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1. INTRODUCTION

This paper describes focusing effects near general caustics for high frequency solu-
tions of semilinear dissipative equations. Several consequences of focusing mech-
anisms have already been described. In [JMR 1] and [JMR 2] it was shown that
nonlinear interactions can amplify the growth of amplitudes due to focusing and
lead to non continuation of solutions, even as weak solutions. For globally Lips-
chitzean or disssipative nonlinearities this phenomena does not occur. There are
unique global solutions and one can pose the problem of describing the behaviour
of oscillations beyond caustics. In [JMR 2] we proved that strong dissipation can
absorb radial oscillations. In [JMR 3] we showed how nonlinear oscillatory waves
cross caustics when the nonlinearity is globally Lipschitzean. In the latter paper
the solutions are described by oscillatory integrals which define bounded families
in L? spaces.

The analyis in this paper relies on sharp uniform bounds for the L? norm of such
oscillatory integrals. Such estimates have already been obtained in [R 1] [R 2] [Sv].
However, the assumptions used in these papers are not adapted to our purpose.
In section 3, we state and prove the uniform LP estimates which we need. We
use them to study a class of dissipative equations and consider general caustics.
The analysis reveals a critical exponent p., associated to each point of the caustic
set where rays focus. For generic caustic points, this exponent is 3. For radial
focusing in RY, d > 2, it is 1 +2/(d — 1).

When the nonlinearity grows at infinity faster than |u|Pe the dissipative mecha-
nism is strong and oscillations are absorbed at caustics : there are no oscillations
past the focusing point. This extends [JMR 2] to general caustics. When the
nonlinear term grows at infinity at a strictly slower rate than |u|Pe, oscillations



cross caustics and amplitudes can be computed after focusing. This generalizes
[JMR 3] to superlinear dissipative equations.

We now sketch the results for a typical example. Consider the semilinear dissi-
pative wave equation

(1.1) Ou + QP du = 0.
with oscillatory Cauchy data
(1.2) ujj—g = ug(z) +eUo(z,¥(x)/e),  Quj—y = wi(z) + Uiz, (x)/e),

where 1) is a smooth function with nonvanishing differential on w C R¢, Ug(z, 0)
and Uj(z,0) are smooth, 27-periodic in # with mean 0 and compactly supported
inwx T and ug, u; € C§°(R?). Later these regularity assumptions are considerably
weakened.

Since the Cauchy data (1.2) define bounded families in H*(R9) and L%(R%), the
corresponding weak solutions u° are bounded in C°([0, +-o00[; H*(RY)) with O;u®
bounded C°([0, +-oo[; L2(R9)) N LPT1(]0, +0o[xRY), see [L], [LS], [Str].

The behaviour of u¢ for small times is given by [JR]. The solution satisfies
(1.3)  w® = u+eUg(t,z,or(t,2)/e) + eU_(t,x,0_(t,z)/e) + €2...,

where ¢4 are the solutions of the eikonal equation for O with data ¢ at t = 0 and
the profiles Uy satisfy transport equations, coupled to a nonlinear wave equation
for u.

In general, ¢ develope singularities in finite time. The singular locus is called
the caustic set C. As one approaches C, amplitudes tend to infinity and the de-
scription (1.3) breaks down. For linear equations, the substitute to (1.3) is well
known. The phases are replaced by Lagrangian manifolds AL which are globally
defined and smooth and the oscillations UL (., ¢+ /e) are replaced by Lagrangian
distributions associated with Ay (see e.g. [Du],[DH], [H6 1], [H6 2]). This repre-
sentation shows that after C more phases are required to describe the asymptotics
of u®. In the nonlinear case the situation can be worse since amplitudes may blow
up before caustics [JMR 2]|. This does not happen for dissipative equations.

For the wave equation, the Lagrangian distributions are given by integrals of
the form

(1.4) (27r<€)Ul//eiq)i(t’w’y’g)/E a(t,y) dyd¢,
with

(1.5) u(t,z,y,8) = £tlE] + (2 —y)-€ + P(y).



In the nonlinear case one must take care of harmonics and consider symbols de-
pending on the extra variable § € T := R/27Z. This leads to periodic symbols
with mean 0

(1.6) Alt,y,0) = > an(ty) e ™’
n#0
and oscillatory integrals

’ d

L) W=y

n#0

Recall that in the linear case (see e.g. [Du], [H6 2])

(1.8) ut o~ ou A+ elSU) + elfU).

The caustic set C, is the set of points (¢,x) where at least one of the critical
point of (y,§) — P4 (t,x,y,&) is degenerate. Thus, outside the caustic set, the
classical stationnary phase expansion yields a phase-amplitude expansion of the
form

(1.9) ISWU) = Y Upplt,z,pep(t,z)/e) + O(e).
k

The sum (1.9) runs over the set of critical points of (y,&) — P4(t,z,y,&). In
particular, for small times, there is a unique critical point and (1.8) is identical to
(1.3). Sometimes refined stationnary phase theorems yield precise descriptions of
u® near the caustic, [Lu], [Du], [H6 2].

In [JMR 3|, Lagrangian distributions are at the center of our analysis for the
nonlinearities which are globally Lipschitzean. The goal of this paper, is to show
that the description (1.8) is true for all dissipative equations (1.1), provided that
the Lagrangians AL satisfy a non resonance condition and some technical assump-
tions.

The analysis in [JMR 3] uses the fact that families of integrals like (1.4) or
(1.7) are bounded in L2, even on neighborhoods of caustics. This expresses the
boundedness of energy. Near the caustics, these families are not bounded in L°°.
Therefore, it is a natural question to determine the supremum of the real numbers
q > 2 such that I5 (A) is bounded in L?. In addition these L7 estimates are needed
to control nonlinear terms.

The analysis reveals a critical exponent

e =242/

which does not depend on the full complexity of the caustic but, for the phases
&, in (1,5), only on the algebraic order p to which the determinant of the Hessian
matrix of &4 vanishes at degenerate critical points.



When the C* symbol A is supported in a small neigborhood of a degenerate
critical point of multiplicity u, then I3 (A) is bounded in the weak L% space,
i.e the Lorentz space L9=°°. In particular, for all ¢ < q., I5(.A) is bounded in
L.
This is proved under a locally constant rank condition for degenerate critical
points. We refer to §2 and §3 for a precise statement. Similar estimates can
be found in [R 1], [R 2] and [Sv], where convexity assumptions are used. The crit-
ical index g, is sharp. If A ## 0 at the degenerate critical points, then for ¢ > q.,
the L? norms of 19 (A) are not bounded. To guarantee their boundedness in L?
requires some vanishing of A4 on S4 the set of degenerate critical points of &.
Results in this direction can be found in [CDMM] (see also references in [Ste]).
Note that the condition ¢ < ¢. is also necessary for the right hand side of (1.9) to
define bounded families in L9.

These estimates are not and do not follow the from sharp LP estimates on
Fourier Integral Operators which can be found in [Ste] and [So] and references
therein.

We show that

there are u and profiles U, and U_ such that the solutions of (1.1) (1.2) satisty
(1.8). u and AL are related by a coupled system of transport equations and a
wave equation. With B4 := Opl, the equations are of the form :

(1.10) By + Ex(u,B,B-) =0, Ou + €(u,BL,B_) = 0.

(1.9) provides a phase-amplitude representation of u® outside C. The propagation
equation for the amplitude Uy ; follows from the equation for ¢/+. The Uy ;
satisfy transmission conditions which include the usual phase shift, as in [JMR 3|.
The system (1.10) inherits dissipativity from the original one. The nonlinear
interactions £1 are singular above the caustic set C. This fact was exploited in
[JMR 3] to reveal the possible occurence of nonsmooth tranfer of energy at caustics.
Here, the singularity of £1 is augmented by the stronger nonlinearity in (1.1), and
Ei(u, B4, B_) is not always locally integrable near the caustic points. Thus the
transport equations in (1.10) must be interpreted with care. The discussion again
involves the critical index q. attached to degenerate critical points, indicating
consistency with the property that d,u® belongs to LPT'. If p +1 > gq., then
Ei(u; B4, B_) is not necessarily integrable near the corresponding point. But
there, strong dissipation and absorption occur. The transport equation (1.10) is
satisfied along the rays before the singular point, By tends to zero at this point,
and By vanishes after it. On the contrary, when p + 1 < q., then &4 (u; B4, B_)
is locally integrable so that the transport equation in (1.10) makes sense and is
satisfied across the singular point.

Denote by T4 (y), the smallest focusing time ¢ along the ray y £t dy(y)/|dv(y)]
and such that the critical exponent g. at (¢,y) is less than or equal to p + 1. For



the wave equation, the times of focusing along the rays from y are + the radii
of curvature of the level surface 1 (y) = ¢(y). The multiplicity p(t,y) is the
multiplicity of the corresponding principal curvature. Then the precise meaning
of (1.10) is the following.

By =0 for t > Ty (y) and the transport equations 0,8+ = E(u, B4, B_) are
satisfied in L} . for t < Ty (y).

loc
When p > 3, then p + 1 is always larger than 2 + 2/ since p > 1. Thus Ty (y) is
the first time of focusing along the ray from y.

For generic caustics, the multiplicity g = 1 and the critical index q. = 4. Thus,
if (almost) all the rays have only generic focusing points, absorption occurs at
caustics points if and only if p > 3, which is the supercritical case. On the other
hand, in the subcritical case, that is when p < 3, oscillations cross the caustics
(Figure 1.1 below).

Subcritical case Supercritical case

Figure 1.1

For radial phases ¥(y) = x(|y|), the multiplicity p is equal to d — 1. Thus
absorption occurs at the caustic set {z = 0} if and only if p > 1+2/(d —1). For
such radial phases, and for p > 1 4 2/(d — 1), absorption was proved in [JMR
2]. The present paper improves the asymptotics near the caustic, shows that the
index 1 4 2/(d — 1) is sharp and that, for smaller p, oscillations continue after
focusing.

When p < 1+ 2/(d — 1), absorption never occurs and oscillations persist after
crossing the caustics, since the multiplicity p is at most equal to d — 1. This
includes the limit case, p = 1 which corresponds to linear equations (1.1) and also
to globally Lipschitzean nonlinearities.

2. NOTATIONS AND MAIN RESULTS

2.1. The time evolution



In R'*4 consider the Cauchy problem for a semilinear system

d
(2.1.1) oru —ZAjaju + f(t,z,u) = 0, up—=1uo
j=1
where 0; := 0/0x;. L := 0y — 2?21 A;0; is assumed to be a symmetric hyperbolic
first order system of constant multiplicity. For simplicity, we assume it has constant
coeflicients.

AssuMPTION 2.1.1. The A; are constant real symmetric N x N matrices
and the eigenvalues A\, (€), 1 < k < ko, of A(§) := 2?21 &¢; A; have multiplicity
independant of ¢ € R?\0.

The nonlinear interaction f is assumed to be dissipative.

ASSUMPTION 2.1.2. f is a C! function from [0, +o0o[xR? x CN to CV, with
f(t,xz,0) = 0 and there are p € [1,+00] and constants 0 < ¢ < C' < 400 such that
for all (t,r) € R**4 and all u and v in CV,

(2.1.2) [ftzw)| < ClulP, |Ouzf(t,z,u)| < ClulP™,

(2.1.3) Re((f(t,x,u) — f(t,z,v)) - (H—E)) > clu —v|Pt,

In (2.1.2), Oyuf denotes the set of derivatives 0,f and Oyf. Remark that
f(t,z,0) = 0 and (2.1.3) imply that

(2.1.4) clulPt™ < f(t,z,u)-a.

EXAMPLE. f := 9z® : CV — C¥ satisfies Re ((f(u) — f(v)) - (@— 5)) >0,

when @ is a convex function from C¥ to R. The stronger condition (2.1.3), and
the other assumptions are satisfied for example for ®(u) := |u[P*+1L.

In most applications, u is real valued and f is defined for real values of u, but
the use of complex exponentials in place of sin and cos is convenient and we
systematically introduce complex values for u. This is not a restriction, since when
fis a C?! function from [0, +00[xR% x RY to RY which satisfies the analogues of
(2.1.2) (2.1.3) for u and v in RY, the extension to complex u + iu’ € CV, defined
by f(u—+iu) == f(u)+ig(u), satisfies (2.1.2) (2.1.3) if g has the same properties
as f.

Assumption 2.1.2 can be slightly weakened. In particular, in §7, we give modifi-
cations of (2.1.2) (2.1.3) adapted to the first order reduction of the wave equation

(1.1).



Solutions of the Cauchy problem (2.1.1) are constructed in [Str] (see also [LS]
or [Hal).

THEOREM 2.1.3. For ug € L*(R%), the Cauchy problem (2.1.1) has a unique
solution u € CO(R; L2(RY)) N LPL([0, +oo[xRY). Moreover, if ug and vy are
Cauchy data in L*(R?), the solutions u and v satisfy

1
(2.1.5) iglg | u(t)—v(t) H%?(Rd) + 2¢flu—v ||I;;+1([o,+oo[x]1§d) < [luo—wvo H%Q(Rd) :

2.2. Lagrangians, caustics and phases

Consider Cauchy data of the form

(2.2.1) ug(r) = wo(x) + Uo(z,y(x)/e),

where Uy(x,0) is periodic in # with vanishing mean value. We assume that 1)
satisfies

ASSUMPTION 2.2.1. w is an open subset of R¢ and Ow has d-dimensional
Lebesgue measure equal to zero. The initial phase 1 is real valued and C*° on a
neighborhood of w and di) does not vanish on .

Extensions to phases with isolated critical points or singular points are possible,
as in [JMR 3] §6.5.

We assume that Uy(z,0) = 0 when = ¢ w. Then the Cauchy data (2.2.1) is
defined on R<.

Thanks to Assumption 2.1.1, the eiconal equation det L(dy) = 0 splits into

(22.2) e — Ae(029) =0, =0 =17,

for k € {1,...,ko}. The geometric global solutions of (2.2.2) are Lagrangian
manifolds Ay in T*R'*9. As in [JMR 3|, we take global coordinates (¢,y) on
theses manifolds. Precisely, introduce

(2.2.3) G = [0,400[xw,

and the mapping 7, : G = [0, +oo[xw — [0, +oco[xR?

(2.2.4) Je(ty) = (t,z) with o= q(t,y) ==y —tN,(dY(y))-

Introduce the set of points where 7 is not a local diffeomorphism,

(2.2.5) Sp:={(t,y) €eG | detd,qi(t,y) =0}.



The caustic set Cy, is

(2.2.6) Cr = jk(Sk) - [0, —i—OO[XRd .
Introduce
(2.2.7) 9r(y) = Ne(di(y))

and its Jacobian matrix g, (y). Then (¢,y) € Sy if and only if 1/t is a positive
eigenvalue of g, (y).

The analysis of the singularities near the caustic set depends on the proper-
ties of the mappings jr. We make the following finiteness hypothesis which is
automaticlly satisfied when 1) is real analytic, since A is also real analytic.

ASSUMPTION 2.2.2. There is an integer ¢, such that for all k, and all (t, x) ¢ Cy,
the number of points y € w such that x = qi(t,y), is less than or equal to £,.

As in [JMR 3], introduce the following terminology

DEFINITION 2.2.3. A subset Q C [0, +o00[xR? is k-regular if and only if
i) Q is relatively open in [0, +00[xR? and connected,

ii) there are smooth functions py 1, .., pr¢ from Q to w such that py ; # pk,
for j # 1 and

(2.2.8) V(t,z) €Q, {yewlaqlty) =z} ={pr;(t,2) h<j<e.

A subset Q C [0, +oo[xR? is called regular, when it is k-regular for all k.

Note that the py, ;(t, x) are the feet of the bicharacteristics passing through (¢, z).
In ii) the number ¢ is allowed to be zero. In this case, condition ii) means that
{y € w | q(t,y) = =z} is empty. A k-regular set is necessarily contained in
[0, +00[xRI\C},. As noticed in [JMR 3], the converse is not true, since the number
of preimages of x can change when one of them reach the boundary dw. However
one has the following result (see §4 in [JMR 3]).

PROPOSITION 2.2.4. Introduce
(2.2.9) 5k = C, U jk([O,—i—oo[xaw), 5 = ngk-

Then C C [0, +00[xR? and, for all k, ]EI(CN) C G have zero Lebesgue measure. For
all (t,x) ¢ Ck, 7" ({t,z}) is contained in G. The number of points in 7, ' ({t,z})

is locally constant on [0, +00[xR\C},. In particular, every point (t,z) ¢ C; has a
k-regular neighborhood.



If Q is a k-regular open set, j;1<Q) is the disjoint union of open sets G ; C G
such that j; is a diffeomorphism from Gy ; onto 2. The inverse mappings are
(t,x) — (t,pr,;(t,x)) where the py ; are as in (2.2.8). This defines a family of
phases ¢ ; on Q, (k,j) € Z,

(2.2.10) eri () = P(pk,;(t, ).

The ¢y ; satisfy the eikonal equation (2.2.2). They are present in the oscillations
of the solutions of the linear equation Lu® = 0 with Cauchy data (2.2.1). These
phases may resonate and nonlinear interaction occur, creating new oscillations for
the solutions of (2.1.1) (see e.g. [McLPT], [HMR], [JMR 4] and references therein,
for several studies on the mechanism of nonlinear resonance of oscillations). In
this paper, which is mainly concerned with caustics, we assume that the phases
¢k,; do not resonate. The reader is refered to [JMR 3] where it is shown that this
assumption is satisfied by a wide class of examples.

ASSUMPTION 2.2.5. For all regular open 2 the set of phases ¢y, ;, (k,j) € Z,
given by (2.2.10), satisfy the following property :

for all integers {a ;}(k,j)ez at least two of which do not vanish,

(2.2.11) det L(Z ag,jdog;) # 0 a.e. on Q.
k.

2.3. LP estimates of oscillatory integrals

Our goal is to represent the solutions u® of equation (2.1.1) with Cauchy data
(2.2.1), as a sum of Lagrangian distributions associated to Ag. Let T = R/27Z.
Suppose T equipped with the measure df with total mass equal to 1. Each term
is given by an oscillatory integral with a symbol U defined on G x T with mean 0
on T. The variable 6 in T takes care of harmonics.

DEFINITION 2.3.1. A trigonometric polynomial is a finite sum

(2.3.1) Alt,y,0) ==Y an(t,y) €™, a, € C3°([0, +00[xw)
n#0

The space of trigonometric polynomials is denoted by P.

For A € P, introduce the oscillatory integral

(232) LA () = Y (nl/2me) / TV o (1 ) dyde

n

with

(233) (I)k(tvxhqﬁf) = t)\k(f) + (.%‘—y)§ + w(y)



A crucial point in this work is to study the asymptotic behaviour of such in-
tegrals, in L9 spaces. The boundedness in L? is clear, as well as the blow up in
L* near caustics. The question is to determine the set of g such that I (A) is
bounded in LY. The analysis reveals a critical exponent, which surprisingly does
not depend on the full complexity of the caustic but only on the multiplicity .

DEFINITION 2.3.2. The multiplicity of Sy at a point (t,y) is the algebraic
multiplicity of 1/t as an eigenvalue of g (y). We denote it by pu(t,y).

The geometric multiplicity, that is the dimension of ker(Id—tg).(y)), is denoted
by vi(y)-

ASsuMPTION 2.3.3. There is an open subset wy C w such that w\wo has
Lebesgue measure equal to 0 and for all k and all (t,y) € Sy, with y € wg, one has

i) p and vy are constant on a neighborhood of (t,y) in S,

ii) either vy, = 1 or v, = p.

The assumption is satisfied for the wave equation or Maxwell equation when ) is
real analytic. It implies that on a neighborhood of (t,y) € Sk with y € wp, Sk is
a smooth manifold of codimension one.

