HENSEL-LIFTING BLACK-BOX ALGORITHMS
AND FAST TRACE COMPUTATION
FOR ELLIPTIC-CURVE ENDOMORPHISMS

LORENZ PANNY', DAMIEN ROBERT*, AND ALESSANDRO SFERLAZZA'

ABsTrRACT. We demonstrate a general and efficient technique to Hensel-lift
a solution to a system of (p-adically analytic) equations which may be given
tmplicitly in the form of an efficient evaluation algorithm. Contrary to textbook
Hensel lifting, we do not require the equations to be represented explicitly;
indeed, our main application uses the method for a system of equations that
can be exponentially larger than its representation as an arithmetic circuit:
‘We show how to compute traces of separable elliptic-curve endomorphisms
over a finite field Fy by constructing an approximate lift to Zy;. Our examples
include endomorphisms represented as a chain of Vélu, v/&lu, modular, or
radical isogenies, as well as HD-embedded endomorphisms. The resulting trace-
computation algorithm outperforms the state of the art both asymptotically
and concretely.

1. INTRODUCTION

Hensel lifting is an essential tool in computer algebra: In its most basic form,
it lifts any simple root @ € Z/p of a polynomial f € Z[z] to a root a € Z/p* of f
such that & mod p = @. This immediately generalizes to solutions of sufficiently
well-behaved systems of equations. The technique is most naturally viewed in the
context of p-adic analysis, where it is equivalent to Newton’s method, and “closer”
means “congruent modulo higher powers of p”.

Classical descriptions (and typical implementations) of Hensel’s method assume
that the system of equations under consideration is not just known, but also
small enough to be represented explicitly (say, on a computer). In this work, we
demonstrate that this is not needed: To apply Hensel lifting to a system F(x) =0
with an analytic map F': Ziq” — ZZ“H all that is required is an explicit evaluation
algorithm for F which need not admit a succinct formula at all. One particular case
covering many practical situations is when F' is given as an arithmetic circuit.

Our main application concerns the lifting of elliptic-curve endomorphisms from
F, to Z4 using Hensel’s method. This gives rise to a new algorithm for computing
the trace of an elliptic-curve endomorphism, very similar in spirit to Satoh’s algo-
rithm [Sat00] for point counting. We show that our approach can be applied to
all commonly used representations of elliptic-curve endomorphisms (chains of Vélu,
V/élu, and radical isogenies, as well as HD-embedded endomorphisms) by expressing
the properties required from a correct lift via a system of algebraic constraints on
the data defining the isogeny.

In the process, we also determine the action on invariant differentials (the “isogeny
scaling factor”) induced by those various isogeny representations by providing a
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generic method to compute it, requiring only access to a sufficiently general (e.g.,
algebraic) evaluation algorithm for the isogeny. In addition, it is also usually
possible to explicitly determine the scaling factors for a given isogeny representation
theoretically; see Appendix A.

Our new algorithm for trace computation resulting from these techniques is
significantly faster than the current state of the art [MPSW25| both in theory (with
a quasiquadratic complexity in typical situations, rather than quasiquartic) and in
practice. It is also more general, since contrary to [MPSW25] we do not assume
supersingularity. (Note, however, that the standard SEA algorithm heuristically
achieves the same complexity as [MPSW25] even for ordinary curves.)

1.1. Previous work. The idea of “automatic differentiation” (evaluating derivatives
of functions that are given as algebraic algorithms) can be traced back to [Wen64].
The application of this technique to implicit Hensel lifting appears to be folklore:
For instance, in [Bac09], Bach replaces in the Newton step the derivative by iterated
differences. In [Mas20], Mascot uses implicit Hensel to p-adically lift n-torsion points
on a Jacobian. As far as we know, using implicit Hensel lifting to lift isogenies is
due to the second author in [Rob21, Remark 6.6.2]. This idea was developed further
to compute canonical lifts of elliptic curves in [MRS25; Rob22b; KR24].

The main contribution of this paper is to first develop in greater generality
the idea of implicit Henseling (which was used in a more ad-hoc manner in the
previous articles), both from an algorithmic viewpoint (where we provide a very
general approach to Hensel lifting for p-adically analytic constraints), but also from
a geometric viewpoint (see Section 2.5). Secondly, in order to compute the trace of
an arbitrary endomorphism rather than just the Frobenius, we explain how to lift
arbitrary isogenies rather than just the Verschiebung as was done previously.

Thanks. The original formulas for the 2-radical and modular 2-radical isogenies in
the Montgomery model we used in Examples A.1 and A.6 were more complicated
than the current version. Their simplification is due to Sabrina Kunzweiler.

We would also like to thank the anonymous referees for their very insightful
suggestions, in particular regarding the (now improved) content of Definition 4.1.

2. HENSEL LIFTING

2.1. Preliminaries: p-adic fields. To introduce p-adic lifting, we start by recalling
the basic construction of p-adic integers and fix some relevant notation.

Theoretical construction. Let p be a prime. We denote by Z,, = l'mn Z/p™Z the ring
of p-adic integers, and by Q, = FracZ, its fraction field, the field of p-adic numbers.
Elements o of Q, can be identified with formal Laurent series Zzo:no an,p™ with all
coefficients a,, € {0,...,p—1}. The (p-adic) valuation v,(a) € ZU{oo} of « is the
smallest n € Z>,,, such that a,, # 0, and oo if no such n exists.

The p-adic valuation extends uniquely to any degree-d extension K/Q, via the
norm map Ng g, : K — Qp; concretely, we have v,(a) = 31, (N /g, (@) for o € K.
The ring of integers of K is the subring Ox = {a € K | v,(a) > 0}; it is a local
ring with (unique) maximal ideal p, = {a € K | v,(c) > 0}. The extension K/Q,
is unramified if O /px = Fpm; in that case, we have pi = pOk. There exists
an (up to Qp,-isomorphism) unique unramified extension of Q, for every degree
m € Z»1, which we will denote by Qg, where ¢ = p™. The ring of integers Ogq, is
denoted by Z,. Letting C' C Z, with 0 € C denote a complete set of representatives
of the quotient ring Z,/pZ,, every element o of Q, can be identified with a formal
Laurent series Zzo:no app™ with all a,, € C. As before, v,(«) equals the smallest n
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with a,, # 0. Concretely, thanks to the isomorphism Z,/pZ, = F,, the “digits” in C
can be represented as elements of the residue field F,: We will employ this abuse
of notation throughout and view o € Q, as a formal Laurent series in p “with
coefficients in F,”. Under this viewpoint, the projection from Z, to Z,/pZ, = F, is
given by simply extracting the constant coefficient.

For practical computations, elements « of Z, are commonly truncated to some
finite precision k € Z>1: Formally, this means working with the coset o + kaq of a
in the quotient Z,/p*Z,. We also introduce the suggestive notation a + O(p*) for
a+p*Z,, and we will (by abuse of notation) write “a + O(p*) € Z,” to indicate that «
is only determined as a coset representative modulo p* Zg. Similar notation will (again
slightly abusively) be used for tuples or vectors: (ay, ..., a,) + O(p*) is shorthand
for (ay +O(p*), ...,a, + O(P*)). A lift of a truncated element @ + O(p*) € Z, from
precision k to precision k' > k refers to any o + O(pk') € Z, such that a + O(pF) =
a+ O(pF). Conversely, in the same situation, @+ O(p¥) is a truncation of a4 O(p*")
from precision &’ to precision k.

The p-adic topology. The p-adic absolute value of an element o € Qg is defined as
lal, = p~7»(@) for a # 0 and |0|, = 0. The field Q, is complete with respect to this
(non-Archimedean) absolute value, which enables the use of concepts from analysis:
In particular, one can define analytic functions and Taylor expansions exactly like
in the Archimedean case. Throughout this paper, terminology from analysis will
always be understood to refer to the topology induced by the p-adic absolute value.

Arithmetic complezity. Let ¢ = p™. As customary, I, is constructed as a degree-m
algebraic extension F,(w), hence an element a € F, is represented as a polynomial
over I, of degree < m. Consequently, representing an element o + O(p*) € Zq as a
sequence of k coefficients in IF, takes O(k-mlog p) bits of space. Using asymptotically
fast multiplication, the cost of arithmetic in Z, lies in 5(k -mlogp): Indeed, viewing
Zq4 as a degree-m algebraic extension of Z, by choosing a suitable lift of the minimal
polynomial of w to Z,, each multiplication in Z,/ kaq reduces to a multiplication of
polynomials of degree <m over the ring Z,/ kap, followed by a Euclidean division,
which also reduces (via Newton iteration [GG13, Theorem 9.6]) to a logarithmic
number of multiplications of polynomials of degree O(m) over Z, /p*Z,. All of this
can be done in quasi-linear time following [HHL17, §9.2].

Notation 2.1. Suppose given g = p™ a prime power. Let My denote the maximum
bit-operation cost of an arithmetic operation (addition, multiplication, inversion)
over Z,/p*Z,. By the discussion above, we have M, € O(klogq).

2.2. Hensel lifting. We recall a standard formulation of multivariate Hensel lifting:
It essentially consists of Newton’s method applied in the p-adic topology, where
values divisible by large powers of p are considered small.

Theorem 2.2. Suppose |in| > |out|. Consider a map F: Z» — Z3"* and let DF (z) €
ZZ”tXi" denote its Jacobian matriz at a point x € Zg‘.

Let T + O(p") € Ziq” be a zero of the map F in precision k, i.e., F(T) € O(p"),
assume that F is analytic (i.e., locally defined by a power series) around T and that
DF(Z) mod p has full rank |out|.

Then there exists a 6+ O(p*) € Z such that F (T +p*6) € O(p**). Furthermore,
the set of such 6 + O(p*) forms a coset of a free rank-r (Z,/p*Z,)-submodule of
(Zy/P*Z,)"™, where r = |in| — |out].

Proof. A constructive proof is given in Proposition 2.3 below. O
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2.3. Implicit Hensel lifting. We show how to generalize Hensel lifting to analytic
maps that may not be given explicitly, but rather as an efficient algorithm that
evaluates the map at inputs lying in a quotient Z,/ kaq.

The key idea is that for any representative T € Zg‘ of T+ O(p*) and any 6 € Zg‘,
we obtain the first-order Taylor expansion

(%) F(Z +p*0) = F(z) + DF(Z) - p*6 + O(p*").

Thus, in double precision 2k, we can view F(T + p*§) as an affine-linear map in 4.
As a consequence, all partial derivatives 9, F (%) for i = 1,...,[in| can be computed
in precision k by evaluating F' at the two elements Z and Z + p*e; in precision 2k,
where e; is a standard basis vector.

Proposition 2.3 (Implicit Hensel lifting). Let F: Zi" — Z* and T + O(p*) € Z
be as in Theorem 2.2. Suppose given a (black-box) algorithm A which, given
some a+ O(p?F) € Ziq”, outputs F(a) + O(p?*) € Z3". Then a lift x + O(p?*) € Zg‘
of T+ O(p*) such that F(x) € O(p**) can be computed using |in| + 1 calls to A and
by solving a linear system of full-rank mod p of |out| equations in |in| variables over

Zq/P"Z,.

Proof. To ease notation, suppose in = {1,...,m}. For each i € in, let e; denote the
ith basis vector of Zy* over Z,.

Fix a lift 2o + O(p?*) € Z, of T+ O(p*) and define x; := xo + p¥e; € Z,/p**Z,
for each i € {1,...,m}. Run A on the m+ 1 elements xg, %1, ..., ¥m € Zyq/D**Zy,
yielding results yo, Y1, ..., Ym € Zq/p**Z,. By construction, for all i € {1,...,m},

yi = F(x;) = F(zo) + DF(x0) pPe; (mod p%) .

The expression DF () - e; equals the ith partial derivative 9; F(x¢) of F at xg, hence
by subtracting yo from each y; for i € {1,...,m}, we get the m linear equations

yi —yo =p" - 0:F (x0) (mod p**),
or equivalently
0:F(z0) = (i — y0)/p*  (mod p),
allowing us to recover DF'(x() in precision k.
Finally, to compute the desired lift = + O(p**) of T + O(p*), we may compute
§ € Zq/p"Z, satisfying F (T + p*§) € O(p?*) by substituting the Taylor expansion
from (%), resulting in the final system

(t) DF(z0) - 6 = —F(x0)/p" (mod p*).

Note that this system is always solvable thanks to the assumption that DF(z)
has full rank modulo p. The set of solutions is thus a coset of the kernel of
DF (o) mod p*, which is of rank |in| — |out|. O

2.4. Hensel lifting for constraint systems. Our Hensel lifting algorithm is
based on an(y) algorithm to evaluate the analytic function F': Zi; — Zg“t of which
the lifted solution should be a zero. For efficiency, it is often beneficial to split F’
into multiple separate functions Fj: Z;(j — quj, where the Y; form a partition
of out, and each X is a (typically minimal) subset of in such that F' restricts to
a well-defined map Zé(j — Z}I/j. We call the collection of triplets (X;,Y;, F;) a
constraint system for F. One special case that occurs in practice is when F' is
given by rational functions computed by an algebraic algorithm (see for instance
[BDLS20, §1.1]), or equivalently by an arithmetic circuit; in the latter case, each Y;
can be chosen as a subset of the output nodes and the corresponding X; as the set
of input nodes v for which there exists a path from v to at least one node in Y.
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For a given F': Ziq“ — Zg“t, and k € Z>q, Proposition 2.3 gives the complexity of
lifting an input @ with F(@) = 0 (mod p*) to an input a with F'(a) =0 (mod p?*).

Proposition 2.4. Suppose given an algorithm that evaluates F': Zg‘ — Z;“t with
in # 0 and |in| > |out| in precision 2k with cost Cp oy, as well as @+ O(p*) such
that F(a) € O(p*) and DF (@) has full rank modulo p.

Then we can compute a + O(p**) satisfying a = @ (mod p*) and F(a) € O(p*)
via Proposition 2.3 using O(|in| - Crak + [in|*My) bit operations, where w is a
linear-algebra exponent.'

In some cases, taking into account the structure of F' can make lifting much
cheaper. Suppose given a constraint system ((X;,Y;, F};)); for F, as defined above,
such that |X;| < m for some constant m < |in|). In this case, it can be beneficial to
lift the outputs sequentially: Computing the system (f) applied to F; only costs up
to m + 1 evaluations of F; (instead of [in| + 1 evaluations), and the resulting linear
system is sparse, hence easier to solve.

