LOWER ORDER TERMS FOR THE ONE-LEVEL DENSITIES OF SYMMETRIC POWER
L-FUNCTIONS IN THE LEVEL ASPECT

GUILLAUME RICOTTA AND EMMANUEL ROYER

ABSTRACT. In [12], the authors determined, among other things, the main terms for the one-level
densities for low-lying zeros of symmetric power L-functions in the level aspect. In this paper, the lower
order terms of these one-level densities are found. The combinatorial difficulties, which should arise in
such context, are drastically reduced thanks to Chebyshev polynomials, which are the characters of the
irreducible representations of SU(2).
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1. INTRODUCTION AND STATEMENT OF THE RESULT

1.1. Description of the families of L-functions studied. The purpose of this paper is to compute
the lower order terms of some particular statistics associated to low-lying zeros of several families of
symmetric power L-functions in the level aspect: the one-level densities. First of all, we give a short
description of these families. To any primitive holomorphic cusp form f of prime level g and even
weight! x > 2 (see [12, § 2.1] for the automorphic background) say f € H; (¢), one can associate its r-th
symmetric power L-function denoted by L(Sym” f, s) for any integer r = 1. It is given by the following
absolutely convergent and non-vanishing Euler product of degree r + 1 on Res > 1

L(Sym’ f,s):= [] L,(Sym" f,s)
peP
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IIn this paper, the weight « is a fixed even integer and the level g goes to infinity among the prime numbers.
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where

; i\ -1
r ap(p)' Br(p) ™"
i=0

for any prime number p. From now on, a £(p), B r(p) are the Satake parameters of f at the prime
number p and (A7(n)),_, is its sequence of Hecke eigenvalues, which is arithmetically normalised:
Af(1) =1and |Af(p)| <2 for any prime p. We also define [1, (3.16) and (3.17)] a local factor at oo which
is given by a product of  + 1 Gamma factors namely

Loo(Sym” f, ) := H TR(S+2a+1)x—-1)/2)Tr(s+1+2a+1)(xk—1)/2)
O<as<(r-1)/2

if r is odd and
Loo(Sym’ f,8) :=Twr(s+px,r) [] Tr(s+ak-1))Tr(s+1+ak-1)

1<asr/2

if r is even where
1 ifr(x—-1)/2isodd,
Hx,r =

0 otherwise.

The completed L-function is defined by
ASym’ f,9):=(q")""" Leo(Sym” f,s)L(Sym” f, s)

and g is the arithmetic conductor. We will need some control on the analytic behaviour of this
function. Unfortunately, such information is not currently known in all generality. We sum up our
main assumption in the following statement.

s/2

Hypothesis Nice(r, f)— The function A (Sym" f, s) isacompleted L-function in the sense that it satisfies
the following nice analytic properties:

* it can be extended to an holomorphic function of order 1 on C,
o itsatisfies a functional equation of the shape
ASym’ f,s) =¢(Sym” f) A(Sym” f,1-s)

where the sign e (Sym” f) = +1 of the functional equation is given by

+1 ifri ,
¢ (Sym” f) = { ifr is even

ef(q) x e(x,r) otherwise
with
i* ifr=1 (mod8),
e, r) = i3 D5t -1 ifr=3 (mod 8),
’ —iK ifrES (mod 8),
+1  ifr =7 (mod 8)
andef(q) = —/GAs(q) = +1,

Remark 1-Hypothesis Nice(r, f) is known for r = 1 (E. Hecke [3, 4, 5]), r = 2 thanks to the work of
S. Gelbart and H. Jacquet [2] and r = 3,4 from the works of H. Kim and E Shahidi [9, 8, 7].

We aim at studying the lower order terms of the one-level density for the family of L-functions given
by
U {LSym' f,s), f € He (@)}

g prime

for any integer r = 1.
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1.2. One-level densities of these families. The purpose of this work is to determine the lower order
terms of the one-level densities associated to these families of L-functions. Let us give the statement of
our result, in which v is a positive real number, ® is an even Schwartz function, whose Fourier transform
® is compactly supported in [-v, +v] (denoted by ® € .%,(R)) and f is a primitive holomorphic cusp
form of prime level g and even weight « = 2 for which hypothesis Nice(r, f) holds?. We referto [12,§2.2]
for the probabilistic background. Note that, thanks to Fourier inversion formula, such a function ®
can be extended to an entire even function which satisfies

exp (v|Sm s|)

VseC, (s
) ) <n = s

for any integer n = 0. The one-level density (relatively to @) of Sym” f is defined by

1 r
Digl®irl(f= Y @(M(%e[)—%+i%mp))