DEFINITION 2.3.4. For q € [2,+00], S, (q) denotes the set of points (t,y) € Sk
such that y € wo and pux(t,y) < 2/(q — 2). The remaining set is denoted by

8 (a) = 5:\S; (a).

THEOREM 2.3.5. Suppose that Assumptions 2.2.2 and 2.3.3 hold. Let q > 2,
and A € P. Suppose that the coefficients a,, vanish on a neighborhood of the
points (t,y) € S; (¢). Then,

(2.3.4) sup || Lg(A) [ La@iva) < +oo.
€€]0,1]

REMARK 2.3.6. The limit pug < 2/(q¢ — 2) is sharp. If y € wp and A does not
vanish at a point (¢,y) € S where py > 2/(q — 2), then IZ(A) is not bounded in
L7 (see §3).

2.4. Oscillations and profiles

When (t,z) ¢ Cj, or when the coefficients a,, vanish on a neighborhood of S, the
relevant stationnary points with respect to (y, &) of the phase ®, are nondegen-
erate. Therefore, the standard stationnary phase expansion implies that

(2.4.1) IE(A) = JE(A) + O(e)

10



where

1 ,
(2.4.2) Ji(A) (t)x) = Z T <Z ,imk(t,y) an(t,y) eznw(y)/e
{ylaw(t,y)=z} KLY n>0
+ 30 Y g, (1) emw(w/e)
n<0
1
= mk(t7y) t
> Eg A /).
{y|ax(t,y)==}
with
(2.4.3) Ap(t,y) == detd, qi(t,y) |1/2
1 . )
(2.4.4) my(t,y) = 5 sisn 8(2y,£)<bk(t,x,y, dy(y)), with qi(t,y) ==z

and ‘H is the Hilbert transform acting on Fourier series by

(2.4.5) H(Z an 6m0> = Z isienn g ein?

n#0 n#0

In (2.4.4), sign A denotes the signature of the symmetric matrix A. Remark that

Ag(t,y) # 0 for (t,y) ¢ Sk and that my(t,y) is locally constant on G\Sk.
Suppose that € is a regular open set. The matrix 8(2y 5)<I>;.c(t,ac,y,dz/;(y)) is

nondegenerate for (t,y) ¢ Sk and x = qx(t,y). Since ) is connected, the signature

my,(t,y) is constant on each component Gy, ; of 7' (Q). Call my ; its value. Then,
using the notations (2.2.8) and (2.2.9), one has on Q

Ly,
(2.4.6) JE(A)(t,z) = Z Awj(t, z, oni(t,x)/e)
with
(2.4.7) Ak,j(t,x,Q) = Ak(t,pkd(t,%))_l (Hm’“A) (t,pk,j(t, 1:),0) .

This formula links the profile A on the Lagrangian and the profile A on the base.
Note that Ay vanishes exactly to order /2 on Si. Using the nonresonance
Assumption, the L? norm of J (A) is asymptotically estimated to be the L9 norm
of the profiles Ay ;. Since j; is a diffeomorphism from G}, ; to 2 whose Jacobian
is A% the L? norm of Ay, ; is equal to a weighted L? norm of A on Gy ; x T. This
suggests the following definition.

11



DEFINITION 2.4.1. For ¢ €]1,+oo[ and T > 0, L£{([0,T] x w x T) denotes
the space of L7 integrable functions on [0, T[xw x T with respect to the measure
Ap(t,y)>~9dt dydo.

For0 < s <1, £([0,T] xw x T) denotes the space of functionsU € L} ([0, T] x
w x T) such that

1 [R—
/ / Ak(t,y)z_q uk(tay79+ h) Z/[k(f,y,e) thdydeﬁ < 400
0 J[0,T]xwxT h? h

The definition trivially extends to T' = +o00. For a trigonometric polynomial,
belonging to L} requires no condition on S, () but some vanishing on S;" (¢). £
is the space of LY integrable functions on [0, +o0o[xw with respect to the measure
Ay (t,y)?~dt dy with values in the Sobolev space W*4(T). Recall that

1/ ‘w(9+h) —w(®) 1, dh
T hs h

ol = lolar + [
When ¢ = 2, note that £2([0,7] x w x T) = L*([0,7] x w x T).

PROPOSITION 2.4.2. i) For all q €]1,4o00|, there is a constant C' > 0 such that
for all trigonometric polynomials A which vanish on a neighborhood of Sy, and all
T >0,

1 .. .
(248) C [ Allzs o, 1xwxT) < hgl_}élf | Tk (A) |l Lajo,7] x e
< limsup || Jg(A)[|Lao,rixre) < C [ All2a(0,11xwxT)-

e—0

ii) For 1/q < s < 1 and each € €]0, 1], J extends to a bounded linear operator
from L3 to L4([0, +oo[xR%) and

(2.4.9) e [ Je(A) |l Laoryxrey < C [ A
e€|0,

L79[0,T]xwxT) -

Our method is by duality and requires nonsmooth profiles. Estimate (2.4.8) im-
plies that J; can be extended asymptotically as a map from L to
L4([0, +00[xR%), so that the substitution § = v(y) in A(t,y,6), which has no
direct meaning for A € L}, makes sense asymptotically. More precisely, one has
the following result.

12



PROPOSITION 2.4.3. For all T €]0,+occ] and for all U € L}([0,T] x w x T)
there exists a bounded family u® in L4([0, T[xR%) such that for all § > 0, there
are €5 > 0 and a trigonometric polynomial Us which vanishes near Sy, such that

(2.4.10) U — Us ng([o,T] xwxT) < 4,

(2411) Ve 6]0,85], ”Ue - J,i(u(;) ||Lq([O’T[XRd) < 0.

When v satisfies (2.4.10) (2.4.11), we write u® ~ J£(U) in L9([0, T] x R%). Tf u® ~
Je(U) and v* ~ JZ(U) in L9, then u —v* converges strongly to 0 in L9([0, T[xR?).
More generally, we write u® ~ v in L9, when u® and v® are bounded families in
L4([0, T[xR%) such that u® — v® converges strongly to 0 in L?([0, T[xR%).

The notations are consistent : when U € £79([0,T) xw x T) and s > 1/q, Jg(U)
is defined for each ¢, and

(2.4.12) JU) ~ JEU) in L([0, T[xR%)

in the sense defined above.

There is a similar treatment for functions on R?, i.e. for initial data. _Given
Uy € L?*(w x T), one defines bounded families in L?(R?), denoted u§ ~ J§(Uo),
and such that

(2.4.13) JoUo) (y) = Uo(y,¥(y)/e)

when Uy is smooth, or more generally whenever the substitution § = v (y) makes
sense, for example when Uy € L?(w x T) and Oyl € L*(w x T).

2.5. Sketch of the main results
Consider Cauchy data such that
(2.5.1) uy ~ug + J5(Up) in L?,

where uy € L2(R?), Uy € L*(w x T) and the mean value [.Uo(y, #) df vanishes for
(almost) all y € w.

The family u§ is bounded in L?(R?), and therefore, there is a unique bounded
family » in C°([0, +-oo[; L2(RY)) N LPFL([0, +-00[xR9), such that u® satisfies
(2.1.1) with the initial condition
(2.5.2) Ufg = UG-

An abbreviated version of the main result is the following. We suppose that the
various assumptions in §§2.1, 2.2 and 2.3 are satisfied.
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THEOREM 2.5.1. There are unique Uy, € L2 N CO([0, +oo[; L*(w x T)) and
u € C°([0, +oo[; L2(R?)) N LPHL([0, +00[xR?), such that for all T < +o0o0,

(2.5.3) ut ~u o+ Y i) in LPPH((0,T] x RY).

When OpUy € L*(w x T), the profiles Uy, belong to CZ’pH for all s <2/(p+1)
and one has the stronger result

ko
(2.5.4) ut o~uo Y JEU) in LPPY((0, T[xRY).
k=1

The first step is to introduce the weak limits w in LPt! and f in L**V? of u¢
and f¢ := f(uf), extracting subsequences if necessary. Extracting further subse-
quences, we introduce profiles Uy, and Fy such that for all A € P which vanish on
a neighborhood of S

(2.5.5) /u JE(A) dt de — /ukﬂdtdxde,

(2.5.6) /ff JE(A)dtde — | Fr Adtdzdf.

The convergence (2.5.5) (resp. (2.5.6)) holds for A € E,iﬂ/p (resp. A € LD,
Alternatively one can replace J; by I; in (2.5.5), (2.5.6) to find

(2.5.7) /fe IF(A)dtde — [ Fr, Adtdzdd.

It is crucial to observe that (2.5.7) holds for A € P which vanishes on a neigh-
borhood of supercritical points S;7 (p + 1). This is true because f¢ is bounded in
LYY/ and If(A) is bounded in LP*! for such A, thanks to Theorem 2.3.5.

PROPOSITION 2.5.2. The profiles U, € ﬁZH satisfy the polarization condition
(2.5.8) Poly = U, .
Moreover, F, € £,1€+1/p and Uy, satisfies on G\S (p+1) x T
(2.5.9) Oy, + P Fr = 0, Uk—o = Pillo.
The weak limits satisfy u € LPT1([0, +oo[xR?), f € L'+1/P([0, +oo[xR?) and

(2.5.10) Lu + f = 0 on |0, +o0[xR?, Uj—0 = Ug -
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In (2.5.8) (2.5.9) Py(y) denotes the spectral projector of A(di(y)) corresponding
to the eigenvalue A\ (di(y)). Formula (2.5.9) follows from (2.5.7) and the known
asymptotic behavior of L(If(.A)) (§6). It holds outside S; (p + 1) because test
profiles in (2.5.7) are required to vanish on S;" (p + 1).

The proof of (2.5.3) uses the energy identity

() — v () 22 — 2Re/ L — ) - (7 — ) =

(2.5.11) [0,¢] x R4

This implies

1
lus(®) = v (®) 122 + e llu® = v° 2800 gmay <

(2.5.12) ) .
| u®(0) —v°(0) |72 + 2Re / (Lv® + f(v%)) - (v& —uf) dtdx.
[0,t] xR4

We chose v ~ u + ) j,i (Uy.). Note that the profiles are not yet known to be
smooth and we need here the extended definition J. An important step is to
show, using Proposition 2.5.2, that one can also choose v® so that

(2.5.13) Lo ~ f+ > Ji(PFy) in LYFP
The next important step is to analyse f(v®). For v° ~u+ 3 J¢ (Uy), one has

(2.5.14) FOF) ~ EU) + Y Ji(Pebrl(v,U)) + h°,
k

where U, 1= (Ui, ..., Ux,), £ and & are nonlinear operators acting from LPT1 x

[1£P" into L'*1/7 and E,lfl/p respectively. The family k¢ is bounded in L'+1/?
and has no oscillations in the characteristic variety of L. This follows from the non
resonance Assumption 2.2.5. Since L(u® — v®) is bounded in L'+1/? by (2.5.13),
Proposition 5.2.2 and Corollary 5.2.4 show that

lim [ A%(u® —2°) =0
e=0

The weak limit and the profiles of u® — v* vanish. This implies that

(2.5.15) /[O ens (i +§(g,u*)+ZJ,§(Pk(fk +5k(g,u*))) - (vF —f) dtdx

— 0.

Thus the right hand side of (2.5.12) tends to zero and u® —v° tends to zero strongly
in L'*? ending the proof of (2.5.3).
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The strong convergence implies that f(u®) ~ f(v¢) in L'T1/P. Therefore (2.5.13)
yields

(2.5.16) f = §(g,u*), Pk]:k = Pké’k(g,u*)

With Proposition 2.5.2, we obtain the following equations for the profiles

Lu + EuwU) = 0,
(2.5.17) Pyl = Uy,
O + Pe&r(uwU) = 0 on G\S(p+1)xT.

The initial conditions are

Knowing that U, satisfies the profile equations (2.5.17) (2.5.18), one shows that
U, € LT for all s < 2/(p+ 1) when dply € L?. Thus the J¢(Uy) are defined
for each e, and (2.4.12) implies the stronger form (2.5.4) of the asymptotics.

Note that & (u,U.) belongs to E,ljl/p. Near supercritical points, E,lfl/p is not
included in L}, since this would imply that L> C Eiﬂ’ near S; (1 + p) which
is impossible from Definition 2.4.1. Thus the meaning of the third equation in
(2.5.17) is not clear near S, (p + 1). However, the third equation does determine
U}, because near supercritical points, strong dissipation intervenes, and there, the
absorption phenomenon occurs. This suggests the following terminilogy.

DEFINITION 2.5.3. For y € w, the k-time of absorption along the ray issued
from y is the smallest value of t > 0 such that (t,y) € S; (p + 1) the set of p + 1-
supercritical point in Sy, i.e. satisfying pg(t,y) > 2/(p — 1). It is denoted by
T (y).

W is the largest positive eigenvalue of g (y) of multiplicity larger than or
:
equal to p%l' T2b(y) is infinite if there is no such eigenvalue.
Introduce
G, = {(t,y) €]0,+oo[xwy | t < TEb*(y) }
(2.5.19)

Gl = {(t,y) €0, +oo[xwo | t > T (y) }

T2bs is C* on wy where the eigenvalues of g} (y) are smooth. Thus G, is open.
Moreover, G\S;" (p + 1) is the union of G, G} and a negligible set.

THEOREM 2.5.4. With notations as in Theorem 2.5.1, the profiles Uy, vanish on
G: x T, and the third equation in (2.5.17) holds in L}, on the domains G, x T.
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2.6. Remarks and Examples

1) Note that g; (y) = N/ (d¥(y)) " (y). Since A}, is homogeneous of degree 0, A}/(§)
has always a nontrivial kernel which contains £&. Thus 0 is always an eigenvalue of
g,.(y). As a consequence, the multiplicities j, satisfies

(2.6.1) Vk e {l,....ko},V(t,y) € Sk, 1< up(t,y) < d—1.

In particular, in space dimension d = 2, the only possibility is ur = 1 and As-
sumption 2.3.3 is always satisfied.

2) The Lagrangian Ay associated to the eiconal equation (2.2.2) is the set of
(t,z,7,&) such that

(262) T = Qk(tvy) , €= d¢(y) y T = Ak(d¢(y)) .

It is also associated to the defining phase function

(2.6.3) Op(t,z,y,8) = tA(E) + (£ —y)-& + P(y).

Sk corresponds to the set of points in Ay where the projection w : (¢, z,7,§) —
(t, z) restricted to Ay, is not of maximal rank d + 1. The multiplicity puj is equal
to the order of vanishing of det d(,, ). It is larger than or equal to the dimension
of the kernel of d(7,, ). For the wave equation, these two numbers are equal, see
§3.5.

3) If p > 3, all points in S, are supercritical, since then 2/(p — 1) < 1 < pg(t,y).
Thus T2 (y) is the first time of focusing along the ray.

In the extreme opposite case, all points in S are subcritical when p < 1+ %,
since then p%l >d— 1> pk(t,y), see (2.6.1). In this case 7% is infinite.

4) For radial focusing in a wave equation, A\(¢) := |¢] and ¥(y) := x(|y|). Then,
¢’ has only one positive eigenvalue equal to 1/|y|, of multiplicity d — 1. Thus
absorption occurs if and only if p > 1+ 2/(d — 1). The if part was proved in
[JMR 2].

5) In many examples, uy(t,y) = 1 for all points (¢,y) € Sg. Then Assumption
2.3.3 is satisfied. This happens when all the rays meet the caustic at generic points
(folds) (see Remark 3.5.2). It also occurs when 7|5, has a cusp. In these two cases
The critical exponent is p = 3. If p < 3, T2%(y) is infinite. Conversely if p > 3,
absorption occurs at the first crossing of caustics. Examples in space dimension 2
for the wave equation are the familiar phases

(2.6.4) V1(y1,y2) = Y2 +yi, 2(y1,y2) = a1y +asy; with 0<a; <as.
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For v; the caustic set is the manifold C with equation 27 = (+*/3 —1)3, which has
a cusp singularity at 1 = 0,¢t = 1, corresponding to the rays from y; = 0.

6) Again for the wave equation, A (&) = |¢|, in R? consider

(2.6.5) Y3(y) =ya + W7+ 4+ yi1)/2 =ya+ Y[*/2.

For 3/ # 0, there are two distinct positive eigenvalues : 1/6 of multiplicity d — 2
and 1/6% of multiplicity 1, where 62 := 1+ |y/|?. For 3 = 0, these eigenvalues are
equal. Therefore, (t = 1,y = 0) is a crossing point for two different eigenvalues,
but it is the only point where multiplicities are not locally constant. Nevertheless
Assumptions 2.2.2 and 2.3.3 are still satisfied.

There are two focusing times, § and 6. Accordingly, the caustic set has two
components. The first one is the plane C; = {2’ = 0}. The second is the manifold
Cy with equation x> = (+*/3 — 1)3, which has a singular locus at 2/ = 0,¢ = 1,
corresponding to the rays from 3’ = 0. Since § < §3, the rays cross C; before Cs.

If p>1+2/(d—2), then C; is supercritical. Oscillations are absorbed at C;
and never reach Co. If p < 14 2/(d — 2), then both C; and Cy are subcritical.
Oscillations cross C; and Cs.

3. LP ESTIMATES FOR OSCILLATORY INTEGRALS

The aim of this section is to provide uniform L? estimates for oscillatory integrals
including 7°(A). Because the question is interesting in its own, we consider more
general classes of oscillatory integrals. At the end of this section the results are ap-
plied to the context developped in §2. The estimates are proved under assumptions
which are satisfied for generic caustics, cusps, and spherical focusing.

3.1 Statement of the main estimate

Consider integrals of the form
(3.1.1) ut(z) = 5_"/2/ e =N/ gz a,e) da, 2z €R™,

where ® and a are C* functions on R™ x R™ and R™ x R™ x [0, 1] respectively.
® is real valued and a is compactly supported. Our goal is to obtain bounds for
the LY-norm of u®.

Results in this direction can be found in [R 1], [R 2] and [Sv]. Typically, they
concern phases of the form ®(z,«) = z-a — h(a) with h real analytic and convex,
or n =m = 1 and h” vanishes at finite order at isolated points. For example, it is
proved in [R 2] that, for amplitudes with small support,

(3.1.2) sup |u(2))] < C |det h”(a(z)|""/?
£€]0,1]
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where, «(z) is the unique critical point of « — ®(z, ). Note that the stationary
phase theorem implies that a control of u® by |det h”|~/? is the best estimate
that one can expect. However, an estimate like (3.1.2) is certainly not true in
general. In the simplest case where n = m = 1 and ® = za — > which leads to
Airy integrals, there is no critical point in the shadow region z < 0 but u® is not
uniformly bounded in this region. We refer to [R 1] for a substitute of (3.1.2) for
phases of the form za — o which lead to regular caustics.

The convexity assumptions are not always satisfied. For example, a typical
phase for which the caustic set is a cusp, is ®(21, 22, a) = 210 + 2202 + a*. For
the phases (2.3.3), there is no substitute in general for the convexity assumptions.
We are not able to prove estimates like (3.1.2), but we have a reasonable answer
to the question of determining the supremum of the real numbers ¢ such that the
family u® is bounded in LY.

Patching local estimates with a partition of unity, it is sufficient to assume
that the amplitude @ in (3.1.1) is supported in a small neighborhood of a point
p = (2,a). Because u® = O(e*) when the phase has no stationary points in a
neighborhood of the support of a, and u* = O(1) for a nondegenerate stationary
point, we study the remaining case where p is a degenerate stationary point, i.e.

(3.1.3) do®(p) =0, D(p) = 0

where D := det ®”

o 1s the determinant of the Hessian matrix

9?d

14 o, = \9a, 00, '
(3.1.4) aa (2, @) ((90@ day, (= a)) 1<j,k<n

The behavior of u* depends on the structure of the set of degenerate stationary
points. We consider simple cases of degeneracy, which naturally occur in the
study of integrals I¢(.A), see §3.5. Our first assumption is that the phase ® is
nondegenerate (see e.g. [HO 1]), which means that @, is of maximal rank at p:

(3.1.5) rank (d(,.q) P, (2, @) = n.

