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Computing isogenies in genus 1~ Vélu’s formula

Vélu's formula

Théoréme
Let E : y* = f(x) be an elliptic curve. Let G c E(k) be a finite subgroup. Then E/G is
given by Y? = g(X) where
X(P)=x(P)+ > x(P+Q)-x(Q)
QeG{0g}

Y(P)=y(P)+ 3 y(P+Q)-y(Q)
QeGN{0g}
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Computing isogenies in genus 1~ Vélu’s formula

Vélu's formula

Théoréme
Let E : y* = f(x) be an elliptic curve. Let G c E(k) be a finite subgroup. Then E/G is
given by Y? = g(X) where
X(P)=x(P)+ > x(P+Q)-x(Q)
QeG{0g}

Y(P)=y(P)+ 3 y(P+Q)-y(Q)
QeGN{0g}

@ Uses the fact that x and y are characterised in k(E) by

VOE()C):—3 VP(X)ZO if P £ 0g
vo, (¥) = -2 vp(y) >0 ifP#0g
/%’ (Og) =1
@ No such characterisation in genus g > 2.
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Computing isogenies in genus 1~ The modular polynomial

The modular polynomial

Définition

@ The modular polynomial is a polynomial ¢,(x, y) € Z[x, y] such that ¢, (x, y) = 0

iff x = j(E) and y = j(E") with E and E’ n-isogeneous.
o IfE: y? = x> + ax + b is an elliptic curve, the j-invariant is

4q°
i(E)=1728 ———
J(E) 4a3 + 27b?
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Computing isogenies in genus 1~ The modular polynomial

The modular polynomial

Définition
@ The modular polynomial is a polynomial ¢,(x, y) € Z[x, y] such that ¢, (x, y) = 0
iff x = j(E) and y = j(E") with E and E’ n-isogeneous.
@ IfE: y* = x> + ax + b is an elliptic curve, the j-invariant is

4q°
i(E)=1728———
J(E) 4a3 + 27b?

@ Roots of ¢, (j(E),.) < elliptic curves n-isogeneous to E.
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Computing isogenies in genus 1~ The modular polynomial

The modular polynomial

Définition
@ The modular polynomial is a polynomial ¢,(x, y) € Z[x, y] such that ¢, (x, y) = 0
iff x = j(E) and y = j(E") with E and E’ n-isogeneous.
@ IfE: y* = x> + ax + b is an elliptic curve, the j-invariant is

4q°
i(E)=1728———
J(E) 4a3 + 27b?

@ Roots of ¢, (j(E),.) < elliptic curves n-isogeneous to E.

@ In genus 2, modular polynomials use Igusa invariants. The height explodes :
@2 = 50 MB.

David Lubicz, Damien Robert () Octobre 2010, Réunion CHIC



Computing isogenies in genus 1~ The modular polynomial

The modular polynomial

Définition
@ The modular polynomial is a polynomial ¢,(x, y) € Z[x, y] such that ¢, (x, y) = 0
iff x = j(E) and y = j(E") with E and E’ n-isogeneous.
@ IfE: y* = x> + ax + b is an elliptic curve, the j-invariant is

4q°
i(E)=1728———
J(E) 4a3 + 27b?

@ Roots of ¢, (j(E),.) < elliptic curves n-isogeneous to E.

@ In genus 2, modular polynomials use Igusa invariants. The height explodes :
@2 = 50 MB.

= Use the moduli space given by theta functions.
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Computing isogenies in genus 1~ The modular polynomial

The modular polynomial

Définition
@ The modular polynomial is a polynomial ¢,(x, y) € Z[x, y] such that ¢, (x, y) = 0
iff x = j(E) and y = j(E") with E and E’ n-isogeneous.
@ IfE: y* = x> + ax + b is an elliptic curve, the j-invariant is

3

4q
i(E) =1728—————
J(E) 4a3 + 27b?

@ Roots of ¢, (j(E),.) < elliptic curves n-isogeneous to E.

@ In genus 2, modular polynomials use Igusa invariants. The height explodes :
@2 = 50 MB.

= Use the moduli space given by theta functions.

= Fix the form of the isogeny and look for coordinates compatible with the isogeny.
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Theta functions ~ Theta functions of level £

Complex abelian varieties

o Abelian variety over C: A = C9/(Z9 + QZ9), where Q) € H4(C) the Siegel upper
half space.

o The theta functions with characteristic give a lot of analytic (quasi periodic)
functions on CY.

