The arithmetic of theta groups and biextensions of abelian varieties

DAMIEN ROBERT

ABSTRACT. We investigate the use of biextensions and the theta groups to understand
isogenies. Namely we show that every isogeny of odd degree between elliptic curves lift
canonically to theta groups and we give an algorithm to compute this Ifit. We discuss some
consequences of this for the DLP.

1. INTRODUCTION

In this article, we study various consequences of the following result, with follows from
the algebraic theory of the theta group as constructed by Mumford [ ; ;

I

Theorem 1.1. Letf : (A, L) — (B, M) be an N-isogeny between ppavs, with N odd. Assume
that LL and M are symmetric. Let m be an odd integer prime to N. Then f : A[m] — B[m]
lifts canonically to a map of theta groups f : G(L™) — G(M™), sending symmetric elements
to symmetric elements.

Proof. Since fis an N-isogeny, we have an isomorphism f* M = LN, The descent of LN
to M is encoded by a symmetric lift K of K = Ker fin the theta group G(.LN). Since M is
symmetric, K is composed of symmetric elements. Since N is odd, if P € Kis of order N’ | N,
there is a unique symmetric element ¢p € G(.LN) of the same order N'. Hence K is uniquely
determined. We have a canonical isomorphism F : Z (K)/K =~ G(M), which commutes
with 6_; since K is symmetric, so sends symmetric element to symmetric elements

There is also a map ¢, : G(LN) = G(L™N), which commutes with _1, so ¢, (K) C
G(L™NY is also a symmetric lift of K in G(L™N). It encodes the descent of LN into M™.
We obtain a canonical isomorphism F,,, : Z(g,, (K))/sm(K) ~ G(M™), commuting with
0_q.

Finally, there is also a map ey : G(L™) — G(L™N). It lends inside Z(g,,(K)) because
the orthogonal K* of K with respect to the Weil pairing ey ;o on A[mN] contains A[m].

Our map isf =F,o0en:GUL") » GIM™). Ifa € E*,f(zx) = &N, so its kernel is
(@ek [aN=1). 0

We will give an explicit version of Theorem 1.1 for elliptic curves in Section 2 and we give
some applications in Appendix A.1.

2. THE THETA GROUP OF A DIVISOR ON AN ELLIPTIC CURVE

Let E/k be an elliptic curve and D a divisor. Its algebraic equivalence class is determined
by its degree degD € Z. We have a morphism &, : E - E,P € E — tp .D — D. This
map is an isogeny iff deg D # 0, in which case K(D) := Ker & = E[deg D] (provided
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the degree is prime to the characteristic). If deg D = 0, then Ker ®, = E. The divisor D is
ample iff deg D > 0.

2.1. The theta group.

Definition 2.1. Assume that D is ample. The theta group G (D) is given by tuples (P, fp p)
with P € Ker ®, = E[degD], and f, p any function with divisor tp ,D — D. The com-
position law is given by (P,fD/p).(Q,fD’Q) =P+ Q,fD,p(x)fDlQ(x — P)). In particular,
(P,fp,p) ™" = (=P, fpp(x + P)).

The theta group acts on I'(D) via (P, fp p) -s = fp p(x)s(x —P). The action is irreducible
(Mumford).

We remark that for any divisor D, we can build up a function of the type f;, p by combining
functions pp  with divisor (P) + (Q) — (P +Q) — (0g), as is done for pairing computations.
Letgp = (PIfD,P) ande = (Q’fD,Q) in G(D)Thengng = (P+Q,fD’p(x)fD’Q(x—
P)) whllegQgp = (P+Q’fD,Q (x)fD,p (x—Q) ) SOgQgp = Oégp.gQ witha = fD/Q (x) /fD,Q (x—
P)-fp,p(x—=Q)/fp,p(x) = ey, p(P,Q). The commutator pairing [gp, g] is the Weil pair-
ing ey p(P, Q).
We also check that if gp = (P, fp p), then g = (mP,fp p(x)fp p(x = P) ...fp p(x —
(m —1)P)). Thus gp is of order n iff fpp p(x)fp p(x = P) ...fp p(x — (n = 1)P) = 1.

2.2. 2-cocycle. Pick any section s : K(D) — G(D). Say take for f, p be a function appro-
priately normalised at Og. Another solution is to take a symmetric lift (see Section 2.4). Then
we can work with G(D) by representing an element ¢ € G(D) by a tuple (P, ), where
7y represents the function ys(P). The group law is then given by (P, p).(Q,vo) = (P +
Q,1proS(P,Q)) where S is the 2-cocycle associated to s: s(P)s(Q) = S(P, Q)s(P + Q).
In practice, this all boils down to elementary computation with Miller functions of the form
Hp,Q-
Iglotice that this 2-cocycle is normalized S(T,0) = S(0,T) = 1, and that since the
commutator pairing is the Weil pairing, we have

(1) S(Ty,Ty) = ew,a(T1,Tz)S(T2,T1)-

Hence the 2-cocycles describing the theta group may be seen as a generalisation of the Weil
pairing.
Example 2.2. Take D = d(0g), s(P) = (P,f; p) where f; p is the usual Miller function

normalised at (Og), we compute S(P, Q) = fd,Q(—P). So the corresponding 2-cocycle is
the usual non reduced Tate pairing (up to a sign)!

2.3. Isomorphisms of theta groups. The isomorphism class of the theta group depends
only on the line bundle L (D) associated to D. If D" = D + div(g), an explicit isomorphism
is given by

(2) (P,fp.p) = (P,fp p(x)g(x — P)/g(x)).

This isomorphism commutes with the action on sections via I'(D) ~ I'(D"),s — s/g.
If D = t. D, we also have an isomorphism of G(D) with G(D") via

(3) (P.fp,p) = (P,tc.fp,p(x) = fpp(x —0)),

with is compatible with the action via I'(D) = I'(D"),s(x) = t, . (s)(x) = s(x —¢).