Using Algorithm 1 and the following proposition, we show that lifting by consi-
dering output constraints “one (or few) at a time” leads to a better strategy than
Hensel-lifting the whole system at once.

Algorithm 1: Lifting solutions to a constraint system to double precision.

Input: A constraint system ((Xj,Y}, Fj))je(1,...r}, for an analytic function
F: Zin — 72" with [in| > |out|; an assignment @ + O(p*) € Z{» with
F(a) € O(p*), where DF (@) has full rank modulo p.
Output: A double-precision assignment a + O(p?*) satisfying F(a) € O(p?*).
Initialize H € (Z,/p*Z,)°"> ™™ and b € (Z,/p*Z,)°"t with zeroes.
For j from 1 to r do
Yo « Fj(ax,) mod p** € (Z,/p*"7,)".
For i c X; do
// e; has a 1 at position ¢ and 0 at all positions in X;\{i}
y; < Fj(ax, +pPe;) mod p** € (Z,/p”" 7).
Store HYj,i — (yi — yo)/pk € (Z(J/])L’Zq)yl-
| Store by, < —yo/p" < (Z,/p" 7).
// Now H =DF(a)+ O(p*) and b= —F(a)/p* + O(p").
Compute an arbitrary solution & € (Z,/p*Zy)" of HS = b. // Sparse.
Return a + p*J.

Proposition 2.5. Suppose given a constraint system (X;,Y;, Fj)jeq,...,
analytic function F: Z — Z3" with [in| > |out|, as well as an input a+O(p*) € Z"
satisfying F(@) € O(p*) and such that DF (@) has full rank modulo p.

Denote by Cj . the cost of evaluating F; in precision 2k, and by Csys 1 the
bit-operation cost of solving an inhomogeneous linear system with matriz DF (@)
in precision k (note that DF(a) has at most m - |out| nonzero entries). Write
m = max;eq1,.. | X;|. Then Algorithm 1 computes a lift a+O(p*) of @, satisfying
F(a) € O(p*), using at most (m + 1) - 2= Cj2k + Csys i bit operations.

1A linear-algebra exponent is a value w € R such that nxn matrix multiplication can be carried
out using O(n*) base-ring operations. The best currently known algorithms achieve w & 2.37. A
rectangular mxn linear system can be solved in O(max{m,n}*) ring operations; see [DP12].
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Proof. In Algorithm 1, we compute the entries of the Jacobian matrix DF(a); ; with
l €Y}, 1€ X; using Proposition 2.3. To prove correctness, we point out that all
other entries are zero and need not be computed: indeed, given our definition of
constraint systems, the outputs indexed by Y; only depend on the inputs indexed
by X]’.

Regarding the complexity: For each j € {1,...,r}, we perform | X;|+1<m+1
evaluations of F};, and finally we solve the system DF (@) - § = b over Z,/p*Z,. O

We’ve seen above how to lift a given solution to a constraint system to double
p-adic precision. By repeatedly applying this procedure, starting from a solution
modulo p, i.e., in precision 1, we can lift it to arbitrarily high precision k.

Corollary 2.6. Suppose given an algorithm to evaluate F': Ziq" — Zg“t, and a tuple
a+0(p) € Zg‘ (or equivalently, a tuple in IF'q”) satisfying F(a) € O(p) and such that
DF(a) has full rank modulo p. For k' = oM c 7, let Cyy be the upper bound from
Proposition 2.4 or Proposition 2.5 on the cost of lifting solutions from precision
k'/2 to precision k'. Fiz k =2". We can compute an arbitrary lift a + O(p?*) of @,
satisfying F(a) € O(p?*), with a cost of O(Cy) bit operations.

Proof. We apply Proposition 2.4 or Proposition 2.5 to repeatedly double the precision
from 1 to 2,4,...,2". Given that the bit-operation cost of arithmetic modulo pk/
grows at least linearly in k', each lifting step costs at most half as much as the next
one. In particular, we have Cy + Cj /2 + Cjq + ... + C2 € O(Cy). O

Remark 2.7. In addition to constraints that are required to be zero for a solution,
practical computations often also require that other constraints are nonzero for a
solution. (We call these “closed” resp. “open” constraints, since their solution sets
have those respective properties in the Zariski topology.)

Since clearly # 0 (mod p) implies # 0 € Zg, all “open” constraints are trivially
satisfied for any lift of a solution modulo p. Therefore, we need not pay any attention
to “open” constraints during lifting: A lift to Z, of any variable that only appears
in “open” constraints can be chosen completely arbitrarily and hardcoded into the
system of “closed” constraints before the lifting of “closed” constraints commences.
(Alternatively, such variables could still be viewed as inputs to F' anyway, but they
will always contribute a full dimension to the space of lifts.)

Remark 2.8. In the situation of proposition 2.5, if DF(a) = p¢M where the matrix
M has full rank modulo p and e < k, then we can apply a similar method but
we lose a precision e at each Newton iteration. More precisely given a + O(p")
such that F(a) € O(p**¢) (note that due to our assumption on DF, F(a) is well
defined modulo p**¢), then a Newton iteration will give @ + O(p?*~¢) such that
F(a) € O(p*).

Even more general type of Jacobian matrices DF (@) can be covered by switching
to a lattice model of the p-adic precision [CRV14].

2.5. A geometric description of Hensel lifting. In this section, we reinterpret
the algebraic Hensel lifting algorithm from a geometric point of view, recasting
the language of constraint systems into the language of schemes. The reader only
interested in the algorithmic applications can safely skip this section. We refer to
Remark 2.14 for an outline of a more general version.

In the context of Hensel lifting, we're given a system of equations over Z, of
the form F(xy,...,2,) = 0, where F = (Fy,..., Fy) is a polynomial map, and a
solution P = (aq,...,a,) of the polynomial system modulo p. Theorem 2.2 tells
us how to lift the solution P to higher precision, say to a P such that F(ﬁ) =0
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(mod p*), but requires us to check that the Jacobian matrix has maximal rank. In
this section, using the language of schemes, we get geometric tools to check this
criterion

To fix notations, suppose we have a map of schemes ¢: X — Y, a point
Q € Y(Z/p*7Z) which reduces modulo p to Q € Y (Z/pZ), and a point P € X (Z/pZ)
such that ¢(P) = Q. In the setting of Theorem 2.2, X plays the role of the affine
scheme SpecZgy[x1,...,2,]/(F1,...,Fn), and ¢ is the structure morphism onto

Spec Z,. Our goal is to describe all lifts P € X (Z/p*Z) of P such that p(P) = Q.

The Jacobian rank condition: smoothness and étaleness. If the morphism ¢ is
formally smooth then a lift as above always exists [Stacks, Tag 02GZ], and if ¢ is
formally étale the lift is moreover unique [Stacks, Tag 02HF|. By [Stacks, Tag 02H6,
Tag 02HM], ¢: X — Y is smooth (resp. étale) if and only if it is formally smooth
(resp. formally étale) and locally of finite presentation®. Note that ¢ is étale at a
point P if and only if it is smooth at P of relative dimension 0 [Stacks, Tag 02GU]J.

Smoothness and étaleness are Zariski-local conditions; more precisely ¢ is
smooth (resp. étale) at P if and only if we can find affine opens U = Spec Ry C X
and V =SpecR; CY, with P € U and ¢(U) C V, such that ¢|y is standard
smooth [Stacks, Tag 01V7, Tag 01V9] (resp. standard étale [Stacks, Tag 02GUJ).
Recall that an affine scheme morphism ¢: U — V as above is standard smooth at P

of relative dimension r if and only if there exist Fi,..., F, € Ri1[X1,...,X,]
such that Ry = Ri[Xy,...,Xn]/(F1,...,Fs) with r = n — s, and the matrix
(%(P))i,jE{l,..-,s} is invertible over R; [Stacks, Tag 00T6]. So we see that, up

to permutation of the variables, this condition is exactly the rank condition of
Theorem 2.2. In the case r = 0 (i.e., étaleness of ¢ at P) we can even reduce to a
single variable: ¢ is standard étale if we can find F, H € R;[X], with F monic and
F' invertible in R,, such that Ry = Ry[X]x/F(X) [Stacks, Tag 02GI, Tag 00UB].

Remark 2.9.

e The description of a standard smooth morphism above shows that a smooth
morphism is étale-locally of the form A}, — Spec(R) [Stacks, Tag 039P]. Indeed,
¢|u decomposes as U =~ Spec Ry — Spec Ri[Xgy1,...,X,] =~ AR — V ~
Spec Ry where the map U — Spec Rq[Xs41, ..., X,] is standard smooth of relative
dimension 0, hence étale.

e Let p: X/S — Y/S be a S-map of relative smooth schemes X,Y over S, P € X,
@ = ¢(P). Then ¢ is smooth (resp. étale, resp. unramified) at P if and only
if do: Tx/s,p — Ty;s,q is surjective (resp. bijective, resp. injective), where
Q = ¢(P) [GD67, IV Théoréme 17.11.1, Corollaires 17.2.2 et 17.11.2].

Reformulating the lifting theorems. We now specialize the description above to
our case of interest. We have X a Zg-scheme and ¢: X — SpecZ, the structure
morphism, and assume that we are given a point P € X(F;). We will consider
the problem of lifting this point to PeX (Z4). Formally, a lift P correspond to a
dotted morphism in the diagram below, which makes it commutative:

SpeclF, —F L x

L)

Spec Zy === SpecZ,

2Being locally of finite presentation means that ¢ behaves well with respect to filtered limits
[Stacks, Tag 01ZC].
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As argued above, the situation is well behaved when ¢ is smooth at P. The
following proposition gives a refinement of Theorem 2.2 where the coset of lifts is
given a geometric description.

Proposition 2.10. Let X be a Z4-scheme and p: X — SpecZq its structure
morphism. Assume given a point P € X(Fy) such that ¢ is smooth at P of relative
dimension r. The point P can be lifted (non uniquely) to a point P € X(Z,), and the
set of such lifts P forms a torsor under the natural action of U'(P, Tx jz, @pZ,) ~ pZy.

Proof. Since SpecZ, is the inductive limit of the Spec Z, /p*Z,, we reduce to lifting
P to a point P € X(Z,/p*Z,). The fact that we can lift P to P follows from
the fact that ¢ is formally smooth. To obtain the more precise description of the
set of lifts, we use the fact from remark 2.9 that there is an affine open U of X
containing P such that ¢|y factors as an étale map m: U — A%q followed by the
smooth projection map A%q — Spec(Zy).

Since 7 is étale, lifts of P to X (Z,) correspond bijectively to lifts of 7(P) to
A7 (Zq), which are parametrized by F(W(PLTAQQ /2, @ PZg). Since 7 induces an

isomorphism on tangent spaces (by étaleness), we see that the lifts P are parametrized

by I'(P, T /z, ®pZ,) (non-canonically, as the parametrization depends on the choice

of 7). However, the action of I'(m(P), Tyr sz, ® pZy) on the lifts of 7(P) induces an
q

action of I'(P, T'x/z, ® pZq) = pZj on the lifts of P, and the latter does not depend
on the choice of w. This action on the lifts of P that we’ve just obtained also has a
more intrinsic description: See for example the proof of [Stacks, Tag 06JI], setting
F to be the deformation functor associated to X, so that (by [Stacks, Tag 06SS])
TF is the relative tangent space T'x;z, . O

Towards a clearer connection between the geometric point of view and the
previous sections, we now explicitly describe in coordinates the lifts of P whose
existence is given by Proposition 2.10. The following Proposition is a reformulation
of Proposition 2.3 in geometric language:

Proposition 2.11. Let U’ C X be an open affine subscheme containing the point
P,andleti=(X1,...,X,): U — A%q denote local affine coordinates around P as
above, and . = (X1,...,X;): A%q — A%q the projection onto the first r coordinates.
If the structure morphism ¢ is smooth of relative dimension r at P, up to reindexing
of the coordinates we may assume that the differential d(m, o 1) is injective on the
tangent space T'xz, p, s0 T 01 is étale at P.

Now let I = (Fy,...,F.) be an ideal of definition of i(X)NU C U in an
affine open U of A’Z‘q containing i(P). Assume that we have access to a black-box

algorithm B that returns the value of the F;(Q) for all Q € U. Given any lift P of

P’ = 7,.0i(P) to p-adic precision m, we can compute the unique lift i(P) of i(P) such
that 7, 0 i(P) = P’ to p-adic precision k in O(logk) call to the black-box algorithm
B on points living in Ay (Zy/P*Z,) along with linear algebra on (Z,/p*Z,)".

Ezxample 2.12. Anticipating Section 3, we give two examples, related to elliptic
curves, where the lifts are naturally parametrized by a space of dimension 1.

(1) Let E: y?> = 23 + az + b be an elliptic curve over F,, and j(E) its j-invariant.
The coarse moduli space of elliptic curves is isomorphic to A®, via the j-invariant,
so any j € Zg lifting j(E) is the j-invariant of an elliptic curve E/Z, lifting E.
Let 2y be the fine moduli space (over F,) of elliptic curves as defined in
[Stacks, Tag 072K]. By definition, to give a map ¢: S — 2; is the same as
giving an elliptic curve E,/S. Via this definition, the map Id : 2; — 2; defines
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the universal elliptic curve X1 /%, where X, (like 21;) is an algebraic Deligne—
Mumford stack; any elliptic curve E, as above is then obtained as the pullback
of X1/2; by ¢. If j(E) # 0,1728, then, étale-locally above j, the universal
elliptic curve is given by a scheme which is smooth of relative dimension 1. In
other words, the Weierstraf coefficients 6,5 of the elliptic curves with E such
that j(E) = j can be parametrized by a linear space of dimension 1: fixing any
of the two coefficients uniquely determines the other.

For curves with j-invariant j € {0, 1728}, lifting curve coefficients requires
extra care, as these values of j correspond to stacky points in the fine moduli
space 2;. While the universal elliptic curve is smooth of relative dimension 1
above 201, it is only represented by a scheme if we specify enough level structure
(i.e., twist information) to remove the ambiguity given by the extra auto-
morphisms at these j-invariants.

(2) Let E: 2 = 23 + ax + b be an elliptic curve over Zq. Then E is smooth of
relative dimension 1, and E is naturally embedded into IP’%q. IfPekE (Fy) is
a point, the lifts of P are parametrized by a linear space of dimension 1. For
instance, if y(P) # 0 (i.e., P ¢ E(Fq)[Q]), the projection map (z,y) — x is étale
at P. It follows that the lifts P € E of P are parametrized by their x-coordinate:
z(P) = z(P) + pz1 + p?x2 + O(p®). The y-coordinate of P is then uniquely
determined by y(P), z(P), and the curve equation.