S(Z Q) _ Z enin'QnJrZTrin'z
N =

nez9

9 [Z] (Z, Q) _ enia’na+2nia'(z+b)9(z +Qa+ b’ Q) a, be Qg

David Lubicz, Damien Robert () Octobre 2010, Réunion CHIC 4/16



Theta functions ~ Theta functions of level £

Complex abelian varieties

o Abelian variety over C: A = C9/(Z9 + QZ9), where Q) € H4(C) the Siegel upper
half space.

o The theta functions with characteristic give a lot of analytic (quasi periodic)
functions on CY.

S(Z,Q) _ Z enin'QnJrZTrin'z
nez9
9 [Z] (Z, Q) _ enia’na+2nia'(z+b)9(z +Qa+ b’ Q) a, be Qg

o The quasi-periodicity is given by

9 [Z] (z+m+Qn, Q) = i@ m-b'n)-min'Qn-2nin'zg [Z] (z,Q)
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Theta functions ~ Theta functions of level &

Projective embeddings given by theta functions

Théoréme
o Let L, be the space of analytic functions f satisfying :

fz+n)=f(2)
f(z+nQ) =exp(-€-nin'Qn - £-2nin'z) f(z)

e
be 79|79

@ A basis of L, is given by
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Theta functions ~ Theta functions of level &

Projective embeddings given by theta functions

Théoréme

o Let L, be the space of analytic functions f satisfying :

fz+n)=f(2)
f(z+nQ) =exp(-€-nin'Qn - £-2nin'z) f(z)

e
be 79|79

0
ife

@ A basis of L, is given by

o Let Zp =79 [€Z9.1If i € Z; we define 9; = 9[ ] (., Q/e). If | > 3 then

z (9i(2))iez,

is a projective embedding A — Pgil.
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Theta functions ~ Theta functions of level £

The action of the Theta group

@ The point (a;) ez, := (9;(0)) ez, is called the theta null point of level ¢ of the
Abelian Variety A := CI/(Z9 + QZ9).
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Theta functions ~ Theta functions of level £

The action of the Theta group

@ The point (a;) ez, := (9;(0)) ez, is called the theta null point of level ¢ of the
Abelian Variety A := CI/(Z9 + QZ9).

@ (a;)icz, determines the equations of the projective embedding of A of level .

o The symplectic basis Z9 & QZ9 induce a decomposition into isotropic subgroups
for the commutator pairing :

Al€] = A[¢], @ A[¢]>
- %zwzg ® %QZg/ng

This decomposition can be recovered by (a;) ez,
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Theta functions ~ Theta functions of level £

The action of the Theta group

@ The point (a;) ez, := (9;(0)) ez, is called the theta null point of level ¢ of the

Abelian Variety A := CI/(Z9 + QZ9).

@ (a;)icz, determines the equations of the projective embedding of A of level .

o The symplectic basis Z9 & QZ9 induce a decomposition into isotropic subgroups

for the commutator pairing :
Ale]= At @ Al¢],
1 1
= EZ‘q/Z‘q ® EQZg/QZg

This decomposition can be recovered by (a;) ez,

o The action by translation is given by

i j . .
% (z— i Q%) =er,(i+k )9k

. ’
where ez, (x, y) = e2™/¢*7 isthe commutator pairing.
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Theta functions ~ The isogeny theorem

The isogeny theorem

coreme

o Letl=n.m,and ¢ : Z, > Z¢,x = m.x be the canonical embedding.
LetK = A[m]z c A[f]z
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Theta functions ~ The isogeny theorem

The isogeny theorem

Théoréme

o Letl=n.m,and ¢ : Z, > Z¢,x = m.x be the canonical embedding.
LetK = A[m]z c A[f]z

o Let (94)icz, be the theta functions of level £ on A = C9/(Z9 + QZ7).
o Let (9%);cz, be the theta functions of level n of B = A/K = C9/(Z9 + %Zg).
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Theta functions ~ The isogeny theorem

The isogeny theorem

Théoréme

o Letl=n.m,and ¢ : Z, > Z¢,x = m.x be the canonical embedding.
LetK = A[m]z c A[f]z

o Let (94)icz, be the theta functions of level £ on A = C9/(Z9 + QZ7).
o Let (9%);cz, be the theta functions of level n of B = A/K = C9/(Z9 + %Zg).
o We have :

(97 (1))iez, = (9g(1) (1)) iez,
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Theta functions ~ The isogeny theorem

The isogeny theorem

Théoréme

o Letl=n.m,and ¢ : Z, > Z¢,x = m.x be the canonical embedding.
Let K = A[m], c A[¢€]..
o Let (94)icz, be the theta functions of level £ on A = C9/(Z9 + QZ7).
o Let (9%);cz, be the theta functions of level n of B = A/K = C9/(Z9 + %Zg).

o We have :
(97 (%))iez, = (Fg(iy (%)) iez,

Démonstration.