Then, near p, the set of stationary points

(3.1.6) Co :={(z,a); ®,(2,0) =0}

is a smooth manifold of dimension m. The set of degenerate stationary points is
(3.1.7) So :={(z,a) € Cs ; D(z,a) =0}.

First we give a necessary condition for the family u® to be bounded in L4.

THEOREM 3.1.1. There is a neighborhood w of p such that if ¢ > 2 and
a € C§°(w x [0,1]) are such that the family (3.1.1) is bounded in L9, then the
restriction of |D|*~9/2(p) |a(p,0)|? to Cy is integrable.
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Next we turn to sufficient conditions. Sharper results are obtained if one uses
the Lorentz spaces. Recall that a measurable function u belongs to the weak-LP
space if

|w]|p,00 == (sup s” meas{z, |u(z)| > s})l/p < 400,
s>0

and that locally Lj = C L for every ¢ > p.

loc

Denote by D, the restriction of D to Cg.

THEOREM 3.1.2. Suppose that there exist a neighborhood O of z and an integer
¢ such that for almost all z € O the number of critical points (z,«a) € Cg is not
larger than {. Suppose in addition that the dimension of ker ®,(p) is equal to 1.

If r > 0 is such that D;" € LY [ resp. L' ] on a neighborhood of p in Cgp,
then there exists a neighborhood w of p such that for all a € Cg°(w x [0,1]) the
family u® is bounded in L**2™°° [ resp. L**2" ].

When the phase ® is real analytic, the first assumption in Theorem 3.1.2 is
automatically satisfied. Thus when the dimension of ker ®” _(p) is equal to one
and ® is real analytic, Theorems 3.1.1 and 3.1.2 give a a complete answer to our
question.

When the dimension of ker ®} ,(p) is larger than one, our results are much less
complete. The following theorem covers the important case of radial focusing in
R d > 3.

THEOREM 3.1.3. Suppose that Sg is a smooth submanifold of codimension one
in Cg, the dimension v of ker ®/_(p) is constant and > 2 for p in a neighborhood
of p in S¢ and D, vanishes exactly to order y = v on Sg. Then there exists a
neighborhood w of p such that for all a € C§°(w x [0,1]) the family u® is bounded
in L2+2/100, -

REMARK 3.1.4. When Sg is a smooth submanifod of codimension one in Cg
and D, vanishes exactly to order u on Sg, then D, 2w € LY, Thus either when
the dimension of ker ®” (p) is equal to 1 and the number of critical points is
bounded, or when this dimension is localy constant and equal to y, the family u°
is bounded in L2+2/#°° provided that a is supported in a small neighborhood of
p. In particular ¢ is bounded in LY for all ¢ < 2 + 2/u. The index g. = 2+ 2/p
is sharp, since Theorem 3.1.1 implies that whem a(p,0) # 0, the family u® is not
bounded in L7 for ¢ > 2+ 2/p. a

REMARK 3.1.5. The assumptions are invariant under change to equivalent
phase functions. They have the following intrinsic formulation. Consider

(3.1.8) A:=1(CoNw) CT*R™, where ¢ : (z,a) — (2,9.(z,a))
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an w is a neighborhood of p. If w is small enough, then the equation (3.1.5) implies
that A is a smooth Lagrangian manifold and that ¢ is a local diffeomorphism from
Cy Nw to A. Let m denote the restriction to A of the projection (z,{) — z. The
kernel of 7 at (z,() = ¢(p) is exactly the image by ¢/(p) of the space {0} x ker @/
which is tangent to Cp at p. In particular,

1(Ss) =8 :={(z,() ; rank7'(z,{) <m},
(3.1.9)

dimkern’(z,({) = dimker®” (p), for (z,()=1t(p)eS.
Therefore, the assumptions in Theorem 3.1.2 are : 1) for almost all z in a neigh-

borhood of z the number of preimages of z by m in A is less than or equal to ¢,
2) ker7’(z,() has dimension 1.

Similarly, the assumptions in Theorem 3.1.3 are 1) S is a smooth submanifold
of codimension 1 in A, 2) ker7’(z,() has constant dimension v for (z,() in a
neighborhood of (z,¢) in S, 3) det 7" vanishes exactly to order v on S.

This shows that the assumptions are invariant under change of phase functions
which define the same germ of Lagrangian A.

3.2. Proof of Theorem 3.1.1

Using the Theorem of equivalence of phase functions (see [H6 1] [Du]), shrinking
neighborhoods and multiplying u® by e*¥(?)/¢ if necessary, we can assume that
m =n and on a neighborhood w = Q x U of p = (2,(), ® is of the form

(3.2.1) O(z,a) = z-a — h(a).

where h is C™ on a neighborhood of U. In this case, Cp = {(2,a) € A x U | 2 =
h'(a)}, and D, (a) = det (). Consider a € C§°(w x [0, 1]).

For f € C§°(Q2), one has

(3.2.2) /f(Z)Iug(Z)IQdZ = /Fs(ma,aJren) ¢! (he)=latem)/= ¢ dp
where
(3:23) Fnaa) = [ a0 alzatads = O((1+ i) ™).

The estimate is uniform, and Lebesgues’ dominated convergence theorem implies
that

(3.2.4) / fO W Pdr - @) / F(H (@) la(k (), a,0)? da,

as € — 0. Therefore, if the family u® is bounded in L9, there is a constant C' such
that for all f € C§°(£2),

G25) | [ 10 ©.OP | < Cl @, ri=a/la-2),
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Introduce the measure A on  which is the image of |a(h/(c), , 0)|> da by I/. The
left hand side of (3.2.5) is equal to | [ f(z) A(dz)|. Thus (3.2.5) implies that

(3.2.6) A = {(x)dz, where (cL”(Q), ' =q/2.

Introduce S = {a € U : D.(a) = 0}, where D, := deth”. Introduce next
C=h(S)NQ. For all z € Q\C, the set of a € U such that h'(a) = z is finite
and there is a neighborhood G of z such that h’~!(G) is the union of finitely many
pairwise disjoint open sets Vj, such that A’ is a diffeomorphism from V; onto G.
This implies that on Q\C

(3.2.7) Uz) = ),

ach/~1({z})

a(z, )P
D) =

Sard’s theorem implies that the Lebesgue measure of C is equal to 0. Therefore
the density ¢ is completely determined by (3.2.7). Since £ € L" , one has

/ () ds = / (=) A(d=)

(3.2.8) ,
— [ur (@) a(k (@), 0, 0P da < 4.

For a ¢ h'=1(C), (3.2.7) shows that

(3.2.9) (' ()" a(W' (@), @, 0)]* = [Du(a)]'~? Ja(h'(a), o, 0)|*.

In addition, (3.2.6) implies that A(C) = 0, hence h'~!(C) is a null set for the
measure |a(h/(a), «,0)|? da. Therefore (3.2.8) and (3.2.9) imply that

(3.2.10) /|D*(a)|1_q/2\a(h’(a),a,O)]qda < 400,

which finishes the proof of Theorem 3.1.1.

3.3 Proof of Theorem 3.1.2

1. By a linear change of variables, one can split the variables « into (o/, ) €
R x R™!, so that @7, ..(p) = 0 and @/, . (p) is invertible. Thus, near p, the
phase o/ — ®(z,a’, ') has a unique critical point, o’ (z, ) which is nondegen-
erate. Therefore, if a is supported in a sufficiently small neighborhood of p, the
stationnary phase theorem implies that

(3.3.1) 5<n1)/2/ et 2=l g5 ol o e) da” = b(z, o €) et V@/E
Rn—l

where b is C* on U’ x [0,1] and ¥(z,a') := ®(z,a/,a”(z,a')). Thus
(3.3.2) u(z) = 5_”/2/ et V(za')/e b(z,d ) da’ .

Since ¥ and @ define the same germ of Lagrangian manifold, ¥ satisfies the same
assumptions as ®. Therefore, it is sufficient to prove Theorem 3.1.2 when n = 1
which we assume from now on.
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2. The phase ® is nondegenerate and p € Sg. Therefore, there are coordinates
z = (t,y) € R™"! x R such that 0, a@(é) # 0. Using the Theorem of equivalence
of phase functions (see [H6 1] [H6 2] [Du]) with ¢ as parameters reduces to the case
where

(3.3.3) ®(z,0) == ya — h(t,a), z=(t,y) e R xR.

From now on, we assume that ® is given by (3.3.3) on w = QxZ where Q = Q; xQ,
is a relatively compact neighborhood of z = (¢, g), 7 is an open interval which
contains «, h is C'°° on Q_Exf and h, (2 xT) C Q,. In this case, Cy is parametrized
by y = h.(t,«) with (¢, «) as parameters. Taking (¢, «) as coordinates on Cg, one
has D, (t,a) = hy, ,(t,a). S, is the set of (t,a) such that D.(t,a) = 0.

LEMMA 3.3.1. There is a negligible set N C Q) such that for all x € Q\N, the
equation ® (z,a) = X has at most ¢ solutions « in T for almost all A € R.

Proof. Shrinking neighborhoods if necessary, the assumptions in Theorem 3.1.2
imply that there is a negligible set N/ C O such that for all z € O\N’, the
equation @/ (z,a) = y — h.,(t,a) = 0 has at most ¢ roots in Z. Therefore, there
is a negligible set N C Q, such that for all t € Q,\\V;, the set {y: (t,y) € N'} is
negligible, implying that for almost all y € O,, the equation h/ (t,«a) = y has at
most £ roots in Z. Since hl, (O x I) C Q,, the lemma follows with V' = N x €.

From now on, we fix a € C§°(O x I x [0, 1]).

3. Consider § > 0 and z € Q\N. Introduce
I(2,0) :={a €T : | (2,0)|>6}, T(z,0)={ael : |P,(z,a)<20}.

Fix x € C*(R) such that x(\) = 0 for |A] <1 and x(\) = 1 for |A\| > 2. In the
integral (3.1.1), use the partition of unity 1 = x(®,,/6)+(1—x(®’,/J)). This splits
u® into into two pieces. The second integral is carried by J(z,d) and is estimated
by

(3.34) | a|lLe measT(z,d)/vc.
In the first integral, one integrates by parts to find

NG / €% D0 x (), /6)/B),) da

SN / ¢/ 0 0 (X(¥,,/6)/®)) da + O(VE || Ba = /5).

Note that 0, (x(®,/6)/®.,) = O(|®}, ,|/(®,,)?) is supported in Z(z, §). Therefore,
the first term is estimated by

|20 o
(3.3.5) C Ve o 3 o+ C\/E/S

Next, we apply to the function 1/®/, the following lemma.
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LEMMA 3.3.2. Suppose that f is a bounded and C' function from and open
set O C R to R. Suppose for almost all A € R the equation f(«) = A\ has at most
¢ solutions. Then

(3.3.6) /O F(@)|da < 20 f o~

In fact, (3.3.6) follows from the more precise following result. Consider a C*
function f from the open set O C R? into R?. Suppose that, for almost all A\ € R?,
the number ¢(\) of points o € O such that f(«) = A is finite. Then

(3.3.7) /O | det f/(a) |da = /f o (D,

This proof is by a combination of Sard’s Theorem for eliminating the critical values
and the theorem of change of variables near regular points. (See e.g. [E GJ).

Thanks to Lemma 3.3.1, for z € Q\N one can apply Lemma 3.3.2 to the function
a— 1/®! to find the estimate

(I)// ’
2 da < C)S.
/z(z,a) LAE

With (3.3.4) et (3.3.5), we have proved that there is a constant C such that for all
e €]0,1], all § > 0 and all z € Q\N

(3.3.8) lu(z)| < C (% + %ﬁ(”))

4. Next we apply Lemma 3.3.2 to the function o — @/ (z, ) when z ¢ N. This
shows that

/ B (z0)|do < 206,
J(z,0)

Therefore
meas({a €7 (z,0) : |®) (2, a)| > 6°/e})
(3:3.9) < g/8? / D5 (2, 0)[da < 20e/d.
J(%,0)
Introduce

(33.10) K(z,0,e) == {a €T : |®,(z,a) <25 and |®) ,(z,a) <5/ }.
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Then, (3.3.8) and (3.3.9) imply that there is a constant C; such that for all € €]0, 1],
all § > 0 and all z € Q\N

. Ve measK(zx,0,¢)
(3.3.11) lu(z)| < O (T + T)
5. For s > 0 and ¢ €]0, 1], introduce
(3.3.12) A(s,e) == {z€ 0O : |u(z)| > 2Cs}

Our goal is to estimate the measure of A(s,e). We apply (3.3.11) with § = 0 :=
Ve/s. For z € Q\WN,

meas K(z,/2/s,€)

|UE(Z)‘ S 018 + Cl

NG .
Therefore, for z € A(s,e)\N, one has
(3.3.13) meas K(z,v//s,e) > Ves = ps.
Introduce

B(se) =
(3.3.14)

{(z,a) €QXT : |® (2,0)] <2VE/s and |®! (z,a) < 1/s°}.
Then B(z,s,¢) :={a €T : (z,a) € B(s,e)} = K(z,1/¢/s,€). Since meas N = 0,
(3.3.13) implies that

meas B(s,e) = /mesB(z,s,a) dz
(3.3.15)

> / meas B(z, s,e)dz > ps meas A(s,¢).
A(s,e)

Since @/ (z,a) =y — hl (t,y) and ®7 _(z,a) = —hl (t,a) = —D.(t,a), one has

(3.3.16) meas B(s,€) < 4 0, meas A(s?)
where A(o) := {(t,a) € Q. x T : |D.(t,a)|"" > o}. Therefore, (3.3.15) implies
464

mes A(s?) = 4 mes A(s?).

(3.3.17) mes A(s,e) < 2

Ps

6. If D' € L™, then measA(c) < I'c~". Thus measA(s,e) < T's~(2+27)
and therefore

(3.3.18) sup || u ||p2+2ree < 400
€€]0,e0]

Similarly, (3.3.17) implies that

+o0
| u® ||p2+2r < C / s'2" mes A(s, e) ds

0
+ oo
<4C 52
0

"t mesA(s?) ds < C'|| DI ||1o,x1) »
which completes the proof of Theorem 3.1.2.
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ExaMPLES AND REMARKS 3.3.3. The assumptions of Theorem 3.1.2 are sat-
isfied when

(3.3.19) d(t,y,a) = ya — P(t,a), (t,y) eR"I xR, a€R,

and 1 is a polynomial in « of degree k > 2, whose leading coefficient does not
vanish for almost all . In this case, Co = {y = ¢, (t,a)} and S, = Co N
{1} o(t,; ) = 0}. No smoothness assumption is imposed on Sg.

The examples ¥(t,a) = o and (¢, a) = t; o® + a?, yield caustics which are
folds and cusps. In these two examples the critical index ¢. is equal to 4. In
particular, this shows that the critical index ¢, is not related to the order of the
caustic as introduced in [Du].

3.4. Proof of Theorem 3.1.3

We consider oscillatory integral (3.1.1), assuming that Sg is a smooth submanifold
of Cp of codimension one, that the dimension v of ker ®” | (p) is constant for p € Sp
and that D, the restriction of det @, to Cg vanishes to order p = v on S,. In
addition, v > 2.

By a linear change of variables, one can split the variables « into (o, @) € R X
R"™", so that @, .(p) = 0 and @, ,.(p) is invertible. Therfore, using the
stationary phase theorem in the o variables reduces the proof to the case n = v.

From now on, we assume that v = n, which means that
(3.4.1) VpeSe : @ (p) = 0.
Since the phase is non degenerate
(3.4.2) rank ®7 (p) = v.

In particular, m >

v.
variables z into z := (t,z) € R™™" x R”, so that

After a linear change of coordinates, one can split the
x)
(3.4.3) det ®” # 0.
Considering ¢ as a parameter, (3.4.3) implies that
Co(t) = {(z,0) ; @, (t,,) = 0}
is a smooth manifold of dimension v. The associated Lagrangian manifold is

Ao (t) = {(z,d,P(t,z,0)) | (z,cx) € Cop(t) }.

Moreover, the mapping (z,§) — & is a local diffeomorphism from Ag(t) to RY.
Therefore Ag(t) can be parametrized by & as the set {(d¢h(t,€),€)}, with a smooth
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function h defined near the point (¢, §) corresponding to p. Consider the phase
function

(3.4.4) U(t,x,§) = x-& — h(t,§).

The function h is uniquely determined if one requires that ®(p) = ¥(t,z,§).
]

The Theorem of equivalence of phase functions (see [H6 1] [Du]), with ¢ as
parameters, implies that there exists a mapping (z, ) — £(z,a) which is, for all
fixed z, a local diffeomorphism a — £ such that

(3.4.5) O(z,a) = U(z,&(z,a)).

Changing variables implies that, for a supported in a sufficiently small neighbor-
hood of p, one gets

(3.4.6) u(t,z) = e v/? / e VO bt 1 € €) dE,

where b is a smooth function on U x [0, 1], with U a neighborhood of (¢, z, §).

The new phase ¥ defines the same Lagrangian manifold A as ®. Thus ¥ satisfies
the same assumptions as ®. The manifold Cy is given by the relation x = h/E (t,€)
and is parametrized by (¢,£). In this parametrization the manifold Sy is locally
given by an equation

(3.4.7) f(t,6) =0 with df(t,@ #0.

Then (3.4.1) means that

(3.4.8) gg(t,g) =0 when f(t,£)=0.

In addition, the condition that D, vanishes exactly to order u on Sg means that

(3.4.9) deth” = fle with e(t,z,£) #0.

LEMMA 3.4.1. There is a neighborhood w of (t,z,§) and a C* function g(t)
near t, such that g(t) =0, dg(t) # 0 and

(3.4.10) hee(t,€) = g(t)" E(t,€), with det E(t,&) # 0.
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Proof. (3.4.8) implies that there is a smooth symmetric matrix E(¢,z) with

(3.4.11) hee(t,€) = f(t,€) E(t,€).

Since p = v, (3.4.9) implies that det E(t,£) # 0. We show that (3.2.13) implies
that def = 0 when f = 0. This implies that Sy := {f = 0} is also given by an
equation g(t) = 0 and the proposition then follows.

Differentiating (3.4.11) with respect to § shows that
gég(ta 5)(6517 082, 553) =
fE(t,€) (0&3) E(t,€) (6&1,082) + f(t,€) EE(t,€) (683,061, 0&2) .

The left hand side is symmetric with respect to (031, 0&2,€3). Therefore, where
f(t.€) =0,

(3412) fé(tv 5) (653) E(tv é) (5§17 562) = fé(ta 5) (551) E(ta 5) (5527 553) .

Since v > 2, there is 6§; # 0 such that f¢(¢,£)(6€1) = 0. Since E(2, ) is symmetric
and nondegenerate, there is 02 such that E(t, &) (&1, 0&2),# 0. Therefore (3.4.12)
implies that f¢(¢,€) (6§3) = 0 for all p&s. This shows that do f(t,§) = 0 when
f(t, &) =0 and the lemma is proved.

Changing ¥ into V(t,z,n) + ¢(t, ) does not change the modulus |u®| of the
oscillatory integrals (3.4.6). Thus, we can also assume that n = 0 and that h(t,0) =
0. Therefore, for 7 in a neighborhood of 0, one has

B(t) = R(50)() + / (1= 8) B (t.sm) (., ) ds.

The change of variables (¢, z) — (t,z—h; (t,0)) reduces the proof of Theorem 3.1.3
to the case where h; (¢,0) = 0. In this case, (3.4.10) implies that

(3.4.13) h(t,n) = g(t)(t,§), with detege(t,0) #0.

In addition, dg(t) # 0. All the reductions above being performed, Theorem 3.1.3
is a consequence of the following estimate.