0, A(Sym’ f,0)=0 2im

where the sum is over the non-trivial zeros p of L(Sym’ f, s) repeated with multiplicities. The asymp-
totic expectation of the one-level density is by definition

im Y wq(f)D1ql®;r1(f)

g prime feH: (g)

g—+00
where wq(f) = % is the harmonic weight of f. Before stating our result, let us define the
following constants:
to g -t
CpNT = (1 +f ( )2 dt), (1.1)
1 t
logp
C:= , (1.2)
p;@ p32—p
Coo:=—(r+1)logm + Cr (1.3)

where 6 is the first Chebyshev function:

o)=Y logp,

p prime

p<t
G= ¥ {(5’)(1 (2a+1)(1<—1))+(1"_’)(1+1+(2a+1)(1<—1))}
r._Osas(r—l)/Z rj\4 4 rjl4 2 4

if r is odd and

! / _ ' 3
o)l B 22
rj\a 2 1<a<ri2 \ T4 2 rj\la 2 2

Theorem A—Letr =1 be any integer and € = +1. We assume that hypothesis Nice(r, f) holds for any
prime number q and any primitive holomorphic cusp form of level q and even weightk = 2. Let

if r is even.

v (I‘K@)'—(l—;)i
eI 200-200) ) 2

with 0y =7/64. If v < vi max(1,x,00) then the asymptotic expectation of the one-level density is

_1\r+1
D(0) + =D

@(0)

®(0 1
+[Coo =2(=1)" Cpnr =282, C| log(q)r ’ O(loga(qr)).

2Note that we do not assume any Generalised Riemann Hypothesis for the symmetric power L-functions.
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Remark 2—The main terms of the asymptotic expectation of these one-level densities have already
been found in [12] (see Theorem B). The new information is the lower order terms namely terms of
size 1/1og(g").

Remark 3-Note that 8y = 7/64 is the best known approximation towards Ramanujan-Peterson-
Selberg’s conjecture (see [12, hypothesis H» (0) page 16]) thanks to the works of H. Kim, E Shahidi and
P. Sarnak ( [8,7]). The value 6 = 0 is expected.

Remark 4—1t is clear from the proof of Theorem A that the same result holds for the signed families
with the same restriction on the support as in [12].

Remark 5-The particular case r = 1 has already been investigated by S.J. Miller [11].

Notation— We write & for the set of prime numbers and the main parameter in this paper is a prime
number g, whose name is the level, which goes to infinity among 22. Thus, if f and g are some C-valued
functions of the real variable then the notations f(q) <a g(q) or f(q) = 0a(g(q)) mean that |f(q)|
is smaller than a “constant” which only depends on A times g(q) at least for q a large enough prime
number.

2. CHEBYSHEV POLYNOMIALS AND HECKE EIGENVALUES

Recall that the general facts about holomorphic cusp forms can be foundin [12,§2.1]. Let p# g a
prime number and f € H; (q). Denote by ys; the character of the standard representation St of SU(2).
By the work of Deligne, there exists 0 f,p €10,7] such that

elfrr 0
Af(P):XSt( 0 e_iefrp)'

Moreover the multiplicativity relation reads
eiefvp 0 eief'p 0
Ap(pY) = Xsym ( 0 e_l‘gf‘p) =Xy (XSt( 0 e_l-gf_p)) =X, (Ar(p) 2.1)

where ysyn is the character of the irreducible representation Sym" St of SU(2) and the polynomials
X, are defined by their generating series

ZX(x)tV—; 2.2)
=7 T 1-xt+t2 '
They are equivalentely defined by
i +1)0
X, (2cos) = 2+ DO, (2.3)

sin (0)

These polynomials are known as Chebyshev polynomials of second kind. Each X, has degree v, is even
if v is even and odd otherwise. The family (X,),-¢ is a basis for the polynomial vector space Q[T],
orthonormal with respect to the inner product

1 2 x2
(B Q)sT = —/ P(x)Q(x){/1—- —dx.
T J_o 4

The following proposition lists Chebyshev polynomials’ needed properties for this work.

Proposition 2.1—
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If® = 0 is any integer then
r®
XP =) x(@rn )X 2.4
j=0
with

2 [T gin® +1)0)si 110
1= 07 =2 [ SIS 10

In particular,

o ifi=re+1 (mod 2),
x@,1,))=9 (o) (2.5)
22 if@ iseven, r =1 and j = 0.

1+@/2
If a is a complex number of norm 1 and n = 0 is an integer then

2Xp(a+a™h) ifn=0,
a"+a"=1 Xj(a+ah) ifn=1, (2.6)
Xy@a+a - X, o(a+al) otherwise.

