MEAN-PERIODICITY AND ZETA FUNCTIONS

IVAN FESENKO, GUILLAUME RICOTTA, AND MASATOSHI SUZUKI

ABSTRACT. This paper establishes new bridges between the class of complex functions, which contains
zeta functions of arithmetic schemes and closed with respect to product and quotient, and the class of
mean-periodic functions in several spaces of functions on the real line. In particular, the meromorphic
continuation and functional equation of the Hasse zeta function of arithmetic scheme with its expected
analytic shape is shown to imply the mean-periodicity of a certain explicitly defined function associ-
ated to the zeta function. Conversely, the mean-periodicity of this function implies the meromorphic
continuation and functional equation of the zeta function. This opens a new road to the study of zeta
functions via the theory of mean-periodic functions which is a part of modern harmonic analysis. The
case of elliptic curves over number fields and their regular models is treated in more details, and many
other examples are included as well.
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1. INTRODUCTION AND FLAVOUR OF THE RESULTS

1.1. Boundary terms in the classical one-dimensional case. The completed zeta function of a num-
ber field K is defined on Re (s) > 1 by

~

(K (8) = Cook (S)CK(S)

where (i (s) is the Dedekind zeta function of K and (i «($) is a finite product of I'-factors defined in
(5.3). It satisfies the integral representation (see [51])

Z\IK(S):/AX F@)IxI° dpaz ()

where f is an appropriately normalized function in the Schwartz-Bruhat space on A and | | stands
for the module on the ideles A; of K. An application of analytic duality on K < Ak leads to the
decomposition

Tk (s) =6(f,s)+§(f,1—s)+wf(s)

where fis the Fourier transform of f, {(f, s) is an entire function and

1 d
a)f(s) :fo hf(x)x57x

with
hp(x):=— f f (feeyp) —x" F(x7"yB)) du(B) du(y).
YeAL IK* JBedK*

Every continuous function on Ak which vanishes on K* vanishes on K, and the boundary 6lK* of K*
is K\ K™ = {0}. The meromorphic continuation and the functional equation for {i (s) are equivalent
to the meromorphic continuation and the functional equation for w r(s). Letus remark that o r(s)is
the Laplace transform of H¢ (1) := hy (e7*) thanks to the change of variable x = e~ ’. The properties of
the functions hy(x) and Hy (), which are called the boundary terms for obvious reason, are crucial in
order to have a better understanding of £(s). We have

hp) = —p(Ag /K) (FO) -xT'FO),
H() = —p(Ay /K*)(fO)~e'fO)



MEAN-PERIODICITY AND ZETA FUNCTIONS 3

since 0™ is just the single point 0, with the appropriately normalized measure on the idele class
group. As a consequence, w(s) is a rational function of s invariant with respect to f — fand s —
(1 —-15s). Thus, EK (s) admits a meromorphic continuation to C and satisfies a functional equation with
respectto s— (1 —s).

1.2. Mean-periodicity and analytic properties of Laplace transforms. The previous discussion in
the one-dimensional classical case naturally leads to the analytic study of Laplace transforms of
specific functions. In particular, the meromorphic continuation and functional equation for Mellin
transforms of real-valued functions f on R’ of rapid decay at +co and polynomial order at 07 is
equivalent to the meromorphic continuation and functional equation of

! sdx oo —st
wr(S) :=f0 hf(x)x 72/() Hp(t)e dr

with
hy(x) = f(x) —£x_1f(x_1)

and Hy(t) = hy (e7*), where € = %1 is the sign of the expected functional equation (see Section 3).
The functions h £(x) and H (1) are called the boundary terms by analogy. The main question is the
following one. What property of hy(x) or H¢(t) implies the meromorphic continuation and functional
equation for w ¢ (s)? One sufficient answer is mean-periodicity'. Mean-periodicity is an easy general-
ization of periodicity; a function g of a functional space X is X-mean-periodic if the space spanned
by its translates is not dense in X. When the Hahn-Banach theorem is available in X, g is X-mean-
periodic if and only if g satisfies a convolution equation g * ¢ = 0 for some non-trivial element ¢ of
the dual space X* and a suitable convolution *. Such a convolution equation may be thought as a
generalized differential equation. Often? mean-periodic functions are certain limits of exponential
polynomials, and the latter were used already by Euler in his method of solving ordinary differential
equations with constant coefficients. The functional spaces X, which are relevant for number theory,
are mainly

€ (RX) the continuous functions on R} (Section 2.2),
Xx =4 E*°[R}) thesmooth functions on R} (Section 2.2),

nggly(ﬂ%i) the smooth functions on R} of at most polynomial growth (see (2.4))

in the multiplicative setting, which is related to & £(x) and

€ (R) the continuous functions on R (Section 2.2),
X ={€*°[R) thesmooth functions on R (Section 2.2),

<€§§p (R) the smooth functions on R of at most exponential growth (see (2.3))

in the additive setting, which is related to H(f). A nice feature is that the spectral synthesis holds
in both X; and X«. The general theory of X.-mean-periodic functions shows that if & r(x) is Xx-
mean-periodic then w ¢ (s) has a meromorphic continuation given by the Mellin-Carleman transform
of h¢(x) and satisfies a functional equation. Similarly, if H¢(¢) is X, -mean-periodic then w¢(s) has a
meromorphic continuation given by the Laplace-Carleman transform of H¢(t) and satisfies a func-
tional equation. See Theorem 3.2 for an accurate statement. Note that in general w¢(s) can have a
meromorphic continuation to C and can satisfy a functional equation without the functions h s (x)
and H (1) being mean-periodic (see Remark 3.1 for explicit examples).

