MULTIDIMENSIONAL VISCOUS SHOCKS II: THE SMALL VISCOSITY
LIMIT

OLIVIER GUES, GUY METIVIER, MARK WILLIAMS, KEVIN ZUMBRUN

ABSTRACT. In this paper we prove the existence of curved multiD viscous shocks and also justify
the small viscosity limit.

Starting with a curved, multidimensional (inviscid) shock solution to a system of hyperbolic
conservation laws, we show that the shock can be obtained as a small viscosity limit of solutions to
an associated parabolic problem (viscous shocks). The two main hypotheses are a natural Evans
function assumption on the viscous profile, together with a restriction on how much the shock can
deviate from flatness. The main tools are a conjugation lemma which removes J“TN dependence
from the linearization of the parabolic problem about the viscous profile, new degenerate Kreiss-
type symmetrizers used to prove an L? estimate for the linearized problem, and a finite regularity
calculus of semiclassical and mixed type (classical-semiclassical) pseudodifferential operators.

CONTENTS

Part 1. Introduction
1. The problem
2. Assumptions
3. Main result and guide to the proof

Part 2. Reductions
4. Reduction to a doubled boundary problem
5.  Corner compatibility
6. Reduction to a forward problem

Part 3. Symbolic preparation
7. Evans functions, conjugators, block structure, symmetrizers
8. Semiclassical and mixed calculi

Part 4. Stability estimates
9. L? estimate
10. Higher derivative estimates
11. Nonlinear stability
12. Long time versus small viscosity

Part 5. Appendix: Proofs for section 8
References

Date: September 17, 2002.
Research was supported in part by NSF grants DMS-0070684 (M.W.) and DMS-0070765 (K.Z.).
1

S = =

11
11
14
14

17
17
31

35
35
50
52
95

o6
61



2 OLIVIER GUES, GUY METIVIER, MARK WILLIAMS, KEVIN ZUMBRUN

Part 1. Introduction
1. THE PROBLEM

This paper presents a rigorous study of the zero viscosity limit for multiD curved shocks, and
at the same time proves the existence of curved viscous shocks for systems of conservation laws.
Starting with a curved shock (a piecewise smooth solution of a system of hyperbolic conservation
laws), we show that this shock can be obtained as the limit as viscosity goes to zero of solutions
to an associated parabolic problem (hyperbolic + viscosity). In [GW] an arbitrarily high order
asymptotic expansion was constructed for the viscous boundary layer on each side of the shock,
but the expansion was rigorously justified there only for sufficiently weak shocks in dimension one.
Here we are able to prove stability of the layer and thereby justify the expansion in all dimensions
for shocks of arbitrary strength satisfying: (a) an appropriate Evans function condition and (b) a
hypothesis that limits how much the curved shock we start with can deviate from flatness ((H7)
and (H6) in section 2). Recent work by Freistiihler and Szmolyan [F'S] and independently by Plaza
and Zumbrun [PZ] shows that the Evans condition holds for sufficiently weak Lax shocks. We recall
that the existence of multiD curved shocks in the inviscid case was proved by Majda [M2, M3].

Consider the m x m system of conservation laws on RN 1

N
(1.1) > Aj(u)dpu = 0.
=0

where A;(u) = fj(u) and f; : R™ — R™ are C* functions with fo(u) = u.

Set x = (wg, 2", 2n) = (2, N), where x¢ denotes time, and suppose that (UL (x), xn = ¢o(z'))
is a given shock solution of (1.1), not necessarily planar, which exists for g € [-Tp,Tp]. For
convenience, we assume (UL, d)g) is constant (U, , o) outside some ball centered at the origin in
[T, To] x RY. Tt is also convenient to suppose that (UL, q) € C®([~Tp, Tp) x RV. (Even though
U is initially defined just in +(zy — to(z’)) > 0, we can extend each of these functions smoothly
to all of [T}, Tp) x RY.) The case of sufficiently high but finite regularity can be handled as below,
but much more bookkeeping is needed.

To say that (U2, dvy) is a shock solution of (1.1) means that both of the following conditions
hold. Let S be the surface zn = ¥o(z').

1. UY (resp., U?) satisfies (1.1) in zn > ho(2’) (vesp., zn < tho(2')).

2. Z{)V‘l[fj(UO)]axj% —[fn(U®)] =0 on S (the Rankine-Hugoniot condition). Here [u] means
the jump at S, uy —u_.

Together these conditions imply that U® defined as U{ (resp., U%) in an > (') (resp.,
xn < (")) is a distribution solution of (1.1) in the whole space.

The problem we study is the following one:

Under suitable hypotheses show that on the time interval [0, Tp], UY is the limit as e — 0 in some
appropriate norm (e.g., L?) of solutions to the associated parabolic problem on RV*1:

N
(1.2) E:Aj(uf)aggju6 —eAu = 0.
j=0

The asymptotic expansion constructed in [GW] provides an arbitrarily high order approximate so-
lution to the parabolic problem (1.2) with the given shock as the “outer part” of the leading term.
Our main result is that these approximate solutions are close in L for e small to exact solutions
of the parabolic problem. This yields the small viscosity limit as a simple corollary.
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As in [GW] the first step is to reformulate the parabolic problem as a doubled boundary problem
involving an unknown “front”. We fix once and for all a high order approximation to that front,
constructed as part of the expansion in [GW], and use it to define a change of variables leading to
a flat boundary (zn = 0). From this point on the main tools are the conjugation argument of [MZ]
and degenerate symmetrizers.

We look for an exact solution to the doubled problem as the sum of the approximate solution and
an error term which satisfies a nonlinear “error equation”. The [MZ] conjugation argument allows
us to reduce the problem of proving L? estimates for the linearized error equation to the study
of a similar problem with ¥ dependence removed from the coefficients. The doubled boundary
problem that remains fails to satisfy the uniform Lopatinski condition (since the Evans function
vanishes for zero frequency). Indeed, that failure is the main point that distinguishes our problem
from the question of stability of viscous Dirichlet boundary layers studied in [MZ]. There the
uniform Lopatinski condition was satisfied. Here as in [GMWZ1] we construct degenerate Kreiss-
type symmetrizers to cope with the degeneracy in the Lopatinski determinant. These symmetrizers
yield a degenerate L? estimate - see Theorem 9.1. The singularity in the estimate (which really
occurs only in the low frequency regime) makes it harder to absorb the various error terms that
arise in using the pseudodifferential calculus, and also complicates the proof of nonlinear stability.
We are nevertheless able to use the estimate to prove nonlinear stability because we have a high
order approximate solution.

Assumptions on Evans functions (Definition 7.3) have been shown to give necessary and sufficient
conditions for nonlinear stability in the small viscosity limit in the cases of 1D Dirichlet boundary
layers [GR] and 1D curved shocks [R]. More recently, the same was shown for multiD Dirichlet
boundary layers in the paper [MZ]. It is to be expected then, that assumptions on the Evans
function (see (HT7)) should be the correct approach for studying the stability of the boundary layers
that arise in the small viscosity limit for multiD shocks.

The goal of [GMWZ1] was to find a way to use energy estimates to recover and extend some of
the results proved in [Z] by constructive techniques based on estimation of Green’s functions. In
both papers the problem of long time stability for multiD planar viscous shocks is studied under
the Evans assumption (H7) on the viscous profile. In [GMWZ1] we had no high order approximate
solution, but again the basic L? estimate obtained with degenerate symmetrizers was singular.
However, the planar hypothesis meant that after conjugation the linearized error equation had
constant coefficients, so we were able to prove additional mixed norm and L' — L? estimates that
led to nonlinear long time stability. It is not clear to us yet whether such estimates can be proved
in a variable coefficient situation such as the case of curved shocks. In any case such estimates are
not needed to study the short time small viscosity problem considered here.

We'll refer to the small viscosity problem studied here as the small viscosity problem with prepared
data, since we use the approximate solution to define initial data for the associated parabolic
problem. This prepared data problem was solved in [GX] for sufficiently weak 1D shocks, and in
[R] for 1D shocks of arbitrary strength satisfying an Evans function hypothesis like the one we
make here (H7). A more difficult problem is the small viscosity problem with unprepared data in
which one takes the discontinuous initial data given by the hyperbolic shock as initial data for the
associated parabolic problem. In this problem one has additional phenomena such as the formation
of an initial layer (see [Y] for an analysis in 1D).

In their work on the small viscosity problem in 1D the authors mentioned above [GX, R, Y]
all found it helpful to put the error equation in conservative form and then integrate. The Evans
function for the resulting problem does not vanish for zero frequency. Conservative form also
proved useful in the study of long time stability for 1D [KK] and multiD ([GMWZ1], part 2) planar
shocks under zero mass perturbations. While it is not hard to use the approximate solution to
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write the error equation for the problem considered here in conservative form, we see no way to
take advantage of that fact. On the one hand there appears to be no useful way to integrate the
equation in the multiD small viscosity problem for systems (in the scalar multiD case integration
helps [Go2]). In addition, the various error terms introduced by use of the pseudodifferential calculi
during the process of conjugating the problem to simpler forms wreck the conservative structure
anyway. Instead, here we apply symmetrizer arguments directly to the unintegrated equation.

We conclude the paper with some observations about the difference between the long time sta-
bility and small viscosity problems. One might at first think that the problems are equivalent
after rescaling, but in fact this is not so. Although both problems can be formulated (as we do
here and in [GMWZ1]) as doubled boundary value problems, the small viscosity problem involves
a boundary layer, while the long time problem does not (see section 12).

A more detailed overview and guide to the proof is given in section 3 after the statement of
the main result. As far as we know, this is the first existence proof and justification of the small
viscosity limit for multiD curved shocks. In a subsequent paper we hope to remove the restriction
(assumption (H6)) on how much the inviscid shock can deviate from flatness. In addition, it is clear
that the methods of this paper yield similar results under weaker hyperbolicity hypotheses than
(H2), and for more general, even nonlinear, viscosities. We plan to discuss these generalizations in
a future work.

This work builds on the classic stability analysis for multi-D inviscid shocks in [M2, M3]|. An
analogous stability problem for highly oscillatory, multi-D, inviscid shocks is studied in [W]. The
nonlinear stability of curved multi-D weak inviscid shocks is studied in [FM].

2. ASSUMPTIONS

2.1. Assumptions on the equations.

(H1) f; € C*(R™,R™).

(H2) There are neighborhoods O+ C R™ of UY (0), respectively, such that for ux+ € Oy, Z;Vﬂ Aj(us)é;
has simple real eigenvalues for & € RM \ 0 (strict hyperbolicity).

2.2. Assumptions on the inviscid shock.

(H3) (U (x),%0(z")) exists for xg € [T, Tp]. o is C*° and UL are C°° up to the shock surface
S = {Z‘N = @Do(l‘,)} We take ¢0(0) =0.

(H4) U (x) € O for all z € [Ty, To] x RY, and (U2, 4)) is constant (U, o) for (2", zy) outside
some ball centered at the origin in RY.

(H5) (UY, dy) is uniformly stable in the sense of Majda [M2] at each point of S.

(H6) The set {(UY(x),do(z")) : = € [Ty, To] x RV} is a subset (necessarily compact) of the
neighborhood wy of (UY(0), U2 (0),dy°(0)) chosen in Remark 7.9.

Observe that (H2) implies that for uy € Oy

N
(2.1) the eigenvalues A of —i ZAj(ui)fj — |€]? satisfy RA = —[¢]%
j=1
Remark 2.1. 1. (H5) implies that (U (2, v0(z")),v0(x’)) satisfies the Lax shock inequalities for all
a'. Let
N-1

An(u,dg) = An(u) = D Aj(u)dy, 9.

=0
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The Lax shock inequalities in turn imply that if we let k (resp., [) be the number of positive (resp.,
negative) eigenvalues of Ay (U (2, v0(2")), dyo(a’)) (vesp., An (U2 (', ¢o(2")), dipo(2')), then

(2.2) k+l=m—1.

2. For Lax shocks (H5) is a consequence of (H7) below (see Remark 7.6). Thus, we could as well
replace (H5) by the assumption that (U9, dq)) is a Lax shock.

The final hypothesis is an assumption on the viscous profile 4°(z’, z) which is stated in terms of

the corresponding Evans function D(z/, E, p). Our definitions of these terms are the standard ones
and they are recalled in (7.23)-(7.24) and Definition 7.3 respectively. Let S¥ = {3 = (8',7') €

RN*1:~" >0 and |3| = 1}, and introduce polar coordinates 3 = pB, B € Siv.

2.3. Assumption on the viscous profile.
(H7) For each 2’ € [Ty, Tp] x RN, D(2/, B, p) vanishes to precisely first order at p = 0 (where it
must vanish) for all 8 € S, and has no other zeros in S¥ x Ry.

Remark 2.2. 1. Recent work by Freistithler and Szmolyan [FS] and independently by Plaza and
Zumbrun [PZ] shows that (H7) holds for sufficiently weak Lax shocks.

2. When the Evans function vanishes in 4’ > 0, the linearized problem is strongly unstable.
The analogue of (H7) in one space dimension has been shown by Rousset [R] to imply nonlinear
stability in that case.

3. The neighborhood w; specifies how much the shock can deviate from flatness.

4. The choice of wy and (H6) imply that Ax(US(z),dio(x’)) has a uniformly bounded inverse
=N+1

forallz e R, .

2.4. Choice of extension of the shock and profile. It will be convenient to smoothly extend
(UL (), dypo(x")) and the corresponding viscous profile U°(a2/, 2) to all time (z¢ € R) so that (H3)-
(H7) continue to hold.

In addition we can choose the extension so that {(U(z',1o(x")), dipo(z')) : 2’ € RV} is a compact
subset of wy (see Remark 7.9), and so that {(V?,0,V?, V% 9,V?)(2/,0) : 2’ € RV} is a compact
subset of R (see (7.18)).

It is not necessary (nor is it possible in general) to extend (U (z), dio(x')) as a solution of the
system of conservation laws.

Henceforth we assume that such extensions have been chosen.

3. MAIN RESULT AND GUIDE TO THE PROOF

Definition 3.1. Let z = (2/, ) be the original variables on R¥*! in which the problems (1.1)
and (1.2) are stated. For a fixed choice of W€ define flat variables & (globally on [Ty, Tp] x RN) by

~/ /
r =T

3.1
(3.1) Iy =y — U(2).
When the use of flat variables is clear from the context, we drop the tilde.

Notation 3.1. 1. When working in flat variables, if we are given functions fi (z) defined on xy > 0,
we define f(x) for xny € R by

flz) = {er(x/’xN) for 2y > 0

f-(@',—xpy) for zx <0

2. Similarly, given f(z) defined for z € R, define fi(2/,xn) = f(2/, £z N) for 25 > 0.
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In the statement of the following theorem u¢ is obtained from @S as in the above Notation,
where (a5, U€) is the smooth high order approximate solution to the doubled parabolic problem
(4.4) on Zy > 0 constructed in [GW] and recalled in section 4 (4.6), (4.7). The viscous front is
approximated by zy = U¢(z') where

(3.2) T (z') = to(x) + ey (z') + - - + Mappr(2)
and vy defines the inviscid shock.
The functions 45 have expansions (in flat variables) @5 (z) =

(3.3) UL (2, 2) + Ui (v,2) + -+ UM (2,2)) | _en + V().
Here
(3.4) Ui, 2) = U () + Vi(&', 2),

UY () is the original shock and V7 (a’, z) are boundary layer profiles exponentially decreasing in z.
It is shown in [GW] that these expansions can be constructed to arbitrarily high order under the
assumptions of section 2.

Theorem 3.1. Under assumptions H1-H7 of section 2 there exists an €y such that for 0 < e < ¢
the parabolic problem (1.2) has an exact solution on Qr, = [0, Ty] X RN of the form (in the original
x variables)

(3.5) u(z) = a¢(2, zn — V(2')) + elw,

where i€ and W€ have the above expansions. Note that the original inviscid shock (UL, o) appears
in the leading terms.

The exponent L can be chosen as large as desired provided the approximate solution is constructed
with sufficiently many terms (M (L)) and in that case we have the estimates (in flat variables),

|0 (w4, eOnw )| o < 1
|8°‘(wi,e(9Nwi)|Lz < C(TO)GL
for|a] < L, 0<e<e. Here d = (0p,...,0ON-1).

(3.6)

Remark 3.1. 1. This theorem is an immediate consequence of Theorem 11.1. For a given L as in
Theorem 3.1 one can use Theorem 11.1 to see how many terms in the expansions of (aS, V¢) are
needed to yield the estimates (3.6).

2. Denote the original variables by (y/, yn), and write the right and left sides of the inviscid shock
as Ur(y',yn) and UL (v, yn). The shock surface is yny = 1o(y'). Set 2’ =" and xnx = yny — Yo (¥/).
Then U? (z) in (3.4) is Ug(2/,zn + ¢o(2)) and U (z) = U (', —zn + Yo(2)).

Given the properties of the profiles as described in Proposition 4.1, Theorem 3.1 has the following
immediate corollary.

Corollary 3.1. Let U%(x) be the function on Qr, defined as UY (resp., U° ) in xy > bo(z') (resp.,
rn < Yo(z')), where (U, 40) is the given inviscid shock. Then for u as in (3.5) and any compact
K C Qr, we have

|u€ = U°| 2 (x) < C(K)V/e.
Of course, Theorem 3.1 contains much more information than this, since it rigorously justifies

the explicit high order asymptotic description given by the expansions (3.2), (3.3) of the viscous
boundary layer on each side of the inviscid shock.



MULTI-D VISCOUS SHOCKS II 7

Remark 3.2. Henceforth, we’ll work exclusively in flat variables. In those variables the viscous
front is given by xxy = 0, while the inviscid shock is xy = —(¥¢(2’) — 9o(2’)).

The main steps in the proof are:

I. Approximate solution. Construct an arbitrarily high order approximate solution to the
m X m parabolic problem (1.2) in which the inviscid shock appears in the leading term. This is
done in [GW] by introducing an unknown “front”

oy = U(2'),

and reformulating the original problem on the whole space as a doubled boundary problem with
transmission boundary conditions on the half-space Zny > 0, where Zy = zny — ¥(2'). The
expansion of W€ is constructed along with that of 4. This approximate solution is recalled in
section 4.

I1. Reduce to a forward error problem. Henceforth, we work with the doubled parabolic
boundary problem (4.4). Advantages are that we are now in a position to apply Kreiss-type
symmetrizer techniques developed for boundary problems. In addition, we have a single limiting
problem (7.10) as z = "’“"TN — 400, instead of two distinct limiting problems at 4oco.

We fix a high order approximate solution (@, U¢) to the doubled problem (4.4), and look for an
exact solution of the form

(3.7) u§ = a5+,

where wy (drop epsilons) satisfies the “error equation” (really an initial boundary value problem)
(6.4).

Note that the “viscous profile” U%(z’, z) (7.23) is essentially the leading term in the expansion
of .

Initial data for the error problem (6.4) satisfying high order corner compatibility conditions (at
the corner g = 0, zxy = 0) is chosen in section 5, and that allows us in section 6 to reformulate
the error problem as a “forward problem” (i.e., one where the forcing and the solution are zero in
the past, g < 0) with homogeneous boundary data.

