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ABSTRACT. We study algebraic properties of the Tutte polynomial of a matroid and its
generalizations to other combinatorially defined bivariate polynomial invariants. Merino, de
Mier and Noy showed that the Tutte polynomial of a connected matroid is irreducible, and
Bohn, Cameron and Miiller conjectured the stronger property that the Galois/monodromy
group of the Tutte polynomial of a connected matroid of rank r is isomorphic to the full
symmetric group on r letters. First, we generalize the result of Merino—de Mier—Noy to the
context of general ranked sets by exploiting a recent translation of the Brylawski relations,
satisfied by the coefficients of the Tutte polynomial, into a functional identity. Second, we
give the first confirmation of the conjecture of Bohn-Cameron—Miiller for infinite families
of connected matroids, including the cycle graphs and the uniform matroids. Moreover,
we apply the large sieve to obtain a probabilistic statement showing that suitable linear
combinations of coprime Tutte polynomials generically satisfy the conjecture.

1. INTRODUCTION

The Tutte polynomial is a bivariate polynomial invariant of finite graphs that includes
many important specializations, such as the chromatic polynomial, reliability polynomial,
partition function of the Potts model in statistical physics, and the Jones polynomial of an
alternating knot (encoded as a plane graph). The Tutte polynomial is more generally defined
as an invariant of finite matroids and in this guise has served to bridge disparate areas of
combinatorics (such as hyperplane arrangements and coding theory) and appears in various
disciplines (such as the random cluster model in physics and DNA sequencing in biology).
Beyond matroids, the definition of the Tutte polynomial extends further to ranked sets [22]
where the rank function does not need satisfy all the axioms for a matroid rank function
(see Section 2 below for a precise definition).

In the present work we continue the study initiated in [19] of “generic” properties of Tutte
polynomials among bivariate Z-polynomials. While [19] focuses on linear algebraic aspects
(what is the dimension of the linear span of natural finite families of Tutte polynomials?),
here we seek to understand the expected algebro—geometric structure of such polynomials.

Let us recall that for M = (E,r) a matroid on groundset F and with rank function r, its
Tutte polynomial is defined by

Ta(z,y) = Y (2 — 1) E T (g — )K=,
ACE

It is an element of Z[z,y] with deg, Ty (z,y) = r(M) and deg, Ty(z,y) = [E] — r(M),
where r(M) = r(F). If M is the cycle matroid of a graph G = (V, E) with ¢(G) connected
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components then r(M) = |V| — ¢(G). The chromatic polynomial of G coincides (up to sign
and a factor of %)) with the specialization Ty;(1 — z,0).

Given a matroid M = (E,r), its Tutte polynomial Ty/(x,y) naturally defines a plane
algebraic curve over Q. We will work in the slightly more general context where R is a fixed
unique factorization domain (UFD) with field of fractions k& and where T);(z, y) is seen as an
element of R|x,y| through the application of the canonical ring homomorphism ¢: Z — R
(sending 1 to 1) to its coefficients. In this framework we will denote by C,/k the plane affine
curve attached to Ty, and by A} the affine line over k. Our main focus in the present work is
on properties of the k-morphism 7: Cy; — A} of degree r(M) defined for any extension K/k
on K-rational points (x,y) of Cy; by m(z,y) = y. In the case where C);/k is irreducible, two
groups are naturally associated with the morphism 7 (see [24, §1]):

e the Galois group of the (normal closure of the) field extension defined using the
induced inclusion 7*: k(A}) = k(y) — k(Cy),

e the monodromy group corresponding to the topological unbranched cover V' — U
obtained by restricting 7 to suitable Zariski open subsets U and V of A} and Cyy,

respectively.
In the above setting Harris shows ([24, §1, Proposition]) that these two groups coincide, a
fact that has been exploited for geometric purposes ([24,30,410]). In the sequel we will denote

by Giy(Tv(z,y)) (or Giy(Th) for brevity) the Galois/monodromy group attached to T
via the morphism 7 in the way described above. This group can be seen as a permutation
group on r(M) letters and equals the Galois group of the splitting field of Ty, (x,y) inside a
fixed separable closure of k(y). The irreducibility assumption on Cj;/k corresponds to the
transitive action of Gy (7)) seen as a permutation group, and this group is known to be a
transitive subgroup of &, when M is a connected matroid ([33]) as long as char(k) does
not divide the constant term of the monomial of degree 1 of the xz-polynomial T),(x, ). One
might wonder what finer properties than transitivity might be satisfied by the permutation
group Gy, ,(Th), such as its action being primitive or doubly transitive, and whether these
properties correspond to a structural property of M like transitivity does to connectivity.
However, the following conjecture of Bohn—Cameron—Miiller [1, Conj. 9] directs us rather
to consider whether Gy, ,(Ts) when transitive in fact coincides as a permutation group with
the full symmetric group S, (ap):

Conjecture 1.1 (Bohn-Cameron-Miiller). Let M = (E,r) be a connected matroid on finite
groundset E with v(M) > 0, and let K be a field of characteristic zero. Then G ,(Th) is
mazximal i.e it is isomorphic to the symmetric group on r(M) letters.

The conjecture has been computationally confirmed [1] for connected graphic matroids M
such that r(M) < 10. However, prior to the present work the conjecture has not as far as we
know been proved for any infinite family of connected matroids. In [1] the analogue of Con-
jecture 1.1 is proved for the multivariate Tutte polynomial of a matroid ([4, Th. 1] in which
there are as many variables as elements in the groundset). On the other hand, specializing
the Tutte polynomial at combinatorially meaningful values to obtain a univariate polynomial
is not expected to lead to analogous behaviour. Indeed part of the motivation for stating
and studying Conjecture 1.1 comes from structural aspects of the chromatic polynomial.
Once divided by the product of linear factors corresponding to its chromatic number, does

the remaining “interesting” part of the chromatic polynomial of a graph resemble a random
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integer polynomial? For instance does it generically have maximal Galois group (as is the
case for random integer polynomials [3])? It turns out that this does not seem to be the
case (as theoretical and computational evidence obtained in [7,34] indicate). In this sense,
the bivariate Tutte polynomial of a matroid is currently believed to lie at the frontier of
polynomial matroid invariants whose Galois group is almost surely maximal.

In another direction, to prove that the Galois group of the Tutte polynomial of a connected
matroid is transitive we need only use the Brylawski relations satisfied by the coefficients
and the fact that a matroid is connected if and only if the coefficient of x in its Tutte
polynomial (Crapo’s beta invariant [10]) is non-zero. The class of bivariate polynomials
satisfying Brylawski’s relations includes not just Tutte polynomials of matroids but also
rank-nullity polynomials of ranked sets generally. Drawing on a recent alternative deriva-
tion [1] of Brylawski’s relations via the simplification the Tutte polynomial undergoes on the
hyperbola (x—1)(y—1) = 1, we prove in Section 2.2 that a large class of bivariate polynomi-
als satisfying Brylawski’s relations and with non-zero coefficient of x are irreducible, among
which are the known cases of the Tutte polynomial of a connected matroid [33] or connected
delta matroid [15]. For some classes of ranked sets, the coefficient of = in the rank-nullity
polynomial being non-zero is — in a similar way to matroids — a necessary and sufficient
condition for not being a direct sum of smaller ranked sets (e.g. for delta matroids [15]), but
for others the condition is only sufficient (e.g. for greedoids, see Remark 2 below). We also
exhibit an infinite family of ranked sets whose Tutte polynomial is irreducible but does not
have maximal Galois group.

The paper is organized as follows. In §2, we study irreducibility properties of the Tutte
polynomial in the broader context of ranked sets. Inspired by the recent work of Beke et
al. [1], we introduce the notion of a Brylawski polynomial, which includes the rank-nullity
polynomials of a ranked set as a special case, and establish analogous criteria for the ir-
reducibility of a Brylawski polynomial to that established for the Tutte polynomial of a
matroid [33]. Next we prove in §3 a probabilistic statement (which is, to a large extent,
of independent interest) showing that particular Z[z]-linear combinations of pairs of co-
prime bivariate polynomials that are monic of the same degree seen as x-polynomials (e.g.
the respective, and distinct, Tutte polynomials of two connected matroids of the same size
and rank) generically satisfy Conjecture 1.1. We do so by first generalizing a sieve result
of Gallagher towards van der Waerden’s Conjecture. We conclude by showing in §4 that
Conjecture 1.1 might be extended to some, but not all, more general ranked sets and that
it holds for some infinite families of connected matroids (including cycle graphs and uni-
form matroids).

2. THE TUTTE POLYNOMIAL OF A RANKED SET

Definition 1. For a finite set E, a rank function on E is an integer-valued functionr: 28 — Z
satisfying

r(@) =0, r(A) <r(E), and r(A)<|A|, forall ACE.

The pair S = (E,r) is called a ranked set, and E is its groundset.
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While 0 = r(@) < r(F), the rank function r may take negative values on proper sub-
sets of E, although when r is monotone, which is the case for matroids, antimatroids and
greedoids, it takes nonnegative values on all subsets [21].!

To a ranked set S = (E,r) we associate the bivariate polynomial

(1) To(w,y) = 3 (= 1B (g — 1)A=),
ACFE

which we call the corank-nullity polynomial of S, better known as the Tutte polynomial
when S is a matroid. Along the hyperbola (z — 1)(y — 1) = 1 the polynomial Ts simplifies
considerably to a polynomial dependent only on the size and rank of the groundset E.

Proposition 2.1. For a ranked set S = (E,r),
2) (v = 1O (2

y—1
In other words,

y) =y

(E)yIE\—r(E)

Ts(x,y) =x* (mod zy — z —y).

Proof. By the definition of T, the left-hand side of (2) equals

T (y —(y— 1)>r<E>—f<A) (y — 1 EHAD = 7 () 1)1 = P,

ACE y—1 ACE
[l

Suppose S; = (F4,r1) and Sy = (Es,13) in which r; and ry are rank functions on disjoint
sets Fy and Es, respectively. Then the direct sum S; @ Sy = (E; U Es, 1) has rank function
on K = E1 UE2 defined by I‘(A1 UAQ) =TI (Al) +I’2<A2), where A1 Q E1 and AQ Q EQ. Then
Tses,(x,y) =Ts (x,y)Ts,(x,y). In other words, if S can be expressed as the direct sum of
ranked sets on non-empty groundsets, then Ts(z,y) is a reducible polynomial. When S is
a matroid, Merino et al. [33] showed that if T(z,y) is reducible, then there are non-empty
matroids S; and Sy such that S = 57 @ S,, i.e. S is not connected. They use the fact that

1A rank function r on E defines a matroid if additionally it satisfies the following properties:
(i) Submodularity:
r(AUB)+r(ANB) <r(A) +r(B),
for A,B C E;
(ii) Adding an element cannot decrease the rank (monotonicity), and any increase is by at most 1:
H(A) < x(AU{e}) <r(A) + 1,
for AC Fandec€ E.
For the rank function of a greedoid the additional conditions are weaker versions of those for a matroid:
(i) Local submodularity: If r(A) = r(AU{e}) = r(AU{[f}), then r(AU{e, f}) = r(A), for AC E
and e, f € E;
(ii) Monotonicity:
r(A) <r(AUf{e}),
forACFEandec E.