Remark 2.13. Using the notation of Proposition 2.11, we observe the following:

(1) We can use the methods of Section 2.3 to compute the Jacobian matrix of the
generators of I at i(P), provided we have the full set of polynomial constraints
locally at P (i.e., a set of generators of our ideal of equations I). This allows to
check if ¢ is smooth at P, and pick our choice of coordinates for the projection.

However, in practice, often we know from geometry that ¢ is smooth of
relative dimension r at P, but we do not know if we have a full set of constraints
(or we have a very large set of constraints that works generically, but we want a
smaller subset for our specific P for efficiency reasons.) In this case, it suffices
to add enough constraints until the Jacobian matrix has the correct rank n — r,
we then know that we have enough local equations around i(P).

(2) Rather than directly embedding U — A™, we can first look for an intermediate
embedding of Z,-schemes i: U — X', such that the structure morphism of X’ is
smooth at ¢(P), then embed i': X’ — A™. Then if we have black-box algorithms
for evaluating the (local) equations of i'(X’) and the equations defining i(U)
inside X', then we can apply the tools of Proposition 2.11 to compute the lifts of
i(P) that belong to 4(U). This corresponds to the formulation of “lift constraints
one after another” of Algorithm 1.

As an example, to lift a point of n-torsion P € E[n| of an elliptic curve, we
could either embed F[n] directly into affine space, or decompose this via the
natural embedding of E[n] — E followed by the embedding of F into P?, and
solve first the lifting problem to E, using the algebraic constraint that P should
be on the curve (as in the example above), and then to E[n] by adding a further
algebraic constraint that P should be of n-torsion. The requirement of 7 being
an embedding can be weakened to ¢ being unramified at P, since by [Stacks,
Tag 04HG] an unramified morphism is étale-locally an immersion.

(3) Our assumption that we have a map ¢: X — SpecZ, of schemes is more
general that what we need. Indeed, the scheme X, seen as a presheaf on
the category of affine schemes, has a well defined functor of points X (R) for
any ring R, but in our lifting problem we are only concerned with X (R) for
Artinian local Z,-algebras. The correct setting for this section would thus be
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the context of smooth morphisms between deformation functors or deformation
categories, for which we refer to [Stacks, Tag 06G7]. A deformation category is
a predeformation category that satisfies the Rim-Schlessinger conditions [Stacks,
Tag 06J9]; this is enough to describe the lifts as a torsor under the tangent
space of the deformation category, see [Stacks, Tag 06J1].)

Remark 2.14. In this section we looked at the problem of lifting a point P € X (IF,)
from characteristic p to a point PeX (Z4) of characteristic zero. A similar approach
would work to compute lifts/deformations of P to X (F,[[¢]]) instead. We refer to
[KR24] for an algorithmic application.

3. ELLIPTIC CURVES, ENDOMORPHISMS, LIFTS

In this section, we fix notations and recall useful facts concerning elliptic curves
and their morphisms, and we discuss the theory of p-adic canonical lifting.

3.1. Elliptic curves and their endomorphisms. Let k be a field and a,b € k
with 4a®+27b? # 0. Throughout the paper, we assume char(k) ¢ {2,3} and consider
elliptic curves E = E, ;, defined over k to be in short Weierstraf form.

Two elliptic curves Ey = FEq,p, and Ey = E,, 5, are isomorphic over k if
and only if there exists v € k* with ag = aju*, by = biub, and in this case
(2,y) — (z/u? y/u?) is an isomorphism. They are isomorphic over the algebraic
closure of k if and only if they have the same j-invariant j(Ep) = j(Ep), with
J(Eap) = 1728 - 4a3/(4a® + 27b?).

For N € Z>1, the N-torsion subgroup E[N] is the kernel of the scalar multi-
plication by N. We denote by 4 n(z) = ¥ (a, b, z) the N-division polynomial on
E = E, 1, which has integer coeflicients and is such that for P # Og € E, we have
P € E[N] is of N-torsion if and only if its z-coordinate z(P) is a root of ¥ g n.
Remark 3.1. In this paper we will also work with elliptic schemes over rings like
R =74 or Zy/p"Zy. But if E — SpecZ, is an elliptic scheme, it is proper smooth
(hence flat) over Z,, and E is the Néron model of its generic fiber Eq,. In particular,
this generic fiber is enough to recover E.

Finally, by the rigidity lemma [MFK94, Proposition 6.1] two morphisms ¢1, @3 :
E; — Ey of elliptic schemes over R that are equal over the special fiber F, are
equal everywhere. And furthermore by [MFK94, Corollary 6.4], ¢ : E; — Es is a
morphism if and only if it takes the section section of F; to the zero section of Fs.
This rigidity lemma, combined with the fact that F/R is proper smooth allows to
extend many of the algorithmic results on elliptic curves over a finite field F, to the
case of an elliptic scheme over R. Informally, as long as our formulas have ‘good
reduction’ modulo p, they are automatically correct over R.

Isogenies and endomorphisms. An isogeny ¢: Ey — FE; is a non-constant rational
map that sends cog, to cog,; every isogeny is a homomorphism of abelian groups.
We say an isogeny is defined over a field k (resp. separable, resp. of degree d € Z)
if it is defined over k (resp. separable, resp. of degree d) as a rational map. A
separable isogeny is uniquely determined by its kernel, up to post-composition
with an isomorphism on the codomain. Given a separable kernel ker ¢ = (P) with
ord P = N =[], ¢;, the isogeny ¢ splits as a chain ¢ = ¢, 0...0¢; with deg p; = ¢;.
If the degree is of the form N = ¢, we also refer to ¢ as an isogeny path in the
l-isogeny graph. Given two curves Ey, 1 whose j-invariants are respectively jg, j1,
there exists an ¢-isogeny Ey — Fj if and only if ®4(jo,j1) = 0, where ®; is the
{-modular polynomial.

Given a curve E over k, the isogenies p: E — FE, together with the zero morphism,
form the endomorphism ring End(E). If char(k) = 0, then End(FE) can be either Z or
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an order in an imaginary-quadratic number field. If & is finite, then End(E) is either
an order in a quadratic imaginary number field (in this case F is called ordinary)
or a maximal order in the quaternion algebra B, ., ramified at p and co. In both
cases, a nonscalar ¢ € End(E)\Z is a imaginary-quadratic algebraic integer, i.e., it
is a root of a quadratic polynomial 22 — tx 4+ d with negative discriminant, where
d = deg ¢ and t = tr ¢ are respectively the degree and trace of the endomorphism.

Higher-dimensional isogenies. Principally polarized abelian varieties (PPAVSs) are a
useful computational tool to represent elliptic curves isogenies whose degree can’t be
factored into small primes. We refer the reader to [Mil86] for the underlying theory
and [Rob24b] for the computational applications, and recall some relevant facts
here. A polarized N-isogeny of PPAVs ®: (A, A4) — (B, Ap) is an isogeny that
respects the principal polarizations and such that ® o ®' is the multiplication-by-N
endomorphism on A, with ®7 = \Y o ® o Ap.

Let Ey, E; be two elliptic curves over k, and P = (P, P1),Q = (Qo, Q1) be points
on (Ey x Ey)[N], with N € Z>; and pt N, that generate a maximal Weil-isotropic
subgroup, i.e., (P, Q) = (Z/NZ)? and en (P, Q) = en(Py, Qo) - en(P1,Q1) = 1.
Setting ker ® = (P, Q) uniquely determines a polarized N-isogeny ®: Ey X F; —
E5 x E3 up to post-composition with an isomorphism, where the products of elliptic
curves are equipped with the product polarization. If N = [[. ¢;, the isogeny ®
splits as a chain ® = W, o...0 Wy of ¢;-isogenies ¥;, as in the 1-dimensional case.

In dimension 2, let U{} ;, () be the level-(2,2) even theta function, referred to as
61111 in [Igu62]. The constant xgpiit(A) 1= Uﬁ’u(O) is a tool to recognize products
of elliptic curves: given a PPAV A, the constant xspiit(A) vanishes if and only if
A is a product E; X Fs (i.e., the polarization of A is a product polarization) with
product theta structure.

3.2. Scaling factors. Let ¢: Ey — E; be an isogeny over k. The scaling factor of ¢
on invariant differentials [Gall2, §9.7] is defined as the unique quantity ¢, € k satis-
tying ¢*(dz/y) = ¢, -da/y with da/y the standard invariant differentials on Ej resp.
E;. In case p is separable, it can be written in the form ¢(z,y) = (f(z),cyf'(z))
for some f € k(x) and ¢ € k* [Gall2, Theorem 9.7.5]; the factor ¢ then equals 1/c,,.
An isogeny ¢ is said to be normalized if ¢, = 1. Given an elliptic curve E over k,
the map End(E) — k defined by ¢ +— ¢, is a ring homomorphism.

Retrieving the scaling factor from a given isogeny is immediate in some cases:
if n: By — Ex, (z,y) — (z/u?,y/u®) is an isomorphism, its scaling factor ¢, is u.
Secondly, by multiplicativity of scaling factors c,,0p, = €y, - Cp,, the scaling factor
of an isogeny chain is the product of the scaling factor of its steps.

For a general isogeny ¢, by means of the formula p(z,y) = (f(z), é yf'(x)) for
separable isogenies, resp. the fact that c, = 0 for inseparable isogenies, Algorithm 2
can efficiently compute the scaling factor c¢,. We use the well-known fact that for the
“first-order thickening” S = k[[]]/(¢?), the Taylor expansion f(z+¢) = f(z)+ f'(x)e
holds for any f sufficiently regular around x € k, so f’ can be retrieved from an
evaluation of f over S. We assume given a (black-box) algebraic z-only evaluation
algorithm eval, which takes as input the z-coordinate of a point @ € E(S’) defined
over any k-algebra S’ and outputs the z-coordinate of p(P).

Remark 3.2. An z-only evaluation algorithm for ¢ inherently only determines ¢ up
to a sign, i.e., up to post-composition with [+1], hence ¢, up to a sign: That is why
the pair P, P; is needed in the algorithm to differentiate between +¢ and —p.

3.3. Lifts of endomorphisms. In this section, we use Serre and Tate’s theory of
canonical lifts, as extended by Grothendieck and Messing, to describe the problem
of p-adic lifting of isogenies and endomorphisms of elliptic curves.
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Algorithm 2: Computing the scaling factor of an z-only isogeny over k.

Input: An z-only evaluation algorithm eval, of a k-isogeny ¢: Ey — Ey;
a point P = (z,y) € Ey and its image P = p(P) = (x1,y1) € Ey
under ¢ with y; # 0.

Output: The differential scaling factor c, of ¢.

S + k[e]/(?)
a+ebevaly(x+e)e S // a= f(x), b= f'(2)
Return (y-b)/y: /7 (@1,m) = (@), 2 yf (@) = (a, L)

We first show that the lift of an isogeny of degree prime to p is uniquely determined
by the choice of lift of its domain. Denote by 2[; the fine moduli space of elliptic
curves and, if I' is a congruence subgroup, denote by 2 (I') the fine moduli space of
elliptic curves with I'-level structure (cf. [DR72], technically these moduli spaces are
algebraic stacks). The stack 1 (I'(¢)) parametrizes pairs (E, K) where K C E[/]
is a cyclic subgroup of order ¢, and the forgetting map 21 (I'°(¢)) — 2l given by
(E,K) — E is étale over Z[1/¢]. As a consequence, if E/Zq is an elliptic curve with
reduction E over F,, and ¢: E — E; is an {-isogeny over F, with p { ¢, then ¢ lifts
uniquely to an isogeny Q: E — EI . We can compute ¢ by lifting the points of the
kernel of ¢: since E[(]/Z, is étale, the points of /-torsion of Ef, lift uniquely.

Now let v: E — E be a (non scalar) endomorphism over Fy. If v is of degree ¢
prime to p, then ~ lifts to an 1sogeny 5: E — E' for every E/Z that lifts F, but
in general E’ is not isomorphic to E. Only for an (essentially) unique choice of
lift £ = E over Zq the domain and the codomain coincide, that is, v lifts to an
endomorphism 7 € End(E) provided suitable conditions on . We call such a lift £
a ~y-canonical lift of E.

We introduce a few more definitions that we will use in the next proposition. Given
v € End(E), its discriminant A, is the discriminant of the imaginary quadratic
order Z[v] it generates. A ~y-oriented isogeny ¢ : F = E; — Es is an isogeny whose
kernel is stable by «, then « descends via ¢ to an endomorphism of Fjs.

Proposition 3.3 (Lifting endomorphisms). Let E/F, be an elliptic curve and
be a non-scalar endomorphism over F, of discriminant not divisible by p. There
exists a y-canonical lift EA, over Zg (resp. over Z,/p* for k € Z>1) such that 7 lifts
as an endomorphism to Eﬁ,. This lift E’v is unique up to a Zg-isomorphism (resp.
Zq/pk -isomorphism) that reduces to the identity modulo p.

If Eq, E5/F, are two ~y-oriented curves [Onu2l], then lifting gives a canonical
bijection from the y-oriented isogenies Homg, z1,)(E1, E2) between Ey, Eo to the

Zq-isogenies Homg, (Elm E277) between the respective y-canonical lifts.

We devote the rest of the section to proving Proposition 3.3, by recalling important
results in the theory of p-adic lifting of abelian schemes.

Theorem 3.4 (Serre-Tate, Grothendieck—Messing). Assume that p > 2. The
functor AJ/Z, (AFQ,Q}MZ(] C HJg(A/Z,)), which associates to an abelian
scheme A/Z, its special fiber A = Ag, and the Hodge filtration on H}p(A/Zq) ~
H! (A/Zy), is an equivalence of category with tuples (A/Fg, Fil) where Fil is a
dzrect summand lift of the Hodge-Filtration QA/F C Hiz(A/F,) ~ AJF,) to
Crys (A/Z,). The morphisms in the second category are given by the morphzsms

@: A/Fq — B/Fy such that the induced map on cohomology HY ., (¢): Hlyi(B/Zy)
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— HY (A/Z,) (a morphism of Z,{F,V }-modules, where Z,{F,V} is the Dieu-

crys
donné ring) furthermore respects the given filtrations.