If a is a complex number of norm 1 and r,n = 1 are some integers then

r . . .
Ssn,r)=)Y a0 =55+ ) af"+a_f"] 2.7)
j=0 Isjsr
j=r (mod 2)
= Y  [Xjpl@+raH-Xjpala+a ]
osjs<r
j=r (mod 2)
=X, (a"+a™™
where X_; = X_5 =0 by convention.
Ifr 21 and n = 1 are some integers then
r o
Y [Xjn—Xjn-2] = X DX, Xnw- 2.8)
osjs<r j=0
j=r (mod 2)
where X_y = X_p = 0 by convention.
If¢ =0 is an integer then
+u)l2
X,= Y (—1)“‘””2(( ) )T”. (2.9)
Osus</? u
u=¢ (mod 2)

Proof of proposition 2.1. The first point follows from the fact that X? is an polynomial of degree r®,
which is even if r® is even and odd otherwise. Thus, (2.4) is the expansion of this polynomial in the

orthonormal basis (X)

0<j<ra’ The second point follows from the equality

2cos(n@)sin(0) =sin((n+1)0) —sin((n—1)0).

If @ = exp (i0) then this equality combined with (2.3) lead to

2cos(nf) = X, (2cosf) — X,,_2(2cos0),

which is the desired result since 2cos8 = a + a1 and 2 cos (n0) = a™ + a~". The third point is a direct
consequence of the second one, of the direct computation

a,n(r+l) _ a—n(r+l)
Sla;n,r) =
a—q—n
n(r+1) _ a—n(r+1)

X (@ +a™ ™ = X, (2cos(nh)) =

a}’l — a—n
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if a = exp (i0). The fourth point is easily deduced from the fact that
r L.
Sla;n,r) =Y (/X! (@+a HXpp—jpla+a™
Jj=0

for any complex number a of norm 1. Let us prove the previous equality. According to [13, Page 727,
first and second equations],

Y Xprl@+a ™Dt =[1+Xp2(@+a ™M) Y. Xp(@"+a ™Mt

r=0 r=0
As a consequence,

Xpra+a H=X(@"+a ™™+ Xpol@+a HX,_1(@*+a™"),
which implies

r L.
Xr@"+a™ =Y (/X @+a HXpe_jyl@+a™.
j=0

The last point is obtained by developping (2.2) as an entire series in x. ([

3. RIEMANN’S EXPLICIT FORMULA FOR SYMMETRIC POWER L-FUNCTIONS

To study Dy 4[®; r](f) for any ® € %, (R), we transform this sum over zeros into a sum over primes in
the next proposition. In other words, we establish an explicit formula for symmetric power L-functions.

Proposition 3.1—Letr =1 and f € H; (q) for which hypothesis Nice(r, ) holds and let ® € #,(R). We
have

N -1+t (0
Dy 4l®@;r1(f) = <1>(0)+( ) @(0)]+L[Coo+2(—1)’+1cpNT—252,C]
log(g")
r—1 1
+PL®; 1)+ Y (=) P2[®;r, ml(f) + P3[®; 7] (f) + O —)
q f mX:“O q f q f 10g3 (qr)

where Cpyr is defined in (1.1), C in (1.2), Cy in (1.3) whereas

2 logp - ( logp
PY®:rI(f) = ——— 3 A(p' —q)(_ )
! log(q") p;@ 1) vp \log(q")
pta
_m logp ~ ( 2logp
PA®;r,ml(f) =~ —— 3 Ap(p? q)( )
! log(q") p;@ st ) p log(g")
pta
j in— logp . ( nlogp
P3®;r)(f) i= ———— Ar(pI™ = A+ (pi"2) q)( )
! D= (a7) pezgzg's K]Z-s, ( 1P 1P ) "2 \log(q")
pta j=r (mod 2)

for any integer me {0,...,r —1}.

Proof of proposition 3.1. Let

2im

G(s)=® (lOqur) (s— 1)) .
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>From [6, eq. (4.11) and (4.14)] we get

Dy,4[®;1](f) =@(0) - (r +1) (0)

logn
0 r

logq

2 pas ; _am| = (mlogp) logp
logg” p;@nzzzl Jgo ! ! logg™ ) p™'
D r o1/ .
+ 20 Zr—(1+&)+o( 5 ) 3.1
logg" im I'\4 2 log” g

Let us focus on the third term in(3.1). Not that the contribution of the prime g is given by

2t (Ae(q)\" L 1
S 2 [T) () <
rm=i\ V4 r qlr+vrz

and for p # g we use
r . .
Y ar(p!"Brp)" M =S (ar(p);m,r)
Jj=0

with the notation of (2.7). We obtain

S(arpilr) =X (ap(p)+ap(p) ') =Ar(p")

according to (2.1) and

Slarpi2,r)= Y Xjlarp+app)™)-Xoj2(ap(p)+ar(p)™)
osjs<r
j=r (mod 2)

=3 W Xy (ap(p) +ap(p)7')  (¢f (2.8)
=0

~.

