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PART 1: Background

e Dantzig-Wolfe Decomposition

e BaPCod: our projet of building a generic
code



Decomposition: Why

® Divide and Conquer
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Decomposition: Why

® Divide and Conquer

complexity

® EXxploit the structure
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Decomposition: When

min €<
Ax > b
r € XCN
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Decomposition: When

min C¢<%

Difficult Constraints
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Decomposition: When

Difficult Constraints Ex: The Travelling Salesman Prob.
[ s Te =2 Vi

_|_

e
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Decomposition: When

Ifficult Constraints
Linking Constraints

(Al A ... An\
B 0 ... 0
0O B ... 0

\(E) OB)
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Decomposition: When

8
-+

min

m m |
N X S nlo

Linking Constraints

Multiple Sub-Systems ( variable splitting)
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Decomposition: How

min{cz: Ax >b, x € X}
W—/\/—/

difficult  nice
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Decomposition: How

min{cz: Ax >b, x € X}
W—/\/—/

difficult  nice

® | agrangian relaxation, Lagr. Dual, Subgradient Algorithm

Lagrangian: L(xz,u) :=cx+u(b— Ax)
Dual function: O(u) := min L(x,u)
zeX
Dual problem: LD := max,~0(u)
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Decomposition: How

min{cx: Ax >b, z € X}
W—/\/—/

difficult  nice

® | agrangian relaxation, Lagr. Dual, Subgradient Algorithm
® Reformulation (Variable Redefinition)

re X — :XLPC

12émes journées du groupe MODE, Le Havre, 2004. — p.10/4’



Decomposition: How

min{cx: Ax >b, z € X}
W—/\/—/

difficult  nice

® | agrangian relaxation, Lagr. Dual, Subgradient Algorithm
® Reformulation (Variable Redefinition)
® Dynamic Cut Generation (Separation Sub-Problem)

{CEGXLP}—>{$€XLPﬂ }
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Decomposition: How

min{cx: Ax >b, z € X}
W—/\/—/

difficult  nice

Lagrangian relaxation, Lagr. Dual, Subgradient Algorithm
Reformulation (Variable Redefinition)
Dynamic Cut Generation (Separation Sub-Problem)

Dynamic Column Generation (Optimization Sub-Problem)

reX={a' e —

Xlp
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Decomposition: How

min{cx: Ax >b, z € X}
W—/\/—/

difficult  nice

Lagrangian relaxation, Lagr. Dual, Subgradient Algorithm
Reformulation (Variable Redefinition)
Dynamic Cut Generation (Separation Sub-Problem)
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Decomposition: How

min{cx: Ax >b, z € X}
W—/\/—/

difficult  nice
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Decomposition: Output

min{cx: Ax >b, z € X}
W—/\/—/

difficult  nice

1. A solution method that exploits our hability to “treat” a
subproblem

2. A Dual Bound that is typically better than LP bound
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Decomposition: Output

min{cx: Ax >b, z € X}
W—/\/—/

difficult  nice

1. A solution method that exploits our hability to “treat” a
subproblem

2. A Dual Bound that is typically better than LP bound

At best, the Lagrangian Dual Bound: = min{cz: Az > b, X)}

XLp
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Decomposition: Output

min{cx: Ax >b, z € X}
W—/\/—/

difficult  nice

1. A solution method that exploits our hability to “treat” a
subproblem

2. A Dual Bound that is typically better than LP bound

At best, the Lagrangian Dual Bound: = min{cz: Az > b, X)}
While the LP relaxation bound IS = min{cz: Az > b,z € X| p}

XLp
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Dantzig-Wolfe Decomposition/ Reformulation

Apply the

x GX:{wi}iEI —

Then,
min{cz: Ax>b, x € X}

l
min{Zcmi A ZAa:i Ai > b, Z)‘i =1,X €{0,1}}
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Dantzig-Wolfe Decomposition/ Reformulation