Proof. By standard inductive limit arguments and Grothendieck’s algebraization (see
also the proof of [Mes72, Theorem V.3.3]), it suffices to understand the deformations
(i.e., the lifts) of A/F, to Z,/p*Z,. The theorem is obtained by combining the
theorem by Serre and Tate that encodes the deformations of an abelian variety
A/F, in terms of the deformation of its p-divisible group A(p) [Kat06], along with
the theory by Grothendieck-Messing that encodes deformation of a p-divisible group
G in terms of admissible liftings of the Hodge filtration of its crystal D(G) [Mes72,
Theorem V.1.6]. We also use the fact that H} . (A/Z,) induces the crystal D(A(p))
associated to the p-divisible group A(p) of A4, and that given any lift A/(Z,/p"Z,)
of A, the Hodge filtration on Hgg (A/(Ze/p"Z,)) ~ HL (A L) @z, Lq/p* L gives
an admissible lift of the Hodge filtration of D(A(p))r, ~ Higr(A/F,) [BBMS2,
Théoréme 2.5.6, Propositions 2.5.8 and 3.3.7]. The restriction to p > 2 is needed
to ensure that the canonical divided power p™/n! be locally nilpotent. We refer to
Appendix B for more details. U

Remark 3.5. If A, B are abelian schemes over Z,, the reduction map gives an injection
Homgz, (A, B) C Homg, (A, B) where A = Ag_, B = By,. By Theorem 3.4, the image
of the reduction map is given by the morphisms ¢: A — B that respect the Hodge
filtration induced by A,B on HY  (A/F,) and H}  (B/F,) respectively. Using the
isomorphism Homg, (4, B) ® Z,, ~ Homy, (pv}(Hly(B/Zq), Hy(A/Z,)) given by
Tate’s theorem, we conclude that a morphism ¢: A — B is completely determined
by its action on cohomology H.y (0): Hhyo(B/Zg) = Hy(A)Zy).

crys crys

Proof of Proposition 3.3. As the discriminant A(y) # 0 (mod p) is nonzero, v is
diagonalisable on HY  (E/Z,) with distinct eigenvalues modulo p. The associated
filtration Fil, lifts the one on H}g (E/F,) since « is an endomorphism over F,. Thus,
E is the lift associated with this filtration as given by Theorem 3.4. Conversely,
since the eigenvalues are distinct, any filtration stable by v has to be the one given
by the eigenvectors. From the proof of Theorem 3.4, we also get that E‘Zq JpFZ, 18
the unique y-canonical lift modulo p*.

By Theorem 3.4, the isogenies El,v — IE\Q’V are precisely the (unique) lifts of the
isogenies ¢: Ey — Ej such that H! () preserves the filtrations Fil, on E;. Now
H! () preserves the filtrations if an only if it commutes with H} (y) and, by
Remark 3.5, this happens if and only if ¢ commutes with ~. O
Ezample 3.6 (Canonical lifts of an ordinary elliptic curve). If E/F, is ordinary,
A(my) # 0 (mod p) and there is a unique lift E /Z, where the Frobenius 7, lifts as
an endomorphism, usually referred to as the canonical lift. Since the endomorphism
ring is commutative, all other endomorphisms respect the filtration induced by the
Frobenius on HJ,, (E/Z,) hence they all lift to E.

We remark however that, though endomorphisms on E lift uniquely to endo-
morphisms of E, they may not lift uniquely to isogenies if their degree is not
coprime with p. For instance, the Verschiebung endomorphism admits several lifts
as isogenies to E, only one of which is still an endomorphism (namely, the one
whose kernel is generated by the unramified points of g-torsion of E) The Frobenius
endomorphism g, on the other hand, does lift uniquely even as an isogeny.

Remark 3.7 (Canonical lifts of an ordinary abelian variety). If A/F, is ordinary, there
is a unique canonical lift A/Z, such that the Frobenius 7, lifts as an endomorphism.

The canonical lift A\/Zq can also be characterized as the unique lift such that the
13
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reduction map Endz, (A) — Endr, (A) is bijective, or also as the unique lift such that
the small Frobenius 7,: A — A®) lifts to an isogeny A— A (or the same thing
for an iterate of the small Frobenius or Verschiebung). If /Al, B /Z4 are canonical lifts
of A, B/F,, the reduction map Homg, (2, E) — Homp, (A, B) is bijective. We refer
to [Mes72, Appendix] for more details.

4. EFFICIENT REPRESENTATIONS OF ISOGENIES

In this section, we review some widely used forms of representations isogenies,
and we describe how to lift a given isogeny over I, with ¢ = p™, to the ring Z,.
Throughout the section, we will assume p > 5 and work with isogenies ¢ of degree
coprime to p. We will use Notation 2.1 to describe the cost of arithmetic in Z,/ kaq.

An isogeny representation can be defined [Wes24, Definition 1.3| as a poly-
nomial-time algorithm .o/ taking as input a bit string D that describes an isogeny
¢p: Ep — Ef, from which <7 is able to compute the degree deg(yp), domain Ep,
codomain EJ,, and evaluations ¢p(P) € Ef, at given points P € Ep. In order to
define a reasonable notion of efficiency of the representation, only isogenies over
finite fields are usually considered.

For our purposes, we introduce a somewhat stricter, but related notion of algebraic
isogeny representation that allows us to extend the finite-field definition to the p-adic
context, under mild assumptions on the algorithm <7 that are satisfied by several
widely-used examples of isogeny representations. The main differences to the
definition from [Wes24, Definition 1.3] are: We work over (approximations of) Z,
instead of just Fy; we require the “data” bit string D to contain only elements of
the base ring of the isogeny (by moving all remaining data into separate inputs),
and we request that the specification of what constitutes a “valid” data tuple to be
p-adically analytic in a neighbourhood of all valid inputs.

Definition 4.1. An algebraic isogeny representation consists of algorithms
check, curves, and eval, as well as (for prime powers ¢ =p™ and positive integers d, k)
pairs (Vg qk,is0g, 4) of subsets Vg ax C (Zq/p*Zq)"™ and maps

is08, 411 Vgax — {d-isogenies between elliptic curves over Z,/p*Zg} ,

where the Vg 41 are pairwise disjoint. The tuple D € V, 4 is referred to as the
“data” of the isogeny isog, ;. (D). For brevity, we write pp: Ep — Ef for the
isogeny isog, , (D) and its (co)domain curves.

e check takes (q,d, k) and a tuple D € (Z,/p*Z,)", and outputs a boolean
indicating whether D € V 41.

e curves takes (¢,d, k) and D € V4 and outputs the curves Ep and Ef,.

e eval takes (¢,d, k) and D and some point P € Ep(R), where R is a finite
Z4/p"Z,-algebra, and outputs the image point p(P) € Efp(R).

It is required that all three algorithms run in time polynomial in d, k,log g, and
the degree of R over Z,/p*Z,, and we say the representation is efficient if the
runtime is polynomial in logd. We require the following compatibility conditions:
For all ¢,d and all ¥’ >k, if D' € V, 4 reduces to D € V, 45 modulo p*, then
check(q,d, k', D) = check(q, d, k, D), and the output of algo(q,d, k', D’) reduces to
the output of algo(q, d, k, D) modulo p* for algo € {curves, eval}. Aditionally, for all
g, d there must be a function Fj, 4: Zg‘ — Zg“t which is analytic at all points z € Zg‘
14



with o + O(p) € V4.1, such that check(q,d, k, - ): (Z,/p*Z,)™ — {true,false} is
given by D — “F, 4(D) € O(p*)?".3

4.1. Lifting a path of j-invariants. Suppose given an isogeny ¢ of composite
degree N =[], ¢;. To describe it efficiently, it is convenient to split it as a chain

$1 P2 Pr—1 Or
E, E, . E._1 E,

where the isogeny step ¢; has degree ¢;. Via the {-modular polynomial, the existence
of an /-isogeny between two curves can be encoded as a polynomial relation between
the j-invariants of the two curves. Through this idea (already appeared in [VPVO01]
for Satoh’s point counting algorithm) we can encode isogenies as solutions of
polynomial systems, which allows us to compute their lifts via Hensel lifting.

Lemma 4.2. Suppose given a tuple D = (jg,...,j,) +O(p*) € ZIT! that satisfies
the polynomial constraints

q)ei(ji—laji) € O(pk) 1= 17“-;”

where @y, is the {;th classical modular polynomial.

Assume that there exists only a single isogeny chain Eg — --- — E,, (up to iso-
morphism) such that each j(E;) = j; mod p and each step E;_1 — E; has degree {;.
Letting ¢ = max; £; and assuming that £ < p, we can compute a lift D = (jo, ..., jn)
of D to precision 2k using 6(€2n)l\/|2k bit operations.

Proof. Let Xy, ..., X,, denote variables. Write F; = ®p,(X;_1, X;); the constraints
thus say F(D) € O(p*) and we are looking for a lift D with F(D) € O(p**).
The Jacobian matrix of F is clearly sparse; it is banded with only 2 nonzero
diagonals. The uniqueness assumption on the isogeny path ensures that 9; _ F;(D) =
Ox®y,(j,_1,7:;) and 8;F;(D) = 0y ®y,(j,_1,7;) are nonzero modulo p for all 4 [MM24,
Proposition 4.1], i.e., all elements on the nonzero diagonals are nonzero modulo p,
hence why DF(D) mod p has full rank.

To compute the lift, we apply Proposition 2.5. Note that each polynomial
constraint depends at most 2 variables, and the complexity of evaluation of a

modular polynomial of degree ¢ is O(¢?); finally, thanks to the sparsity pattern of

DF (D), solving the relative linear system in precision k costs O(n)My. O

A path of j-invariants as above is technically not enough to be an unambiguous
isogeny representation: we must also specify a domain curve Ey with the given
j-invariant jo (or an algorithm to produce Fy from jp), which is what we do next.

4.2. Lifting an isogeny step. For a cyclic isogeny ¢: Ey — Ep of small (typically
prime) degree ¢, there are several options for representing ¢ which take as input the
domain Fjy and a single extra value z. For all common such representations, the
check algorithm can be encoded as verifying an algebraic (hence analytic) constraint
system, hence they’re suited for Hensel lifting.

3These properties are satisfied by all isogeny representations whose algorithms are defined (for
a fixed degree) by arithmetic circuits; however, in principle, non-algebraic operations are permitted
as long as the outputs satisfy the compatibility conditions above.
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Vélu, v/élu. Vélu's formulas [Vél71] and the v/élu algorithm [BDLS20] can be used
to represent a separable normalized isogeny of (typically) prime degree £ by a single
point of order ¢ that generates the kernel. Such representations can be chained.
Suppose given a chain ¢: Ejy 2L By 2 2 E, of Vélu or veélu isogenies ;,
with each individual prime-degree step ¢; having small degree ¢;, often assumed
to be polynomial in log(deg¢): whenever N = deg ¢ is a smooth integer, we get
an efficient representation for ¢. The data D is given by a tuple of field elements
(ag, by, 1, ..., z,) € k"2 such that ag, by are the short Weierstraff coefficients of Ey,
and each ker ¢; is generated by a point on E;_; with z-coordinate z;.

Lemma 4.3 ([Vél71; BDLS20]). Fiz £ € Z>1 with p{ £ and let ¢: Ey — Eq be a
normalized cyclic isogeny over k with kernel ker p = (P) where P € Ey[f]. Vélu’s
formaulas (resp. the Veélu algorithm) are algebraic algorithms that compute the Weier-
straf$ coefficients of E1 as a rational map (a(E1),b(E7)) = Vélu(a(Ey),b(Ep), z(P))
in O() (resp. OWT)) arithmetic operations over k.

Lemma 4.4. Fix / € Zi>q with pj[é Let D = (ao,go,fl,al,gl) + O(pk) € Zg with
4a3 + 275? # 0 (mod p), i = 0,1 satisfy the following rational constraints:
) Ye(@o, bo, T1) € O(p*)

(61761) - Vélu(EO)BOafl) € O(pk)

This tuple defines an l-isogeny ¢: Eg — E1 defined over Zq/kaq, where E; has
short-Weierstraf§ coefficients (@;,b;). For every lift (ag,bo) + O(p?*), using Vélu’s
formulas (resp. the /élu algorithm), there exists a lift (ag, by, x1,a1,b1) + O(p*F)
that satisfies the constraints in precision 2k. We can compute such a lift in O(€)May,
(resp. O(V/0)May) bit operations.

Proof. The Jacobian matrix of the above constraints is of the form

koK 8&:1w£(607607fl)

x % 0 1
* % * 0 1
where 0,,¢(do,bo,T1) = v, _ (1) # 0 (mod p*) is nonzero since a division

polynomial with p 1 ¢ is separable. We use Algorithm 1, noting that the pivots of

DF(D) correspond to variables x1, a1, b1, and see that the solution set is parametrized
by the lifts of ag, bg. O

The BMSS algorithm. While Vélu and v/élu compute an isogeny from the domain
curve and a kernel point, an isogeny can also be computed from the data of the
domain curve and the j-invariant of the codomain.

More precisely, given an elliptic curve Ey = Eg, 4, over Zq/kaq and the
j-invariant of a curve f-isogenous to Ep, the algebraic algorithm from [BMSS08]|
can compute the codomain F; of a normalized ¢-isogeny ¢: Ey — E; provided
{j(Ep),j(E1)} N {0,1728} = . We denote by (a1,b1) = BMSS(ag,bo,j1) the
resulting algorithm, which runs in 5(€)|\/| & bit operations.

The following lemma shows how to lift the representation of an ¢-isogeny using
this algorithm, and can be proved analogously to Lemma 4.4.

Lemma 4.5. Fiz { € Z>y with p t £. Let (ao,bo, j,,a1,b1) + O(p*) € Z] with

j(@;,b;) mod p ¢ {0,1728}, i = 0,1 satisfy the following rational constraints:

J1 —7‘7(51,51) € O(sz -
(@1,b1) — BMSS,(ao, by, ;) € O(p¥)
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This tuple defines an (-isogeny p: Eg — Ei defined over Z,/p*Z,. For every
lift (ag, bo) + O(p?*), there exists a lift (ag,bo, j1,a1,b1) + O(p*F) that satisfies the
constraints in precision 2k. We can compute this lift in O(€)Msy, bit operations.

