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COMPUTING (¢,¢)-ISOGENIES IN POLYNOMIAL TIME ON
JACOBIANS OF GENUS 2 CURVES

ROMAIN COSSET, DAMIEN ROBERT, ROMAIN COSSET, AND DAMIEN ROBERT

ABSTRACT. In this paper, we compute ¢-isogenies between abelian varieties
over a field of characteristic different from 2 in polynomial time in ¢, when
£ is an odd prime which is coprime to the characteristic. We use level n
symmetric theta structure where n = 2 or n = 4. In a second part of this
paper we explain how to convert between Mumford coordinates of Jacobians
of genus 2 hyperelliptic curves to theta coordinates of level 2 or 4. Combined
with the preceding algorithm, this gives a method to compute (¥, £)-isogenies
in polynomial time on Jacobians of genus 2 curves.

1. INTRODUCTION

The discrete logarithm problem on the group of rational points of an elliptic
curve E/F, is believed to be hard (except for some special families of elliptic curves
[25, 14]...). In fact, if #E(F,) is a prime p, then the best known algorithm to solve
the DLP in E(F,) is the generic Pollard-rho algorithm in 5(\/]3) Thus in recent
years [19], elliptic curves have been used in public key cryptography. Moreover,
there exist natural pairings on elliptic curves, which allow for the construction of
many new and interesting protocols [17, 5, 4, 42, 36, 15].

Another solution is to work over the group of rational points of the Jacobian
of a curve C defined over F; (or even any abelian variety). If the genus g of C is
strictly greater than 2, we have better algorithms than Pollard-p to solve the DLP
on the Jacobian of C [10] (these algorithms are still exponential in the largest prime
dividing the group when the genus is not too large). Jacobians of genus 2 curves are
particularly interesting since they allow the same security as with elliptic curves,
while working with fields of half the size.

In the genus 2 case, we still lack some of the efficient algorithms that we have for
elliptic curves. One of them is the efficient computation of isogenies. They are used
in the elliptic curves case for the construction of Hilbert class polynomials [10], for
endomorphism ring computations [20, 12, 3], for modular polynomials [7], and they
form a basic ingredient of the amelioration by Atkin and Elkies of the Schoof point
counting algorithm [37, 38, 1, 9]. For elliptic curves, one can compute isogenies
using Vélu’s formulae and modular polynomials (the latter are more suited for the
computation of isogeny graphs). For higher dimensional abelian varieties, Richelot

formulae [33, 34] allow to compute (2,2)-isogenies between Jacobians of genus 2
curves, and [39] give an algorithm to compute (2, 2, 2)-isogenies between Jacobians
of genus 3 curves. In [6], the authors explain how to compute (3, 3)-isogeny graphs
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of abelian varieties of dimension 2 (but not the explicit form of the isogenies) using
theta constants of level 4. A generalisation of Vélu'’s formulae is given in [24], which
describes algorithm which takes for input a basis of a maximal isotropic subgroup K
of an abelian variety A and outputs the isogeny A — A/K is described. One
drawback of this algorithm is that it needs to work with theta functions of different
levels on A and on A/K. The authors also describe an algorithm to compute
isogenies while working on theta functions of a fixed level n, but it only allows
to compute ¢2-isogenies. In this paper, we show how one can use the addition
formulae from Koizumi [21] to obtain an explicit algorithm for the conversion of
theta coordinates of different level. Combined with the algorithm of [24], this yields
an algorithm to compute /¢-isogenies between abelian varieties described by theta
coordinates of the same level n:

Theorem 1.1. Let (Ag, L£,0,,) be a polarised abelian variety of dimension g defined
over k with a symmetric theta structure of level n (since L is totally symmetric, n
is even). Let £ be prime to n and assume that the characteristic of k is prime to
In. Let K be a mazximal isotropic subgroup of A[l] (for the pairing induced by the
polarisation L). Then we can compute the isogeny A — A/K in theta coordinates
of level n by using O(£2") arithmetic operations in k', where k' is the field extension
where the theta coordinates of the geometric points of K are defined, and r = 2 if
=1 mod 4, r =4 otherwise.

One drawback of using theta functions of level n is that they are not rational.
If C is an hyperelliptic curve of genus g, Mumford coordinates [31, Section ITL.a.1]
give rational coordinates on the Jacobian of C. In the second part of this paper,
we focus on the genus 2 case. Thomae’s formulae only give the fourth power of the
coordinates of the theta null point of level 4. When g = 2, we show how to take
canonical roots up to the action of PSp(4,Z) in Section 5.1. We describe formulae
to convert between Mumford coordinates on the Jacobian of an hyperelliptic curve
of genus 2 and theta coordinates of level 2 and 4. Combined with Theorem 1.1 we
obtain:

Theorem 1.2. Let J be the Jacobian of an hyperelliptic curve of genus 2 over a
field k of characteristic different from 2. Let K be a mazimal isotropic subgroup
of J[] for the Weil pairing. Then we can compute the isogeny J — J/K in Mumford
coordinates by using 6([’“) arithmetic operations in k', where k' is the field extension
where the Mumford coordinates of the geometric points of K are defined, and r = 2
if £ =1 mod 4, r = 4 otherwise.

In particular, if k is a finite field, and K is rational, then we can compute the
isogeny using 6(£2+T) arithmetic operations in k.

Theorem 1.1 is proved in Section 4 and Theorem 1.2 is proved in Section 5. For
simplicity, we assume that we work over a subfield k of C. However our formulae
and algorithms apply to any field (of characteristic different from 2). To prove the
formulae over a finite field (the cryptographically relevant case), if the abelian vari-
ety is ordinary we can consider its canonical lift and invoke Lefschetz’s principle. To
prove them over any field (and relax the ordinary condition), we can use Mumford
theory of algebraic theta functions [27, 28, 29]. We then need an algebraic version
of Koizumi’s addition formulae [21] given by Kempf [18]. The reader interested to
an algebraic proof is referred to [35, Section 7.8].
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For the convenience of the reader, we try to be as self contained as possible, so
rather than just explaining how to use Koizumi’s addition formulae to change the
level of theta coordinates and refer to [24], we describe the full isogeny algorithm.
In Section 2 we recall some well known facts about analytic theta functions, and
describe the basis of theta functions we are going to use through the paper. Sec-
tion 3 gives Koizumi’s addition formulae, and as a first application how one can use
them to obtain an algorithm for differential additions. The isogeny computation is
described in Section 4, and the special case of Jacobians of genus 2 hyperelliptic
curves where we have complete formulae for the conversion between Mumford and
theta coordinates is treated in Section 5. Some of these formulae are quite lengthy,
and given in the Appendix.

2. THETA COORDINATES ON ABELIAN VARIETIES

Over C, an abelian variety A of dimension g is analytically isomorphic to a torus
C9/(QZ% + Z9) where Q is an element of the Siegel half-space H,g:

Hy = {2 € My»y(C), Q=0 and () > 0}.

There is a canonical principal polarisation £ associated to the choice of 2 and
given by the Riemann form F(Qxq + x2, Qui +y2) = ‘z1y2 — ty122 on QZI + 79 [2].
We will call a section of L™ a theta function of level n.

We recall that the classical Riemann theta function associated to €2 is an analytic
function from C9 to C. It is defined by [30]

O(z,Q) = Z exp (mi'nQn + 27i'nz) .
nezI

For a,b € Q9, the theta function of characteristics a, b is a translation of the classical
theta up to an exponential factor:

(1) O[%](2,9) = O(2 4+ Qa+b,Q) exp (mi*aQa + 27i*a(z + b)) .
These characteristics can be considered modulo Z?9 since for a, § in Z9 we have
€] [Zig] (2,9Q) = 0[7] (2, Q) exp(2mi‘ap).

A basis of the theta functions of level n is given by [30]

(o816 ff))/ .