Apply the
zeX={a'}icr —
Then,
min{cz: Ax>b, x € X}
l
min{anxi A ZAa:i Ai > b, Z)‘i =1,X €{0,1}}

to solve by column generation combined with branch-and-bound:
l.e. by branch-and-price
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BaPCod : a generic Branch-And-Price Code

® The Column Generation approach has proved very successful
In practice

® However, restricted to experts due to the difficulty of
Implementing it
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BaPCod : a generic Branch-And-Price Code

® The Column Generation approach has proved very successful
In practice

® However, restricted to experts due to the difficulty of
Implementing it

® - ‘tool-box” codes : MINTO, ABACUS, BCP, or MAESTRO

® QOur aim is to develop a ‘black-box” implementation (in the
same way as Cplex or Xpress provide implementation of
Branch-and-Bound)
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BaPCod : a generic Branch-And-Price Code

® The Column Generation approach has proved very successful
In practice

® However, restricted to experts due to the difficulty of
Implementing it

® - ‘tool-box” codes : MINTO, ABACUS, BCP, or MAESTRO

® QOur aim is to develop a ‘black-box” implementation (in the

same way as Cplex or Xpress provide implementation of
Branch-and-Bound)

® The user provides a MIP formulation of its problem

@ The user specifies what constraints make a subproblem
® The code reformulates the problem for column generation
O

The code solves it with a default branch-and-price
Implementation
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BaPCod : motivations

Practical:

@ Provides a starting point to try out a column generation
approach.

® Allows to test different decompositions: just change the
subproblem definition.
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BaPCod : motivations

Practical:

@ Provides a starting point to try out a column generation
approach.

® Allows to test different decompositions: just change the
subproblem definition.

Research Wise:

® Demands to generalize ad-hoc features to turn them into
generic tools: initialization, preprocessing, branching, ...

® Any algorithmic development is made available for all
applications

® Permits to test algorithmic features across applications
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BaPCod : motivations

Practical:

@ Provides a starting point to try out a column generation
approach.

® Allows to test different decompositions: just change the
subproblem definition.

Research Wise:

® Demands to generalize ad-hoc features to turn them into
generic tools: initialization, preprocessing, branching, ...

® Any algorithmic development is made available for all
applications

® Permits to test algorithmic features across applications
Future Outcome:

® Paves the way for future integration of column generation
techniques in commercial MIP solvers
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PART 2: Column Generation

e Standard Algorithm
e Primal/Dual point of view

e Stabilization



Dantzig-Wolfe Reformulation: LP relax. and dual

Original P: min{cz: Az >bx € X = {fBZ}z}

¢
Master IP: min{) “ca’A;j: Yy Azt A >b, Y A =1,) € {0,1} Vi}
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Dantzig-Wolfe Reformulation: LP relax. and dual

Original P: min{cz: Az >bx e X = {z'};}
)
Master IP: min{) “ca’A;j: Yy Azt A >b, Y A =1,) € {0,1} Vi}
Relaxed P: min{cz: Az > b,z € conv(X)}
)
Master LP:

min{Zcmi A; ZAa:i A; > b, Z)\i =1,; > 0V}
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Dantzig-Wolfe Reformulation: LP relax. and dual

Original P: min{cz: Az >bx e X = {z'};}
)
Master IP: min{) “ca’A;j: Yy Azt A >b, Y A =1,) € {0,1} Vi}
Relaxed P: min{cz: Az > b,z € conv(X)}
)
Master LP: i W Az N\, > b, A = 1L\, >0V
mln{;cm ; x > ; > 0 Vi}
)
Dual Master: max{bu—r:uAz —r <cz'Vi, u>0}
N —
n
)
max{n:n<cz'+u(b—Az*)Vi, u >0}
L(xt,u)
)

Lagrangian D: max{f(v) : v > 0} with 6(u) := min L(g’
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Standard column generation: primal view

Master Problem

min Z(cwi))\i

1€l

st ) (AzY)A; > b

1=y
d =1

A; >0
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Standard column generation: primal view