Any divisor D of degree d is linearly equivalent to a divisor of the form D’ = (P) + (d —
1)(0g), and if P = dPy, then tp D" is linearly equivalent to d(0f). Hence by Equations (2)
and (3), G(D) is isomorphic (over the field where Py is defined) to G(d(0g)).
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It Q € K(D), ty,.D is linearly equivalent to D by definition. Write t5,D = D +
div(fDrQ), go = (Q, fD,Q)’ combining Equations (2) and (3), we obtain an automorphism
of G(D) given by
(4)
8p = (P.fp,p) = (P, fp,p(x=Q)fp,o(*) /fp,o(x=P)) = 808r85" = (P,ew, (P, Q)fp,p)-

2.4. Symmetric divisors. If L(D) is symmetric, then [—1]*D is linearly equivalent to D.
Write D = —D + div(g). We have an isomorphism G(D) =~ G(-D),

(5) (P/fD,p) ~ (=P, [_1]*fD,P(x) :fD,P(—x))-
Combining with the isomorphism form Equation (2), we obtain an involution
(6) 0_1:G(D) = G(D), (P,fpp) = (=P,fp p(=x)g(x = P)/g(x)).

Note that this does not depends on the choice of g.

If D is symmetric, we can take ¢ = 1, s0 6_1(P,fpp) = (=P,fpp(—x)). An el-
ement gp = (P,fD/p) is said to be symmetric if 6_1(gp) = gljl. This is the case iff
fopx + P) = fp p(=x)g(x = P)/g(x), ie fp p(X)fp p(P — x) = g(—=x)/g(=P — x).
If P = Py, this equation becomes fp, p(Py)? = §(—Py)/g(—3Py). If g = 1, these simplify
to fp,p(X)fp p(P — x) = Land fp p(Py)* = 1.

Thus for any P € K(D), there are two symmetric elements +¢p € G(D) above P.
If ¢p and g are symmetric above P and Q respectively, and ¢p commutes with g, (ie
ew,p(P,Q) = 1), then gpg is symmetric. In particular, if ¢p is symmetric above P, ¢ is
symmetric above nP.

If P is of order 1, then since the two symmetric elements above O are (O, 1) and (0, —1),
we see that ¢} = +1. Soif P is of odd order 7, one of the two symmetric lift is of order 7 and
the other is of order 2n1. We will call the symmetric lift of order # the canonical symmetric
lift gp of P. But if P is of even order n = 21, then both symmetric lifts are of order either
2norn.Let T = nyP, it is a point of 2-torsion. Then for both symmetric lifts +¢p, we have
8p = ep,«(T). So the symmetric lifts are of order niffep , (T) = 1.

If D is symmetric, Mumford shows in [ , Proposition 2 p.307] thatep . (T) =
(—1)multp(M—multp(©) A dijvisor is said to be totally symmetric if ep,.(T) =1forallT €
E[2], this is the case iff D is linearly equivalent to 2D with D a symmetric divisor.

The symmetric divisors of degree d are given by (d — 1)(0g) + T foreach T € E[2].
If d is even, only d(0g) is totally symmetric among these four symmetric divisors in the
corresponding algebraic equivalence class.

If d := deg D is odd, we thus have a canonical (set) section s : K(D) — G(D), which
maps P to the canonical symmetric element gp above it, hence a canonical 2-cocycle S :
K(D) x K(D) - G,,, S(P,Q) = s(P).s(Q).s(P + Q)~L. An elementary, if somewhat
tedious (see below), computation shows that S(P, Q) = ey p(P, o) EE= Uy

When d is odd, we will define i p to be the canonical function such that ¢p = (P, hp p)
is the unique symmetric element of order d.

2.5. Heisenberg group. Let D be a divisor of degree d, and E[d] = E [d] & E;[d] a
symplectic decomposition for the Weil pairing. Let E;[d] be any lift of E;[d] into the theta
group G(D), s : E;[d] — E,[d] the corresponding isomorphism..

Since E{[d] and E,[d] are orthogonal, we can extend s into a set section for any P =
Pi + P, € E[d] bys(P) = s(P1)s(Py) =s(Py)s(Pq).

The corresponding cocycle is then given by S(P, Q) = ey p(P1, Qz)ew p(Pa, Qq). We
represent an element of G(D) by a tuple («, P) which encodes the element as(P).
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The group law is then given for all n € Z by (a, P)" = (a"S(P,P)""~D/2, 1P), in
particular —(a, P) = (S(P,P)/«, —P).

If the level subgroups E; are symmetric (if d is even these exists only if D is totally
symmetric), then they commute with §_; hence we have 6_; (&, —P) = (a, —P). It follows
that the symmetric elements above P are given by (+S(P,P)Y/2,P), and if d is odd the
unique symmetric lift of order d is given by (S(P, P) 172 py.

So the cocycle S associated to the symmetric section s, is given by So (P, Q) = ey p(P, Q

Anticipating Section 2.8 and reusing Mumford’s notations, the map ey : G(D) — G(ND)
is described by (a, P) — (aN, P) provided that the subgroups E;[Nd] are compatible with
Ei[d]. The isogeny descent mapf : G(Dy) — G(D,) is given by (a,P) — (a,f(P))
provided that the level subgroups of D, are compatible via f with the ones on D;. So the
map 77, = [n] o €,, is given by (a, P) — (a",nP). And the map J,, : («,P) — (tx”z,nP).

Finally, if P € K(D) and P = 2P, Py determines a unique symmetric lift of P. (Assume
e, (P) = 1). Indeed, we let 8p, € G(2D) one of the two symmetric lifts, we use €, to get
an element in G(4D) and we descend via [2] to get back an element of G(D) which does
not depend on the sign. Since Py € 2K (4D), the descent does not depend on the choice of
E[2].

)1/2.

2.6. The case of a divisor of degree 0. It is also instructive to look at the theta group G(D)
of a divisor D of degree 0.

Such a divisor is always linearly equivalent to Dy = (Q) — (0) so we will restrict to
this case. We have K(Dg) = E and ®p, =0. The Weil pairing ep,, is trivial so G(Dgy) is
commutative. An elementgp o = (P,fp,DQ) € G(Dg) hasdivisor (P+Q)+(0)—(P)—(Q)
so corresponds to a multiple of the usual Miller function pp . In particular, we also have
gp,0 € G(Dp).

There are thus two interpretations of the addition law ¢p, o¢p, o The first one is given
by working in G(D,). But we can also interpret gp,  as being above Q in G(Dp, ), &p, 0
as being above Q in G(Dp,), so the product of the two functions f1f, is above Q in G(Dp, +
Dp,). But Dp, + Dp, is linearly equivalent to Dp__ p,, so using our isomorphisms of theta
group we get an element of G(Dp, , p,) above Q which we reinterpret as an element of G(Q)
above P + P,. Both interpretation give the same addition law.

We check: pip o * tip,,0 = pp, p,(=Q)Mp, +P, 0

We could thus define a partial group law G above (E x E) which is defined above
(P1,Q), (P, Q) and above (P, Q), (P, Q5). This group law encodes the arithmetic op-
erations done when computing pairings.