To ease the notations, we note Z(n) = Z9/nZ9, and we fix once and for all a section
Z(n) — Z9. We then define for b € Z(n): 6, = © {2} (-, 2).
When n = k2, another choice for the basis of level n theta functions is given by
(©[3] (kz, Q))a,be(%zy)/zg .

We will call this the basis of level (k, k). The linear transformations between the
basis of level n = k? and the basis of level (k, k) are given by [30]:
¢

a 1 tab Q
6 [b;:} (kZ,Q) = E Z exp <—27T'LZ> @ [b/n—?—ﬁ/k] (Z, n> 5

BEZI /K79

o [,%] (f;): S o] k0.

Q€LY kLI
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The advantage of the latter choice is that it comes more naturally as analytic
functions over the abelian variety. On the other hand, the former are more general
and “symmetric”: 0;(—z) = 6_;(2).

A well known result of Lefschetz ([32, Lecture III, p.267], [30, Th 1.3 p. 128])
states that when n > 3, the theta functions of level n give a projective embedding:

pr: C9/(Z9 4+ QL) — P 7H(C)2(0:(2)) se z(m)-

When n = 2, and the abelian variety is simple, then the theta functions of level 2
give a projective embedding of the Kummer variety K4 = A/ £ 1.

The point (6;(0))iezn) = ©(04) € P**~1(C) is called the theta null point (of
level n) of A. This point determines (o (A), e (A[n])) [27].

For arithmetic reasons we want to deal with theta functions of level as small as
possible. The reason is that if A is defined over a subfield Ky C C, a necessary
condition for the theta functions of level n to be generated by a basis defined over
K is that there exists a Ky-rational symplectic isomorphism between A[n] (with
the induced Riemann form) and Z(n)@&Z(n), where Z(n) is the Cartier dual of Z(n).
Here, if p, is the group of n-roots of unity in C*, then Z(n) = ®Y_, pn. Since we
will heavily use the duplication formulae [16, Th 2 p. 139, p. 141] (and the Riemann
relations [30, Th 6.1 p.211]), we need 2 | n. For these reasons, in this article, we
only work with n = 2 or n = 4. The case n = 2 is a bit more tricky since we work
over the Kummer variety, but it is worthwhile in practice.

3. THE ADDITION FORMULAE

An extension of the usual Riemann relations between theta functions is given in
a general form by [21, Theorem 1.3]:

Theorem 3.1 (Koizumi). Let (vy1,...,7-) € Q", (01,...,0,) € Q" and F € G1,.(Q)
be such that
71 0 61 0

g3 F= .
0 Y 0 Oy

Let (z1,...,2,) € (CH", and (y1,...,yr) = (x1,...,2,)F. Let (a1,...,a,) and
(b1,...,b.) be elements of (C9)", and note

to
(a},...,d) = (ay,...,a;) F7H

I

(by,...,b) = (b,...,b,)F.
Let d be the index [Myx,(Z) + Myx,(Z)'F : My, (Z)] We have:
(2) dO 4] (@1,mQ) x - x O [47] (zr,79Q)
=)0 [ZIZ} (y1,01Q) X --- x © [‘;jg] (yr, 6,92
where the sum is over the elements o and B such that
o € Myer(2) F ) (Mgsr(2) [\ Myr(2) 'F 1),

B € Myr(Z)F/ (Myr(Z) [ \Mysr(Z)F ) .
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Corollary 3.2 (Riemann relations). Recall that for b € Z(n), we have defined
0, =0 [g} (-, %) Let x1,vy1,u1 and vy in C9 such that x1 +y1 +uy +vy = 2z. We
define xo = z—x1, Yya = 2—Y1, Us = z—u1 and vy = z—vy1. Foralli,j, k,l,m € Z(n)
with i+ j+k+1=2m, if we leti!=m—i,7=m-—j,k=m—-kandl' =m-—1
then for all characters x € Z(2) we have:

B) (D xWOise(@)054e(1))-( D X(O)0kse (wr)0rse(v1)) =

teZ(2) teZ(2)
() X0 (@2)0014(y2))-( D X(8)Ohs 44 (u2) B 4(v2)).
teZ(2) teZ(2)
As a particular case, if ©,y € C9, we have the following differential addition
formulae:

4) ( Z X0t (@ +y)040(x — ). ( Z X()0k+¢(0)0,44(0)) =

teZ(2) teZ(2)
( Z X(t)‘gfi/ﬂ(y)aj%t(y))( Z X(t)ak/ﬂ(ff)@l/ﬂ(x))-
teZ(2) teZ(2)

Proof. Equation (3) is a modified form of the usual Riemann relations obtained
from Theorem 3.1 with the matrix

11 1 1

1j1 1 -1 -1

=511 -1 1 4

1 -1 -1 1
The usual Riemann relations can be found in [30, p. 212], and the transformation
that gives (3) in [27, p. 334-335]. O
Assume we are in level 4. As was shown in [24], one can use the differential

addition formulae (4) to compute (6;(z + ¥))icz(n) When z,y € C9, provided one
knows (05(2))icz(n), (0:i(y))iczmn), (0i(x —Y))icz(n). Indeed, for sufficiently many
X € Z(2), k,1 € Z(n), we have (ZteZ(Q) X(t)0k4¢(0)60144(0)) # 0. It is also possible
to compute “normal” additions, that is the addition law on the abelian variety.
Suppose that we know the theta coordinates z,y € A = C9/(Z9 + QZ9). Here
we are working modulo the lattice and we see the theta coordinates as projective
coordinates. But the addition formulae allows to recover (0;(x + ¥))icz(m) up to a
projective factor, so we can indeed compute normal additions.

When the level n is 2, then the embedding of the Kummer variety K4 given by
the theta functions of level 2 is projectively normal if and only if the even theta

constants Q
{@ 53] (o,zn) la.be Z(2), (~1)* = 1}

are not zero. In this case, we can also always compute differential additions in level 2
[23]. Moreover, when we know £P € K4, £Q € K4 and the even theta constants
are not zero, we can use formulae (4) to recover {£(P+@Q),£(P—Q)} C K4 witha
square root. We note that this condition excludes Jacobians of hyperelliptic curves
of genus g > 3, we thus have to work with n = 4 to treat them.

A small technical detail is that in the algebraic setting, an abelian variety will be
represented by its theta null point given in projective coordinates. Thus in practice
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we will work on it with theta coordinates of the form 6, = A\© [g} (-7 %) where A

is a projective factor. But since Theorem 3.1 is homogeneous, all our algorithms
remain valid in this case.

4. COMPUTING /-ISOGENIES BETWEEN ABELIAN VARIETIES

In this section, we show how we can improve the results of [24] by using Theo-
rem 3.1. We will give an algorithm to compute the isogeny
f: A=C9/(QZ2°+79) — B=CI/(4QZ+77) ,
z — Lz

provided that we know its kernel %Zg /2.

Now any maximal isotropic subgroup K of the ¢-torsion is isomorphic to %Zg /7.
Suppose that we want to compute the isogeny associated to K. Let A = QZ9 + 79
be the lattice associated to A. The choice of Q € H, is equivalent to the choice
of a symplectic basis of A for the Riemann form (see also Section 5.1). If K is
any maximal isotropic subgroup of A[¢] (for the induced Riemann form), then we
can always choose a symplectic basis of A such that if A = QyZ9 + Z9 is the
corresponding decomposition, we have K = %ZQ /Z9 [2, 11]. Thus we can apply the
preceding algorithm to compute the isogeny associated to any maximal isotropic
subgroup.

In the end, given

(1) An abelian variety A over a field k given by a theta null point of level n;
(2) A basis of K, an isotropic kernel of the ¢-torsion of A, where the points of
the basis are given by their theta coordinates of level n;

we obtain an explicit description of the isogeny A — B = A/K where B is also
given by theta functions of level n. This is described in Algorithms 4.3,4.6; their
complexity is given in Section refsubsec@complexity.