Master Problem
(iteration k): CI

Master Problem

min Z(cwi))\i min Z (cz")A;
el 1€
st. > (Az)A; > b st. > (Az)A > b
i€l 1€
- S -
1€l 1€
A >0 A >0
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Standard column generation: primal view

Master Problem
(iteration k): CI

Master Problem

min Z(cwi))\i min Z (cz")A;
i€l i€
st ) (AzY)A; > b st. > (Az')Ai > b
1€l 1€
S PP
icl i€
A >0 i >0
Subproblem (Oracle) : mei?(c —uF Azt = rréi)r%(c —uF Ay — 2Rt
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Standard column generation: primal view

Master Problem
(iteration k): CI

Master Problem

min Z(cwi))\i min Z (cz")A;
i€l 1€
st. > (Azh)x > b st. > (Az')x >b
i€l 1€
- > -
el 1€
Ai >0 Ai >0
Subprobl le) : min(c — v" A)z* = min(c — u"A
ubproblem (Oracle) rlnel?(c )& ;rél)rilr(c )z

If ((c —u"A)zk+t1 —r*)< 0, add k + 1 to I*. otherwise, STOP.
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Standard column generation: dual view

Master Dual: max{n:n < cz’ +u(b— Az")V , u >0}

Ve

L(x®,u)

vy _ -~

uk
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Standard column generation: dual view

Master Dual: max{n :n < cz® + u(b— Az")V , u >0}
L(:;':,u)
Approxim Dual Function : 6" (u) = ub + min(c — uAd)z®

vy _ -~
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Standard column generation: dual view

Master Dual: max{n :n < cz® + u(b— Az")V , u >0}
L(:;':,u)
Approxim Dual Function : 6" (u) = ub + min(c — uAd)z®
Subproblem (Oracle) : O(uF) = " b+ min (¢ — " A)a
X

vy _ -~
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Standard column generation: dual view

Master Dual: max{n :n < cz® + u(b— Az")V , u >0}
L(:L:,u)
Approxim Dual Function : 6" (u) = ub + min(c — uAd)z®
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Standard column generation: dual view
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Standard column generation: dual view

Master Dual: max{n :n < cz® + u(b— Az")V , u >0}
L(:;:,u)
Approxim Dual Function : 6" (u) = ub + min(c — uAd)z®
Subproblem (Oracle) : O(uF) = " b+ min (¢ — v A)z — (k1)
X

vy -

Ke||ey’s Cutting p|ane a|g0rithm 12émes journées du groupe MODE, Le Havre, 2004. — p.20/4



Standard column generation: primal/ dual view

At iteration k, one has

A Primal Bound on the master: PB = ek(uk) — Z e\
€Ik
A on the master: =0(u*) = PB — (c — uF A)z*T!

v -
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Standard column generation: primal/ dual view

At iteration k, one has

A Primal Bound on the master: PB = ek(uk) — Z e\
€Ik
A on the master: =0(u*) = PB — (c — uF A)z*T!

restricted master Lp values

v -
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Slow convergence of Kelley’s algorithm
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Slow convergence of Kelley’s algorithm
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Instability: observed behaviors

restricted master Lp values

e ve_«" """ Tailing-off

*e
N

/.\. intermediate Lagrangian bounds
*

v

”’l fl,-“,d)'u.:)) 1;,1’(1‘5 r“(-') u

12émes journées du groupe MODE, Le Havre, 2004. — p.23/4’



Instability: observed behaviors

Heading-in Ceee T Tailing-off

/.\. intermediate Lagrangian bounds

¢

v
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Instability: observed behaviors

restricted master Lp values

Degeneracy

Heading-in , , .e«,+""""" Tailing-off

/.\. intermediate Lagrangian bounds
¢’

v
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Instability: observed behaviors

restricted master Lp values

Degeneracy

Heading-in

/.\. intermediate Lagrangian bounds
¢’

. H,H\/" Tailing-off

v .-
c

ul

Bang-Bang Behavior
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Instability: observed behaviors