Radical isogenies. Radical isogenies, introduced in [CDV20], provide a different
algorithm to parametrize /-isogenies outgoing from a given curve, not via their kernel
point but via a choice of £th root. In this case, a curve E is described in Tate normal
form E: y? 4+ (1 — ¢)zy — by = 23 — bx?, with b, ¢ such that the point P = (0,0) is of
order ¢.*Suppose given coefficients (bg, cg) defining a curve Ey, and o an fth root of
p = fo,p(—P), where f; p is a Miller function for P [Gall2, Definition 26.3.4]. The
tuple (b, ¢, &) defines an ¢-isogeny ¢: Eg — Ej to another curve in Tate normal form,
and the coefficients of E; are algebraic expressions (b1, c;) = Radlsog(b, ¢, «). For
£ < 13, these expressions are more efficient to compute than the other representations
mentioned above. We can use Hensel lifting once again to compute p-adic lifts of
radical isogenies.

Lemma 4.6. Fiz a prime { < 13, £ # p. Suppose given D = (bo, ¢y, ay,b1,¢1) +
O(p*) € Z5, where (b;, ¢;) define a curve E; in Tate normal form with P; = (0,0) €
E;[f] of order ¢, for i =0,1. Assume D satisfies the following rational constraints:

ay —tn(Po, —Py) € O(p¥)
(51761) — RadlSOg(Eo,Eo,al) S O(pk)

This tuple defines an (-isogeny p: Eg — Ei defined over Z,/p*Z,. For every
lift (bo,co) + O(p?*), there exists a lift (bo, co,j1,b1,c1) + O(p*F) that satisfies the
constraints in precision 2k, thus defines a radical isogeny lifting the given one.

4.3. Lifting isogeny and endomorphism chains. Once we know how to lift a
small-degree isogeny, we show how to lift isogenies and endomorphisms that can be
factored into a chain of small-degree isogenies (possibly including isomorphisms). We
show how to do that in the case of Vélu steps, but remark that the same algorithms
can be used to lift chains of v/&lu, BMSS, radical-isogeny steps.

Lifting an isogeny chain is immediate from the lifting of a single steps. From the
repeated application of Lemma 4.4, we get the following

Corollary 4.7. Let ¢ be the composition Ey RAN Ey RN N E,, let a;,b; be

the Weierstraf coeﬂiczents of E; and T; = x(P;) where P; € El[&] is a generator of
ker ;. Let £ = max; ¢; and assume £ < p.

Suppose given a tuple D = (ag, by, T1,@1,b1, ..., Tn, Gn, by ) + O(pF) such that the
elements (@;_1,b;_1,T;,a;,b;) are a solution of (1) for alli=1,...,n. For all lifts
(ao,bo) + O(p**) of (g, bo), we can compute a lift D + O(p**) of D satisfying the
system in precision 2k, using O(nf)Mqy, bit operations.

To lift an endomorphism, we need extra data: introducing a variable u representing

an isomorphism factor, we add constraints to ensure that the last step of the chain
is isomorphic to the domain.

Proposition 4.8. We follow the notation of Corollary 4.7. Suppose given a tuple
D = (do,bo,T1, - - -, Gn, by, W) satisfying

Ydivpoly,i: ¢a bils ( ) € O( ) 1= 1 »

Yelu,i: (@, b;) — Vélu(@;_1,b;_1,7;) € O(p*) i=1,...,n

}/endoz (an_GO'uabn_bO'u) (pk)

4However7 we present in Section A.l formulas to compute radical 2-isogenies on curves in
Montgomery form.
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This tuple defines an endomorphism ¢ = 1o @, o...0 @1 over Z,/p*Z, of degree
N =TI, 4, factored as a chain of normalized Vélu isogenies followed by a Weierstrafs
isomorphism n: E, — Eqy with isomorphism factor u. Assume that ¢ does not reduce
to a scalar endomorphism modulo p.

Set £ = max; £; assume p{ N. For all lifts ag + O(p?*) (resp. lifts by + O(p?*),
if 1(Eo) =0 (mod p)) we can compute a tuple (ag,bo, ..., an, by, u) satisfying the
system in precision 2k, using O(nf)May, bit operations.

Proof. The division polynomial constraints ensure that x; defines a point of order
¢; on the curve E;, hence a separable ¢; isogeny. The last (2-dimensional) constraint
Yendo = (Yo, Ys) ensures the codomain of this isogeny is isomorphic to the domain
curve, hence the isogeny is actually an endomorphism.

We must prove that the Jacobian matrix DF(D) of the evaluation function
F at the given tuple is full-rank modulo p. First, if @9 # 0 (mod p), the par-
tial derivative 9,Y, (D) is nonzero, since the isomorphism factor u is always non-
zero. Otherwise by mod p is nonzero, so 9,Y,(D) # 0 (mod p). We prove for
simplicity the case @ ¢ O(p); for the other case, replace Y, with Y,. Proceeding
as in the proof of Lemma 4.4, we see that the rows relatives to the constraints
(Yaivpoly.,1> YVélu,1s - - - » Ydivpoly,n, YVelun, Ya) are linearly independent, since the top-
right (3n+1)-by-(3n+1) submatrix of DF(D) is triangular with nonzero diagonal.
We’re left to prove that the last constraint is independent of the others. Suppose not.
Since a lift of ¢ must exist, the system (f) has solution, and the set of solutions is
parametrized by the (arbitrary) lifts of @, by. If Y} were lineary dependent with the
previous constraints, having free choice on the lifts ag, by would yield at least two
non-isomorphic endomorphisms that lift (Eo, @), which contradicts Proposition 3.3.

To evaluate the complexity of lifting, we use Proposition 2.5. In precision 2k, the
cost of evaluating Yaivpory,i is O(log £)Mgy, the cost of Yyen,; is O(£)Mg, and the
endomorphism constraints take O(1)May, for a total evaluation cost of O(nf)Mqyy
bit operations. Since the Jacobian matrix DF (D) is a sparse matrix (banded with
only 6 nonzero diagonals, except the last row), the relative linear system (1) can be
solved in O(n)My. O

Remark 4.9. We remark a substantial difference between Corollary 4.7 and Proposi-
tion 4.8. In the former, we see that for a general isogeny p: Ey — E1, any arbitrary
lift Ey of the domain defines a valid lift ¢: Ey — E7. In the case of endomorphisms,
however, the lift is unique, as we know from Proposition 3.3. More precisely, given
a separable B € End(E)y), for every Ejy lifting Eq there is a pair (E}, ¢) where E} is
also a lift of Ey and ¢: FEy — E} lifts  as an isogeny; but for only one choice of
Ey (up to isomorphism) we get E{ = Ej.

Remark 4.10. We’ve focused so far on curves in short Weierstrafs form, as this
model is defined for all curves in characteristic p > 5. The algorithms we presented
generalize to curves of different models though: one needs to replace (ag, by) with
the tuple of relevant coefficients and accordingly adjust the constraints defining
isogeny steps. The full-rank condition on the Jacobian matrix is ensured by the fact
that separable isogenies and endomorphisms lift uniquely.

Remark 4.11. This section represents Vélu isogeny chains of degree ¢ with the

kernel points of each step of the chain. It is possible to represent chains with

a single kernel point P € Fy[¢"] generating the kernel, the resulting algorithm

is slightly less efficient, since x1,...,x, must be recovered from P via repeated

doubling and isogeny evaluations [DJP14, §4.2.2|. Therefore, instead of lifting a

representation from a single kernel point (exactly as in Equation (1)), it is faster
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to first transform the representation (Fy, P) into a chain (Eg,21,...,T,) in low
precision, then perform the lifting.

4.4. Lifting higher-dimensional representations. Suppose given a separable
isogeny ¢: E — E’ over F, of odd degree d, not necessarily polylog(gd)-smooth.
Though ¢ cannot in general be split into a chain of small-degree factors, [Rob22a]
describes a way to “embed” ¢ as a component of an N-isogeny (of principally polarized
abelian varieties) between products of elliptic curves, where N is polylog(gd)-smooth.
The dimension of the abelian varieties involved is r € 2,4,8. We consider here for
simplicity the 2-dimensional case with N = 2™.

Lemma 4.12. Fiz N = 2" for some n € Z>o. Suppose given elliptic curves
Eo, E1 over R=Z,/p*Z,, let (a;,b;) denote the short Weierstraf§ coefficients of E;
fori=0,1, and let (Py, P1), (Qo, Q1) be points on (Egx E1)(R)[N] such that the
subgroup K = ([4](Py, P1), [4](Qo, Q1)) is mazimally isotropic. Let ®: Ey x By — A
be the polarized N-isogeny defined by ker ® = K and T = (To, T1) € (EoxE1)(R) a
point with Ui1,11(®(T)) # 0 (mod p). Using O(nlogn)My bit operations, on input
((as, bi, 2P, 20, , T, )i=0,1), we can compute a theta structure A for the codomain of
D, the splitting constant xspit(A) and, in case xspit(A) = 0, compute Ey (and Es).
All the algorithms are algebraic in the coordinates of the input.

Proof. We refer to [DMPR24, §4.1] for the details of computation. We remark that,
if A= Ey x E3 is isomorphic to a product, there is a linear change of coordinates
with coefficients in Z, computable from the reduction of A modulo p, that maps A
to the product structure Es x E3. To compute the splitting constant, [DMPR24]
computes (xsplit(A4))> = U11,11(0)2, but we need the non-squared value for our
purposes. To compute it, we can use the duplication formula [Rob21, Eq. (2.9)] with
z=T,y =0 to get 0{‘1,11(0), using the fact that 9{11711(T) is invertible. O

In the following, we denote by split((a;, b;, zp;, g, )i=0,1) the algorithm to com-
pute the splitting constant as above, where we treat x7 as a constant, fixed at the
beginning depending on the input curves and kernel modulo p (see Remark 2.7).
Similarly, we denote by HDcodoms ((a;, b;, p,, @, )i=0,1)) the algorithm to compute
the first factor of the codomain, as given by the lemma.

The lemma above states that a two-dimensional isogeny ®: Fy X E; — Fs X F3
between two elliptic products yields an efficient representation of the one-dimensional
isogeny ¢: Ey — E5 given by the composition Ey — Ey x E 2, FEy x E3 - FEs.
We show how to lift this representation when Ey = Es, i.e., when ¢ € End(Ey).

Proposition 4.13. Let D be a tuple (a;, b, Tp,, Tq,, U)i=0,1 € Zg satisfying

(an+2 (@i, by, Tp, ), Yont2(as, b, T,)) € O(P*)  i=0,1
split((a;, bi, Tp, 7?@1‘)7;6{0,1}) € O(p") ~
HDcodoml((EZ-, bi7fPi7§Qi)i€{0,1}) — (60ﬂ4,boﬂ6) € O(pk)

The tuple D defines a two-dimensional 2"-isogeny ®: Ey x E1 — Ey x E3 over
Zq/PZy. For all lifts ag + O(p**) (resp. for all lifts by + O(p*), if @p € O(p)) and
of a1 + O(p?*) (resp. by, if a1 € O(p)) we can compute a tuple D lifting D satisfying
the system in precision 2k, using O(nlogn)Msy bit operations.

We remark that the lifting approach is the p-adic analogue of what [KR24] does
over F[e]/(?), see also Remark 2.14.

Proof. In the constraint system, the division polynomial constraints make sure
(zp,,z0,) define points P;,Q; on E; of order 2" 2. Write P/ = [4]P;, Q; = [4]Q.
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As by assumption the points (P}, Py), (Q, Q%) generate an isotropic subgroup
when reduced to lower precision, the lifted points themselves also generate an
isotropic subgroup. Indeed, the pairing e ((P§, P;), (Q, Q%)) must be a lift of
€ = ean ([4](Po, P1), [4](Qy, @,)) = 1, but also a lift of € as a root of f(z) =22 —1
since Weil pairings are always 2"th roots of unity. Since the polynomial f(z) is
separable, the root 1 has a unique lift, namely 1 itself. The splitting constraint
makes sure that the isogeny ® lands on a product. Finally, the last constraint
ensures that the one-dimensional isogeny embedded as a component of ® is an
endomorphism.

We show that the Jacobian matrix DF(D) of the constraint function F has full
rank modulo p. First, by similar arguments as in the proof of Lemma 4.4 invoking
separability of ¥9n, we observe the top-right 4-by-4 submatrix is triangular with
nonzero diagonal elements. The splitting constraint must have nonzero partial
derivative modulo p with respect to one between a1 and b; (depending on which
one is nonzero modulo p). If not, in precision 2k there would be an Ejy and at
least two non-isomorphic choices of Ej, that admit a separable d(2" — d)-isogeny
FEy — FE1 lifting the isogeny diamond that we’re given in precision p. This contradicts
the fact that lifts of separable isogenies are unique once the domain and a kernel
generator are fixed, as shown in Lemma 4.4. To show that the differential of the
endomorphism constraint is linearly independent from the rest of the Jacobian
matrix when evaluated at the given tuple D modulo p, we invoke the uniqueness of
lifts of endomorphisms as in the proof of Proposition 4.8.

The complexity of the constraint system amounts to four evaluations of division
polynomials of degree 2", which costs O(n)Myy, bit operations, and the evaluation
of the splitting character, as well as the codomain algorithm, both of which have
complexity O(nlogn)Msyy. Having a constant number of variables, the complexity
of the linear algebra step is negligible here. O

Remark 4.14. The same observations as for 1-dimensional chains apply here: if
® is a general isogeny that doesn’t have to be an endomorphism, every choice of
lift of Ey, '3 uniquely determines a lift of ®. Via small edits, the theorem can be
generalized to polylog-smooth polarized degree N (not of the form 2™). Instead of
two kernel generators on Ey X F3, we can shave a factor loglog N off the complexity
of lifting if we represent the 2D isogeny as a chain and save the kernel points of each
step, although this adds complications since the intermediate steps here are non-split
theta structures, therefore the classical algorithms we use on elliptic curves (e.g.,
evaluating division polynomials to test point orders) are nontrivial to generalize.
Finally, the above lifting algorithm (presented on 2D representations for simplicity)
can be generalized to 4D and 8D representations using the same techniques.

5. COMPUTING THE TRACE OF AN ENDOMORPHISM

We now turn to the problem of computing the trace of an F,-endomorphism
p: E — FE via gradual p-adic lifting. As in the previous sections, assume p > 5.
Our approach is inspired by [MPSW25]. It is based on the observation that the
differential scaling factor ¢, of an endomorphism ¢ € End(F) is itself a root of the
characteristic polynomial of ¢ and the trace tr(y) is easily computable from c,,.
Being a coefficient of this characteristic polynomial, the trace of an endomorphism
over a ring R lies on the image of Z in R. If (E, ¢) is defined over Fy, then tr ¢ is an
integer modulo the characteristic p of IF,. If instead we first lift the endomorphism
to characteristic 0, the same observation yields the full trace as an integer.