For instance, if gp = (P, pip o), then g} is given by est donné par 1/f,, p(=Q)p,p,o- So
if P is of order n, we get that the equivalence class of ¢, € G, is represented by the Tate
pairing et ,(Q, P).

Note the link with the torsor interpretation of the Tate pairing (see [ D.LetK = (P).
The divisor D, descends on E, = E/K iff we can find a lift of K'in G(Dyy), iff there exists
gp such that g} = 1, iff for an arbitrary gp, g5 € G, is a n-th power.

But descents D of D viaf : E — E, corresponds exactly to preimages of Q via

f : E; — E, so the above conditions mean that f ~1(Q) has a rational preimage.

2.7. Theta group and isogenies. Let K be a finite subgroup, andf : E — E, = E/K the
corresponding isogeny. A natural question is whether D is linearly equivalent to D" := f*D,,
for some divisor D5 on E,, in which case we say that D descends to D5.
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If that is the case, since f*D, is invariant by translation by T € K, then forall T € K,
tr .D should be linearly equivalent to D, so a first condition is that K C K(D).

Let D’ = f*D; and &y any rational function with divisor D" — D. Since D’ is invariant by
translation by K, we have that forall T € K, ap(x) /txf(x -T)=fpr

Conversely, for each T € K, picka g7 = (T, fp 1) so that tp ,D = D + divfp 7.

Then these g7 glue together to form a function af such that ap(x) o (x — T) =fprif
and only if they form a group K (the cocycle condition for &g to exists translate into the group
law of the theta group). We say that Kis alift of K to G(D); such a lift exists (possibly over
an extension) iff K is isotropic for the Weil pairing ey p.

In this case, D" = D + div(ay) is a divisor invariant by translation by T € K, hence is of
the form D' = f*D,.

Note that ¢ is not unique, if § is any function on Ej, then zx} = g~ g o f satisty the cocycle
condition, and via &, D descends to D, + div(g). In other words, K determines D, only up
to its linear equivalence class.

Note also that D may have different (non linearly equivalent) descent to E,, indeed if K
is a lift, the other ones are given by the conjugation action Equation (4) of P € K(D)/K*,
which gives a descent of D to tp , D, (which is algebraically equivalent to D, however).

If g € T'(D'), g descends to E,, ie is of the form g, o f; iff g is invariant by translation
by T € K. By Equation (2), we have an isomorphism G(D) =~ G(D"), (P,fp p) — ap(x —
P)/ag(x)fp p. In particular, by definition of ay, it sends g7 € Kto (T,1), and the action
of (T,1) onT'(D’) is the action by translation. Hence a section s € I'(D) corresponds to a
section s’ € I'(D’) which descends to E, iff s is invariant by K

Proposition 2.3. We have an isomorphism Z(K)/K ~ G(D,) which sends f, p for P € K+
into the element fp r(py such that fp, ¢py o f = fp pots(x — P) /as(x).
We thus obtain a partial morphism f : G(D) — G(D,).

Proof. The element gp € G(D) descends to G(D,) iff it commutes with K and by construc-
tion of D,, the descent of elements in K is trivial. The resulting map is an isomorphism by
[ ]. The explicit formula follows by the isomorphisms above. O

Proposition 2.4 (Mumford). The divisor D descends to a symmetric divisor D (more precisely
to a divisor linearly equivalent to a symmetric divisor) iff K is symmetric. In this case, the (partial)
morphism f commutes with 0_.

We remark that if K is rational and d = #K is odd, there is a unique symmetric lift K above
K by Section 2.4, hence K is rational. However if d is even, there may be an obstruction to the
existence of a symmetric K (which can always be solved by changing the algebraic equivalence
class of D), and if K is cyclic and the obstruction vanishes, there are two possibilities for
symmetric K; if the first one descends to D,, the second one descends to tr(1y,« D2, where
T € E[2]/K[2].

We now detail the most important case where D = N (O). For this divisor, if P € E[N],
we abbreviate fy p for fp p. Let K C E[d] be a maximal isotropic cyclic subgroup, with
N = md. Assume that d is odd. Take D, = m(0g,) on Ey, then f*Dy = } o, m(T) is
linearly equivalent to N (Og). (Note that if d is even, f*D, is linearly equivalent to N (0g) iff
m is even.) Since D, is symmetric, it corresponds, by the general theory above, to the unique
symmetric lift K above K.

There exists a (unique up to a constant) function & ,, with divisor > rex M(T) =N (Op);
this is the function which gives the linear equivalence between D = N(Og) and D" = f*D,.
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We check thatif T € K, 0f iy (X) /gy (X — T) has for divisor N(T) — N(0g), and in
fact by the theory above we know it has to satisty ay ,, (x) /s, (x — T) = fy r for all
(T,fn,r) € K.

Note that since div ay ,,, is symmetric, we have [—1]*ay ,,, = tay ,. But the (T, fy 1) €
K above is symmetric, this force & (—=x) = Of (x). And indeed, an explicit version of
&f, y is given by Xf = 1)(}” = HTEK’ (x —x(T))™ for any K’ where K = K" | J =K' |J{0g}.
This explicit form is clearly invariant by [—1].

s o (x—=P) .

If (P,fn p) € G(N(Og)), then Fy p := WfN,p has for divisor ZTeKerf(m(P +
T) —m(T)). This divisor is invariant by translation by Ker f hence descends to E,. However
Fy p needs not be invariant by translation.

Indeed, if & = divf¢ is a principal divisor invariant by translation by K, it does not

mean that f¢ itself is invariant, we only have that f¢(x + T) = yf¢ for some constant 7.
Unraveling the definitions, this 7 is given by a Weil-Cartier pairing:

Lemma 2.5. Let &=} ,a;) 7o (P; + T) = divfg a principal divisor and Py := " a;P;.
Then f¢ is invariant by translation iff Py € K.

Proof. T € K, fe(x + T) /fe(x) = ef(T,f(PO)) = edegf(T, Py). So fg is invariant by K <
Py € E[{] is orthogonal to K & Py € K& f(Py) = 0.
Another equivalent proof is to remark that f is invariant by translation iff £ descends to

a divisor on E, which is linearly equivalent to (0), which is the case iff P; € K. ]
Example2.6. Takte, Q2 S E(k),8 = ZTEK ((Ql + T) + (_Ql + T) - (Q2 + T) - (—Qz + T))>
fe=Tlrex %;2 (convention: x — Og := 1). Then f¢ is invariant by translation and

descends to % on E/K, X a Weierstrass coordinate. When J, = O, we recover a

formula from [ ; ]; the denominator is then equal to zxf.