IThe general theory of mean-periodicity is recalled in Section 2.
2In this case one says that the spectral synthesisholds in X (see Section 2.1).
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1.3. Hasse zeta functions and higher dimensional adelic analysis. For a scheme S of dimension n
its Hasse zeta function

{s()=J] a-1k@I™™!

X€Sy

whose Euler factors correspond to all closed points x of S, say x € Sy, with finite residue field of car-
dinality |k(x)|, is the most fundamental object in number theory. Very little is known about it when
n > 1. The papers [20], [21], [22] initiated a higher dimensional adelic analysis, which aims to study
the Hasse zeta functions {s(s) using integral representations on higher adelic spaces and analytic du-
ality. In particular, it is expected that the n-th power of the completed versions of the Hasse zeta func-
tions {s(s) times a product of appropriately completed and rescaled lower dimensional zeta functions
can be written as an adelic integral over an appropriate higher dimensional adelic space against an
appropriate translation invariant measure. Then a procedure similar to the one-dimensional proce-
dure given above leads to the decomposition of the completed zeta functions into the sum of two
entire functions and another term, which in characteristic zero is of the type

1 dx +00
ws(S) ::f hs(x)xs—zf Hg(t)e Stdt
0 x Jo

where hs(x) and Hg(?) = hs(e™?) are called the boundary terms for the following reason. The func-
tions hg(x) are expected to be an integral over the boundary of some higher dimensional space over
some suitably normalised measure. Let us mention that the structure of both the boundary and the
measure is quite mysterious. In particular, the boundary is expected to be a very large object, which
is totally different from the one-dimensional situation. For the case of arithmetic surfaces corre-
sponding to regular model of elliptic curves over global fields, see [22], [21]. Thus, the previous de-
composition of {s(s) implies that the meromorphic continuation and the functional equation of the
Hasse-zeta functions {s(s) are equivalent to the same properties for the terms wg(s).

1.4. Boundary terms of Hasse zeta functions and mean-periodicity. The papers [21], [22] suggested
to use the property of mean-periodicity of the functions /g(x) in an appropriate functional space for
the study of the meromorphic continuation and the functional equation of the Hasse zeta functions
{s(s). The main new contribution of this work is to demonstrate novel important links between the
world of Hasse zeta functions {s(s) coming from number theory and the world of mean-periodic
functions. Let us give a flavour of these links (see Theorem 5.18 for a precise statement).

Let S be an arithmetic scheme proper flat over Spec Z with smooth generic fibre. We prove that if
its Hasse zeta function {g(s) extends to a meromorphic function on the complex plane with special
(and typical in number theory) analytic shape, and satisfies a functional equation with sign €, then
there exists an integer m, = 1 such that for every integer m = my, the boundary term h, ,,,(x), given
by

he,m(X) = frm(x) — Ex_lf{s,m(x_l)

where f;, () is the inverse Mellin transform of the mth power of the completed Riemann zeta func-
tion times the completed and rescaled version of the Hasse zeta function {s(s), is %ggly(ﬂ%i)-mean-
periodic. The proof uses some of analytic properties of arithmetic zeta functions and does not appeal
to higher dimensional adelic analysis, thus it is self-contained. Conversely, if the function h(stzs (x)1is
%ggly(ﬂ%i) -mean-periodic then {5(s) has a meromorphic continuation to C and satisfies the expected
functional equation, whose sign is €. Note that a similar statement holds for H ,,,(£) := h¢, m(e”"). In
particular, as a consequence, we get a correspondence

€: S = hggmg
from the set of arithmetic schemes whose Hasse zeta function {s(s) has the expected analytic prop-

. 00 (X . .
erties to the space of %poly([R %)-mean-periodic functions.
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1.5. The case of Hasse zeta functions of models of elliptic curves. Let E be an elliptic curve over the
number field K and qg its conductor. We denote r; the number of real archimedean places of X and
o the number of conjugate pairs of complex archimedean places of K. A detailed study of essentially
three objects associated to E is done in this work namely

o the L-function L(E, s), whose conjectural sign of functional equation is wg = +1,

» the Hasse-Weil zeta function {g(s). It can be defined as the product of factors over all val-
uations of K each of which is the Hasse zeta function of the one-dimensional model corre-
sponding to a local minimal Weierstrass equation of E with respect to the valuation. Taking
into account the computation of the zeta functions for curves over finite fields we get

k() (s—1)
- L(E,s)
» the Hasse zeta function (g (s) of a regular proper model & of E. We get

Cg(s) =ng(s)(E(s)

where the factor ng (s) is the product of finitely many, say /, zeta functions of affine lines over
finite extensions of the residue field of bad reduction primes. The square of {¢(s) occurs in
the two-dimensional zeta integral defined and studied in the two dimensional adelic analysis.

Ce(s)

)

The boundary terms associated to these particular Hasse zeta functions are given by

he(¥) = fr,(0— (=" wpx fz, (x7),
Hg(t) = hg(e™),

he(¥) = fr, (0 - 0" wpx Tl fy (x7Y),
Hg(t) = hg(e™)

where f7, (x) is the inverse Mellin transform of Zg(s) := Ak (s) (Nig(q E)_l)?‘S/2 (E(2s) and fz, (x) is the
inverse Mellin transform of Zg (s) := ([Ty<i<; Ak; (5)) (cél)zw2 {£(2s), I = 1 being the number of chosen
horizontal curves in the two-dimensional zeta integral briefly mentioned before. It is shown in this
paper that

« if the completed L-function A(E, s) can be extended to a meromorphic function of expected
analytic shape on C and satisfies the functional equation then hg(x) and hg(x) are %ggly(ﬂ%i)-
mean-periodic®,

o if hp(x)is nggly(ﬂ%i) -mean-periodic or hg(x) is nggly(ﬂ%i) -mean-periodic then the Hasse-Weil
zeta function {g(s) can be extended to a meromorphic function on C and satisfies the ex-
pected functional equation and the Hasse zeta function {g(s) can be extended to a meromor-

phic function on C and satisfies the expected functional equation.