A \
| \\ Degeneracy
|
|
| p \
| “
\\ Heading_in H);«\./o/'".\.ﬁ. Tailing-off
\ VA
03‘ 3 \ /.\. intermediate Lagrangian bounds
. A ?
uo u2 ul

Bang-Bang Behavior
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Instability: observed behaviors

u2

Bang-Bang Behavior

restricted master Lp values

Degeneracy

Heading-in

. H,H\/" Tailing-off

e

®
intermediate Lagrangian bounds
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Instability: observed behaviors

restricted master Lp values

Degeneracy

Heading-in . MH\/"\"". Tailing-off

/.\. intermediate Lagrangian bounds
¢’

Bang-Bang Behavior
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Instability: observed behaviors

restricted master Lp values

Degeneracy

Heading-in . MH\/"\"". Tailing-off

*/Jumpy Behavior

/.\. intermediate Lagrangian bounds
¢’

Bang-Bang Behavior
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Stabilization Methods -

® penalizing distance from a stability center @

u — best dual bound
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Stabilization Methods - 6%(u) = 6%(u) — S(u — @)

® penalizing distance from a stability center @
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Stabilization Methods - 6%(u) = 6%(u) — S(u — @)

® penalizing distance from a stability center @
S(u—a) = d(||lu — [l <€) (box step)

R.E.Martsen, W.W.Hogan and J.W.Blankenship, 1975
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Stabilization Methods - 6%(u) = 6%(u) — S(u — @)

® penalizing distance from a stability center @

S(u—a) = 6(|Ju — il[o < €) (bOX Step)

R.E.Martsen, W.W.Hogan and J.W.Blankenship, 1975

S(u—u) = ||lu—ul||; (1 breakpoint)

S.Kim, K.N.Chang and J.Y.Lee, 1995
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Stabilization Methods - 6%(u) = 6%(u) — S(u — @)

® penalizing distance from a stability center @
S(u—a) = 6(|Ju — df|e <€) (box step)
R.E.Martsen, W.W.Hogan and J.W.Blankenship, 1975
S(u—u) = ||lu—ul||; (1 breakpoint)
S.Kim, K.N.Chang and J.Y.Lee, 1995
S(u—1) = ||lu—ul||;+penalization outside
boxstep (3 breakpoints)

O.du Merle, D.Villeneuve, J.Desrosiers and P.Hansen, 1999
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Stabilization Methods - 6%(u) = 6%(u) — S(u — @)

® penalizing distance from a stability center @
S(u—a) = 6(|Ju — df|e <€) (box step)
R.E.Martsen, W.W.Hogan and J.W.Blankenship, 1975
S(u—u) = ||lu—ul||; (1 breakpoint)
S.Kim, K.N.Chang and J.Y.Lee, 1995
S(u—1) = ||lu—ul||;+penalization outside
boxstep (3 breakpoints)

O.du Merle, D.Villeneuve, J.Desrosiers and P.Hansen, 1999

S(u—u) = penalization outside 2 boxsteps
(4 breakpoints)

H.Ben-Amor and J.Desrosiers, 2003
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Stabilization Methods - 6%(u) = 6%(u) — S(u — @)

® penalizing distance from a stability center @
S(u—a) = 6(|Ju — df|e <€) (box step)
R.E.Martsen, W.W.Hogan and J.W.Blankenship, 1975
S(u—u) = ||lu—ul||; (1 breakpoint)
S.Kim, K.N.Chang and J.Y.Lee, 1995
S(u—1) = ||lu—ul||;+penalization outside
boxstep (3 breakpoints)

O.du Merle, D.Villeneuve, J.Desrosiers and P.Hansen, 1999

S(u—u) = penalization outside 2 boxsteps
(4 breakpoints)

H.Ben-Amor and J.Desrosiers, 2003

= As S(u — ) is a concave and piecewise linear function,
we can still use LP solvers
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Stabilization Methods - 6%(u) = 6%(u) — S(u — @)