Going back to our Fp; p above, by Lemma 2.5, it descends to a function on E, iff mP €
Kerf, ie iff P € Kerf*, as expected. So Fy p = h o f, and we define f (P, fy p) = (f(P), h).
This map is defined for elements g € G(N(0g)) above P € Kerf L. Furthermoreif T €
Ker f, then our Fy, 1 above has trivial divisor, hence is constant. In fact, if (T, fyy 1) € Kerf,
then Fy r = 1.

So we get a morphism Z(K?r/f) /Ke\rlf — G(E,[m]). We check via the formula that it
sends a symmetric element into a symmetric element, and that f (O, 1) = (O, 7.

2.8. The canonical lift of an isogeny to the theta groups. If D is an ample divisor on E,
there is also a map ey, : G(D) — G(ND) defined by en (P, fp p) = (P,fgp). Likewise, it
commutes with §_1, so sends symmetric elements to symmetric elements.

Letf : E — E, be a cyclic N-isogeny, with N odd. The unique symmetric lift K of
K = Kerfin G(N(0g)) induces a descent of N (0g) into (OEz)' For any m, we have that
Em (K) is the unique symmetric lift of KinG(N m(0g)), which induces a descent of Nm (0g)
to m(OEZ). We have a mapf : Z(em(K)) - G(m(OEZ)). In E[mN], given a symplectic
decomposition E[mN] = K; & K, with K = K;[N], then K+ = K; & K,[m].

We also have a map e : G(m(0g)) — G(mN (0g)). The image of €5 lends into Z(K?r/f),
so composing with f we obtain our canonical morphism from Theorem 1.1

f 1 G(E1[m]) - G(Ey[m])
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which sends symmetric elements to symmetric elements. If m is odd, it sends the canonical
symmetric lift above P to the canonical symmetric lift above f (P).

Since en(0g,,7) = (OEI,')/N), we have thatf(OEl,’y) = (OEZ,’yN). So if m is prime
to N, since Kerf N E;[N] = 0, then fis almost an isomorphism, the kernel is given by
{0, 19N =1

The map fis thus a lift of the map f : E;[m] — E,[m] to the theta groups; sometime I
may call it f too by abuse of notations when the context is clear.

Example 2.7 (Mumford). §,, := [n] : G(E[m]) — G(E[m]) isgivenbygp g}"2+")/2(5_1gp)(”2_”)/2.
In this context, Theorem 1.1 becomes:

Theorem 2.8. Letf : E = E; — E, be a cyclic N-isogeny with N odd and kernel K. Let m
be an odd integer prime to N. Let ag be any function with divisor 3. (T) — N(Og). Let
P € E[m] and gp = (P, h,, p) the canonical symmetric lift of P to G(m(0g)). Let Q = f (P)
and g0 = (Q, hm,Q) the canonical symmetric lift of Q to G(m(OEZ). Then

zx}”(x - P) N
(7) hm,Q(f(x)) = Whm,p(x)
Proof. The Theorem follows from unravelling the formula from Section 2.7. We can also check
7 (x—P)
it directly by checking that both functions ¢y = f*h,, o and g, = %h% p(x) have the

same divisor ) ., m(Q + T) — m(T), satisfy the symmetry condition g; (P — x)g;(x) = 1
and the order condition g;(x)g;(x — P) --- g;(x — (m — 1)P) = 1. The first condition shows
that g, = cgq, the second one that ¢ = 41, and the third one that ¢ = 1 which forces
¢ = 1 since m is odd. O

Note that f ((0g,a)) = (OEz' aN), so since the Weil pairing is the commutator pairing,
we recover that ey ,, (f (P),f(Q)) = ew ,, (P, QN.

3. BI-EXTENSIONS

(1)  For abelian schemes, a birigidified line bundle has a natural structure of biextension (I
always consider biextensions by G,,,), so we have isomorphisms

BiExt(A, B; G,,) = Corresp(A, B) = Hom(A, B) = Hom(B, A)

[ , p- 7-V11.2.9.6]

In particular the identity map A — A gives the Poincaré bundle seen either as a bundle
or a biextension of A x A
(2) To abiextension, Grothendieck associate a "Weil pairing’ in [ , p. 7.VIII], and
Stange associate a "Tate pairing’ in her thesis, [ , Chapter 17].
(3) Grothendieck shows that his Weil pairing is the standard Weil pairing (up to a sign),
and Stange proves that the Tate pairing associated to the Poincaré bi-extension is the standard
Tate pairing (in the case of an elliptic curve, but the general case is the same).

I guess that the Tate pairing associated to the biextension of A x B associated to an isogeny
f + A — B is the usual Tate-Cartier pairing?
(4) For the Poincaré biextension, if I unravel the definitions, we can describe it in terms
of theta group as follow: if (P,Q) € A x A, then Q corresponds to a divisor Dg in A,
algebraically equivalent to 0.
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The theta group G(Dy) associated to D, then gives an extension1 — G,,, - G(Dg) —
A — 1, hencean elementgp o € G(Dg) above P corresponds to an element in the Poincaré
biextension above (P, Q). gp,0 corresponds to an isomorphism tpDg =~ Dg.

The biextension group laws can then be given by: - ¢p 5 *1 §pr 0 = ¢p,0¢p', (multipli-
cation in the theta group) - ¢p 5 *» §p,0' = &p,08p,o (Via the tensor product G(Dg) ®
G(Dg) = G(Do10))

And T guess the biextension on A x B associated to f : A — B should be given by
associating an element ¢p 5 above P in A, Q in B which gives an isomorphism t5f “Dg =~
Dg,.

(5) IfIhave an ample line bundle L, I can consider the polarisation ¢; : A — A hence a
biextension of A x A.

I think we can describe it this way: if (P, Q) in A x A, then to Q we can associte t*QL QL1
which is a divisor algebraically equivalent to 0. Then we take an element g p 111G (t,L ®L™).
Rearranging things, this element gp ; corresponds to an isomorphism ¢, (L ® L =~ t}L ®
t’éL, ie an explicit isomorphism from the theorem of the square!

(6) I like to think of an explicit isomorphism from the theorem of the square as the
following information: fix trivialisations of L on some point x, as well as x + P and x + Q.
Then gp o determines (and is determined) by a trivialisation of L on x + P + Q.