See Theorem 5.6 and Theorem 5.13 for complete statements.

Note that if the Hasse-Weil zeta function { g(s) can be extended to a meromorphic function on C of
expected analytic shape and satisfies the functional equation or the Hasse-Weil zeta function {¢(s)
can be extended to a meromorphic function on C of expected analytic shape and satisfies the func-
tional equation then the completed L-function A(E, s) can be extended to a meromorphic function
and satisfies the expected functional equation.

Itis explained in Remark 5.12 that the function #g(x) cannot be € (R})-mean periodic or €*°(R})-
mean-periodic and that the function Hg(¢) cannot be € (R)-mean periodic or €°°(R)-mean-periodic.
Remark 5.9 focuses on the fact that the function hg(x) encodes in its Fourier series some information
on the poles of {£(s), which are mainly the non-trivial zeros of L(E, s).

3Note that the %”sgly (R)-mean-periodicity of hp(x) (respectively hg (x)) is equivalent to the ngfp (R)-mean-periodicity

of Hg(¢) (respectively Hg (1)).
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Very briefly, the proofs employ the following three properties:

(1) polynomial bound in ¢ for |L(E, o + it)| in vertical strips;

(2) exponential decay of the gamma function in vertical strips;

(3) polynomial bound in ¢, for |[L(E,o + it,)|~" in vertical strips for certain sequences t, tending
to infinity.

The first and second properties are essential in the proof of Theorem 4.7, the last property is used in
the proof of Theorem 4.2.

1.6. Other results. As a further development of the study of relations of the location of poles of {(s)
and single sign property of h(x) initiated in [21, Section 4.3], [22, Section8] and [50], the paper in-
cludes a general Proposition 4.10. The case of the Dedekind zeta functions is studied in Proposition
6.1 and Proposition 6.3.

Products and quotients of completed L-functions associated to cuspidal automorphic represen-
tations are briefly discussed in Section 6.2. Using Eisenstein series, continuous families of mean-
periodic functions are constructed in Section 6.3, which leads to several interesting questions.

Corollary 4.6 contains a new general explicit formula which involves the sum over all integers and
thus differs from the standard explicit formulas for L-functions.

1.7. New perspectives. The Langlands philosophy relates motivic L-functions and automorphic rep-
resentations. The Hasse zeta functions are expected to factorize into the product and ratio of several
shifted L-functions, whose automorphic property is normally not inherited by the Hasse zeta func-
tions: for example already the Hasse-Weil zeta functions of elliptic curves are not expected to be
automorphic. The traditional method to prove the meromorphic continuation and the functional
equation of an arithmetic zeta function {s(s) is to prove automorphic properties of each of the L-
factors, which is not entirely satisfactory, see [31]. We hope that the correspondence ¢ between
arithmetic zeta functions and mean-periodic functions, which arises from this work, could be help-
ful to establish the meromorphic continuation and functional equation of arithmetic zeta functions
without proving the automorphic property of their L-factors.

Many questions naturally appear. For instance, it would be very interesting to determine the im-
age of the map %¥. Another investigation could be the following one. In the context of automorphic
representations, there are many operations (tensor product, symmetric power, exterior power, func-
toriality), which give rise to different automorphic L-functions. Is it possible to translate these oper-
ations in the world of mean-periodic functions and thus get different Hasse zeta functions? Last but
not least, the detailed study of models of elliptic curves over general global field, which is done in this
work, gives the feeling that it may be possible to prove the analytic properties of Hasse zeta functions
of arithmetic schemes of dimension d + 1 assuming the same analytic properties for Hasse zeta func-
tions of arithmetic schemes of dimension d. This general feeling has already been highlighted in the
context of L-functions, see [37], [25] and [5] for instance.

1.8. Organisation of the paper. The general background on mean-periodic functions is given in Sec-
tion 2. In Section 3, we give some sufficient conditions, which implies that the Mellin transforms of
real-valued function on R of rapid decay at +oo and polynomial order at 0* have a meromorphic
continuation to C and satisfy a functional equation (see Theorem 3.2). All the general results on
mean-periodic functions are proved in Section 4. In the next two sections, we go in the opposite di-
rection, deducing from analytic properties of zeta functions the mean-periodicity of associated func-
tions. Various links between mean-periodicity and analytic properties of zeta functions of schemes,
in particular zeta functions of models of elliptic curves, are shown in Section 5. Section 6 provides
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many further instances of mean-periodic functions arising from number theory. Appendix A con-
tains an analytic estimate for general L-functions, which enables us to apply the general results on
mean-periodicity in relevant cases for number theory.

Notation—Z . stands for the non-negative integers and R’ for the positive real numbers. If k is an
, . . . k . k
integer and x is a positive real number thenlog" (x) := (logx)".

2. MEAN-PERIODIC FUNCTIONS

In this section, we give some information on mean-periodic functions, which first appeared in
Delsarte [14] but whose theory has been initially developed by Schwartz in [43]. The general the-
ory of mean-periodic functions can be found in Kahane [29], especially the theory of continuous
mean-periodic functions of the real variable. [39, Section 11.3] is a complete survey on the sub-
ject. [2, Chapter 6] is a nice reference for the smooth mean-periodic functions of the real variable
whereas [1, Chapter 4] deals with smooth mean-periodic functions of the real variable but focuses on
convolution equations. We also suggest the reading of [3], [36, Pages 169-181] and [40].

2.1. Generalities. Three definitions of mean-periodicity are given in a very general context and links
between them are mentioned. Let X be a locally convex separated topological C-vector space. Such
space is specified by a suitable family of seminorms. In this paper, it will always be a Fréchet space
or the inductive or projective limit of Fréchet spaces. Let G be a locally compact topological abelian
group. Denote by X* the topological dual space of X for some specified topology. We assume that
there is a (continuous) representation

7:G — End(X)
g Land Tg.