PROPOSITION 3.4.2. Consider the phase function (3.4.4) with h satisfying
(3.4.13). There is a neighborhood w of p = (t,z,§), such that for all b € Cg°(w x
[0,1]), there is a constant C' such that the oscillatory integrals (3.4.6) satisfy

(3.4.14) [ (t2)| < C (Jg)] + |z~ +o0.
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Proof. Introduce the oscillatory integrals
(3.4.15) V(ty,x) = (5”/2/ei W& =vtEN/S p(t, 2, ) dE .

There are R > 0 and ¢ > 0 such that for |y| > R, |de(y - € — ¢¥(¢,£)| > cly| on the
support of b. Integrations by parts show that for all N there is C'y such that

(3.4.16) Vly| > R, Vo <y, [v°(t,y,2)| < Cn(|6]N "2 [y[N).

Since M]’n is nondegenerate at the origin, if the support of b is sufficiently small,

then v9
that

is also uniformly bounded for bounded y and bounded § : there is C' such

(3.4.17) Yyl <R, V5| <1, [o(tyx)| < C.

Moreover v° is compactly supported in (¢, ).

For g(t) # 0, one has
(3.4.18) us(t,x) = g(lt)*”/2 v‘s(t, x/g(t), x), with 0 =¢/g(t).

1. For |z| < R|g(t)| and € < |g(t)|, (3.4.17) shows that u® = O(|g(t)|~"/?) =
O(lg@®)l + |z)~72).

2. For |z| > R|g(t)| and ¢ < |z|, (3.4.16) implies that u® = O(eN~"/2|z|~N).
Taking N > v/2, this implies that u® = O(|z|™/?) = O((|g(t)| + |=|)~*/?). This
estimate extends to the case g(t) = 0, since then the phase has no critical point.

3. In the other cases, one has |g(t)] + |z| < 2¢, and u® = O(e*/?) =
O((lg@)l + |z))~72).

Summarizing, we have proved that when the support of b is contained in a
sufficiently small neighborhood of (¢, z), the estimate (3.4.14) holds.

EXAMPLE 3.4.3. Typical phases are ®(t,z,&) = x - & — t|¢|%, for (t,z,¢) €
R x R¥ x R¥. Spherical focusing leads to such phases.

3.5. Subcritical L? estimates for I°(A)

This section is devoted to the proof of Theorem 2.3.5. For the convenience of the
reader we recall severall notations and assumptions from §2. Consider oscillatory
integrals of the form

(3.5.1) IF(A) (t,z) = Z (\n!/Qms)d/ei”¢(t’x’y’£)/6 an(t,y) dyd€,

n

with
(35.2) O(t,,y,8) =tAME) + (x—y) -+ ¥(y),
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where 1 satisfies Assumptions 2.2.1 on w C R4, \(¢) is a C°° function on R¥\{0}
homogeneous of degree one and

(3.5.3) A(t,y,0) = Zan(tjy) e a, € C3([0, +00[xw)
n#£0

is a trigonometric polynomial. This is a particular case of integrals (3.1.1) with
space variables z = (t,z) and phase variables a = (y, &) except that the domain
of integration is not compact in &.

® is nondegenerate and the set Cg is parametrized by R x w as follows
(354) v+ (ty) = (tLy—tg(y), Ndy(y)),dv(y)), with g(y) == N(d¥(y)).
One has
(3.5.5) det @ (u(t,y)) = det(I —tg'(y)).
Therefore the singular set Sg is equal to ¢(S) where
(3.5.6) S = {(t,y) : det(I —tg'(y)) =0}.

The Caustic set is C := 3(S) where j(t,y) := (t,x) with =z = q(t,y) == y — tg(y).
(3.5.6) shows that (t,y) € S if and only if 1/t is an eigenvalue of ¢'(y). Follow-
ing Definition 2.3.2 we call u(t,y) the algebraic multiplicity of the corresponding
eigenvalue and v(¢,y) the dimension of the eigenspace. Saying that the multiplic-
ity p is constant on a neighborhood of (¢,y) in S is equivalent to saying that the
eigenvalue has constant multiplicity on a neighborhood of y. Therefore,

LeEmMMA 3.5.1. Consider (t,y) € S. Suppose that u and v are constant on a
neighborhood of (t,y) in S. Then, on a neighborhood of (t,y), S is a smooth
manifold of codimension one and the determinant det(I —t ¢'(y)) vanishes exactly
to order pon S.

REMARKS AND EXAMPLES 3.5.2. a) One has 1 <v < pu <d—1, see (2.6.1).
In particular, in space dimension d = 2, the only possibility is v = p = 1.

b) The condition p = v means that the corresponding eigenvalue is semi-simple.
If either A} or ¢” is positive (or negative) semidefinite, then the nonzero eigenval-
ues of g5 (y) = X' (dy(y)) ¢¥" (y) are semi-simple.

This applies in particular to the wave equation, where A\;(§) = £[{] is con-
vex (concave). In this case, the eigenvalues of g (y) are 0 and + the principal
curvatures of the manifold ¢ (y) = 1 (y).

The same remark applies to the Maxwell equations, the linearized Euler equa-
tions, and linear elasticity for each of which all eigenvalues are convex.
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¢) Generic caustics occur when v = p =1, and Ve # 0 where V(y) is a smooth
nonvanishing eigenvectorfield V(y) € ker(c(y)I — ¢’'(y)) and ¢(y) is the eigenvalue
of ¢’(y) under consideration (see [H6 2|[Du][JMR 3]). In this case, C is smooth
and 7|, is a fold.

d) When v = =1 and Ve(y) = 0, VZ¢(y) # 0, the caustic C has a cusp. This
applies for example to the wave equation in R'*2 and the phases (2.6.4), where
only folds and cusps are present.

e) For the wave equation and radial phases ¥(y) = x(|y|), there is one positive
eigenvalue, c(y) = |y|, semisimple and of multiplicity p =v =d — 1.

The Assumptions 2.2.2 and 2.3.3 read

ASSUMPTION 3.5.3. 1) There is an integer (., such that for and all (t,x) ¢ C,
the number of points y € w such that x = q(t,y), is less than or equal to (.

ii) There is an open subset wy C w such that w\wy has Lebesgue measure
equal to 0 and for all k and all (t,y) € Sk with y € wg, one has

a) p and v are constant on a neighborhood of (t,y) in S,

b) eitherv=1orv =y .

REMARK 3.5.4. a) When A and 1 are real analytic, the phase ® is real analytic
and the Assumption i) is satisfied.

b) The eigenvalues of ¢’(y) are locally of constant algebraic and geometric mul-
tiplicities multiplicity on a dense open subset of w. Part a) of Assumption ii) says
that this set has full measure in w. In particular, this is true when A and v are
real analytic.

c¢) Combined with Remarks 3.5.2 a) and b) above, this implies that Assumption
3.5.3 is satisfied in the following three cases :

1) real analytic A and real analytic convex phases 1
2) real analytic phases for the wave equations,

3) real analytic A and real analytic phases in space dimension d = 2.

d) Assumption 3.5.3 is also satisfied in the example 6 of §2.6, where A\, (&) = |¢]
and

(3.5.7) V() =ya + W1+ + ya)/2,

with wo := {y’ # 0}.

For g € [2,400], the set of supercritical points ST(q) is the set of (t,y) € S
such that either y € w\wo or pu(t,y) > 2/(¢ —2). Theorem 2.3.5 is an immediate

corollary of the following result.
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THEOREM 3.5.5. Suppose that Assumption 3.5.3 is satisfied. Let ¢ > 2. As-
sume that the coefficients a,, of A are compactly supported in [0,+oco[Xw and
vanish on a neighborhood of points (t,y) € ST (q). Then,

(358) sup || IE(A) HLfI(Rler) < +00.
€€]0,1]

Proof. a) It is sufficient to consider the case where A is a monomial. Changing
e to €/|n| and taking complex conjugate it is sufficient to consider integrals of the
form

(3.5.9) ut(t,x) = s_d/a(t,y) et PET YL/ gy de |

b) Choose x € C*°(R%) such that 1 — x has compact support disjoint from the
origin and x = 0 on a neighborhood of the support of di. Let

(3.5.10) us (t, o) = 6_d/a(t,y)x(£) e PHT YL/ gy de |

Since |0y ®| > ¢(1 + [¢]) on the support of a(t,y) x(£), integration by parts in y
yields u5, = O(e>) uniformly in (2, z).

To estimate the L? norm, write
WS (t.) = e"MP) y(eD) (€' a(t, .)).

The L?(R?) norm is the same as that without the factor e’**(P), The expression
(3.5.10) without A has phase ® = (z—y)-£+1(y) which satisfies |8y§>| > c(1+[¢]) on
the support of x and \8gff>| > c|z| on the support of a if |z| is large. So, integrations
by parts in (y, &) yield

[ Prud) ()| < O(eN /(L + [2)Y),
for all N. Therefore u$ (¢, .) = O(¢>°) in L?. This proves that for all p > 2,

(3.5.11) [l @ )lprway = O(E™).

c) Consider

(3.5.12) i (ta) = e / a(t,y) (1 — x(€)) e PEv:0/e gy ge

Since a is compactly supported in y, |d¢®| > ¢(|z| + 1) when |z| is larger than R.
Therefore, ui_, is O((e/|x|)*°) for [x| > R. Therefore

(3.5.13) [uf_ (& ze(ei>r) = O(E™).
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d) Thus, it is sufficient to bound the L7 norms of uj_, on compact sets in
[0, +00[xR%. The nonstationary points contribute O(¢>°), and the nondegenerate
stationaty points contibutes O(1). Therefore, using a partition of unity, it is
sufficient to prove that the L? norm of uj_, is bounded independently of £ when
a is supported in a small neighborhood of (¢,y) € S and (1 — x) is supported in
a small neighborhood of £ := di(y). In addition, since the original a is supported
away from St (q) it is sufficient to consider points (¢,y) € S such that y € wy and
u(t,y) < 2/(q—2). In this case, Assumptions 3.5.3 implies that either Theorem
3.1.2 or Theorem 3.1.3 applies (see Remark 3.1.4) and Theorem 3.5.5 follows.

REMARK 3.5.6. If the hypothesis of Theorem 3.5.5 is satisfied for ¢ > 4 then
the conclusion 3.5.8 can be strengthened. In fact, 3.5.8 then holds for all ¢ > 2.
To see this note that 2/(q¢ —2) < 1 for ¢ > 4, which implies that all points in
S are supercritical. Thus the hypothesis implies that A vanishes for (¢,y) in a
neighborhood of §. Therefore the critical points of the phase ®; located in the
support of the coefficients are nondegenerate, so the family I°k(A) is bounded
in L®>°. With L? estimates provided by the Plancherel identity, this implies that
(3.5.8) holds for all ¢ > 2.

On the other hand, when ¢ < 2+ 2/(d — 1), (3.5.8) holds for all trigonometric
polynomials with coefficients in C§°([0, +-00[xwy), since the multiplicity p is at
most d — 1 < 2/(q —2). Thus the index 2 + 2/(d — 1) which occurs for spherical
focusing is the worst case.

4. OSCILLATIONS AND PROFILES

In the first part of this section, we introduce families I¢(.A) and J¢(A). They are
defined in (2.3.2) and (2.4.6) when A is a smooth trigonometric polynomial. The
definition of J¢ is extended to £;'¢ for s > 1/¢ and also, in an asymptotic sense, to
L}. In the second part of the section, we introduce profiles associated to families
u®. This is a modification of the multiscale analysis introduced in [N], [A], [E],
[ES], [JMR 2] with phases replaced by Lagrangians.

In this section we suppose that Assumptions 2.1.1, 2.2.1, 2.2.2, 2.2.5 and 2.3.3
are satisfied.

4.1. Estimates for J°(A) and I°(A)

DEFINITION 4.1.1. P C P denotes the space of trignometric polynomials
whose coefficients vanish in a neighborhood of Sy,.

Pr(q) is the space of trigonometric polynomials which vanish on a neighborhood
of the set of supercritical point S,j(q) introduced in Definition 2.3.4.

For A € Py, the family J; (A) is defined by (2.4.2).
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PROPOSITION 4.1.2. For A € Py, and € > 0, Ji(A) € C5°([0, +oo[xR?). For
each q €]1,4o00|, there is a constant C' such that for all A € Py, ,

(4.1.1) limsup || Jz(A) [[Le(o,00xre) < C [[Allzs.

e—0 o

For 1/q < s < 1, there is a constant C' such that for all A € Py, ,

(4.1.2) sup || Ji(A) [l La(0,00[xre) <
0<e<1

Proof. a) The support of A € Py, is contained in K x T where K is a compact
subset of G which does nor intersect Si. Therefore, there is a covering of K
by relatively open sets G, C G, such that j; is a diffeomorphism from G, onto
Qu := 7x(G,). Denote by o, the inverse mapping from Q, onto G,. Introduce
a finite partition of unity, xo € C5°(G,), such that x, > 0 and > x, =1 on K.
Thus A=) xa A, Ji(A) = Ji(Xa As) and

Xa(9a(t, 7))
Ar(oa(t,z))

where ¢, (t, ) := (04 (t, ) and my, o is the value of my (¢, y) on G,. This proves
that Jg(A) is C* and has compact support contained in jj (K).

(4.1.3) Ji(Xa A) (t,2) = (H™ e A) (0a(t, x), palt, z)/€) ,

b) The finiteness Assumption 2.2.2 implies that

A G < et Y m\(Hmk“w)<t,y,w<y>/s>»q.

{ylaqx(t,y)=z}

Introduce B := H™*A. B is smooth in ¢,y since my is locally constant on the
support of A and therefore B € Py . The identity |B|? = > xo|B|? where x, is
the partition of unity introduced in a), implies that

A )l < e 3 ERERCET jjff)|q | B(ou(t,z), palt,)/2) |*.

Since A? is the Jacobian of g, one has
(4.1.4) || JE(A) |2, quz/ |Akty|q2}6tyw y)/e) |* dtdy.

c) |B(t,y,0)|? is a compactly supported and continuous function. Expanding in
Fourier series, we see that

Xa t y
/ ’Ak t Y ‘q 2 ’ t yﬂﬁ(y)/s) ‘q dtdy —
Xa(t,y) ,
/G o1 |Ak(t,y)]a—2 | B(t,y,0)|" dtdydo
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as € — 0. Therefore

(115)  timsup || (AL < @7 [1auEnP 7 |B(ty.6)|" dtdyds.

e—0

For ¢ €]1, 400[, the Hilbert transform is bounded in L?(T). Thus

/\B(t,y,e)]q do < Cq/\A(t,y,e)]q do .

With (4.1.5) this implies (4.1.1).
d) For s > 1/q, we use the Sobolev inequality

sup |B(t,y,0)| < C||B(t,y, .) [lwsa) -
6T

Then, by definition of £;, there is a constant C' such that

(4.16) sup |B(t,y,0) |1 < Cbt,y)
6eT
with
(4.1.7) / A bty dtdy < | Blhey < C | A%
G k k

where the second inequality uses the fact that the Hilbert transform is bounded in
W=4(T). Plugging (4.1.6) in (4.1.4), and using (4.1.7) yields (4.1.2) and Proposi-
tion 4.1.2 is proved.

PROPOSITION 4.1.3. i) For all trigonometric polynomial A,

(4.1.8) limsup [[IZ(A) (¢, ) [lzeay = [[A® ) 2@ -

E—

The limit is uniform on bounded intervals of time. In addition, for all T' > 0
(419) A — JiA) oz — 0, ase 0.

ii) For all ¢ € [2,400[, there is a constant C' such that for all trigonometric
polynomial A € Pk(q) ,

(4.1.10) 1imS(1)1p (A lzaqorxray < C [ Allge,
and
(4.111) HEA) — Ji(A) laooeixmsy — 0, as =0,
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Proof. a) Part i) is a consequence of the standard L? estimates for oscillatory
integrals (2.3.2). For a detailed proof, see [JMR 3].

b) To prove part ii), consider A € Pi(q). Estimates (3.5.11) (3.5.13) imply
that the L7 norm of I (A) outside a compact subset K in [0, +oo[xR% is O(£).
Therefore, it is sufficient to prove that

(4.1.12) limsup [[I(A)||zexy < C [[Allgs-

e—0

c) A vanishes near points in S, (¢). Thus, points (¢,y) in Sk Nsupp A satisfy
uk(t,y) < 2/(q — 2). By compactness, one can find r > ¢ such that u(t,y) <
2/(r — 2) and hence A € Py(r). Therefore, Theorem 2.3.5 implies that I} (.A)
is bounded in L ([0, +oo[xR%). Thus, there exists M such that for all bounded
domains D, one has

(4.1.13) [ i(A)|lpepy < M (measD)Y/ 1=/

d) Since the caustic set Cj, has Legesgue measure equal to zero, (4.1.13) implies
that in order to prove (4.1.12), it is sufficient to show that for all bounded open
sets  such that QNC, =0

(4.1.14) limsup || I;(A) ||lpay < C HAH%.

E—

On such domains, the stationary phase theorem applies, and I (A)—Jg (A) = O(e)
in L*°. Therefore (4.1.10) follows from Proposition 4.1.2.

e) Similarly, Proposition 4.1.2 implies that J; (A) satisfies estimates analogous
to (4.1.13). Since J;(A) is compactly supported, to prove (4.1.11), it is sufficient
to show that

(4.1.15) 1 IE(A) — JE(A) gy — 0, ase—0.

for all bounded open sets €2 such that QNCy = 0. But there, If(A) — J£(A) = O(e)
in L, implying (4.1.15). The proof of Proposition 4.2.3 is complete.

PROPOSITION 4.1.4. If A and B belong to Py then, as € — 0,

(4.1.16) /J;;(A) JE(B) dtde  — /AE dt dy df .
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Proof. 1t is sufficient to prove (4.1.16) when A = a(t,y) e % and B = b(t,y) e'"s ¢
where a and b have small supports. Thus one can assume that they are supported
in G, and Gg respectively, where j; is a diffeomorphism from both G and Gp
onto a regular open set 2. In this case, with notations as in (4.1.3),

/l:mk.a

a Ua t’ T ei Na goa(t,m)/6 ,
Arloatta)) (oab0)

(4.1.17) Je(A) (t,z) =

and a similar formula for J;(B). There are two cases.

1) Go = Gp, 04 = 0 and ¢, = pg. If n, = ng the two sides of (4.1.16) are
independent of £ and are equal since AZ(¢,y) is the Jacobian of ji. If n, # ng,
the right hand side vanishes and the left hand side tends to 0, since dy, does not
vanish.

2) Go,NGp = (. Then the integrand in the right hand side vanishes. The left
hand side tends to 0, since nodyp, — ngdyg # 0 almost everywhere, thanks to the
nonresonance Assumption 2.2.5.

4.2. Extension to nonsmooth profiles

PROPOSITION 4.2.1. i) For all ¢ € [1,+o0[ and s €]0,1[, Py, is dense in L] and
in L7,
ii) For1/q < s < 1 and each € €]0, 1], J{ extends to a bounded linear operator
from L3 to LI([0, +oo[xR%) and inequality (4.1.2) extends to L.

Proof. Sy is the set of (¢,y) such that 1/t is a positive eigenvalue of g (y). Thus its
Lebesgue measure is zero, and the space of compactly supported functions which
vanish on a neighborhood of Sj, is dense in £} and in £;'? for all ¢ € [1, +o0[ and
s €]0, 1[. Using mollifiers, this implies that the space of compactly supported C'*°
functions on [0, +o0o[xw x T, which vanish on a neighborhood of S, are dense.
Truncating the Fourier series proves i). Part ii) follows.

For general profiles, the definition of J¢ must be understood in an asymptotic
sense, i.e. they are bounded families in a Banach space defined up to families
which converge strongly to zero in the same space. A convenient setting is the
following.