9(z)=9 [i;’n] (z, %/n) _9 [m?/e] (2,0/6) = 92 (2)
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Theta functions ~ The isogeny theorem

Mumford : On equations defining Abelian varieties

Théoréme (cark + £)

© The theta null point of level € (a;);cz, satisfy the Riemann Relations :

Z Ax+tAy+t Z Ay+tQy+t = Z Oz—u+tGz—y+t Z Az—x+t0z—y+t (1)
teZ, teZ, teZ, teZ,

We note M the moduli space given by these relations together with the relations of
symmetry :
ay = a_x

o M,(k) is the modular space of k-Abelian variety with a theta structure of level . The
locus of theta null points of level € is an open subset M} (k) of M, (k).
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symmetry :
ax = a_x

o M,(k) is the modular space of k-Abelian variety with a theta structure of level . The
locus of theta null points of level € is an open subset M} (k) of M, (k).

o Analytic action : Sp,,(Z) acts on H, (and preserve the isomorphic classes).
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Theta functions ~ The isogeny theorem

Mumford : On equations defining Abelian varieties

Théoréme (cark + £)

© The theta null point of level € (a;);cz, satisfy the Riemann Relations :

Z Ax+tAy+t Z Ay+tQy+t = Z Oz—u+tGz—y+t Z Az—x+t0z—y+t (1)
teZ, teZ, teZ, teZ,

We note M, the moduli space given by these relations together with the relations of
symmetry :
ax = a_x

o M,(k) is the modular space of k-Abelian variety with a theta structure of level . The
locus of theta null points of level € is an open subset M} (k) of M, (k).

o Analytic action : Sp,,(Z) acts on H, (and preserve the isomorphic classes).

o Algebraic action : Sp,,(Z.) acts on M.
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ta functions ~ The isogeny theorem

Summary

(ai)icz, € M(k)
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Theta functions ~ The isogeny theorem

Summary

<determines

Ag, Ar[€] = Ax[€] @ Ar[€], (ai)iez, € M(k)
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Theta functions ~ The isogeny theorem

Summary

<determines

Ag, Ar[€] = Ax[€] @ Ar[€], (ai)iez, € M(k)

(bi)iez, € My(k)
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Theta functions ~ The isogeny theorem

Summary

<determines

Ag, Ar[€] = Ax[€] @ Ar[€], (ai)iez, € M(k)

By, Bi[n] = Bi[n]; ® Bi[n],« (bi)iez, € My(k)

o The kernel of is Ax[m], c Ax[€],.
o The kernel of ft is T(Ax[m];).

o Every isogeny comes from a modular solution.
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The isogeny from the modular solution

The addition law

Théoréme

( Y X(0)9ixe(x + y)9jue(x ‘}’))-( > X(f)9k+t(0)9l+t(0)) =

teZ, teZ,
(2 X9t (1)9jr4:(2))-( 20 X()9kr44 (%) 944 (x)).
teZ, teZ,
1 1 1 1
111 1 -1 -1
where A = ol a1 4
1 -1 -1 1

X€Z2i,j,k 1€ Z,
(', 7, K1) = A, j, k, 1)
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Computing isogenies ~ The isogeny from the modular so!

Addition and isogenies

o Letx € A. x = (9;(x))cz,,- Let 7t be the affine cone of 7.

t(x) = (9¢j(x))jez,
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Computing isogenies ~ The isogeny from the modular so!

Addition and isogenies

o Letx € A. x = (9;(x))cz,,- Let 7t be the affine cone of 7.

t(x) = (9¢j(x))jez,

@ We have an isomorphism Z,, x Z, > Z,,, (j,i) v €j+ ni. If i € Z, we define :

fti(x) = 7((1L,4,0) %) = (9gjsni (%)) jez,
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Computing isogenies ~ The isogeny from the modular so!

Addition and isogenies

o Letx € A. x = (9;(x))cz,,- Let 7t be the affine cone of 7.

t(x) = (9¢j(x))jez,

@ We have an isomorphism Z,, x Z, > Z,,, (j,i) v €j+ ni. If i € Z, we define :
fti(x) = (L, 1,0) %) = (V¢jrni (%)) jez,

@ We remark that x is entirely determined by {f;(x) }icz,
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Computing isogenies ~ The isogeny from the modular so!

