1,

dx
2y

)
using Example A.3. Then we

solve the linear equation j′1
∂φℓ

∂X (j1, j2)+ j
′
2
1
ℓ
∂φℓ

∂Y (j1, j2) = 0 to recover j′2 = j′(E2, ω2)

where ω2 = dx
2y is the normalized differential associated to a specific short Weierstraß

equation of E2. We use Example A.3 again to compute the a4, a6 coefficients of

5While the standard modular correspondence lives in the moduli spaces A1, the ‘affine’ modular
correspondence lives in the Hodge line bundle h⊗k above it, where g is seen a coordinate on h⊗k.
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this short Weierstraß equation for E2 from j2, j
′
2. We note that we only recover the

normalized differential on E2 up to a sign, but this sign ambiguity is inherent due
to the fact that −φ is also an isogeny from E1 to E2.

As mentioned above, the idea that we can recover the action on differentials
directly from j(E1), j(E2) by differentiating the modular polynomial φℓ is due to
Elkies. The isogeny rational reconstruction of [BMSS08] first applies the method
outlined above to find normalized equations for E1, E2, which then gives an explicit
differential equation satisfied by φ, whose resolution allows to recover φ as a rational
function in the Weierstraß coordinates of E1. We refer to [KPR25] for a generalization
of this method to dimension 2.

As mentioned in Section 4.2, the methods discussed above can be used to compute
a normalized isogeny from a chain of j-invariants: we choose a short Weierstraß
equation for the domain, then step by step we find an equation for the intermediate
curves such that each intermediate isogeny of the resulting chain Ei → Ei+1

is normalized. As mentioned in the proof of Corollary 5.2, whenever we have
an endomorphism γ ∈ End(E) expressed as an isogeny chain steps followed by
an isomorphism, having normalized steps is a computational advantage for trace
computation. Indeed, the action on differentials (i.e., the scaling factor, hence
the trace) of γ is then obtained for free: suppose E is given by the equation
y2 = x3 + ax+ b. The curve En obtained at the last step is isomorphic to E, so it
will be given by an equation y2 = x3 + au4x+ bu6. Then u (which we can recover
up to a sign), gives the action on differentials of γ.

Example A.5. Satoh’s p-adic lifting algorithm for point counting usually proceeds in
two steps: first computing the canonical lift Ê/Zq of an ordinary curve E/Fq, using
the modular polynomials Φp via Newton’s method, and then lifting the kernel of the
Verschiebung to compute the associated isogeny and its action on differentials. But,
by Example A.4, the second step is unnecessary and we just need to compute the
derivate of the modular polynomial Φp on Ê to recover the action (in some p-adic
precision). In practice this gives large speedups (see [Rob21, § 6.6]): a factor ×32
less time and ×64 less memory for point counting over F101418 in Pari [PAR21].

A.4. Modular forms and radical isogenies. A similar approach to Example A.4
can be employed to recover the action on differentials from radical isogeny (without
reconstructing the isogeny)! We illustrate this with the 2-radical formulas from
Example A.1.

First, we need to introduce suitable modular forms. In isogeny based cryptography,
it is customary to represent the Kummer line associated to a Montgomery curve
E : By2 = x3 + Ax2 + x by the Montgomery coefficient represented as projective
coordinates: A = (A : C). But in practice, in the computer, one represent these
coefficients by actual values, i.e., we work with an affine point (A, C) rather than
the associated projective point. The key idea is that we may interpret these values
as modular forms. (This is highly reminiscent of the fact that interpreting the
(X(P ) : Z(P )) projective coordinates of a point P ont he Kummer line as affine
coordinates of some affine point P̃ can be interpreted in terms of cubical arithmetic,
see [Rob24a]. In both cases we lift a point on a scheme to a point on a line bundle
above it.) Note however that the Montgomery form requires a Γ0(4)-level structure,
hence (A, C) will be modular forms of level Γ0(4) (and weight 2).

One way to define them is as follows: let (E,±T, ωE) be an elliptic curve, a
point of 4-torsion up to sign (this is the same thing as specifying a cyclic kernel of
degree 4, hence a Γ0(4) level-structure), and a differential. Then there is a unique
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Montgomery equation By2 = x3 +Ax2 + x such that x(±T ) = 1, x(2± T ) = 0, and
ωE = dx/2y. We define A(E,±T, ωE) = AB and C(E,±T, ωE) = B.