For a Banach space E, BE denotes the Banach space of bounded families
{u}c€10,1) normed by sup |[u||g. NE is the closed subspace of families with
u® — 0 as € — 0. AF is the quotient space BE/NE. The norm in AF is equal to

(4.2.1) || [u®]||ag = limsup ||u®||g.
g

As usual the aspect quotient space in the following discussion is systematically
suppressed, and we denote u® ~ 0 in E, whenever u* € NE and similarly u® ~ v
in E when u® —v® € NFE.
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PROPOSITION 4.2.2. For all g €]1,+o00[, the family of mappings J; defines a
bounded mapping J, from L} to AL([0, +oo[xR%). It satisfies

1

(42.2) o MAller = NI A) Laqoeofxrsy = € [[Alleg -
Suppressing as always the quotients, the notation Jj(A) is replaced by J;(A).
Then
(4.2.3) u® ~ Ji(A) in L9,
means that the class of [uf] of u® in ALI([0, +-00[x (R?)) is Ji(A). This is equiv-
alent to saying that u® is a bounded family in L?([0, +oo[xR%) such that for all
0 > 0 there is an A € Py and €5 > 0 such that

1A= Aslley < 8, and
(4.2.4)

Ve €]0,e5], [[u® — J5(As) l[La(0,+00[xre) < 6.

Thus, Proposition 4.2.2 is a restatement of Propositions 2.4.2 and 2.4.3.

Proof. The extension and the second inequality follow from the density Lemma
4.2.1 and Proposition 4.1.2.

Propositions 4.1.2 and 4.1.4 imply that for trigonometric polynomials A and B
in Py, one has

(4.2.5) | /ABdtdyde | < C liminf || J;(A)||La || BI| o
k

with 1/¢+ 1/¢' = 1. The density of Py in EZ/ and the converse Holder inequality
imply that for A € Py,

1 - .
~ ALy < Timinf || JECA) oo scpeme)

By density, this extends to A € L’Z and the proposition is proved. This estimate
also finishes the proof of Proposition 2.4.2.

There is a similar treatment for the Cauchy data, and the subtitution

Uo(y, ¥ (y)/e)

which is defined for Uy € C°(w x T) with compact support and extends asymptot-
ically from L2((R? x T) to AL?(R?). The analogous notation to (4.2.3) is

ug ~ JeUp) in L2(RY).
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REMARK 4.2.3.  The operators J; are defined for fixed ¢ when A € Pj, or
more generally for A € £79, s > 1/q. In these cases, J(A) is a representative of
Ji(A), that is, ~

Je(A) ~ Ji(A).

It would be tempting to use (4.1.10) to extend I° asymptotically. By (4.1.11)
this would yield I ~ J¢ and therefore nothing new. Note that the problems
of extending I° and J°¢ are different. For J¢ the difficulty is the substitution
0 = Y(y)/e in (2.4.2). On the other hand, when A is smooth in 6, for example
when A(t,y,0) := a(t,y)e'?, I°(A) is defined for each ¢, at least in the sense of
distributions, but need not be bounded in L? when a € L?. This is not due to the
caustic but to the fact that Fourier Integral Operators of degree 0 are not bounded
in L7 for g # 2. In particular, the limsup in (4.1.10) cannot be replaced by sup.

In the sequel, the operators I7 act only on smooth profiles A € Pi(q). The
I (A) serve as test functions.

4.3. Weak profiles

The analysis of weak convergence has been refined to a multiscale analysis, associ-
ating profiles to sequences of functions (see [N], [A], [E], [ES], and [JMR 2]). Given
a phase ¢, the idea is to test u® against functions of the form B(¢, z, ¢(t, x)/¢).
Near a caustic there are several phases involved and the objects are better de-
scribed by tests against functions of the form J¢(A).

DEFINITION 4.3.1. If 1 < ¢ < oo and {u®}p<c<1 Is a bounded family in
LY(RY) then U € L{(G x T) is called a Ag-profile if there is a subsequence

ue' so that for all A€ LI (G x T) and all v ~ J£(A) in L7

e’—0

(4.3.1) lim [ e o dtde = /71 Uy, dt dydf .

We say that a sequence u® is k-pure when it converges weakly and the convergence
(4.3.1) holds for the full family u®. It is pure, when it is k-pure for all k.

The estimate (4.1.1) and Lemma 4.2.1 show that it suffices to verify (4.3.1) for
A € Pi. The next proposition implies that any bounded family in L? has pure
subsequences.

PROPOSITION 4.3.2. If 1 < ¢ < +oc and uf is bounded in LI(R'*9), then the
set of Ap-profiles of u® is nonempty.

There is a constant C' independent of the family u® such that every Ay-profile
satisfies

(4.3.2) HukHLZ < Clims(l)lp HU€HLq'
E—>
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In addition, if A € E%,(G x T) and

(4.3.3) ¥~ JE(A) in LY (RYY),
then
(4.3.4) /vf’ w dtde — /A Uy, dt dydf .

Proof. a) Choose G’ such that j; is a diffeomorphism from G’ C G onto Q' C
[0, +00[xR%. Denote by o the inverse mapping from Q’ onto G’. Then, for A € P
supported in G’ x T,

(4.3.5) Ji(A) (8 x) = (H™A) (o(t, ), ot x)/e),

v
Ar(o(t,2))

where ¢(t,x) = ¢(o(t,z)) and m is the value of my(t,y) on G’. Assumption 2.2.1
implies that dp(t,z) # 0 for all (t,x) € €. Therefore, there exists a subsequence
e’ and U € L1 x T) such that for all B € C§°(2' x T),

/ B(t,z,o(t,z)/e") us' (t,z) dtdz —
(4.3.6) /
/B(t,x,&) Ult, 2,0) dt du db.

(see [N], [A], [E], [ES], [JMR 2]). In particular, for all A € P supported in G’, the
integrals

(4.3.7) /J,j (A) v’ dt dw

converge as ¢’ — 0.

b) Since G\Sj is the countable union of open sets U, which satisfy the condi-
tions in a), we see that there is a subsequence ¢’ such that the integrals (4.3.7)
converge, for all A € Pg. The limit defines a linear form ¢ on Pj;. Proposition
4.1.2 applied with the conjugate exponent ¢’ €]1 + oo[, implies that

(4.3.8) A = CIAlLy 1imS})lPH u||za-

Since Py, is dense in EZ, this implies that £ extends uniquely as a continuous linear
form on £ . Hence, there is Uy, € L} such that

(4.3.9) ((A) = / A Uy, dtdydd .

This proves (4.3.1), and (4.3.2) follows from (4.3.8).

c) If (4.3.3) holds and § > 0, introduce the approximations (4.2.4) and use the
convergence (4.3.1) for As. The convergence (4.3.4) follows for the subsequence
¢’, completing the proof of the proposition.
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PROPOSITION 4.3.3. If1 < q < +oo, U € LY, and u® ~ J;(U) in LI(R'+?)
then, the family u® is pure and converges weakly to 0. If k = ¢, the Ay-profile is
equal to U while if k # { the A-profile is equal to 0.

Proof. a) Using the approximations (4.2.4), it suffices to show that for all trigono-
metric polynomials A € Py, and B € Py, one has

(4.3.10) / JE(A) TEB) dtde  —  bpg / A B dtdydd

where d;, ; denotes Kronecker’s symbol. One can reduce further the problem to
the case where A and B are supported in G’ x T and G” x T respectively, such
that 7 and j, are diffeomorphisms from G’ to Q' and from G” to Q" respectively.
Denote by ¢’ and ¢” the inverse mappings. Then

(4.3.11) Jg(A) (t,z) = Atz it 2)/e),  Ji(B)(t,z) = B(t,z,¢(t,x)/e),
where

1
4.3.12 Alt,z,0) = ————
( ) ( y Ly ) Ak(O”(t,.’L’))
and the definition of B is similar. In (4.3.11) ¢y := 1 oo’ and ¢y := 1 oo”.

b) When k # ¢, (4.3.10) follows from the convergence

(4.3.13) /  Ataalta)/2) Bla b a0 dide — 0.

To prove this convergence, expand A and B in Fourier series. Since the mean
values of both vanish, it is sufficient to show that for all a € Z\{0}, 8 € Z\{0}
and a € C° (' NQ") ,

(H™A) (o' (¢, ), 0) ,

(4.3.14) / a(t,z) ' (¥ert) +Becto)/e) grdy  — 0.
Q/mﬂ//

This convergence follows from the nonresonance Assumption 2.2.5, which implies
that adyy + Bdype # 0 almost everywhere on Q' N Q.

c¢) When k = /, one can assume that ' = " and G’ = G”. Expanding A B
in Fourier series, and using the property that dyg # 0 on €, one obtains that

A(t,x,or(t,x)/e) B(t,x, or(t,x)/e) dtde —
(4.3.15) v
A(t,z,0) B(t,z,0) dtdxdf.
Q' xT
Using (4.3.12) and the fact that A? is the Jacobian of jj, we see that the right
hand side is equal to

(4.3.15) /G (7 A) (t,9,0) TE7B) (1,9, 0) dt dy do.

Since H is unitary, this integral is equal to the right hand side of (4.3.10) and the
proof of Proposition 4.3.2 is complete.
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PROPOSITION 4.3.4. Suppose that u® is is a pure bounded family in LY, 1 <
q < 2, with profiles Uy. Then, for all A € Py(q),

(4.3.16) /I;(A) e dtde — /Asz dt dy df .

This is a consequence of Proposition 4.3.1 and the equivalence I¢(A) ~ J*(.A)
in L? given by Proposition 4.1.3, part ii).

5. THE NONLINEAR INTERACTION OPERATORS

In this section we define and study the nonlinear operators £ and &, which appear
in the profile equations (2.5.17). They involve the nonlinear term f(¢,x,u) which
satisfies Assumption 2.1.2.

5.1. The interaction operators for profiles

Consider u € LPTL(]0, +00[xR?) and for each eigenvalue \g, a profile Uy (t,y,6)
on GG X T belonging to the weighted space Ei“. Suppose that

(5.1.1) ut o~ w4+ Y JiU) in IPTT
k

Our goal is to analyse f(t,z,u®).

Suppose that € is a regular open set in the sense of Definition 2.2.3. Then j;
is a diffeomorphism from open sets G}, ; onto 2. We denote by oy, ; the inverse
mappings, and by my_ ; the value of my(t,y) on Gy ;. Let Z denote the relevant
set of indices (k,j). The formula (2.4.7) introduces profiles Uy ; on  x T and,
formally, one has on €2,

(5.1.2) u(tw) ~ utz) + Y Upjlt,a,n,/e),
(k,j)ez

with ¢y, j 1= 1) 0 0% j. Introduce on Q x (T)Z, the function

(5.1.3) Lw,U) (t2,0.) = ult,x) + > Upj(t,z,0k,),
(k,j)ez

where 6, := {0 ;} and U, := {Uy}. Then, formally

(5.1.4) Ftz,ws () ~ f(t 2, I, Us) (L 2, 04 (t,2) /€))

As in [JMR 3|, we analyze the oscillations of f(u®) by expanding f(I(u,U,)) in
Fourier series. Introduce the average over all the angular variables.

(5.15) Ewlh,) (t,2) = /(T)Z Pt 2. (wth) (¢, 2,0.)) db.
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Recall that the total mass of df is equal to 1. The function £(u,.A,) is defined
on any regular  and thus outside C = |JCk. In particular, it is defined almost
everywhere on [0, +00[xR? as noted in Proposition 2.2.4.

Consider next one index k, and a component Gy, ; of j;l(Q). Introduce Z’ the
complement of {k, j} in Z. For (t,y) € G, ; introduce

(5.16)  F i) (t,y,0) = /(T)Z,f(yka,y),m,u*)ok(t,y),e*))de;.

where 0, is identified with (0, 0,), with 0 in the (k, j)-th position. The average in
6 of ]_-121]) (u,Us)(t,y,0) is E(u, U )(Jx(t,y)) and thus its oscillating part is

(GL7) Frj(w ) (ty,0) =F () (ty,0) — Eu,U) (r(ty)) .
Finally, lift F, j(u,U,) to Gy ;, introducing

This defines & (u,Us) on Gy, j, thus on the disjoint union J; Gk,; = 75 () and
therefore outside j;1<5k), in particular almost everywhere on G' x T. In the same
way , define Fy, and F, ,51) from their restrictions Fj, ; and ]:,glj)

PROPOSITION 5.1.1. 1) If u € C§°([0, +00[xR%) and Uy, € Py, then E(u,U,) €
C3([0, +oo[xR%) and & (u,U,) € CH(G x T).

ii) The mappings £ and &, := {&} are bounded from LPT1([0, +oo[xR%) x

L2 to LI/P([0, +00[xRY) and LITYP vespectively, where £ denotes the prod-

uct space [[,, L{. They are Lipschitzean on bounded sets of LP*1([0, +oo[xR?) x
it

iii) For each k, the support of & (u,Uy) is contained in the support of Uy.

Proof. It is analogous to the proof of Proposition 4.1.2.

a) Suppose that u € C5°([0, +oo[xR9), and Uy, € Pj. Since U, vanishes ona
neighborhood of Sk, all (¢, z) has a neighborhood Q' such that supply, N 7, ()
is the disjoint union of G’ C G such that j;, is a diffeomorphism from G, k. onto
Q. Thus, only the correspondlng variables intervene in the definition of I(u U,)
implying that £(u,U,) is C* with compact support.

A similar argument shows that & (u,U.) belongs to C'! and vanishes outside a
compact, which achieves the proof of 7).

b) For a € C§°(G) which vanishes on a neighborhood of S, introduce

(5.1.9) (Spa) (o) = 3 ma(t,y).

{y;ar(t,y)=x}
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Then, by linearity,

(5.1.10) /(Ska) (t,z) dtdr = /a(t, y) dtdy,

since this is true when a is supported in G’ C G which is diffeomorphic to 7, (G’).
By density, this extends to a € L}(G).

Conversely, consider a nonnegative function g € C5°([0, +0o[xR%). The finite-
ness Assumption 2.2.2 implies that

(5.1.11) Sk(A7 goge) < mag.
Thus
(5.1.12) [ Aut.w? gultw) dedy < m. [ g(t.a) dtda,

By density, this extends to g € L'([0, +oo[xR%).
c) Consider u € LP™! and A, € L2 Introduce

(5113) Clk;(t,y) = |Ak(t7y)‘1_p / ’uk(ta Y, 9)’19—1—1 de .
T
Thus
(5.1.14) ap(t,y) dtdy = ||Uy ||p-1|7ri1 .
G ‘C'k

Consider (t,z) ¢ C and 2 a regular neighborhood of (¢, z). Introduce I(u,.A,) as
in (5.1.3). Assumption 2.1.2 implies that

(5.1.15) | F(t 2, T, U (8, 2,0.)) TP < C | T(w, U (t, z,0,)) [P

Integrating in 8, and using the finiteness Assumption 2.2.2, shows that there is a
constant C’ such that
(5.1.16)

| E(w,U)(t,x) PP < 7 (Jult, o) [PH + Z/\Uk,j(wﬁk,j)\”“ db.; ) -
Z

Using the boundeness of the Hilbert transform in LP™!(T) and the notations (5.1.9)
(5.1.13), (5.1.16), yields

(5.1.17) | E(u, Uy)(t, ) |1T/P < ' (Ju(t, z)[PT + Z(Skak)(t,x)) =: C'g(t,x).
k
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This estimate holds for (t,z) ¢ Ck, and therefore almost everywhere. Integrating
and using (5.1.10) (5.1.12), shows that

141
(5.1.18) | Ew,Ue) |[TTHE < O (Jlulptl, + Z HUkap+1

d) Similarly, consider (¢,y) € G such that (¢,z) := ji(t,y) ¢ Cr. Consider §2
a regular neighborhood of (¢,z) and introduce Fj, by (5.1.7). Using (5.1.15), one
obtains

/‘fk@,y,t?)ll“/p o < 2C /|I(@au*)(]k(t,y),9*)|p+l do.
< CgUn(ty)).

Since H is bounded in L'+1/7(T), the definition (5.1.8) of & (u,U.) shows that

(5.1.19)

A

bult) = [ Dult) 7 [ 80(u ) 0, 0) 4177 9

< C" Aw(t,y)?g0n(t,y)) -

(5.1.20)

This is true for all (¢,y) ¢ 75 ' (Cx) hence almost everywhere on G. Integrating
over G and using (5.1.12), this proves that

1+1
(5.1.21) et 1017, < € (Nl + Z 1% 755 )

e) Similarly, using the estimate on the derivatives of f, one shows that

1EwU) — E@ V) llponr + Dl Exlulh) — E(v Vo) [l oo
k

(5.1.22)
< CK(llu— vl + Y U = Vellgpn)
k
where
(61.23) K = lulifen + ol + Z 12 Wi+ 11 Vi

f) To prove iii) we show that if U}, vanishes on G’ C G, then & (u, &) =0 a.e.
on G'. Using Proposition 2.2.4, it is sufficient to show that for all regular open
set €2, E(u, &) = 0 ae. on Gy ; :==G'N 75 1(€). This latter set is contained in
one component Gy, ;. Since U, = 0 on G’, I(u,U,) and f(t,z,I(t,z,0.) do not
depend on the variable 0y ; for (t,z) € jx(Gj ;). Formulas (5.1.7) (5.1.8) imply
that & (u,U,) vanishes on Gﬁwu The proof of Proposition 5.1.1 is complete.
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5.2. Profiles of nonlinear functions of oscillations

DEFINITION 5.2.1 A bounded family h® in L'T1/?([0, +-00[xR%) has no prop-
agated oscillations for L if, for all bounded families w® in C°([0,+o00; L?(R%)) N
LPHL([0, +00[xR%) such that Lw® is bounded in L'*1/P([0, 4-00[xR%),

(5.2.1) /h5~ﬁdtd:c — 0, as ¢ — 0.

The property above is stronger than the fact that L=1(h®) converges to zero in
the sense of distributions. Note that if k¢ ~ ¢¢ in L'*t'/? and h® has no propa-
gated oscillations, then neither does g°. Thus the definition extends to asymptotic
families, that is to elements of AL'*'/P (with notations of §4.2).

PROPOSITION 5.2.2.  Suppose that u € LPTL([0, +00[xR%), Uy, € Ei“ and

(5.2.2) uS o~ ou o+ Y JiUs) in LPTH([0,+oo[xRY) .
k

Then f(uf) is a bounded family in L'**1/P(]0, +0o[xR%) which is pure in the sense
of Definition 4.3.1. Its weak limit is £(u,U,) and its Ap-profiles are E(u,U,)).

Moreover,

(5:23) g7 ~ fu) = E@U) — D Ji(EuUs) in LFYP([0, +oo[xR)
k

has no propagated oscillations for L.

Proof. a) Assumption 2.1.2 implies that f(u®) is bounded in L'*'/P. Tt also
implies that

1 f () = f) e <C (ullper + Jollpee )P |Ju— vl
Therefore, changing u° by a small term in L'*? induces a small change of f(u?)
in L't/ By Propositions 5.1.1 and 4.2.2, (5.2.3) defines ¢° as an equivalence

class of bounded families in L1*1/?. Thus it is sufficient to consider the case where
u € C§°([0, +oo[xR?) and Uy, € Py, and

(5.24)  w=u+d Jilh), ¢ =f)—Ewl) = Ji(Elu,U)).
k k

Note that Proposition 5.1.1 implies that & (u,U,) belongs to C! and vanishes on
a neighborhood of Sy. Therefore the right hand side of (5.2.4) is well defined for
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each . One can further assume that the U, are supported in 7, ' (Q2) where Q is a
regular open set €. In this case

(5.2.5) u (tz) = wt,z) + Y Ukt 2, 0n5/¢)),
Z

where the Uy ; € C5°(Q x T) are defined in (2.4.7) and ¢y ; are the local phases
on €2, introduced in (2.2.9). Then

(5'2'6) f(ug) = F(ta x, @*/6) )
where

(5.2.7) F(t,z,0,) = f(u(tz)+ ZU’“J (t,z,0k;)) € Ceo(Qx TZ),
z

Consider the rapidly convergent Fourier expansion

(5.2.8) F(t,z,0,) = Y ca.(t,z) %
a.€(2)%

Then, the definition of £ and & is made so that

(5.2.9) g° = Z Ca, (t,x) €100
ax€ER

with R the set of those a, € Z% such that at least two components «ay ; do not
vanish.

b) To compute the profiles, it suffices to show that, for all e, € R and ¢ €
C§° (), the sequence

(5.2.10) fg(t,x) = c(t, x) el ax pa(t,z)/e

converges weakly to 0, and that all its profiles vanish.