We proceed in two steps: we first explain how to compute the theta null point
of level n of B, and then how to compute f(z) where z is a geometric point in A.
For simplicity, we assume here that n = 4, we will then discuss how to make the
necessary adjustments when n = 2. To simplify the notations, we let as in Section 2

for b € Z(n):
T [2} (2) o8 =0 [2} <€§>

Let F be a matrix of rank r such that ‘FF = ¢1d,. If ¢ = a® 4+ b?, we can take
F = —ab Z) and r = 2. In general, we can always write £ = a® + b% + ¢ + d>
and take the matrix of multiplication by a + bi + ¢j 4+ dk in the quaternions algebra
over R, so r = 4. With these notations, we get as a particular case of Theorem 3.1:

Proposition 4.1. Let F be a matriz of rank r such that '"FF = ¢Id,. LetY
in (C9)" and X = YF~1 € (CI)". Leti€ (Z(n))" and j =iF~. Then we have

(5) 08 (Y1)...08(Y,) = > O (X1 +t1) ... 020 (X, +1,),

t1,...,tr €329 /79
(t1,...,tr) F=(0,...,0)

Proof. This is a special case of Theorem 3.1 applied to % 'F, and with (a1, ...,a,)
(0,...,0), remembering that © [bﬂﬁ] (z Q) =0[9] (z+5, %) by (1).

‘n

oo
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We explain how to use these formulae to compute explicitly the isogeny.

4.1. Computing the theta null point of B. Now we assume that we know the
coordinates of a basis (e1,...,eq) of K in A. Up to a symplectic change of basis, we
can assume that this basis is the reduction of the canonical basis (é1,...,€4) of %Zg
to A. This mean that we know the coordinates (6 (&;))rez(n) up to an unknown
projective factor \; fori =1,...,g.

Since we are assuming n = 4, we can compute e; +e; € A for i # j € [1,g], so
that we know (9;3(61» + éj)) up to an unknown projective factor A;;. Now by using
the Riemann relations, we can compute all the points (9;?(711 €1+ .. .ngég)) exactly
in terms of the A; and A;;.

More precisely, if = is a point of the abelian variety A = C9/A, the theta coor-
dinates describe x embedded in the projective space. An affine lift is an element
z € CY such that z =  modulo A. Here the theta coordinates of z are well defined
(whereas for  they were defined up to a projective factor), so we call z an affine lift
of x. Now the isomorphism K ~ %Zg /Z9 gives a canonical affine lift above every
points of K. To compute these canonical lifts, we can use differential additions: if
we already have canonical lifts Z, § and & — § over the points z, y and = — y, then
the differential addition gives the canonical lift & + § over x + y. Unfortunately,
we don’t know the canonical lifts of the basis ey, ..., e4 so for all ¢ we take any
random lift e} of e; and note & = \;e; where )\; is the unknown projective factor
from above. Now using the Riemann relations, in particular differential additions,
we can compute the canonical lift of any points = in the kernel, up to a projective
factor given by a polynomial in the A;, As;.

We detail this step. First, it is important to note that the result does not
depend on the order of the Riemann relations used to compute a point of the
form (Qﬁ(nlél +.. .ngég)). Indeed, the same proof as in [23, Lemma 2] applies
here. Now, if we had all the coordinates (6 (n1€1 + ...nyéy)) with ny € {0,1} for
k=1,...,g, we could use differential additions to compute the rest. To get these
coordinates we can proceed as follow: assume for example that g = 3. Then by
using differential additions, we can compute é; — €3. We can then use a differential
addition on €; + é; and €s + €3 to compute é; + 2é5 + €3. Since £ is odd, we can
use differential additions to compute é; + (€4 1)és + €3. Using this method, we can
compute an affine lift of any element in the kernel. We need some care with this
method, because the polynomial giving the projective factor in terms of the A;, A;;
for & + (£ + 1)é; + &3 differs from the one for & + é; + €3 by a factor in C[\, /\fj].
This is not a problem for the rest of the algorithm, as we can keep track of this
factor, and as we will see the ¢-th power of the \; are known.

Perhaps an easier way is to use more general Riemann relations than the ones
coming from the differential additions. For instance by setting x; = é; + é5 + €3,
y1 = €1, up = €z, v1 = €3, in equation (3), we can compute directly the (affine)
theta coordinates of é; 4+ é3 4+ €3 in terms of the theta null point and the theta
coordinates of é;, €3, €3, €2 + €3, €1 + €3, €1 + é2. We will call this an extended
differential addition. With this method, we need to be sure that sufficiently many
elements of the form (ZtGZ(Q) X(t)0k+¢(82)0:44(83)) are not zero, so that we can
indeed compute the extended differential addition. This follows from the fact that
since we are working with an isotropic kernel, we can interpret the theta coordinates
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of level n of points of this kernel as the theta coordinates of level /n of the theta
null point of an ¢-isogenous abelian variety (for the proof, see [24, Section 3.3]).

We can also recover some informations on the A;, A;;. Indeed, write £ = 2¢' + 1.
Then we have 0 (¢ + 1)&;) = 04, (¢'¢;) since (¢' + 1)&; = —(¢')é; modulo ZJ and
the 9,‘? are invariants by translation by an element in Z9. In terms of the \;, we get
an equation of the form )\E[/H)Q = ozi)\gé/)Z). We thus know explicitly )\f since it is
equal to o; € C. Likewise, by considering e; + e;, we recover )\fj explicitly.

For more informations on affine lifts, we refer to [24].

We want to compute (9,’€3 (0))k€Z(n) projectively. From equation (5) with i1 = &,
ig="---=14, =0 and X =0 we get:

(6) OPO05(0)...000) = S 0Ak)...00 (1),
t1,.. tr€K
(t1,ertr) F=(0,...,0)

where j = (k,0,...,0)F~! € Z(n) (since £ is prime to n, F is bijective on Z(n)).

For the rest of the discussion, we will suppose that 65 (0) # 0, so if we know how
to compute the right hand term, we can recover the theta null point of B up to a
non zero projective factor. Of course if this is not the case, we just need to apply
Equation (5) with is = -+ = i, equal to a non zero coordinate. As we have seen,
we can compute exactly the monomials in the sum of the right hand term up to the
unknown factors A; and A;;. But the following lemma shows that the monomials
appearing only depend on these factors to the power of ¢, which we know.

Lemma 4.2. Let (t1,...,t,) € K" such that (t1,...,t.)F = (0,0,...,0) and let

(J1y---,Jr) € Z(n)" such that (j1,...,5-)F = (k,0,...,0). Then when we write the

product Gﬁ (t1). ..9]‘-‘: (tr) in terms of the \;, \ij seen as indeterminates, it lies in
T

CIAG, Aijl-

Proof. We want to show that a monomial 9;‘1 (t1)... Gﬁ (t,) is invariant under any

transformation T of C[\;, A;;] that acts on the generators by a ¢th-root of unity.

Fix ig € Z(n). We first show that the expression is invariant under the transfor-
mation T of C[\;, A;;] such that

T(Nig) = Chigy  T'(Nigj) = CAij

where ( is a fth-root of unity, j # ig, and T leaves invariant the other generators.
We let

u = [6] ((tl)ioa (tQ)io’ R (tr)io) :
Here, we see t; € K as an element of %Zg /79 that we identify to Z9 /(79 via the
map [{] : x — L.z. We then have
u2 eee u2
TOR(tr) ... 00 () = (- Tu)od () .02 (t,).
But we have (¢1,...,t,)F = 0 € K so we are reduced to the following problem:
show that for an element u in (Z/¢Z)" such that uF = 0, we have u - ‘u = 0. But
since uF = 0, u is of the form v’ 'F, so
w-lu=u-'F-F-W =0 = 0.