For f € X, we denote by I (f) the closure of the C-vector space spanned by {7¢(f), g € G} namely

T (f) = Vecte ({rg(f), g € G}).
Definition 2.1- f € X is X -mean-periodic if T (f) # X.
Let us assume that there exists an involution map
X - X
f= 7
For f € X and ¢ € X*, we define the convolution f * ¢ : G — C by
(f x9)(g) = (g f,0)

where (, ) is the pairing on X x X*.

Definition 2.2— f € X is X -mean-periodic if there exists a non-trivial element @ of X* satisfying f ¢ =
0.

Finally, let us assume that
o G =R (respectively R}),
+ X is a C-vector space of functions or measures or distributions on G,
« there exists an open set 0 c C such that the exponential polynomial P(t)eM (respectively
x*P(log x)) belongs to X for any polynomial P with complex coefficients and any A € Q.

Definition 2.3— f € X is X-mean-periodic if f is a limit (with respect to the topology of X) of a sum of
exponential polynomials belonging to I (f) .
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The first and second definitions are equivalent in a large class of spaces X where the Hahn-Banach
theorem is applicable. The equivalence between the first and third definitions depends on X and is
related to the following spectral problems (see [29, Section 2.3]). The spectral synthesis holds in X if

T(F) = Vectc ({P(erM e T (f),AeQ}) ifG=R,
| Vecte ({xAPlogx) € T(f),A€Q}) ifG=Rx.

for any f in X satistying 9 (f) # X. A representation of a mean-periodic function as a limit of expo-
nential polynomials generalizes the Fourier series representation for continuous periodic functions.
If X = €(R) (see [29, Sections 4 and 5] and [36]) or €°(R) (see [43]) then the three definitions are
equivalent since the spectral synthesis holds in these spaces. The spectral analysis holds in X if for
any f in X there exists a finite-dimensional translation invariant subspace X, of X contained in J (f).
For instance,  (t"e"?) is a finite-dimensional invariant subspace if G = R.

2.2. Quick review on continuous and smooth mean-periodic functions. Let X = ¢ (R) be the space
of continuous functions on R with the compact uniform convergence topology. It is a Fréchet space,
hence completed and locally convex, whose dual space X* = My(R) is the space of compactly sup-
ported Radon measures. The pairing between f € € (R) and p € My(R) is given by

= [ ran
Let G = R. The additive involution is defined by
VxeRVfeX, fx)=f(-x (2.1)
and the additive representation " by
V(x,y)EIRZ,VfEX, T;(f)(y) = f(y—x). (2.2)

such that the additive convolution * , is

VxeR, (f*+u)(x):=fRf(x—y)du(y).

The space € (R) has two important properties. Firstly, the definitions 2.1, 2.2 and 2.3 are equivalent.
In other words, the spectral synthesis holds for this space (see [29, Sections 4 and 5], [36]). Secondly,
it is possible to develop the theory of Laplace-Carleman transforms of € (R)-mean-periodic func-
tions. It turns out that Laplace—Carleman transforms in mean-periodicity are as important as Fourier
transforms in harmonic analysis. Their theory is developed in Section 2.5 in a more general context
but let us justify a little bit the analogy. If f is any non-trivial € (R)-mean-periodic function then its
Laplace—Carleman transform LC(f)(s) is a meromorphic function on C having at least one pole, oth-
erwise f = 0. In addition, its denominator belongs to the Cartwright class C defined in (5.9), for which
the distribution of zeros is quite regular ( [33, Chapter 17]). The set of all poles of LC(f)(s) with mul-
tiplicity is called the spectrum of f. The exponential polynomials belonging to J (f) are completely
determined by the spectrum of f and f is characterized by the principal parts of the poles of LC(f)(s)
(see [29, Sections 4-6]). Let us just mention that if X = €°°(R), the space of smooth functions on R
with the compact uniform convergence topology, then all what has been said above for € (R) holds.
In particular, the spectral synthesis holds in €*°(R) (see [43]). Finally, we would like to say that the
spaces of continuous functions € (R}) and smooth functions €*°(R}) on R} share the same proper-
ties than € (R) and €*°(R). In particular, we can develop the theory of Mellin-Carleman transform
via the homeomorphisms

Hg: €RY) — €M®
fx) — f(e™)
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and
Hogo : €°RY) — EPR)
fo — fle).
This will be done in a more general context in Section 2.6.

2.3. Some relevant spaces with respect to mean-periodicity. In this section, we introduce several
spaces for which the elements of the dual space are not necessarily compactly supported. Let €, (R)
be the C-vector space of smooth functions on R, which have at most exponential growth at oo
namely

VneZz,,3mez,, f"(x)=0exp(mlxl)) (2.3)

as x — *oo. This space is a L% -space, namely an inductive limit of Fréchet spaces (Fj;) =1, the
topology on each F,;, (m = 1) being induced from the following family of seminorms

£ |, = supl £ (x) exp (—m|x])|
xeR

for any n = 0. Let ‘gggly(Ri) be the C-vector space of smooth functions on R, which have at most

polynomial growth at 0" and at +oo namely
Vnez,,dmez, @) =0(t") (2.4)

+ o0
as t — +ooand t — 0™. The space Cgpoly

Hge: Cop®)  — oo RY)
f() —  f(-logx)

becomes a homeomorphism. Let 6, (R)* be the dual space of €, (R) equipped with the weak x-
topology. The dual space €, (R)* (respectively Césgly(ﬂ%i)*) is considered as a space of distributions
on R (respectively R}) having an over exponential decay (respectively over polynomial decay) in a
suitable sense. In fact, every smooth function g on R satisfying |g(x)| = O(exp (—alx|)) for every real
number a > 0 is identified with an element of €, (R)*. Let (, ) be the pairing between €y, (R)* and
Cop @ namely (@, /) = p(f) for ¢ € €, (R)* and f € €, (R). The additive convolution f *. ¢ of
fe %ggp (R)and ¢ € %g;p(uqa) * is defined as

VXeR, (f*+@)x):={p,15f)

where the definitions of the involution~“and of the representation 1" are adapted from (2.1) and (2.2).
One can define the multiplicative convolution f =, ¢ : R} — C of f € %ggly(ﬂ%fr) and ¢ € %ggly(mzi)*
thanks to the homeomorphism A.