Assumption 2.2.5 implies that the phase ¢ := a, . satisfies dp # 0 almost
everywhere. Therefore ¢¢ converges weakly to 0.

Consider A € Pi. On Q, JZ(A) is of the form

(5.2.11)  JE(A)(tx) =D Atz pp;(tx)/e) =D ajn(t,x)el ™ Fralhl/e,

J Jm

where n runs over a finite subset of Z. The phase a.p. 4+ nyy ; is either of the
form vy j» with v # 0, or of the form o/, ¢, with o/, € R. In the first case, the
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differential of the phase does not vanish by Assumption 2.2.1. In the second case,
it does not vanish almost everywhere by Assumption 2.2.5. This implies that

(5.2.12) / (7)) TEA) L 2) dide — 0,

showing that (¢ is k-pure with Ag-profile equal to 0.

c) It remains to show that ¢¢ defined in (5.2.10) has no propagated oscillations
for L. Assumption 2.2.5 implies that det L(dy) # 0 almost everywhere on . Thus
the Lebesgue measure of the set of points (¢, z) where | det L(dg(t,x))| < 0} tends
to 0 as 6 tends to 0, implying that the L'*'/? norm of ¢ on this set converges
to 0 as & — 0, uniformly with respect to €. Therefore, it is sufficient to prove the
convergence (5.2.1) for ¢¢ = ce'?/e when ¢ is compactly supported in the open
set where det L(dp) # 0.

In this case,

(5.2.13) b = L(idp) e € C°(Q)
and
(5.2.14) ce¥lt = ¢ L(bew/a) — ¢ (Lb) eie/e

Suppose that w® is a bounded family in L**? such that Lw® is bounded in L**1/7.
Then using (5.2.13) and (5.2.14), integration by parts show that

(5.2.15) /c e?le wE dtde = O(e).
This finishes the proof for £¢.

Recall that the spectral projector Py is defined in Proposition 2.5.2.

ProposITION 5.2.3. If A€ E,ljl/p and Py A = 0, then J¢(A) has no propa-
gated oscillations for L.

Proof. Using the remark following Definition 5.2.1 and Proposition 4.2.2, it suffices
to prove the result when A € Pj and is a monomial : A(t,y,0) = a(t,y) ™.
Then J;(A) is a sum of terms of the form

(5.2.16) crj(t,x) etmerale
where ¢y, ;(t,2) := A (¢, pr.i (8, @) a((t, pr. ; (t,2)). Let Py ;(t,x) := Pi(pr;(t, x))
denote the orthogonal projector on the kernel of L(dyy, ;). It remains to show

that (5.2.1) is satisfied when h® = ce?%/¢ with ¢ := ¢y ; and ¢ € C§°(Q) satisfies
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Py jc = 0. In such case, there exists b € C3°(§2) such that L(idp)b = c. Then,
(5.2.14) holds, implying (5.2.15), and the proof of Proposition 5.2.3 is complete.

COROLLARY 5.2.4. For all F;, € Eiﬂ/p, JZ((I — Py)Fy) has no propagated
oscillations for L.

6. PROOF OF ASYMPTOTICS

In this section we prove Theorems 2.5.1 and 2.5.4 and show that the profile equa-
tions (2.5.16) are satisfied. The strategy is the following. We extract from both
families u® and f© := f(u®) pure subsequences, in the sense of §4. Equations are
derived for the weak limits u and f and the profiles Uy and Fj. Next, we intro-
duce an appropriate v° ~ u + 3 Jg (Uy), such that Lv® ~ f 4+ 3 J(PyFy). Using
the dissipativity of the equation, we prove that the subsequence u — v¢ converges
strongly to 0. This property is used to identify the weak limits f and the profiles
Fi. as functions of u and U}, and to deduce that v and U}, Satisfy_ the profile equa-
tions. Finally, we show that the solution of the profile equation is unique, implying
that no extraction of subsequences was necessary and that u® ~u+ > j,i (Uy) as
claimed .

6.1. Weak convergence

We consider the family of solutions u® of (2.1.1) with Cauchy data (2.5.1). Then,
u® is bounded in C°([0, +oo[; L?(R?)) and in LP*L([0, +o0o[xR%). This implies
that f¢ := f(t,z,u) is bounded in L'+1/2([0, +-00[xR?) By Proposition 4.3.2 we
can extract pure subsequences which, for simplicity, we still note u® and f¢.

Recall that Py (y) denotes the orthogonal projetor on the kernel of \;(§)Id —
> &A;j for € = dyp(y) and S,j (p + 1) is the set of supercritical points introduced
in Definition 2.3.4.

PROPOSITION 6.1.1. The Aj-profiles Uy, of {u®}, Fj of {f¢} satisfy Uy, € Ei“
, Fr € E,lfl/p and the polarization condition

(6.1.1) Polly = Uy .

Moreover, they satisfy on (G\S; (p+1)) x T

(6.1.2) O, + PaFr = 0, Uspeo = Pelly.

The weak limits satisfy u € LPT1([0, +oo[xR?), f € L'+1/P([0, +oo[xR?) and

(6.1.3) Lu+ f =0 on0,400[xR%, g = uy.
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Proof. a) Let A be a trigonometric polynomial. For ¢ fixed, If(A) is rapidly
decreasing as |x| — oo (see the parts b) and c) in the proof of Theorem 3.5.5)
and is compactly supported in t. Let af := A(0,y,¢(y)/e). Then, since L is skew
adjoint, one has

(6.1.4) (Lu®, I1(A)) = — (v, LIE(A)) — (u5,a5)

where (, ) denotes scalar product in L2.
b) One has (see e.g. [H6 2], Theorem 7.7.7)

(6.1.5) L(IZ(A) ~ éIZ(B_l) + I3(By) + O(e) in L2 L0, 400 xRY)

with
(6.1.6) B_y = i (M\(d) Id — A(dy))A, By = Dy A,
0 8)\k 9
(6.1.7) Dy = + Z BE, (dy) Id — A;) 5y + 5.
1 0%
6.1.8 = =
(049 2 EZIZ 36,56 34,5

Differentiating twice the identity (Ag(§)Id — A(§))1k(§) = 0, where I, () is the
spectral projector of A(§), and multiplying the result on the left by II;(§), one
proves the fundamental identity

(6.1.9) Py Dy (PuA) = 8, PuA.

c¢) Suppose that B € Py, satisfies P,B = 0. Then there is a unique A € Py such
that

(6.1.10) B = i(Ae(dy) Id — A(dy)) A, P.A=0.

Therefore, (6.1.5) implies that eLI§(A)) ~ IZ(B) in L?. Since A vanishes near Sk,
IZ(A) is bounded in L7 for all ¢. Thus (6.1.4) implies that for all such B,

(6.1.11) /Z/{k~Edtdyd0 =0,

which proves (6.1.1).
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d) For A € Pr(p+ 1) (see Definition 4.1.1) such that Py A = A, (6.1.5) and
(6.1.9) imply that LIZ(A) ~ I¢(9;.A) in L2. Since u® is pure in L?, this implies
that

(6.1.12) (uf, LI (A)) — / Uy - OpA dtdydf .
Since the subsequence f¢ is pure in L'*1/?, Proposition 4.3.4 implies that
(6.1.13) (5 )~ [ P Adedyas.

Finally, the Cauchy data (2.5.1) u§ is pure in L? and we can pass to the limit in
(6.1.4) to find

(6.1.14) /]—"k A dtdydf = /L{k - Oy A dtdydd + /Uo - Ajy—o dyd8 .
For B € Pi(p+ 1), one can apply (6.1.14) to A = P,B. Using (6.1.1), we see that
(6.1.15) /Pk fk . B dtdyd9 = /Z/{k . @_B dtdyd9 + /Pk U[) -B|t:0 dyd9 .

This proves (6.1.2).

e) The equation (6.1.3) for the weak limits is immediate.

6.2. Construction of approximate solutions

The next result is fundamental in the understanding of equations (6.1.2).

ProproSITION 6.2.1. Suppose that U € Ci“, F € L',ljl/p satisfy o) = F
on (G\S(p+1)) x T and U;—¢ € L*(w x T). Then there exist trigonometric
polynomials U,, € Px(p+ 1) and F,, € Py, such that

i)oU, = F,onGxT
ii) U, — U strongly in EZ"H,

iii) F,, — F strongly in E}jl/p,

i) Unjt=o — Ujt—o strongly in L*(w x (R/27Z)).
When U satisfies P = U, one can choose the approximations U,, such that
PU, =U,.

Proof. a) Multiplying U by a function x(y) does not affect the assumptions nor
the result. Since w\wp has measure zero thanks to Assumption 2.3.3, a cutoff of
this type yields an approximation with support in [0, +oo[Xwpy. In addition the
proof of Proposition 6.2.1 is trivial when U is supported in a tube [T7,T5] x w’
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which does not intersect Si. Therefore one can assume that U(t,y) and F(,y)
are supported in a tube |a,b[xw’ where w’' C wq is a small open ball such that
gr.(y) has a unique positive eigenvalue, 1/r(y), of constant multiplicity p, such
that a < a’ <r(y) <b <bforall y € w'. Then

(6.2.1) Ar(t,y) ~ |t —r(y)*?.

There are two cases. First Sy intersects |a, b[xw’ at supercritical points, which
corresponds to « := (p — 1)u/2 > 1, and the equation 94/ = F holds oustide
Si. Second the intersection is subcritical, that is @ < 1 and the equation holds
throughout |a, b[xw'.

Changing coordinates s := ¢t — r(y), and setting z := (y,6) we are reduced

to the situation where u(s,z) and f(s,z) are compactly supported functions on
V=] —1,4+1[xV’, such that

(6.2.2) / |s| = |u[PT! dsdz < +o0, / |s|/P | fI* VP dsdz < 00 |
v v

and
(6.2.3) dsu=f onV, ifa<l,
(6.2.4) Jsu=f onVn{s#0}, ifa>1.

Mollifyings in z, we can approximate u and f by trigonometric polynomials
with coefficients infinitely smooth in . It remains to smooth the functions with
respect to the variable s.

b) When a < 1, f is integrable since Holder’s inequality yields

p/(p+1) _o\ /()
025 [l < ([ 1) () T < oo
|4 14 |4

Thus, v is continuous. Mollifying in s yields approximations which converge uni-
formly and therefore in the weighted spaces since |s|~® is integrable.

c) Suppose o > 1. Let x(s) be equal to 1 for |s| > 1 and equal to 0 for |s| < 1/2.
For § > 0, let xs5(s) := x(s/9), us := xsu and f5 := xs5f. Then

. 1,
(6.2.6) Osus = f5 +95, with gs = =X (%)u.

Thus, with 5 := a/p,
(6.2.7)

/\s\ﬁ‘%’lﬂ/p < O §8-1-1/p ‘u|1+1/p < 05571+172/p< |u’p+1)1/p
1% v

Vs
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< 052(04—1)/]3( |S‘—a|u’p+1)1/l7 7
Vs

where Vj is the set of (s, 2) in V such that /2 < |s| §. Since a > 1, the right hand
side of (6.2.7) tends to zero as ¢ tends to zero. This constructs approximations
which vanish on a neighborhood of s = 0. Smoothing such functions away from
s =0 is easy.

d) If U satisfies the polarization condition Pyl = U, approximate U by U, as
above, and then replace U,, by Pild,,.

COROLLARY 6.2.2. Suppose that U and F satisfy the assumptions of Propo-
sition 6.2.1. Then U € C°([0, +oo[; L?(w x T)) and

(62.8) UT) Baorry = 1UO)|Zauer) + 2Re(/ FU didyds)

[0,T)xwxT

Moreover, the sequence U,, given by Proposition 6.1.1 converges strongly to U in
C°([0, +oo[; L?(w x T)).

Proof. The estimate (6.2.8) is clear for smooth & and F. Applying it for U, —U,,,
implies that U, is a Cauchy sequence in C°([0, +oc[; L?(w x T)). Therefore, U
belongs to this space and the convergence holds in C°([0, +oo[; L?(w x T)). Passing
to the limit this implies that U also satisfies (6.2.8).

PROPOSITION 6.2.3. Suppose that
u € LPT([0, +oo[xRY) ,  Lu € L*/P([0,400[xRY) |, g € L*(RY).

Then u € C°([0, +oc[; L2(RY)) and there are C*° functions with compact support
u,, such that

i) u, — u strongly in LP*1([0, +0o[xR%) and in C°([0, +-o0c[; L?(R)),
ii) Lu,, — Lu strongly in L'*1/?([0, +oo[xR?).
iii) Uy =0 — Uj—o strongly in L?(R%).

Moreover

(6.2.9) 2Re/ Lu-wdtde = |u(T)|2s — [[u(0)]%s .
[0,7] x R4

Proof. The approximations are constructed by standard mollification. The usual
energy identity (6.2.9) is satisfied for smooth wu,. Taking limits, it implies that
u € C°([0,T]; L2(RY)), and satisfies (6.2.9).
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Our goal is to prove that u® ~u+ > j,i(l/{k) Our strategy is to introduce
(6.2.10) v o~ ow Y JR(U) in LPTY((0,T) x RY),

and to prove that ||u® — v®||pp+1 — 0. To do so, we use the energy estimates and
the monotonicity of the equation. In particular we need use Lv¢ € L't1/P. A
difficulty is that (6.2.10) defines v up to a sequence which converges strongly to
zero in Lt and Lv® may not belong to L'*'/P. The next proposition shows

that, knowing (6.1.2) (6.1.3), one can choose a representative v° such that Lv® is
bounded in L'+1/7,

PROPOSITION 6.2.4. Suppose that u, f, U, and Fy are as in Proposition
6.1.1. Then, for all T > 0, there exist a bounded family v¢ in C°([0, T]; L?(R%)) N
LPF([0,T] x R?), such that Lv® is bounded in L'TY/P([0,T] x R%) and satisfies
(6.2.10) and

(6.2.11) Lv® ~ f + Y Ji(PeF) in L'UP([0,T] x RY),

(6.2.12) Vico ~ Uy + Uo(y,¢(y)/e) in L*RT).

Proof. a) Choose

wi ~ JUy) in LPTH[0,T] x RY),
hs ~ Ji(PuFr) in LYTYP([0,T] x RY),
w§ ~ J5(Up) in  L*(RY),

We look for v¢, as
(6.2.13) v = u + Zvi

Since u € L', f € LYVP and Lu = f, Proposition 6.2.3 shows that u €

C°([0, +o00[; L2(RY)). The same proposition shows that it is sufficient to construct
vg such that

(6.2.14) vi ~ Ji(Uy) in LPTH([0,T] x RY),

(6.2.15) Lv ~ Ji(PuFy) in LYYP([0,T] x RY)
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and
(6.2.16) Vim0 ~ Pildo(y,¥(y)/e) in L2(RY).

b) Fix 6 > 0 and T" > 0. Propositions 6.1.1 and 6.2.1 imply that there are
Vi € Pr(p+ 1) and Gi € Py, such that

(6.2.17) HVk*ukHL}j,f(Gxir) < 6, || Vkli=o — Pello || 22 (wxT) < 6,
(6.2.18) 16 = PuFi || prssmgmy < 0

and

(6.2.19) PV = Vi, 0V = G

The identities (6.1.5) (6.1.6) and (6.1.9) imply that

(6.2.20) LI;(Vy) — I5(Gr) = O(e) in L2 N L°°([0,T] x RY).
Introduce
(6.2.21) v = I (W)

Since Vi, € Pi(p + 1), part ii) of Proposition 4.1.3 implies that I (V) ~ J£ (Vi)
in L'*P. Moreover, (6.2.17) and Proposition 4.2.2 imply that Jg (Vi) — J5 (Uy) is
O(8) in ALP*!. Therefore, there is () > 0, such that for all ¢ < £(6),

(6.2.22) 05® —wi || par < C 4.

Similarly, since G, € Py, Gy vanishes near S; and I (Gr) ~ Ji(Gg) in L9 for all
q € [1,400]. With (6.2.20), (6.2.18) and Propostition 4.2.2, this implies that one
can choose (6, T) > 0, such that for all € < £(0,7),

(6.2.23) | Lve® — b ||y < 6.

Finally, (6.2.17) together with the initial condition for Uy, in (6.1.2) show that, for
e <e(0,T)

(6.2.24) |05 110 — P w§) || 2mey < 6.

One can assume that £(d,7") decreases as § decreases.

c) There is a positive function §(e) such that ¢ < €(d(¢)) and d(¢) — 0 as
e — 0. Therefore, (6.2.22) (6.2.23) (6.2.24) imply that v} := 02’5(5) satisfies

(6.2.14) (6.2.15) and (6.2.16), and Proposition 6.2.4 is proved.
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6.3. Strong convergence.

PropPoOsSITION 6.3.1. If u®, u, Uy, f, Fi, T and v° are as in Proposition 6.2.4,
then u® — v converges strongly to zero in C°([0,T]; L?(R%)) and in L'*7([0,T] x
R?). In particular,

(6.3.1) ut o~ ou o+ Y JEU) i IPTN([0,T) x RY),

Proof. a) uf and v° are bounded in LP*! and Lu® and Lv® are bounded in L'*1/P.
Therefore, Proposition 6.2.3 implies that

u(t) = v (1) |25 — 2Re/ L —of) - (F — ) =

(6.3.2) [0,¢] x R4

|| u®(0) = v°(0) |72 -
Introduce
(6.3.3) h® = L(v® —u®) + f(v°) — f(u) = Lv® + f(v°).

Substituting L(u® —v®) = — (f(u®) — f(v®)) + h® in (6.3.2) and using Assumption
2.1.2, we obtain that

1
lus(t) = o) 1172 + e llu® =" (1370 0 guma) <

(6.3.4) , .
1w = o) | + 2Re [ h @),
[0,¢] xRd
b) Set
(6.3.5) w o= f 4+ Ewl), Wi = Pu(Fi + Ewll)),
(6.3.6) g = hT — w = ) Ti(Wh).

k

Then, Propositions 5.2.2, Corollary 5.2.4 and Proposition 6.2.4 imply that ¢° is a
bounded family in L**'/? which has no propagated oscillations for L.
Proposition 4.3.3 implies that the weak limit of v® is u, v® is pure and the

profiles are Uy,. In particular, u® — v is bounded in L'*P, converges weakly to 0,
is pure, and all its profiles vanish. Thus, since w € L'T1/P,

xRd

(6.3.7) / w- (7 —TF) — 0.
0.1
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Next, since Wy, € E,lfl/ P and the profiles of u® — v vanish,
(6.3.8) / JEOW) - (5 — ) — 0.
[0,t] xR

Finally, since u® and v¢ are bounded families in L'*? such that Lu® and Lv® are
bounded in L'*1/? and since g° has no propagated oscillations for L, one has

(6.3.9) / ¢ F —TF) — 0.
[0,t] xR

Therefore,

(6.3.11) / h - (v —wuf) — 0.
[0,¢{] xR

c) The Cauchy data for u® and v satisfy (2.5.1) and (6.2.12) respectively.
Therefore,

(6.3.12) [|uf(0) —v°(0) ||3. — 0 ase—0.