Now we fix i, jo € Z(n) and we consider this time the transformation 7' such
that T'(Xig.jo) = CAig,j, and T' leaves invariant the other generators. Let

u = [é] ((tl)ioa (tQ)im ) (tr)io) , U= [Z] ((tl)joﬂ (tQ)jo’ EER) (tr)jo) :
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We then compute:
TOA () ... 08 (t) = C“U08 (1) ... 02 (1,).

But since (t1,...,t,)F = 0, we have uF = vF = 0, and so ‘uv = LWEIRFY =0
(where v/ and v’ are some elements of (Z/(Z)").

The transformations 7" we have considered generate all the transformations we
are looking at, this concludes the proof. [l

Now this gives us an algorithm to compute (9,’3(0))kez(n
we may take any /th-root of the \¢, )\fj, and apply Equation (6). In fact, Lemma 4.2
states that we get the correct result even if we make the wrong choice. Actually,
we do not need to take any fth-root, we just need to work symbolically over the
ring C[Ay, Aij]/{Af = i, Af; = aij}

For the convenience of the reader we give a complete algorithm for g = 2, the
advantage of this case being that we need only differential additions, not extended
differentials. We leave to the reader the complete algorithm for g > 2 using extended
differential additions.

) (projectively), since

Algorithm 4.3. Input: The basis e1, es given in theta coordinates of a mazximal
isotropic subgroup K C A[l], a complex abelian variety of dimension 2.
Output: The theta null point of B=A/K.

e Fiz an integer matriz F of rank r such that "FF = (1d.

e Compute e; + ey in A.

o Write the affine theta coordinates of €1, €3 and €1 + €3 up to the unknown
projective factors A1, Ao and A\ 2 that we see as indeterminates.

o Use differential additions to compute the affine theta coordinates of all
points of K = %ZQ/ZQ in C[A1, A2, A1 2].

e [From the affine coordinates of £'¢1 and (¢'4+1)é; (where £ = 2¢'+1), recover
a relation \{ = ay. Likewise, recover relations N5 = ap and )\5172 =1 2.

e Forallk € Z(n), let j = (k,0,...,0) F~1 and compute

02(0)62(0)...08(0) = > 02 (tr) ... 02 (¢,),
t1,...,t-€EK
(t1,etr) F=(0,...,0)
in the ring C[A1, A2, A1 2] /AN = a1, Ay = a2, My = o1 2}. By Lemma 4.2
this is actually an element of C.

Example 4.4. Let H be the hyperelliptic curve y? = 2° +82x* + 242> + 9522 4 162
over Fyg9. The Jacobian J of H has a unique rational maximal isotropic subgroup
K of the 3-torsion. K is generated by the points {(x? + 53z + 28, 297), (22 + 32z +
1,522 + 41)} (in Mumford coordinates).

Computing the level 2 theta coordinates (See Section 5) we get that the theta
null point of J is (2 : 97 : 44 : 70) and that K is generated by the two points
P=(35:63:68:67) and @ = (18:99 : 47 : 99) (where we use the numbering of
Section A.1). We also compute that P+ Q = (99 : 66 : 52 : 79) (we can’t compute
a direct addition in level 2 theta coordinates, so we computed P 4+ @ in Mumford
coordinates before converting it to level 2 theta coordinates).

Now we note zp = A1(35, 63,68, 67), zg = A2(18,99,47,99) and zp+g = A1,2(99, 66, 52, 79)
the “canonical” affine lifts of P, ) and P + @) where the projective factors A;, Ao
and A o are unknown.
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We compute 2.zp using a differential addition, we find 2.2p = \$(100, 23, 71, 98).
But 2.zp = —2zp = A1(35,63,68,67) . So we find that A} = 93. Likewise, we find
that A3 = 27 and )\?72 = 43.

Now in the change level formula, let’s look at t = (Q, P+ @, P+ 2Q), P), which is
in the kernel of the matrix F' associated to the decomposition 3 = 02412 +12 +12:

0 1 1 1

-1 0 -1 1
F= -1 1 0 -1
-1 -1 1 0.

We compute
00(20)00(2P1@)00(2P12Q)00(2P) = 8TAs A1 2(A1 2 A3 )\
= 8TA3A} , =87 x 71 = 73.

Summing up along all elements of the kernel of F', we find that 6y(0;/x) = 38.

We proceed similarly to find the other coefficients of the theta null point of J/K
and we find it is equal to (38 : 46 : 71 : 8). Finally, we get that J/K is the Jacobian
of the hyperelliptic curve y? = x% + 108.

4.2. Computing the image of a point. Now we explain how to compute f(z)
from a point x € A. Actually, we fix once and for all an affine lift z € CY9 of z
and explain how to compute (0{3(52))1-62(”) (projectively). Let Y = (¢z,0,...,0)
and X = YF~! (so that Xi,..., X, are integral multiples of z), let k € Z(n) and
j = (k,0,...,0)F~1. Proposition 4.1 gives

(7) 0P (£2)68(0)...08(0) = > OA (X1 +t1) .. 00 (X, +1,).

Jr

It remains to explain how to compute the F)j‘i (Xa+ta). As with the preceding case,
we will only compute them up to unknown projective factors, and then find enough
relations on these factors to be able to compute the product

0N (X1 +t1) ... 00 (X, + ).

As before, we let (&;)ieq1,q be the canonical basis of %Zg, and (eq1,...,e4) the
reduced basis on K.

First, we compute z + e; using normal additions. This means that we recover
the affine theta coordinates of z + é; up to an unknown projective factor p;. Then
we can use differential additions (or extended differential additions) to recover the
theta coordinates of z +mni€1 + - - - +ngy€y in terms of the y; for any ny,...,ng € Z.
Moreover we know that

(9,‘;‘(2 + Zéi))kez(n) = (91?(2)>kez(n) )

so we can recover from it a relation of the form uf)\f(#l) = p} for i € [1,¢].
(Remember that we know é; only up to the projective factor A;.) But since we
know the value )\f = ay, we thus recover an equation of the form uf = (3; where 5;
isin C. Now X is of the form (a112,a122, ..., a1,2) if (as;); jeq1,,) arve the coefficients
of the matrix F~!. By using differential additions we can then recover the theta
coordinates of the point X; + n1é; + - -- + nyé, for ¢ € [1,g] up to the unknown
{1, i, Aij 1,7 € [1,g],1 # j}. But as in the preceding case, the relations we know
on the u;, A; and A;; are sufficient for our purpose:
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Lemma 4.5. Let (t1,...,t,) € K" such that (t1,...,t,)F = (0,0,...,0) and let
(j1s -+, Jr) € Z(n)" such that (j1,...,5.)F = (k,0,...,0). Note X = (£2,0,...,0)F~L.
Then, when we write the product Gﬁ (X1+t1)... (‘)ﬁ(Xr +t,.) in terms of the u;, A\;

and X\i; seen as indeterminates, it lies in Cluf, A, Xj)].

Proof. Letig € Z(n) and T be the transformation of C[u;, A;, A;;] such that T'(p;,) =
Cpiy (where ¢ is a ¢th-root of unity) and T leaves invariant the other generators.
We let

u = [6] ((tl)im (tQ)im ) (tr)io) ) (mlv R mT) = (6707 s 70)F_1'
We then have
TOX (X1 +t1)... 08 (X, +t,)) = (It Fmew)gd (X 4 1) 08 (X, +t0).

Since we have mF = uF = 0 in (Z/{Z)", we know (see the proof of Lemma 4.2)
that m - 't = 0.

Now we let T' be the transformation of C[u;, A;, Ai;] such that T'(A;,) = ¢\, and
T leaves invariant the other generators. With the notations from the last paragraph,
we then have

Cuit ]

TN (X1 +t1)... 00 (X, +t,)) 0N (X1 +t1) ... 00 (X, + ).

= Cm1u1+-<~+m'r‘u7‘
We have already seen that the numerator ¢%i+++% and the denominator (™1 w1+--+mrur
are equals to one.