The problem has been reduced to solving the 2m x 2m forward error problem (6.14). The most
difficult remaining step will be to prove an L? estimate for the corresponding linearized problem
(6.16) (the linearization is about @4).

ITI. Symbolic preparation. All the work in section 7 is done at the symbol level. The
arguments are quantized in section 9 (that is, operators are associated to symbols) after the needed
pseudodifferential calculi are developed in section 8.

The discussion in section 7 applies almost entirely to behavior in the small (|3| < ¢) and medium-
sized (0 < |8] < R) frequency regions, with the main difficulties centered in the small frequency
region. Here 8 = (#',7') = e, where ( = ({’,7), ¢’ is dual to 2/, and v > 1. Sometimes we need to
use polar coordinates 3 = pﬁ, where \B| =1.

IV. Conjugation to remove “X dependence. In section 7 to prepare the way for the use
of symmetrizers, we first rewrite (6.16) as the 4m x 4m first order system (7.6) (the system is first
order in dy, but second order tangential derivatives do appear).

It has been known for a long time (see, e.g., [Go, GX] for the 1D case) that the main obstacle to
proving an L? estimate for the linearized error problem is the z = #X dependence of the coefficients.
Here we use a key idea from [MZ], which is to replace the original linearized problem (7.6) by a
“limiting” problem in which the ** dependence (but not the x dependence!) has been removed.
This is achieved by conjugating the original problem with a semiclassical pseudodifferential operator
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Wp (9.14) whose symbol
(3.8) W =Wola!, =, (@), B) + (2, =X, pf (), B)
is constructed in section 7.

The limiting problem (7.10) is obtained from (7.6) simply by letting z — +o0 in the coefficients
of that problem. The construction of the symbols Wy, W; combines the Gap Lemma of [GZ] with
our semiclassical pseudodifferential calculus (section 8 and the Appendix).

The construction of the conjugator VW and the later construction of symmetrizers depend on
a knowledge of the spectral properties of the symbol G (p,3) of the limiting operator. These
properties are recalled in section 7.

V. Degenerate Evans implies degenerate Lopatinski. In section 7 we also define the Evans
function, first giving the classical definition D(a’, 3, p) (7.29) for problems on the whole space (as
in [ZS], e.g.), and then relating that to the Evans function D(z/, 3, p) (7.35) for the corresponding
doubled boundary problem.

The Evans function (a Wronskian of solutions to the ODE (7.34)(a)) encodes information about
the linearized stability of the viscous profile and also, less obviously, of the original inviscid shock.
The existence of the profile itself implies D(z/, B, 0) = 0, and a key hypothesis of this paper (HT7)
is the assumption that ID vanishes to precisely first order at p = 0 and has no other zeros in the
unstable (closed) half plane (7' > 0). We recall from [ZS] how the first order vanishing of D at
p = 0 is equivalent to the simultaneous validity of: (a) transversality at the connection U° (of
the stable/unstable manifolds for U (2/)/U° (') of the travelling wave ODE (7.24)), and (b) the
uniform stability in the sense of Majda [M2] of the original inviscid shock . The properties (a) and
(b) are necessary for the construction of high order approximate solutions as in [GW].

In Proposition 7.2 (recalled from [GMWZ1]) we describe how the small frequency behavior of
the Evans function translates into failure at p = 0 of the uniform Lopatinski condition for the
boundary problem (6.16). It is important for the construction of degenerate symmetrizers to know
precisely how the boundary operator I behaves on the decaying generalized eigenspace £_(2/, ﬁ . P)
(7.4), and in particular to identify the one dimensional subspace £_ , on which it vanishes. That
subspace is essentially the span of the doubled differentiated profile 9,U° (7.36).

VI. Conjugation to block structure. The last element of symbolic preparation carried out
in section 7 is the conjugation of Go,, the symbol of the limiting problem (7.10), to block structure.
The (main) stages of the conjugation are

(3.9) Goo — Gioo (7.52) — Gooo (7.58) — Gup (7.65) — Gp.oo (7.59).

The H block of Gy p is associated to the generalized eigenspace of G, corresponding to small
eigenvalues - that is, eigenvalues that approach zero as p — 0. The P block corresponds to
eigenvalues whose real parts remain strictly bounded away from zero as p — 0.

The conjugation from the H block of Ggp to the Hp block of Gp o is done as in [MZ]. Again,
the main difficulty is associated with “glancing modes”, that is, points (p/, B, p) = (v, B ,0,0)
such that Hg(p/,,0,0) has multiple pure imaginary eigenvalues (here Hp (7.61) is defined by
Hp(p, B, p) = pI:I B(p, B, p)). The argument is a modification of the classic perturbation argument
of Kreiss [K]|, the difference being that now the perturbation is performed with respect to the
parameters ’;’ and p instead of just VA’ .

The conjugations associated to the P block pose no significant difficulty.

In fact only the conjugations represented by the first three arrows in (3.9) will be quantized in
section 9. The final arrow is the only one that requires localization on the unit sphere Siv in 3
space, and is needed because the piece of the symmetrizer corresponding to the H block of Gyp
has to be constructed microlocally (that is, using spatial cutoffs and cutoffs on S iV simultaneously).
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Microlocal pieces S A, Symmetrizing Hp are constructed first. They are then conjugated back a
step and assembled by a microlocal partition of unity to produce the symbol Sg.

VII. Symmetrizer construction at the symbol level.

Sg 0
0 Sp
properties in the interior (7.82), (7.83), (7.90), and so that S+I'{T'; has certain positivity properties
on the boundary (7.91) (here I'y = I'7°, where the symbol TV is a composition of conjugator symbols
(7.67)).

The Sy block is constructed as in [MZ] by modifying the ansatz used in [K]; an extra term is
added to the kth subblock of S iy corresponding to the extra p parameter. The Sy block of S is
not the “degenerate” one.

Assumption (H7) together with the fact that the viscous profile approaches its endstate with
fast exponential decay as z — oo implies that the boundary operator fails to satisfy the uniform
Lopatinski condition on a one dimensional subspace Ep, _ of the eigenspace associated to the P
block of Gyp (see Proposition 7.2, 2(b)). To deal with this we construct the Sp block with a
degeneracy as p — 0:

cr 0
(3.10) Sp = ( 0 —p2[> .

In Proposition 7.4 we show that Sp and Sy can be chosen so that
(a) c1p?|U? < ((S +T5T0)(2', B. p)U, U) < e2p?|U|? for U € Ep, _ and
(b) (S +T5T1)(, B, p)U,U) > e1|U|* for U € Efy,

The degenerate symmetrizer S = is constructed so that RSGy p has certain positivity

(3.11)

where EJ%L, is the subspace of C*" orthogonal to E P

Note that when the uniform Lopatinski condition (Definition 7.6) holds, S can be constructed
so that an estimate like (3.11)(b) holds for all U € C*™.

VIII. Pseudodifferential calculi and the mixed Garding inequality. In section 8 and
the Appendix we present the semiclassical, classical, and mixed pseudodifferential calculi we need to
quantize the symbolic portion of the argument. The calculi are rather simple in the sense that the
proofs are based just on Taylor’s formula and standard properties of the Fourier transform. Even
though our inviscid shock and approximate solution are piecewise C'°, we construct the calculi
under weaker regularity hypotheses in order to allow the arguments of this paper to be applied
when C* is replaced by CM for M large enough.

To an element a(2’, 3, ) of the mixed symbol class M7, (8.11) we associate the operator

(3.12) a(z',eD, D)u = /em’C’a(a;',eg,g)a(g’)dg’.

Operations like composition and taking adjoints with pseudodifferential calculi produce error
terms, and a quick glance at our main L? estimate, Theorem 9.1, shows that this estimate cannot
absorb O(|U|r2) errors. Partly for this reason (in contrast to [MZ], where such errors can be
absorbed), in section 9 we often need to keep track of terms beyond the leading term in applications
of the calculus and estimate the associated higher order errors.

One of the main applications of the mixed calculus is the proof of the Garding inequality for
mixed pseudodifferential operators stated at the end of section 8. In particular that proof requires
both composition and adjoint formulas for mixed type operators.

IX. Localization, assumption (H6), and limiting the deviation from flatness of the
inviscid shock. Spatial localization is accomplished with smooth cutoffs x(z), while frequency
localization is performed with pseudodifferential operators associated to semiclassical symbols like
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x1(€C) (for localization by frequency size) and classical symbols like Xg(%) (for localization by

frequency direction).
Note that if one tries to commute a cutoff like x(z) through

(3.13) onU — gu = F,
€

the commutator is an unacceptable O(|U|2) error. The error is unacceptable because a degenerate
L? estimate proved for the localized problem cannot be used to conclude anything about the solution
to the original problem (3.13).

Localization by frequency direction leads to a similar problem, so these two types of localization
have to be avoided in the early conjugations. They can in fact be tolerated once the block structure
Gup has been achieved (see Remark 9.5).

On the other hand localization by frequency size (x1(eC)) can be tolerated in (3.13) (see step 1
in the proof of Proposition 9.1).

There are two points in the argument where spatial localization is needed. One is at the stage
of the very first conjugation G — G, where in order to apply the Gap Lemma we need to limit
how much the coefficients of Go, (which depend on the inviscid shock (U2, d1g)) can vary. We
can’t introduce a spatial cutoff at this point, so we introduce a hypothesis (H6) instead . That is,
instead of using a spatial cutoff to restrict to a small neighborhood on which the inviscid shock
varies only slightly, we assume that the global deviation of that shock from flatness (a piecewise
constant shock) is not too large. The neighborhood w; in the statement of (H6) specifies how much
deviation is allowed.

The viscous profile satisfies

(3.14) 10.U° (2!, 2)| < Ce™,

for some § > 0. The discussion in Remark 7.9 shows, for example, that the larger § is, the more
one can allow the inviscid shock to deviate from flatness.

The second point where spatial localization is needed is in the construction of the Sy block of
the symmetrizer symbol and (therefore) also of the corresponding operator sj, , (9.50), (9.71). As
indicated earlier the resulting O(|U|2) errors can be absorbed now since the Gy p form has already
been achieved (Remark 9.5).

X. L? estimate - error control. The L? estimate is proved in section 9. The main technical
challenge here is to control the size of errors arising from use of the calculi.

We've already discussed the cutoff errors. Another source of O(|U|2) errors is the conjugation
process. For example, if one attempts to conjugate G to G, using a first order conjugator whose
symbol is given by just the first term W)y in (3.8) (as is done in [MZ]), this produces an O(|U|2)
error. The operator associated to VW removes that error (step 3 in the proof of Proposition 9.1).
The semiclassical calculus tells us what equation the symbol W; must satisfy, and the Gap Lemma
enables us to solve that equation.

The quantized version of the conjugation represented by the first arrow in (3.9) also produces
O(|U|2) errors that cannot simply be thrown on the right as new forcing terms. Instead, we
“incorporate these errors back into the system” (they are the rg terms in the matrix (9.38)). By a
careful choice of the conjugating operator Tp (7.54) and its left and right (approximate) inverses,
we can arrange so that these incorporated errors occupy relatively harmless positions in (9.38). The
positions are harmless because the Hp 1, blocks are unaffected, and a subsequent conjugation (by
the operator Tp, p (9.40)) removes the off-diagonal terms while leaving behind acceptable O(e|U| 2)
errors (step 4 in the proof of Proposition 9.1).

XI. L? estimate - use of Garding inequalities. We note first that the estimates on xU
and xrU in (9.6), corresponding to the medium and large frequency regimes, are taken from [MZ].
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Indeed, estimates (9.6)(b),(c) are essentially estimates (4.37),(4.28), respectively, in [MZ]. We say
“essentially” because, although [MZ] considers Dirichlet boundary conditions, the same argument
in the medium and large frequency regions yields estimates for any boundary condition satisfying
the uniform Lopatinski condition in those regions. We refer the reader to [GMWZ1], section 3, for
more detail on how the standard symmetrizer argument works in those regions for such boundary
conditions. Thus, the focus in this paper is almost entirely on the small frequency estimate for
xsU.

Having quantized the symmetrizer symbol in step 5 (9.71) and introduced spatial and frequency
(x1(€eC)) cutoffs in step 6, we proceed in step 7 to obtain the desired bounds on the solution Us g
to (9.73).

We start from the simple identities (9.75) (obtained by integrating On(s5,Us s,Us,s) on xny > 0
and using the equation to rewrite dnUs g). The interior estimates (9.77), (9.79), and (9.80) are
done by blocks. The main new point here is the estimate corresponding to the degenerate Sp—.D
block. Here we rewrite the symbol

—

(3.15) sy _PC as 62(523;_792)
and observe that E%s;j)i is a smooth symbol of order two in the mixed calculus satisfying the
positivity property (9.57), (9.58). Thus, the mixed Garding inequality gives the estimate (9.79).

The most delicate part of the estimate is the treatment of boundary terms. Here again we have
a degeneracy (the one described above in (3.11), but the analysis cannot be done by blocks.

Thus, we introduce pseudodifferential projections, that is, mixed operators whose matrix symbols
m1(2/, e, ¢) and ma(a’, €(, ¢) project onto orthogonal invariant subspaces for the operator S +I'jT';.
We note that m; = eqpel,,, where eqn, = fam + |€C|F and fi, (2, () is obtained by doubling the
differentiated profile 9,U°, extending to p > 0, and transporting by (7°)~!.

The projectors allow us to quantize the symbolic positivity estimates in (3.11) using Garding in-
equalities. The classical Garding inequality can be used to estimate ((s¢, —1—111 pL'1,p)m2.pUs, w2 pUs)
(Prop. 9.4), while the mixed Garding inequality is used for ((s¢, +F’{’DF1,D)7T1,DU5, 71,pUs) (Prop.
9.3). Mixed Garding applies since

(3.16) (s +IT1)mU, mU) = (BSvam, Vam)
where BS = €2b1(2/,€(,() is 1 x 1 and by is a smooth mixed symbol of order two satisfying by > ¢(¢)?
(9.70).

The mixed terms involving both 71 pUs and m pUs are shown to give acceptable errors (Propo-
sition 9.2).

XII. Higher derivative estimates . If one simply differentiates the equation (10.3) and throws
commutators on the right as new forcing terms, those commutators are unacceptably large errors.
Instead, we consider an enlarged system for the new unknown U** = ((%)*U, (%)*~10U,...,0%U).
The system can be put in a simple block diagonal form (10.4). The choice of the power €2 in the
definition of U** makes the commutator error appearing on the right in (10.4) an acceptable error.

We can now simply repeat the entire argument of section 9 on this block diagonal system to prove
the higher derivative estimates of Proposition 10.1. These estimates involve only the tangential
derivatives (0o, ...,0N—_1).

XIII. Nonlinear stability. Here we take advantage of the large powers of € appearing in the
two terms on the right in the nonlinear forward error problem (6.14) to prove convergence of the
obvious iteration scheme (11.4), (11.5). To control L> norms we use the Sobolev inequalities (11.9)
- it suffices to control just one Oy derivative provided one has control of sufficiently many tangential
derivatives. The O control comes from the equation.
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The nonlinear term on the right in (11.6) depends on 9"U as well as U, so we need to take
advantage of the extra gain in the high frequency estimates in order to be able to estimate k
derivatives of U,+1 with only k derivatives of U, (as we must do to make the iteration scheme
work). This is the point of (11.13) and (11.21). The rest is routine.

Part 2. Reductions
4. REDUCTION TO A DOUBLED BOUNDARY PROBLEM
Following [GW] we make the change of coordinates
(4.1) =1 iy =an — U(),

where the smooth function W€ remains to be determined. Set u¢(Z) = u(x), and drop the tildes to
rewrite (1.2) (suppressing some epsilons) as

N-1 N
(4.2) Aj(u)0;u+ Ay (u,dU) eyt — €Y (D) — O, Wy )?u = 0,
j=0 1
where
N-1
(4.3) Ay (u,d¥) =Y Aj(u
0

On RNH = {xn > 0} define

ul(z) = u (2, o N),
and note that u® satisfies the free problem (4.2) if and only if uS satisfies the doubled parabolic
boundary problem on R N+,

N-1 N—
a) Z Aj(ui)axjui + AN(U:E, d\I/)amNui F e (Z 6%_\1/) 89cNU:I:
0 1

N-—1 N-—1
(4.4) —€ (Z 8§j + Ce(x/)(?i]\, F2 Z 8qu/3zj8xN> uy =0
1 1

(b)juy —u—=0onzy =0
(¢)Ozyut + Ogyu—=0o0nzy =0,

where

(4.5) C(2)) =14 |V T€)? .

At this stage, we decide to look for a function W€ which is polynomial with respect to €, that is:
(4.6) U(a') = (@) + et (2') + -+ M (o),

where 91, ...,1) remain to be determined.

[GW] constructs an approximate solution to (4.4) of the form (a5, U¢) where ¥€ is given by (4.6),
and 15 (z) =

(4.7) (Z/li(:):, z) + d/{i(x, 2) 4+ GMUj‘E/[(:B, z)) \Z:xTN + eMr(x).
Here

UL(z,2) = UL(z) + Vi(2, 2),
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U{(z) is the original shock (see Remark 3.4), and Vi (2', z) are boundary layer profiles exponentially
decreasing in z. The e—dependence is suppressed in the notation.
Let us write (4.4)(a) as

(4.8) P (us, dT€)us, = 0.

Plugging (4.7) and (4.6) into (4.4) and setting coefficients of distinct powers of € equal to zero

yields a sequence of profile equations for the ;(z’), Ui (), and Vi (2', z). Under the assumptions
of section 2 these equations can be solved to yield (S, U¢) satisfying (suppress some epsilons):

Pa (i, d0)diie = M RGM (2)

(4.9) Uy —tU—=0onazy =0
OrpylUq +O0zpyti— =0onaxy =0,
on [_TTO,TO].
Notation 4.1. 1. Set Qp, = [=R,Tp] x ﬁf, where @f = {(z",zn) : xx > 0}. Let Hyl(z) =
HM(Qr,) and Hp! («') = HM (b).
—=N+1

2. Set Q =R, " = {(zg,2",zn) : x5 > 0}. Let HM(2) = HM(Q) and HM (/) = HM (bQ2).

3. Set HM ({zg = 0,zx > 0}) = HM (2", zy).

4. Many of the functions in this paper have an e-dependence that is usually suppressed in the
notation (when it is harmless). For functions with + dependence, we set u = (u4,u_).

5. z is a placeholder for .

6. For j =0,...,N set 0; = Oy, andDj:%aj.

The remainder RiM is C™ and satisfies

10“RM | Lo < Cpe N
(4.10) e .
’8 Rﬂ: ’LQ S Ca€2 .

on Q7, for all multi-indices o.
For later reference we record here some properties of the profiles:

Proposition 4.1 ([GW]). 1. U (z), VL(2', 2), and dipo(z') are independent of (2", xn) for |z, x|
large. Fach is a smooth function of its arguments with derivatives of every order uniformly bounded
with respect to (x,z). Moreover, there exist § > 0, C' > 0 such that for all '

(4.11) V2!, 2)| < Ce 9.