® penalizing distance from a stability center @
S(u—a) = 6(|Ju — df|e <€) (box step)
R.E.Martsen, W.W.Hogan and J.W.Blankenship, 1975
S(u—u) = ||lu—ul||; (1 breakpoint)
S.Kim, K.N.Chang and J.Y.Lee, 1995
S(u—1) = ||lu—ul||;+penalization outside
boxstep (3 breakpoints)

O.du Merle, D.Villeneuve, J.Desrosiers and P.Hansen, 1999

S(u—u) = penalization outside 2 boxsteps
(4 breakpoints)

H.Ben-Amor and J.Desrosiers, 2003

S(u—4) = 2||lu — 4||* = Bundle

C. Lemaréchal and C. Sagastizabal, 1997
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Stabilization Methods - 6%(u) = 6%(u) — S(u — @)

® penalizing distance from a stability center @
S(u—a) = 6(|Ju — df|e <€) (box step)
R.E.Martsen, W.W.Hogan and J.W.Blankenship, 1975
S(u—u) = ||lu—ul||; (1 breakpoint)
S.Kim, K.N.Chang and J.Y.Lee, 1995
S(u—1) = ||lu—ul||;+penalization outside
boxstep (3 breakpoints)

O.du Merle, D.Villeneuve, J.Desrosiers and P.Hansen, 1999

S(u—u) = penalization outside 2 boxsteps
(4 breakpoints)

H.Ben-Amor and J.Desrosiers, 2003

S(u—4) = 2||lu — 4||* = Bundle

C. Lemaréchal and C. Sagastizabal, 1997

= As S(u — ) IS a quadratic concave function,
we must now use Quadratic SOIVers «.c.iwiel, 1989, 1994, A Frangioni, 1996
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Stabilization Methods

® smoothing dual value : u* = o ufe!v 4 (1 — o) uF1
P.Wentges, 1997

12émes journées du groupe MODE, Le Havre, 2004. — p.25/4’



Stabilization Methods

® smoothing dual value : u* = o ufe!v 4 (1 — o) uF1
P.Wentges, 1997

® Using interior-point-like technigue to generate dual solution

12émes journées du groupe MODE, Le Havre, 2004. — p.25/4’



Stabilization Methods

® smoothing dual value : u* = o ufe!v 4 (1 — o) uF1
P.Wentges, 1997

® Using interior-point-like technigue to generate dual solution

@ Kelley solved by interior point method
L-M Rousseau, M.Gendreau and D.Feillet, 2003

@ Analytic Center Cutting-PIane Method (ACCPM)

ng ~uaz'+1)+kjog(bu—r — 0(d))

J.L. Goffin, A. Haurle and J.Ph. Vial, 1992

Kelley

analytic center

6 ()
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Bi-Dual: Fenchel duality

min{cz: Az > b,x € conv(X")}

max 0" (u)

max 60" (u) — S(u—1) =
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Bi-Dual: Fenchel duality

min{cz: Az > b,x € conv(X")}
min{cx + 4 g+ S*(g) :
Az +g>b, z € conv(X"),g € IR™}

max 0" (u)

max 6" (u) — S(u — 4)
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Bi-Dual: Fenchel duality

min{cz: Az > b,x € conv(X")}
min{cx + 4 g+ S*(g) :
Az +g>b, z € conv(X"),g € IR™}

max 0" (u)

max 6" (u) — S(u — 4)

k m m
min ) oA+ ) (0 +d;)g; + ) (0 —ds)g;
i=1 j=1 j=1

k

D AT N +gf —g; = b j=1,...,m,
1=1

\Y%
)
Q.
I
\.'_l
3

>g', 95

k
=1, XN = 0 i
=1
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PART 3. Numerical Comparison
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Tested variants

1. “Poor” initialization
@ Kelley initialized with 1 artificial column
® Bundle initialized with ©g = 0

2.  “Rich” initialization: heuristic u
@ Kelley initialized with m artificial columns of cost «