Finally, we fix ig and jo # o in Z(n) and let T be the transformation thus that
T(Xig,jo) = CAig,j, and T leaves invariant the other generators. Let

w = [0 ((t1)igs (t2)igy - -+ (tr)ig) s v = [ ((t1)jos (E2)jos - s (Er) o) -

We compute:
TOAXy + 1) 02 (X, + 1) = CUo0M (X + 1) .. 02 (X, + 1)
and we have already treated this case in the proof of Lemma 4.2. O

Another small technical detail is that in the algebraic setting, we can’t fix a lift
z € C9. The best we can do is choose an affine point & such that 0;(Z) = pob;(2).
But we have just seen that for an affine lift z, we get a correct result. Since there
are infinitely many such affine lift, corresponding to infinitely many g, and the
corrective factors are polynomials in pg, the result is correct for any affine lift.
(The courageous reader who does the computation will find that multiplying the
chosen lift of the theta null point by p will change each term in the sum by u”.
One has to be careful when doing the computation that the error terms \; are also
affected.)

Once again, we give the full algorithm for g = 2.

Algorithm 4.6. Input: The basis e1, ex given in theta coordinates of a mazximal
isotropic subgroup K C A[l], a complex abelian variety of dimension 2, and a
geometric point x of A.
Output: The point f(x) where f is the isogeny A — A/K.

o Fiz an integer matriz F of rank r such that 'FF = ¢1d.

e Compute x + ey and x + eg in A.
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o Write the affine theta coordinates of z + €1, z + €2 up to the unknown
projective factors pi, pa that we see as indeterminates (here z is any affine
lift of x).

o Use (extended) differential additions to compute the affine theta coordinates
of the points z +t fort € K = %Zg/Zg in Clpa, ta, A1, A2, A1,2]. Use

differential additions again to compute the points m;z +t fori=1,...,r
where (my,...,m,) are equal to (£,0,...,0)F~1. (With our choice of F,
(ma,...,m;) simply correspond to the decomposition ¢ = ._, m? that we
use.)

e From the affine coordinates of z + €1 and z recover a relation i = Bi.
Likewise, recover a relation j = B.
e Forallk € Z(n), let j = (k,0,...,0) F~! and compute

08 (¢z)0E (0)...08(0) = > 08 (maz +t1)...00 (mez + ),

in the ring Cluy, pa, M, Ao, A o) /{pd = B, ph = B2, A{ = a1, M = ag, M 5 =
a12}. By Lemma 4.5 this is actually an element of C.

Example 4.7. We continue Example 4.4 with the same notations. Let x € J be
the point given in Mumford coordinates by (22 + 104z + 80, 43x + 56). (This point
was taken randomly.) In theta coordinates, we have z = (71 :82: 72 : 25).

We compute the affine lift of  + P as p1(61,49,91,104) and the lift of  + @Q as
12(69,101,21,97) where p; and ps are unknown projective factors.

We then use differential additions to compute x + 3zp = p3A$(38,27,37,84) =
(71,82,72,25) from which we get that u3 = 43. Likewise, we get that u3 = 9.

Now in the change level formula, let’s look at ¢ = (Q, P + Q, P + 2Q, P) again.
We compute

00(20)00(z + zp+g)0o(z + zp120)00(x + 2zp)
= 482 (A1 21 oAy A (AT 2 i3 ) i
= 48N s = 48 x 71 = 29.
Summing up along the kernel of F', and computing each coordinates, we finally
get that the image of z is the point (68 : 104 : 24 : 56). Converting back to
Mumford coordinates, we get that the point is given by u = 22 + 2 + 24 and

v? = 4222 + 642 + 35 (since we did the computation in level 2 here, we can only
recover v?).

4.3. Complexity. Our algorithms depends on many parameters:
the dimension g of the abelian variety,

the field k£ where it is defined,

the degree ¢ of the isogeny,

the level n of the theta structure.

The dimension g will be fixed and we assume that n is fixed (remember that in
practice we use n = 2 or n = 4). We thus look at the complexity in ¢ (and k).

For Algorithms 4.3 and 4.6, the first important step is the computation of O(¢9)
points using differential additions (or extended differential additions). For comput-
ing the theta null point we need all the points in the kernel, so #9 points, and for
computing the image of a point we need r¢9 points. In the first case we can compute



COMPUTING (¢, £)-ISOGENIES ON JACOBIANS OF GENUS 2 CURVES 13

all the points with ¢9 differential additions (or extended additions). In the second
case, we also need (¢ differential additions (or extended additions) to compute the
points {z + t,t € K}, and then r£92log(¢) differential additions to compute the
points {m;z + ¢,t € K} with the notations of algorithm 4.6.

Let k' be the field where the geometric points of the kernel (and also the point
we want to send) are defined. Then the scalars «; and §; from above live in k'.
Since the number of coordinates, n9, is fixed we need in total O(£9) operations in
E'. (Actually we work over the algebra k’'[A;, \i;, ;], but by homogeneity of the
addition law we only deal with monomials, so we just need to update the powers
in the \;).

Next for changing level using Proposition 4.1, the cost is O(£79/2) operations
in k’. Indeed the space of points (¢1,...,t.) € K" such that (¢1,...,t.)F =0 is an
7./1Z-vector space of dimension 7¢/2, so we sum over O(£79/2) terms. For each such
tuple, we have to reduce the corresponding monomial in the \; and p; modulo the
relations )\f = a4, uf = B;. But the highest power appearing in \; or u; is 742, so
we just need to precompute the powers a;, a2, ..., afz. With this precomputation,
for each term we then do at most (g + g(g + 1)/2) + (r — 1) multiplications. Since
r =2 or r = 4, this gives the complexity 6(6”7/2) appearing in Theorem 1.1.

In fact, if we only want to compute the isogenous theta null point, the complex-
ity is actually O(¢"9/2). This is also the case when r = 4, because in that case
the complexity O(£29) of the level formula dominates the complexity O(£9) of the
differential and extended additions.

4.4. The case of level 2. Here we assume that the embedding given by the theta
functions of level 2 is projectively normal (in particular the abelian variety is simple),
so that the even theta null coordinates are non zero.

We can of course still use Proposition 4.1 in this case, so we just need to explain
how we can compute the points

n1é1+...ngég€KA:A/:|:1

starting from the points éi,...,é, € K. In fact, since we can still do differential
additions, the only difficulty is to compute the points €;+¢€;. By the discussion from
Section 3, we can compute {€;£€;} C K4, but we need to make compatible choices.
Fix an element in each of the sets {é; &+ €;}. Then we choose the other elements in
{&; £ &;} by doing “compatible additions”, as described in [24, Section 3.2.1].

For pushing a point = via the isogeny, likewise we make a choice for the set
{z £ e1}, and we make choice for the other sets {x +¢;} compatible with the choice
for x + e; and the choice e; + e;.

5. APPLICATION TO GENUS 2 CURVES

In this section, we apply the preceding results in the case where the abelian
variety is the Jacobian of an hyperelliptic curve C of genus 2. To compute the
isogenous curve we procede as follows:

Algorithm 5.1. Input: A genus 2 curve C over a field k, a maximal isotropic
subgroup K of Jac(C)[].
Output: A curve C' over k such that Jac(C') = Jac(C)/K.

e Find a basis of K in Mumford’s coordinates.

e Find a Rosenhain equation of the curve C.
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Use Thomae’s formulae to compute the 4th power of theta constants of

level n of the corresponding abelian variety Ay (Section 5.1).

o Euxtract the roots to get the theta constants (Section 5.1).

e Convert the basis of K from Mumford coordinates to Theta coordinates in
Ay (Section 5.3 and the appendiz).

o Apply algorithms 4.3 and 4.6 to get the theta constants of the isogenous
abelian variety By .

e Recover a Rosenhain form of C' (Section 5.2).

o If needed, apply Mestre’s algorithm to recover a rational equation of C.