2. Forj>1 Ui($), Vi(a',2), and di;(z') vanish for |&", xy| large. Each is a smooth function
of its arguments, V1 is exponentially decreasing in z, and
(4.12) Ul € H ().

3. The function r(x) in (4.7) lies in HF (z).

4. For j > 1 the functions Ui(x), Vi(m’,z), dipj(x'), and r can be extended from Qg to Q so
that statements 1-3 continue to hold on Q. (This gives an extension of U that we’ll use later.)

Remark 4.1. If 41, ..., 9y are not included in (4.6), the profile equations turn out to be overde-
termined and consequently unsolvable. See (|[GW],4.4).
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We seek an exact solution to (4.4) of the form
(4.13) ug = ug +ws,
where w. satisfies for zg € [0, Tp]
Pi(ts + wa,d¥)Owy =
(4.14) [Py (iis, dV) — Py (itg + wy,d¥)]dus — M RYY,
wy —w_ =0onzy =0,
Opy Wi + Opyw— =0o0n azy =0.
Clearly, we also need some initial condition. If we simply try
w+ =0on zg =0,

then corner compatibility fails and we can’t expect regular solutions w. So we should try to choose
initial data of the form

(4.15) wg = eM/wai(:c”,xN) on zg =0,

which is corner-compatible to sufficiently high order with (4.14). This is done in the next section.
Standard parabolic theory (e.g., as in [KL, E]) then gives existence on some [0,7¢]. The task
remains of showing existence on [0, 7| for small enough e.

5. CORNER COMPATIBILITY

Let wo + (2", z5) = w4 |go=0. Corner compatibility to a given high enough order is arranged by
correctly specifying 8J'i,w0¢ for k =1,..., ko, for kg large enough, at the corner g = 0,z = 0.

For k = 0,1 choose 811‘{[w0,i (0,2”,0) to be any functions satisfying the boundary conditions, say,
the constant function zero in both cases (the choice of compatible data is far from unique).

For k = 2 use the interior equation (4.14) and the differentiated boundary condition

O(wy —w-) =0
to determine
03w (0,2",0) = EM_lCLQ’:t(x//).
Then differentiate the interior equation with dy and use the boundary condition
0o (ONw4 + Onyw-) =0
to get
3w (0,2",0) = eM2a3 4 ().

Here a;, € H*. Continue in this way. Then, for a smooth cutoff p(zy) identically equal to 1
near xy = 0, take (with slightly modified ay)

(5.1) wo,x (2", ) = p(zn)[rhas (") 4+ 2hay, MR,

If ko is odd, then for j =1,..., ko; L this choice of initial data is compatible with
(5.2) 0é(w+—w,) =0
’ A (Onwy +Oyw_) =0

at the corner. In this case we say the initial data is corner compatible to order %.
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Observe that for a given choice of kg
(5.3) Wit |po=0 = erkOHwai(x", TN),
where wo + € H* (2", zx) uniformly with respect to e..
Remark 5.1. Thus, we have now a carefully constructed choice of initial data for (4.4), namely

(5.4) ul = 15(0,2", xy) 4+ MRty +(z", zn) on 2o = 0.

6. REDUCTION TO A FORWARD PROBLEM

We will look for an exact solution u§ to (4.4) as a perturbation @S + w4 of 4S. Our next task
is to put the “error equation” for w in convenient form.

Notation 6.1. 1. Set An(u,dV) = An(u,d¥) — € (211\771 82j \IJ) where, we recall,

xT

(6.1) Ay (u, d¥) Z Aj(

and Aj :dfj, ] :0,...,]\7, fo(u) =
2. Let Fy(u,d¥) = fy(u) = 30" fi(u)d, ¥ — €37 02, W)u.
Let Fy(u,dV) = (fi(u),..., fv—1(u), £Fn(u,d¥)).
Let B+ (d¥,0%) =Y ) 102 + C(2)02, ¥ 230 00, ()00, Oy
Let Hy(v,d¥)w = (A1 (v)w, ..., Anv_1(v)w, £ AN (v, d\Il) ).
For j=1,...,N —1let Q;(v,w) = fj(v+w) — fj(v) — Aj(v)w and set
Qn(v,w) = Fy(v+w,d¥) — Fy(v,d¥) — Ax (v, dV)w
Qi(vaw) = (Ql(vaw)a B :l:QN(U7w))'
Q4 is at least quadratic in w.
o Uy — U—
7. Set B(ut) = Ontis + Oy
8. Let 0j = 0;; and V = (01,...,0n),50 V- U =div U.

SOl W

(6.2)

|£EN=O'

In this notation the doubled parabolic problem satisfied by 4+, (4.9), is

63) ot + V - (Fi(iix, d¥)) — By (d¥,0%)ix = € RS ()
‘ B(ig) = 0.
Now u = @ + w will be an exact solution of (4.4) provided w4 is a solution to the error problem
(a) Bows + V - (H (g, dV)wy) — Ba (d¥, 0wy =
— V- (Qu (s, wy)) — M RYY ()
(b) B(w+) =0

(€) We|wg=0 = wo+ (2", xx5) = MOCL (2", zN),

(6.4)

where (+ € H*™(z",xzy) is chosen so that wg 4+ is corner compatible to order ky. Here ko and
Moy = My(M, ko) < M can be taken large provided M >> k.

Remark 6.1. The “bad term” with coefficient of order 1 in (6.4) arises when @4 in V - Hy is
differentiated with dp.
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6.1. Reduction to a forward problem with nonhomogeneous boundary conditions. We
proceed to replace (6.4) by a problem with nonhomogeneous boundary and interior forcing both
supported in xg > 0. The reduction is carried out in the following steps:

1. First extend u and ¥ as indicated in Proposition 4.1 from 7, to 2. Extend RiM to €2 to
have support in |zg| < Tp + 1 and so that the estimates (4.10) still hold.

Next, ignore the boundary and extend the function ¢ in (6.4)(c) without any loss of regularity
into zy < 0. Similarly extend 4 and RiM so that (6.4)(a) is now an equation on the full space
RNFL,

2. Consider the initial value problem for the new unknown w; + given by the extended (6.4)(a)
and the extended initial data. Let G4(wi +) denote the expression obtained by replacing w4 by
wi + in (6.4)(a) and subtracting the right side from the left. Construct a ko-th order solution at
xo = 0 that is, a function wq 4 satisfying

(6.5) O (Ge(wrs))=0at zop=0for j=1,..., ko.

wi + should be defined for all zg, but supported in [—d,d] for some § > 0 (easily arranged by
multiplying by a cutoff x(x() identically one near 0). The high power of e in the initial data is
useful here, since each time the equation is used to solve for some 3{)w1,i|x0:0, a factor of % is
introduced.

3. Define

which lies in H*+1(z) by (6.5).
4. Corner compatibility conditions on the original initial data wg+ imply the function

_ {B(wlyi)a Zo 20
g:

6.7
( ) 0, zg <O

belongs to H*o*1(z').
5. Looking for a solution to (6.4) of the form wi = wy 4 + wa 4, we have reduced to solving the
forward boundary problem on xx > O:

(a) 80w2¢ +V- (Hi(ﬂi, d\I/)QUg’i) — eEt (d\If, 82)w27:|: =

— V- [Qq (g, w1 + + wox) — Qo (g, wr +)] — G
(b) Bwz+) = —g
(¢) wa 4+ =0in z9 < 0.

(6.8)

Remark 6.2. Fix M large. Provided ko and M were taken large enough in the construction above,
the functions wy 4+ and G4 (resp. g) can be taken to have the form

©9) M fe(x), for f<e HM (z),
' (resp., Mpé(2)), for he € HMi(2'))
uniformly with respect to e.

6.2. Reduction to a forward problem with homogeneous boundary conditions. Next we
transfer the nonzero boundary data of (6.8) to interior forcing:
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1. Look for a solution to (6.8) of the form wy + = ), + v/y, where the first two terms of the
Taylor series of u' at zy = 0 are chosen so that «’ satisfies the boundary condition (6.8)(b). Then
extend u’ without loss of regularity into zx > 0 so that its support lies in xg > 0.

2. Let K4 (z) denote the expression obtained by replacing wq 1+ by «/y in (6.8)(a) and subtracting
the right side from the left. We have now reduced to solving the forward problem with homogeneous
boundary conditions

(a) Opvly + V - (Hx (g, AU ) — By (dT, 8?0, =

-V Q4 (s, w + + uly + ) — Qi (U, w1 + + ul)] — K.
(b) B(vl) =0
(c) v, =0 in z¢ < 0.

(6.10)

Remark 6.3. Fix My large. Provided kg and M were taken large enough in the construction above,
the functions

uy,wy 4, and K
can be chosen with the form
(6.11) M2 fe(x), for f€ e HM2(x)

uniformly with respect to €. In addition,

supp v’ Usupp K C {0 < xo < Ty + 1},

6.12
( ) supp wy + C {—0 < xp <4}

Next relabel v' = w, b = wq + v’ and write (6.10) in a simpler form
(a) Oow+ + V - (Hi(ﬂi, d\If)wi) - GEi(d\P, 82)w:|: =
=V [Qu(ts, bt +wi) — Qu(ux,by)] — Ku

(b) B(w+) =0
(¢) we =01in z¢ < 0.

(6.13)

Let us write by = éM2b,, K = éM2F, and w = ekw, for L < M,. Drop tildes, relabel My = M,
and cancel €’ to obtain our final form for the error problem on zy > 0:

(a) dows + V- (He(tix, d¥)ws) — Bs(dV, 0%)ws =

-V ((eMbi, elw )N (g, dU, eMby eLwi)wi) —M-Lp,
(b) B(ws) =0
(¢) we =01in 29 < 0.

(6.14)

Here, we've used that Q(@, p) = O(|p|?) and introduced an obvious notation in defining A”. More-
over, by and Fy are in HM (z) uniformly with respect to €, and

(6.15) supp F' C {0 < zo < Tp+ 1}.

Recall that M in (6.14) can be taken arbitrarily large as long as the approximate solution @ is
constructed with sufficiently many terms.

To complete the study of the small viscosity limit, it is enough to show that for some ¢y > 0,
this problem has a solution on €2 for 0 < € < €.
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The first step is to obtain an L? estimate for the forward linearized problem on
(a) Oyw+ + V - (Hi(ﬂi, d‘l’)’wi) — eEi(d\I’, 82)w:|: = F4
(6.16) (b) B(wt) =0onxzy =0
(¢) wy =01in 29 <0,
where

(6.17) supp F C {0 <xg <Tp+1}.

Part 3. Symbolic preparation
7. EVANS FUNCTIONS, CONJUGATORS, BLOCK STRUCTURE, SYMMETRIZERS

7.1. 4m x 4m first order system. We rewrite the problem yet again, this time putting it in a
form needed for the symmetrizer argument to follow.

Perform the differentiations on the H term in (6.16), set U+ = (w4, ednw+) and observe that
(6.16)(a) can be rewritten as

(7.1) OnUy — 1G:|:U:|: = Ce(x,)_le:,
€
where we have relabelled < FQi) as F. Here
0 I
7.2 Gy =
(7.2) * (Mﬁ: Aﬁ:)
with
N—-1 N-1
My = Ce(l',)_l €y + Z Aj(ty)ed; — Z 628]2 + EL
1 1
N-1
(7.3) Brws = +(0y Ay (lix, d0)ws)0ix + Y (DA (s )w)ed;iis
1
N-1
Ap = C() ! | £ AN (i, dT) £2 ) 9;Ted; | .
1

To prove weighted estimates we introduce Ui =e 70U, Z:"i = e 70 Fy and observe that (7.1)
is equivalent to

N 1 - -
(7.4) ONUs — —GLUx = C°(a') ' Fy,
€

where G is the same as G4 except that the 9y in M is replaced by 9y + 7.
Drop tildes, define the 2m x 4m matrix I' and the 4m x 4m matrix G by

10 -1 0
F_<0101>

" G = (Go1 Goz ) )
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and let U = <g+> to obtain the following equivalent form (G form) for the doubled boundary

problem (6.16):
oNU — 1QU =F
(7.6) IU = 0 on 2y = 0
U=0in ¢ <0.
Here we have relabeled C(2')"'F as F.
7.2. Limiting and frozen problems. Let us write the approximate solution @¢(z) in (4.7) as
(1) () = s (@) + U5 (@', 2)] e
where for some § > 0
us (', 2)| + [Varus (', 2)| + |0:us (2, 2)| < Ce™*,
uiy(x) = UL(z) + O(e),
and (U (x),o(2")) is the original (ideal) shock. We also have
(7.9) dUe(z") = dipo (') + O(e).

(7.8)

Definition 7.1. The limiting problem corresponding to (7.6) is

1
onU — EQOOU =F
(7.10) I'WpU =0onxzny =0
U=0inzg <0,

0 I
Moo,:i: Aoo,:t

obtained from those of G by letting z = *¥ — 400, and Wp is a pseudodifferential operator whose
symbol is constructed later in this section. We have (dropping epsilons)

where G is the matrix with blocks

N-1 N-1

My + = C(l’l)_l 6(30 +79)+ Z Aj(uLi)eaj — Z 628]2 + Eoo +
1 1

N—-1
(7.11) Eo +wy = Z(@uAj(uLi)wi)eajul,i
1
N-1
Asor = C(2)) 7 | £AN(uy +,dT) £2 ) 0;Ted; | .
1

Notation 7.1. 1. Recall that the 2’-dependence in C¢(2’) enters through dW¥¢ (4.5). Thus, the
x—dependence in the coefficients of G enters through
pi:l: = Ui+, p; = d:c"lj’
N—1
(7.12) p§ = (eVgrui 4, eVgruy € Z Bij\lf),
1

U+, €Vyrug 4, and O ug 4.
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In view of (7.8) the z-dependence of G enters just through

(713) p€(ZL‘) = (pi—Hpi—?p;apg)’
where p€ varies in some neighborhood of
(7.14) p = (U2(0),U%(0),dyo(0),0) € R*™ x RN x RIMN=DHL,

For later reference we note, setting e = 0, that

(7.15) p(x) = (U (), U2 (), dipo(2), 0),

the first three components giving the original inviscid shock.
2. Let us set B =¢€C

Vgi(a:', z) = (ug,+, €Vyrug +, 8qu7i)(x', z),
Ve(@',2) = Ve s (2, 2), Ve — (2, 2))

and write the symbols associated to the operators G, G, as

G =G(V(a', 2), p" (), B)

Goo = Goo (P (2), B).

(7.16)

(7.17)

3. Observe that
(7.18) Vot (2',2) = (V2,0,0,V) (2, 2)
where V. are the leading profiles from (4.7).

Remark 7.1. For the purposes of proving an L? estimate we would normally (e.g., when the uniform
Lopatinski condition is satisfied) drop the second term in the expression for Fiwy, since doing so
would result just in an absorbable O(|U|z2) error. Similarly, if we were free to localize in z’ we
could treat it as another nearly constant parameter, say pj. Such localization would introduce
another error of the same order. However, since our symmetrizer is degenerate, our estimate (9.1)
cannot absorb such errors. So instead we proceed as above.

In preparation for the construction of the conjugator that will allow us to replace the original G
problem with the limiting G, problem, we define the associated frozen coefficient problems (only
p is frozen):

(a)Uz - g(Ve(l‘/, Z),p, ﬁ)U =F
(O)U: — Goo(p, B) = F

Remark 7.2. The estimates (7.8) show that when one passes to the limit as z — oo in (7.19)(a),
the (2, z) dependence in G disappears.

(7.19)

7.3. Spectral properties of G (p, ).

Notation 7.2. 1. Recall 8 = (',7') is a placeholder for €(), and introduce polar coordinates
(7.20) 6= pB, where 52 (ﬂA’,’?’) and BE SN

We'll always take v/ > 0, so define S¥ = SV N {VA’ > 0}.

Notation 7.3. Given a function () shall sometimes denote q(2’,0) by g(z'). For example, UL (2,0) =
UL ().
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Remark 7.3. Observe that smooth functions f(3) of 3 € RN*! can be rewritten as smooth func-
tions f(3,p) with (3, p) € SV x R,. For such functions we’ll use both notations interchangeably.

-~

However, when f(/3,0) is not constant on SV, the function f(3) corresponding to f (B, p) is not
continuous at g = 0.

Proposition 7.1 ([Z, ZS)).
1. Assume p1 4 € Oy, p2 € RN, and p3 =0. When p > 0 and v’ > 0, Goo(p, B) has 2m eigenvalues
counted with multiplicities in Ry > 0 and 2m eigenvalues in Ryp < 0.

2. Goo(p°(2"),0) has 0 as a semisimple eigenvalue of multiplicity 2m. The nonvanishing eigen-
values (fast modes) are those of

(7.21) Ao+ (P°(2)),0) (k positive, m — k negative) and
' Ao~ (p°(2"),0) (I positive, m — | negative)

3. Consider the multiple zero eigenvalue of G (po(x’),g, 0) (polar coordinates). For 7> 6> 0,
this etgenvalue splits for p > 0 small into k + 1 =m — 1 slow decaying modes

(7.22) 1= csp+ O(p?) where Res < 0
and (m — k) + (m —1) =m+ 1 slow growing modes (Rcs > 0).

Here “decaying” and “growing” refer to the corresponding exponential solutions e#*v of (7.19)(b).
A proof of Proposition 7.1 is also given in [GMWZ1], Proposition 2.1, where a slightly different
reduction of the original problem to a first order system is used.

7.4. Evans function on the whole line. In order to make a clear connection with the earlier

work [Z, ZS] on planar shocks, we first define the Evans function for the curved shock problem on

the whole space, and then relate this to the Evans function for the doubled boundary problem.
Note first that the profiles (recall Notation 7.3)

UL (a',2) = UL (") + VE(a', 2)
as in (4.7), defined for z > 0, patch together to give a smooth profile on R:

Ud(2',z), 2> 0
U(z',—z), 2<0

(7.23) U, 2) = {

Setting

N-1

G(u,dg) = fn(u) = > fi(u)d;¢,

0

we recall that the profile U%(2’, 2) is constructed in [GW] as a solution of the “travelling wave”
equation
CO2")0.U° = GUP, dipo) — G(U?, duo)

lim Uz, z) = UL(2).

z—+0o0

(7.24)



22 OLIVIER GUES, GUY METIVIER, MARK WILLIAMS, KEVIN ZUMBRUN

Definition 7.2. Define the 2m x 2m matrix for z € R

0 I
Go(l'/,z,ﬁ) = <M0 AO) ) where

M°(a!, 2, 8) =

(7.25) a7

N-1 N-1
(B0 +7")+ D> AU (', 2))iB; + Z 57 + B0, z)] :
1

B2, 2)w = (0, ANU° (2, 2), dipo (') )w) O Z/{O(x V2),

A’ 2,8) = C(a") ™!