Proposition 5.1. Let g € End(E)\Z be a nonscalar endomorphism defined over
F,. Following Definition 4.1, suppose given an algebraic isogeny representation
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(check, curves, eval, (Vg,q.k,1508, 4 1)q.d.k> (Fg.d)q.a) and a data tuple D € Vg 41 C Fit
such that p = isog, 41(D). Let k = [log,(4\/deg®)]. Then Algorithm 3 computes
the trace tr(@) € Z using O(logk) calls® to Algorithm 1 (to construct a lifted endo-
morphism @ in precision k), followed by one call to Algorithm 2 (to recover the
scaling factor of ¢).

Proof. We first prove that Algorithm 3 is correct. Let (E, ¢) be the lift of (E, %) over
Zq/P*Zq computed by Algorithm 3, and let (E, ) be a lift over Z,. Since reduction
modulo p is a ring homomorphism, both ¢ and ¢ satisfy the quadratic equation
2% — tx + d = 0 given by the characteristic polynomial of B; in particular, they have
the same degree d and the same trace t € Z. Similarly, the map ¢ — ¢, is a ring
homomorphism End(E) — Z,/p*Z,, so the scaling factor ¢, Z 0 (mod p*) is a root
of 2% + (¢t mod p*)z + (d mod p*). In particular, we have c, +d/c, =t (mod p*).
Finally, Hasse’s theorem gives the bound [t| < 2v/d < p¥/2. Thus, t equals the
representative of ¢, + d/c, mod pF centered around 0, i.e., the unique representative
in the integer interval Z N [—p* /2, p*/2]. O

Algorithm 3: Computing the trace of a separable endomorphism over F,.

Input: An algebraic isogeny representation (check, curves, eval,
(Vq.dk» 1508, 4 ) d k> (Fy.d)q.d), an integer d € Z, and data Dy such that
isog, 41(D1) = @ € End(E) is a separable endomorphism over F.
Output: tr(p) € Z.
k « [log,(4v/deg®)].
For i from 1 to [log,(k)] — 1 do
L D; + Lift D; from precision 2°~! to precision 2°. // Algorithm 1
D + Lift (D[logz(k)‘\fl mod pk/2) to precision k. // Algorithm 1
(E, @) over Zq/p*ZLy + isog, 44 (Dk)
// we can compute E and evaluate ¢ from the representation
Sample P € E at random until P; = ¢(P) is not 2-torsion.
Compute the scaling factor ¢, € Z,/p* from (E, o). // Algorithm 2
Set t < ¢, +d/c, € Z/p*Z.
Return the representative of ¢ in Z N [—p*/2, p* /2].

The following corollary gives the complexity of trace computation for the case
of a smooth-degree endomorphism represented as a chain of small-degree isogenies,
and for the case of HD representations.

Corollary 5.2. Let p € End(Ey)\Z be a separable endomorphism defined over F,,.
Let k = [log,(4y/deg®)].

(1) Suppose that deg @ = [[; ¢;, and suppose given an efficient representation of @
as a chain @ =71 oy, o---0py, with each @; an {;-isogeny computed via Vélu’s
formulas (resp. Vélu) and 7j an isomorphism. Set { = max; {;. Then we can
compute tr() using O(nf)My,) (resp. nOWI)My,) bit operations. If £ € O(1),
this cost simplifies to 6(712 log, ¢ +nlogq).

(2) Suppose given an HD representation of @ embedded into a 2™-isogeny in dimen-
sionr € {2,4,8}. Then we can compute tr(p) using O(nlogn)My, bit operations.
As above, this cost simplifies to 6(712 log, ¢ +nlogq).

5As noted in Corollary 2.6, the last lifting from precision [k/2] to k dominates the cost.
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Proof. In the case of a chain, Proposition 4.8 and Corollary 2.6 show that the
complexity of lifting 3 to precision k is O(nf)My (resp. nO(/€)My, with velu). To
find the scaling factor, applying Algorithm 2 amounts to evaluating the isogeny over
S = R[e]/(g?), with R = Z,/p*Z,; the cost of arithmetic over S is the same as in
Zq/p** 7y, that is, Moy, < 4- My, therefore Algorithm 2 has the same asymptotic cost
as lifting. Sampling a point P over Z,/p*Z, and checking y(¢(P)) # 0 amounts
to an extra evaluation of ¢; we might need to lift to double precision at most 2
more times so that there are enough points in E\¢~*(E[2]) to ensure we can find
a suitable P with probability at least 1/2; this does not change the asymptotic
complexity. We remark that, if the isogeny steps computed via Vélu are normalized
(or more generally, if their scaling factors over Z, can be freely chosen as arbitrary
lifts of those over F; see Remark 2.7), then Algorithm 2 is not needed. Indeed,
since composition multiplies scaling factors, the scaling factor of the chain is the
product of [, ¢, with the scaling factor v of the last isomorphism; note that w is
explicit in the representation as part of 7.

If ¢ € O(1), from degp < €™ we get k € O(nlog//logp). Substituting the cost of
arithmetic My, € 6(/€ log ¢) into the cost O(nf)My, yields 6(712 log,, ¢ +nlogq).

In the case of a HD representation, lifting costs O(nlogn)My by Proposition 4.13;
repeating the above reasoning, Algorithm 2 costs O(nlogn)My bit operations too.
As degp < 2™, we see as above that the cost simplifies to 5(712 log,q+nlogg). O

Remark 5.3. It seems tempting to adapt the methods outlined in this section to
point counting, i.e., to computing the trace of Frobenius. For example, given the
(inseparable) Frobenius endomorphism = € End(F), lifting a separable endomor-
phism ~ encoding 7, such as v = 7 — 1, would allow us to compute tr(v) and thus
tr(m) = tr(y) + 2. However, the first step of this strategy would be to construct
an algebraic representation for -y, which seems impossible without already solving
the point-counting problem in the process: indeed, knowledge of the degree of ~ is
equivalent to knowledge of tr .

An alternative approach would be to compute a lift of the separable Verschiebung
isogeny 7, (the Verschiebung is separable, but of degree p, so we need to be a bit
careful when lifting it). We can represent 7, from its kernel polynomial h, using
Vélu’s formula, but this cost O(p). Also, computing h is not obvious: it can be
recovered from the division polynomial ¢, but computing v, costs O(p?). (In
[MRS25] an alternative method is given which is quasi-linear: O(p) arithmetic
operations.)

A better idea is to compute an HD representation of 7, this can be done in
polynomial time in logp. However, this involves the computation of m, on enough
small torsion points, so this initial step is already essentially Schoof’s algorithm. In
particular, it already gives the trace of 7, modulo p.

If ¢ = p, we obtain the full trace, and there is no need to apply the implicit lifting
method to 7,. But if ¢ = p™ for a large n, implicit lifting of the Verschiebung works
and yield substantial improvements to Satoh’s point-counting algorithm. We refer
to [MRS25] for the resulting point counting algorithm when 7, is computed via
Vélu’s formula from its kernel polynomial, and to [Rob22b, § 5] for a sketch of the
algorithm when using an HD representation of 7.

Remark 5.4. The algorithm from [MPSW25] can be seen as adapting the SEA
algorithm, which computes the trace of the Frobenius, to the computation of the
trace of an arbitrary morphism. Our algorithm follows a similar approach, except
that it adapts Satoh’s algorithm. A similar method should work to adapt Kedlaya’s
algorithm [Ked01], and Harvey’s variant [Har07].
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Computing trace pairings. For two elliptic curves E, E'/F,, the degree form on
Hom(E, E') =: M gives rise to the symmetric, non-degenerate bilinear map

MxM-—7
(0, 0) = (@ | ¥) := deg(p + ) — deg(p) — deg()) .

In view of the identity (¢ | ¥) = tr(¢ o ¢), this map is usually referred to as the
trace pairing of ¢ and 1; it appears (for instance) in the context of constructing
an isometry from a given endomorphism (sub)ring of a supersingular curve into
a quaternion algebra. A straightforward method to compute the trace pairing
algorithmically (given efficient representations for ¢, ¥) consists in recovering an
efficient representation of 9, then applying any trace-computation algorithm (such
as Algorithm 3) to the endomorphism 4 o ¢ € End(E) to find the value of (¢ | ).

We show here that our techniques can also be employed to compute (¢ | ¥) more
directly — that is, without computing ¢ first — by slightly adjusting the constraint
system used in élgorithm 3. The main idea is to p-adically lift ¢, to isogenies
0,1 € Hom(E, E’), where E , B are lifts of E, E’ respectively: Crucially, requiring
the lifts E, E’ of the domain and Acodomain E, E’ to coincide is an equivalent way of
expressing the requirement that ¢ o is a lift of ¢ o . The scaling factor (and hence
the trace) of this endomorphism can then be expressed in terms of the individual
scaling factors of @, without explicitly computing or lifting the dual 9.

Switching to the notation used in Algorithm 3, suppose given lifts ¢,v: F — E’
over Z,/p*7Z, of two isogenies 3, € Hom(E, E’) at p-adic precision k > logp(4\/g)
with d = degy - deg1). Let ¢ denote the scaling factor of ¢) o ¢. The precision
k is chosen such that the representative of ¢ 4 d/c € Z/p*Z lying in the interval
[—p¥/2,p* /2] coincides with (p | ¥) = tr(¢) o ¢), so that computing c suffices to
recover the trAace. By multiplicativity of the scaling factor, we have ¢ = € Co from
the identity 1) o ¢ = [deg ] = [deg )], we furthermore get € " Cp = Clegy] = deg .

The algorithm to compute trace pairings thus works in the following way:
e Lift 3,9 € Hom(E,E’) to ¢,v € Hom(E, E') over Z,/p*Z, at precision
k > log,(4v/degp - deg ) using the techniques of Section 4.
e Compute the scaling factors cy, ¢y € Zq/p*Z, using Algorithm 2.
o Compute the scaling factor ¢ = ¢z, = cp/cy - degp € Zy/p*ZLy.
e Return the trace pairing (¢ | ¥) € Z as the unique integer representative of
c+ (deg g - deg)/c € Z/p*Z lying in [—p*/2,p"/2].

As stated, the key requirement for the method to work is that @, 1) be lifted to
isogenies with identical domain and codomain curves. We spell out the details in
the case of Vélu chains: Similar to Corollary 4.7, we suppose given data tuples

D, = @b 77 @ 57, w050 5 + 00"

= _ T(¥) _ _ 7(¢¥) _ | 7(¥)
Dy = (aéw),bo ,x&w,agd’),bl ,...,xsjf) a) b )+ 0O

rm v m

defining @ and ) as chains of isogenies of degrees Ez(»‘p) = degp, and ng) = degi:

E=F, 2L EY %o, | P2 g P F T,
E=Fy 2B Loy oo g0 B, —F



The constraints are as follows:

Y(i(;i)/i)oly,i: (U @ 5(#) em( i ®) b(w 7(“0 ) € O(p*)
Ko @?5) - Vel 5“”1765@1,*“”) € 0(p¥)
Yd(qu)li)oly, : 1/J W) N)( v b(w)» ) (Pk)
v @ EY) - velu@® biwifﬁb € O(p)
Yioman: (@) B”) — (@, bﬁf" ) € 0(p")
Yeodomam: @ 5)) — @), 5y) € O(p¥)

5.1. Implementation & experiments. Our lifting algorithms were implemented
in SageMath 10.8 for Vélu isogeny chains and HD-embedded endomorphisms. The
software is available at:

https://gitlab.inria.fr/isogenies/lifting_traces

For comparability with prior work, we approximately replicated the benchmarking
strategy employed in [MPSW25]: By means of the Deuring correspondence, we
generated a number of Vélu 2-isogeny chains over IF,2 of length approximately
4log,(p) for various random choices p for a given bit length. We then applied
both the trace-computation function of [MPSW25| and our own implementation to
those endomorphisms. For this particular size imbalance (~4) between degree and
characteristic, our implementation consistently outperforms [MPSW25]; see Table 1,
with apparently superior asymptotic scaling, as predicted by theory (Corollary 5.2).
However, note that the difference diminishes when smaller size imbalances are
considered; for instance, for endomorphism degrees < p?/16 the required precision k
is just 1, so computing the trace modulo p alone already suffices (in both algorithms).

TABLE 1. Example timings (in wall-clock seconds) for computing the trace
of a separable endomorphism of degree 2F ~ p* defined over F,2. (Using
SageMath 10.8 on a single Intel “Alder Lake” core running at 2.1 GHz.)

~logy(p) | 16 24 32 40 48

[MPSW25] | 1.9 3.2 9.5 164 33.1
This work | 0.7 1.2 2.0 2.9 4.3
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APPENDIX A. OTHER ISOGENY REPRESENTATIONS

In Section 4 we saw different representations of chains of isogenies: via their
kernels, generators of their kernels, via j-invariants and modular polynomials, via
radical isogenies, or via the HD representation.

Then in Section 5 we saw how to recover the trace by computing the action on
differentials, which can be done by any evaluation algorithm applied to a suitable
infinitesimal point.

In this appendix, we explore an alternative approach, which relies on using
modular forms. Although this is a classical topic, to the best of our knowledge
Section A.4 explains for the first time how to combine radical isogenies with modular
forms.

A.1. Modular invariants and radical isogenies. In this section, we expand on
Section 4.1 on the use of modular invariants (respectively, sequences of modular
invariants) to represent an isogeny (resp. isogeny chains).

Using j-invariants. As mentioned in Section 4.1, an {-isogeny ¢: E; — FEs is
uniquely determined by specifying just £ along with the j-invariants j(E1), j(E2)
of the domain and codomain elliptic curves, as long as the modular polynomial ®,
is smooth at j(E4),j(EF2) and the j-invariants are different from 0,1728. Indeed,
under these conditions we can set up from j(E;), j(E3) a differential equation that
allows us to reconstruct the isogeny ¢. This idea is due to Elkies [E1k92], and was
exploited by [BMSS08] for fast isogeny computation algorithms.