We want to compute an ¢-isogeny between Jac(C) and Jac(C’) where the points
are represented by their Mumford’s polynomials. We compute the following com-
mutative diagram where points on the abelian varieties A and B are given by theta
functions of level n. Remember that for arithmetic reasons we use n =4 or n = 2
if we work on the Kummer variety.

Aprr By thetas of level n

~ ~

Jacy (C) Jacy (C") Mumford’s coordinates

In Section 5.4, we insist on the rationality of the process. Finally, we look
at the complexity of computing isogenies in Section 5.5 and give an example of
computation.

These sections heavily use the following formulae which link the thetas of level
2 with the squares of the thetas of level (2,2): for all a,b € 1Z%/7Z?,

100507 = 3 (1)“"5@[#;3]<272)@[2](0’2)

pelzz)z2

Q Q
ol (=5 )ell(ng)= T elleor
a€$72/72
Note that the theta functions of level (2,2) are evaluated at z and not at 2z.
To have compact formulae we number the theta functions of level 4 as given in
the appendix (we follow Dupont [3]). Moreover, for the theta constants, we omit
the argument 0 and write ©; instead of 0;(0).

5.1. Computing theta constants from the equation of the curve. Let C be
an hyperelliptic curve of genus 2 given by the equation y? = f(x) over C. Thomae’s
formulae [31, IIL.8] give relations between the roots of f and the fourth power of
the theta constants of level (2,2) with period matrix © associated to C.

For instance, assumes that the curve is in Rosenhaim form

y? = (e — 1)@ - @ — u)(z —v)
then the ordering {0, 1, A, 1, v} leads to the following relations:
(@)4 _ " (%)4 _ =)0
CH) - Av EH) - v(p—1)(A—v)

(g)“ _ a=1(-1) (@)4 _ u=1)(v—p)
EH) Av(p—1) EH) - Alp—1)(v—2A)
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We keep this choice for the rest of the paper. Note that another choice of
ordering leads to an isomorphic variety (over C). In previous work [13] the ordering
{v, 1, A, 1,0} was used but this choice implies the use of /=1 which is not the case
with our ordering.

To get the equations defining the abelian variety A, we need to know how to
take the roots in Thomae’s formulae. Of course this is easy if we are in a subfield
of C since we can evaluate the theta constants. However, this cannot be done in
finite fields.

Since we are only interested in finding an abelian variety Ay (given by theta
constants of level n) isomorphic to the Jacobian of the curve, we can choose Ay~
up to isomorphism.

A matrix v = < é IB; ) in the group Sp(4,Z) acts on C2 x H, in the following
way
C?xHy — C2?2xHs
(2,Q) s (y.2,7.0) = (t (CQ+ D) ' 2, (AQ + B) (CQ + D)_l)

This action defines an isomorphism between the two tori:

C2/(RZ2+72%) =~ C%/(1.07°+7?)
z — ¥.z

On the other hand, each isomorphism between two tori comes from a matrix v
in Sp(4,Z). The only matrix v € Sp(4, Z) such that v.Q = Q for all Q € Hy are the
matrices vy = 4 Idy. The matrix — Id4 acts on C2/ (QZ2 + Zz) by the automorphism
z — —z and the equation of A is invariant under this automorphism, thus we will
identify v with —~.

We will need the following subgroups of Sp(4,Z):

I(n) =T"(n,n) ={y €Sp(4,Z), v==+1dy4 [n]}

I (n,2n) — {( 4 ) € T'(n), diag ("AC) = diag (*BD) =0 [Qn]}

Note that I'V(n) corresponds to the group of isomorphisms which fix the n-torsion
of the torus modulo the automorphism z — —z. Let’s study the action of these
groups on the theta constants of level n for n even. Mumford [30] showed that for
v € T(1,2) it is given by
O 18] (v.2,72) =O[8] (2,2)C, exp (m’t (CQ+ D)™ C’z)

where C is a complex number which depends only on v and 2. for characteristics
(a,b) in 1Z*/Z* and for v = ( é, g > in I'(n) we put 2 = v~ 1.(Qa + b) in the
preceding equation to obtain

©[3](0,7.)  ©[7](0,2) t ¢ iyt ot

= exp (mi'a' DBa — wi'b* ACb — 2mita(A — 1d)b

©[§]1(0,7.92)  ©[5](0,0) ( )
In fact an element v not in I''(n) does not preserve the characteristics of the theta
constants in the quotient. Thus I'V(n) is exactly the group of isomorphisms which fix
the 2n-th power of the theta constants of level (n,n) (modulo a constant), I''(n, 2n)
the n-th power and I"(n?,2n?) the theta constants of level (n,n).
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The choice of the ordering of the roots of the hyperelliptic polynomial corre-
sponds to the choice of a numbering of the two-torsion, thus of a fixed class in
I(1)/17(2). With the possible use of an element of I''(2)/I7(2,4) we can take the
square roots of the following quotients in an arbitrary way:

&) @) @) @)

The other squares of theta constants of level (2,2) are given by the formulae:

2 _ 19363 2 _  1999%
& = L& O, = 37&
2 _ _ 1\ 9163 2 _ _ 1) @iel,
0 = (v-1)%; 0 = (\-1)%
202 202
o2 _ 8093 — 6163
15 — .

o2
12

For each quotient © [¢]° /© [8]2 with a,b in (3Z?)/Z?, there exists an element
of IV(2,4)/I"(4,8) which changes its sign but leaves invariant the other quotients

(Note that this works because some theta constants are zero). Therefore to get the
variety A in level 4 we can take arbitrary square roots of each quotient.

5.2. Computing the equation of the curve from theta constants. From the
squares of the theta constants of level (2,2), the underlying hyperelliptic curve is
given by the equation

v =a(@— D@ - V(@ —p)(z-v)

with
_ 6368 _ 6363 _ 0363

‘Toten MTener U ewer

5.3. Maps between abelian varieties and Jacobians. We need to link divisors
in the Jacobian of the curve (given by their Mumford’s coordinates (u, v)) and points
on the abelian variety given by theta functions of level n. The formulae are given
in the appendix. They come from Mumford [31] and Van Wamelen [11].

Of course, it is not possible to compute v from the theta of level 2. In fact only
its square is computable. This is coherent with the fact that level 2 corresponds to
the Kummer variety.

For the level n = 4, we still have to find the value of ¢; 21/a2 — a7 in the formulae
of the appendix. With our numbering of the roots of the hyperelliptic polynomial,
Vaz —a; = /1 —0 can be chosen to be 1. The constant c1,2 is just a sign and
corresponds to the action of the automorphism P — —P in the abelian variety.
Thus it can be chosen arbitrary. Over C the choice of this sign corresponds to the
choice of the orientation of the paths used to compute the Abel-Jacobi map.

5.4. Rationality considerations. Although the process of computing isogenies
can be made rational, our algorithms clearly use arithmetic in field extensions. The
first extension comes from the fact that an abelian variety of level n associated to
a given curve cannot be defined on the same field as the curve. If the base field is
k, we will denote k" the extension where the theta null point of level n lives. Then
if P is a rational point on the Jacobian, its theta coordinates will live in k. If
the curve is defined over a finite field then the arithmetic must be performed in an
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extension field of degree at most 2 if n = 2 or 4 if n = 4. This requires to find
quadratic non-residues.

In particular, if one is interested in computing all the isogenous curves, he must
compute the possible kernels of the isogeny as a rational subgroup of Jac(C) and
not as rational subgroup of A (where we can only look at k”-rational isogenies).
Thus for computing chains of isogenies, one must always return to the curves in
Weierstrass form for the isogenies to be rational.