® Bundle initialized with ©wg = ©

3. Primal / Dual approach :
® Kelley (for primal bounds)+ “rich” bundle (for dual bounds)
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Traveling Salesman Problems (TSP)

ZGE(S(’I:) Le — 2 \V/Z

_I_

R

 / \ ——

Instances from TSPLIB
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TSP : bays29 : primal and dual bounds

18200

16380

14560

12740

10920

9100

7280

5460

3640

1820

43 iterations

— Primal bound with Bundle
— Dual bound with Bundle

200 300 400 500 600 700 800 900 1000

12émes journées du groupe MODE, Le Havre, 2004. — p.30/4’



TSP : bays29 : primal and dual bounds

18200 ]

16380 43 iterations

419 iterations

14560

12740

10920

9100

7280

5460

— Primal bound with Bundle

— Dual bound with Bundle

— Primal bound with Stabilized Kelley
— Dual bound with Stabilized Kelley

3640

1820

400 500 600 700 800 900 1000
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TSP : bays29 : primal and dual bounds

18200

16380

14560

12740

10920

9100

7280

5460

3640

1820

43 iterations

419 iterations

744 iterations

— Primal bound with Bundle
— Dual bound with Bundle
— Primal bound with Stabilized Kelley
— Dual bound with Stabilized Kelley
— Primal bound with Kelley

Dual bound with Kelley

' I ' I ' I ' I ' I ' I ' I ' I
300 400 500 600 700 800 900 1000
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TSP : eill51 : primal and dual bounds

92 iterations

— Primal bound with Bundle
— Dual bound with Bundle
— Primal bound with Stabilized Kelley
— Dual bound with Stabilized Kelley
— Primal bound with Kelley

Dual bound with Kelley

100 200 300 400 500

I ' I ' I ' I ' I
600 700 800 900 1000
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TSP : ell76 : primal and dual bounds

153 iterations

— Primal bound with Bundle

— Dual bound with Bundle

— Primal bound with Stabilized Kelley
— Dual bound with Stabilized Kelley
— Primal bound with Kelley

~— Dual bound with Kelley

' I ' I ' I ' I ' I ' I ' I ' I ' I ' I
100 200 300 400 500 600 700 800 900 1000

12émes journées du groupe MODE, Le Havre, 2004. — p.32/4



TSP : pr76 : primal and dual bounds

210240

189216

168192

147168

126144

105120

84096

63072

42048

21024

155 iterations

— Primal bound with Bundle
— Dual bound with Bundle
— Primal bound with Stabilized Kelley
— Dual bound with Stabilized Kelley
— Primal bound with Kelley

‘A ~— Dual bound with Kelley

I

' I ' I ' I ' I ' I ' I ' I ' I ' I ' I
100 200 300 400 500 600 700 800 900 1000
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TSP : grl20 : primal and dual bounds

3212 ]
2891 |
2570 210 iterations
2248
1927
1606 |
1285
964 |
] I, Il““ Vl‘l .
7 Primal bound with Bundle
642 Dual bound with Bundle
| — Primal bound with Stabilized Kelley
— Dual bound with Stabilized Kelley
321 — Primal bound with Kelley
. | M th ~— Dual bound with Kelley
L
0 ' | ' | ' I ' I ' I ' I ' I

I
0 100 200 300 400 500 600 700 800 900 1000
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pr76 : first 1-trees with Kelley
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pr76 : first 1-trees with Stabilized Kelley

L O R
LT R
L P R
SR
FUR R
R BUR R



pr76 : first 1-trees with Bundle

BEERe
S KR
o
i
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SR




Capacitated Vehicle Routing Problem (CVRP)
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Instances from CVRPLIB
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CVRP : Comparative results

Counters Timers (ticks)
Problem Method lter | Col Oracle | Master total
n22-k8 kelley poor 53 53 277 12 2599t
n22-k8 kelley rich 52 35 323 8 3s36t
n22-k8 bundle rich 42 32 483 17 5s08t
nl14-k2 kelley poor 54 54 26317 4m23s
nl14-k2 kelley rich 44 43 30732 5m07s
n14-k2 bundle rich 16 14 | 180509 30mO05s
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Cutting Stock Problem