N-1
AU (2, 2),dyo(2') +2 ) ditb0(x 25]].
1

We shall also work with the 4m x 4m matrices on z > 0 given by
Go(#', 2,8) = G(Vo(', 2),p° (), B),
goo,()(x/a ﬁ) = gOO (pO(x/), /8)7

where the matrices on the right are obtained from those in (7.17) by setting ¢ = 0 and evaluating
on the inviscid shock.

(7.26)

Remark 7.4. The matrix G is the same as the upper left block of Gy, except that the latter matrix
is restricted to z > 0.

The Evans function is a Wronskian of solutions to the following 2m x 2m system on R, in which
z’ is a smoothly varying parameter:

(7.27) U, — Go(«', 2z, 3)U =

Lemma 7.1. For 3 = (f',7') with ' > 0, there exist bases of solutions

(7.28) {Uf(a',2,8), -, Up}, {UL, -, U}

of (7.27) spanning the stable/unstable manifolds at z = +00/—00, respectively, such that
(7.29) D(a',8) = det(UY, -+, Uy UT, -, Up) =0

is C* in 2', analytic in B, and continuously extendible to ' = 0.

Proof. The proof in [ZS], based on the Gap Lemma of [GZ] and Proposition 7.1, works as well in
the presence of the parameter z’. O

Definition 7.3. The function D(2/, ) in (7.29) is called the Evans-Lopatinski determinant (or
Evans function for short) for the problem (7.27). We always take the solutions defining the columns
n (7.29) to be of size ~ 1.

Remark 7.5. In p > 0 we may write D(2/, ) = D(«/,3,p). The argument of [ZS] Lemma 5.1
shows that D(a’, 3, p) and 0,D(’, 3, p) are analytic in (3, p) on {7/ > 0,p > 0} and continuously
extendible to {7’ > 0,p > 0}.

7.5. Assumption on the viscous profile.
Recall from the Introduction the assumption (H7):

(H7) For each 2/ € RN, D(a’ ,ﬁ, p) vanishes to precisely first order at p = 0 (where it must
vanish) for all 3 € S&¥, and has no other zeros in Sfrv x Ry.
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Remark 7.6. 1. Nonvanishing of D(z', 3) for 4/ > 0 is necessary even for linearized stability of the
viscous boundary layer. See Remark 1.3 of [GMWZ1].
2. For Lax shocks the argument of Proposition 5.3 of [ZS] implies

(7.30) D(', 8, p) = Cr(a)A(', B)p + ol p)
as p — 0, for some C # 0. Here k(2’) is nonvanishing if and only if the stable /unstable manifolds for

U9 (2")/U° () of the travelling wave ODE (7.24) are transverse at the connection U%(2/, z). A(z/, B)
is the Lopatinski-Kreiss-Majda determinant for the ideal shock problem linearized at (U2, diy).

Since uniform stability of the inviscid shock is equivalent to nonvanishing of A(z/, B) for B es iv ,
this explains why Assumption (H6) implies (H5), for Lax shocks.

The computation giving (7.30) shows that
(7.31) D(/, B3,p) € C=(a/,C(SY,C(RY)).

3. The nonvanishing of both x and A is needed to carry out the construction of the high order
approximate solution in [GW]. Thus, the assumptions in section 2 imply the hypotheses of [GW]
are satisfied. X

4. The vanishing of D(z’, 3,0) reflects the fact that at p = 0 equation (7.27) has the solution
U(2',2) = (¢, ¢.), where ¢ = 9.U%(2’, 2) (differentiate (7.24) twice). This solution is fast-decaying
at both +oco. It will be convenient later to normalize
(7.32) Ul (', 2,3,0) = UL (2, 2, B,0) = (¢(', 2), ¢ (2, 2)).

7.6. Evans function for the doubled boundary problem.

Notation 7.4. 1. Given a function U(z) = <1553> defined for z € R, we set for z > 0

w0 = (163)
v-0= (5h).

2. Similarly, given a vector e = <b> cC?, sete_ = <_ab>.

(7.33)

Observe that U(z/, z, B, p) is a solution of the 2m x 2m system (7.27) if and only if U = <g+gz))

solves the 4m x 4m boundary problem
(CL) UZ - gO(xlv Z,ﬁ)U =0

(7.34) () TU =0 on z =0.

Definition 7.4. For ’?’ > 0, p > 0 define £_ (a:’,g, p) as the space of boundary values at z = 0 of
decaying solutions to (7.34)(a). In view of Proposition 7.1 £_(a’, 3, p) has dimension 2m. Moreover,
it has a continuous extension to 4/ > 0, p > 0.

Remark 7.7. The individual functions IU?’L(.%'I .2, B, p) appearing in the definition of D(2/,3) are

locally analytic in (B\, p) on {';A/’ > 0, p > 0}. This is a consequence of a standard contraction
mapping argument [Col together with the corresponding fact for solutions to the systems obtained
from (7.27) by taking limits as z — fo0o. This argument also shows that the individual solutions
corresponding to fast decaying modes extend analytically to {’? >0, p > 0}. The fast decaying
solutions are independent of B at p = 0, and so extend smoothly as functions of g as well.
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Since the subspace 5_(x’,ﬁ, p) has a continuous extension to {VA’ > 0, p > 0} (this can be
seen by arguing as in [CP], Chapter 7), we can if necessary redefine the individual solutions Uf’L

corresponding to slowly decaying modes so that they have continuous extensions to '?’ >0,p>0.
Henceforth, we assume this has been done.

The Evans function for (7.34) measures the degree of linear dependency between two 2m—dimensional
subspaces of C*"; namely, kerl' and £_(2/, 3, p). Let ey, ..., €2, be the standard basis of C2™.

Definition 7.5. Define the Evans function for (7.34) as the 4m x 4m determinant D(2/, 3, p) =

€1 -+ eam [Uﬁ U’ﬁ-‘r 0 .- 0
(7.35) det <61_ e 0 e 0 UE ... UL |2=0-

Remark 7.8. 1. We note that the last 2m columns of the above matrix form a basis for £_(2/, B, p).
2. The 2’ dependence of £_(2/, 3, p) and D(z', 3, p) enters only through p°(z’).

Recalling the normalization (7.32) we set
I a Uﬁ_
(7.36) £-o@Bop) = soan (b )z,

For x > 0 fixed denote by &¢ , (2’ B, p) any complementary subspace in E_ (' B, p) varying
continuously with (z/, 3, p) such that

(7.37) E_(a',B,p) = E_ (2, B.p) ® E° 4 .(a', B, p)

with uniformly bounded projections for 0 < p < k.

The following key Proposition is essentially Proposition 4.1 of [GMWZ1] adapted to curved
shocks. The small differences reflect our slightly different reduction of the original problem to a
first order system.

Proposition 7.2. 1. Let D(:U’,B, p) be the Evans function defined in Lemma 7.1. Then
(7.38) D(«', 3, p) =D(', B, p)-

2. Under the assumptions of section 2 we have
(a) For any choice of 0 < § < R there is a constant Cs g such that when § < p < R,

(7.39) Tu| > Cs rlu| forue E_(', B, p) for all (', B) € RN x s¥.
(b) There exist positive constants C1, Ca, 6 such that
(7.40) Ciplu| < [Tul < Coplu| for u e 5_7¢(m',3, )

for 0 < p <0 and all (x’,g) e RN x SV,
(¢) For &¢ 4 (2',B,p) as in (7.37) there exists C > 0 such that

(7.41) IDu| > Clul foru e €, . (z, . p)

for0< p <k and dll (2/,3) € RN x Sy
(d)There exists C' > 0 such that

(7.42) ICu| > Cplu| for u € E_(z', 5, p)

for 0 < p <k and all (z',8) € RN x SV.
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Proof. The proof is given in [GMWZ1], Proposition 7.1. We simply note that the compactness
arguments there still work here because of the way we chose the extension of (U (x'), dio(2')) to
all 2/ € RY in section 2. Also, the degeneracy of the Lopatinski condition expressed by (7.40)
reflects the degeneracy of the Evans function for the shock problem at zero frequency.

O

7.7. Conjugation to remove z dependence. In this section we construct an [MZ] conjugator
to remove the (2, z) dependence from the coefficients of G. The main new point here is that since
we can’t tolerate O(|U|r2) errors at this stage, we must use the semiclassical calculus to construct
a second term W in the conjugator which permits us to attain O(e|U]|z2) errors.

The first step is a construction at the symbol level. In this section G(z) (resp., Goo) denotes the
function G(Ve(2/, 2),p, B) (resp., Goo(p, 3)) defined in (7.19).

Lemma 7.2. Let p be as in (7.14) and set 3 = 0. For § as in (7.8) let F(a',2,8) € C®(RY x
[0,00) x RY x R,) satisfy
(7.43) |F(a', 2, 8)] < Ce

for C' independent of (', 2, ). There is a neighborhood w of (p, ) and matrices W§, Wi defined
and C*® on Ri\{ X [0,00) X w such that (dropping epsilons for now)

1) VVO_1 s uniformly bounded and there is a 0 > 0 such that

Wo(2', z,p, 8) — I| < Ce™%?

(7.44) [Wo( , ) =1 0
Wi (2, z,p, 8)| < Ce™ "%,
2) Wy, Wi satisty
(@) :Wo = G(2)Wo(2) — Wo(2)Yso
(b) O Wy = G(2)Wi(2) — Wi(2)Goo + F(o, 2, B).
Proof. The right side of (7.45)(a) can be written

(7.45)

(7.46) LWy + AGW,
where L is the constant coefficient operator ad Goo = [Goo,:] and AG is left multiplication by
G — Goo = O(e79).

The eigenvalues of £ are differences of eigenvalues of Goo(p, 3). Suppose we can choose k € (0, 9)
such that £ has no eigenvalues on R = —k for (p,3) € w. Let I (p, B) (resp., II_(p, 3)) be the
spectral projector on the sum of the generalized eigenspaces of £ associated with eigenvalues in
Ru > —k (resp., Ry < —k). Then the “Gap Lemma” estimates of [GZ, Z] show that Wy, Wy
satisfying (7.44) with 0 < k and depending smoothly on parameters can be obtained as solutions

of
Wo(z) =

I+ /OZ eCIEII_($)AG(s)Wo(s)ds — /00 eFmILTILL (s)AG(s)Wo(s)ds

z

(7.47) Wi(2) = /OZ e(z—s)ﬁﬂi(s)(Ag(S)V\ﬁ(S) + F(s))ds

- /°° ETIEILL () (AG ()W (s) + F(s))ds.

There is no problem choosing x as above satisfying the separation condition at the basepoint
(p,B). The same choice works for (p,3) € W provided w is small enough. (In Remark 7.9 we
describe a better way of choosing w).
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The uniform boundedness of Wy follows by the argument in [MZ], Lemma 2.6.
O

Remark 7.9 (Choice of w and wy). In proving the degenerate L? estimate we will see that spatial
cutoffs ¢(z) lead to unacceptable O(|U|;2) errors, while frequency cutoffs x(8) localizing near

8 = 0 are allowed. Since we can’t localize in  we have to restrict how much the original shock
(U (x), d°(z")) can deviate from (U$(0),dy°(0)) in order to insure (p(z),3) € w for all x € KJIH.
To see how much deviation from flatness can be allowed, set € = 0 in G (p©, €¢) to obtain a matrix

K} 4 (x),p) _(z),p3(a")) with blocks

0 I
(7.48) <0 C(a')! (iANwi(x),dwO(w’)))) |
We first choose a connected, relatively compact neighborhood
(7.49) wi 3 (UL(0),U2(0),dy°(0))

as large as possible so that for all (p1 4, p1,—,p2) € w1, differences of eigenvalues of the frozen matrix
K(p1,+,p1,—,p2) avoid the line ¥y = —~ for some « € (0,6). Of course, we should take

W1CO+X0_XRN.
In addition, we need to choose wy so that

(7.50) Aso +(P1,+,P1,—,p2,0,0) have uniformly bounded inverses on @j.

w1 specifies how much (U (x),d)°(2)) can deviate from (U(0), dy%(0)).

Observe that the larger § is, that is, the faster the leading profiles V.(z’, z) decay exponentially
to zero, the more the original shock may deviate from flatness. In addition, the more slowly varying
the matrix K(p1,4,p1,—, p2) is, the larger the neighborhood w; can be chosen.

Now having fixed wy, if we choose any small enough neighborhood wo (resp., ws) of p3 = 0 €
R2MN=1+1 (resp., of 3 =0 € RN x R, ), the choice

(7.51) w=wi X wy X ws

works in Lemma 7.2.
The above discussion is what motivates the choice of Assumption (H6).

7.8. Hyperbolic and elliptic blocks.

The following lemma separates out the eigenspaces corresponding to small and large eigenvalues
of Guo.
Let p be as in (7.2) and w = w1 X we X w3 as in (7.51). Recall that ps is the placeholder for p(z)

defined in (7.12).
Lemma 7.3. Shrinking wy and ws if necessary, we can construct a C* invertible matriz T (p, 3)

defined on w such that T~'Gso(p, B)T has the block diagonal form

Hp 0 0 0

0 P 0 0 _g
0 0 Hp 0|77t
0o 0 0 P

where, with R, L corresponding to +, — respectively
Hp,1(p, B) = —Ax s Moo+ + (O(8) + O(p3))”
Pr1(p,B) = Acox + O(B) + O(p3).

(7.52) T 'GoT =

(7.53)
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T has the form

I AL, 0 0
—AL My +m I+ 0 0
(7.54) T(p, ) = 0 0 I A
0 0 A My_+73 I+
where
(7.55) 7i = 7i(p, B) = O(B) + O(ps)

and O(B) (resp., O(p3)) represents a smooth function of (p,3) of the form B - f(p,B) (resp., ps -

f(p3))-
The eigenvalues of Pr(p, 3) and Py, satisfy |Ru| > C > 0 for || + |p3| small.

Proof. The proof is a simple computation. Look for T' of the given form and use (7.50) to solve for
Tly.--5T4.

The eigenvalues of Pr 1, have the stated property since the eigenvalues of A 4+ are nonvanishing.

O

7.9. Block structure.

Notation 7.5. Given a function f(p) = f(p1,+,p1,—,p2,03), set p' = (p1,4,p1,—,p2) € R?™ x RN and
with slight abuse write

(7.56) ') = f',0).
Observe that we can rewrite Hp 1,(p, 8) in (7.53) as
(7.57) Hpg,1(p, ) = Hr,(t', B) + O(p3) + O(p3)0(8) + O(p3)*.

Conjugation by a constant coefficient matrix T (with only zeros and ones) changes G;  in (7.52)
to Ty 'Gi oo T =

Hr 0 0 O

o H, 0 o0
(7.58) g2,oo(p7/3) - 0 0 PR 0

0o 0 0 P
In the next Proposition we use the polar coordinate notation introduced in Notation 7.2.
Proposition 7.3 (Block structure). Let p’ € @i. For all B with i > 0 there is a neighborhood

@ of (¢, B, 0) in (R?™ x RY) x S¥ x Ry and there are C™ matrices Tg(p’,B, p) on @ such that
TQ_lggjong has the following block diagonal structure

. Hgp(p, B, p) 0 0
(7.59) Ty ' Gono Ty = 0 Pi(p, ) 0 =GB
0 0 P_(p',B)

Here the eigenvalues of Py (resp. P-) belong to a compact set in R > 0 (resp. R < 0) and in
addition

1 ~
(7.60) RP, = §(P+ +P{)>cl and —RP_>cl on &

for some ¢ > 0.
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PN - '
We have Hg(p', 38, p) = pHp(p', 3, p) with

Qr - 0
0 - Q
The blocks Qy, are vy X v, matrices which satisfy one of the following conditions:
i) RQy is positive definite.
ii) RQy is negative definite.
iii) v, = 1, RQp = 0 when v = p =0, and 0;,(%@;6)@,(?)%@;6) > 0.
i) v > 1, Qr has purely imaginary coefficients when ';’ = p =0, there is u € R such that

e 10
N 1o -0
(7.62) Qr(p', B3,0) =i Hk ,
e
[k

and the lower left corner a of Q. satisfies 0 (Ra)d,(Ra) >0
Moreover, the matriz Ts can be taken of the form

(7.63) To(p', B, p) = (TH(p /0 fip

for C® functions Ty and Tp. In fact, a single smooth matrix Tp(p’ B) defined for |5 small and
p' in a neighborhood of Wy can be chosen to conjugate the (Pr, Pr) block of G2 to the (Py, P_)
block of GB -

7.10. Transport Proposition 7.2. We need to transport the information in Proposition 7.2
about the problem

UZ - gO(xla Z7ﬂ)U =

7.64
( ) TU=0onz=0

to an appropriately conjugated boundary problem.

Notation 7.6. Corresponding to the p’ notation introduced above, set p/(x) = (p%ﬁ:c),p%_(x),p%(x)) =
(UY(z), U (z), dpo(2')). Note p°(z) = (p/(z),0) (the last entry is p3), so sometimes we’ll write
(abusively) p°(z) = p'(z).

Set
(7.65) Gur 0.5 = (5 p)
where
(7.66) H= <I“([)R IET)L) , P= (% ]S_> .

In previous subsections we have defined symbols W§(z', z, p*(z), ) (7.44), T(p*(x), 8) (7.54), T
(7.58), and Tp(p'(z), 5) (7.63). Set

Wola', 2,1/ (2), B) = Wi(2', 2,p°(x), )
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and define
1/ @05 = () 7,

(7.67) T(z,2,0) = Wo(@',2,p'(z), B)T (¥ (z), B) 1 T5(p (2), B),
T°(a',2,8) = Wo(a', 2,9/ ("), BT (0 ('), BTV T3 (p' ('), )
Iy(2', f) =TT (2',0,0),

and observe that 7° conjugates the problem (7.64) to

U. = Gup(p'(2'),8)U =0

(7.68) I'y(z',3)U =0 on z = 0.

Corresponding to the blocks in (7.68) there is the obvious decomposition of C*™;

C'™ =Ey ® Ep, DE

(7.69) H 0 Bpy WP
U=Ug+Up, +Up_,

where the three spaces on the right have dimensions 2m, m — 1, m + 1, respectively, and, if
U = (umg,up,,up_), we have Uy = (upy,0,0), etc..

For p > 0, '?’ > 0 define E_(m’,g, p) to be the space of boundary values at z = 0 of decaying
solutions of

(7.70) U, — Gup(p'(2'),3)U =0 on z > 0.