Geometrically, the isogeny ¢: Fq — F» is encoded by the associated moduli point
(E1, ker ¢) in the algebraic stack 20, (I'°(¢)) (see Example 2.12). There is an étale
modular correspondence 241 (I'°(¢)) — 2y x Ay, (E1, ker o) — (E1, B/ ker ) over
Z[1/{], which induces a modular correspondence W,: A;(I'0(£)) — A; x Ay ~ Al x Al
at the level of the coarse moduli space. (Furthermore, if j(E;) # 0, 1728, the modular
correspondence is strongly étale by the same argument as in [KPR25, §4.2], so
it suffices to look at the coarse modular correspondence.) The fact that ¢ can
be recovered from the j-invariants is due to the fact that zeroes of the modular
polynomial ®,(X,Y") describe the image of this modular correspondence. Indeed,
whenever (j(E1),j(E2)) is a smooth point of the curve defined by ®,, then ¥y is a
local isomorphism around this point.

Radical isogenies. The arguments above can be extended beyond @, to different
modular polynomials stemming from different modular invariants, possibly with an
extra level structure. Radical isogenies, first introduced in [CDV20], may be seen as
such an extension.

Suppose given a curve E; and a rational point P; € E1[f]. The point P; generates
the kernel of a cyclic isogeny ¢1: E1 — E5 of degree ¢. The idea of radical isogenies
is to pick up a new {-torsion point P € Es[f] on the codomain, such that the
corresponding isogeny o is not backtracking with respect to ;. One can show
that the set of such P, is parametrized by choices of fth root of the non reduced
self Tate pairing eq ¢(Pi, P1); we refer to [CD21; CDHV22; Rob23] for more details.

Geometrically, radical isogenies encode extra level structure as follows. Consider
the moduli space 241 (I'' (¢)) that parametrizes pairs (E, P) with P € E[{] (unlike
with T'°(¢), here the points of (P) are not identified together). Secondly, let I (£) be
the congruence subgroup (containing I'' (¢2)) such that 2; (I”(¢)) parametrizes pairs
(E, P") with P’ € E[¢?] modulo translation by ¢P’. For such a point P’, the group
(¢P') is well defined, and if ¢ is the corresponding isogeny, ¢(P’) is also well defined.
There is a modular correspondence 21 (I7(£)) — A1 (T'1(¢)) x 21 (T'1(¢)) that sends
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(E,P'+ ({P")) to ((E,LP"),(¢(E),(P'+ (¢P'))). In this modular correspondence,
the projection to the first variable defines a Kummer extension, hence why the
preimages are parametrized by ¢th roots. This parametrization has a more precise
geometric description (see [Rob23|): if (E, P) is the universal elliptic curve over
21 (T (¢)), then 2A;(I7(¢)) is isomorphic to the p, torsor associated to the Tate
pairing er (P, P).

Ezample A.1 (Radical isogenies in the Montgomery model). When searching for
cycles in the supersingular isogeny graph, using 2-radical isogenies for Montgomery
curves is more convenient than using the classical modular polynomial ®5. We
haven’t been able to find radical isogeny formulas for the Montgomery model in
the literature, so we include them for completeness. They can be easily found
by combining the 2-radical isogeny formulas in the theta model [Kun+25| and
the conversion map between the theta model and the Montgomery model (see for
instance [BRS25, §4]).

Let E: By* = z* + Az? 4+ x be a Montgomery curve, and P = (z(P),0) € E[2]
be a two-torsion point with z(P) # 0. Using the identity A = —x(P) — 1/z(P), we
see that the knowledge of z(P) = (X (P) : Z(P)) is enough to recover the Kummer
line E/+1, as the latter does not depend on B. Let (X5 : Z3) be given by

Xy = X(P) +v
Zy=X(P)—~

v=(X(P)+ Z(P))(X(P) — Z(P)).

Depending on the choice of square root, we get either zo = X3/Z5 or its inverse
1/x5. Either way, The point Py = (X3 : 0 : Z3) defines a 2-torsion point on the
Montgomery curve Ey = E/(P). The assumption that z(P) # 0 ensures that Es is
a well-defined Montgomery curve. The isogeny with kernel T' = (0,0) € E»[2] gives
the dual isogeny Ey — FE.

A.2. Modular forms. Let ¢: Fy — FE5 be an isogeny of elliptic curves. Given
invariant differentials wy,ws on F4, E5 respectively, the isogeny ¢ acts on differentials
via its scaling factor:
P wa = Cp - wr.

We discussed in Section 3.2 how to compute this action on differentials for a general
. Here, we discuss the special case where ¢ is encoded as in Section A.1 by the
j-invariants j(E4),j(E2). As mentioned in Sections A.1 and 4.1, we can use the
modular polynomial ®,(X,Y") to reconstruct the rational equation of isogeny ¢.
While the equations of ¢ are clearly enough to compute the action on differentials,
it is possible to skip the reconstruction step and compute the action directly from
®y, using modular forms. We first review the theory of modular forms.

For elliptic curves over a general local ring (not necessarily C), we can define a
modular form of weight k as a function ¢ on tuples (F,wg) with wg an invariant
differential on F, such that if a: £/ — FE is an isomorphism with o*wp = Awgr,
then g(E',wp) = N\eg(E, wg).

More formally, let f be the Hodge line bundle, defined as follows: if m: £ — 204 is
the universal elliptic curve, with section ¢, then h = 7.Qp /9, = €*Qg/g,. A modular
form g of weight & is a section of h®* that extends to a suitable compactification of
the moduli space 2l; ensuring g is well-defined on the Tate curve. This algebraic
well-definedness condition corresponds to the analytic condition of holomorphy at
the cusp.

Ezample A.2. Let ay,a be modular forms defined as follows over Z[1/6]. To an
elliptic curve E/k and global differential wg, pick up a short Weierstraff equation
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E: y? = 23+ asx + ag for E such that wg = dz/2y. Then we define a4(E,wg) = a4
and ag(E,wg) = ag.

We remark that the isomorphism 1: E; — Ej defined by (z,y) — (x/u?, y/u?)
gives a new Weierstra equation Ey: y? = 23 + a/u'z + b/uS, g—z on F5 pulls back
to ug—; on Fy. We see that ay,ag are of weight 4 and 6 respectively.

The modular forms ay4, ag are the algebraic version of the holomorphic Eisenstein
series G4(7), Gg(7) from the analytic theory of modular curves. In what follows, we

make the correspondence more precise.

Define the normalized Eisenstein series E (1) = (2;3((2)) = BG4(7), Es(r) =
C;g((g)) = %GG (7). The g-expansion of Fy, Fg is given by primitive integral coefli-

cients, hence they are defined over all Z by the g-expansion principle. Given 7, the
elliptic curve E, = C/(Z + 7Z) satisfies the equation p'?(2) = 4p3(2) — g2(7)p(2) —
g3(7), with g2(7) = 60 G4(7), g3(7) = 140 Gs(7). Setting = p(z) and y = ©/(z) in
this equation, the invariant differential dz on E, corresponds to dz/y.

We now make a change of variable to obtain a curve defined over Q(Ey, Eg): via

(2,y) — ((271)~2a, (271) 3y), the curve E, is mapped to E.: y? = 23 — —E‘Zg)x +

Egﬁéz) , where this time 271 dz corresponds to gl. If we see E4, Eg as algebraic modular
forms given analytically by E4(E;,2ridz) = E4(7), E¢(E;,2ridz) = Eg(7), then

we have

a4(E,wE) = —£§4(f?,(;.)E)/487 ag(E,wE) = EG(E, OJE)/864

We see that the short Weierstrafs coeflicients a4, ag have bad reduction at 2,3 as
expected.

We refer to the discussion in [FC90, p. 141, 142] as to why it is the analytic
differential 27idz which is algebraic, rather than the differential dz. We will call
the first one the canonical algebraic differential, and the second one the canonical
analytic differential. We warn the reader that in the literature on modular forms,
given an algebraic modular form g of weight k, then over the upper half plane,
it is often the ‘analytic’ modular form G, (7) = g(E;,dz) that is studied rather
than the ‘algebraic’ one Gais(7) = g(E,,2midz) = 1/(271)*Gan(7). For instance,
the discriminant A is a weight 12 modular form defined algebraically on a curve
E: y? = 23 + ayx + ag by the formula A(E, dz/2y) = —16(4a3 + 27a2). Seen as a
modular form on 7, the analytic version is usually given: A,,(7) = A(E;,dz) =
Aly? =a® — %x - %T(T), g—z) = go(7)3 — 27g3(7)%. Compare with the algebraic
version:

Aaig(7) = A(E;, 2midz)
=A (y2 = 2% — (E4(1)/48)x + E¢(1)/864, Z)

= (B} — E2)/1728
Indeed, since A is of weight 12, we have A,y (7) = (271) 2 A (7).

Ezample A.3. Although j(7) is of weight 0 (it gives an isomorphism invariant), we
can recover a modular form of weight 2 from j as follows. Write the g-expansion
j(r) = J(q) where ¢ = €2™7, and consider its derivative j'(1) = %(q). We give
now an algebraic interpretation of j'. The Kodaira—Spencer isomorphism gives a
canonical isomorphism between the tangent space at F in ; and Sym?(Lie(E)).
That is, given a differential wg on E/k, we can associate a point Tg2l; on the
tangent space, which depends only on w%Q. Pulling back the universal elliptic curve

to the point on the tangent space, we obtain a deformation E of E to Spec k[e]/(£2).
Then j(E) = j(E) + &j'(E,wp).
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By [Sch95, Proposition 7.1], we have j'/j = —Fg/Ey and, by Example A.2,
i = —182—2]'. In particular, given ay4,ag we can recover j,j’, and conversely if
j #0,1728. We remark that j' is not an entire modular form, as it has a pole at
the curve 57 = 0.

A.3. The action on differentials from modular forms. A modular correspon-
dence gives a relation between modular functions (i.e., modular forms of weight 0)
of isogenous elliptic curves. For instance, whenever E7, Fy are f-isogenous, their
j-invariants are tied by the relation ®4(j(F1),j(E2)) = 0 given by the classical
modular polynomial.

Now let instead g be a modular form of weight k¥ > 0. We want to define an “affine”
modular correspondence® that doesn’t only take into account the isomorphism class
of a curve F, but rather the curve E itself (in other words, we keep track of its
invariant differential). More concretely, we look for a polynomial ®,, such that
whenever we have (Eq,w1), (E2,ws2) and an isogeny ¢: Eq — Es with p*ws = wy
(we say that wo is normalized with respect to wq), then

(bg,f (g(E17wl)vg(E27w2)7j(E1)’j(EQ)) = 0.

To find ®,,, we first observe that, by linearity of ¢*, given A a scalar, Aws is
normalized with respect to Awi, so ®4, must be homogeneous with respect to the
first two variables. Because of this, we are allowed to represent g in either its analytic
or algebraic version: we only need to know ¢ up to an unspecified scalar, as long as
the same scalar is the same for £y and F». Analytically, the l-isogeny E. — E.
defined by z — z is normalized, so we must have ®¢ ,(g(7), g(7/¢),j(7),j(7/£)) =0

Now suppose that we know @, », and that we have a way to evaluate g algebraically.
Then we can use the affine modular polynomial ®,, to recover the action on
differentials of ¢: Fy — Fs given only j(F1),j(E2) as follows. First, pick up some
arbitrary short Weierstraff equation for E; with j-invariant j(FE;), and compute
g1 = g(Fq, 3—2), and do the same for Fy to get go. Then compute g, by solving
@, 0(g1,7s, j1,42) = 0. As g is of weight k, we must have g = \*g, for some \;
moreover, the differential on Fs that is normalized with respect to ¢ is of the form
()\‘;—Z on FEy, for some unknown ¢ € py.

More generally, given G = (g1,...,9m) & tuple of modular forms of weights
(k1,-..,km), we could use a similar approach and consider an affine G-modular corres-
pondence given by multivariate system of modular equations ®¢ ¢(G(7), G(7/¢)) =0
This would allow to recover the action on differential up to a { € pi with
k = gcd{k;};. The case above is G = (g, j).

Ezample A.4. Differentiating the modular equation ®,(j(7),5(7/¢)) = 0 gives an
affine modular equation for (j,j):

5 2 (1), /0) + 5103 St (), 3 0)) =
Using the method outlined above, if ¢y(j1,72) = 0, we can compute normalized
equations for the associated elliptic curve E1, Fo as follows.
First we pick up any short Weierstrak equation y? = 2% + ayx + ag for Ey, and
compute from this j; = j’(El7 d”’) = —18%%) (B, d’”) using Example A.3. Then we

solve the linear equation 5| 2 5% (1, 42) —l—jg% aff (41, 72) = 0 to recover j, = j'(Eq,ws)
where wy = 9% is the normalized differential associated to a specific short Weierstraf§

2y
equation of Fy. We use Example A.3 again to compute the a4, ag coefficients of

SWhile the standard modular correspondence lives in the moduli spaces 21, the ‘affine’ modular
correspondence lives in the Hodge line bundle §®* above it, where g is seen a coordinate on h®F.
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this short Weierstrall equation for Fs from ja, j5. We note that we only recover the
normalized differential on Fo up to a sign, but this sign ambiguity is inherent due
to the fact that —¢ is also an isogeny from F; to Ejs.

As mentioned above, the idea that we can recover the action on differentials
directly from j(E1), j(E2) by differentiating the modular polynomial ¢, is due to
Elkies. The isogeny rational reconstruction of [BMSS08] first applies the method
outlined above to find normalized equations for F4, E5, which then gives an explicit
differential equation satisfied by ¢, whose resolution allows to recover ¢ as a rational
function in the Weierstraf coordinates of Fy. We refer to [KPR25] for a generalization
of this method to dimension 2.

As mentioned in Section 4.2, the methods discussed above can be used to compute
a normalized isogeny from a chain of j-invariants: we choose a short Weierstrafl
equation for the domain, then step by step we find an equation for the intermediate
curves such that each intermediate isogeny of the resulting chain E; — FE;i;
is normalized. As mentioned in the proof of Corollary 5.2, whenever we have
an endomorphism v € End(F) expressed as an isogeny chain steps followed by
an isomorphism, having normalized steps is a computational advantage for trace
computation. Indeed, the action on differentials (i.e., the scaling factor, hence
the trace) of v is then obtained for free: suppose F is given by the equation
y? = 23 + ax + b. The curve E,, obtained at the last step is isomorphic to E, so it
will be given by an equation y? = 2 4+ au*z + buS. Then u (which we can recover
up to a sign), gives the action on differentials of .

Ezample A.5. Satoh’s p-adic lifting algorithm for point counting usually proceeds in
two steps: first computing the canonical lift £ /Z, of an ordinary curve E/F,, using
the modular polynomials ®,, via Newton’s method, and then lifting the kernel of the
Verschiebung to compute the associated isogeny and its action on differentials. But,
by Example A.4, the second step is unnecessary and we just need to compute the
derivate of the modular polynomial @, on E to recover the action (in some p-adic
precision). In practice this gives large speedups (see [Rob21, §6.6]): a factor x32
less time and x64 less memory for point counting over Figjais in PARI [PAR21].