Ttem (ii) implies that r takes nonnegative values. Antimatroids are special types of greedoids, variation in
item (i) more complicated to state.
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when |E| > 2 the matroid S is connected if and only if the coefficient of x in Ts(z,y) is non-
zero (a result due to Crapo [10]).? For greedoids (ranked sets generally) there are examples
of S not expressible as the direct sum of greedoids (ranked sets) on non-empty groundsets
such that Ts(x,y) is reducible, and examples of S such that Ts(z,y) is irreducible but the
coefficient of z is zero. (For the latter, see Remark 2 below.)

Definition 2. Let S = (E,r) where F is a finite set and r is a rank function on E. The
dual rank function r* is defined by

r'(A) = [A] +1(E\ A) —x(E),
for A C E, and we write S* = (F,r*) for the corresponding ranked set.

The dual r* of a rank function is again a rank function because r*(@) = 0 = r(@); the
condition r*(A) < |A| is satisfied for all A C E as r*(A) = |A| — [r(E) — (£ \ A)] < |A4]
since r(E'\ A) < r(E); and 1*(4) = |[A|+(E\ A) —r(F) < |Al+ |E\ 4 —r(F) =
|E| — r(E) = r*(F). The dual of the dual rank function satisfies (r*)*(A4) = |A| + |E \ A| +
r(A) —r(E) — [|E| — r(E)] = r(A). Thus (S*)* = S, and it is routine to verify the duality
formula T« (z,y) = Ts(y, ).

We have deg, Ts = r(E) — mingr(A4) > r(E) with equality if and only if r takes just
non-negative values; and, noting that |A| — r(A4) = 1*(E) — 1*(£ \ A), deg, Ts = 1*(E) —
ming r*(A) > |E| — r(F), with equality if and only if r* takes just non-negative values.

2.1. Brylawski polynomials.

Definition 3. A bivariate polynomial U(z,y) over a commutative ring R such that (y —
U (#, y) = cy™ for some non-negative integer n, integer r, and non-zero constant ¢ € R is

called an (n, r)-Brylawski polynomial (with constant ¢). Equivalently, (x —1)""U(z, %) =

) x—1
cx™.

In Definition 3, we may have r < 0: for example, U(z,y) = (y — 1)¢ is a (0, —¢)-Brylawski
polynomial (with constant ¢ = 1). Similarly, we may have r > n: for example, (z — 1)* is
a (0, k)-Brylawski polynomial (with constant ¢ = 1). By Proposition 2.1, the corank-nullity
polynomial Ts(x,y) of a ranked set S = (E,1) is an (|E|,r(E))-Brylawski polynomial (with
constant ¢ = 1). Here 0 < r =r(E) < n = |E|.

More generally, polynomials of the form coz* y® (z—1)%(y—1)%, with ¢y € R\{0}, k;,{; €
Z-, are clear instances of Brylawski polynomials (for the choice (n,r) = (ki+/01, k1+ko—05)).

If U(z,y) is an (n, r)-Brylawski polynomial and V' (z, y) is an (m, s)-Brylawski polynomial,
then U(z,y)V (x,y) is an (n 4+ m,r + s)-Brylawski polynomial. (Lemma 2.5 below gives the
converse.) In particular, if U(z,y) is an (n,r)-Brylawski polynomial then z*1y% (z — 1)k (y —
1)U (x,y) is an (n + ki + 01,7 + ki + ko — £5)-Brylawski polynomial.

For a polynomial U(z,y) = > u; 2"y’ € Rlx,y], we set deg, U = max{i : 3j u;; # 0}
and deg, U = max{j : 3i u;; # 0}.

2The proof of this depends on the fact that for a connected matroid S and e € E either S\e or S/e is
also connected [13, §6.5] (see also [10, p. 410]); that 1,9, like all the coefficients of the Tutte polynomial, is
non-negative (as is easily seen by induction using its deletion-contraction recurrence); and finally that 1 9
satisfies the deletion-contraction recurrence for the Tutte polynomial. These properties do not extend to
ranked sets generally.
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Proposition 2.2. If U(z,y) is an (n,r)-Brylawski polynomial of Rlx,y|, then deg, U > r
and degy U>n-—r.

Moreover if R is a UFD then univariate factors of U(x,y) are necessarily of the form a(x—
DFzt or by — 1)*y*, for a,b € R\ {0} and k,{ € Zo.

Proof. Let U(z,y) = Y u; o'y’ and d := deg,. Since Y7, iu;;(y—1)"""y" = c(y—1)""y" is
a polynomial identity, the degree d satisfies d > r. Moreover, if d > r, then, by setting y = 1
in this identity, >; u4; = 0, while if d =7 then . uq; = c. Likewise, as the identity (y —
1)"U(;%,y) = cy™ is equivalent to the identity (z—1)"""U(z, ;%7) = cz", a similar argument
shows that deg, U > n —r.

We turn to the second statement. If U(z,y) is a Brylawski polynomial divisible by a
polynomial V(x) (independent of y), then there exists Uy(z,y) € R[x,y] such that

(x—1)""U(z, %) = V(z)(z = 1)""U(z, S5 ) = ca”

By unique factorization in R[z] the only potential irreducible factors of V(z) are z and x — 1.
We reach the analogous conclusion for factors of U(x,y) of type V(y) € R[y] by using the
identity (y — 1)TU(%,y) = cy™. O

Remark 1. We can say a little more in Proposition 2.2 when U(z,y) is the corank-nullity
polynomial Ts(z,y) of a ranked set S = (E,r). As already mentioned, Ts is an (|E|,r(F))-
Brylawski polynomial (by Proposition 2.1), and we have equality in deg, T's > r(F) if and
only if r(A) > 0 for each A C F, and equality in deg, Ts > |E|—r(F) if and only if r*(A) > 0
for each A C E.

Moreover the only possible univariate factors of Ts(z,y) are of the form az’ and by*. For
suppose = — 1 divides Ts(z,y). Then

Ts(Ly)= > (y—nA—® =,

ACE
r(A)=r(E)

)IE\*I"(E

which cannot hold as the sum contains leading term (y — 1 ), and so is monic as a

polynomial in y. Dually, supposing y — 1 divides Ts(z,y) yields

To(x,1)= Y (z— 1)@=,

ACE

H(A)=4]
and the sum is a monic polynomial in z (from the term contributed by A = @).

When S = (E,1) is a matroid, if 2° divides Ts(z,y) then S is the direct sum of a smaller
ranked set and S; = (Fy,r1), in which |E;| = £ and r1(A) = |A| for each A C E) (i.e., Sy
is the matroid of ¢ coloops, for which T, (z,y) = x%); dually, if y* divides Ts(z,y) then S is
the direct sum of a smaller ranked set and ST = (F4,1}), in which |F,| = ¢ and rj(A) =0
for each A C E (i.e., Sf is the matroid of ¢ loops, for which T (z,y) = y*).

The motivation for the name “Brylawski polynomial” lies in the following key proposition
and its consequence for corank-nullity polynomials of ranked sets (Corollary 2.4).
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Proposition 2.3 ([I, proof of Theorem 1.1)). If U(x,y) is an (n,r)-Brylawski polynomial
with constant ¢ then its coefficients u; ; satisfy *

(h—1 h —
Z (—1)J< _ Z) uij=c-(=1)"" <h B 2), for any integer h > 0.

— J
2,7
i+5<h
In particular, upy = 0 if n > 0, and w19 = up, if » > 1. Proposition 2.3 contains the
following special case.

Corollary 2.4. Let S = (E,r) be a ranked set with |E| = n, v(E) = r, and Ts(z,y) =
Zz}j tijx'y’. Then, for any integer h > 0,

i(h—1 B (P —T
g > ("= o 0)
=

The linear relations given by Corollary 2.4 for 0 < h < n were established by Brylawski [5]
for matroid rank functions, and extended to greedoid and antimatroid rank functions by
Gordon [22], who also established the affine relation for h = n. Although the proof of
Corollary 2.4 given by Beke et al [1] assumes that r takes non-negative values, it is easily
extended to include the case of rank functions taking negative values as well. In fact [I,
Th. 1.1] is really Corollary 2.4 above once extended from N- to Z-valued rank functions:
Beke et al do not explicitly state the generalization to Brylawski polynomials, although
their argument depends only property defining a Brylawski polynomial (Definition 3) and
not on being the Tutte polynomial of a rank function.

A constant not equal to 1 in Definition 3 of an (n,r)-Brylawski polynomial features in [2,
Lemma 7.6, Theorem 8.2]. For our purposes, allowing an arbitrary constant serves as a
technical convenience (and we do not usually need to specify the constant) enabling one to
prove stability properties of the class of Brylawski polynomials. While it is straightforward
to see that the product of two Brylawski polynomials is again a Brylawski polynomial, the
following lemma asserts that the converse holds over any UFD.

Lemma 2.5. Let R be a UFD. Suppose that T'(z,y) is an (n,r)-Brylawski polynomial
in Rlx,y] with factorization T'(z,y) = U(z,y)V (z,y) in R[x,y|. Then there are integers m, s
such that U(z,y) is an (n—m,r—s)-Brylawski polynomial and V (x,y) is an (m, s)-Brylawski
polynomial, where 0 < m < n.

Proof. For simplicity write T'(z,y) = T'(x), meaning that it is considered as a polynomial
in z with coefficients in R[y]. Likewise write T'(x) = U(x)V (z) the given factorization of T
over Rly]. As T is an (n,r)-Brylawski polynomial, there is non-zero ¢ € R such that

@) W' = (=) T(2) = = TUCE) =)V (),

where s is chosen to be the minimal integer such that (y — 1)5V(%) is a polynomial in y.

This then forces (y — 1)T_SU(#) to be a polynomial in ¥, for otherwise it is a ratio of a
polynomial in y and a power of y — 1, and this implies that y — 1 divides (y — 1)5V(ﬁ) as

3We use the convention (‘g) =0ifb<0orb>a.
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the product on the right-hand side of (4) is the polynomial cy™ on the left-hand side, which
contradicts minimality of s.
By unique factorization in Rly], this implies that

s Y _ p,m _ 1\r—s Y — n—m
(y—l)V(—y_l)—by, and (y —1) U(—y—l) ay"™",

for some a,b € R such that ab = ¢ and some integer m satisfying 0 < m < n. 0

2.2. Irreducibility of Brylawski polynomials. The main result of this section is the
following.

Theorem 2.6. Let R be a UFD and let T(z,y) = 3, ti;a'y’ € Rlz,y] be an (n,r)-
Brylawski polynomial, where n,r are integers with r > 1 and n —r > 1. Suppose that (i)
neither x — 1 nor y — 1 divide T'(x,y); (ii) t10 # 0 and (iii) deg, T'+ deg, T' € {n,n + 1}.
IfT(z,y) = U(x,y)V(x,y) in R[z,y| then U(z,y) or V(z,y) is constant (in R). In particu-
lar T(x,y) is irreducible in k[, y] where k is the fraction field of R; moreover if ged, ;{t;;} =
1 then T(x,y) is irreducible in R|x,y].