This gives a way to represent ¢p »; and compute in practice the group laws associated
to the biextension; hence compute pairings. For an elliptic curve, if we fix L = (0g), ¢p,o
corresponds to a function with divisor (P + Q) + (0) — (P) — (Q) hence we are essentially
reformulating Miller’s algorithm.

(7) The reason I am mentionning trivialisations is that we have a weak form of algebraic
Riemann relations:

Theorem 3.1. Assume that L is symmetric. Let P,Q,R,S € A suchthat P+ Q+ R+ S =2T
andletP’ = T—-P,Q =T —-Q,R =T —-R,S =T — S. Then we have a canonical
isomorphism t;L @ thL ® thL @ tsL = th L@t L@t L ® t5'L

In particular if we have chosen a trivialisation for 7 out of the 8 points in Riemann relation,
it fixes the last one canonically.

Proof. Wehave R = T—R,S' = T —SsoR' + S = P+ Q. Fix any isomorphism
a:itprL@tog* L= tp*xL®ts*L.

Fix an isomorphism ¢ : L — L~!. We remark that [~1]*¥ gives an isomorphism
L' - L and we could normalize ¥ (up to a sign) by requiring that the composition L — L
is the identity (eg equal to 1 on L | 0), but we won't require this.

Via ¢ we get an isomorphism t* ,L. ® thL =~ t* oL ® t* o, L which we translate by T to
get an isomorphism 8 : t5, L ® £y, L =~ t{L ® t3L.

Hence a ® B! gives an isomorphism ;L ® toL®tRL@tgL ~ th Lot Lt Lt L.

But remark that if we fix another isomorphism &’ = Aa, then 8/ = AB, hencea ® B~! =
«' ® L. The isomorphism we have computed is canonical!

(This could probably be proved by the theorem of the cube also.) g

We can see this argument as a special case of Riemann relations for theta functions
(analytic Riemann or the algebraic ones proved by Mumford), which describe the canonical
isomorphism defined above explicitly in terms of basis of sections given by theta functions.

Now we can specialize: the following points are in Riemann relations:
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o (P+Q)(P—-0Q)00;Q— QPP
e (P+Q+R)POR;0(Q+ R)(P+ Q)(P + Q)

In particular from a trivialisation of L at 0 and P we can recover a canonical polarisation
of L at n.P. And from a trivialisation of L at 0, P, Q and P + Q we can recover a canonical
polarisation at n.P + m.Q

And the second case gives a way to compute in the biextension: let gp, o be an isomor-
phism th 4oL ® fiL = tp L ® t5L and let gp, o be an isomorphism th,+oL ® fHL =
tp L ® 5L

So fix any trivialisation of L at 0, Py, P, Q, Py + P5. Use gp, ¢ to get the corresponding
trivialisation at P; + Q. The above case of Riemann relations fixes a canonical trivialisation
of L at Py + P, + Q, from which we deduce an explicit isomorphism t};l +P, +QL ® tyL =
th +p,L ® tHL. Thus we obtain an element gp ,p, o, and we can check that it does not
depend on our starting choices of trivialisation.
(8) Unraveling the formula, this gives us the following interpretation of the Tate pairing
with respect to L:

e if P is a point of n-torsion, we fix a trivialisation of L at 0, P, Q,P + Q (or R, R +
P,R+Q,R+P+Q)

e from these trivialisation, we determine a canonical trivialisation of L at nP which
we compare with the one at 0, and of L at nP + Q which we compare with the one
at Q.

e The quotient gives us the Tate pairing et ; (P, Q)

(9) If we apply this approach to L of level n with a symmetric theta structure, fixing a
trivialisation of L at P amount to choosing affine coordinates for 6;(P) above the projective
coordinates.

We then use the theta Riemann relations to keep track of our trivialisations, ie to work
with ’affine theta coordinates. So we compute nP + Q and nP in affine coordinates and we
compare with the affine coordinates of Q and 0; they differ by some projective factors whose
quotient is the Tate pairing.

We recover the algorithms we had with David Lubicz for computing the Tate pairing in
theta coordinates.

(10) Ithink we can also recover elliptic nets this way: this time we start with a principal
line bundle L = (0f)

Let’s start with rank 1 nets: we fix a trivialisation of L at O and P. This determines by the
above a trivialisation of L at every n.P.

Now on L we have the section 'Z’ (if we think of projective Weierstrass coordinates; or
the Weierstrass ¢ function if we think analytically, aka the theta function which has a zero
exactly at the points of the lattice), which is 0 on O.

The trivialisations of L at each 11.P defines a value Z(n.P) at every point, with Z(n.P) = 0
iff n.P = Of.

A slight annoyance is that Z(0) = 0 so we cannot use the value of Z at 0 to specify the
trivialisation of L on 0, but we can specify the trivialisation of L on P by requiring Z(P) = 1;
and the value Z(2P) can be seen as implicitly fixing a trivialisation of L on 0 (equivalently of
L on 2P).

Likewise, we can define rank 2 (or more) nets; but to compute the Tate pairing we need to
shift the offset by one so that we get a non zero value.

(11) The above strategy works for any ppav: but this is a different approach than the
standard construction of elliptic nets. What I am saying is that for any model (A, L) where
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we have an explicit version of the theorem of the square for a line bundle L, so that we
can compute the canonical Riemann isomorphisms for Lg; then if we fix a basis of sections
g1, ---»&m of Ly we can define generalised elliptic nets as the value of g; on trivialisations of
Lo | nP + mQ, which are entirely defined from a trivialisation of Ly on 0, P, Q, P + Q.

Here I am allowed to represents point on A by sections of L to compute the isomorphism
given by the theorem of the square on L; this is like using the x, )y Weierstrass coordinates
(ie sections of Lg) to compute the Miller functions.

The theta function approach from 9) is the case L = L of level 1, using the theta Riemann
relations.

Standard elliptic nets works differently: the key is a recurrence relation that allows to
compute the value of the net on any point given some value on some points; this allows
to take L principal without needing any other intermediate line bundle L for the actual
computations.

This recurrence approach extends to higher dimension by using the theta Riemann

relations, this is done in the thesis of Christophe Tran [ ]. at least for Jacobians of
hyperelliptic curves.
(12) In summary, there is a canonical way ("algebraic Riemann relations”) from fixing
a trivialisation of a line bundle on L on some points P; (and some sums) to compute a
canonical trivialisation of L on any n,P; (where P means that I am implicitely working on
the biextension, not on the abelian variety).