The second extension comes from the fact that for the isogeny algorithm we work
over the field of definition of the theta coordinates of the points of the kernel. If
the points live in an extension k' of k, then by the above discussion, their theta
coordinates will live in the composite extension of k¥’ and k" over k. Since the result
of the isogeny computation of Section 4 give elements of k", it should be possible to
not take this extension by decomposing the right side member of (5) as elementary
symmetric functions on the points of the kernel.

With our method, we compute the Rosenhain invariants of the isogenous curves.
Hence, as remarked above, its equation may not be on the same base field as the
original curve. To avoid this we can compute its absolute Igusa invariants [20]
which are elements of the base field since the isogenous curve is defined over the
same field as the curve. With Mestre’s algorithm [26, 22], an equation over the base
field can be found. It remains to find an isomorphism between the two equations
and to push the points.

In the case where the two-torsion is rational on the first curve, the two-torsion
will be rational on the isogenous curve (the degree ¢ of the isogeny being odd). Thus
the isogenous curve admits an equation in Rosenhain form over the base field. In
this case we don’t need Mestre’s algorithm since our algorithm returns the correct
curve.

5.5. Complexity. Let C be an hyperelliptic curve of genus 2 over a field k. Assume
that we are given a rational isotropic subgroup K of the ¢-torsion defined by two
generators in Mumford coordinates (possibly over an extension field). The cost of
computing the abelian variety A of level n associated to C and of sending the two
generators of K and their sum can be done in O(1). Computing the abelian variety
B = A/K is O({") operations in the composite field kg of the field of definition &’
of the geometric points of K and k" (notations as in the Section 5.4). Finally the
reconstruction of the isogenous curve is O(1).

However, k" is the field of definition of the theta null point of level n of A. Since
the theta null point is rational when the 2n-torsion is, the degree of this extension
is bounded by a function of n. For instance, over a finite field it is bounded by
(2n)29. Since n (and g) are fixed, this means that computing B/K can be done in
O(¢") operations in k.

For sending a point between two Jacobians, the cost of the morphisms is also a
O(1) while the cost of pushing the point between A and B is O(¢") operations in kg
(and thus in k).

Lastly, if C is defined over a finite field k and K is rational, then the field &’
where the geometric points of K are defined lie in an extension of degree at most
(2 — 1 of k. This concludes the proof of Theorem 1.2. (We can even bound the
extension degree by ¢ — 1 when ¢ splits completely in the endomorphism ring of the
Jacobian).
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5.6. Implementations. Together with Gaetan Bisson we have implemented the
computation of ¢-isogenies in a MAGMA package called AVIsogenies (it can be found
at http://avisogenies.gforge.inria.fr/). To have an efficient implementation
we designed some specific codes for genus 2 and level 2. In particular, it avoids
taking some of the field extensions.

For instance, take the hyperelliptic curve:

y? = 2 + 41691z 4 2458323 + 250922 + 15574z

over the finite field F40179. The cardinality of the Jacobian is 21°13212 and there
is one rational isotropic subgroup K of £ = 1321 torsion. The isogenous curve with
respect to K is

y? = 332662° 4 201552° + 31203z + 973223 + 42042 4 180262 + 29732

The computation took around two hours on a core 2 with 32 GB of RAM. This
example was specifically chosen so that the theta null point of level 2 is rational
over the base field, and also all the geometric points in the kernel. Thus we avoided
some intermediate field extensions. Taking a field extension would increase the
computation by a quadratic or linear factor (depending on whether asymptotically
fast algorithms are used for the arithmetic).

Even if the morphisms are O(1) in theory, we saw that in practice their computa-
tions are not negligible. This is especially the case when ¢ is small: most of the time
is spend by converting points from Mumford’s coordinates to theta coordinates.

6. CONCLUSION

In Section 4, we have explained how to compute isogenies between abelian va-
rieties described by theta coordinates of level n. In fact, the algorithms from this
section can be seen as a composition from the algorithms of [24], which describe
the isogeny with theta functions of level n on the domain, and theta functions of
level £n on the codomain, and an algorithm to convert from level {n theta functions
to level n theta functions induced by Koizumi’s addition formulae. The techniques
developed in this paper also allow to convert from level n theta coordinates to
level ¢n theta coordinates (provided that we know the level n coordinates of the
points of ¢-torsion), thus an easy adaptation of Algorithm 4.3 gives a method to
convert between theta functions of different level. More details on this method can
be found in [35, Section 7.8].

One drawback of Theorems 1.1 and 1.2 is that they apply only to maximal
isotropic kernels. When we look at isogenies graphs in genus 2 for instance, we
do not always recover the full isogenies graphs by only looking at (¢, ¢)-isogenies.
It would be interesting to relax this condition of maximality, and in particular to
obtain an algorithm to compute an isogeny with a cyclic kernel. The major difficulty
of looking at isogenies whose kernel is not maximally isotropic is that the pullback
of the polarisation by this isogeny is much harder to describe algebraically.

APPENDIX A. EXPLICIT FORMULAE FOR THE CONVERSION BETWEEN MUMFORD
AND THETA COORDINATES



COMPUTING (¢, £)-ISOGENIES ON JACOBIANS OF GENUS 2 CURVES 19

A.1l. Numbering.

0z) = o[fn] o, o1z) = O[(10)] 0.
0:2) = ©[( 1) =W, 0(z) = O[] E=9,
0i(z) = @:%g)):(z,g), 0s5(z) = 9'5281(2,9),
0z) = O} =9, orz) = o[} )] 0.
osz) = o[}, &) = 0| h|Ew.
Oz = © Eg :g (,9), Ou(z) = © ((0 >) (2,9),
o) = o[¢ D] 0, Ouy(z) = @(( 0))(29)
_ C)) _ (3 %)
@14(2’) = @[(Oé):l(Z,Q), @15(2) = 9-(% %)-(Z,Q)

A.2. Notations. In this section we recall some notations of Van Wamelen [11]
which we apply in the genus 2 case. Assume that the roots of f (which is of

degree 5) are numbered: {aq,...,as}. Let
— 1. — 1.1 — 1.1
m = 2701070] 2 = {2707127(? 3 = [Oagagao]
Ny = 07%1%7%] s = anaia% Noo = [0,0,0, ]
For a subset S in {1,...,5,00}, we set
Ns = Zm
€S

We define 7y and ¢ to be the first and second part of ng. This notation comes
from the fact that the divisor ), g a; — #S5(co) is mapped to Qng + ng by the
Abel-Jacobi map.

All theta functions of level (2,2) can be written as © [nyoa] with U = {1, 3,5}
and a subset A of {1,...,5} of odd cardinality where o denote the symmetric
difference of two sets. For each such subset, Van Wamelen defines (definition 3)
the function t4(z) to be t4(z) = faO [Nuoa] (z) where f4 is a constant which is
fa =010] /O [nuoa] for the even functions (i.e. #A = 3) and for the others

fi = —1  ©00466012 fo = —1 ©466012
! az—a; ©103090:5 2 Vaz—a; ©205015
f3 = —1 906 fi = 1Oy
3 Vaz—a; ©203 4 Vaz—ai ©1 5 22
_ —1  ©0612 — — —1 010691,
fs = Vaz—a, 9369 f{172737475} =fo = Vaz—a;° ©10203050905

Note that we made a choice of the sign of the last six f4. If A is not of even cardi-
nality, we write t 4 and f4 instead of t g4 and fac where A° denotes the complement
set of Ain {1,...,5}. We have the following Theorem:

Theorem A.1. Let D = Py + Py — 2(c0) be a non theta divisor which corresponds
to a vector z € C?/(QZ*+17Z?). Let (x;,y;) be the coordinates of the point P;. Write
(u,v) for the Mumford’s polynomials of D. For k € {1,...,5}, and I, m two distinct
elements of {1,...,5} \ {k} we have

A Yiom — Yk,

U(Gk) - t%(z)7 U(a’k) = ma
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v oy —a)(@s —am) — g1 —a)(@ —am) _ - t(2)tm(2)tum) ()
lm ~— =C1,2 3
X9 — I t(})(z)

where ¢y 2 s just a sign £1.