By Proposition 2.2, condition (iii) is equivalent to deg, T'+ deg, T' < n + 1.

Proof of Theorem 2.6. Suppose that T'(z,y) is an (n,r)-Brylawski polynomial and T'(x,y) =
U(z,y)V(x,y), where U,V are not constants (in R). By assumption (i), and the fact that
under assumption (ii) neither x nor y divide 7'(z,y) (noting that ¢y, = t; ¢ by Proposition 2.3
as n > 2), Proposition 2.2 implies neither U(z,y) nor V(z,y) is univariate. By Lemma 2.5
there are integers m, s such that U(x,y) is an (n—m, r—s)-Brylawski polynomial and V' (z, y)
is an (m, s)-Brylawski polynomial, where 0 < m < n. We also have deg, U+deg, V = deg, T
and deg, U + deg, V' = deg, T'. By definition, there is ¢ € R such that

r y n
(v—1) T(y_ Ty =y
We may assume that 0 < deg, U,deg, V' < deg, T and 0 < deg, U,deg, V' < deg,T'. For
otherwise T'(x,y) admits a univariate factor in R|[x,y] and we reach a contradiction.

As U(z,y) is an (n — m,r — s)-Brylawski polynomial and V(z,y) is a (m, s)-Brylawski
polynomial where 0 < m < n, by Proposition 2.2 we have s < deg, V < deg,T and m —s <
deg, V' < deg, T'. These inequalities imply that m < deg, T'+deg, T'—2 < n — 1. Similarly,
r—s < deg, U < deg, T and n —m — (r —s) < deg, U < deg, T imply that n —m <
deg, T+ deg, T —2 < n—1. Hence m > 1 and n —m > 1, and the first of Brylawski’s
relations gives vpg = 0 = ug .

But then ¢ 9 = ugov1,0 + u1,0v00 = 0, contrary to assumption (ii). O

When T = Tg is the corank-nullity polynomial of a ranked set S = (E,r) in which both r
and its dual r* take nonnegative values (which holds for rank functions of matroids, but
not necessarily of greedoids [21]), we have deg, Ts = r(E) and deg, Ts = |E| — r(E) and
so, with deg, Ts + deg, Ts = |E|, condition (iii) in Theorem 2.6 holds for the (|E|,1(E))-
Brylawski polynomial Ts(x,y). But if either r or r* take negative values, then condition (iii)
fails for Ts unless only one of these rank functions takes negative values and moreover the
only negative value this one takes is —1. We therefore deduce the following particular case

of Theorem 2.6, first shown by Merino, de Mier and Noy [33].
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Corollary 2.7. Let M be a connected matroid on groundset E of size > 2 and with Tutte
polynomial Tar(z,y) =3, ; t;jx'y?. Let R be any UFD and let p: Z — R be the natural ring
homomorphism whose kernel is generated by the characteristic k of R. Assuming that k1 t1 o,
then Ty, seen as an element of R[x,y] by applying ¢ to its coefficients, is irreducible.

For a connected matroid S = (E,r) with |E| > 2, we have t; o = to1 # 0, ensuring
that r =r(E) > 1 and n —r = |E| — r(E) > 1 as required for Theorem 2.6.

Corollary 2.7 extends to delta matroids in which the rank function r used in the definition
of the Tutte polynomial is the function o defined in [15, p. 1341, eq. (3)] (obtained by
averaging the ranks of two associated matroids). By Theorem 4.7 of the paper just cited,
the coefficient ¢ is non-zero if and only if the delta matroid is connected; that paper’s
Theorem 1.2 is then a consequence of the general phenomenon recorded in our Theorem 2.6.

Remark 2. Assumptions (i) and (iii) in Theorem 2.6 are not necessary conditions for
irreducibility. (As already mentioned, for matroids assumption (ii) is in fact necessary as well
as sufficient for connectivity, and accordingly necessary and sufficient for irreducibility [33].)

The polynomial 2 + 222+ y? + 3zy (see [22, p. 23]) is a (5, 3)-Brylawski polynomial, equal
to the corank-nullity polynomial

Ts(z,y)=(x =1 +5(x—1)*+10(x — 1)+ 7+3(x—1)(y— 1)+ 5y — 1)+ (y — 1)?,

where S = (E,r), in which |E| = 5 and r is defined by r(@) = 0; r(A) = 1 for each A
of size 1; r(A) = 2 for each A of size 2; r(A) = 3 for 7 subsets A of size 3, and r(A) = 2
for the remaining 3 subsets of size 3; r(A) = 3 for each A of size 4; and r(F) = 3. The
polynomial Ts(z,y) shares with the Tutte polynomial of a matroid the properties of being
monic as a polynomial in x (considering Ts(z,y) over Z[y]) and monic as a polynomial
in y (considering Ts(x,y) over Z[x]). This polynomial is irreducible (as a quadratic in y, its
discriminant is 2%(1 —4x)) but does not satisfy assumption (ii) of Theorem 2.6. Irreducibility
of Ts(x,y) implies the ranked set S cannot be expressed as the direct sum of smaller ranked
sets.”

4Gordon [20] exhibits in his Example 2.1 a greedoid that is not decomposable as a direct sum of smaller
greedoids and yet has t10 = 0. Let E = {a,b,c} and F = {@,{a}, {b}, {a,c}, {b,c}, {a,b,c}}. The greedoid
rank function is defined for A C E by

r(A) =max{|F|: F € F,F C A}.
Then S = (E,r) has corank-nullity polynomial
Ts(z,y) = (z—1)> +2(x—1)* + (z—1)3(y—1) + 2(z—1) + (z—1)*(y—1) +1
= zfz + (z —1)%y]
The first factor is the Tutte polynomial of a single isthmus, i.e. of the ranked set S; = (E1,r1), where Ey = {c}
and r; is defined by rq1 (@) = 0,r({c}) = 1. While the second factor is not the Tutte polynomial of a greedoid,
it is equal to
(z-12*y—-D+@@-1)>2+z-1+1
which is the corank-nullity polynomial of Sy = (Fs,r2) in which Ey = {a, b} and ry is defined by
() = 0. ra({a}) = 0. 1a({b}) = 1. ra({a.b}) =2
Not only do we have then
TS({E, y) =Ts, (LC, y)T32 (.’E, y)7

but S = 51 & S, even though as a greedoid .S cannot be expressed as a sum of smaller greedoids.
9



Assumption (iii), while automatic for corank-nullity polynomials of matroids, as noted
after the statement of the theorem, is not necessary either, as the following example shows.
We define the ranked set S = (F,r) for integers a > b > 0, in which |E| > b, by setting

0 A=0,
r(A) =< |A|l—a 9 CACE,
|[E|—b A=EF.
Then
Ts(l', y) _ (x _ 1)\E|—b + Z (ZL‘ _ 1)|E\—b—\AH—a(y B 1)‘A|—|A|+a + (y . 1)|E\—|E\+b
@CACE
=@ (@ - D)y -1 ) ('f') (x— 1)+ (y — 1)
0<i<|E|
Also,
0 A=,
"(A)=<¢b—a CACE,
b A=FE.

Writing X =z —1,Y =y —1, |E| =n,

Ts(X,Y) = X"0 4 xo-bye (”> X4yl
O;n L

This has X-degree n + (a —b—1) > n > r(E) =n — b and Y-degree a, so that deg, Ts +
deg, Ts = n + 2a — b—12>=n+a. Thus for a > 1 the assumption (iii) fails. The Newton
polygon of Ts(X,Y") has vertices (0,b), (n—0b,0), and (a—b+1i,a) fori € {n—1,...,1}, and
is readily seen not to be reducible as a Minkowski sum of smaller polygons. (Its sides have
direction vectors (n — b, —b), (a — 1,a), (=1,0) (n — 2 times), and (b —a — 1,b — a); since
a,b,a — b > 0, all the sides of one of the smaller polygons would be forced to have direction
vectors (—1,0).) Hence Ts(X,Y') is irreducible ([18, p. 507]).

The example in Remark 2 in which assumption (ii) of Theorem 2.6 fails is accommodated
by the following irreducibility criterion, derived by a similar proof to that of Theorem 2.6.

Theorem 2.8. Let T'(x,y) = 3, . tijx'y’ be an (n,r)-Brylawski polynomial over R, a UFD,
where n,r are integers with r > 1 and n —r > 1. Let p: Z — R be the canonical ring
homomorphism and suppose that (i) none of x — 1,y — 1, x,y dwide T(x,y); (ii) ©(2) { t11;
and (iii) deg, T+ deg, T = n. Then T(x,y) is irreducible in k[x,y] where k denotes the
fraction field of R; moreover if ged, ;{t;;} = 1 in R then T(z,y) is irreducible in R[z,y].

Proof. Suppose that T'(z,y) = U(x,y)V(z,y) is factorization of T(x,y) in R[x,y] with
both U and V non constant. Assumption (iii) (together with Proposition 2.2) implies deg, U+
deg,V = deg, T = r and deg, U + deg,V = deg, T = n —r, and as T(z,y) is an (n,r)-
Brylawski polynomial, there is ¢ € R such that
T y n
(y—1) T(y_ 1Y) =y
10



As in the proof of Theorem 2.6, we may assume that 0 < deg, U,deg, V < deg, T and 0 <
deg, U,deg, V' < deg, T (needing (i); note that assuming that neither x nor y are factors
of T'(x,y) replaces the condition that t; ¢ # 0 assumed in the earlier theorem), and, using
Lemma 2.5, the polynomial U(z,y) is an (n — m,r — s)-Brylawski polynomial and V' (x,y)
is a (m, s)-Brylawski polynomial for some integers m, s with 0 < m < n. We invoke Propo-
sition 2.2 and see that the inequalities s < deg, V' < deg, T and m — s < deg, V < deg, T
imply that m < deg, T+deg, T—2 = n—2; and r—s < deg, U < deg, T and n—m—(r—s) <
deg, U < deg, T imply n —m < deg, T'+deg, T'—2=n—2. Hence m = 2 and n —m > 2,
and the first two Brylawski relations (Proposition 2.3) give vgp = 0 = ugp and w19 = ug
and vy 9 = Vg 1.

But then t171 = Up,0V1,1 + U1,1Y0,0 + U1,0V0,1 + Up,101,0 = (,0(2)11,0’1’0071, contradicting (11) O

We close this section with two examples of ranked sets for which our general criteria
for irreducibility in Theorems 2.6 and 2.8 are not satisfied, but which we can prove are
irreducible by considering their Newton polygons (again applying [ 8, p. 507]). Each example
involves a rank function taking non-negative values, but whose dual takes negative values. In
Section 4.1.1 we show that the Galois group of the corank-nullity polynomial in Example 1 as
a polynomial in z is not the full symmetric group of degree r (see Proposition 4.2; this is the
only example we know where Conjecture 1.1 does not extend from matroids to ranked sets
generally). In Section 4.1.2 we exhibit an infinite number of instances of the corank-nullity
polynomial in Example 2 for which its Galois group as a polynomial in x is the symmetric
group of degree |E| (see Corollary 4.4).