(RX) is endowed with a topology such that the bijection

Let #(R) be the Schwartz space on R which consists of smooth functions on R satisfying

I £l = suplx™ £ (x)] < oo
xeR

for all mand nin Z... It is a Fréchet space over the complex numbers with the topology induced from
the family of seminorms || |I,,,,. Let us define the Schwartz space . (R}) on R} and its topology via
the homeomorphism

Hy: SR — LR
f@) —  f(-logx).
The strong Schwartz space S(RY) is defined by

S®Y)= 1R — € [x—xPr)] e s @D} 2.5)
BeR
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One of the family of seminorms on S(R}) defining its topology is given by

I fllmn = suplx™ £ ()] (2.6)

xeRX

forme Zand ne Z,. The strong Schwartz space S(R}) is a Fréchet space over the complex numbers
where the family of seminorms defining its topology is given in (2.6). In fact, it is a projective limit
of Fréchet spaces (F;;)m>1 since a decreasing intersection of Fréchet spaces is still a Fréchet space.
This space is closed under the multiplication by a complex number and the pointwise addition and
multiplication ( [35]). The strong Schwartz space S(R) and its topology are defined via the homeo-
morphism

Hs:S(RY) — S(R)

Fe—fle™).
Let us mention that the Fourier transform is nof an automorphism of S(R) since the Fourier transform
of an element f € S(R) does not necessary belong to S(R). This feature is different from what happens
in #(R). Let S(R})* be the dual space of S(R}) equipped with the weak *-topology, whose elements
are called weak-tempered distributions. The pairing between S(R) and S(R’)* is denoted (, ) namely

(froy=9(f)

for f € S(RY) and ¢ € S(RY)*. A linear functional ¢ on S(R}) is a weak-tempered distribution if
and only if the condition limy_. ;e |l fkllm,n = 0 for all multi-indices m, n implies limy_. ;oo {fi, @) =
limg— 100 @(fi) = 0. The multiplicative representation ™ of R} on S(R}) is defined by

VxeR}, 13xf):=fy/x
and the multiplicative convolution f . ¢ of f € S(R}) and ¢ € S(R})* by

VXERY, (f*x@)(x)=(T:f @)

where the multiplicative involution is given by f(x) := f(x™!). One can define the additive convolu-
tion f *, @ :R— C of f € S(R) and ¢ € S(R)* thanks to the homeomorphism .#%5. The multiplicative
dual representation ™" on S(R})"* is defined by

(frry @y =5 f, ).
One can define the additive dual representation t"* on S(R)* thanks to the homeomorphism #5.
If V is a C-vector space then the bidual space V** (the dual space of V* with respect to the weak
*-topology on V*) is identified with V in the following way. For a continuous linear functional F on
V* with respect to its weak *-topology, there exists v € V such that F(v*) = v*(v) for every v* € V*.
Therefore, we do not distinguish the pairing on V** x V* from the pairing on V x V*. Under this
identification, it turns out that

(2.7)

G ® < SR, €5 RY) < SR}

and
S[R) < o ®F, S[ERY) < %ggly(ﬂ%i)*,

exp

where A < B means that A is a subset of B and that the injection map A — B is continuous.

2.4. Mean-periodic functions in these relevant spaces. In this section, X always stands for one of
the spaces %gfp (R), %;gly(Ri), S(R)* and S(RY)™.

Definition 2.4 (additive)— Let X be g, (R) or SR)*. x € X is said to be X-mean-periodic if there exists
a non-trivial element x* in X* satisfying x *, x* = 0.

Definition 2.5 (multiplicative)—Let X be %ggly(ﬂ%i) or SRY)*. x € X is said to be X-mean-periodic if
there exists a non-trivial element x* in X* satisfying x *« x* = 0.



MEAN-PERIODICITY AND ZETA FUNCTIONS 11
For x € X, we denote by J (x) the closure of the C-vector space spanned by {74(x), g € G} where

vt ifG=Rand X = Cop®),
t* ifG=Rand S(R)*,

T ifG=Rjand X= nggly(R:)’
0" if G=R} and X =S(R})".

Hahn-Banach theorem leads to another definition of X-mean-periodic functions.
Proposition 2.6— An element x € X is X-mean-periodic if and only if T (x) # X.

The spectral synthesis holds for X = €, (R), this follows from [23, Theorem A, Page 627] which
uses [32]. The previous definitions and identifications lead to the following links between the dif-
ferent X-mean-periodicities. Let L}Oc’exp(IR) be the space of locally integrable functions H(t) on R
satisfying H(¢f) = O(exp(alt])) as || — +oo for some real number a = 0.

Proposition 2.7—Let H(t) € L} (R).

loc,exp

o IfH(1) € %gfp (R) is %gfp (R)-mean-periodic and F . H = 0 for some non-trivial F € S(R) then
H(t) is S(R)* -mean-periodic.

o IfH(t) is S(R)* -mean-periodic and F =, H = 0 for some non-trivial F € S(R), which is continu-

ous and compactly supported on R, then H(t) is € (R)-mean-periodic.