Now, in the radical 2-isogeny formulas, we work with the projective coordinates
(X(P ) : Z(P )). We can also interpret them as modular forms (of weight 1 and level
Γ0(4) ∩ Γ(2)), by asking that A = X2 + Z2 and C = −XZ. (This leaves a sign
ambiguity for X,Z, but in practice we just use them as proxies for A, C).

We can now explain how to compute the following affine/modular radical 2-isogeny
formulas.

Example A.6. Start with X(P ), Z(P ) where X,Z are seen as modular forms as
above. More precisely, these are the values they take on the tuple

(
E, (±T ′, P ), ωE

)
where E : By2 = x3 + Ax2 + x is our starting curve, (±T ′, P ) is our Γ0(4) ∩ Γ(2)
level structure given by x(T ′) = 1, and P our 2-torsion point, and ωE = dx/2y.

Let γ a square root of (X(P )+Z(P ))(X(P )−Z(P )), and define X2 = X(P )+ γ
and Z2 = X(P )−γ as in Example A.1. The values X2, Z2 define a two-torsion point
P2 on the codomain E2 = E/⟨P ⟩, via x(P2) = X2/Z2. We also get the coefficient
A′ = −x(P2)−1/x(P2) of the Montgomery curve equation B′y2 = x3+A′x2+x of E2.
Here the Montgomery equation comes from the level Γ0(4)-structure given by φ(T ′)
where φ : E → E2 is the isogeny, and of course adding P2 gives us a level Γ0(4)∩Γ(2)
on E2. We now want to determine the coefficient B′ of E2 such that the associated
differential dx/2y is (up to a sign) the normalized differential ω2 for φ. For that,
we need to compute X ′

2 = X
(
E2, (φ(T

′), P2), ω2

)
and Z ′

2 = Z
(
E2, (φ(T

′), P2), ω2

)
Using the normalized isogeny formulas from [Ren18], we can compute X ′

2 = X2 ·x(P )
and Z ′

2 = Z2 · x(P ). From these, we recover A′, B′ as we wanted.
A remark, due to Sabrina Kunzweiler, is that we can rewrite X ′

2, Z
′
2 as (X ′

2, Z
′
2) =

(X(P )x(P1), X(P )x(P2)) where x(P1) ̸= x(P2) are the two different x-coordinates
of the 4-torsion points above P .

As in Example A.4, we can use this to compute the action on differentials of
an endomorphism γ given by a cycle of 2-radical isogenies as follows. We start
with P1 and the modular form X(P1), Z(P1) associated to the initial curve equation
E : By2 = x3+Ax2+x and we use the modular radical isogeny formulas at each step
to find at the end X(Pn), Z(Pn), hence a curve equation En : B

′y2 = x3 +A′x2 + x.
Now, although the coefficients B,B′ are given by the modular form C of weight 2,
unlike Example A.4 we do not necessarily have B′ = Bu2 where u is the action on
differentials because γ needs not preserve the initial Γ0(4) structure on E. We first
need to compute an automorphism of E that maps the initial level structure to
the one6 on En, i.e., find the isomorphism between the curve equations E and En.
The action of this isomorphism on the differentials then gives us the action of γ on
differentials.

Remark A.7. The way we defined the modular formsA, C above is of course somewhat
arbitrary. We could scale them by the same factor λ ̸= 0, and still use them to
compute normalized differentials (as long as we use the same λ for the domain and
codomain of course).

The definition we chose is one that is quite simple to describe algebraically. Using
the transformation formula from theta coordinates to the Montgomery model, we
can also write the Montgomery coefficient A in terms of level 2 theta constants:
A = 2(θ0(0)

4 + θ41)/(θ0(0)
4 − θ1(0)4) so it would be natural to take the numerator

and denominator of this formula as modular forms. We have not tried to express

6Since Γ0(4) is of index 6 in Γ = Sl2(Z), there are 6 possibilities, but due to the way radical
isogenies are computed there are only 2 possibilities for the level structure on En. We refer to the
implementation for details.
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our A, C in terms of these theta constants, but it could be interesting. (Note that a
level 2 theta structure corresponds in dimension 1 to a Γ0(4) ∩ Γ0(4) level structure,
hence encodes more information than the Montgomery level structure. We thus have
several different conversion formulas depending on which part of the level structure
we map from theta to Montgomery.)

Finally, we note that the mention of cubical coordinates in Example A.6 is deeper
than just an analogy. Indeed, if L is the universal principal line bundle on the
universal elliptic curve π : E → A1, then π∗L⊗−8 = h⊗4 by [FC90, Theorem I.5.1].
So as explained in [FC90, Theorem I.5.1], sections of L (or some power of L)
evaluated at point of n torsion give a way to defined modular forms. In the modular
2-radical formulas, we interpret X(P ), Z(P ) as modular forms, but we could also
interpret them as cubical coordinates of a suitable cubical point P̃ . It would be
interesting to work out the link between the two aspects in more details.