Example 1. Let E be a finite set and let 7 € Z be such that |E| > r > 1. Consider r: 28 —
Z the rank function defined by r(E) = r and r(A) = 0 for A C E. The corank-nullity
polynomial of the ranked set S = (E,r) is

Ts(z,y) = (y— DF7 + @ = (y = )Fy(@ — 1),

which is an (|E|, 7)-Brylawski polynomial with deg, Ts = = r(E£) and deg, Ts = [E| — 1 >
|E| —r(E). As deg, Ts +deg, Ts = n+r — 1, assumption (iii) of Theorem 2.6 is not satisfied
it r > 2.

The dual rank function r* is defined by r*(@) = 0, and r*(A) = |A| —r for & C A C E.

The Newton polygon of the polynomial Y'EI=" 4+ X"[(Y + 1)/l — YIPI] is the convex hull of
vertices (0, |E| —r) and (r,i) for i € {0,1,...,|F| — 1} and this clearly cannot be expressed
as a Minkowski sum of smaller polygons (the direction vectors of the segments forming the
convex hull — a triangle — are (r, —|E|+7), (0, 1) with multiplicity |E|—1, and (—r,1—71)).
Hence Ts(z,y) is irreducible.

Example 2. Let E be a non-empty finite set and for A C E define the rank function r by

A

r(A)=<1 @
|E] A

11

I N

%)
ACE
E.



The Tutte polynomial of S = (E, 1) is
Ts(wy)=@-D"+ 3 @-DF -1 +1

GCACE
Bl 1 — (y — 1)l
= (z — DF 4 (z — 1)lFH (y y=1) )+1.
y—1
Here deg, Ts = |E| = 1(F) and deg, Ts = |E| —2 > |E| —r(E) = 0. As deg, T+ deg, Ts =
2|E| — 2 assumption (iii) of Theorem 2.6 fails when |E| > 3. The dual rank function is
defined by

0 A=o
"(A)={1-|E\A @CACE
0 A=E.

. 1 (Y+DIEI 1V IE] .
The Newton polygon of the polynomial X#l 4+ XZI l%jtl is the convex hull
of vertices (|E|,0), (0,0) and (|E| — 1,4) for i € {0,1,...,|E| — 2} (again this is a triangle
and the direction vectors of the sides are (—1,|E| —2), (—|E| + 1,—|E| + 2) and (|E|,0)).
This clearly cannot be expressed as a Minkowski sum of smaller polygons. Hence Ts(x,y) is
irreducible.

3. PROBABILISTIC APPROACH: GENERIC (GALOIS MAXIMALITY

In this section, which is to a large extent of independent interest, we approach Conjec-
ture 1.1 from a probabilistic point of view: within suitable families of polynomials equipped
with a “height function” and originating from well identified rank functions (such as rank
functions associated to connected matroids) we aim at obtaining an upper bound on the
size of the set of “pathological” elements (those having a non maximal Galois group) in the
family as the height grows. This is achieved through Kowalski’s sieve framework [28] with
a crucial appeal to Cohen’s work [8]. In the first subsection below we state and prove a
generalized form of a uniform sieve bound due to Gallagher [17] towards the celebrated (and
recently solved [3]) conjecture of van der Waerden [11] from 1936.

3.1. Generalizing a uniform version of a Theorem of Gallagher. Gallagher [17] con-
siders, for fixed r > 1 and for a growing parameter N € N>, the set

r—1
E.(N) = {f(:v) =z + Zaizvi: a; € Z, la;] < N, |Galg(f)| < r!}
i=0
of polynomials f for which the Galois group of a splitting field over Q (denoted Galg(f) in
the above definition of E,.(/N)) is not maximal. A uniform version of the large sieve result
of Gallagher [17] states that |E,.(N)|[/(2N +1)" < r3log N - N~Y2 (forall N > 2, all r > 1,
and with an absolute implied constant, see [28, Th. 4.2]). The starting point of Gallagher’s
method is the identification of the set of monic Z-polynomials of degree r with Z" through
fixing the canonical basis (1, z,...,2""1) of Q-polynomials of degree < r.
We extend Gallagher’s approach to more general linearly independent families of poly-
nomials. Our result (Theorem 3.1) gives the same type of uniform upper bound on the
proportion of pathological elements (still meant in the sense that the Galois group is not

maximal) as in [28, Th. 4.2].
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For s € N, consider a family (Fp, ..., F;) of monic polynomials in Z[x] with deg Fs <
max{deg F;: i < s — 1} = r. For p an element in a set of prime numbers P(r) of positive
density (the definition of P(r) may depend on r only and we assume that its density admits
a positive lower bound uniform in r), let (Fop,..., Fs,) be the reduction of (Fy,..., Fj)
modulo p (meaning that we reduce the coefficients of the polynomials F; modulo p). For any
prime p € P(r), assume the following assumptions hold:

(H1) the polynomials F;, are relatively prime for i € {0,...,s}, and (Fop,..., Fs,) is

linearly independent over F,, (in particular s < r),

(H2) the family (Fij, — BiFsp)o<ics—1 has normal ged for all (f;) € F; in the sense of
Cohen [8, p. 95] (i.e. the ged of this family has at most one multiple irreducible
factor which, if it exists, has multiplicity 2 and degree 1) and (F; ,)o<i<s is not totally
composite in the sense of [3, (2.2)] (a family (fo, ..., fs) € Fp[z]*"! is totally composite
if there exists ¢ = N/D € F,(x), written in lowest degree terms, and (g;)o<j<s €
F,[z]*™!, such that deg N > deg D + 1, ¢ := max; degg; > 1 and f; = D*- (g; o) for
alli € {0,...,s}).

The main result of this subsection is the following extension of the uniform version of

Gallagher’s Theorem ([28, Th. 4.2]).

Theorem 3.1. With notation and assumptions as above, one has:
[{(n)1cice € =N NP': | Gallg (Fo+ Ly )| < 11} L yeog
(2N +1)® VN’

for every integers s > 1, r > 2, every N >, 1 and with an absolute implied constant.

<<r2<l+
log r

As already mentioned above, the proof proceeds by a sieving argument using primes in
the set P(r). Before proving Theorem 3.1, we introduce the necessary objects and outline
the sieve setup.

For a prime number p, we let m,: Z° — F, be the reduction modulo p morphism that
acts coordinate-wise. Let A be a factorisation pattern for polynomials of degree r: given a
partition X of r (i.e. A = (aq,...,a,) € ZL, with >/ ia; = r), a polynomial f of degree r
has factorisation pattern A if it has exactly a; distinct irreducible factors of degree i, for
eachi € {0,...,r} (in particular such an F,-polynomial is squarefree). For a prime number p
and for A = {\;}; a set of partitions of r, define the following subset of F,:

D {(51)1@'@ eF): Fo,+ Z BiF;p has factorisation pattern A € A in Fp[:c]}.
i=1

(We will simply write €2, if A = {\} contains a single partition.) In the spirit of [28, §4.2],
we fix (for now) an auxiliary parameter L (to be eventually optimized) and consider the
siteving problem of finding an upper bound for the cardinality of

S(N, A, L) = {(ni)i<ics € [=N,N]°: Vp e P(r)N[L, L], mp((n;)) & Qap}-

As explained in [28, §4.2], if the reduction modulo a prime number p of F = Fy+ 7, n; F;

(corresponding to (m,(n;))1<i<s) has factorisation pattern A over F,, then at least one per-

mutation of cycle type A (i.e. a product of a; fixed points, as disjoint transpositions, etc...)

belongs to Galg(F'). Consequently if a polynomial F' = Fy + Y >, n;F; has a Galois group
13



over QQ not intersecting the conjugacy invariant subset cy of &, consisting of permutations
of cycle type A € A, then the s-tuple (n;)1<i<s belongs to S(N, A, L). In other words,

‘{(ni)lgigs € [-N,NJ°: Galg(Fy + anFz) does not intersect cy in S, }‘ < ‘S(N, A, L)‘
i=1

Moreover, if (cy,) is a set of conjugacy invariant subsets such that no proper subgroup of &,

intersects every cy; then

() |[{()rcics € [-N.N]": | Galg(Fy + an < < 3[SWAL L]

The following sieve inequality is a key ingredient to the proof of Theorem 3.1.

Proposition 3.2. Let s > 1 be an integer and let (Fy, ..., Fs) be a (s + 1)-tuple of monic
polynomials in Z[x] with deg Fy < max{degF;: 1 < s — 1} = r > 2. Let X be a sel of
partitions of r and let P(r) be a set of primes depending only on r. For any positive inte-
gers N, L, there exists constants A(N, L) and H(L,X) depending only on (N, L) and (L, ),
respectively, satisfying

|S(N, A, L)| <A(N,L) - H(L,A) ™.
Moreover one has the bounds

AN, L)< (VN +1+ L% and H(LA) > Y ’?A:‘v\‘

peP(r)N[1,L] p

Proof. Formally the first inequality as well as the lower bound on H are applications of

Kowalski’s sieve statement [28, Prop. 3.5] (where the constants A and H are also properly
defined in a general context). The upper bound on A is due to Huxley [25]; see also [28,
Th. 4.1]. O

In view of Proposition 3.2, our next task is to estimate the lower bound on H(L,\). To
this purpose we appeal to a result of Cohen [2, Th. 3.

Lemma 3.3 (Cohen). Keeping the notation as in 3.2, assume that (H1) and (H2) hold
for (Fy, ..., Fy). Then for every p € P(r) N (r,00),

Q
| )\7p| :T()\)+Or(p_1/2),
3|

where T'(\) is the proportion of elements of the symmetric group &, of cycle type X =
(ai,...,a,) the partition of r with i contributing a; times for alli € {1,... r}(precisely’ T(\) =
(IL i"a;)7t).

Note that the assumption p > r enables us to simplify some of the requirements in Cohen’s
work. Indeed, for such a p, linear independence over F), is equivalent to linear independence
over F,(2P), as explained by Cohen [%, p. 95], and also F; is automatically tame (which
means that no zero of Fy has multiplicity divisible by p [8, statement of Th. 3]).

We are now ready to prove Theorem 3.1 (the argument follows closely the proof of [2,
Th. 4.2]).