This shows that the right hand side of (6.3.4) tends to 0 as € tends to 0, implying
the Proposition.

COROLLARY 6.3.2. The weak limit w and the profiles U, satisfy the equations

(6.3.13) Lu + Euw,U) = 0, on [0, +oo[xR%,
(6.3.14) P.U, = U, and OU, + P Sk(g,u*) = 0, on (G\SJ(P+1))XT.

(6.3.15) Up—og = Yy oOn R? Upji—o = Plly on w.

Proof. Propositions 6.3.1 and 5.2.2 imply that

(6.3.16) foo~ fWd) = ) + Y Ji(E(uw ) + of
k

where ¢° is bounded in L'*T1/?, converges weakly to 0 and is pure with null profiles.
Therefore Proposition 4.3.3 implies that the weak limit f of f€ is £(u;U,) and the
profiles F, are equal to & (u,U,). Thus equations (6.3.13) (6.3.14) follow from
Propositions 6.1.1.
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6.4. Uniqueness for the profile equations.

THEOREM 6.4.1. Equations (6.3.13) (6.3.14) (6.3.15) have a unique solution
(u,U,) in LPT([0, +oo[xR¥) x LT,

The existence of a solution follows from Corollary 6.3.2. Our goal is to prove
uniqueness. It is a consequence of the dissipativity of system (6.3.13) (6.3.12),
which is inherited from the dissipativity of the original equation. Remark that
this dissipativity could be used to prove directly the existence of weak solutions,
using the methods of [LS] [S] [Ha] for monotone operators.

LEMMA 6.4.2. Suppose that () is a regular domain. Suppose that u and v
belong to C3°(Q2), that Uy, and V. are trigonometric polynomials supported in
75 () and that PyVy = V. Then

/g(@,u*wdtdx + Z/Pkskm,u*)-v_kdtdyde -
(6.4.1) k
/ f(t,a:,I(g,Z/{*)) (v, V) dt dz b,
Qx(T)%

where I is defined in (5.1.3).

Proof. Introduce

(6.4.2) Ak(t, y) = / P Sk(u,u*) V_k de .
T

For simplicity of notation, the (¢,y) variables are omitted in the right hand side.
With notation as in (5.1.8), we see that

(6.4.3) W(ty) = Ay / Fi(0) - TH™ V) (8) do,

where we have used that Py is an orthogonal projector, PyV; = Vi and that H
is unitary in L?*(T). According to (5.1.7), Fj is equal to _7-",51) plus something
independent of 6. Since the mean value of V, is zero, this implies that

(6.4.4) Ak(ty) = Ax(ty) / F (t,y,0) - (H™ V) (.9, 0) db.

Introduce next the components Gy, ; of 7, ' (Q2) and

(6.4.5) an(t, ) = ZAk(ak,j(t,x))—Z Aoy ;(t, ),
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where oy, j, an inverse of j, maps 2 to Gy ;. Then, with (5.1.6), we see that
(6.4.6)

ar(t,z) =Y Aglow;(t, )" x

/ Pt Tl (t2,6.)) - (V) (o (2, Bry) db. |
(T)#

Introduce

(6.4.7) ap(t,x) = E(u,U) (t,x) - v(t, z).

Then, (6.4.6) and the definition (5.1.3) of I(v, V,) imply that

(6.4.8) ao(t, ) + zk:ak(t,x) - /(T)Z f(t,x,I(g, u*)) 1w, V,) df, .

On the other hand, since A% is the Jacobian of g, one has

(6.4.9) / ag(t,x) dtde = Z / Ag(t,y) dtdy = / Ag(t,y) dtdy.
Q — Jax, G

With (6.4.8), this implies Lemma 6.4.2.

PROPOSITION 6.4.3 There is a constant ¢ > 0 such that for all (u,U,) and
(v, V,) in LPH1([0, 400 xR?) x L2 which satisty Pully = Uy, and PV, = Vi, one
has

Re /(g(g,u*) &, V*)> (@ —7) dtde +
(6.4.10) Re Z/ (Pk Er(u,Us) — Pp&i (v, V*)) (U = Vi) dtdydd >
k

+1 +1
¢ (llu—zulli7 + ZHUIC_VkHiz-H )
k

Proof. By density, one can assume that u and v belong to C§°(]0, +oo[xR?) and
are supported in a regular €. Omne can also suppose that the U and V, are
trigonometric polynomials in Pj, supported in G, := ],;1((2). In this case, Lemma
6.4.2 implies that the left hand side of (6.4.10) is equal to the integral over Qx (T)?
of

(6.4.11) Re (f(t,z:,I(g,Z/{*)) . f(t,:r,I(y,V*))) .(I(Q,u*) _ I(Q,v*)).
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Assumption 2.1.2 implies that this is larger or equal to ¢cM where

(6.4.12) M = / | T(w,U.) — I(v,V.) |*T? dtdzdd. .
Qx(T)Z

By definition,

(6.4.13) Lw,U) (t2,0.) = u(t,z) + > Ugjlt,z,60k;)
(k.j)ez
where
1
(6.4.14) U i(t,z,0) = (H™3 Uy) (o, (¢, ), 0)

Ap(og,;(t, x))

Similar expressions hold for I(v, V). Since

(6.4.15) u(t, z) — vo(t,z) = / (wit) — (V) db.
(T)”
one has
(6.4.16) / |u(t,z) —v(t,z) |""Pdtde < M.
Q

Similarly, since Uy, ; (¢, z, 6, ;) is the average of I(u, U, )(t, x,0,) with respect to all
the variables 0 ;: except 0y ;, one has

(6.4.17) / Uy — Vi |'P dtdedd < M.
QxT

Lifting the integration to Gy, using the boundedness of H in L' P and summing
on j, this implies that

(6.4.18) / Akt y) P Uy, — Vi |'TP dtdydd < C M.
GkXT

This proves (6.4.10) for smooth functions supported over €2, and thus implies
Proposition 6.4.3.

Proof of Theorem 6.4.1. Suppose that (u,U.) and (v,V.) are two solutions of
(6.3.13) (6.3.14). Corollary 6.2.2 implies that
(6.4.19)

124 (t) = Vit 122 = [ U (0) = Vi(0) 122 —

2 Re/ (Pk Enlu,Uy) — Pelr(v, V*)) Uy — V) dtdydd.
[0,t] xwxT
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Proposition 6.2.3 implies that

lu(t) —v(®) 2> = [[u(0) —v(0) [|Z- —

(6.4.20) 9 Re /[O . (g(% U.) — (v, v*)) (@) dtdy.

Adding up, and using Proposition 6.4.3 applied to functions cut off after the time
t, yields

lu(t) —v(t) 172 + D IUk(t) = Vi) 72 +
k
(6.4.21) e (llu—olfth + St Vil )
k
k

< Jlu(0) —v(0) 17 + > I[U(0) = Vi(0)]|7- .
k

This implies uniqueness and Theorem 6.4.1 is proved.

6.5. The main result.

Theorem 2.5.1 is included in the more precise statement. We consider an equation
(2.1.1) which satisfies the hyperbolicity Assumption 2.1.1 and the dissipativity
Assumption 2.1.2. We consider an initial phase v which satisfies Assumption 2.2.1
on w C R We also suppose that the regularity Assumption 2.3.3, the finiteness
Assumption 2.2.2 and the nonresonance Assumption 2.2.5 are satisfied.

THEOREM 6.5.1.  Suppose that u, € L?*(R?), Uy € L*(w x T) and {u§} is a
bounded family in L?(R%)) such that

(6.5.1) ugy ~ uy + J5(Uo)  in L*(RY).
Denote by (u,Uy) the unique solution of the profile equations (6.3.13-14-15) with

u € CY([0, +oo[; L2(RY)) N LYP ([0, +-00[xRY)

6.5.2
( ) Uy € C°([0, +-o0[; L (w x']I‘)ﬂﬁ,ier([O,—{—oo[xw x T),

and uf € C°([0, +-o0[; L2(RY)) N LY*P([0, +00[xR?) the unique solution of (2.1.1)
with initial data ug.

Then, the family u® is bounded in € C°([0, +oo[; L2(R%)) N L*P([0, +00[xR?)
and for all T > 0,

(6.5.3) ut o~ ow o+ Y JEU) in LUTP([0,+T[xRY).
k
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Proof. Existence, uniqueness and boundedness of u® is a classical result for dissi-
pative equations (2.1.1) (see [S], [LS |, [Hal]). Existence and uniqueness of (u,U,),
solutions to the profile equations, are given by Theorem 6.4.1. Consider

(6.5.4) v o~ ou 4 Y JEUE)  in LMP([0, +oo[xRY).
k
For example, one can choose the family constructed in Proposition 6.2.4. Then,
Proposition 6.3.1 implies that any pure subsequence u®» satisfies
(6.5.5) utt o~ v in LYP([0, +T[xRY).

Since any boundeed sequence in L'*P has at least one pure subsequence by Propo-
sition 4.3.1, this implies that the complete family u* satisfies

(6.5.6) ut ~ v in LYP([0,+T[xR?),

proving Theorem 6.5.1.

6.6. Absorption at supercritical points

In this paragraph, we prove Theorem 2.5.4, which show that oscillations are ab-
sorbed at supercritical points. Recall the Definition 2.5.3 of T,gbs(y), the first time
where the k-ray from y hits a supercritical point.

THEOREM 6.6.1. If (u,U,) is the solution of the profile equations given by
Theorem 6.4.1, then Uy, = 0 a.e. for t > T (y).

LEMMA 6.6.2.  There exists ¢ > 0 such that for all (v,V.) € L'™P x LLtP
satisfying PV = Vi, one has for all k and almost all (t,y) :

(6.6.1) Re [ Pu&u V) -Vedd > ¢ AP [ |V [P db.
k
T T

Proof. By density, one can assume that v € C§°([0, +00[xR?) and that the profiles
Vi € Pr. We can also assume that (¢,z) := jx(t,y) belongs to a regular open set
Q. Introduce

(6.6.2) Ap(ty) = Re / Py Ex(v, V) - Vs db.
T

For simplicity, the (¢,y) dependence is omitted in the right hand side. Estimate
(6.6.1) is a consequence of the strict monotonicity in Assumption 2.1.2. We now
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find a suitable form for Ay, in order to apply inequality (2.1.3). With notations
as in (5.1.7) (5.1.8), using that PV =V}, and that H is unitary, we see that

(6.6.3) Ay(t,y) = Ay /(W Re (FLV(0) — F(01)) - W (0) do do,

with W := H™*});,. Thus

(6.6.4) Ag(t,y) = % /T Re (F0) = FV(61)) - (W) —W(01)) db db, .

By (5.1.6), the function F,gl) is of the form
(665  F(ty,0) = / Pt AL G WLy, 0) + W(t,2,0)) dof,
TZ'

where, in the right hand side of (6.6.5), (t,z) = Jk(t,y) and W is a periodic
function of §' € TZ'. Plugging this expression in (6.6.4) transforms the right hand
side into an integral over T? x T# " Assumption 2.1.2 implies that the integrated
term is larger than or equal to

(6.6.6) ¢ AZ [ATIW() — AW TP = ¢ AP W) — W(6y) [P
Thus

(6.6.7) Aultyy) > ¢ A / W) — W(0:) |7 dhdo;
T2

Since the average of W is zero, W(0) = [(W(0) — W(61)) db,. Thus recalling d;

is normalized,
(6.6.8) /|W(9) Pt de < / | W(0) — W(6,) [PT do db, .
T T2

Since H is bounded in LP*1(T) , (6.6.7) and (6.6.8) imply (6.6.1) and the lemma
is proved.

PROPOSITION 6.6.3.  Consider the solution (u,U,) of the profile equations
given by Theorem 6.4.1. Introduce

(6.6.9) oult,y) = /T]L{k(t,y,ﬁ) 2 o

Then, o, € C°([0,4+o00[; L*(R%)), dio and A(t,y)' =P o(t,y)*P)/2 belong to
LY([0, +00[xR%) and there is a constant ¢ > 0 such that

(6.6.10) Oiok(ty) + ¢ Ar(t,y)' P ox(t,y) P2 < 0.
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Note that inequality (6.6.10) holds everywhere, including neighborhoods of su-
percritical points. This is in contrast to the profile equation (6.3.14) which holds
only on the complement of the supercritical points.

Proof. We know that Uy € L177, Pully = Uy, Fr = Pui(uw,U,) € £}/ and
that Uk + Fr, = 0 on Gg. From Corollary 6.2.2, U, is continuous in ¢ with values
in L?, implying that

(6.6.11) o € C°([0, +oo[; L (RY)) .
Next we show that

(6.6.12) o + 2 Re/}"k-ZTk dg = 0,
T

in the sense of distributions on . To prove this, we approximate U, and Fj
by trigonometric polynomials U}’ and F}' according to Proposition 6.2.1. The
identity (6.6.12) for the approximations are trivial consequences of the equation
oU + F = 0. To pass to the limit, we use Corollary 6.2.2 which implies that o}
converges to o, in C°([0, +oo[; L' (w)), and Proposition 6.2.1 which implies that
FI-UP converges to Fy, - Uy, in L'(G). In particular, this proves that d;o € L.

Lemma 6.6.2 asserts that
(6.6.13) Re/]-'k T do > cA(t,y)l_p/ U (L, 0) P+ B
T T
Finally, we note that

(6.6.14) s/ 0y < /T U (t,,0)|7 b

Since Uy, belongs to £, this implies that A, " a,(ch)/Q € L. Thus, (6.6.10) and
the proposition follow from (6.6.11), (6.6.13), (6.6.14).

Proof of Theorem 6.6.1. We have to show that Uy = 0 for almost all (¢,y) such
that ¢t > T, ,?bs . Thus it is sufficient to consider y in a small neighborhood w’ of
y, contained in wg. In this case, r(y) := T2 (y) is a smooth function of y and
Assumption 2.3.3 implies that

(6.6.15) Ap(ty) ~ |t—r(y)|*?

for y € w" and t € I a neighborhood of ¢ = 7(y). In addition, (¢, y) is supercritical,
which means that

(6.6.16) a = pup-1)/2 > 1.
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Proposition 6.6.3 implies that on I x w’, oy, satisfies
O’kGCO(I;Ll(w/))7 o >0,
(6.6.17) Oror € LNI x '), |t—r(y)| o™/ e LN x W),
oo, + clt—r(y)|™ @ a,in)/z <0.

To complete the proof of Theorem 6.6.1, it remains to show that (6.6.17) implies
that o, = 0 for t > r(y).

To prove this, one can change the time variable ¢ into ¢t — r(y), and thus reduce
the problem to the case where r = 0. Introduce

(6.6.18) o) = / oult.y) dy.

Then

(6.6.19) o)1 < (ameas )0V [ ,) 2 dy,

Thus (6.6.17) implies that there exist ¢ > 0 such that on I := [—a, +a], g satisfies
cCI), g¢>0, ¢eL¥I), |t|>q¢*™P/2c (1

(6.6.20) geC’(I), g=0, g L), [ty (1)

g + clt|™ gtP/2 <.

This implies that ¢’ < 0, hence that g is nonincreasing in particular g(¢) > ¢(0)
for t < 0. Since |s|® g(s)(**P)/2 is integrable over [—a, 0] and o > 1, this implies
that g(0) = 0. Therefore g(t) = 0 for ¢t > 0, so o(t,y) = 0 a.e. for ¢ > 0 and
Theorem 6.6.1 is proved.

Proposition 6.6.3 has another corollary. It shows that no oscillations can be
created in the k-mode by nonlinear interaction, if there are no oscillations in this
mode at time t = 0.

THEOREM 6.6.4. Let (u,U,) be the solution of the profile equations given by
Theorem 6.4.1. Suppose that Py (y) Uy(y,0), the initial condition for Uy, vanishes
on w' x T. Then Uy, =0 a.e. on [0, +oo[xw’ x T.

Proof. Proposition 6.6.3 implies that the function

(6.6.21) g(t) = /, or(t,y) dy

is continuous and that its derivative is integrable and nonpositive. Thus g is
nonincreasing and ¢(t) vanishes identically if g(0) = 0.
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6.7. Angular smoothness for profiles

One of the difficulties in our analysis is that, for profiles U}, which are not smooth,
the expression Uy (t,y,1¥(y)/e) does not make sense for fixed e. However, if U
is smooth in 6, the substitution is meaningful. One can prove regularity in 6
by using the contractivity estimate (6.4.21) together with the fact that that the
profile equations are invariant under translations in 6. The angular smoothness is
described using the spaces £;'? introduced in Definition 2.4.1.

THEOREM 6.7.1. In addition to the assumptions of Theorem 6.5.1, suppose
that Ogly € L*(w x T). Then the profiles Uy, belong to Ly for all s < 2/(p+1)
and Uy, belong to L™ ([0, +oo[: L?(w x T)). In particular, the solutions u® satisfy

(6.7.1) ut o~ow o+ Y JiU) in LPYH([0,T] x RY).

Proof. The profile equations are invariant by translations in the 8 variable. Thus
(v,U") := (w,U(t,y,0 + h)) is another solution. Therefore inequality (6.4.21)
implies that

sup Z () = UR (D) 172 + ¢ ZHUk—uk H’Zﬂl

0<t<T
< Z | Ux (0 (0) [1Z: -

Since Oply € L*(w x T), the right hand side of (6.7.2) is O(h?) and one concludes
that dply € L>°([0, +oo[; L?*(w x T)) and

AUy (t) ’
06

(6.7.2)

- |

(6.7.3) o ‘ L2(wxT) — 00

0<t<T

L2(wxT)

(6.7.2) also implies that

t,y,0 +h) — t,y,0) |ptl
sup / Ak(t,y)l_p uk( 'Y, +2 ) 1u/€( 'Y, ))p dtdyd@
0<h<1 J[0,T]xwxT h2/(p+1)
.
L2(wxT)
Thus, for all s < 2/(p+ 1),
674
(t,y)' v | Pty O 0) = Ul 0) 0 gy 9D
hs h
0T]><w><'ﬂ‘
ol
L2(wxT)

which implies that Uy, € L7 1. Proposition 4.2.1 then implies that J (1) is de-

fined for each ¢ and that and is a representative of J¢ (Uy) and (6.7.1) is equivalent
0 (6.5.3).

66



7. ADDITIONAL RESULTS AND REMARKS

7.1. The wave equation

With minor changes which we now explain, our results apply to the semilinear
wave equation

(7.1.1) Ov + g(t,z,0v) = 0.

AssUMPTION 7.1.1. g € C([0, +oo[xR? x C; C), g(t,z,0) = 0 and there are
constants p € [1,+o0[ and 0 < ¢ < C' < +oo such that for all (t,z) € R**? and all
v and v’ in C,

lg(t,z,0)| < ClolP,  [dyzg(t,z,v)| < ClofP™h,

Re (g(t,x,v) —g(t,CE,U/)) (6_6/) > C"U — ' ‘p+17

Consider oscillatory Cauchy data
(7.1:2) vy = ho(@) + e Ho(w,(2)/e), Oy = hy(2) + Halw,v(@)/e),

where 1) is a smooth function with nonvanishing differential on w C R%, Hq(z, 0)
and Hj(z,0) are smooth, 27-periodic in # with mean 0 and compactly supported
in wx T, and hg, h; € C°(R?).