Appendix B. Deformation of abelian varieties

The goal of this section is to give more details on the proof of theorem 3.4.
We would like to describe the lifts of an abelian variety A/Fq to Zq. By standard
inductive limit arguments and Grothendieck’s algebraization, it suffices to understand
the lifts (also called deformation) to Zq/p

mZq (see [Mes72, Theorem V.3.3] for more
details).

The theory is well-understood even for the general case of an abelian scheme
A/S. First, by Serre–Tate, if S → T is an infinitesimal thickening where p is locally
nilpotent on S, then there is an equivalence of categories between abelian schemes
Ã/T and tuples (A/S,G, i) where A = ÃS , G/T is a p-divisible/Barsotti–Tate group
and i is an isomorphism over S of G with the p-divisible group A(p) of A: That is,
i : G/S ≃ A(p). (See [Kat06] for a proof.)

So deforming A/S to T amounts to deforming its p-divisible group A(p) to T . We
can now use Grothendieck–Messing theory [Mes72] to understand the deformations
of G over a locally nilpotent divided power thickening S → T : a p-divisible group G
admits a Dieudonné crystal D(G) (a quasi-coherent sheaf in the crystalline site with
an action of F and V ), along with a Hodge filtration of D(G)S . And deforming G
to S amounts to a choice of deforming this Hodge filtration to a direct summand of
D(G)S→T ([Gro70, § 4]).

There are several ways to construct the crystal D(G), Messing in [Mes72] use
the Lie algebra of the universal vectorial extension of G. We will instead describe
the construction due to [BBM82]. Assume that G/S is a p-divisible group, where
p is locally nilpotent on S. Let Σ = SpecZp and Crys(S/Σ) be the big crystalline
site on S [BBM82, § 1.1]. Then D(G) = EXT 1

S/Σ(G,OS/Σ) is a crystal [BBM82,
Théorème 3.3.3], where EXT is the internal ext sheaf. It is in fact a crystalline
Dieudonné module, i.e., a crystal in quasi-coherent locally free module with an action
of F, V . Furthermore, there is a Hodge filtration 0→ ωG → D(G)S → Lie(G∗)→ 0
[BBM82, Corollaire 3.3.5] where D(G)S is the value of the crystal D(G) at S → S,
ωG is the sheaf of invariant differentials and G∗ is the dual p-divisible group of G.
In particular, if S → T is a divided power thickening, and G̃/T a deformation of
G to T , then since D(G) is a crystal, we have D(G)S→T ≃ D(G̃)T , and the Hodge
filtration on D(G̃)T lift the one on D(G)S . By Grothendieck–Mazur, the converse is
true, at least when the divided powers are locally nilpotent: any admissible filtration
Fil1 ⊂ D(G̃)T comes from a deformation G̃/T . Here an admissible filtration [Mes72,
Definition V.1.4] means that Fil1 is a locally-free vector sub-group with locally-free
quotient which reduces to the Hodge filtration on D(G)S , and the result above
extends to an equivalence of categories [Mes72, Theorem V.1.6].
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If S = SpecR is affine where R is a perfect ring of characteristic p, then the
crystal D(G) is associated to classical Dieudonné theory as follows. First, the
global section functor Γ(S/Σ, . . .) induces an equivalence between crystals in quasi-
coherent modules and W (R)-modules complete and separated, where W (R) are
the Witt vectors with value in R [BBM82, Théorème 1.2.9]. In our case of in-
terest, R = Fq and W (R) = Zq. Secondly, classical Dieudonné theory associate
to G/S the Dieudonné module D(G) = HomS(G,CW ) over the (non commuta-
tive) Dieudonné ring W (R){F, V }, and where CW is Fontaine’s sheaf of co-Witt
vectors. Then by [BBM82, Théorème 4.2.14], we have a sesquilinear isomorphism
D(G) ≃ Γ(S/Σ,D(G)) (i.e., Γ(S/Σ,D(G)) = D(G)σ where σ is the lift of the
Frobenius to W (R)).

The crystal D(G) and the isomorphism with the Dieudonné module D(G) behaves
as expected with duality [BBM82, § 5]. We remark that G 7→ D(G) is an anti-
equivalence of category between p-divisible groups and crystalline Dieudonné modules
whenever S is regular over a perfect field k (or even just a field k of characteristic p
having a finite p-basis) [DeJ95].