SFor example the partition Ay, corresponding to irreducible polynomials is (ay,...,a,) = (0,...,0,1) and
one has T'(\yy) = 1/7.
14



Proof of Theorem 5.1. Imposing L > r?, say, we start by applying Lemma 3.3. First we have
for any partition A of r,

3 IT;A;T > Y %;T :T(A)<|P(r)ﬂ(r,L]|> +OT(Z%)’

peP(r)N[1,L] p peP(r)N(r,L] p p<L

where, in the error term, the sum extends to primes up to L. Moreover, summation by parts
yields the following upper bound:

VI
Z_ log L’

Let X be a finite set of partitions of 7 and let T'(A) = >,., T(\). By Proposition 3.2
we deduce, invoking the Prime Number Theorem (which implies |P(r) N (r, L]| > L/log L
since L > r?), that we have for some constant C, > 0 depending only on r and as soon

as VL > max(r, C,/T(X)),

H(L,X) ™ > TN)|P(r)N (r, L]| — OT% > T(N)

C,
log L (1 B m)’

with absolute implied constants. In turn we obtain

[S(N, A, L)| < (V2N +1+4 L) <T<A>>‘110}5;L (1- ﬁ>

Now for N > max(T'(A)~2r%, T(A)73C?), we choose L = T(A)y/2N + 1. We obtain

(6) IS(N, A, L)| < T(A)"%(1+ T(X)*N*"2 log N.

To conclude we follow the end of the proof of [28, Th. 4.2] by invoking [17, Lemma p. 98]:
no proper transitive subgroup of &, contains both a transposition and a g¢-cycle of prime
length ¢ > r/2. Therefore it is enough to consider the following families of factorization
patterns:

e )\, the trivial partition (ai,...,a,) of r with a, = 1, which detects the transitivity
of the Galois action,

e )\ the set of partitions (ai,...,a,) of r satisfying as = 1 and ag; = 0 for i # 1,
which detects an element of the Galois group acting as a transposition,

® A,ime the set of partitions (ay,...,a,) of r with a, = 1 for some prime number ¢ >
r/2, which detects an element of the Galois group acting as a g-cycle.

One has T'(\i;) = r~! and the asymptotics ([17, p. 99]):
log 2 1

T ( Aprime) ~ \/ﬁ

In particular max(T (i) 2, T (Aer) ™2, T'(Aprime) "2) < 2. Combining this with (5) and (6)
the proof is complete. O
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3.2. Application to linear combinations of Tutte polynomials of connected ma-
troids. We restrict to the case s = 2: let Ty, (z,y) and Ty (x,y) be distinct Tutte poly-
nomials of connected matroids M;, Ms of rank r» > 2 and size n > r + 1. By Corollary 2.7
(originally [33] in this case) Ty, and T}y, are irreducible in Z[x, y]. The fact that Ty, and Ty,
are distinct is equivalent to their Q-linear independence. From [19, §5] the conditions r > 2
and n > r+1 guarantee that the dimension of the Q-span of Tutte polynomials of connected
matroids of size n and rank r is at least 2 and therefore one can indeed pick two linearly in-
dependent Tutte polynomials of connected matroids of size n and rank r. Consequently Ty,
and T}y, are distinct irreducible elements of Z[x,y]. We will state and prove the main result
of this section (Theorem 3.1) in the more general setting where we only require that T)
and T, be copime squarefree in Z[z, y| and monic of the same degree as z-polynomials with
coefficients in Z[y].

We start by establishing the following result explaining that suitable specializations of T}
and T; at integral values of y yield triples (Fy, F, I) satisfying assumptions (H1) and (H2)
of §3.1.

Proposition 3.4. Let r € Nxy and let Ti(x,y) and Ty(x,y) be elements of Z[x,y| that
are coprime, squarefree, and monic of the same degree r seen as x-polynomials with co-
efficients in Zly]. For big enough t € Z (depending only on (T1,T3)) there exists a con-
stant C(T1,T5,t) (depending only on (T1,Ts,t)) so that for every prime p > C(T,Ts,t)
the polynomials Ty ,(x,t,) and Tsp(x,t,) are squarefree and coprime (where t, = t mod p
and, for any g € Z[z,y], we define g, to be the element of F,lx,y| obtained by reducing the
coefficients of g modulo p). Moreover, setting

Fi(z,y) = Ti(z,y), Fy(z,y) = Ti(z,y) — Ta(z,y), Fo(z,y) = vFy(x,y),

then for every p > C(11,T5,t), the triple (F;,(,t,))o<ice Satisfies assumptions (H1) and
(H2) of §5.1.

Proof. We consider P(x,y) = Ti(z,y)Ts(x,y), the product of T} and T5. Since T} and T3 are
distinct and irreducible in the UFD Zx,y], the polynomial P(z,y) is squarefree in Z[z, y]
(and also in (Q(y))[z]) and so its z-discriminant (an element of Z[y]) is non zero. Therefore
for big enough ¢t € Z (depending only on (77,73)), the specialization P(z,t) is squarefree;
in other words Ti(x,t) and Ty(x,t) are coprime and squarefree. For every such t the dis-
criminant of the z-polynomial T} (z,t)T5(z, t) is non zero and therefore for every big enough
prime p (depending only on (77,75,t)), this discriminant is non zero modulo p, meaning
that T ,(z,t,) and Ty ,(x,t,) are squarefree and coprime.

Below we will write F;, as shorthand for Fj,(z,t,) (0 < i < 2) for brevity. We can now
check that assumptions (H1) and (H2) are satisfied by the relevant triples (£}, )o<i<2-

(H1) Since T ,(x,t,) and T5,(z,t,) are coprime, then ged(Fy,, Fh,) = 1 and there-

fore (F;,)o<i<o is a family of relatively prime polynomials.

Let us check that the linear independence assumption is satisfied. Since Fj,
and F,, are coprime, they are not colinear. Assume by contradiction that for
some «, 3 € F,, one has

F07p = O-/Fl,p + 6F2,p'

Recombining, we obtain

(z—(a+ 5))T1,p(xvtfg = (z = B)Tap(z,tp).



This contradicts the fact that 71 ,(x,t,) and Ty ,(x,t,) are coprime, squarefree, and
have degree r > 2.
(H2) We first check the normality assumption. For any (5o, 31) € FZQ77 we have

ged(Fop — BoFap, Frp — Bilay) = ged((x — Bo) Fap, Fip — BiF2y)
= ged(x — fo, Fip — BiFay),

where, for the last step, we use the fact that F,, and F} , are coprime. This implies
that the ged considered is normal.

Finally, assume by contradiction that (F;,)o<i<2 is totally composite, then in par-
ticular there exists polynomials go and g, in F,[x] and a rational function ¢ € F[z]
of positive degree such that

Fop =k, = DZQO(Q/’) ) oy = ng2(7/’)-
This leads to
z = (hot)(z)
where h = g/ go. Taking degrees, we obtain 1 = (deg h)(deg ). However both factors
on the right hand side are integers and deg > 2 by assumption; a contradiction.

O

We are now ready to draw the following consequence of Theorem 3.1 and Proposition 3.4.
This establishes in particular that, generically degree one Z|x|-linear combinations of two
linearly independent Tutte polynomials of connected (n,r)-matroids have maximal Galois
group over Q(y).

Theorem 3.5. Let Ti(x,y) and Ty(z,y) be elements of Z[z,y| that are coprime, squarefree,
and monic of the same degree v > 2 seen as x-polynomials with coefficients in Zly| (for
example one can take Ty (z,y) and Ty(x,y) to be distinct Tutte polynomials of connected (n,r)-
matroids with r > 2 and n > r + 1). Then one has

‘{(nhnz) € {-N,...,N}* |GQ,y(($+”1)T1 - ($+”2)T2)| < T!}‘ ,log N
<

(2N + 1) "N
for all N >, 1 and with an absolute implied constant.

Proof. As in Proposition 3.4 set Fy(x,y) = x(Ti(z,y) — To(z,y)), Fi(z,y) = Ti(z,y),
and Fy(x,y) = Ti(x,y) — To(z,y). Picking ¢ big enough (again in the sense of Proposi-
tion 3.4) the assumptions of Theorem 3.1 (with s = 2) are satisfied for the choice P(r) =
{p prime: p > max(C(Ty,T5,t),r + 1)} which depends on (7}, T3,t) only and has density 1.
We conclude by applying Theorem 3.1 and a specialization argument (Proposition 4.1, where
one additionally notes that if f(z,y) € Z[z,y| has x-degree d and if ¢, p € Z are such that p
is prime and f(z,t) mod p is irreducible of degree d in F,[z], then f(x,y) is irreducible seen
as an z-polynomial with coefficients in Q(y)). O

4. MONODROMY COMPUTATIONS FOR SOME RANKED SETS AND SPECIFIC FAMILIES OF
2-CONNECTED GRAPHS

In this section we first consider possible extensions of Conjecture 1.1 to general ranked

sets, and next we prove that the conjecture holds for some families of connected matroids.
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4.1. Examples of monodromy group of Tutte polynomials of ranked sets. In order
to prove that Conjecture 1.1 holds in a number of cases, we will use the same strategy as for
the proof of Theorem 3.1 by showing that the Galois group considered, seen as a permutation
group, contains elements having a certain cycle type. Typically the final step of the proof
relies on a classical specialization argument (also used in the proof of Theorem 3.1). We
state the version, restricted to a UFD, of [1, Prop. 4], itself a simplified form of [29, VII,
Th. 2.9]).

Proposition 4.1. Let R be a UFD equipped with a ring homomorphism ¢: R — L to a
field L. Let f(X) € R[X] be monic irreducible and assume that ¢(f) (the element of L|X]
obtained by mapping 1 to the coefficients of f) is separable. Then Galp (¥ (f)) is a subgroup
of Galy(f), where k denotes the field of fractions of R.

Remark 3. Let K/k be an algebraic field extension. Let T'(x,y) € k[z,y] be squarefree
and non constant as an z-polynomial with coefficients in k[y]. Fix an algebraic closure K (y)
of K (y); this is also an algebraic closure of k(y). Let (a;)i<i<, be the roots of T in K(y).
Then k(y)((a;);) (resp. K(y)((a;);)) is a splitting field of T" over k(y) (resp. K(y)) and one

has an injective group morphism

GalK(y) (T) — Galk(y) (T)
o = Olk(y)((ai)s)-

As a consequence the maximality of Galg () (1) (meaning it has order r!) implies the max-
imality of Galgq)(T). Moreover, if K/k has finite degree, then Galy,) (1) ~ Galg(T).
Therefore, in the sequel, even though we fix, at times, the field of constants that we work
over (e.g. Q or C), one should keep in mind that under the above assumptions the state-
ments still hold after a finite constant field extension or by considering a subfield over which
the base field is algebraic.

In the remainder of §4.1, we give examples showing that Conjecture 1.1 extends to some
but not all general rank functions.

Remark 4. To give a first low degree example in the case R = Z, we go back to the first
example in Remark 2. Specializing the Tutte polynomial Ts(z,y) = 2% + 222 + y? + 3zy
(see [22, p. 23]) at y = 1 and reducing modulo 5, we obtain the product of irreducibles (z +
1)(z% + 3) in F5[z]. We deduce that the Galois group of Ts(z,y) over Q(y) is isomorphic
to &3 (up to isomorphism, it is the unique transitive permutation group of degree 3 that
contains a transposition).