1

‘
|

m=0
Asa consequence,
+oo | T . . Ar(p)logp . ( 1o
- f gp
o (py "B (p)" ”m} - cp( )
p;@ﬂ;l j;] f ! p;@ pli2 log(q")
p#q ptq
= _my | logp = (log(p*)
+ (—l)m/l p2(r m) ) q)( )
[ Eeomatr) Sa (2
ptq
2
NENY _logpa)(log(p ))
s P \log(q")
ptq

logp ~ (log(p™) )
+ Slar(p);n,r <D( . (3.2)
pezgags (as )p”’z log(q")
rtq
We have isolated the three first terms in (3.2) since they may contribute as main terms and not only
lower order terms. Let us estimate the third term of (3.2). By partial summation, this term equals, up

to 0(g~%9),
0 0(1) (~( 2logt 2 ,( 2logt
N LT A T3 P,
1 2 U \log(g7)) log(q”) \log(q") ’
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Then,

roo ([ 2logt 2 ~,( 2logt \)dt
o= 00 | 0 gtan) g lieatan) 7
° 1 log(q”)) log(q") \log(q"))) t

+(_l)rf+oo H(ﬂ_t(@( 2logt )_ 2 &D’( 2logt ))ﬂ
1 log(q”)) log(q") \log(q"))) t~

Since ®(u) = ®(0) + O(u?) and @' (1) < |ul, we get

0 +00 +00 0 -t
S3=(-1)" géq)f CD( Ydu—-(-1) [ (D(u)du+( 1) @(0)[ () dr
0
+0 L
log*(q")
and finally
lo to 01—t 1
Ss=(-1) g(q)q>(0)+( 1) (D(O)(1+f () dt) ol——]|.
4 log” (g")
We finally take care of the fourth term of (3.2). According to (2.1) and (2.7), we have
Slafpyinr)=6y,+ ), [th(pj") - /lf(pf"‘z)] .
1<j<
j=r (]m(:d 2)
One may remark that
logpA( nlogp) logp - ( )
() = ) O0)+0|————
p;@rgs p"'?  \log(q") p;@r;?: p"'? log® (g")
pta
since ®(u) = ®(0) + O(u?). Then, we easily get
DI
s pn/Z 3/2
O
4. PROOF OF THEOREM A
The aim of this part is to determine an asymptotic expansion of
Y wg(/)D1gI®;r1(f) = Ef (Dy,q[®;r1).
feH: (q)
According to proposition 3.1 and the proof of [12, eq. (4.6) and (4.7)], if
< (1 ! ) 2 (4.1)
v - = .
2(x —20)) r2
then
N ( )r+1
[Eg (D1,41®;7]) = |D(0) + ®(0 )] )[coo+2(—1)”1cpm—262|rc]

h (3 (. 1
+[Eq(Pq[d>,r](f))+O(W). (4.2)

The first term in (4.2) is the main term given in Theorem A. We now estimate the penultemate term of
(4.2) via the trace formula given in [12, Proposition 2.2]:

B (P30 71) = P e @571 + P2 1 [@57]
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where
2 ; . logp .. ( nlogp
P? e @71 = — Ag(p!™, 1) = Ag(p" 2 1) <1>( )
e log(q") pezg»gs K;sr ( I I ) p™'2 \log(q")
ptq j=r (mod 2)
and
2 1 ; ,
P g ®rl=——— Y =Y Y| Y (e n-apinie )

qlog (qr) llg> 4 peP n=3 1sjsr
pta j=r (mod 2)

logpA( nlogp )
0] .
pnlz log(qr)
For m # 1 we have

S(m,1; 47/
Ar(m,1) =21y (m C)]K—l( = m)

cz1 ¢ ¢
kic

where S(m, 1; ¢) is a Kloosterman sum. Let us estimate the new part which can be written as