Introduce u := (9yv, 0zv) := (u®,ul,...,u?). Then (7.1.1) (7.1.2) take the form

(7.1.3) Lu = 0w — A(0z)u + f(t,z,u) = 0,

(7.1.4) uj—g = ug(x) + Ug(z,¥(2)/e) + O(e),

with

(7.1.5) A) = (2 t0g>’ o) = (g(t,xO,UO,)>_
(7.1.6) ug := (hy,0zhy) , Uy := (Hy,0,% 0pHy)

Equation (7.1.3) is of the form (2.1.1). The Assumption 2.1.1 of hyperbolicity
and constant multiplicity is satisifed, but the dissipativity Assumption 2.1.2 is
not satisfied. However, f depends only on u° and the energy methods for (7.1.1)
involve scalar products f(t,z,u) -7 = g(t,z,u’) - u9, suggesting that Assumption
7.1.1 is sufficient. More generally, our methods apply to systems (2.1.1) when the
nonlinearity f satisfies
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ASSUMPTION 7.1.2. There is a subspace E C C~, and a projector pg from
CN to E, and a mapping g(t,x,v) from [0,+0o[xR? x E to E, which satisfies
Assumption 2.1.2 on [0, +oo[xR? x E, and such that

(7.1.7) flt,x,u) = g(t,z,pru).

In the reduction of the wave equation above, E is the space of u = (u°,u’) €
C x C? such that +/ = 0. This assumption guarantees the global existence
and uniqueness of solutions to (2.1.1), u € C°([0,+o0o[; L?(R%)), with prpu €
LPFL([0, +00[xRY).

Next, note that the reduction of O to a first order system introduces the artificial

eigenvalue 7 = 0 and thus the possibility of artificial resonances. To circumvent
this difficulty, we note, as in [JMR 3], that the system (7.1.3) satisfies

ASSUMPTION 7.1.3. L satisfies Assumption 2.1.1 and there is a subset K C
{1,...,ko} so that the subvariety

r = U {T =X(§)} Cchar L

keK

satisfies the following condition. There are linear mappings R(7,¢) from E to CV,
which depend smoothly on (7,¢) € R4\ (I' U {0}), such that

(7.1.8) V(r,&) ¢ TU{0}, YueE, L(r,{)R(T,{)u = u.

For the system (7.1.3) this assumption is satisfied with I' := {72 = |¢|*} and

(7.1.9) R(7,€) : <8> - %KP (2)

Assumption 7.1.3 implies that if ¢ € C*°(Q) and b € C5°(2) satisfy
(7.1.10) dp(t,z) ¢ ' and b(t,z) € E a.e.

then be’?/¢ has no propagated oscillations for L. To prove this modification
of Propositions 5.2.2 and 5.2.3, it is sufficient to replace L™1(dy) by R(dp) in
(5.2.13). This shows that only the resonances with dp € I" need be considered. In
this spirit, introduce jx, Sk, Ji etc, only for £ € K. In particular the nonresonance
Assumption 2.2.5 is weakened to
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ASSUMPTION 7.1.4 For all regular open (2, the set of phases yy, ;, (k,j) € Z C
K x N, given by (2.2.14), satisfy for all a € Z% with at least two nonvanishing
components,

(7.1.11) Zak,jdgok,j ¢T'u{0} a.e. onQ.

THEOREM 7.1.5. Consider Cauchy data of the form (2.5.1), with
(7.1.12) Vk ¢ K | PUy = 0.

Then, there are unique u € C°([0,4+o0[; L2(R?)) N LPTL([0, +00[xR?) and Uy, €
L2 N CO([0, +00[; L*(w x T)), k € K, such that

(7.1.13) ut ~u o+ Y JiUk)  in IPTH([0, T[xRY).
keK

The u and Uy, are solutions of equations, analogous to (6.3.13-14-15), where the
operators £ and & only involve the Lagrangians A; forl € K.

For the system (7.1.3), ' is the union of 7 = |{] and 7 = —|¢| and K has
cardinality two. The phases ¢y, j, all satisfy the eikonal equation for O

(7.1.14) Dp)? = 1000

Assumption 7.1.11, means that over regular open sets {2, one has

(7.1.15) (Zak,jﬁtgow)Q — ’Zak,jﬁzgpk,jf % 0 a.e.on ).

Finally, note that the condition (7.1.12) is satisfied for Cauchy data (7.1.4). For
the solutions v® of (7.1.1) (7.1.2), one has

s ~ 0 Js(B JE (B
(7.1.16) { t o+ S By) A+ JE(B-) in  LPTH([0, T[xRY),
Og; 0% ~ Op,v + JL(Byj) + JE(B_ ;)

with

Oy, ¥
|dy)|

(7.1.17) By, =+ B .

The profile equations are
Ov + §(8ty,8+,87) = O,

(7.1.18) 200By + E4(0wu,By,B-) =
281587 + 57(8t278+78*) =

o O

69



where the operators £ and £y are those associated to the nonlinearity g(t, z, Opv).
Note that the profiles of u® := (9;v%, 0,v°) are By (1, +dy/|dy|) and the orthogo-
nal projector on the line generated by ¢ := (1, +dy/|dv|) is £ ® £/2. This explains
the factor 2 in front of 9,84 in (7.1.18).

The initial conditions are
{yt:()(x) = hy(z), a1t2|t:0(ff) = hy(z)

(7.1.19)
Biji—o(z,0) = 5 (Hi(z,0) =+ |dy(z)| d9Ho(z,0)).

7.2. Lipshitzean nonlinearities and nonstrictly monotone nonlinearities

The analysis and results extend immediately to nonlinear terms
flt,x,u) + h(t,z,u)

where f is as in §2 and the perturbation h vanishes at u = 0 and is globally
lipshitzean in w. In this way the results include both those of [JMR 2] and [JMR 3].
More generally, one can treat nonlinear terms satisfying

(7.2.1)  c1 |uPt™ — e |ul*> < Re f(t,z,u)u, |f(t,z,u)| < Cylul? 4 Calul?,
and
(7.2.2) Re <f(t,a;,u) — f(t,z,v), u— v) > clu — )P - |u—v)?

with positive constants c¢; and c. In this case the solutions may grow exponentially
in time, but the analysis on bounded time intervals is unchanged.

The inequalities (2.1.3) or more generally (7.2.2) with ¢ > 0 serve to prove that
the asymptotics (6.5.3) is valid in LPT1. If the monotonicity is relaxed to ¢ > 0, the
analysis still goes through but yields (6.5.3) in the weaker sense of L?([0,T] x R9).

7.3. Nonlinear interaction and transfer of singularities above the caustic

In this section we give an example of a beam I'y which focuses and is absorbed
at a fold. Next, we study the nonlinear interaction between I'; and another beam
I'_. Let (t,z) be a point in the caustic of I'y. The focusing of I'y implies that
the time derivative of the profile of I'_ which has a finite limit as ¢t " ¢, tends to
infinity as ¢\ ¢.

In space dimension d = 2, consider the semilinear wave equation
(7.3.1) Ov + (Ow)® = 0
with oscillatory Cauchy data
(7.3.2) Vim0 = eHo(y.¥(y)/e),  Owjmy = Haily,v(y)/e),
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where

(7.3.3) V(y) = y2 + yi/2,

Hy(y,0) and H;(y,0) are smooth and compactly supported and are 27-periodic
with mean 0 with respect to 6.

The eigenvalues are Ay (§) := £|¢|. The mappings (2.2.4) 71 are

(7.3.4) 7+(t,y) = (t,z) with @ =y Ftyi/\/1+y2, ma=y2 Ft/\/1+y2.

Only 4+ leads to a caustic for positive times. The singular set (2.2.5) is

(7.3.5) St = {(t,y) € [0, +00[xR? ; t = s(y1) } -

where s(y1) := (1 + y?)3/2. The caustic set C is parametrized by y € R? as
(7.3.6) t=(1+y0)%% m=—y}, z=y—(1+97).

and

(7.3.7) Cy = {(t,z) € [0, +00[xR? ; 22 = (t¥/3 —1)3}.

Introduce next 7 so that jll(C+) = S, UT,. 7, is a smooth surface parametrized
by (a,b) € R? as

T, = {(t,y) € [0, +oo[><R2;t = (1+a2)3/2,y1 = —a3—a—a(1+a2—|—a4)1/2,y2 = b}

and there exists a smooth even convex function 7 : R — R such that 7(y1) < s(y1)
for y1 # 0, 7(0) = s(0) and

(7.3.8) Ty = {(t,y) € [0,+00[xR?; t = 7(y1)} .
G\{S; U7} has four connected components

G1 = {(t,y) € [0,+oo[xR? , t < 71(y1)},

(7.3.9) Gy = {(t.y) € [0, +oo[xR? , T(y1) <t <s(y), y1 > 0},
5 = {(t,y) € ]0,400[xR? | T(y1) <t < s(y1), n <0},
Gs = {(t,y) € [0, +00[xR?, t > s(y1) },
Define
(7.3.10) Go =G UGS .

LeMmMmA 7.3.1. i) If (t,y) € G1, then (t,y) is the unique preimage of j4 (t,y).

ii) If (t,y) € G2, then 37" (74(t,y)) has three elements, (t,y), (t,y') € Go and
(t,y") € G3. This defines a mapping p : (t,y) — (t,y’) from G5 into itself. Then
pop=1d, pis C® on Gy, p(GF) = G5 and p(G;) = G5 . Moreover, p extends
continuously to G so that p(7T,) = Sy, p(Sy) = Ty
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Suppose (t,y) € G5 . We have (t,y') = p(t,y) if ' is the unique solution of
(r3.1) (10 2)7) = g1 -1+

such that (t,y) € G5 .

With the notations and results of §7.1, the asymptotics of 0;v® are described
in (7.1.16) and (7.1.18). Since the nonlinearity d;u® is an odd function of d;u, it
follows that, if Hy is odd in # and H; is even in 6, then the average v vanishes.
One has

(7.3.12) O° ~ JE(By) + JE(B-)

and the profiles are determined by the transport equations

20,8 £,(By,B.) =0,
(7.3.13) { B+ E4(By,B)

20,B. + E_(B.,B.) =0,

with initial conditions

B+|t:0(2~/»9> =
B_ |t:0(y> 9) =

(Hi(5.6) + [dv(v)| 95Ho(y.0)) .

7.3.14
(7.3.14) (H1(5,0) — |a(y)] 05H(,0) ).

N~ N

If, in addition, H; = |d¢| dgHyp, then Theorem 6.6.4 implies that B_ vanishes
identically. Thus

(7315) 8{06 ~ Ji(8+), with 281584,_ + 5+(B+) = 0.

As mentionned in section 2.6, the exponent p = 3 is always supercritical, and
therefore Theorem 6.6.1 implies that By = 0 on Gj.

We now describe the interaction term £, (B1). On G; x T, Lemma 7.3.1 i)
implies that

(7.3.16) E+(By) (ty,0) = By (t,y,0)%,

1
2 Ay(t,y)?
where A (t,y)? := ‘ 1—1t/s(y1) |

When (¢,y) € Ga, the general description of £, as given in (5.1.8), involves the
three preimages of 74 (¢,y). Since By = 0 on G3, only the preimages in G2 have to

be considered, that is (¢,y) and (¢,y') = p(t,y). To (t,y’), the construction (5.1.3)
assigns a variable 6’ € T, and (5.1.8) shows that

B+(t,y,0) B+<p(t,y),9/)>3d0,.

(7.3.17) &£.(By) (t,y,0) = %A(t,y) /T< AL (t,y) Ay (p(t,y))
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We have used that the index m(t,y) is equal to 0 on G, so that no Hilbert
transform is needed. Since By is even in 6, one obtains

1 B+(t,y,9)3 1
9 A+(t,y)2 + 9 Cl(t,y) B+(t,’y,6)

! "2 /
A (ot y)? /TB+(p(t,y),0) df

g+(B+) (t7 Y, 0) =
(7.3.18)

a(t,y) ==

ExXAMPLE 7.3.2 Suppose that the initial oscillations are supported in 0 < o <
y1 < 0 < 400. Then, Theorem 6.6.4 implies that B, is supported in the strip
D = {(t,y) € [0,00[xR? : a <y < B} If (t,y) € DN Gy C GF, then
p(t,y) € G5 and By(p(t,y), .) vanishes identically on T. Therefore, a(t,y) = 0.
Combining (7.3.16) and (7.3.18) and the absorption result on G3, we conclude that
B, is supported in K xT, K := { (t,y) € [0,00[xR? : a <y; <3, 0<t<s(y1)}
and B satisfies in the interior of K x T

3

(7.3.19) 20:B4(t,y,0) + % = 0.
Thus, for t < s(y1),
(7.3.20) By(t,y,0) = B:0.0.) 12

(1 + €(t.y) B+(0,y,6)?)
with

bos(n)

(7.3.21) Ut y) = /0 sn) —s %

B is smooth if the data are smooth and tends to 0 when ¢t — s(y;), in accordance
with the absorption theorem. Formula (7.3.20) provides a precise rate of decay
which is further analysed in (7.3.38).

Note that j4 is a bijection from K onto j4(K). In the (¢, z) space, one has
(7.3.22) o (t,z) ~ B(t,z,¢(t,x)/e)

with B supported in j; (K) x T, given by

(7.3.23) B(t,z,0) := By(t,y,0), o(t,x) =Y(y)

A-I— (t7 y)

where y is the unique solution in K of j(t,y) = (t,x). In contrast to the behavor of
the Lagrangian profile B, the amplitude of B tends to infinity as (¢,y) approaches
S1. However, the rate of blow up is strictly smaller then in the linear case.
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EXAMPLE 7.3.3. Suppose that the data are supported in {—o0 < ¢ < y; <
d <0}U{0 <a<wy <b< +oo}. Then, Theorem 6.6.4 implies that By is
supported in the union of the strips D := { (¢,y) € [0,00[xR? ; a < y; < b} and
D~ :={(t,y) €[0,00[xR? ; c <y <d}.

Introduce K+ = {(t,y) € [0,00[xR? ; a <y < b, 0 <t < s(y1)} and
K= :={(t,y) € [0,00[xR? ; c<y; <d, 0<t<s(y1)}. Then j. is a bijection
from K* onto 7, (K¥). One has

(7.3.24) ot (t,r) ~ BT (t,x, 0T (t,x)/e) + B~ (t,x, ¢ (t,1)/e)

with B* supported in 7, (K*) x T, given by

(7.3.25) B(t,z,0) = m Bi(ty.0), o(tz) =)

where y is the unique solution in K* of 7, (¢,%) = (¢,z). In this case, 0;v° is the
superposition of two wave trains, which interact on 74 (KT) Ny (K~). Each wave
train focuses, BT at 3, (S N K1) and B~ at 7. (Sy N K 7).

When one follows a ray starting at (0,y) € K, for t < 7(y1), the point (¢,y)
remains in Gy, and 5(t,y) ¢ J(K™). There is no interaction, and £, (B, ) is given
by (7.3.16).

t
G, S+
G;
Gs
\
/
T +
K K
Gl
y
c d a b
Exenple 7.3.3 in Lagrangi an coordi nates

Figure 7.1

When the ray reaches 7., that is when (¢,y) € G5, the interaction can start
since j(t,y) = 7(p(t,y)). See Figure 7.1, where, for simplicity, it is assumed that
J+ maps (DT N Gs) onto (D~ N G2) so that, on the base, the intersection of the
two beams is exactly the interaction area we want to discuss, wide enough to
contain all the focal points of the beam corresponding to D+ but no more. Note
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that p(t,y) € S when (t,y) € 7, and therefore a singularity is expected in the
coefficient a. Equation (7.3.18) suggests that this singularity may jump to the
solution B, . In other words, when one follows a ray for B™, the interaction with
BT starts when one reaches the caustic of BT, and the singulatity of B* at the
caustic may induce a singularity in B_. We now analyse this possibility in detail.

PROPOSITION 7.3.4. i) There is a constant C' such that for all (t,y) € KTUK ™
and (t,y’) := p(t,y), one has

1
(7.3.26) I8, t=T(y)|'? < Jt=sy)l < C Jt—r(y)V?.

ii) With a defined in (7.3.18), there is a constant C such that for all (t,y) €
(KT UK™) NGy one has

(7.3.27) la(t,y)] < C|t—r(m)| 2.

Proof. For (t,y) € GoN K4 the function ¢t —7(y;) vanishes only when p(t,y) € Sy,
that is when (t,y) € 7,. Since KT are compact it is sufficient to prove (7.3.26)
near such points. At these points, 7 is a local diffeomorphism near 7, and has a
fold along S;. Since 74(7;) = 74(S4+), the estimate follows.

Proposition 6.6.3 implies that
(7.3.28) o, / By (t,y,0)2 do <0.
T

Since the data are assumed to be smooth, this implies that the integral is uniformly
bounded on [0, +oo[xR2.

Since A(p(t,y)) = |t — s(y})|/?, (7.3.26) and the definition (7.3.18) of a, imply
(7.3.27).

We now solve the profile equations. The solution is supported in K x T, with
K:=K"UK~. On (KNG1) x T, the equation is

(7.3.29) 2 0B, + By(t,y,0)® = 0.

1
A (ty)?

where A, (t,y)? := ‘ 1—t/s(y1) ’ The explicit solution is given by (7.3.20). We
note that By is smooth on K NGy, up to the boundary K N7,. Let

(7.3.30) Vo(y,0) := By(7(y1),9,9)
denote the trace of By on 74
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On (K NGy) x T, the equation is

B-‘r (tv Y, 9)3
Ay(t,y)?

where a is defined by (7.3.18). Introduce

(7331) 28t8+(t,y,0) + + a(t,y)8+(t,y,6’) = O,

1t
(7.3.32) Alt,y) = = / a(s,y)ds.
2 Jrwn)

By Proposition 7.3.4, A is bounded on G N K and vanishes on 7. Then
(7.3.33) V(t,y,0) = eV B (t,y,0)

satisfies

3.34) 2 NS———
(7.3.34) 20 V(t,y,0) + NCRNE

V(tv y79)3 =0, V(T(y1)7y7 0) = VO(y7 0)

Since B is continuous across 75, one has

(7.3.35) V(t,y,0) = Yol ) 172
(1 + h(t,y)Vo(y,6)?)
with
(7.3.36) ) = [ e
.3.36 ty ::/ Als 2 45
7(y1) A(‘S?y)Q

Since A is bounded on K N Gy and A(t,y)? =1 —t/s(y1), we see that
(7.3.37) h(t,y) =~ — In(s(y1) —t) as (t,y) =Sy NK.
This implies that if Vy(y,0) # 0 a.e. on T, then

—1/2
| as t—s(y), (Ly)e KT

(7.3.38)  V(t,y,0) ~ lln(s(yl) — 1)
In particular ¥V — 0. But (7.3.38) is more precise. It implies that

-1
) as t—s(y), (t,y) e KT

(7.3.39) / Vit.0.0) db =~ |in(s(n) — 1)
T

if Vo(y, .) # 0 a.e. on T. Using again that A is bounded, we see that

)—1

(7.3.40) /T|B+(t,y, 0)|* do ~ lln(s(yl) —t) as t—s(y1), (ty) e K™ .
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Proposition 7.3.4 then implies that

-1

_1/2‘ln(7(y1)“t) as t—7(y1), (t,y)e K,

(7.3.41) alt,y) ~ ‘T(yl)—t’

for y € D~ such that B (0,y',:) # 0 € L*(T) where y' € DT is defined by
p(T(v1),y) = (s(yy),y"). Plugging this estimate in (7.3.31) yields the following
result.

THEOREM 7.3.5. 1)

. 1 By(r(y1),y.0)?
7.3.42 lim OBy (t,y,0) = — = .
(7.3.42) oy KB 090 = =5 TR .

i) It Bo(y, 6) # 0,

(7.3.43) lim 0, By(t,y,0) = — sgn(B4+(0,y,0)) cc.
ENT (Y1)

Moreover, the quotient of | 0y B4 (t,y,0)| by

(1) =t 2 In(r(ya) = )]

is bounded from above and from below by positive numbers, as t \, 7(y1).

For globally Lipschitzean nonlinearities, we observed jumps for ;84 on 7. In
particular, By was Lipschitzean in ¢. The singularity (7.3.43) is much stronger,
since By belongs to no C%, with a > 1/2. Note that 9; |B(t,y,0)|*> — —oo as
t — 7(y1) from avove, which means that the rate of dissipation increases drastically
when one crosses 7.
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