The first example below corresponds to a rank function assuming 2 values only. In this case
the Galois group is not maximal (generically it has index > 3 inside the relevant symmetric
group). The second example corresponds to a rank function assuming 3 values. In this case
we exhibit subfamilies for which we show that the Galois group is maximal.

4.1.1. A rank function assuming two values. Example 1 gives an example of a rank function
whose dual takes negative values, and whose corank-nullity polynomial is the polynomial

Tor(z,y) = (y— )" J;g(y” —(y—=1)")(x—=1),



where n > r > 1. Let R be a UFD and let ¢: Z — R be the natural ring homomorphism
the kernel of which is generated by the characteristic of R. Applying ¢ to the coefficients,
we consider the polynomial 7" as an element of R[z,y]. We let k be the fraction field of R.

Proposition 4.2. As a polynomial in x, T, .(x,y) is irreducible over k(y). Assuming more-
over that the characteristic of R does not divide r, the Galois group Gy, (1,,) has order at
most ro(r). If r = 4, then the index of Gy (T,.r) in &, is at least 3. In particular Gy ,(T,.,)
18 neither isomorphic to &, nor to A, as soon asr > 4.

Proof. By invariance of the Galois group structure (and in particular reducibility properties)
when factoring out a non-zero constant term, taking the reciprocal or performing linear
transformations, we can replace T}, .(z,y) by

(y—1)"—y"
(y =1
The polynomial U, , has coefficients in k(y) and its constant term is not a constant multiple
of any g(y)¢ for some g(y) € k(y) and £ € Ns,. Indeed the numerator of such a g(y)* has
multiple roots, which is not the case for (y — 1)" — ™ as one checks by computing the y-
derivative. Applying [29, Chap. 6, Th. 9.1], we deduce that U, is irreducible over k(y).
Furthermore [29, Chap. 6, §9, Ex. 2] constructs, under the stated assumptions, an injective
morphism from Gy ,(U,,) to

{(g i) L beZ/rZ, ac (Z/rZ)X} ,

which concludes the proof. 0

Un,r('xa y) =z’ —

4.1.2. A rank function assuming three values. The ranked set of Example 2 has corank-nullity
polynomial equal to

where n > 1.
Setting X =z — 1 we obtain

y' —1-(y-1)"
y—1

For a suitable factorization of n, the following statement asserts the maximality of the Galois

group of T, over Q(y).

T,(X,y) :X”+( )X”‘1+1.

Proposition 4.3. Let n = pipy be the product of two odd primes such that the (multiplica-
tive) order of 2 modulo p; does not divide p; — 1 (for any i # j). Then the Galois group of
the splitting field of T,,(X, 2) over Q is isomorphic to &,, and therefore Gq,(Tn(x,y)) ~ &,,.

Proof. First note that
T.(X,2) = X"+ (2" —=2) X" + 1.
By assumption, one has n > 15 and therefore [23, Th. 1] implies that 7,,(X, 2) is irreducible
over Q. In particular 7, (X, y) is irreducible over Q(y).
Moreover ged(n, 2™ — 2) = 1. Indeed, for {7, 5} = {1,2}, one has
2" — 2 = (2P1)Pi — 2 =2(2%"1 — 1) # 0 mod p;,
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since the order of 2 modulo p; does not divide p; — 1, by assumption. We conclude that the
Galois group of the splitting field of T,,(X,2) over Q is isomorphic to &,, by invoking [37,
Th. 1]. We finish the proof by applying Proposition 4.1. 0

From Proposition 4.3 we can deduce that there are infinitely many values of n for which
the Tutte polynomial of the ranked set in Example 2 has maximal Galois group over Q(y).
The following statement gives a strong form of this fact.

Corollary 4.4. For large enough t > 2, one has the following lower bound (that holds with
an absolute implied constant):

t0'16

<t: ~ —_—
#{n St GQ@/(TR(%Q)) Gn} > log t

Proof. By Proposition 4.3, a lower bound for the quantity investigated is

(7) #{n = pip2 < t:ordy,(2) 1 (p; — 1) for {1,5} = {1,2}},

where py, p; are odd prime numbers and ord,, (2) denotes the multiplicative order of 2 mod-
ulo p;. Modulo a prime at least 5, we know that 2 cannot have order 2. Also, by Fer-
mat, ord,,(2) | (p; — 1) for any odd prime p;, and therefore (7) is bounded from below
by

#{n=pips <t:p; #3,p;,=3mod (4), (i =1,2), ged(p1 — 1,p2 — 1) = 2}.

We rewrite this quantity as follows:

(8) > #HT<p<t/pripp#£lmodqifg=4orq|(p —1), qodd prime}.
T<pi<t
p1=3 mod 4

To estimate the general term of this sum we need to count, for given p;, the prime numbers p
that are less than ¢/p; and satisfy a linear system of type {p; = a; mod ¢;, Vi € {0,...,r}}
where qo = 4, q1, ..., q, are the distinct odd prime divisors of p; — 1 and a; is an invertible
class distinct from 1 modulo ¢; for ¢ > 1. By the Chinese Remainder Theorem each such
system is equivalent to a single congruence p; = a mod (qq - - - ¢-). One knows [15, Th. 1.1]
that there exists a prime number py < (g1 - - - ¢,)>'® satisfying such a congruence (with an
absolute effectively computable implied constant). This means that if one restricts the sum
in (8) to primes p; < tY/%2, for big enough ¢, then there is a suitable prime p, < t/p;. In
particular the sum (8) is bounded from below, for big enough ¢, by

m(t'/624,3),

the count of prime numbers that are 3 modulo 4 and less than t'/62. We conclude by invoking
the Prime Number Theorem in arithmetic progressions and the fact that 1/6.2 ~ 0.1613. O

In the rest of Section 4, we prove that Conjecture 1.1 holds for several families of 2-
connected graphs. In some cases we do not prove the full force of the maximality result
predicted by the conjecture but we obtain information about the Galois action that goes

beyond the transitivity granted by our irreducibility statement (Corollary 2.7).
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4.2. The case of an n-cycle. Let n > 3 and let C,, be the cycle on n vertices, a 2-connected
graph (the associated matroid is connected) with Tutte polynomial given by

n—1
Tcn(l',y) = le + Y.
i=1

In this section, we prove the conjecture of Bohn-Cameron-Miiller for the graphic matroid
associated with the n-cycle C,, where n > 3.

Theorem 4.5. Let n > 3 and let k be a field of characteristic 0 or p t n(n — 1). We
have Gy ,(Tc,) ~ &,—1. In particular Conjecture 1.1 holds for C,,.

Below we give a proof valid over any field satisfying the assumptions of the statement.
For the case k = Q (and therefore, over any number field by Remark 3) we will derive an
independent proof as a consequence of Lemma 4.10. Before proving Theorem 4.5 we consider
a slight modification of T, better suited for computing its Galois group over k(y) with k as
in the statement of Theorem 4.5.

Lemma 4.6. For n and k as in Theorem 4.5, let p(x) = (2" — 1)/(x — 1) € k[z]. Then,
setting P(x,y) = p(z) —y, we have Gy (P) ~ &,,_;.

Proof of Lemma /.6. We present the argument given by N. Elkies [I1]. It uses a result
that goes back to Hilbert ([39, Th. 4.4.1]) under the generalized form proved in Serre’s
book [39, Th. 4.4.5] and which asserts the following. Let f € k[z] be of degree d, and suppose
the roots 1,...,24-1 of the derivative f’ are pairwise distinct and that the images y; =
f(x;) are also pairwise distinct (i.e. f is a so-called Morse function), then the Galois group
of f(x) —y over k(y) is isomorphic to &,.

To see that this holds for p(z) as in the statement, note that the discriminant of p(x) —y
with respect to x has precisely the y;’s as roots (this is seen e.g. by using the defining formula
for the discriminant which is, up to sign, the resultant of a polynomial and its derivative).
In fact the computation

d

(@ =1Dp(z) —y)) = (p(z) —y) + (& = )p'(2)

shows that (x — 1)(p(x) — y) and its z-derivative have a common root if and only if y is one
of the y,’s, or y = n (in the latter case the common root is zp = 1). Thus if one wants to
detect multiplicities in the y;’s by using the formula for the discriminant of a trinomial (see

e.g. [11, Th. 2])
disc, ((z — 1)(p(z) — y)) = disc, (2" —yz — 1 +y) = +((n — 1)" 9" —n"(y — 1)"1),

one first has to divide this y-polynomial by the highest power of (y —n) that it is a multiple
of. One easily sees that this maximal power is (y — n)? and we deduce that the roots of

n—1,n n n—1
oly) = D
(y —n)
are the y;’s counted with multiplicity. To finish the proof one computes the discriminant
of the polynomial ¢ and checks that it does not vanish. Elkies computes ([11]) this dis-
criminant and shows that, up to sign, it equals 2A,A,,_; (here, for any positive integer m

we define A,, = m™~DMm=3)) which is non zero by our assumption on the characteristic

of k. 0
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Proof of Theorem /.5. In the notation of Lemma 4.6, one has P(z,1 —y) = T¢, (z,y) and
therefore we deduce that Gy 1_,(P) = G, (Tc,) ~ 6,1 since k(y) = k(1 —y). O

4.3. The case of uniform matroids. Let U,; be the uniform matroid, which is defined on
groundset {1,...,b} and has bases all subsets of size a: the rank of A C {1,...,b} is equal
to |A| if |A| < a and equal to a if a < |A| < b. The Tutte polynomial of U, is then given by

To () =Y (b) Eoe Y (?) (y— 19

=0 j=a+1

Assume further that 0 < a < b, for which U, is connected (Brylawski [5, Cor. 7.14] showed

that the coefficient of z in Ty, (,y) is equal to (°_%)).

Theorem 4.7. Assume a > 2.

(1) One has Gq,y(Ty,,) ~ &, if b is big enough in terms of a.

(2) If b = a + p for some prime number p > a then Gq,(Ty,,) acts as a primitive
permutation group on the roots of Ty,, in a fived algebraic closure of Q(y). If in
addition a is composite, then the action of Gq(Tv,,) is doubly transitive.

Remark 5. The reason why the second statement of Theorem 4.7 is included in addition to
the first one is because of uniformity issues. As we explain in the proof below, Theorem 4.7(1)
is quite directly deduced from work of Filaseta and Moy [10] (recently complemented by
Klahn and Technau [27]), however no explicit growth rate for b as a function of a is made
explicit in [16,27] and it does not seem clear how to extract this information from their
approach. Celebrated results (see e.g [I1, Chap. 4 and §7.7]) in group theory show that
primitivity (and all the more so for, double transitivity) is not a property shared by many
subgroups of the symmetric group.

Proof of Theorem 4.7. (1) We note that

Go(w— 1) =Ty, (2,1) = :O (b) (o 1)

7

This polynomial is the reciprocal evaluated at x — 1 of the polynomial denoted ¢, () in [16,
p. 295]. For fixed a > 2, one can apply [16, Theorem 1] (complemented, for a = 6, by [27,
Th. 2]) which asserts that for big enough b (as a function of a), the Galois group of g, ,(z—1)
over Q is isomorphic to &,. The same holds for qC*L,b(x), and we conclude by Proposition 4.1.