__2(2mi") 3 et 3 s
qnew[q)» ] log(qr) 1<]Z'<r gg(u:bq,new[q);rr]n]_Pq,new[q)’r’]n_z])
j=r (mod 2)
where
logp~( lo S(p*,1;0) 474/ pk
Py new! @57, k1 = ) f,’;cb( gf/n )Z P Jear | ———|- (4.3)
pe@p log(q ) c=1 ¢ ¢
p#q qle
By [12, lemma 3.10], the c-sum in (4.3) is bounded by
-\ 1/2
7(q) (\/ﬂ ifp>q*"
= x—1
va (@) otherwise.
We deduce
(61)
L Pane®rjnl < o 3 ) P logp
n=3 n=3 p<grvin P
<« T(q) lqu[((K—l)r—l)n/2+l]/n

xk—1/2
q 3snsvrlogq/log2 n

(@) vri-1r-11/2

< T q"""®loglog(3¢q)

LK —F=
1/2
q/

assoonas v <2/r? (and in particular if (4.1) is satisfied). We make the same computations for jn —2
and find then that [P’f, new ®; 1, k] is an admissible error term. The old part is

2027i%) o Orin_2
qlog(qr) ]<j<r nZ>‘3( qold[ r]n] qo]d[ ;r)]n_ ])
j=r (mod 2)

qold[q) rl=

where

logp - ( logp k 2
P3 (D7, k] = fb( A (p*e,1).
g,old p;@ pnlz logqr/n é%

p£q
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>From [12, eq (3.2) and (3.3)] we have

1
Y —a(pret <2+ 1)
gt

so that
Z quld@; rjnl<1

and similary for P?c’/,ol d [®; 1, jn—2]. Finally [Eg (Pg [D; r]) enters the O(1/ log3 q") term.

APPENDIX A. SOME COMMENTS ON AN AESTHETIC IDENTITY

It is possible to prove on induction on ky = 1 the following equality in Q[T]:

ko= - 2k;
Xoky = Xokg-2= ) Y (-1)7 1‘[( ) {Tz’ff—( ’)} (A.1)
j=0 1$kj<kj_1<-“<k1<k0 =0 k kl+1 k]

As a consequence, if K = 1 then

Xok+1 - Xox-1 = (=DXT (1 + Y (~DPXy, - szo_z) . (A.2)
1<ko<K

Now, use (2.4) with r =1 (so that X; = T) to get from (A.1) the equality

Xogy — Xoky—2 =
ko—1

e v (M

jZO 1$kj<kj,1<"'<k1<k0

2k; 2
Yy x(2kj,1,£)xg—( J)Xol
£=0 kj

and compare the coefficients of X to obtain, thanks to (2.5) the equality

ﬁ 2k; ij kj _
=0 ki— ki1 kj 1+k]-

We could have expressed formulas (A.1) and (A.2) in terms of Fourier coefficients of primitive forms
to determine the lower order terms. However, this is definitely not the best way to proceed since it
consists in decomposing the polynomial Xg — Xx_» in the canonical basis of Q[T] and decomposing
again each element of this canonical basis in the Chebyshev basis (X;) gen-

ko—1

)y )y (-1

j=0 1Skj<kj,1<"'<k1<k0

APPENDIX B. S.J. MILLER’S IDENTITY AND CHEBYCHEV POLYNOMIALS

S.J. Miller ( [10, Equation (3.12) Page 6]) recently proved that

ar*+Brp*= Y cxirp(pF (B.1)
kEI?SIfriIgd 2)

where cg  =0if k=K +1 (mod 2) and
€0,0=0,
cro=2(-DX (K=,

. _2(-DFH KK+ L-1)! A<L<K)
2R T DK - D! D

. (DX LK+ D) (K + D) 0<L<K)
2K+1,2L+1 = 2L+ DI(K—D)! sLsK).

We would like to give a quick proof of this identity, the crucial tool being Chebychev polynomials.
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Proof of equation (B.1). We know that

fo

ar(P)X+Br(p)* = Xk r(p) - Xk—2(A£(p))

r K = 2 according to (2.6). Thus, the proof consists in decomposing the polynomial Xg — Xx_» in the

canonical basis of Q[T]. This can be done via (2.9). It entails that

_ (K+u)/2 (K+uw/2-1
O<su<K-2 u u
u=K (mod 2)
_ (K+u)/2
+ Yy ¥ ””2( )Af(p)“,
K-l<us<k u
u=K (mod 2)
which is an equivalent formulation of (B.1). O

Remark B.1-Equation (B.1) could be used to recover the lower order terms coming from Pg [D; 1]
but,once again, it is not the most clever way to proceed since it would imply decomposing the
polynomials Xg — Xg_ in the canonical basis of Q[T] at the beginning of the process and decomposing
the polynomials 77 in the basis (X,),>q just before the end of the proof in order to be able to apply
some trace formula for the Fourier coefficients of cusp forms.

10.
11.

12.

13.
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