If we evaluate a basis of theta functions on these trivialiation we recover the theta pairing
algorithm; and if we use instead the section 'Z’ of the divisor (Og) on an elliptic curve we
recover an elliptic net.

So I guess this is an alternate way of seeing the Tate pairing as being the Tate pairing
associated to some biextension: it simply means that we keep track of trivialisations.

I guess this gives an alternative way of computing elliptic nets: we work with “affine
Weierstrass coordinates” (X, Y, Z) and we compute differential additions from the algebraic
Riemann relations; the value of Z is the value of the net.

(Or more precisely we get the value of the original elliptic net to the cube because X, Y, Z
are sections of L3, L = (Op). Say Zj, is the section of L, then X, Z3 are the sections of L?
and X = XpZy,Y,Z = Zg are the sections of L3.)

4. BIEXTENSIONS AND THETA GROUPS

Let P be a point of n-torsion, and fix a trivialisation of L at 0 and P, then we get a
trivialisation of L” at 0 and P But t;,L" =~ L", and these trivialisation defines an explicit
isomorphism between the two, ie an element gp € G(L"). (And changing our trivialisation
of L by  does not change gp). In particular, since gp is global, we can use gp to associate a
trivialisation of L" at x 4+ P from a trivialisation of L" at x.

Thus we can use the arithmetic of biextensions to work at level (say) 7 on L to recover the
action of the theta group at level nm on L. In particular, we can check that gp is symmetric
iff our trivialisations satisfy the same symmetry relation we use to normalizing our theta
functions.

We can thus reformulate [ , §2.9] as follow: an explicit version of the theorem of
the square at level m allows to work with the biextension laws (via the algebraic Riemann
relations) and via this to recover the action of the theta group at level nm. This can be used
to compute the Weil and Tate pairings, isogenies (given generators of the kernel) and theta
(say given a basis of the nm-torsion).
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At the time I wrote my hdr, I was not aware that the computations I was doing with
trivialisation and algebraic Riemann relations were related to biextensions. This concept was
brought to my attention by Prof. Stange who pointed out to me following [ 11 ,
Chapter 17] giving the interpreation of the Tate pairing from biextensions.

Question: can every Riemann relation be expressed in term of the biextensions laws?

Another relation between theta group and trivialisations is as follow: fix an isogeny:
f:+A—-> B=A/K Alift K of K to G(L) gives a descent M of L and an isomorphism
f*M — L. We can fix this isomorphism by specifying a trivialisation of M and L at 0. From
this, we can use this isomorphism to relate a trivialisation of L on x to a trivialisation of M
on f (x) and conversely.

This gives an alternative proof that the biextension law is related to pairing: fixing triv-
ialisations of L. on P of n-torsion induce a trivialisation of L on P’ (such that nP’ = P).
But P’ is in the theta group of L™ and we can use the fact that the Weil pairing is the com-
mutator pairing on the theta group, and then use the compatibility of pairings with scalar
multiplication.

This also gives an alternative proof of Riemann relations: the isogeny F : (P,Q) ~
(P + Q,P — Q) is an isogeny (A x A L% xL%) > (Ax A,L*L). The kernel is A[2]
(embedded canonically), which lift canonically to the theta group: above every T € A[2]
there are two symmetric elements +¢7 which both give the same element g7 ® g7 on
G(L? x L2).

In particular, fixing a trivialisation of L2 x L2 on (x', y',Z',t') gives a trivialisation of L x L
on (x'+y',x'—y', 2+t ,z'—1t'), butalso (by permutation) on (x' +t', x'—t',z' +y',z' —y"),
which is another form of the Riemann relations.

5. LIFTING THE DLP

As a particular case of lifting isogenies, we can lift DLPs canonically to the theta group
via the symmetric section. If Q, P are points of £-torsion, with Q = mP, we have the lift

4
a,, (x —P) 2
hy o (mx) = (’”—> hyp(x)™.
be () ) P
Here gp = (P, hyp) and g5 = (Q, hiy,) are the canonical symmetric lift.
We remark that in this case, &, can be given by the division polynomial ,,,.
Looking at the group law, since ¢, = g7’ (because the canonical symmetric lifts of (P)
form a group), we also have hi 5 (x) = hy p(x)hy p(x = P) -+ hy p(x — (m — 1)P).
ocm(x—P)e

km (x>
and /1y p we could recover m via a DLP over F;. The obvious choice of using Py does not

work since in this case iy p(P() = 1 by definition of the symmetric lift.

If we could find another lift, say g, = gy thenif yp = gp/gp and 7o = 80/8q we
would have 7o = 7' and we would reduce to a DLP in Fj.

More generally, we would like to exploit the arithmetic of the theta groups and biextensions
to study the DLP. Say we are on an elliptic curve, P is of order L and Q = m.P and we want
to recover the DLP m. If y1y C IF; we can use the Tate pairing.

As explained in [ ], we can understand the pairings e ((P, Q) and et ((P, P), and
passing to the isomorphism classes we get an equation: [er, [(P, Q)] = [e, (P, P)]™.

If I is prime to g — 1, then the isomorphism class is trivial so we obtain the non useful
equation [1] = [1]. So passing to the isomorphism class lose too much information. But
we might still hope that an explicit isomorphism between the two torsors can give us some

If we could find a x in which we knew both mx and , then since we know 1
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information about m. Notice that the equation on the canonical symmetric lifts above is
essentially precisely such an isomorphism between ey ((Q, Q) and e (P, P).

Fix a trivialisation of L at 0. Now since { is prime to ¢ — 1, there is a unique rational
trivialisation of L at P which induces the symmetric element /2y p on LY the others ones are
given by multiplying by £ which is not rational by assumption.

In terms of affine lift: P is of order ¢, and if P is any lift, €.P = A0, so P is of order dividing
£(q — 1). The “canonical lift” P, is the unique one of order {. (So a way to compute it is to
start with an arbitrary lift, recover A as above, and correct by AL/ which is well defined
because { is prime to g — 1). (This "canonical lift” is the same as defined on level 1 via elliptic
nets by Stange in [ , Chapter 19].)

Now start with a lift P (say with Z(P) = 1 as with elliptic nets). Take a lift QofQ (say
with the same normalisation); and assume that the lift is defined in such a way that Q is in
the group generated by P: Q = m'P, with m’ = m + al for some unknown a. Multiplying by

2 —~
{, we get an equation above 0: A, = A%™  (and this gives a way to check that Q is indeed a

multiple of P). Solving a DLP over F?*, we recover m'* modulo g — 1. An alternative way is
to compare P, Q with their canonical lift: P = ApPy, Q = /\QQO. Since Qy = mP, = m'P,,
we get Ao = /\?l2 (and in fact A’Q = /\S and the same for A}).