These spaces vary smoothly in {p > 0,7 > 0} and extend continuously to {p > 0,7 > 0}. In
fact, it is not hard to check that

(7.71) E-(a'.B.p) = T°(',0, B)E_(a', 3. p),
where E£_ is the corresponding space for (7.64) defined earlier. We have
(7.72) E_(«/,3,p) = En_(«',3,p) ® Ep_,

where Ey_ (w',a, p) = IE_(:U’,B, p) N Ex.
Next define the subspace Ep, (2, 3) of Ep_ by

(7.73) E_(a',B) =T°(',0,8)Ep,_ (', B),

where we have used the regularity property of fast decaying modes explained in Remark 7.5 to

rewrite 5_,¢(x’,3, p) =E_ (2, ).
For k£ > 0 fixed choose a smoothly varying subspace Ep, _, (2, 3) orthogonal to Ep, _ (', 3) such

that
Ep. = EBp, («/,8)& Ep,_,(«/,5)

7.74
( ) UP, = UPL— (33'/, ﬁ) + UPQ,—,n(x/7 /B>
Then
(775) £° ', B.0) = TO,0,0) (B .p) & B, (a',))

is a choice of complementary space that works in Proposition 7.2.
Having defined Ey_(2, 3, p) we take Ey, (2/, 3, p) to be any continuously varying subspace of
FEy such that

(7.76) Ey = En, (¢',3,p) ® Eg_(«', 5, p)
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with uniformly bounded projections. (In [GMWZ1], (3.25) a particular choice of Ep, , denoted
there by Ep, ., is made, but here any choice as above will do.)
This gives a more refined decomposition,

(C4m —
(7.77) En,(«',3,p) ® En_(«',B,p) ® Ep, ® Ep,_(2',58) ® Ep, _,(«,f3),
U= UH+ +Upg_ + UP+ + Up177 + UPQ,,#-

The next Corollary is then an immediate consequence of Proposition 7.2.

~

Corollary 7.1. There exist positive constants Cy, . ..,Cy and & such that for 0 < p < k, all (2/, 3),
and U € C*™

(a) C1p|Up, _| < Ty (2, B, p)Up, _| < Cop|Up, _|
(7.78) (b) 12, B, p) (U +Up, )| > Cs3(|Un_| + |Up,__.|)
(¢) [T1(a', B, p)U-| > Cup|U_|.

Again, in making these statements for all 2/ € R, we are using the compactness properties of
our choice of extensions in section 2.
Part (a) of the Corollary shows that I'y fails to satisfy the uniform Lopatinski condition at p = 0.

Definition 7.6. A boundary operator I'y(z/, B, p) depending continuously on (2, 3, p) satisfies the
uniform Lopatinski condition at (z/, B, p) if there exists a C' > 0 such that

(7.79) Ta(a’, B, p)ul > Clul
for u € E_(a/, B, p) uniformly near (2, E, ).

The following simple consequence of Corollary 7.1 gives a more precise version of (7.1)(c) and is
essential for the construction of degenerate symmetrizers. It is proved in [GMWZ1], Lemma 4.1.

Lemma 7.4. There exists a constant & > 0 such that for p sufficiently small, all (x’,B) and all
U € C*" we have

(7.80) ID1(2, B, p)U—c| > 6(|Upr_ | + plUp._|).

7.11. Standard and degenerate symmetrizers. In this section p’ denotes the frozen variable
corresponding to p'(x).
Observe that Hp 1.(p', 5, p) can be written Hp 1, = pHp 1, for Hgr 1(p', 5, p) smooth. Set

H(p,B,p) = (%R }?L) = (%R E?L) :
rwo = (" ).

Proposition 7.4. 1. Let p' € wWy. There is a C* matriz SH(p',B, p) on a neighborhood w* of
{p'} x SY¥ x {0} such that Sy = S}; and

(7.81)
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where {V}} is a finite collection of C™, invertible, 2m x 2m matrices having the following block
structure

By - 0
0 --- B,
with either B; = B; positive definite, or B; = 7' Bjo + pBj1 with Bjo and Bj positive definite.
The number of blocks p can vary with . Moreover, > V;*V} is positive definite.
2. Standard symmetrizer. Let {(z,5,p) : (p'(z),5,p) € w*} be denoted (abusively) by

P (w*) and set pé)_l(w*) ={(«',5,p) : (p’(a;’),[/?\, p) € w*}
Given a boundary condition I, that satisfies

(7.84) Tu(’, B, p)u| > Clul for u € E_(a', 5, p) on py *(w")
choose
;o (CT 0
(7.85) sen = (G 7).
where the blocks correspond to those in the matrix P. Then for C large enough we have
(7.86) R(SpP)(p',B) > I forp € wy, |B] small .
Set
~ / 3
(7.87) S(x,B,p) = Su(p'(z),8,p) 0
0 Sp

'—1
onp (wx).
Then Sy as above can be chosen so that in addition we have for C' large enough and U € C*™,

(7.88) ((S+ FZFG)(x’,B, p)UU) > c|U\2 on péﬁl(w*)

for some ¢ > 0.
3. Degenerate symmetrizer
Consider 'y which is degenerate in the way specified in Corollary 7.1. Now choose

cI 0
Then for C large enough we have for uw = (up, ,up_) € C*™
(7.90) (R(SpP)W', B)uu) = Clup, [ + p*lup_|?

P’ in a neighborhood of w1 and |3| small.

Define S(z/, 3, p) as above with the new Sp. Then Sg as above can be chosen so that in addition
we have for C large enough and U € C*™

(a)((S + T, B, p)U U) > ex([Unl® + |Up, | + |Up, . *) + c2p®|Up, |7,

(7.91) ~
(Berp?|UP < ((S + 500, B, p)U, U) < cop?|UJ? for U € Ep, _

,_ .y .
on py H(w*) for some positive c1, ca.

Proof. In the case where the uniform Lopatinski condition holds the construction of .S follows by
the same argument as in [MZ] (see also the section on standard symmetrizers in [GMWZ1]).

In the degenerate case the construction of [GMWZ1], Proposition 7.4, gives S satisfying (7.91),
except for the upper bound in part (b), which follows from the definition of Sp and Corollary
7.1(a).
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We note also that the construction of Sy in [GMWZ1] is close to the original method of [K]
and involves localization on Siv and use of the refined block structure of Proposition 7.3. The
boundary estimate in (7.91) (a) follow by incorporating the information in Corollary 7.1 into the

Kreiss argument.
O

8. SEMICLASSICAL AND MIXED CALCULI

8.1. Semiclassical calculus. Our proof of the L? estimate in the small frequency region requires
the use of classical, semiclassical, and mixed-type pseudodifferential operators. We begin with a
simple calculus of semiclassical operators with finite regularity in z’.

We have had to do a fair amount of bookkeeping to state precisely how much regularity in z’ is
needed to make the calculi work. The motivation is to be able to apply the calculus to problems in
which the inviscid shock is not piecewise C* but just piecewise CM for M big enough. Attention
to regularity hypotheses also helps clarify what determines the size of the constants appearing in
our estimates. In this paper our linearized problem has C'°° coefficients since the inviscid shock
is assumed piecewise C'™ (for convenience), so the regularity hypotheses needed for applying the
calculi are always satisfied.

The reader may wonder why we don’t paralinearize as in [MZ], thereby eliminating much of
the bookkeeping and allowing us to assume much less regularity in z’. The reason is that this
introduces O(|U|r2) errors at a stage when they are too big to be absorbed by the left side of our
degenerate symmetrizer L? estimate (9.1).

Notation 8.1. 1. Let ¢’ = (¢o,¢") € RN denote variables dual to the tangential variables z' =
(o, 2"), and set ¢ = ({’,v), where we always take v > 1. Set (¢) = /|¢|?> = /|{’,7|? and, with
slight abuse, (') = /|, 1]2.

2. For e > 0let B € RN xR, (resp. B € RY) denote a placeholder for e (resp. e(’).

3. We will ignore powers of 27 in all formulas involving pseudodifferential operators and Fourier
transforms. We write p(¢’, ¢) for the partial Fourier transform of p(z’, () with respect to z’.

4. On H*(RY) define the norms |uls~ = [{¢)@| 2.

5. When we write

T.:X—Y

for a family of linear operators mapping one function space into another, we mean that the operator
norm is uniformly bounded with respect to €, for 0 < € < 1 and v > 1. For a particular s € R we
say 1Tt is of order k on H?® if

(8.1) T.. : H'(RY) — H*HRY),

When T, is of order k on H k_we shall simply say it is of order k. When the domain and target
spaces of T are clear from the context, we’ll write simply |7T'| for the operator norm.

6. Constants C that appear in the proofs are always uniform with respect tovy > 1,0 <e <1,
but may change from line to line (even term to term).

7. We'll sometimes denote spaces like CM(RY, C°(RN x R,)) by CM(a/,C>°(8)) when the
domains of the variables involved are clear.

Remark 8.1. Our pseudodifferential operators are defined by symbols with finite regularity in z’.
Such an operator is generally of order £ on H® only for s in a proper subinterval of R. See
Proposition 8.9.

The semiclassical operators are built from “symbols” in the set
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Su = {p(m',ﬁ) € CM(RiXa COO(RN X K4‘)) :

(8:2) p is independent of 2’ for |2'| large and sup |9%,95p(z", 3)| < C,}.
lul<M

Let

(8.3) Soo = NSy

Define symbol norms

(8.4) Ipla,x = sup sup sup |92,05p(z’, B)].
|p|<M |v|<K (z',5)

Remark 8.2. Often we will use symbols in
(8.5) {p(a'.8) € CM (2, C§°(B)) -
‘ p is independent of 2’ for |2'| large} C Syy.

(The subscript 0 indicates compact support in [3.)
To each p(z’, 8) € Sy we associate the operator defined by

(8.6) p(x’, eD)u = /em/c/p(:v', eC)a(¢)d¢'.
The following propositions are proved in Appendix A.
Proposition 8.1. If p € Sy and M > N + 1 then
p(2',eD) : L*(RY) — LY(RY).
Definition 8.1. A family of linear operators r. , is said to be of order ek if Teqy = (—:"‘“'Rg’7 where
R~ : LA(RY) — L2(RY).
Proposition 8.2 (Products). Suppose p € Sy, and q € Sy, where My > N + 1 and My >
My + (N+1)+k+1 for somek > 1. Set
(5.7) = Y gl /DS, ).
la<k—1
Then t(z', 3) € Sy, and
(8.8) A=p(2',eD)q(2',eD) = t(z',€D) + re 5,
where re is of order ¥, Precisely, Tey = " T, where
IT| < ClpIN+1,k|0: Gl a1,-1,0-
Proposition 8.3 (Adjoints). Suppose p € Syr, where M > (N + 1) + k + 1, for some k > 1. Set
(3.9) W)= Y oDy, p).
la|<k—1
Then t € Spr—k+1 and
p(a’, eD)* = t(a', eD) + Teys
k. We have Tey = e*T, where

T < ClOwplar—1k-

where 1 is of order e
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8.2. Mixed calculus. We’ll sometimes need to compose classical with semiclassical pseudodiffer-
ential operators. For m € R define the classical (C) and mixed (M) symbol classes

cr = {p',¢) € CM(RY, (RN x {y >1}) : p is independent of 2’

(8.10) for [2'| large and  sup |9%,0¢p(z', ()| < C, ()™,
lul<M
m = {a(z',3,¢) € CM(z',C>(3,¢)) : a is independent of z’
(8.11) for |2/| large and sup \85,8582@(%,@ Q)] < CI,7T<C>m_|T‘},
lu|<M
Set
Coné = NmCiy, Mglo = Ny Miy;.

Define associated symbol norms

plak = sup sup sup |9%9%p(z’, Q)|
|| <M [v|<K (/,0)
(8.12)

lalas gy, = sup sup sup  sup |04 05 0%a(a’, B,0)(Q)T
|u|<M |v|<K7 |T|<K2 (2/,6,C)
Remark 8.3. 1. Clearly, Spy € M8, and CJ} ¢ M7
2. If p(z, B) € Sy and ¢(2/,¢) € CJf}, then p(z/, B)q(a’, () € MTL.

To an element a(2/, 3, () € M, we associate the mixed operator

(8.13) a(z',eD, D)u = /em’C’a(x',eg,g)a(g’)dg’.

In the proof of the Garding inequality (Proposition 8.10), we’ll need to compose and take ad-
joints of mixed type operators. The next few propositions give a mixed calculus that extends the
semiclassical calculus.

Proposition 8.4. If a € MY, and M > N + 1 then
a(x’,eD, D) : H*(RY) — L*(RY).

Definition 8.2. 1. Let (D)™ be the operator defined by the Fourier multiplier ({)™.

2. We say that an operator 7. is of order ¢*(D)™ if it has the form €*7T. . for some operator
T. ., of order m. In that case we write re, = O(¢"*(D)™) and define the mized degree of 7. to be
m — k.

(D)™, m >0
Y™, m <0

max

3. For v > 1 define (D, )™, = {

Proposition 8.5 (Mixed products). Suppose a € My} and b € MYp, where My > N + 1 and
My > M+ (N+1)+mi+k+1 for some k> 1. Then

(8.14) A=a(z',eD,D)b(a',eD, D) = t(z',eD, D) + rc ,
where for appropriate constants Cq, 0, we have t(z', 3,() =
1 14 (6% m m
(8.15) > o~ ( 3" Capnledp) dal’, B, C)) Db, B, ¢) € Mt
|a|<k—1 ptr=a
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and

(8.16) P = D Theo with ey = O({D)™ (D7) iz ).
0<i<k

We have \e_lmw\ < Cla|N+41,k,k|02b| My —1,0,0-
Note that when k& < m; each of the terms r; ., has mixed degree m; +mz — k.

Remark 8.4. 1. Suppose a € Mg}ll for M; > N+ 1 and b € MT/IQQ where M, satisfies only
My > 2(N +1) +my +k + 1 for some k > 1. Since My} C MYy, we can still apply Proposition
8.5 obtaining ¢ € M?G:gmz

2. When a is independent of 3 in Proposition 8.5, 7., = 0 for [ # 0.

Proposition 8.6 (Mixed adjoints). Suppose a € MY, where M > (N + 1) +m+k + 1 for some
k>1. Then

a(z',eD,D)* =t(z',eD, D) + 1 5,

where for appropriate constants Cq, 0, we have t(z',3,() =

1 * m
(817) Z a ( Z Ca%l,(eaﬁ,)”(‘?g/l)gla (l'/’ﬁ’C)) c MM7k+1
la|<k—1 " \ptv=a
and
(818) Tey = Z T'leny with Tlhery = O(el <D7 ’7>2;xk+l)
<k

We have |e 1| < ClOpalpr—1 k-

8.3. Classical calculus. The results on mixed products and adjoints contain results for classical
products and adjoints as special cases, but we need to supplement those results with the following.

Proposition 8.7 (Classical products). Suppose
p(a,¢) € Cypr and q(2',¢) € CyE,

where M1 > N +1 and My > 2(N + 1) + |m1| + 3. Set t(a',¢) = p(2/,{)q(2', (). Thent € C;{E‘Fm?
and

(8.19) p(2', D)q(z', D) = t(2', D) + r,
where r is of order my + mg — 1. We have
7| < Clpln+1,1102q| vy 1,0
Proposition 8.8 (Classical adjoints). Suppose
p(a’,¢) € Cip,
where M > (N + 1) + |m| + 3. Set t(2/,() = p*(2/,{). Then
(8.20) p(z’, D)" = t(2', D) + req,

where 1 is of order m — 1 and |r| < C|0yp|rp—1,1-



36 OLIVIER GUES, GUY METIVIER, MARK WILLIAMS, KEVIN ZUMBRUN

8.4. Remainder terms. Sometimes, for example in the proof of the Garding inequality in the
next subsection, we need to know the mapping properties on H® of the remainder terms that arise
in the mixed calculus. The proofs show that these operators, while not actually given by symbols
in M, are still given by superpositions of Fourier multipliers converging in an appropriate sense.
The next Proposition makes more precise the mapping properties of such superpositions.

Proposition 8.9. Fir s € R and suppose a(z',3,() € CM(z',C>®(B,()) has compact support in
x' and satisfies

0% a(a’, 3,¢)| < C(O)F

for |a] < M. Suppose M > N + 1+ [|s — k||, where [x] denotes the least integer > x. Then the
operator

(8.21) A(2',eD, D) = /eix’ﬁ’a(g’,eD,D)dg’
1s of order k on H®.
8.5. Garding inequality.

Notation 8.2. 1. (u,v) denotes the L? pairing, which can be extended as the duality pairing on
H? x H™S.

ata*

2. For a matrix a (symbol or operator) set Ra = “5

The following Garding inequality will be used in the proof of the L? estimate to obtain bounds
from below both in the interior and on the boundary.

Proposition 8.10 (Garding inequality). Consider n x n matriz symbols a € MYy , w € ./\/19\42,
where My > 2(N + 1) + max(%,m) + 2+ [| 5] and My > 2(N 4+ 1) + m + 2+ [|B]]. Suppose there
s a scalar symbol x € M?Ml and ¢ > 0 such that x*w = w and

(8.22) Ra(a', 3, ¢) = c(¢)™ on supp x.

Let A=a(z',eD, D) and W = w(z',eD, D). Then there exists C > 0 such that for all u € H?Z
c

(8.23) E‘WUP%'V < R(AWwu, Wu) + C(|u\2%,177 + 62|u|%g’7).

C' depends on symbol norms of a, w, and x.

Part 4. Stability estimates
9. L? ESTIMATE
9.1. The main estimates.
Notation 9.1. 1. For u(z) € L*(Ry, H*(RY)) and ¢ = (¢, ) = ( ¢o,¢",7), set
[ulsy = (YU, 2N) L2(¢r op) -

2. For u(a') € H¥(RYN) set (u)s = [{C)*tl 2.

3. When s = 0 we write |u|o, = |ulo, (v)oy = (V)o-

4. Let A(e¢) = (14 (€7)? + (eCo)? + |eC”|)4. For u(z), v(a') set

lula = [A(eQ)a(C, 2n) L2(¢ran)s (V)a = [AEQ)D(C) 2(¢r)

and similarly define |u|y, (v)4 for other weights ¢.
5. For u(z) set (u(0))y = (u(z’,0))4.
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Our goal is to prove the following (degenerate) L? estimate for solutions to the doubled boundary
problem (7.6)

1
ONU — —GU = F

€
(9-1) TU =0onzy=0
U=0inzy<0:

Theorem 9.1 (Main L? estimate). Under the assumptions of section 2, there exist positive con-
stants C, €y, o such that for all v > 79, 0 < € < €y with ey < 1, solutions to (9.1) satisfy

(9-2) VelUlo +€{U(0))o < C|Flo.

The preceding estimate is a composite of three more precise estimates corresponding to the three
natural frequency regimes in the problem, the regimes in which e is of small, medium, or large
size.

Recall 3 = (#,7') € RY x R, is a placeholder for €. We shall localize with respect to the size
of B using cutoff functions x;(8) € S (8.2), j = 5, M, L, such that

(9-3) Xs(B) +xum(B) + xr(B) =1,

where for some constants R; (sufficiently small), Ry (sufficiently large)

supp xs C {0 < [8| < R}

3
(9.4) supp xar C {71 < |5 < R}
3
supp xz. C {7 R < |0]}

Notation 9.2. 1. Our calculi involve semiclassical (a(z’, 3)), mixed (b(z', 3,()), and classical (¢(2’, ())
symbols, sometimes depending on parameters like zy, €, or z = #¥. When the nature of the
symbol is clear from the context, we’ll often write simply aU, bU, cU in place of a(x’,eD)U,
b(z',eD, D)U, c(a’, D)U, respectively. When composing operators, we need to distinguish, for
example, by(z',eD, D)by(x',eD, D) from (b1be)(a’,eD, D). To avoid ambiguity we add then the
subscript D and write these two operators as by pba p, (b1b2)p respectively.