2.5. Mean-periodicity and analytic properties of Laplace transforms I. Let G =R and X be a locally
convex separated topological C-vector space consisting of functions or distributions on G. Develop-
ing the theory of Laplace-Carleman transforms on X requires the following additional properties on
X:
o there exists an open set Q c C such that every exponential monomial t”e*! with p € Z, and
A € Qbelongs to X,
« the two sided Laplace transform

+00
L+ (@)(s):= (e ) (=f <p(t)e_”dt)

is a holomorphic function on Q for all ¢ € X*.
o if f*, ¢ =0 for some ¢ € X* \ {0} then the two sided Laplace transforms

+o00

Li(f‘*+<p)(s)=f (F~ *s @)D di

—00

and
+

Li(f+*+</>)(s)=f (f*1@@)e*tdr

—00

are holomorphic functions on Q, where

_{ﬂm if x>0,

0 otherwise

a 0 ifx=0,
f = .
f(x) otherwise.
Of course, X = € (R) and X = €°°(R) both satisfy the previous conditions with Q = C since the respec-

tive dual spaces consist of compactly supported measures and distributions.
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Definition 2.8— The Laplace-Carleman transform LC(f)(s) of a X-mean-periodic function (distribu-
tion) f € X is defined by

L: ST+ 9)(8) _ Le(f™ *+ 9)(8)

LC =
D)= L. (@)(s)

fora @ e X*\{0} satisfying f =, @ =0.

It is easy to see that LC(f)(s) does not depend on the particular choice of ¢ € X™ \ {0} satistying
f *+¢@ =0. Its main analytic properties are described in the following proposition (see essentially [36,
Section 9.3]).

Proposition 2.9— Let X be a locally convex separated topological C-vector space consisting of func-
tions or distributions on R satisfying the conditions above.

o If f is a X-mean-periodic function, then its Laplace-Carleman transform LC(f)(s) is a mero-
morphic function on Q).

o If f is a X-mean-periodic function whose Laplace transform L(f)(s) exists for some right-
half plane Re(s) > oo contained in Q then LC(f)(s) = L(f)(s) in that region and the Laplace-
Carleman transform LC(f)(s) is the meromorphic continuation of L(f)(s) to Q.

Proving some functional equations may sometimes be done thanks to the following proposition.

Proposition 2.10— Let X, be € (R) or €°°(R) or%g)fp(ﬂ%) orS(R)*. Let f1(t) and f»(t) be two X . -mean-
periodic functions whose Laplace transforms are defined on Re(s) > o for someoy. If

h=n=¢fa(t)

for some complex number € of absolute value one, then the Laplace—Carleman transforms LC(f1)(s)
and LC(f2)(s) of f1(t) and f,(t) satisfy the functional equation

LC(f)(=5) = —eLC(f2) ().
Proof of Proposition 2.10. Let ¢, @2 # 0 be two elements of X7 satisfying fi *, @1 =0and fo*. ¢ =0.

If Re (s) > o¢ then
+o0o +o0o
f (f ff(t—x)e‘”dt)d(pl(x),

+oo +oo
f ( ff(t)e‘”dt) e de; (x),

(e 0] (e 0]

L(f1)(s) L+(@1)(s)
and so LC(f1)(s) = L(f1)(s). On the other hand, if Re (s) < —og then

+00 [ f+00
—f (f fz_(t—x)e_”dt)d(pg(x),

+o00 +o00
—f ( fz_(t)e_”dt) e dg,(x),

(e o]

Le(fi" %+ 01)(9)

—Li(fy *+92)(9)

0
- f fr(De™stdt Lil(ga)(s)
—e L) (=$) Li(g2)(s)

the last line being a consequence of the functional equation satisfied by f; and f,. Thus, if Re(s) <
—0g then LC(£)(s) = —e 'L(fi)(=s) or if Re(s) > o then LC(f)(~s) = —e~'L(f1)(s). We have just
proved that

LC(f1)(s) = —eLC(f2)(-9)
if Re (s) > 0. Such equality remains valid for all complex numbers s by analytic continuation. U
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Remark 2.11-1In the previous proof, the formal equality (3.7) is implicitly used. For instance, if fi (¢) =
f2(?) and € = +1 then the ¢ (R)-mean-periodicity of fi(¢) can be formally written as

+00 p+oo +00 +00
Ozf f fltt—x)e‘“dwl(t)z(f fltt)e—”dt)x(f e_sxdq?l(X)).

Such formal equality can be compared with the formal Euler equality Y,z 2" = 0 (z # 1), which
Euler used to calculate values of {(s) at negative integers. This equality was also used in the proof of
rationality of zeta functions of curves over finite fields ( [42]). For modern interpretations of the Euler
equality, see [7] and also [20, Section 8].

2.6. Mean-periodicity and analytic properties of Laplace transforms II. The multiplicative setting
is sometimes more convenient in analytic number theory than the additive one. In particular, it is
used in the study of boundary terms of two-dimensional zeta integrals in which case R} = |Js| (see [21,
Section 35]). This is the reason why we define the multiplicative analogue of the Laplace-Carleman
transform. Of course, all the arguments provided below hold in the additive setting via the change of

variable ¢ — x = exp(—1). Let LllOC poly(lRij) be the space of locally integrable functions on R’ satisfying

O(x% asx— 400,
h(x) =
Ox™% asx—0%

for some real number a = 0. Each h e L}

loc'poly(Ri) gives rise to a distribution ¢, € S(RY)* defined by

§ +00 dx
VEES®RY), (f om) = fo Feohe .