Addition and isogenies

o Letx € A. x = (9;(x))cz,,- Let 7t be the affine cone of 7.

t(x) = (9¢j(x))jez,

@ We have an isomorphism Z,, x Z, > Z,,, (j,i) v €j+ ni. If i € Z, we define :
fti(x) = (L, 1,0) %) = (V¢jrni (%)) jez,

@ We remark that x is entirely determined by {f;(x) }icz,

Proposition

f[,‘+j(x +y) = chaine_add(ﬁi(x),ﬁj(y),ﬁi_j(x —)/)
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Computing isogenies ~ The isogeny from the modular solution

‘Point compression

@ Lete, -, e, be a basis of Z,. We note

R; =1;(04)
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Computing isogenies ~ The isogeny from the modular solution

‘Point compression

@ Lete, -, e, be a basis of Z,. We note
R; =1t;(04)

@ We have
ft,-+j(x) = chaine_add(fti(x),Rj,ﬁ,-_j(x))
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The isogeny from the modular solution

‘Point compression

@ Lete, -, e, be a basis of Z,. We note
R; =1t;(04)

@ We have
ft,-+j(x) = chaine_add(ﬁi(x),Rj,ﬁ,-_j(x))

Corollaire

o x is entirely determined by

{ﬁ:i (x)}iE{O,el,---,25,21+22,---,65_1+Eg}

o Use (1+ g(g+1)/2)n9 coordinates rather than (£n)9.

@ The decompression use O(¢£9) chain additions.

o Can still do chain additions with this representation.
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The dual isogeny
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yeB
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Computing isogenies ~ The isogeny from the modular solution

The dual isogeny

Let m : A — B be the isogeny associated to

(ai)icz,,- Let y € B and x € A be one of the ¢9
s # antecedents. Then

yeB fi(y) = €.x
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Computing isogenies ~ The isogeny from the modular solution

The dual isogeny

Let m : A — B be the isogeny associated to

(ai)icz,,- Let y € B and x € A be one of the ¢9
7 # antecedents. Then

yeB fi(y) = €.x
@ Let y € B. We can compute y; = y + R; with a normal addition. We have
yi = \ifti(x).
ft;(£.x) = chaine_mult(¢, y, 7t;(x)) = A\ chaine_mult(%, y, y;)
y = chaine_mult(¢,R;,7;(x)) = A\ chaine_mult(&,R;, y;)
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Computing isogenies ~ The isogeny from the modular solution

The dual isogeny

Let m : A — B be the isogeny associated to

(ai)icz,,- Let y € B and x € A be one of the ¢9
7 # antecedents. Then

yeB fi(y) = €.x
@ Let y € B. We can compute y; = y + R; with a normal addition. We have
yi = \ifti(x).
ft;(£.x) = chaine_mult(¢, y, 7t;(x)) = A\ chaine_mult(%, y, y;)
y = chaine_mult(¢,R;,7;(x)) = A\ chaine_mult(&,R;, y;)

Corollaire

We can compute 7t;(£.x) with two fast multiplications of length €. To recover the
compressed coordinates of 7t(y), we need (1+ g(g +1))/2- O(log(¢)) additions.
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Computing es  Vélu’s like formula in dimension g

The action of the automorphisms of the Heisenberg group on

the modular space

o Let K c B[¢] be an isotropic subgroup of maximal rank. Let (g;);cz,, be a theta
null point corresponding to the isogeny 7 : B — B/K.

o The actions of the symplectic group compatible with the isogeny mt are generated by

{Ri}iez, = {Ry, (i) tiez, (2)
{Ri}iez, = {e(y2(i), )R }iez, (3)

where y; is an automorphism of Z, and v, is a symmetric endomorphism of Z,.
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Computing es  Vélu’s like formula in dimension g

The action of the automorphisms of the Heisenberg group on

the modular space

o Let K c B[¢] be an isotropic subgroup of maximal rank. Let (g;);cz,, be a theta
null point corresponding to the isogeny 7 : B — B/K.

o The actions of the symplectic group compatible with the isogeny mt are generated by
{Ri}iez, = {Ry, (i) tiez, (2)
{Ri}icz, = {e(y2(i), )R }icz, (3)

where y; is an automorphism of Z, and v, is a symmetric endomorphism of Z,.

o In particular by action 22, if {T,, } j[1. 4] is a basis of K, we may suppose that
Re, = A, T,
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Computing isogenies ~ Vélu’s like formula in dimension g

Recovering the projective factors

@ Since we are working with symmetric Theta structures, we have 9;(—x) = 9_;(x).

o In particular if £ = 2k +1
R(k+1)i = )\Sk“)z chaine_mult(k+1,T;) = -Ry; = )\fz chaine_mult(k,T;)

(We say that R; is a true point of £-torsion). So we may recover A; up to a £-root of
unity.
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Computing isogenies ~ Vélu’s like formula in dimension g

Recovering the projective factors

@ Since we are working with symmetric Theta structures, we have 9;(—x) = 9_;(x).

o In particular if £ = 2k +1
R(k+1)i = )\Sk“)z chaine_mult(k+1,T;) = -Ry; = )\fz chaine_mult(k,T;)

(We say that R; is a true point of £-torsion). So we may recover A; up to a £-root of
unity.