2. We will occasionally use the symbol x s to denote a cutoff distinct from the one in (9.4), but
also supported in a bounded region strictly away from the origin. Similar statements apply as well
to xs, XL-

3. The symbol r¢ will always denote a symbol or operator of order zero. It may change from
line to line or even from term to term, entry to entry, etc..

4. Write the solution to (9.1) as U = (U4, U_) = (uy,v4,u_,v_). Define

(9.5) Ur = (Auy,vq, Au_jv_),

where A(eD) is the multiplier associated to the symbol defined in Notation 9.1.
5. Let II1 (2, 3, p) and Ily(2/, 3, p) be the projections defined in (9.68) satisfying IT; + Iy = 1.

Proposition 9.1. Using the notation just introduced, we have the following estimates for solutions
to (9.1). Let Ry, Rs be as in (9.4). For Ry sufficiently small and Re sufficiently large, there exist
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constants C, vy, €1 such that for all v > v, 0 < e < e with ey <1
(@) VelxsUly + e{I,pxsU(0))1,4 + (2, pxsU(0))o <
C (IFlo + (95 x5)Ulo + €[Ulo + €(U(0))o)
(0) IxarUlo + Ve(xarU(0))o <
C (elFlo + €[Ulo + (U (0))o)
(¢) IxzUnla + Ve(xrUa(0)) sz <
C (e[ Flo + €|Ualo + €(Ux(0))o) -

Assuming Proposition 9.1 for the moment we prove Theorem 9.1.
Proof of Theorem 9.1. Let A denote the sum of the three left hand sides in (9.6). We have
(9.7) VelUlo +€(U(0))o < A< C|F|o + B,

where B represents the sum of the terms on the three right sides not involving F. Of these terms
only 3 are not obviously dominated by other terms on the right, namely

(9.8) (05 xs)Ulo, €|Urlo, €{Un(0))o-

We need to check that each of these 3 terms can be absorbed by A, at least for € small enough
and v big enough. The second and third terms are easily handled by noting that in the small and
midfrequency regions, the symbol A ~ 1. Finally, on supp dgxs we have |3| > C > 0, so to absorb
this term we can first estimate it using (9.6)(b).

O

The use of pseudodifferential calculi in the following arguments gives rise to many error terms
that we need to absorb in the estimates. Having stated Proposition 9.1, we can now make the
following definition:

Definition 9.1. We will call an error term acceptable if: (a) it can be dominated by a finite sum
in which each term has the same form as one of those appearing on the right sides in (9.6), or

(b) it can be absorbed by the sum of the left sides of (9.6) for small enough e and large enough
~ satisfying ey < 1.

9.2. Proof of Proposition 9.1. This proof will occupy the rest of section 9. We note first that
the estimates on x /U and xpU in (9.6) are taken from [MZ]. Indeed, estimates (9.6)(b),(c) are es-
sentially estimates (4.37),(4.28), respectively, in [MZ]. We say “essentially” because, although [MZ]
considers Dirichlet boundary conditions, the same argument in the medium and large frequency
regions yields estimates for any boundary condition satisfying the uniform Lopatinski condition in
those regions. In particular, note the extra gain in regularity in the high frequency region. This
plays an important role in the final nonlinear stability argument.

We refer the reader to [GMWZ1], section 3, for more detail on how the standard symmetrizer
argument works in those regions for such boundary conditions.

Thus, we shall focus henceforth on the estimate for xsU in (9.6)(a).

1. Localize to small frequency region.

In (9.1) G =G(V(2', 22),p(x),eD). xsU satisfies

1 1
XsUzy — ggXSU =xsF + Z[XS,Q]
T'ysU =0on xny =0.

(9.9)

There is a high frequency contribution to the commutator because of the z’ dependence of G, and
to get a good estimate for this we use the semiclassical calculus. Although G does not belong to
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Sy, it is simply a differential operator and we can use and directly estimate the expression for
remainders in (12.15). Since

€
(9'10) XS,DgD = (XSg)D + g(ag/XSagc/g)D + 62RD,
where Rp is of order zero, we have

1

1
(9.11) [xs,p,Gp] = ;(%/XS(%Q)DU +eRpU.

€
Thus Ug = xsU satisfies

1
OxyUs — EQUS =F

(9.12)
FUS:OOD$N:0,
where
(9.13) [F'lo < C|Fo + [(83x5)Ulo + €|Ulo.

2. Extend and invert conjugator. It will be convenient first to extend the symbols
W;j(z',2,p, ), 5 = 0,1 defined in Lemma 7.2 smoothly to all 3 € RY x R;, so that the esti-
mates in (7.44) continue to hold. However, the ODEs (7.45) hold only on the original domain. For
now we suppose that Wi satisfies (7.45)(b) for some F to be chosen.

The symbols W; belong to S, and we’ll use the semiclassical calculus to construct approximate
right and left inverses, W_1 g p and W_y 1, p for the conjugator
(9.14) Wi = Wy(2, x?N,pe(x), eD) + Wy (2, xTN,pE(:c), eD).

These operators will satisfy

WDWfl,R,D =1 + 627‘0
(9.15) )
Wfl,L,DWD =1+¢er

where g = ro(z’, %2, p°(x), €D) has order zero.
Construct W_y g(«', ZX, p*(z), 3) of the form

(9.16) Wfl,R = wq + ewq,
and use the calculus to find that wg, wy should satisfy

wo = WO_I
(9.17)

1
wy = W()_I(Wlwo + ;ag/W()am/wo).

The construction of W_y 1, p is similar.

3. Second order conjugation to G... Choose smooth cutoffs x1(5), x2(5), xs(5) compactly
supported in wg (recall (7.51)) and such that
(9.18) X1X2 = X1, XSX1 = XS-

Later, we’ll use the same notation to denote a possibly different set of three cutoffs with the
properties (9.18).

Note that (9.12) still holds with G replaced by Gpx2,p and henceforth set
(9.19) Gpx2,p = Gp, Goo,pX2,0 = Goo,D-

g, for example, does not belong to So, but GG does.
Define V.= W_; g pUs and use (9.15) to see

(9.20) WpV = Us + €rUs.
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For later reference observe also that the equation and the calculus imply for each L > 0
(a) €0,,Us = eGpUs + F' = erqUsg + €2 F’
(9.21) (b) (1= x1,0)V = (1 = x1,0)W-1rD Xx5,0U = €"rpoUs,
(c) ONUg = %GDWDV + F' 4+ ergU

for some operator rr, o of order zero.
Computing dy(WpV) in two ways we have

INWpV) =
(9.22) (a) %@WQDV + O W1, DV + (OpWoONDS) DV + ergV + WpOnV =
(b) OnUs + €20n(roUs) = %GDWDV + F' + eroU.
Using Lemma 7.2 and (9.21)(b), we have

OWopV = (GWo —WoGoo)p X1.0V + lro LU

(9.23) L
GZWLDV = (GWl — WG + f)D Xl,DV +e€ TO,LU.

Using the calculus and (9.21)(b) we find

GpWpV = (GWy + gaﬁlaaxfwo +eGW1)p 1.0V + EroU

2 WpGoop (x1,0V) = WoGoo + =05 W0 Goo + Wi Goc)p x1.0V + Erol.
Finally, substitute (9.23) and (9.24) into (9.22) and observe that provided we choose

(9.25) F = %(%/G@xzwo — 0g W0 Goo) — OpWoOND©

in Lemma 7.2, then x1 pV satisfies

(9.26) Widn (x1.0V) — %WDGOO,D (xLDV) = F' + erolU.

Apply W_1,1,p to get

(9.27) oy (V) — %vaD(Xl,D)v Wy pF + erol.

Since
0=TUs=TWpV + I'ryUg =

(9.28) ,
I'Wpxi1,p0V +ITWp(1 — x1,0)V + €T'roUs,

we find using (9.21)(b) and (9.20)

Us =Wpxi1,pV + e2roUg and

(9.29) )
FWD(Xl,DV) = € T()US.
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In view of (9.27) and (9.29) we have reduced the proof of Proposition 9.1 to showing that the
estimate in (9.6)(a) holds with Ug on the left replaced by U, g satisfying for some new F'

1
OnUis — ;GOO,DUI,S =F

(9.30) I'WpUy,s = e?roUs on zy = 0
Ui,s = x1,0m0Us.

Remark 9.1. In proving the estimate (9.6)(a) for U; s one should replace 7 (2’,0,0,3) (for T as in
(7.67)) by Wy'(2,0,p/(2',0), 8)T («',0,0,3) in the definition of ITy, T (Definition 9.2). Similar
remarks apply to the reductions that follow.

4. Conjugation to G p. Here we’ll reduce to a problem where G p in (9.30) is replaced by
an operator G p pp close to Ggpp (recall (7.65). Until we achieve that reduction (9.46), the only
way we can deal with O(|U|p) errors is to “incorporate them back into the system”. The remaining
acceptable errors are simply incorporated into the new forcing term F'.

Notation 9.3. Denote by O(eD) a semiclassical operator with symbol s(z, 3) such that s = - f(z, )
for some smooth f. O(e) denotes an operator with symbol s = ef(z, ) € S In a similar way
define O(e?), O((eD)?), etc.. When speaking of symbols instead of operators we’ll use, as before,
the notation O(eC), O(e), etc.. In ambiguous cases like O(e), the intent (symbol or operator) should
be clear from the context.

Remark 9.2. Terms like |O(eD)x2,pUi slo are acceptable errors in the sense of Definition 9.1.

The main step is to conjugate to G o p With acceptable errors, since, for example, the conjuga-
tion by 11 from Gi oo, p to G200, p is exact.
Let T. (p, ) denote the upper left block of the matrix T'(p, ) defined in (7.54) and set

G;(pe(l‘)’ﬁ) = (M(())O,-‘r Aci,—&—) X2

Hrp O
GIOO = < 0 PR> X2-

As we did earlier with W;, extend the semiclassical symbol T (p(z), ) smoothly to all 5 €
RN x R, so that the extension has a uniformly bounded inverse, and use the calculus to construct
right and left inverses satisfying

(9.31)

T ,DT_ D = I—|—62T‘0
(9.32) b )
T_1’17DT+7D =1+ €rg.
The symbol T"_;; has the form
(9.33) T_14(p(x), B) = T + er,

and so does T"_1 ;.
Write Uy s = (U1,5,+,U1,5—), set Us = Uy g4, and define V. = T4, pU;. We have with F' =
(F+7F—)

(CL) T+7DV =Us; + €2T0U5
(9.34) (b) (ONTy D)V + Ty pONV = ONUs + O(€)(roUs + €Fy) =

1
ZG;,DT+,DV + Fy + O(€)(roUs + €F4).
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We have the following symbol equalities

-1
(a) Ty = (é Ao;*) +0(e€) + O(e)

O 7= () ) o+ ol

(C) T_17laNT+ = (8 TS) + O(EC) + 0(6)

@6xr = (o 4! ) xale) + 0l + 000

(6) aC’T—l,l = GO(GC) + 0(6)

(9.35)

(f) %(aCIT,l,z)ax&GioTH = (8 :g) x2(€¢) + O(e€) + O(e)

1 1
(o) 21 6L = 2ot + (8 jjg) Ya(€€) + O(€) + O(e).

For (9.35)(g) we used (9.33), (7.52), and (9.35)(d).
Applying the operator T_; ; p to (9.34)(b) and using the semiclassical calculus, we obtain in view
of the symbol equalities (9.35):

1 (Hgp €ro
8]\/"/v - E < 0 PR,D 4 €70 XQ,DV + TOF—F +

O(e)Us + O(eD)V + O(e)V.

(9.36)

Observe that terms on the right in (9.35)(c),(f), and (g) all make contributions to the 7y entries
of the first matrix on the right in (9.36).
Using the analogue of (9.21)(b) we obtain

. 1 HR,D €Tro
(9.37) In(xa,pV) = € < 0  Pgrp+erg

) (XI,DV) +7roFy + Eace,
where F,.. is an acceptable error in the sense of Definition 9.1.

After performing the same sort of manipulations on the lower right block of G, p we reduce to
proving the desired estimate for

HR,D €ro 0 0
1 0 Pgr.p + erg 0 0
(9.38) 0 0 0 Ppp+erg

N

FWDTDUQ,S = € TQUS onry = 0

Uss = x1,0m0Us,

in place of the problem (9.30).
Define

H €r
+ € _ R 0
(9.39) Gl @ = (T 50 ) e
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A direct computation using the invertibility of Pr shows that for 8 € w3 one can choose a matrix
symbol T}, 1 of the form

c I er
(9.40) To i (p°(2), B) = ’
0 I
such that
_ H 0
1+ _ R
(9-41) Toi Gl Tar = < 0 Pr+ 67”0) '

As before we extend and invert T, 1 p. The operator T_; , p associated to the symbol

. I —€ro
042) - (1)

is easily seen to be a right and left inverse satisfying the analogue of (9.32).

Write Us s = (Uz,5+,Uz5,—), set Us = Us g4, and define V. = T_; , pUs. Now repeat the
preceding argument line for line, but note, for example, that now instead of (9.35)(c),(e),(f) we
have, respectively,

Tfl,aaNTaFF == 0(6)

0 62T0
(9.43) %T-10= (0 0 >
1
;(8</T_17a)8x/(GfooyeTa#) = O(E)

Similarly choose T}, — corresponding to the lower right block of the matrix in (9.38), define Tj,
to be the matrix with blocks (7, +, T, ), recall T7 from (7.58), and use the calculus as before to
reduce to proving the desired estimate for

1
OnUs s — EGE,OO,DU&S +F

(9.44) I'WpTpT, pTiUs s = 627’0U5 onzy =0
Us,s = x1,0m0Us
where
Hpr
(9.45) (@), 8) = | (8)
: 2,00\P (L), - Pr + ero X2 .
PL + €rg

Finally, a similar but easier version of the above arguments allows us to use T3 p for T5(p'(z), 3)
as in (7.67) to reduce to the problem

1
8NU47S - EG;IP,DU‘LS + F

(9'46) FWDTDTQ7DT1T3,DU47S = 62T0US onxy =0

Us,s = x1,0m0Us
where (recall (7.65))

(9.47) w0 0).0) = (G0 + (70 1) ) al8)

Here we have used the fact that p¢(x) = (p/(z) + ero, ero).
5. Quantize the degenerate symmetrizer.
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In this paragraph we’ll use notation introduced in Notation 7.6 and Proposition 7.4, as well as
the O(e!(D)*) notation introduced in the section on the mixed calculus. Recall ¢ = ({',~) where
~v > 1 and that § is a placeholder for e(.

In Proposition 7.4 we constructed the symbol of a degenerate symmetizer

5 oy (Su@(@),B,p) 0
on p ~H(w*). Let ko(z) and x3(8) be smooth cutoffs such that
(9.49) supp k2(7)x3(3) € p H(w").

Set AS = {(z,¢) : (z,€¢) € p~*(w*)} and define symbols supported in Af:

56(2,0) = Sp (0 (), = ¢l ala) s (e€)

19
(9-50) sp(7,¢) = Sp(eQ)ra(x)x3(eC) = <8%)+ 5? ) , Where
b

4 2,0) = Clra)xs(€C), 55 (,0) = ~(CPra)xs(cC)1).
For H(p'(x),3), P(p'(x),3) as in (7.65) define
He(,€) = H(p (2), Cxal e (2)
P(.0) = PO leomlo) = (T 20 ).

where the cutoffs satisfy k1ks = K1, X3X2 = Xo.

(9.51)

Remark 9.3. 1. Observe that since x3(5) has compact support, sj(z,() represents a bounded
family in the classical symbol class C%. On the other hand the operators Sp.0> Hps and Py, can

be viewed as semiclassical, mixed, or classical operators corresponding to symbols in Sy, M, or
CY, respectively.

2. As indicated in (9.50) we can also view sj,_(z, () as the product of —e? with the mixed symbol
of order two |¢|?ka(z)x3(eC)] € M2,.

Let
(9.52) 0 =1{(z,0) : k1(z)x2(eC) = 1} C AS.

Lemma 9.1 (Interior properties). The symbols just defined satisfy the following properties on Af
for e € (0,1]:
1. s is self-adjoint and

1 € € E\*7,€ €

(9.53) §R<EShH )= Z(Uz) kv,
where

a)the v (x, () are bounded families (parametrized by €) in CO such that the finite sum > (v§)*vf >

l 00 l l

C>0;

b)the kf are bounded families in CL having the block structure

( ) l 00 )

b oo 0

(9.54) ki(x,Q)=1|: .
0 - b5
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The number of blocks p can vary with . There is ¢ > 0 such that either

(9.55) b > c|(]
or b = b5 o + €bj 5, where b;k are bounded families in CE satisfying
(9.56) G0 > ¢ and bl > c|¢]?
2. sy, 1s self-adjoint and
1 c
R(Lsp,PG) > <
(9.57) i €

R(Es5 PE) = bt (2, . €C),
€
where b¢ (z, ¢, B) is a bounded family of mized symbols in M2, such that
(9.58) b > cl¢f?
for some ¢ > 0.

Proof. The proof is an immediate consequence of Proposition 7.4. O

9.3. Block diagonalization of S +I']I';. In order to describe the properties of the symmetrizer
on the boundary we first rewrite the decomposition of C* in (7.77):

(9.59) C'™ = Ep, _(,8)® Ep,_(2',),
where E% (2, 8) is the 4m — 1 dimensional space
(9.60) Ef;lﬂ_(.%'/,ﬁ) =Fy 69E‘pJr @Ep277,ﬁ(a?/,ﬁ).

Choose a smooth basis vector fy, (2, 3) for Ep, _(2', 3) of unit length. Note that fs,, will be some
scalar multiple of the image under (7°)~!(z’,0, 3) (7.67) of the “doubled profile” (recall (7.32))

Next choose an orthonormal basis

{8, fama (!, B)) for Ef, (o', 6)
so that

(9.61) {AEB), .., fam(a', 8)}

is a smoothly varying orthonormal basis for C*™. The f; are initially defined for all 2’ and |3
small, but can be smoothly extended to all § as an orthonormal basis.

Let M denote the positive (for p > 0) self-adjoint matrix S + I'iT';. Since fu, is generally not
an eigenvector of M, we need to modify the above basis. The estimates (7.91) together with a
Rayleigh-Ritz argument show that M has a simple small eigenvalue (2, B, p) ~ p? isolated from
the rest, and hence varying smoothly with (2, A, p). We write

(9.62) As(@', B, p) = pPula’, B, p).

The estimate (7.91) implies that the smoothly varying eigenspace Hi (2, 3, p) corresponding to As
is spanned by a vector of size ~ 1 of the form

~

(9.63) eam (2, B, p) = fam(2', B) + pgam (@', B, p)
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1

4m

for some smooth guy, € fi,, of size O(1). Thus, Hg(a;’,B, p)=e
spanned by vectors of the form
(9.64) ej(x’,ﬁ,p) = fi(@,B) + pgj(x’,ﬁ, p), for j=1,...,4m — 1.