If there is no confusion, we denote ¢y, by h itself and use the notations (f, h) = (f,¢;) and h(x) €
S(RY)*. Then
x*logk (x) € € (RY) c L RY) cSR)*
g poly‘* "+ loc,poly \""+ +
for all k € Z, and A € C. Moreover, if h € L} (RX) then the multiplicative convolution f *, ¢y,

loc,poly
coincides with the ordinary multiplicative convolution on functions on R} namely

. +00 d +00 d
(f*xh)(x)=<T;f,f>:f0 f(x/y)h(y)7y=f0 f(y)h(x/y)Ty.

Forahe Ll (RY) define h* and h~ by

loc,poly
N 0 ifx=1, _ hix) ifx=1,
h™(x) = h™(x):=
h(x) otherwise 0 otherwise.

Clearly, h* € Llloc’poly([l%ij) forall h e Llloc,poly([Ri).

Lemma 2.12—Lethe 1;11OC poly([R‘)'(')' If f *x h =0 for some non-trivial f € S(RY) then the Mellin trans-
forms

N +00 N de
Mo b)) = [ (e 02
are entire functions on C.

Proof of Lemma 2.12. Ononehand, f =, h~ is of rapid decay as x — 0" and on the other hand, f*h™* is
of rapid decay as x — +oo. Both are of rapid decay as x — 0* and as x — +oosince f*xh™ =—f*. h*.
Hence the Mellin transforms of f * h* are defined on the whole complex plane and entire. U

Definition 2.13—Let h € Llloc,poly(R:)‘ If f %« h = 0 for some non-trivial f € S(RY) then the Mellin—

Carleman transform MC(h)(s) of h(x) is defined by
M(f *x h™)(s) _ _M(f*x h™)(s)

MC(h = =
(M) M(F) () M) ()
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The change of variable x — ¢ = —log x entails that the Mellin—Carleman transform coincides with
the Laplace-Carleman transform namely

MC(h(x)) = LC(h(e™ ).

As a consequence, MC(h) does not depend on the particular choice of non-trivial f satisfying f . h =
0.

Proposition 2.14— Let h be an element of L] . poly ®Y)

o IfhisS(RY)* -mean-periodic then the Mellin-Carleman transform MC(h)(s) of h is a meromor-
phic function on C.

e Ifhe %ggly(lRi) is %Sgly(ﬂ%i)-mean-periodic and f x h = 0 for some non-trivial f € S(R}) c

%ggly([Ri) * then MC(h)(s) is a meromorphic function on C.

Proof of Proposition 2.14. 1t follows immediately from the fact that the Mellin transform M(f)(s) is an
entire function since f € S(R}) and from Lemma 2.12. (]

Let us focus on the fact that the Mellin—-Carleman transform MC(k)(s) of h(x) is not a generaliza-
tion of the Mellin transform of & but is a generalization of the following integral, half Mellin transform,

1
f h(x)xsg.
0 X

according to the following proposition.

Proposition 2.15—Lethe LllOC poly(lRi). If f *« h =0 for some non-trivial f € S(R}) and if the integral

fol h(x)x*dx/x converges absolutely for Re(s) > g for some real number o then

1 d
MC(R)(s) = f h(x0)xs =
0 X
onRe(s) >oy.
The following proposition is the analogue of Proposition 2.10 and its proof is omitted.

Proposition 2.16—Let X, be € (R}) or € (R}) or ‘éggly(ﬂ%i) or S(RY)*. Let fi(x) and f,(x) be two
X« -mean-periodic functions whose transforms

1 d
fo fi(x)xsf

are defined on Re(s) > o for someoy. If

AT =efn

for some complex number € of absolute value one then the Mellin—Carleman transforms MC(f1)(s) and
MC(f2)(s) of f1(x) and f,(x) satisfy the functional equation

MC(f1)(=s) = —eMC(£2)(s).
Finally, let us mention the following result, which is the analogue of [29, Theorem Page 23].

Proposition 2.17—Lethe LllOc poly(lR{i) and let P(t) be a polynomial of degree n with complex coeffi-

cients. Let us assume that h is S(RX)* -mean-periodic. The exponential polynomial x*P(log x) belongs
to I (h) if and only if A is a zero of order at least n of the Mellin transform M(f)(s) of f, where f runs
through all elements of S(RY) satisfying f * . h = 0. Moreover, x* P(log x) belongs to I (h) if and only if
A is a pole of order at least n of the Mellin—Carleman transform MC(h)(s) of h.
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3. MEAN-PERIODICITY AND ANALYTIC PROPERTIES OF BOUNDARY TERMS

3.1. The general issue. If f(x) is a real-valued function on R} satisfying

(1) f(x)is of rapid decay as x — +oo namely f(x) = O (x‘A) forall A>0as x — +oo,
(2) f(x)is of polynomial order as x — 0" namely f(x) = O(x") for some A>0as x — 0*

then its Mellin transform
+00 dx
M(f)(s)::f f)x'—
0 X

is a holomorphic function on Re (s) > 0. We are interested in necessary and sufficient conditions on
f, which imply the meromorphic continuation and functional equation of M(f)(s). We get immedi-
ately

M()($) = @fe(s) +wre(s)

where
_ +00 s% +00 l—s%
@ re(s) .—fl flo)x p +£f1 flo)x P
and
= f ' s 3.1
wre(s) = A fe(X)x . 3.1
with
hpe(x)=f(x)—ex ' f(x7!) (3.2)

where ¢ is £1. Assumption (1) ensures that ¢ (s) is an entire function satisfying the functional
equation

Pre(s)=€@re(l—s).