However this information is not enough to recover anything about m: because £ is prime
to g — 1, knowing m + af modulo g — 1 does not gives information about 7 modulo £ since
a is unknown. This would change if we could force a = 0 (say).

One way to do that is via projective coordinate leak’ [ ]. Say we do a Montgomery
ladder on (Xp, Zp), and we are given (X, Zg) rather than (Xg : Zg). Then since the
(affine) ladder is essentially computing on the biextension rather than on E, we recover m?
modulo g —1 (here we know that a = 0!) This allows to recover m? (hence m unless g—1has
alot of factors) from only one DLP in F7: so unlike [ ] only one projective coordinate
leak is enough for an attack.

Of course, nobody sends (X, : Zg) since sending x5 = X/Z saves bandwidth and
everyone is aware about the above attack. But that idea could still be used in some sidechannel
attacks I guess.

It would be nice if we could extend this approach to more general cases; or maybe use the
biextension law in some index calculus attacks. Some failed experiments are in the appendix.
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APPENDIX A. FAILED EXPERIMENTS

A.1. Trying to reconstruct isogenies. Letf : E = E; — E, be a cyclic N-isogeny with N
odd. We assume that E;, E, and N are known and we want to try to reconstruct f.

By the SIDH attacks [ ; ; ], it suffices to recover the image of f
on some basis of {;-torsion: f : E{[{;] — E;[{;] for enough {; such that [ ] ¢; > N. We can
assume {; A N = 1, and we will restrict to ¢; odd.

We first guess the image of f on the {; torsion. Then we use Theorem 2.8 to recover the
action of f on the {; torsion. If our guess is wrong, we will detect it either on the intermediate
steps because we won't have any solution, or at the end where our higher dimensional isogeny
embedding f won't give an isogeny which projects back to E,.

Since the action of G(m(0g)) on I'(m(0f)) is irreducible, and the f,,, p are given by the
action of (P, f,, p) on 1, we see that they generate I'(m(0g)). By Lefschetz theorem, they
thus give a projective embedding of E whenever m > 3. So a point x € E is completely
determined by the projective point (f,,, p(X)) peEm)-

Since we can assume that we know the action of f on the {; torsion, we know that, setting
a(x—P)
m= eo,fmf(P) (fx)) = Wfﬁp(x) for all P € E[m]. If we knew how to evaluate ap
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we could then evaluatef,, FP)( (f (x)) on any point, by the remark above this would completely
determine f (x).

But of course being able to evaluate ay is closely related to evaluating f in the first place,
see also Example 2.6. We need to tweak Equation (7) to not depend on ay.

The first idea is to take a product [ | f,,, ¢(p) (f (x — iP)), but of course because of the order
condition both members of Equation (7) become equal to 1.

Instead, we use that for P € E[m] and any Q,

8) fm,f(P) (f(x +P+Q)) _ (le(X + P)txf(x +Q) )mf;iq\],p(x +P+Q)
P FG+P) ~ \gx+ P+ Qua®) )~ [N (x+P)

Note that when seen as ,,,-torsors, the element on the left is in the isomorphism class of

the Tate pairing et ,,, (f (P),f (Q)) while the one on the right of e ,,, (P, Q)N (see [ D.

Now if Q € E[{;], let m, = {;. We make a guess for Q" = f(Q). If our guess is correct,
the following equation should hold:

) fny, o f (X + P +Q)) _ (le(x + P)ag(x + Q) >m2fn1;72,Q(x +P+Q)
9 S0 F+Q))  \apx + P+ Q)ay(x) N G+ Q)

Fixing x a point which we know the image of (for instance another point of m-torsion),

welet C = Fopy f x+P+Q))  fN p(x+P) Gy = Foy,r F@+P+Q)) - fl p(x+Q) Land C, =
Fugoy FEHP)) N G4 P+Q) Frgr FEHPY) FN 4 P+Q)

ap(x+P)ag(x+Q)

af(x+P+Q)af(x) '

We can evaluate C; and C,, not Cjy but we know (if our guess of Q" is correct) that
C, =Cfand C, = ng 2. So we check if such a constant C exists. If not, we know our
choice of Q' is wrong, and we try with a new one.

Heuristic: only Q" = f(Q) satisfy this condition.

Under this heuristic, we can uniquely recover f (Q). We can thus hope to reconstruct f in
polynomial time, given (Eq, E,, N).

Some justification for this heuristic: if f : E; — Ej is a cyclic N-isogeny, f may not be
uniquely determined from (Eq, E,, N). However, iff, : E; — E, is another cyclic N-isogeny,
thenf, o f : E; — E; is an endomorphism of degree N2 different from [N] (even up to
automorphism).

So this imposes E4 to have complex multiplication, and with a non integer endomorphism
of norm N2. If the image of f on the m-torsion is further prescribed, and f, has the same
image, thenf; o fand [N] have the same image on E{[N], sof; of — [N] = ma for some
endomorphism «. This imposes further constraints on E.

So, except for very few exceptions, f is completely determined by (E;, E;, N) and its
image on E; [m]. That's why we can hope to try to reconstruct f from this data.

Actual experiments: The heuristic is wrong. Essentially because of Weil’s reciprocity
theorem, this equality is always satisfied, so the condition is not “generic”

A.2. Playing with cocycles.
(13) We now focus on trying to reconstruct the isogeny from CSIDH. As above we want
to recover how f acts on the £-torsion: E;[¢] — E,[£].
(14) Take € which splits as { = €;¢, in Z[«]. This happens with probability 1/2.

Then E{[£] = E{[{1] @ E{[{,] (and we know which is which), and since f commutes
with &, f(E1[8;]) = E5[4]).
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Take (Pq, P,) a symplectic basis of E; [£] with P; € E{[{;] with respect to  (for the Weil
pairing), (Q;, Q,) a similar symplectic basis of E,[{] but with respect to {N. We know that
fis diagonal with respect to these basis: f = diag(u, v).

Furthermore since ey o(f (P1),f (Py)) = eW,g(Pl,Pz)N = ey (uQ1,0Q;), we know
thatuv =1 mod (.

Thus it suffices to determine u for sufficiently many small {.
(15)  Since f sends symmetric elements, and that f(7gp) = YNf(gp), fis completely
determined by the restriction of f to the {-torsion.