If π : A → S is an abelian scheme, the Hodge to de Rham spectral sequence
degenerates at the E1 page, so in particular we have a Hodge decomposition
0→ ωA → H1

dR(A/S)→ R1π∗OA → 0 [BBM82, Proposition 2.5.2 et Lemme 2.5.3].
Here ωA = π∗(Ω

1
A/S) is the sheaf of invariant differential, it is isomorphic to ε∗(Ω1

A/S)

where ε : S → A is the zero section. If π∨ : A∨ → S is the dual abelian scheme,
we have a canonical isomorphism H1

dR(A
∨/S) ≃ H1

dR(A/S)
∨ which induces an

isomorphism R1π∗(OA) ≃ π∨
∗ (Ω

1
A∨/S). Now if G = A(p) is the p-divisible group of

A, we have canonical isomorphisms [BBM82, Théorème 2.5.6 et Proposition 3.3.7]

(2) D(G) ≃ EXT 1
S/Σ(A,OS/Σ) ≃ R1πcrys,∗(OA/Σ)

compatible with duality. The isomorphism from Equation (2) induces an iso-
morphism D(G)S ≃ H1

dR(A/S) compatible with the Hodge filtrations on G and
A respectively [BBM82, Proposition 2.5.8]. In particular, H1

dR is crystalline on
an abelian scheme, and if Ã/T is a deformation of A to T , then the Hodge fil-
tration on H1

dR(A/T ) induces a Hodge filtration on D(G)S→T lifting the one on
D(G)S . The deformation Ã is precisely the abelian scheme predicted by combining
Grothendieck-Mazur and Serre-Tate theory.

We now specialize this to S = SpecFq, and we consider the crystalline site on S
associated to SpecZq along with its canonical divided power pn/n! (note that by
[BBM82, pp. 1.1.10–1.1.15], this is the same thing as considering the crystalline site
induced by the canonical divided powers on Σ). We also assume that p > 2 so that
the divided powers are nilpotent. As explained above, since Fq is a perfect field,
a crystal of quasi-coherent modules over S/Σ is determined by its global section
functor Γ(S/Σ), and applying this to the crystal D(G) of a p-divisible group, gives
up to a Frobenius twist the Dieudonné module D(G)/Zq{F, V } of G. Here Zq{F, V }
is the Dieudonné ring (so that FV − p = 0), and D(G) is a free Zq-module of rank
the height h of G. Furthermore, G/Fq 7→ D(G) is an anti-equivalence of category
between p-divisible groups and Zq{F, V }-modules free of finite rank as Zq-modules.
If π : A→ Fq is an abelian variety, we denote by H1

crys(A/Zq) the global sections of
the crystalline sheaf R1πcrys,∗(OA/Zq

). By Equation (2), H1
crys(A/Zq) ≃ D(A(p)):

we have a canonical sesquiliear isomorphism between its crystalline cohomology and
the Dieudonné module of its p-divisible group. And furthermore, if A/Zq is a lift of
A, we have an isomorphism H1

dR(A/Zq) ≃ H1
crys(A/Zq). And as we saw above, via

these canonical isomorphisms, the Hodge filtration on H1
crys(A/Zq) induced by A is
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the same as the Hodge filtration induced on D(A(p)) by the p-divisible group A(p)
of the lift.

Combining all of this together, we obtain Theorem 3.4. As an aside, we also
remark that there is a well developed theory of Dieudonné crystals/modules for
finite commutative p-group schemes G/Fq (or for that matter finite locally free
commutative p-group schemes over a general base scheme S) for which we refer to
[BBM82] again. Since Fq is perfect, the Dieudonné module functor G 7→ D(G) gives
an anti-equivalence between finite locally free commutative p-group schemes G/Fq

of length h and Dieudonné modules M/Zq{F, V } of finite length h over Zq. For
instance, if A/Fq is an abelian variety, D(A[pm]) ≃ D(A(p)) ⊗Zq

Zq/p
mZq. Since

the Hodge filtration H1
dR(A/Fq) is induced by the action of the absolute Frobenius

endomorphism FA on H1
dR, that is ωA/Fq

= H0(Fq,Ω
1
A/Fq

) = KerH1
dR(FA), we see

that the Frobenius filtration on A[p] induces via the Dieudonné functor the Hodge
filtration on H1

dR(A) ≃ H1
crys(A/Fq) (see [Oda69] for more details).
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