@ But we only need to recover R; for i € {e;, -, e4-1 + e, } and the action ?? shows
that each choice of a £-root of unity corresponds to a valid theta null point.
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Computing isogenies ~ Vélu’s like formula in dimension g

Recovering the projective factors

@ Since we are working with symmetric Theta structures, we have 9;(—x) = 9_;(x).

o In particular if £ = 2k +1
R(k+1)i = )\Sk“)z chaine_mult(k+1,T;) = -Ry; = )\fz chaine_mult(k,T;)

(We say that R; is a true point of £-torsion). So we may recover A; up to a £-root of
unity.

@ But we only need to recover R; for i € {e;, -, e4-1 + e, } and the action ?? shows
that each choice of a £-root of unity corresponds to a valid theta null point.

Corollaire

We have Vélu’s like formulas to recover the compressed modular point solution, by
computing g(g +1)/2 €-root of unity and g(g — 1) /2 additions. The compressed
coordinates are sufficient to compute the compressed coordinates of the associated isogeny.
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Computing isogenies ~ Vélu’s like formula in dimension g

Computing all modular points

o Let (a;);cz,, be the theta null point associated to K. The theta structure of level né
induces a decomposition A[£#] = A[£]; ® A[£], such that B = A/A[¢],. Let

C = A/A[¢];, the isogeny theorem allows us to compute the modular point of level
n associated to C.

David Lubicz, Damien Robert ()
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Computing isogenies ~ Vélu’s like formula in dimension g

Computing all modular points

o Let (a;);cz,, be the theta null point associated to K. The theta structure of level né
induces a decomposition A[£#] = A[£]; ® A[£], such that B = A/A[¢],. Let
C = A/A[¢];, the isogeny theorem allows us to compute the modular point of level
n associated to C.

@ Each choice of the £-roots of unity give a different theta structure on A, hence a
different decomposition A[£] = A[£]; ® K. All the £2-isogenies B — C containing
K comes from these choices. Moreover we know the kernel of the dual isogeny
C — A, this is helpfull for computing isogeny graphs.
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Computing isogenies ~ Vélu’s like formula in dimension g

Computing all modular points

o Let (a;);cz,, be the theta null point associated to K. The theta structure of level né
induces a decomposition A[£#] = A[£]; ® A[£], such that B = A/A[¢],. Let
C = A/A[¢];, the isogeny theorem allows us to compute the modular point of level
n associated to C.

@ Each choice of the £-roots of unity give a different theta structure on A, hence a
different decomposition A[£] = A[£]; ® K. All the £2-isogenies B — C containing
K comes from these choices. Moreover we know the kernel of the dual isogeny
C — A, this is helpfull for computing isogeny graphs.

o Let T, -, Te,, beabasis for B[£]. If x,y and x — y are true points of £-torsion, so is
x + y:= chaine_add(x, y,x — y). This means we can compute “‘true”
representatives of B[£] with g(2g + 1) £-root of unity, g(2g — 1) additions and £
chain additions.
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Computing isogenies ~ Vélu’s like formula in dimension g

Computing all modular points

o Let (a;);cz,, be the theta null point associated to K. The theta structure of level né
induces a decomposition A[£#] = A[£]; ® A[£], such that B = A/A[¢],. Let
C = A/A[¢];, the isogeny theorem allows us to compute the modular point of level
n associated to C.

@ Each choice of the £-roots of unity give a different theta structure on A, hence a
different decomposition A[£] = A[£]; ® K. All the £2-isogenies B — C containing
K comes from these choices. Moreover we know the kernel of the dual isogeny
C — A, this is helpfull for computing isogeny graphs.

o Let T, -, Te,, beabasis for B[£]. If x,y and x — y are true points of £-torsion, so is
x + y:= chaine_add(x, y,x — y). This means we can compute “‘true”
representatives of B[£] with g(2g + 1) £-root of unity, g(2g — 1) additions and £
chain additions.

@ Warning : When applying our Vélu’s formulas to an isotropic kernel, take care of
the action of the commutator pairing.
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