So the fact that f exists adds more constraints on the possible values of f on the {-torsion.
For instance the pairing condition above is one of the constraint induced by the existence of
f.
(16) So fixing a basis (Pq,P,) and (Qq,Q,) as above, we want to find the u,v with
v =u"' mod {such that f(P;) = uQ; and f(P,) = vQ,.

We have a canonical set section s; : E1[¢] — G(E;[{]) which sends P to the unique sym-
metriclift gp of order {. This defines a canonical 2-cocycle S1 (T, Ty) = s1(T1)s1(T5)s1(T1+
T,)~!. Likewise we define s,, S,. Notice that these 2-cocycles are normalised: S(T,0) =
S(0,T) =1, and that since the commutator pairing is the Weil pairing, we have

(10) S(TI/TZ) = eW,(’,(TllTZ)S(TZITl)‘

Furthermore, if g1, g, are two symmetric and commuting elements, then g,¢, is also
symmetric, so s(¢%) = s(g)% and S@aT,bT) = 1, or equivalently S(T;,T,) = 1if
EW,E(Tll Tz) =1.

Note that G(E[{]) is a central extension of E[{] by G,,, so it corresponds to an element
in H2(E[¢], G,,,), the 2-cocycle S above is a canonical representative of this element.

The cocycle condition is

(11) S(Tl, Tz)S(Tl + Tz, T3) = S(Tl, T2 + T3)S(T2, T3)

(17)  Now since f sends symmetric elements to symmetric elements, we get that s, = f osq,
hence

(12) So(f (T1),f(Ty)) = f 0 S1(Ty,Ta) = S1(Ty, To)N.

In particular, u, v have to satisfy S, (auQq +bvQ,, cuQq +dvQ,) = Sy (aPq +bP,,cP; +
dpP,)N foralla,b,c,d € Z /(7.

By Equation (10) above, Equation (12) implies that ey ((f (T71),f (T2)) = ey ((T7, T,)N.
A key difference is that unlike eyy ¢, S1 and S, are not bilinear. So Equation (12) induces
some non trivial relations compared to just the ones coming from the Weil pairing.
(18) Ifaisan A-endomorphismon E,and A A € = 1 for simplicity, it induces a morphism
@ of the theta group G(E[£]). So the cocycle S has to satisfy the compatibility conditions

(13) S(Ty),a(Ty)) = & o S(Ty,Tp) = S(Ty1, Tp)A.

When « is the Frobenius 7Tp,A = p,anditiseasyto checkthatﬁvp(P,fm,P) = (H(P)’fr’rjz,P)
if f,,, p is rational. More generally for a general P, write T © fmp = Smp © 7y then
ﬁ;(Plfm,P) = (ﬂ(P)rgm,P)-

Taking & = [n], we get that S(nT,nT,) = S(T, TZ)”Z. Taking & = [{], we get that
S(Ty,T,)¥ =1, and taking & = [1 + €], we see that S(Ty, T,)+¥+2t = §(Ty, T,), so
since { is odd, S(T1, Tz)e =1.

(19) By takinga = [—1], we also get S(—T1,—T,) = S(Tq,T,). So if f satisfy Equa-
tion (12), then so does —f, or more generally yf for any ¢ € Z such that 4> =1 mod (.
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(20)  Let us assume that £ is an odd prime (or a prime power), so that +1 are the only two
square roots of 1. If  is a solution for Equation (12), then so is —u.

Heuristic: we expect that there are many £ for which there are only two possibilities +u
for u which satisfy the compatible cocycle conditions from Equation (12) above.

(21)  Soif we take v primes {; satisfying the heuristic, we have 2% possibilities for the action,
so we cannot take v too large. On the other hand we need nle {; > N so if v is small, the
primes ¢; will be large. And our complexity is polynomial in ¢;.

We can hope for a subexponential attack by taking v = O(y/log N), the primes {; of size
L(1/2) for an attack in L(1/2). If we manage to find a prime power ¢ = £{ with £, small and
E;[?] living in a not too large extension it would be ideal.

It remains to justify our heuristic.

(22)  Since we know that f exists, we can always change Q;,Q, so that u = v = 1.
In particular, we then have S,(Qq,Q,) = S;(Py,P,)N. Note that since S;(Py,P,) =
S1(P5, P1)ey(Pq, Py), at least one of S1 (Pq, P5), S1(P5, Py) is of order (.

The question is then whether there can exist another u (hence v), with u # +1, such
that the compatibility conditions of Equation (12) are satisfied. A first condition is then that
S»(uQ1,vQ5) = S5(Qq,Q,), or more generally that S, (auQq,bvQ,) = S,(aQq,bQ5)
for all a, b. In particular, we want S5 (Q, u_chz)”Z = 5,(Q1,¢Q,) forall c.

The points P, Q1, P», Q5 are eigenvectors for the orientation a, say of eigenvalue A1 # A,.
We have S5(A1Q1,4,Q2) = 52(Q1, Q)™

Using & = 71, A = p, we have Sz(Ql,AQZ)’\% = 5,(Q1,Q,)P withA = A, /A4, and we
also have A;A, = p mod £ If A is primitive modulo £ (argue that this happens often), we
have that there exists 4 such that A% = u~2. Hence S55(Qq, u’zQz)/vl{) = 5,(Qq, Qz)”a, ie
S2(Q1, u™2Qy)M/P = $,(Qq,Qy). Butu? = (A1 /A5)* # (1/A5)® unless A9 = 1.

(23)  Actual experiments: This fails, because a computation shows that the canonical
cocycle S induced by the symmetric lift is given by the square root of the Weil pairing.

A.3. Lifting the DLP. What we can do is plug x = —P; we know mx = —(Q and obtain:

& (_ZP)

0
mz
m) hy p(—=P)"™".

hyo(=Q) = (
Since «,,, = ¥,,, and Y, (x) = lpg(byc)l{Jh(Jc)’z2 (if appropriately normalised at infinity), and
M.P = (X = Py 1Pms1/ W2 o/ 2 we decuce that

I
h,0(=Q) = (=2yqY,s (=P) /2 (=P)") Iy p(—=P)" = (=2y)!1h,,, (=P)3 (hy p(—P) /15 (—P)))"

The unknown are 7 and ¢f,,, (—P)3!. We obtain an equation in pi5: U = V", which provided
that V + 1 gives us 1% mod 3, henceifn =0,7n = +1 mod 3.
Actual experiments: But this fails because V' = 1.
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