The smooth dependence of the f; on § (unlike g;) plays an important role in the following argu-
ments. Normalize and relabel so that the e; give an orthonormal basis for Cc4m,

is an invariant subspace for M

Notation 9.4. Thinking of e; as a column vector and €] as its row vector adjoint, we’ll write e;e’

for the 4m x 4m matrix which orthogonally projects = € C*™ onto ej. Thus,
(9.65) eje;x = (r,e5)ej,

where (, ) is the complex inner product on C*™.

Definition 9.2. Define (2, 3, p) and (2, 3, p) to be the smoothly varying orthogonal projec-
tions of C*™ onto the first and second components, respectively, of

(966) C4m :Hl(xlwéa P)@HQ(ﬁlaBa p)
In terms of the basis just chosen we have

m (wla B? 10) = e4mej1m

(9.67) R e,
7T2($/,,6,p) = Z eje;.
j=1

In the statement of Proposition 9.1 111, Il are defined as follows:
(9.68) (2, B, p) = T(a',0,0,8)m; (2, B, p)T ~1(2',0,0, B)
for 7 as in (7.67).

Lemma 9.2 (Boundary properties).

Set s¢(x,() = <50h 50€> Let T4($’,f,€]§\) be the matrixz whose columns are (e1,. .., e4n), define
P
VeC by U=T4V, and set V' = (v1,...,04m_1) and
(969) 6,0 = {(:LJ? C) : (:I"lv 07 C) € AB}

Then on Af , we have
(a)((s° + T meU, mU) = (Bs(a’, V', V')
where BS € CO is (4m — 1) x (4m — 1) and BS > cI.
(0)((s° + TT1)m U, mU) = (Bi(2, Q)vam, vam)
where BS = €2b(x',€C,¢) is 1 x 1 and b € M2, satisfies b§ > c¢(¢)2.

(9.70)

Proof. The equality in (a) is proved by a simple computation using the explicit formulas for 7 and
9. By is positive since Hs is a strictly positive invariant subspace for M.

(b) is proved by the same kind of computation as (a). The form of Bf follows from (9.62). Use
Remark 9.3 to see that Bf, B are in the stated symbol classes. O

Our symmetrizer is the operator
S5 0
9.71 sh =P ) :
O P < 0 spp
6. Reduce to (Gyepe,I'1).
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Choose cutoffs x(z) and x1(3) such that kk1 = K, x1x2 = X1, and set Us ¢ = k(x)Us,g. Having
reduced to the block form (9.46), we are now in a position to absorb O(|U|y) errors (see (9.76)).
Observe that the boundary condition in (9.46) satisfies

(9.72) WpTpT, pTiT3p =11, p +€rg

for T'y(2/, B) as in (7.67).

Also, we see by using the semiclassical calculus that commuting the cutoff x(x) through (9.46)
produces an O(1) error in the interior and an O(e) error on the boundary. Thus, using a partition
of unity in x we reduce to

1
OnUs,s — ZG’HEPE,DU&S = I

(973) F17DU575 = 67’0US onry = 0
Us,s = k(x)Us,s = k(x)x1,p7m0Us,
where
H(z,¢) 0 >
GHE’PE p— (
0 Pz,
(9.74) (=)

. To 0
Fo—F+<O To)U4’S'

Remark 9.4. Since Us is cutoff by x1,p, we may replace I'1 by I'1xo for some cutoff such that
XoX1 = xo without affecting (9.73). From now on we assume this has been done.

7. L? estimate.

Notation 9.5. 1. Let (f,g) denote the inner product of L?(z) and (f, g) that of L?(a').
2. Set Us g = (u,v) = (U, Vp4, Up—).
3. Set Fo = (fn, fp) = (fns fots fp—)-
4. Let ¢ = /7 + V¢€[¢| and set |u|g = [pulo.

Begin from the identities

1
(9.75) (a) (sh,pu,u) + %;(SZ,DHEU, u) = —((Ons), p)u, u) — 2R(fn, s}, pu)

(5) (55,000} + R (55, 5PHv,0) = ~((Onsfp)0, ) = 2R(fp 5, 0).
The right sides of (9.75)(a),(b) are dominated, respectively, by

C(Julf + [ fa[5)

C(‘”p+‘% + ‘fm‘% + 55’”1)—’%,7 + Csel fp_ |g)

Here we've used [eC| < C and the special form of s;,_.

(9.76)

Remark 9.5. Recall that roUys g is one contribution (of size O(|U|2) to f,—. Fortunately, the € on
the f,— term in the previous estimate allows us to absorb that contribution. In this sense O(|U]|2)
errors can be tolerated once H P block structure has been achieved.

A similar remark applies to fj, which has an O(|U|r2) contribution that can be absorbed using
the estimate (9.77) below.

The argument of [MZ] Proposition 4.8 shows

1
(9.77) ?R;(SEDH%% u) > cl\u@ — colul3.
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This uses Lemma 9. 1( ) and the Garding inequality for classical operators.
The operator 2 Sp_p 18 of order two in the mixed calculus. Using that calculus gives

1 € € 1 € €
(978) S5 PE b = (5 P)n +O(D)) + O(e(DY).
Thus, using (9.57), (9.58) and applying the Garding inequality in the mixed calculus we obtain,

celv,_|?
(9.79) i X )
Cle !Us|o+€ |US|1,7)+C€\Upf|%77

<% (p DP ,DUp—» Up— )+

Here the Ug terms on the right are errors from Garding’s inequality, while the v,_ terms correspond
to the errors in (9.78). (We've used |e¢| < C on supp x1(eQ)).
Similarly, but more easily we obtain

|U +|o
(9.80) pe < éR ( Sp+, DP+ DUp+s Upt) + C(‘”p—k‘o + 6|US|0)
Boundary terms This is the most delicate part, since we’ll have only weak trace control on

m1,pUs,5.

Notation 9.6. 1. Set Us g = Us.

2. Let F(z/,, €|¢|) denote an element of C which may change from line to line.
3. Using (2) and (9.64) we may write for j = 1,2

(9-81) mi(a, G, lec]) = mjs(a’, €€) + €¢I,
where 71 s = fam f},,, for example. Recall
(9.82) fam = (On, Op, fp—)-
4. Set M°(x,eC) = (s°° + 3Ty ) (2, €C), where
0
(9.83) s = 0
sp— (@', €Q)

Recall M itself is not smooth in §. R
5. When a(x/,(, €|¢|) defines a bounded family in C%, for e small, we’ll write just a(z’, (, €|C|) €
co.
The next Lemma is used repeatedly below.
Lemma 9.3. For i = 1,2 let A; = a;(«/,C,€|¢]) € C%, B = €¢|b(a',{,€l¢]) € €2, and C =
c(2',eC) € Ss. Then
(a) ApBp = (AB)p + erg, BpAp = (BA)p + erg
(b) CDAD = (CA)D + erg
(9.84) 1
(C) A DAQD = (AlAg)D + O(< > ) + erg
(d) (Cp)* = (C*)p +ero; (Bp)" = (B")p +ero

Proof. The lemma follows immediately from the product and adjoint theorems in the semiclassical,
mixed, and classical calculi. Il
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Setting Mp = 55, + (I't,p)*T'1,p and Us = w1 pUs + w2 pUs we'll estimate the four terms
(a){(Mpm1,pUs,m1,pUs),

b)(Mpm1,pUs, 72 pUs),

c)(Mpma,pUs,m1,pUs),

d)(Mpme pUs, w2 pUs).

(
(9.85) (
(

The left side of our L? estimate for Us will contain the boundary terms

(9.86) 62<7I'17DU5>%7,y +C<7T27DU5>3.

These terms, along with the others on the left in Proposition 9.1, determine which errors arising

from the calculus can be absorbed. The following errors, for example, are acceptable:
(0.87) (a){ema,pUs, Us) < &(ma pUs)§ + Cse*(m1,pUs)§,
. (b)e*(Us)§ + (€O(eD)Us, Us) < Cse*(Us)g + 6€*(Us)3 -

Observe that we cannot tolerate ¢(Us)2 or ((D)~1Uj;)3 errors.
Notation 9.7. We'll denote the errors on the left in (9.87)(a),(b) by Erri, Erra, respectively.

Remark 9.6. The replacement of Mp by Mp in (9.85)(b),(c),(d) results by Lemma 9.3 only in an
error of type Erry. This replacement has to be done differently for (9.85)(a) (Lemma 9.4).

Mixed boundary terms.

Proposition 9.2.
(Mpm1,pUs, w2 pUs) + (Mpma pUs, m1,pUs) =Err; + Errs.

Proof. In view of Remark 9.6 we may replace M by M. Lemma 9.3 gives
(Mpme.pUs,m1,pUs) = (m1,pMpm2 pUs,Us) + Erry
((m1M)pm2 pUs, Us) + Erry =

((Asm1)pm,pUs, Us) + Erry =

((Asmim2) pUs, Us) + Erry + Erra,

(9.88)

where we’ve used the form (9.62) of Ag in the last equality. Since w179 = 0 this gives the result for

this term. The other term is handled the same way.
O

Positive boundary terms. Consider first the more difficult term (Mpmi pUs, 71 pUs).
Lemma 9.4. <MD7T1’DU5,7T17DU5> = <(7T1M7r1)DU5, U5> + Erry + Errsy.

Proof. 1. Using Lemma 9.3 again, we obtain

((P'1,p)*T1,pm1,pU, 71 pU) = (I'1 pm1,pU, I'1 pm1,pU) =
((Tym1)pU, (T171)pU) + Erry + Errg =
((Tym)p)*(Tym1)pU,U) + Erry + Errg =
((miTym)pU,U)Y 4+ Erry + Errs.

(9.89)

Here for the second, third, and fourth equalities we have used

(9.90) I'ym = pF (F as in Notation 9.6).
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2. Next consider (s;,m,pU, m1,pU). Writing m; as in (9.81), we have four terms to examine. We
begin with
(spm1,6,pU, 1,6 pU) = <S§’)b7T1,s,DU, T1,5,pU) =
(9.91) ((se’bm,s)DU, m1,s,pU) + Errg = <7r1,s’D(56’b771,3)DU, U)+ Errg =
<(7T17386’b7T175)DU, U> + ET‘TQ = <(7T17SS€7T175)DU, U> + ET‘TQ.
In the first equality we’ve used (9.83) and

(9.92) T = 0 )
Jo—Tp-
while the second, third, and fourth equalities follow from Lemma 9.3 and the fact that s¢* = O(p?)
(9.50).
3. Next consider

<S€D(pf)DU, 7T175,DU> = <7T1757DS€D(pf)DU, U> + ET'TQ =
(9.93) (11,65 p(pF) pU,U) + Errg = (1,55 pF) pU,U) + Erry =

(m1,58pF)pU, U) + Erry

Here again we’ve used Lemma 9.3 and the special form of 7 s and 5.
4. The remaining two terms are handled quite similarly. Adding up we obtain the result. O

Proposition 9.3. There exist positive constants ¢, C such that

(9.94) C€2<7T17DU5>%,Y < (Mpm,pUs, m1,pUs) + Erry + Errs.

Proof. 1. Let Ty = T (from Lemma 9.2) and define V = (V', Vi) = (T*)pU. As we did with =,
we can write

(9.95) T =T, +pF

where Ts(2/, 3) is smooth in 4. By Lemma 9.3 we have
(a)(T™)pTp =1+ erg, Tp(T*)p =1+ erg
(b)TpV =Us + ergUs

(9.96) (@mols =T (1 )+ ens

V/
(d)?Tg,DUg) =1Tp ( 0 ) + ergUs.

2. In view of Lemma 9.4 we just need to consider
((myMm1)pUs,Us) = (As71) pTpV,TpV) + Erre =
(T*AsmiT)pV, V) + Erra.
We've used Lemma 9.3, (9.95), and the special form of A\ (9.62).
Now T*Asm T is a 4m x 4m matrix with all entries zero except for the (4m,4m) entry, which

equals \s = €2b§ for b§ as in (9.70)(b). Applying the Garding inequality for the mixed calculus and
using (9.96) gives the result. O

(9.97)

Proposition 9.4. There exist positive constants ¢, C such that for v large and € small

(998) C<7['27DU5>%,y S <MD7T27DU5,7T27DU5> + ET?’Q.
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Proof.

(Mpma,pUs, ma,pUs) = <MD(TD <‘g/> + O(e)Us), Tp (‘6/) + O(e)U5> -

(BOV! V'Y +(O((D)t + )V, V') +
(O(1)V',0(e)Us) + (O(e)Us, O(1)V") + (O(€)Us, O(€)Us).

(9.99)

The classical Garding inequality gives in view of the positivity of B¢

C
(9.100) C<V’>% < <MD7T2,DU5, 7T2,DU5> + ;<V’>3 + CE<V’>%

+ E2Cs5(Us)g + 5(V)§ + Ce*(Us)3.

Using (9.96) the result follows easily. O

Adding up the estimates and absorbing terms by taking e small and v large, we obtain the
degenerate L? estimate for the problem (9.73) satisfied by Us s = (u, vpt, vp_):

2
v
| p:|o + €|Upf|i~/ + €2<7T17DU5>%77 + <7T2’DU5>(2) =

C(|F> + e|Us|2 + 63|Us|iv) + Erry + Errg

2
(9.101) fulg +

The errors on the right are acceptable in the sense of Definition 9.1, so this concludes the proof
of Proposition 9.1 and the degenerate L? estimate of Theorem 9.1.

10. HIGHER DERIVATIVE ESTIMATES

In this section we’ll use the notation for norms introduced in section 9. We use 0 to denote some
tangential derivative, one of Jy,...,0n_1. Sometimes OU will denote the tangential gradient of U,
instead of just a single partial derivative of U.

Notation 10.1. 1. For k = 1,2,... let U** = ((%)FU, (%)F10U,...,0"U). Here 8’U represents
all possible tangential derivatives of U order j.
2. Define Uz’k simply by replacing U by Uy (9.5) in the definition of U**.

Proposition 10.1. Under the assumptions of section 2, there exist positive constants C, €y, Yo
such that for all v > 79, 0 < € < €y with ey < 1, solutions to (9.1) satisfy

C
[E*H]o.

€

(10.1) U™ + Ve(U™)o <

This follows immediately from the following more precise estimates by an argument parallel to
the proof of Theorem 9.1.

Proposition 10.2. Using the notation just introduced, we have the following estimates for solu-
tions to (9.1). Let Ry, R be as in (9.4). For Ry sufficiently small and Re sufficiently large, there
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exist constants C, vy, €1 such that for all v > v, 0 < e < e withey <1

(a) [xsU**|1 + VelxsU™F)1, <

C * * *
— (IF"*0 + @ xs)U**lo + elU™*

Ve
() Ixar U0 + VelxsU™F)o <

C (F™ o + el 1 + (U)o
A+ VEXLUY®) 5 <
C (el 7o + elU3 o + (U *0) -

0o+ 6<U*’k>0>

(10.2)

() xpUL*

Proof. The estimates in (b) and (c) follow directly from the higher derivative estimates of [MZ]
in the medium and large freqency regions. These are estimates with v weights for the linearized
problem, so one can simply apply them to the problems satisfied by % for various j.

As usual, therefore, we focus on the small frequency region. If we simply differentiate the equation
and throw commutators on the right as forcing, those new forcing terms are too large to absorb
in a straightforward way. To get around this problem we reprove L? estimates for an appropriate
enlarged system.

1. Enlarging the system. We begin with a solution U of the doubled boundary problem

1
onU — -GgU = F

€
(10.3) TU=0onxy=0
U=0inzy<0:

Let 0 denote one of Jy,...,0n—1. Observe that (U, 9U) satisfies the enlarged system
P U\ 1/(G 0\ [(ZU\ _ (ZF n 0
Nlou ) c\o g)\ou )~ \oF 0,61 (20) )°
I o E%U o o
(10.4) <0 F) <8U> =0onzy =0,

1TU
€2 — 03
<8U>—01nx0<0.

2. Localize to small frequency region. Let xs(e() be a small frequency cutoff as before.
Commuting xg p through (10.4) we obtain (writing xg for xs.p)

1
ontust™) - £ (5 ) st =

€

(10.5) 0 1 G 0
F*71 . - *71 — F/
XS +Xs <;[8,g](6le)>+e [XS; (0 g)}U )
where
(10.6) [F'lo < C(IF* o + [(0pxs) U o + €|U o).

The second commutator was computed like the corresponding term in the previous section (9.11).
The boundary condition is

r 0 .
(10.7) (0 r> xsU* = 0.
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The problem (10.5),(10.7) can be treated just like (9.12). We may now repeat the (entire)
argument of the previous section to obtain the desired estimate of U*!. Iteration completes the

proof.
O

X
Remark 10.1. If U*! had been defined instead as (55), the first commutator in (10.5) would

have produced an unacceptable O(|U*1|y) error.

11. NONLINEAR STABILITY

Notation 11.1. 1. Suppose u,v,w are vectors in R™1 R™2 R™3  respectively. Denote by uf(v)w
a function with values in R™ whose components are finite sums of terms of the form

w; fr.(v)w

where fj, is a C°° function of v and w;, w; represent components of u and w.
2. Recall |ulg = [({)¥0(¢, 2N )|o. For k € N we have the equivalence of norms

(1L.1) il ~ 37 A0,

jal <k

3. Set |uls = |u|p.
4. Define

(11.2) ||U”k7 = |u‘k7 + |63u’1€,«,-

5. Let M and L < M be the positive integers appearing in the nonlinear error equation (6.14).
They can be taken arbitrarily large as long as the approximate solution (a, d¥) is constructed with
sufficiently many terms. Let by and Fy be the functions appearing in (6.14). They are bounded in

HM(KJIH) uniformly with respect to e. With V = (01,...,0n) and z = X, set b = (b1, b_) and
B = (b, Vb)

(11.3) S
U = (a,0,a,0u,dV).

6. ¢(v) always denotes an increasing function of . It may change from term to term.

7. Set 9" = (O1,...,0N—-1).

Let us first rewrite the error equation in the doubled form corresponding to the linear problem
(10.3). As before let

Uy = e "™ (wg,eOywy) and U = (Uy,U-).

Let k(z¢) be a smooth cutoff which is identically one on [0, 7p]. After computing out the diver-
gence term in (6.14) and inserting the subscript n to denote the nth iterate, we obtain an error
equation of the form

1
aNUn+1 — ggUTH_l = 6_7m01€($0)F€(Un, 8”Un),

(11.4) TUy,+1=0o0nxzy =0,

Upy1 =0in 29 <0,
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where in the notation just described,
Fp = FoUy,,d"Uy) = €¥73(eUy,) f(U, M B, €L U, €, €770) (eU,,)
+ L3 (eUn) f(U, M B, LU, €, €770 (€0U,,)
(11.5) + M2BfU, M B, el U,, €, 1%0) (U, €d"Uy,)
+ ML)t F
=A+B+C+D.

For F(U,0"U) = e "0 k(x0)Fe(U,d"U) consider the nonlinear error equation
1
ONU ~ ~GU = F(U,8"U),

(11.6) TU=0o0onxy =0,
U=0in 2y <0.