A.4. Modular forms and radical isogenies. A similar approach to Example A .4
can be employed to recover the action on differentials from radical isogeny (without
reconstructing the isogeny)! We illustrate this with the 2-radical formulas from
Example A.1.

First, we need to introduce suitable modular forms. In isogeny based cryptography,
it is customary to represent the Kummer line associated to a Montgomery curve
E: By? = 23 4+ Az? + x by the Montgomery coefficient represented as projective
coordinates: A = (A : C). But in practice, in the computer, one represent these
coefficients by actual values, i.e., we work with an affine point (A, C) rather than
the associated projective point. The key idea is that we may interpret these values
as modular forms. (This is highly reminiscent of the fact that interpreting the
(X(P) : Z(P)) projective coordinates of a point P ont he Kummer line as affine
coordinates of some affine point P can be interpreted in terms of cubical arithmetic,
see [Rob24a]. In both cases we lift a point on a scheme to a point on a line bundle
above it.) Note however that the Montgomery form requires a I'°(4)-level structure,
hence (A, C) will be modular forms of level I'°(4) (and weight 2).

One way to define them is as follows: let (E,+T,wg) be an elliptic curve, a
point of 4-torsion up to sign (this is the same thing as specifying a cyclic kernel of
degree 4, hence a I''(4) level-structure), and a differential. Then there is a unique
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Montgomery equation By? = 23 + Ax? + x such that x(+£T) =1, 2(2+T) = 0, and
wg = dx/2y. We define A(E,+T,wg) = AB and C(E,+T,wg) = B.

Now, in the radical 2-isogeny formulas, we work with the projective coordinates
(X(P): Z(P)). We can also interpret them as modular forms (of weight 1 and level
I'%4) NT(2)), by asking that A = X? + Z2 and C = —XZ. (This leaves a sign
ambiguity for X, Z, but in practice we just use them as proxies for A,C).

We can now explain how to compute the following affine/modular radical 2-isogeny
formulas.

Ezample A.6. Start with X (P), Z(P) where X, Z are seen as modular forms as
above. More precisely, these are the values they take on the tuple (E, (£T",P),w E)
where E: By? = 23 + Ax? + x is our starting curve, (£7”, P) is our I'°(4) N T'(2)
level structure given by z(7”) = 1, and P our 2-torsion point, and wg = dz/2y.

Let v a square root of (X (P)+ Z(P))(X(P)— Z(P)), and define Xy = X(P)+7
and Zy = X (P)—~ as in Example A.1. The values X5, Z5 define a two-torsion point
P, on the codomain Ey = E/(P), via x(Py) = X2/Z>. We also get the coefficient
A" = —x(Py)—1/x(P,) of the Montgomery curve equation B'y? = 23+ A’z +x of E.
Here the Montgomery equation comes from the level T'°(4)-structure given by ¢(T")
where p: E — Es is the isogeny, and of course adding P, gives us a level I'°(4) NT'(2)
on F5. We now want to determine the coefficient B’ of E5 such that the associated
differential dz /2y is (up to a sign) the normalized differential wq for ¢. For that,
we need to compute X} = X (Es, (¢(T"), P»),ws) and Z = Z(Ey, (p(T"), P2), ws)
Using the normalized isogeny formulas from [Ren18|, we can compute X} = Xo-z(P)
and Z5 = Zy - 2(P). From these, we recover A’, B’ as we wanted.

A remark, due to Sabrina Kunzweiler, is that we can rewrite X3, Z} as (X}, Z3) =
(X(P)x(P1), X(P)x(Py)) where x(Py) # x(P2) are the two different a-coordinates
of the 4-torsion points above P.

As in Example A.4, we can use this to compute the action on differentials of
an endomorphism « given by a cycle of 2-radical isogenies as follows. We start
with Py and the modular form X (P;), Z(P;) associated to the initial curve equation
E: By? = 23+ Az? 4+ x and we use the modular radical isogeny formulas at each step
to find at the end X (P,), Z(P,), hence a curve equation E,: B'y? = 23 + A'z? + .
Now, although the coefficients B, B’ are given by the modular form C of weight 2,
unlike Example A.4 we do not necessarily have B’ = Bu? where u is the action on
differentials because v needs not preserve the initial I'°(4) structure on E. We first
need to compute an automorphism of F that maps the initial level structure to
the one” on E,,, i.e., find the isomorphism between the curve equations E and E,,.
The action of this isomorphism on the differentials then gives us the action of v on
differentials.

Remark A.7. The way we defined the modular forms A, C above is of course somewhat
arbitrary. We could scale them by the same factor A # 0, and still use them to
compute normalized differentials (as long as we use the same A for the domain and
codomain of course).

The definition we chose is one that is quite simple to describe algebraically. Using
the transformation formula from theta coordinates to the Montgomery model, we
can also write the Montgomery coefficient A in terms of level 2 theta constants:
A =2(60p(0)* +01)/(0p(0)* — 01(0)*) so it would be natural to take the numerator
and denominator of this formula as modular forms. We have not tried to express

Since T'°(4) is of index 6 in T' = Sly(Z), there are 6 possibilities, but due to the way radical
isogenies are computed there are only 2 possibilities for the level structure on E,,. We refer to the
implementation for details.
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our A, C in terms of these theta constants, but it could be interesting. (Note that a
level 2 theta structure corresponds in dimension 1 to a T'°(4) NTy(4) level structure,
hence encodes more information than the Montgomery level structure. We thus have
several different conversion formulas depending on which part of the level structure
we map from theta to Montgomery.)

Finally, we note that the mention of cubical coordinates in Example A.6 is deeper
than just an analogy. Indeed, if £ is the universal principal line bundle on the
universal elliptic curve 7: E — 201, then 7,L®~8 = h®* by [FC90, Theorem 1.5.1].
So as explained in [FC90, Theorem I1.5.1], sections of £ (or some power of L)
evaluated at point of n torsion give a way to defined modular forms. In the modular
2-radical formulas, we interpret X (P), Z(P) as modular forms, but we could also
interpret them as cubical coordinates of a suitable cubical point P. Tt would be
interesting to work out the link between the two aspects in more details.

APPENDIX B. DEFORMATION OF ABELIAN VARIETIES

The goal of this section is to give more details on the proof of theorem 3.4.
We would like to describe the lifts of an abelian variety A/F, to Z,. By standard
inductive limit arguments and Grothendieck’s algebraization, it suffices to understand
the lifts (also called deformation) to Z,/p™Z, (see [Mes72, Theorem V.3.3] for more
details).

The theory is well-understood even for the general case of an abelian scheme
A/S. First, by Serre-Tate, if S — T is an infinitesimal thickening where p is locally
nilpotent on S, then there is an equivalence of categories between abelian schemes
A/T and tuples (A/S, G, 1) where A = Ag, G/T is a p-divisible/Barsotti-Tate group
and 7 is an isomorphism over S of G with the p-divisible group A(p) of A: That is,
i: G/S ~ A(p). (See [Kat06] for a proof.)

So deforming A/S to T amounts to deforming its p-divisible group A(p) to T. We
can now use Grothendieck—Messing theory [Mes72] to understand the deformations
of G over a locally nilpotent divided power thickening S — T': a p-divisible group G
admits a Dieudonné crystal D(G) (a quasi-coherent sheaf in the crystalline site with
an action of F' and V'), along with a Hodge filtration of D(G)s. And deforming G
to S amounts to a choice of deforming this Hodge filtration to a direct summand of
D(G)s—r (|Gro70, §4]).

There are several ways to construct the crystal D(G), Messing in [Mes72] use
the Lie algebra of the universal vectorial extension of G. We will instead describe
the construction due to [BBMS82]. Assume that G/S is a p-divisible group, where
p is locally nilpotent on S. Let ¥ = SpecZ, and Crys(S/X) be the big crystalline
site on S [BBMS82, §1.1]. Then D(G) = EXTIS/E(G,OS/E) is a crystal [BBMS82,
Théoréme 3.3.3], where EXT is the internal ext sheaf. It is in fact a crystalline
Dieudonné module, i.e., a crystal in quasi-coherent locally free module with an action
of F, V. Furthermore, there is a Hodge filtration 0 — wg — D(G)s — Lie(G*) — 0
[BBMS&2, Corollaire 3.3.5] where D(G)g is the value of the crystal D(G) at S — 5,
wg is the sheaf of invariant differentials and G* is the dual p-divisible group of G.
In particular, if S — T is a divided power thickening, and G /T a deformation of

G to T, then since D(G) is a crystal, we have D(G)s—,7 ~ D(G)r, and the Hodge
filtration on D(G) lift the one on D(G)s. By Grothendieck-Mazur, the converse is
true, at least when the divided powers are locally nilpotent: any admissible filtration
Fil' € D(G)r comes from a deformation G/T. Here an admissible filtration [Mes72,
Definition V.1.4] means that Fil' is a locally-free vector sub-group with locally-free
quotient which reduces to the Hodge filtration on D(G)g, and the result above
extends to an equivalence of categories [Mes72, Theorem V.1.6].
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If S = Spec R is affine where R is a perfect ring of characteristic p, then the
crystal D(G) is associated to classical Dieudonné theory as follows. First, the
global section functor I'(S/%,...) induces an equivalence between crystals in quasi-
coherent modules and W (R)-modules complete and separated, where W(R) are
the Witt vectors with value in R [BBMS&2, Théoréme 1.2.9]. In our case of inter-
est, R = F, and W(R) = Z,. Secondly, classical Dieudonné theory associate to
G/S the Dieudonné module D(G) = Homg(G, CW) over the (non commutative)
Dieudonné ring W(R){F,V}, and where CW is Fontaine’s sheaf of co-Witt vec-
tors. Then by [BBMS&2, Théoréme 4.2.14], we have a sesquilinear isomorphism
D(G) ~ I'(5/%,D(G)) (ie., I'(S/E,D(G)) = D(G)? where o is the lift of the
Frobenius to W(R)).

The crystal D(G) and the isomorphism with the Dieudonné module D(G) behaves
as expected with duality [BBMS&2, §5]. We remark that G — D(G) is an anti-
equivalence of category between p-divisible groups and crystalline Dieudonné modules
whenever S is regular over a perfect field & (or even just a field k of characteristic p
having a finite p-basis) [DeJ95].

If 7: A — S is an abelian scheme, the Hodge to de Rham spectral sequence
degenerates at the F; page, so in particular we have a Hodge decomposition
0— wa = Hig(A/S) = R'7,04 — 0 [BBMS82, Proposition 2.5.2 et Lemme 2.5.3|.
Here wy = m, (4 /) 1s the sheaf of invariant differential, it is isomorphic to £* Q4 /s)
where €: S — A is the zero section. If 7V: AY — S is the dual abelian scheme,
we have a canonical isomorphism Hjg(A4Y/S) ~ Hiz(A/S)Y which induces an
isomorphism R'm.(O4) ~ m) (Q}Av/s). Now if G = A(p) is the p-divisible group of
A, we have canonical isomorphisms [BBM82, Théoréme 2.5.6 et Proposition 3.3.7]

(2) D(G) =~ gXT}:}/Z(Aa OS/E) ~ Rl’frcrys,*(OA/E)

compatible with duality. The isomorphism from Equation (2) induces an iso-
morphism D(G)s ~ Hiz(A/S) compatible with the Hodge filtrations on G and
A respectively [BBM82, Proposition 2.5.8]. In particular, Hjy is crystalline on
an abelian scheme, and if K/T is a deformation of A to T', then the Hodge fil-
tration on Hliy(A/T) induces a Hodge filtration on D(G)s_7 lifting the one on
D(G)g. The deformation Ais precisely the abelian scheme predicted by combining
Grothendieck-Mazur and Serre-Tate theory.

We now specialize this to S = SpecFy, and we consider the crystalline site on S
associated to SpecZ, along with its canonical divided power p™/n! (note that by
[BBMS82, pp. 1.1.10-1.1.15], this is the same thing as considering the crystalline site
induced by the canonical divided powers on ¥). We also assume that p > 2 so that
the divided powers are nilpotent. As explained above, since I is a perfect field,
a crystal of quasi-coherent modules over S/¥ is determined by its global section
functor I'(S/X), and applying this to the crystal D(G) of a p-divisible group, gives
up to a Frobenius twist the Dieudonné module D(G)/Z,{F,V} of G. Here Z,{F,V'}
is the Dieudonné ring (so that F'V —p = 0), and D(G) is a free Z;-module of rank
the height h of G. Furthermore, G/F, — D(G) is an anti-equivalence of category
between p-divisible groups and Z,{F, V' }-modules free of finite rank as Z,-modules.
If m: A — F, is an abelian variety, we denote by H_,  (A/Z,) the global sections of
the crystalline sheaf R'Terys «(04/z,). By Equation (2), HY,((A/Zy) ~ D(A(p)):
we have a canonical sesquiliear isomorphism between its crystalline cohomology and
the Dieudonné module of its p-divisible group. And furthermore, if A/Z, is a lift of
A, we have an isomorphism Hgg(A/Zg) ~ H}\ (A/Z,). And as we saw above, via
these canonical isomorphisms, the Hodge filtration on H,  (A/Z,) induced by A is
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the same as the Hodge filtration induced on D(A(p)) by the p-divisible group A(p)
of the lift.

Combining all of this together, we obtain Theorem 3.4. As an aside, we also
remark that there is a well developed theory of Dieudonné crystals/modules for
finite commutative p-group schemes G/F, (or for that matter finite locally free
commutative p-group schemes over a general base scheme S) for which we refer to
[BBMS82] again. Since F, is perfect, the Dieudonné module functor G — D(G) gives
an anti-equivalence between finite locally free commutative p-group schemes G/F,
of length h and Dieudonné modules M/Z,{F,V} of finite length h over Z,. For
instance, if A/F, is an abelian variety, D(A[p™]) ~ D(A(p)) ®z, Zq/p"Zq. Since
the Hodge filtration HJ (A/F,) is induced by the action of the absolute Frobenius
endomorphism F4 on Hjy, that is wa e, = H°(Fy, Qi/Fq) = Ker H) (Fa), we see
that the Frobenius filtration on A[p] induces via the Dieudonné functor the Hodge
filtration on Hjg (A) ~ HY (A/F,) (see [Oda69] for more details).
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