N N N N \
\ \ Vo
S1 | S2 | 53 |%4]
/ / / /
o
)
min ), Y
min number of rolls Sp Tk > di Vi
| i simik < yr VEk
o
[ min Dol =>" 8% k)
min waste < di > Y,z > d; Vi
\ > STk < yr Vk
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CSP number of rolls: Comparative results

average on 10 or 20 instances

Counters Timers (ticks)
Problem Method lter | Col | Oracle | Master total
realDat20 kelley poor 44 45 54 4 0s65t
realDat20 bundle poor 90 52 772 32 8sl7t
realDat20 kelley rich 32 32 434 3 4542t
realDat20 bundle rich 51 38 1149 20 | 1ls76t
realDat20 | bundle + Kelley 39 33 888 14 9s9t
50b100 kelley poor 228 | 228 612 51 754t
50b100 bundle poor 257 | 190 1633 577 | 22s56t
50b100 kelley rich 138 | 138 521 33 5s82t
50b100 bundle rich 145 | 123 1717 241 | 19s87t
50b100 bundle + Kelley | 124 | 115 1263 129 | 14s22t
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CSP number of rolls: primal and dual bounds

50 7]
45
20
357
_
30 7 Kﬁl
257
20 7
157
10 7
i Primal bound with Stabilized Kelley
Dual bound with Stabilized Kelley
S Primal bound with Kelley (kelley and bundle)
7 Dual bound with Bundle (kelley and bundle)
0 i I i I i I i I i I i I i I i I i I i |
0 12 24 36 48 60 72 84 96 108 120
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CSP Waste: Comparative results

average on 10 or 20 instances

Counters Timers (ticks)
Problem Method lter | Col | Oracle | Master total
realDat20 | kelley poor 50 50 116 74 1s33t
realDat20 | kelley rich 47 47 146 8 1s66t
realDat20 | bundle rich 71 50 1250 38 13s1t
50b100 kelley poor | 146 | 144 794 40 8s83t
50b100 kelley rich 177 | 176 700 70 8s24t
50b100 bundle rich | 205 | 149 1815 548 | 24s18t
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CSP Waste: primal and dual bounds

5
4
3] Primal bound with Stabilized Kelley
| Dual bound with Stabilized Kelley
Primal bound with Kelley (kelley and bundle)
27 Dual bound with Bundle (kelley and bundle)
1
0 i I i I i | ! [ i I i I i I i I ! I i |
g 7 14 21 28 35 42 49 56 63 70
_1 ]
_2 ]
_3 ]
_4 ]
_5 -
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Multi-ltem Lot-Sizing : Comparative results

Machine

average on 10 instances

Periods1to 5

ds

& ltem 1

di do d3z dag
LA

O =0

NG} O RN

Decomposition in SILS

Counters Timers (ticks)
Problem | Method | Iter SP | Col | Oracle | Master total
120-t60 kelley 8 164 | 117 55 4 4s79t
120-t60 bundle 66 | 1326 | 207 455 92 | 18s41t
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Observations

(based on preliminary results)

® Bundle takes far fewer iterations for some applications (like
TSP), while not much is to win (compared to kelley) in other
applications.

? Characterization ?

® Stabilization may imply harder oracles. Hence, there is a time
tradeoff.

® Kelley finds primal feasible solution earlier.
@ Kelley accepts inexact oracles.
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Example: Multi-Item Lot-Sizing

R

Periods1tob5
d1 d2 d3 dy ds

Machine Zﬁ&o\\o\\o
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Example: Multi-Item Lot-Sizing

R

Periods1tob5
d1 d2 d3 dy ds

Machine KO/\—*\O\*O\\O\*O
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Example: Multi-Item Lot-Sizing

R

Periods1tob5
d1 d2 d3 dy ds

S DD e

———— (it + s yit) < Ct

Machine KO/\—*\O\*O\\O\*O
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