(2) Let o1,...,a, be the roots of Ty,, in an algebraic closure of Q(y). By defini-
tion Gqu(Ty,,) ~ Gal(Q(y)((e)i)/Q(y)). For simplicity this group will be denoted G
and we will write



so that Ty, ,(2,y) = f(x) + g(y). The following diagram summarizes the situation.
Q(y) ((a)s)

\
%bap
Q(y(y)

Let K = Q(y), K, = Q(g(y)) and ¢ = [K((v);) : Kg(ozi)i]. The fact that [K : K,] = degg
comes from [9, Prop. 7.5.5, p. 176] since g is non constant. The extension K ((«;);)/K, is
Galois since Ky ((a;);) is a splitting field of Ty, , over K. Let H denote its Galois group. As
easily seen in the above diagram, c- |H| = |G| - degg.

Any automorphism of K ((«;);) fixing K restricts to an automorphism of K,((c;);) fix-
ing K, (indeed, g has rational coefficients). This induces an injective group morphism G —
H.

Since g is a non constant polynomial with rational coefficients, one has H ~ Galgy(f(z)+
Y), where Y is an indeterminate over Q and the Galois group is understood as that of the
splitting field of f(x) + Y over Q(Y'). We invoke a result of Dujella, Gusi¢ and Tichy [12,
Cor. 1], that asserts that the polynomial with integer coefficients

flz+1) =2+ bt +

is indecomposable (meaning that if f = f; o fo for some integral polynomials f;, fo then
either f, or fy has degree 1; note also that regarding f(z + 1) as an element of Z[z| or Q[z]
does not affect indecomposability, by [12, Cor. 2.3]) since, by assumption, b is coprime to a. In
turn the polynomial f is indecomposable and by virtue of [12, Lem. 3.1], the group H acts as
a primitive permutation group on the roots (seen in a fixed algebralc closure Q(Y) of Q(Y))
of the z-polynomial f(z)+Y. In case a is composite, we can further combine [12, Lem. 3.3,
Lem. 4.4]. The former statement guarantees that H contains an a-cycle while the latter
infers that in this case a composite implies that H is doubly transitive as a permutation
group of the roots in Q(Y") of the z-polynomial f(z)+ Y.

Finally we prove that G ~ H. It relies on the following classical property of the composi-
tum of a field extension with a Galois extension (see e.g. [13, §14.4]).

Lemma 4.8. Let Q/k be a field extension and let L and M be subextensions such that L/k is
finite Galois. Then the compositum LM (inside 1) is finite Galois over M and Gal(LM /M) ~
Gal(L/(L N M)).

In order to apply the lemma to our situation, note that K ((«a;);)) is the compositum of K
and K,((a;);) (inside Q(y)). The lemma implies that

G = Gal(K ((1):) /K) == Gal (K, ((@2):) /(K 0 Ky ((00):))).

However K N K g((ai)i) is a subextension of K/K, which, by assumption, has prime degree.
Therefore K N K, ((c);) is either K or K,. By contradiction, assume that this intersection

is K; then we have a tower K,((a;); )/K/K which would imply that p | [Ky((0s)s) : K.
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This is impossible by our assumption on p and since [Ky((a;);) : K, < al. We conclude
that K N K,y((a;);) = K, and in turn that G ~ H, since Ky((a;);)/K, is Galois of group
isomorphic to H.

UJ

Remark 6. Note that [12, Lem. 3.3], used in the proof to derive double transitivity from
primitivity in the case where a is composite, is a property specific to bivariate polynomials
(it holds at least for polynomials of the form f(z) — y). In particular, contrary to many
other arguments used in the present work, such a strong group-theoretic property on the
Galois action is not established by a specialization argument. We will argue in the same
way, using an approach specific to bivariate polynomials, in the next section when proving
Theorem 4.5 over number fields. Monodromy groups of type Galcy)(f(x)—y) where f € Qx]
is indecomposable have been classified [36]. Also note that similar monodromy computations
are performed in [20, §7] in the context of curves over finite fields with defining equation of

type y* = f().
4.4. The case of an n-cycle with a “thick edge”.

Definition 4. Let n,j > 1 be integers. We define CY to be the multigraph obtained from a
path of length n — 1 with endpoints v and v by adding j edges joining u and v in parallel.

Thus C! = C,, the cycle of length n, and C? has n + j — 1 edges and rank n — 1. The
graph C? is P,, the path on n vertices; the graph C9 consists of a single bridge.

Using the deletion-contraction recurrence for the Tutte polynomial (e.g. [21, Th. 3.1]), a
straightforward induction gives, for n > 2,
(9) T(Chay) ="+ (ytot 42" (Lty+oFy).

The multigraph C’g consists of j+1 parallel edges joining two vertices, for which T (C’g L, Y) =
rHy+---+y, consistent with (9) with n = 2. The multigraph CY consists of j loops on
a vertex, and T(CY;z,y) = 9.

4.4.1. The case where j is odd. We prove the following extra case of Conjecture 1.1. One of

the main ingredients here is specializing T'(C?; z,y) at y = —1. Since j = 1 mod 2 one has
forn > 2
(10) T(CHw —1) =" +2" 2+ o —1

Theorem 4.9. Let k/Q be a finite field extension. Assume that n > 3 and that j is odd.
We have:
(1) the group Gy, (T(Ci;x,y)) is isomorphic to a transitive subgroup of &,y that con-
tains a transposition;
(2) assuming that n is odd, Gy ,(T(Ci;2,y)) = &,_1;
(3) if n—1is prime, then Gy ,(T(Cs; x,y)) ~ &,_1; in fact Galg(T(Cl;x,—1)) ~ &,,_1.

As we will see in the proof, (3) of the statement is deduced from [32, Th. 3.4]. Recall also
that Remark 3 explains why it is enough to prove the statement in the case k = Q. We first
state a preparatory result, and proceed by drawing a second proof of Theorem 4.5 in the
case where k is a number field.

Lemma 4.10. Let n € N3y and let f(x) ="' +a2" 2+ -+ — 1€ Z[x]. Let Gy denote

the Galois group of a splitting field of f over Q. Then the following hold:
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(1) f is irreducible over Q;

(2) if n > 3, then the discriminant of the polynomial f has an odd prime divisor (in
other words, | disc(f)| is not a power of 2);

(3) if p is an odd prime divisor of |disc(f)| then the inertia subgroup at p (defined up
to conjugation and seen as a permutation subgroup of the complex roots of f) is
generated by a transposition, and

(4) assuming that n is odd, we have Gy ~ &,,_;.

Before proving the Lemma, we use it to give a second proof of Theorem 4.5 in the case
where k is a number field (which reduces to the case k = Q by Remark 3).

Alternative proof of Theorem 4.5 for k = Q. As mentioned after Definition 4 the case of
an n-cycle corresponds to 7 = 1. Recall also that Corollary 2.7 guarantees that T, is irre-
ducible seen as an x-polynomial with coefficients in Q(y). Therefore, combining (10) with
Proposition 4.1 and Lemma 4.10(2) and (3), the Galois group Galq,)(T¢, ) is isomorphic to
a transitive subgroup of &,,_; containing a transposition. Moreover, as mentioned in Re-

mark 6, we may combine [12, Cor. 1] and [12, Lem. 3.1] to show that this Galois group acts as
a primitive permutation group of degree n—1. A primitive permutation group of degree n—1
containing a transposition is necessarily isomorphic to &,,_1 (see [11, Th. 3.3A]). O

Proof of Lemma 4.10. For (1), we first set

" —1

rz—1

g(x):(x—l)f(x):(x—l)-( —2):x"—2(x—1)—1:x"—2x+1.

We then apply a result due to Perron (see e.g. [38, Th. 2|) asserting that f(x) (i.e. the
quotient of g(x) by x — 1) is irreducible over Q.

Next we prove (2). Fix n > 3. The discriminant D of ¢ is given by ([11, Th. 2|):
(11) D = (—=1)"=D2 (g — (n — 1)"12n).

Moreover, recalling the definition of the discriminant of a polynomial in terms of the resultant
of the polynomial and its derivative ([29, Chap. IV, Prop. 8.3 and 8.5]), we have:

n(n 1) n(n 1)
(12) D= (-1)"7 Res(g,9) = IT 9«
a root of g
n(n 1)
= (=1 ) 1 f@ I -1
a root of f « root, of f

= ()P ) T o) = (F(1)*dise(f).

a root of f
Since f(1) =n — 2, we obtain:

|nn _ (n _ 1)n—12n‘

(n—2)
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If n is odd then the right hand side is odd as well and we are done®. Let us assume

that n = 2k’ (k' > 2). Then, up to sign, we have
|(2k/)2k’ . (2/{' . 1>2k’—122k/| _ 22(k’—1) |k,/2k’ . (2]{:' . 1>2k’—1|
A4(k" —1)2 (k' —1)2

| disc(f)| =
If k' is even, then the right-most factor is odd” and we are done. Therefore we assume
that n = 2(2k 4+ 1) (i.e. k' =2k + 1) for some k > 1. We get

|(2k’ + 1)2(2k+1) _ (4k‘ + 1)4k+1’
4k?
Let us investigate the parity of the second factor. By Newton’s formula:

4k+2 4k+1
Ak + 2 . 4k + 1 .
(2k +1)°CHD = ( N )(%)ﬂ, (4k + 1) =3 ( N )(4/@2.

7
j=0 J =0

|disc(f)] = 2%

The contributions of the indices i« = 7 = 0 are both 1. They subtract to 0. Moreover we see
that the contributions of the indices:

(i) j=1and i =1 are respectively (2k + 1)4k and (4k + 1)4k. The difference subtracts
to an integer divisible by 8k2.

(i) j = 2 and i = 2 are respectively 4k?(2k + 1)(4k + 1) and 16k*2k(4k + 1) and the
difference of these two terms is divisible par 4k% = 222 but not 8k? since (2k +
1)(4k + 1) is odd.

(iii) j > 3 and i > 3 are integers divisible by 8k2.

We conclude that

) 1 2(2k+1) _ 4 1)4k+1
(13) 2k +1) 41{:2( kD™ = |4k +1)(2k + 1 — 8k)| = 1 mod 2.
Therefore, | disc(f)| admits an odd prime divisor as soon as the left-hand side of (13) is not

equal to 1. We claim that indeed one has

(4k’ + 1>4k+1 . (2k + 1)2(2k+1) > 4k2

Notice first that the inequality is true if & € {1,2} by direct computation and suppose now
that k£ > 3. It is enough to prove that

(4k + 1)%k+1

2
kT 1 > (4k +1)%,
that is .
4k + 1\ %1
(2]{11) > (2k + 1)°.