This is Theorems 4, 5, 6 and 7 of Van Wamelen. By using a similar argument as
in the proof of Theorem 6 for Y} ,,,Y; j, instead of Yl?m, we can compute the products
¢i.merk (where ¢;, ; are the signs in Wamelen’s theorems) in terms of theta constants.
With our choice of constants f4, we find that ¢; ; = ¢1,2. With (almost) the same
proof as Van Wamelen we have

Theorem A.2. With the previous notations and choices,

. _ > ti(2)
Vi=ue=1150)

The above formulae are valids only for generic divisors. Non generic divisors D
can easily be recognized in Mumford’s coordinates (u,v). Let z be the image of D
by the Abel-Jacobi map. Let © be the set of all theta divisors in the Jacobian,

D €0 = deg(u) <1+=ty(z) =0 <= O14(2) =0.

D €0+ (ay — (00)) <= u(ar) = 0 <= tx(2) = 0 <= O [nyogry] (2) = 0.

Thus we can recognize non generic divisors in theta coordinates. One particular
case is two torsion divisors. In genus 2, only two torsion divisors have two odd theta
functions (i.e. corresponding to tg(z) or ty(z) for £ € {1,...,5}) that are zero.

A.3. From theta to Mumford. Let C be the hyperelliptic curve y* = f(x). Write

a; for the roots of f with a choice of an ordering. Assume that the divisor D in

Jac(C) \ © is given by the mean of theta functions of level n with n =2 or n = 4.
The following formulae allow to compute u, v by using Lagrange interpolation.

, 9303632 04 (2)° , ©30203% 04 (2)°
030507, 014 (2)* 030567, 04 (2)?

u(az) = (a2 — ay)

u(ar) = (a2 — a1)

1 1
Yi.— Y = Yio—Ys3).
a3 — as ( 1,2 1,3)7 U(GZ) PO ( 1,2 2,3)

v(ar) =

Applying the previous theorem, we have

7@8@%@%@%@%@5 @10(2)@11(2)@15(2)

CHCHE ©14(2)? ’
7030202030203, 03(2)07(2)010(2)

CHEFCH ©14(2)* ’
7070103003015 02(2)07(2)011(2)

CHEHCH ©14(2)* '

The products of theta functions involved can be computed from the theta of
level 4 by:
4014(2)* = 0p(22)03 — 01(22)0F — 05(22)03 + O3(22)03 + 04(22)03
7@6(22)62 - @8(22)@§ + @9(22)@3 — @12(22)@?2 - 615(22)@?5

Yio = cipvar—aq

Yig = ci2va—a;
Yo3 = ci2vaz—a;
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4010(2)?014(2)* = ©¢(22)0¢07 + 04(22)0407 — 0,(22)0,072
—05(22)0603 — O5(22)0507%, — 012(22)0,2,02,

4011(2)%014(2)2 = 01(22)0,02 4+ 0,4(22)0,0? — 03(22)030}2
—04(22)06032 — O9(22)09032, — ©15(22)0,,03.

4@10(2)@11 (2)614(2)@15(2) @5(22)@0@1@4 — @7(22)@2@3@6

—013(22)0309012,
104(2)07(2)010(2)O1a(2) = ©5(2:)0105O15 — O11(22)920015

—013(22)00040y,
405(2)07(2)011(2)O14(2) = ©5(22)0009012 — ©19(22)O306015

—015(22)0,0,6%.

From the theta functions of level 2 we can compute the ©;(2)? and thus find
the polynomial u. Since we have quotiented the abelian variety by {£1}, we can’t
recover v but only its square. The formulae for Yl%Q, Yﬁg and Y223 involve only
squares. It remains to compute the products Y; 2Y7 3, Y1 2Y53 and Yj 3Y5 3 and
thus we need the following products of theta functions:

@3(2)@7(2)911(2)615(2)@0@4@8@12 = —@0(2)2@3(2)2@(2)@?))

+ @3(2)2@15(2)293952 + @0(2)@1 (2)62(2)93(2)@0@19293,

@2(2)@10(2)@14(2)@15(2)91@499612 = @1(2)2@2(2)2@%93
+05(2)%015(2)20202, — 04(2)01(2)02(2)O3(2)010,0,03,

@2(2)@3(2)@10(2)@11(2)60@1@869 = @2(2)2@3(2)2@36%
— @0(2’)@1(2)92(2)93(2)606162@3.

If we write z, y, 2, t for ©g(2),01(z), O2(2), O3(z) and a, b, ¢, d for the corresponding
theta constants then

2F'abedayzt = F(2** +y?2%) + G(222? + y*t?) + H(2?y* + 2°t?)
—(1’4+y4+24+t4)
where
A = a2+ 0+ A+ dP B = a*+b - -4
C«/ a2—62—|—02—d2, D = a2—62—02+d2,
o A'B'C'D’
T (@22 — b2c2)(a2c2 — b2d?)(a2b? — c2d?)’

F = (a*-b*—c*+d)/(a®d* - b*?),
G = (a*=v' 4 —dY)/(a* P - b d?),

H = (a*4+b* = —d*)/(a®? - 2d?).
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A.4. From Mumford to Theta. Let D = > 7 | P, — gPx be a divisor in Jac(C)
corresponding to z € C?/(QZ% + Z?). Assume that D is given by its Mumford’s
coordinates (u,v) (or u and v? if we work on the Kummer surface). As before,
we assume here that the divisor is generic. Note that we work with projective
coordinates so we only want the theta functions of level n up to a constant factor
(which will be 1/014(2) for n =2 and 1/014(2)* for n = 4).

From v? it is possible to compute the squares of the Y; ; since the formulae
defining ij can be made algebraic in terms of the coefficient of v and v?. By
evaluating u at the root of f, we obtain formulae for all the ©;(2)?/©14(2)? with
0 <4 <15. If we want the theta of level 2 we are done.

For level n = 4, we can invert the previous formulae and use the Frobenius
relations. A more natural way is to use the doubling formulae [13]:

105122051087 = > exp(—din'ap) O [15] (2)°O[5] (2)°
«,BEL72 /72
40[5](22)0 (510310 (3]
= Y exp(—4ir'ap) O [§1E] ()0 5] (2)©[685] (2) O[5 (2).-
«,BEL72/72
The first formula allows to recover the even theta functions. For the odd theta
functions, we will use the second formula. The products on the right side can be
expressed in terms of the constants f4 and the functions Y; ,,,, ¥ and u(a;). Since
we need to divide by some u(a;), we make the hypothesis that the divisor is not of
2-torsion.
For instance,
@14(22)@0@2@12 = @0(2’)@2(2)@12(2)@14(2) — @5(2)@7(2)@9(2’)@11(2)
+@4(Z)@6(Z)@8(2)@10(2) — @1(2)@3(2)@13(2)@15(2)
ta,a(2)ta,3(2)ta,a(2)tg(2) | ta5(2)ta(2)ta(2)t3(2)

©14(22)900:012 = Jaaf23f3.4]0 Jisfafafs
+t3,5(z)t4’5(z)t2,5(z)t1(z) t1’3(Z)t174(2)f1’2(2)t5(2)
f35fa5f2,5f1 fisfiafiafs ’
014(22)0¢02012 _ Y54Y53Y34 1 n Y, 5Y 1
t%(z) u(az)u(az)u(as) Joaf23f3.4f0 u(ay)u(as) Ji5f2f3fa
Yo5Y35Y,5Y 1
u(az)u(az)u(as)ulas)? f25f35 15/
Y1 2Y13Y14Y 1

+u(a1)2u(a2)u(a3)u(a4) figfishiafs

We only worked in the generic case but the formulae can be extended to degen-
erate divisors: see for instance Gaudry [13] for level n = 2.
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