Theorem 11.1. Recall N is the number of space dimensions. Suppose the constants k, L, M satisfy

N
1
(11.7) M—L-2k—3>1

1
L—3—2k:—§>1.

Then there exist constants ey, vo such that for all 0 < e < €y, v > 7o satisfying ey < 1, the error
equation (11.6) has a unique solution U satisfying the estimates

_[—2k—1
Ulky < €757 26(7)
(11.8) Ul <1
|oU]« <1
for some ¢(7y), an increasing function of .

Proof. The first few points are some preliminaries.

1. Sobolev inequalities. For k£ —3 > % we have
o) (@)U < CONEU k-2 + cONUli-2.)
' (O)elUl« < C(0)(€|U]k—3,5 + €[ONUlk—3,4)-

2. Moser inequalities.
For k € Nlet a = (aq,...,0qp) with || = a1+ -+ + a <k, a; € N. Suppose |v;
Then

T
Y@ 01) - (0% o) o < O ol (T vil)
i=1 i
3. Relations between norms. Directly from the definitions we see
(@)Ul < ClUF|g

(11.10) . C
BT < Ul

Let xr1(eC) be a high frequency cutoff like the one in (10.2)(c). Observe that
(11.11) 1Tl ~ Uiy + XL (€OU) -
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4. High frequency estimate. We can absorb the high frequency pieces of UX’k in the two
terms on the right in (10.2)(c) to obtain

*k
(1112 LU}

A< C <€‘F*’k‘0+€’U*’k‘0+E<U*’k>0>-

Use the main L? estimate (10.1) to replace the right side of the above inequality by C|F**|,.
When |e(] is large, we have A; > C(¢). Thus, we may conclude

(11.13) IXL(€DU) |1 < C|F*F],.
5. Induction assumption. Let the first iterate U; be 0. Assume there exist €1(7), 71 such
that for 0 < e <€, v > 71, and some ¢(7)
1Unlly < 26M7F26()
(11.14) Ul <1
|0U, |« < 1
The main step is to show, after decreasing €, if necessary, that U, 1 satisfies the same estimates.

6. Estimate F,, = F(U,,9"U,). Set A = e 7"%k(xp).A and define B, C, D similarly. Applying
the Moser inequalities we have

(11.15) |Alky < CE 2 Unlkn,

where C(v) depends on L™ norms of U, €™ B, and €U,,.
Write edU,, = (1 — x1)(edU,) + x1(e0Uy,), and corresponding to this decomposition set B =
By + Bs. Since |e¢| < C on supp (1 — x1(eC)), we have just as above

(11.16) Bilky < COy)e" | Unliy-
For By we have
(11.17) Baliy < C(V)(E" | Unliy + €2 IxL(€0U)|ky)-

Similarly, we have
(Cley < CONE,
Dy < () E
Summing the above estimates we obtain
(11.19) Fuliy < CONE 200l + XN (0U)]1y) + € 0(3).
7. Estimate ||U,11]g,. In view of the main L? estimate, (11.10), and (11.19) we have
C

—|F
62k+§| "

+ M2 edU, , and
e i+ (U k)

k C
Unt1lkny < ClUR N0 < ﬁﬂﬁ‘;‘;kb < Ky

(11.20)
< O 272 Uiy + 5737272 (0U) 1) + €722 0().
From (11.13) and (11.19) we obtain
*,k C
‘XL(faUn—i—l)‘kﬁ < CIF"o < Eg_k‘Fn|k/y

< O Uk + €73 XL (e0U) |k y) + €L7% ().

Adding the previous two estimates we find

391
(11.22) 1Untilliy < 737220 (y)||U,

(11.21)

_op_1
lm"‘EM L2k 2¢(7)-
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Provided €1(7y) is chosen so that eL_3_2k_%C’(fy) < 1, the induction assumption and (11.22)
imply

(11.23) Ui lkry < 26M L7273 65().
8. L™ estimates. The equation gives
(11.24) €lONUnt1lk—2+ < ClUns1lky + €|Fnlr—2y-
From (11.19) we get
(11.25) [Fulke < 72 CO)Unllig + 56 (7).
Thus,
(11.26) elONUnsili—oy < 2eM L7234 (7),

This together with the inequalities (11.9) and the assumption (11.7) immediately implies that for
€1 small enough

€|Un+1‘* <e

11.27
( ) 6|8177L-|—1|>o< <e

This completes the inductive step.

9. Contraction Thus, the sequence of iterates satisfies the estimates (11.14). One can now
consider the problem satisfied by U,+1 — U, and use estimates like those above (but simpler) to
show that for €; small enough, the sequence converges to some U in the || ||o,, norm. A standard
argument (involving interpolation and weak convergence) implies that U solves the error equation
(11.6) and satisfies the estimates (11.8) in Theorem 11.1.

This completes the proof of Theorem 11.1.

O

12. LONG TIME VERSUS SMALL VISCOSITY

In this brief section we remark on some of the relations between the question of long time stability
of planar shocks studied in [GMWZ1] and the small viscosity limit for curved shocks on a finite
time interval studied in this paper.

I. Consider the following constant endstates, long-time stability error problem, similar to the
one studied in [GMWZ1]:

v+ (F(U)) g + 0gz(2,0) = Vs

(12.1) U(O,SU) = UO(‘T)7

Here v = v(t,z), x € RY U(zy) is a profile, vy, means Laplacian of v, g(z,v) = O([v|?), and F,
means div F'. § is a parameter that we are free to make small, but we don’t want to confuse it later
with viscosity €. We suppose

(12.2) lim U(z)="Ux.

xr1—+00

Think of the profile U(z1) as being initially perturbed to U(z1) + dvg(z). To show the profile is
stable as t — oo one wants to show the solution v(¢,x) to (12.1) satisfies

(12.3) [v(t, )| oo (z) — 0 as t — oo,
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To do this it suffices to show for any p > g
(12.4) vl L2 mor1(2)) + [Vt 2 mo-1(2)) < C
Observe that (12.4) holds if and only if for some Ty > 0

(12.5) <C

1] 210, 0, prp 1.2y T 198 L2 (0, Tay o1 (@) =

uniformly with respect to e.
12.1. Rescale. Set
€ €

so the problem (12.1) becomes (after dividing the parabolic eqn by epsilon)

o+ (FUCED)), +8(9(2,2)), = e

2(0,) = vo(2),

€

(12.7)

a small viscosity problem.
Observe that for any Ty > 0

di1
(12.8) 2l ez mul) = € 2 10l 20 Ta) )

and €0ry = Oz
Thus, v satisfies (12.5) if and only if z satisfies

p+1 p—1
_d+1 _d+1
(12.9) > N0z oy T €T 2 1052 L2 omy)y) < C
k=0 k=0

for some T > 0 and some p > %l, with C independent of e.

So if we show (12.9), we have a long time stability result.

Can one prove (12.9) using methods like those in this paper: double the problem, construct an
approximate solution, etc.?” We think not.

Note first some obvious differences between (12.7) and the error equation (6.4). The initial data

of % +w for w as in (6.4) depends on (z', #¥) and corresponds to a boundary layer near xy = 0,

while in (12.7) the data depends on ¥, where y = (y1,...,¥a).

In addition the 1 dependence in the coefficients of (6.4) enters only through Z¥, while in (12.7)
it enters through £.

In short the small viscosity problem has a boundary layer, while the long time problem does not.

II. Consider the problem studied in this paper in the case when the original inviscid shock is
actually planar, that is, when (U2, d4)y) is constant. The problem is trivial in this case since the
profile is already an exact solution to the parabolic problem (1.2). The sense in which the solution
to the parabolic problem converges to the inviscid shock is immediately clear.

ITI. On the other hand consider the question of long time stability in the case when the original
inviscid shock is curved. Clearly, for “most” curved shocks this problem does not even make sense,
since curved inviscid shocks generally don’t live forever. This suggests the interesting question of
how viscous shocks evolve near times when the corresponding inviscid shock becomes unstable, a
question we don’t address in this paper.



58 OLIVIER GUES, GUY METIVIER, MARK WILLIAMS, KEVIN ZUMBRUN
Part 5. Appendix: Proofs for section 8
12.2. Semiclassical calculus. We use the notation introduced in section ().

Proof of Proposition 8.1. When p(z’,e() independent of x’, p(z’,eD) is just a bounded Fourier
multiplier on L2. Reduce the general case to this case by writing

(1210) p(l’l,GC) :p(07 EC) —|—h($/,6C),

where h € Sy; has compact support in z’. We have

(12.11) h(z',eD) = /eix’ﬁ’i}(g’,eD)dg’,
and
(12.12) |h(¢,eQ)) < C(&)™

Thus, h(2/,eD) is an absolutely convergent superposition of bounded Fourier multipliers on L2,

and so is bounded on L2.
O

Proof of Proposition 8.2. 1. The assertion is trivial if ¢(z/,3) is independent of a’, so since
q(z', 8) = q(0,8) + Q(«’, B) where @ has compact support in z’, we can reduce to the case where
g has compact support in 2’. This uses up one z’ derivative of ¢ and accounts for the appearance
of ,7q in the upper bound for |T|. Below we relabel @ as q.

2. Write
(12.13) Au(z) = / e a2, eC)a(¢)dd,
where
(12.14) ) = [ (¢ + € en)alf e ex)iy e

Expand p(z',e({’ + &), ey) about e(’,

1 /
Z Jag/p('xlvecl?e,y)eh\é-a +

la|<k—1
k 1 — t «a
Z 785, (a, e’ + et€, 67)5 dt,
|| =k
and use basic properties of the Fourier transform to obtain
d(a', €¢) = t(z',0) + " R(2', ()
where R(2/,e(’,ey) =
/ /k
(12.15) > / / w's aﬁ,p(:c ¢’ + et ev)E (¢, eC)dtde’.
| =k
3. It remains to show that R(2’,eD) is bounded on L?. Write
(12.16) agflp(a:', el +eté ey) = 95p(0, e’ + et ey) + h(z', e’ + eté | ev),
where h is CM' and has compact support and in &’. Corresponding to (12.16)
R(a2',eC) = Ry(2',e¢) + Ra(2',€C),
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where
IRi(€,€¢)| < C(g/y~(Mam1R),

Thus, Ry(2’,eD) is an absolutely convergent superposition of bounded Fourier multipliers on L?.
To see that Ro(z,eD) can also be expressed as such a superposition, it suffices to show

(12.17) [Ba(€, Q)] < Clg) =N,
Since My — k — (N + 1) > N + 1, this follows easily from the estimate (for |u| + |v| < N + 1)
(12.18) |(95,h(1”, e’ + et 6’7)5/1/6,@(}(5,7 € < C<£/>—(M2—1—k—|u\)‘

|

Proof of Proposition 8.3. We’ll consider scalar symbols. The proof for matrix symbols requires no
essential changes.

The Proposition is clear when p(2’,e() is independent of 2/, so we write p(2,3) = p(0,8) +
P(2’,8) and reduce as before to the case where p has compact support in z’. This uses up one z’
derivative of p. Below we relabel P as p.

On the Fourier side the kernel of p(a/,eD) is p(¢’ — &', €€, ey). That is to say,

(12.19) p(', eD)u(l’) = /ﬁ((’ =& e ey)u(¢)de.
Thus, the kernel of its adjoint is p(§' — ', e¢’, ey) = B(¢’ — €', e(’, ey). That is,
(12.20) p(a', eDY u(c’) = / B¢ =& e ey)u(g)de’

Therefore, the adjoint p(z’,eD)* is the operator with symbol d defined by ci(g“’ — & el ey) =
p(¢' — €, eC’, ey), or relabeling,

(12.21) (¢, ¢’ ey) =P (¢’ + &), ev).

Expand 5(¢', (¢’ + €'), e7) about (',

1,2 /
Y. BB e e)ele +

la|<k—1

V(1 -kt . ,
k o=l / / a
&Y [ e e et et

e
and use properties of the Fourier transform to obtain
(12.22) d(a',e¢) = t(a',e¢) + " R(2’, €C),
where R({’ ,€C’, ev) is the factor multiplying €* in the second term above. We have
[R(E e¢’en)| < C() 10,

so arguing as before, R(2’, D) is bounded on L. O
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12.3. Mixed calculus.

Proofs of Propositions 8.4, 8.5, and 8.6. 1. The proofs of these propositions are similar to the
proofs of the corresponding semiclassical propositions in the preceding subsection. We indicate
here the changes that are needed. The proof of Proposition 8.4 is just like before, except that now
one obtains an absolutely convergent superposition of Fourier multipliers of order m.

2. Proposition 8.5. In place of p and ¢ in (12.14) we now have a(x’, e(¢'+¢&'), ey, +&',~v) and
b(y', e’ ev,(’, ). The formula for t(2/, 3, () arises as before from expanding a(x’, e(¢" +¢), ey, (' +
&',~) about ¢'.

The analogue of R(z’,€() in (12.15) is, for some constants Kq ., R(2,€(,() =

Z// mlg/kl—tk k(1 -t

(12.23) fol=

( > Kayuuw((€dg) ota) (2 ¢ + ett, ey, g’+tg',»y)> £b(¢ eC, ) dtde'.

ut+r=a

The replacement for e*R; in the proof of Proposition 8.5 can now be written with obvious
notation as

(12.24) Ri=> > Riauw

o=k ptv=a

For terms with |u| =, |v| = k — | we have the estimate

1
(12‘25) Rl’a7u7y(§/76<,<) < Cé </0 <(’+t§',’y>m1_k+ldt) <§/>_(M2_1_k)<C>m2-

For [¢/] < §|¢'| (12.25) is <

(12.26) Cel(¢)ym+ma—ktl (g —(Ma=1-F)

For |¢'| > 4[¢|, when my — k +1 > 0 (12.25) is <

(12.27) Ce(c)m (<§/>*(M2flfmrl) _|_,ym1*k+l<§/>*(M2717k)) ’
and when m; —k+1<0 (12.25) is <

(12.28) Céel(¢/y~(Ma=1=k) rymaymi—k+l,

Since | < k and My — 1 —mj —k > N + 1, the estimates (12.26), (12.27), and (12.28) show that
Ri .02, €D, D) is an absolutely convergent superposition of operators of order O(e! (D)™2(D, ~)mi—k+1

max )
Similarly, define
R2: Z Z RQ,a,u,V
la|=k ptv=a

parallel to €* Ry in Proposition 8.5, and use
Mg—l—ml—k—(N—l—l)ZN—l—l,

the argument above, and an estimate like (12.18) to show that for || =1, [v| = k—I, Roa u. (2, €D, D)
is also such a superposition.

3. Proposition 8.6. The adjoint a(z’,eD, D)* is the operator with symbol d defined (recall
(12.21)) by

(12.29) d(€ el ev,¢ ) = a(E e( + &) e, ¢+ €).
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The remaining deviations from the proof of Proposition 8.3 parallel the argument just given in the
proof of Proposition 8.5.
O

12.4. Classical calculus.

Proofs of Propositions 8.7 and 8.8. The proofs are quite similar to the corresponding results in the
mixed calculus. Let us begin with the result for adjoints.
In place of €*R in (12.22)we have now

A 1 A~ /
(12.30) REWC) = 3 [ s+ el e
lal=1
where the integrand is <
(12.31) (¢ +tg, ) HEHM 2,

When [¢/| < 3|¢’|, we obtain the desired estimate on Raslongas M —2> N + 1.
When [¢/| > $|¢/| and m — 1 < 0 (12.31) is <

(12.32) ALy =(M=2) < oeym—L(gly = (M=2m=1)

which works as longas M —24+m—1> N + 1.
Finally, when [¢/| > £|¢/| and m — 1 >0 (12.31) is <

(1233) (<§/>m—1 +7m—1)<§/>—(M—2) < C<§l>—(M—2—m+1)<<>m—1’

which works provided M —m —1> N +1

The proof for products uses the same breakdown into cases, and is simpler than the corresponding
mixed calculus result.

To see the reason for the appearance of symbol norms of d,7q and 9,/p in the upper bounds for
error terms, recall the beginning of the proof of Proposition 8.2. U

12.5. Remainder terms.
Proof of Proposition 8.9. Let Au = A(a2',eD, D)u. Then by Plancherel

| Auls_p, = [(D)** / / e EHa(¢ e, oa(c’)cldds’) |12(r)
(12.34)

< [+ ¢ ale e, e e de'
By Peetre’s inequality

(12:35) (€ + ) < o) H A+ €D,
so the integrand on the right in (12.34) is <

(12.36) (Sgp(l +lENEHace’, e, C)!<C>k> Juls5-

The result now follows from

la(e, ¢, 0)| < CleYy™M(¢)*.
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Remark 12.1. Fix s € R. In view of Proposition 8.9 if we assume M > N + 1+ [|s — m|] in
Proposition 8.4, we obtain an operator of order m on H?*.

Set [|s — m|]x = max([|s — m|],[|s — (m — k)|]). Similarly, if we assume My > M; + (N + 1) +
mi1+k+ 1+ [|s — (m1 +ma)|]x in Proposition 8.5 (resp., M > (N +1)+m+k+1+[s—ml] in
Proposition 8.6), the error operators r; - in (8.16) (resp. (8.18)) have the indicated order on H*.

12.6. Garding inequality.

Proof of Proposition 8.10. We adapt the argument of [MZ], Theorem B.16 to our calculus.
Since Ra — %(C )™ is positive definite on the support of x, we can define

* 3¢, \my\L 2
(12.37) b=1> zx(%a—Z@) )2 € My .
Thus,
* 3¢ m / : ! 2 3¢ m
(12.38) %a:bb+z<§> +ad', witha =(1—x )(%a—z<c> ).
Set B = b(z',eD, D). Now R(Av,v) = 1((A+ A*)v,v), so the calculus implies

1

S(A+ AT =
(12.39) .

(Ra)(2',eD, D) + 1y =11+ (B*B +1r3) + — (D)™ + d/(2,eD, D).

4
Since My > (N + 1) +m + 2 + [|%5|], Proposition 8.6 with £ = 1 and Remark 12.1 imply that

r1 = 71,4 + 71, Where
ra=0(D)™" ) on H2 ! and r1p = O(e(D)™) on H?.

Similarly, since My > 2(N + 1) + 3 + 2 + [|%]], Propositions 8.6, 8.5, and Remark 12.1 imply
that ry is a sum of two terms with the same mapping properties as in (12.40).
Set r3 = r1 + ro. This gives

(12.40)

3c
(12.41) R(Av,v) = |Bv|2 + ZMQ%V + R(d' (2, eD, D)v,v) + R(r3v,v).
where
2
(12.42) |(rsv, v)| < Cilolm_y 4 |v|m , + €CZ|'U’%7,Y.
Here we have used the extension of the L? pairing to H T xH?.

Next apply these estimates to v = Wu. Since a'w = 0 and My > 2(N + 1) + m + 2 + [|Z]],
a(z',eD, D)W = ry, where r4 is a sum of two terms as in (12.40). Thus, the o’ term in (12.41) is <
(12.43) C1|u|%,1ﬁ|Wu|%,Y+602|u|%77|Wu|%ﬁ.

Finally, use (12.42) and (12.43) and absorb terms in the usual way to obtain the result.

]
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