Taking the logarithm on both sides, we see that it suffices that
(4k — 1)In(13/7) > 31In(2k + 1),

6Note that disc(f) # +1 because f is irreducible and has degree > 1 and thus generates a ramified
extension of the rationals.
"Here we note that the numerator of the fraction of the right-most member is > k' 2k =1 for k' > 2 and
therefore the fraction cannot be 1.
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because = — giﬁ =1+ 2311 is increasing as a function of x and we assumed that k > 3.
This last inequality holds for all £ > 3 as can be seen by a quick analysis of the function x —

(4x —1)In(13/7) —3In(2x + 1) for = > 1. We have proved that | disc(f)| is not a power of 2.

We turn to (3). Our method mimics the argument of Osada [37, Proof of Th. 1].

Let K be the splitting field (inside the complex numbers) of f (equivalently, of g) over Q.
Let p be a prime number ramified in K/Q and let p be a prime ideal of Ok lying over p.
We let I(p/p) denote the inertia subgroup of G; relative to p and p. Let o be a non
trivial element of I(p/p); thus o(a) # « for some root o of f. Since o € I(p/p), we
have o(a) = «a(mod p), meaning that o mod p is a multiple root of the reduction of f
modulo p. In particular g(mod p) € F,[z] has a multiple root. Let us show that g(mod p)
has at most one multiple root, and that in this case, its multiplicity is 2. We will deduce
that for any root 5 € K of f, the necessary congruence o(f) = (mod p) implies o(8) =
and thus o, seen as a permutation of the roots of f is the transposition, (ao(«)).

Let r be a multiple root of f(x) modulo some odd prime p ramified in K/Q. It is also a
multiple root of g(x) = 2™ — 2x 4 1, seen as an element of F,[z]. Then ™" = 2r — 1 and r
is also a root of the derivative na™"' — 2 of g. Thus nr™ = 2r. In particular p { n: indeed,
by contradiction, if p | n, then nr™ = 2r = 0 which would imply p = 2 since r # 0. This
contradicts the fact that p is odd. Hence 2r — 1 = 2r/n and in turn 2r(1 — 1/n) = 1. In
particular p f n — 1. We conclude that » = n/(2(n — 1)) is the only possible multiple root
of 2" —2x+1 € F,[z]. Finally the second derivative of ¢ is n(n —1)a™"? which only vanishes
at 0 (recall pfn and ptn — 1). Thus r has mulitplicity < 3 as a root of g.

Finally we prove (4). Since n > 2 and n is odd, we have n > 3. First remark that the
Galois group Gy of f over Q is the same as the Galois group of g over Q. By (1), the
group G is a transitive subgroup of &,_;. By [37, Lemma 5], it suffices to show that Gy
(seen as a subgroup of &,,_1) can be generated by transpositions to conclude that Gy ~ &,,_;.
To do so, we use the fact that Gy is generated by the union over prime numbers p of the
inertia subgroups of G at p (a consequence of Galois theory combined with the fact that no
non-trivial extension of k = Q is unramified).

Note that f does not have a multiple root modulo 2. Indeed, assume by contradiction
that r is such a root; it is a multiple root of ¢ and by the same computation as the one
performed in the proof of (3), we have:

r"=2r—1=1, nr" !t = 0.

These two equalities are not compatible, since n is odd. This implies that all the ramified
primes in the splitting field of f over Q are odd and by (3) all the non trivial inertia subgroups
of Gy are generated by a transposition. This concludes the proof. 0

We are now ready to prove Theorem 4.9; our argument combines Lemma 4.10 and Propo-
sition 4.1.

Proof of Theorem /.9. We first prove (1). Recall (10) and apply Proposition 4.1 for the
choice R = k[y], f(z) = T(C’;z,y) (irreducible over R by Corollary 2.7, and monic as a
polynomial with coefficients in k[y]) and where the ring homomorphism we choose is reduc-
tion modulo y + 1. The image of the polynomial T'(C?; z,y) by such a morphism is the Q-
polynomial on the right hand side of (10). We conclude by combining Lemma 4.10(1), (2)
and (3).
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The proof of (2) follows from the same specialization argument (Proposition 4.1) as in the
proof of (1), combined this time with Lemma 4.10(4).

Finally we prove (3). This is deduced from [32, Th. 3.4] which asserts that the polyno-
mial T(C’;H; 2, —1) is irreducible modulo p := n — 1. Let h(z) = 2? — S°?~ x. Note that for

odd 7, this is the opposite of the reciprocal of T(Cgﬂ; x,—1) (see (10)). We further denote

by hy(x) = 2P — f:_ol z' € F[z] the reduction of h modulo p. It is enough to prove that h,,
is irreducible to deduce the result. Indeed by virtue of (11) and (12) the prime p does not
divide the discriminant of f (recall that a polynomial with non zero constant coefficient and
its reciprocal have, up to sign and a power of the constant coefficient, the same discrimi-
nant), therefore if h, is irreducible, the Galois group of h over Q contains a p-cycle and is
a subgroup of &,. It is therefore a transitive permutation group of prime degree, hence it
is a primitive permutation group. Since it also contains a transposition (by Lemma 4.10(2)
and (3)), we conclude that Galg(h) ~ &, by [I1, Th. 3.3A]. Finally we apply once more
Proposition 4.1. [l

4.4.2. Casen — 1 € {p,p*} and —j nonsquare mod p. We prove that Conjecture 1.1 holds
for T(CY; x,y) for extra values of n and j. This time we proceed by specializing the Tutte

polynomial at y = 1:
n—2

T(C?2,1) = h(z) = 2™ ! +j2xk.
k=0
Theorem 4.11. Let k/Q be a finite field extension. If
(1) n—1¢€{p,p?} for some prime number p > 5,
(2) —j is a nonsquare modulo p, and
(3) ged(n,j—1) =1,
then Gy, (T(CY;x,y)) ~ Spy.

As before, it is enough, by Remark 3 to consider the case k = Q. We will need the
following preparatory result.

Lemma 4.12. Let a,b € Q and let m > k > 0 be integers such that ged(m, k) = 1. Consider
the trinomial f(x) = 2™ + az® + b € Q[x]. Let h(x) € Z[z] be an irreducible factor of f(x)
and assume that
(i) Dy/Dy, is a square in Z (here D, denotes the discriminant of any g € Q[z]);
(ii) there exists a prime number p such that v,(Dy) (the p-adic valuation of Dy) is odd
and p t ab.

Then the Galois group Galg(f) of the splitting field of f (seen as a permutation subgroup of
the complex roots of f) over Q contains a transposition.

Proof. We use [11, Th. 2] to compute:
Df _ (_1)m(m—1)/2bk—1(mmbm—k + (_1>m+1<m . k‘)m_kk‘kam).

Let 6 be a complex root of h and denote by dqg) the discriminant of the number field Q(6),
then Dy, /dq) is a square in Z (the square of the index of Z[f] in the ring of integers of K).
By assumption (i), we deduce that Dy/dq@y = (Ds/Dp) - (Dr/dqey) is a square in Z.

We deduce that if p is a prime number satisfying (ii) then p is ramified in Q(#)/Q (i.e. it

divides dgqg)). Moreover, applying [35, Lemma 5] (which builds on [31, Th. 2]), the inertia
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subgroup relative to any prime ideal p above p in the splitting field K, of h over Q is
generated by a transposition. In turn Galg(f) contains a transposition. U

Our goal is to apply the above Lemma to the specialization h(z) at y = 1 of T(C?; x,y).
Then f(x) = (x — 1)h(z) is a trinomial to which the Lemma can be applied if
(a) h is irreducible,
(b) one can find a prime p such that v,(Dy) is odd and p t j(j — 1) (see the proof of
Theorem 4.11 below).

To see that condition (a) holds we invoke [23, Th. 2| asserting the irreducibility in Q|x]
of T(C4;2,1) for j > 1.

Lemma 4.13 (Harrington). Assume n > 2. The specialization at y = 1 of T(CY;x,y) is
the Q-polynomial:

n—2
h(z) = 2" * +j2xk.
k=0

If j > 1, then h(x) is irreducible over Q except if (n,j) = (3,4).

Proof of Theorem 4.11. Recall that G = Gq,(T(C?; x,y)) seen as a permutation group is a
transitive subgroup of &,,_; by virtue of Corollary 2.7.

Next let us show that G contains a transposition. Let h(z) be the specialization of T'(CY; x, y)
at y = 1 and define f(z) == (z — 1)h(z) = 2" + (j — 1)2" ! — j. Then, as shown in the
proof of 4.10(2), the number D;/Dj, is a square in Z. Furthermore, as seen in the proof of
Lemma 4.12, one has

Dy = (_1>n(n71)/2(_]’)n71D0 where Dy = (—j)n" + (—1)”71(71 . 1)n71(j — .

We note that Dy = —j mod (n — 1), therefore Dy is a non-square modulo p. In particular Dy
is not a square in Z. Let ¢ be a prime such that vy(Dy) is odd. Then ¢ { j — 1, otherwise ¢
would divide either n or j contradicting the assumption ged(n,j — 1) = 1.

Also note that j is coprime to Dy (in particular ¢ 1 j). Indeed a common prime divisor of j
and Dy would divide n—1 and so that prime divisor would be p. We would obtain 7 = 0 mod p
which contradicts the fact that —j is a nonsquare modulo p. Therefore D is a non-square
in 7.

Therefore since v(Dys) = ve(Dy) is odd and £ 1 j(j — 1) Lemma 4.12 applies and shows
that Galg(f) seen as a permutation group of the complex roots of f contains a transposition.
In particular G contains a transposition.

Finally we want to prove that GG is a primitive subgroup of &,,_1, which is now enough to
conclude by [11, Th. 3.3A]. The proof of primitivity is provided by Proposition 4.14 below.

In order to see that the assumptions of Proposition 4.14 are satisfied for h(z) = T(CJ; z, 1),
we appeal to Lemma 4.13 and we set ¢(x) == (z — 1)h(x) = 2" + (j — 1)2"! — j and so, in
the notation of Proposition 4.14, one has k =n,s =n—1,a=j—1 and b = —j. One cheks
that ged((j —1)(n—1), —jn) = 1 since (n— 1) (resp. j — 1) is coprime to both n and —j. O

Proposition 4.14. Let ¢(x) = 2%+ ax® +b € Z[z] for integers k > 3 and s € {1,... k—1}.
Assume that ged(as(k — s),kb) =1 and s € {p,p*} for some prime number p. If p(x) =
(x—a)h(z) for some a € Z and an irreducible h € Z|x], then the Galois group of the splitting

field of ¢ over Q acts as a primitive permutation group on the set of complex roots of h.
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Proof. The setting and the proof are slightly adapted from work [35] of Movahhedi—Salinier.
Letting G4 be the Galois group of the splitting inside C of ¢ over Q, the assumptions imply
that Gy is isomorphic to a transitive subgroup of &;_;. Moreover using a computation
similar to (12) one has

disc(¢) = h(a)*disc(h)
and thus the analysis of [35, §2, §3] applies and we conclude by invoking [35, Cor. 1 to
Th. 3]. O
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