Thus, the meromorphic continuation of w (s) is equivalent to the meromorphic continuation of
M(f)(s), and the functional equation wy.(s) = ewr(1 - s) is equivalent to the functional equation
M(f)(s) = eM(f)(1 - s). The change of variable x = e~ ! shows that w r,e(s)is the Laplace transform of

Hpe(t)=hpe(e7") (3.3)
namely
+00
wre()=L(Hfe) ()= fo Hye(t)e *'dr. (3.4)

The functions h¢¢(x) and Hy ¢ (t) are called boundary terms, having in mind the motivation given in
Section 1.1. The issue is then the following one. What property of the boundary terms ensures that
their Laplace transforms admit a meromorphic continuation to C and satisfy a functional equation?
One possible answer, in which the keyword is mean-periodicity, is given in the two following parts.
We shall see there that mean-periodicity of hr,(x) or Hy (1) is a sufficient condition.

In this section, X will be one of the following spaces

€ (R) defined in Section 2.2,
E(R) defined in Section 2.2,
Coxp®) defined in (2.3),

S(R)* whose dual is defined in (2.7)
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whereas X« will be one of the following spaces

€ R defined in Section 2.2,
ECRY) defined in Section 2.2,
‘éggly(ﬂ%i) defined in (2.4),

S(R;)* whose dual is defined in (2.5).

For the definitions of X, -mean periodic functions and of X, -mean periodic functions, we refer the
reader to Section 2.

3.2. Mean-periodicity and meromorphic continuation of boundary terms. The general theory of
mean-periodic functions asserts that if h f.e0 defined in (3.2), is X« -mean-periodic then w f.e0 defined
in (3.1), admits a meromorphic continuation to C. More precisely, the Mellin-Carleman transform
MC (h fyg) of h r.e (see Definition 2.13) is the meromorphic continuation of w f,e (see Proposition 2.14
and Proposition 2.15). Similarly, if Hy . defined in (3.3) is X, -mean-periodic then its Laplace trans-
form wy.(s) (see (3.4)) admits a meromorphic continuation to C. Indeed, the Laplace-Carleman
transform LC (H f,g) of H r,e (see Definition (2.8)) is the meromorphic continuation of w t,e (see Propo-
sition 2.9).

3.3. Mean-periodicity and functional equation of boundary terms. Let us focus on the eventual
functional equation satisfied by w7 . (s). Note that k¢ . (x) satisfies the functional equation
hpe(x™!) =—exhye(x). (3.5)
according to (3.2). In other words, the function h fe = Vxh £,e(x) satisfies
Bpe(xh)=—ehpe(x).
In terms of Hy (1), it exactly means that the function Hy () := e/ Hy (1) satisfies
Hye(=1) = —eHy (1),

In general, (3.5) does not imply the functional equation w¢,(s) = ewr(1 - ), even if w . (s) admits
a meromorphic continuation to C. For example, if f(x) = e¢™* and € = 1 then hs(x) = e™* - x e l/x

and M(f)(s) =T'(s) is a meromorphic function on C, which does not satisfy M(f)(s) = M(f)(1 - s).

Let us assume that w £,e(8) satisfies the functional equation w re(8) =ewyr(1—ys). It can be formally
written as

! d 1 d
f hf,g(x)xs—x = ef hfyg(x)xl‘s—x. (3.6)
0 X 0 X
The right-hand side is equal to
1 d +00 d
—Ezf hf,g(x_l)x_s—x = —f hfyg(x)xs—x
0 X 1 X

according to (3.5). Hence we get

1 d +00 d
f hye()x" =+ f hye(0)x = =0, 3.7)
0 X 1 X

Conversely, if we suppose (3.7) then we formally obtain (3.6) by using (3.5). As a consequence, we
guess that, under the meromorphic continuation of w¢ (s), the functional equation of wy.(s) is
equivalent to (3.5) and (3.7), and (3.7) corresponds to the mean-periodicity.

Once again, the general theory of mean-periodic functions asserts that if hif . (x), defined in (3.2),
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is X«-mean-periodic then the Mellin—Carleman transform MC (E f,s) (s) of h f,e(X) satisfies the func-
tional equation

MC (Efyg) (s) =eMC (ﬁf,g) (—=9)

according to Proposition 2.16. This is equivalent to the functional equation
Wfe(8) =€wype(l =)

since MC (Riz.¢) (s) = MC (hy) (s +1/2). Similarly, if Hy,. () defined in (3.3) is X -mean-periodic then
the Laplace-Carleman transform LC (FI f,g) (s) of H 1,e(0) satisfies the functional equation

LC(Hy,)(s) =€LC(Hyp) (—9)
according to Proposition 2.10. This is equivalent to the functional equation
Wre(s)=ewre(l-5)

since LC(Hy,) (s) = LC(Hy,) (s +1/2).

Remark 3.1-One can give various kinds of examples of smooth functions on the real line of exponen-
tial growth, which on one hand are not X -mean-periodic for every functional space X of functions
given at page 15, and on the other hand whose Laplace transform extends to a symmetric mero-
morphic function on the complex plane. A series of examples due to A. Borichev is supplied by the
following general construction. First, recall that if real b, > 1 are some of zeros of a function holo-
morphic and bounded in the half-place e (s) > 0 then }_ 1/b, < oo, see e.g. [41, Problem 298, sect.2
Ch.6 Part III]. Using the map z — exp(—iz) we deduce thatif ib,, b, > 0, are some of zeros of an entire
function bounded in the vertical strip |Re(s)| < 7/2 then Y exp (—b;) < co. Now choose a sequence
(ay) of positive real numbers such that the set {ia,} is not a subset of all zeros of any entire func-
tion bounded in the vertical strip |Re(s)| < n/2. For example, using what has been said previously
in this remark, one can take a, = logn. Choose sufficiently fast decaying non-zero coefficients cj,
so that H(#) = ) c,sin(ayt) belongs to the space X, of smooth functions of exponential growth and
its Laplace transform w(s) = cpan/ (2 + afl) is a symmetric meromorphic function on the complex
plane. Assume that H(¢) is X+ -mean-periodic. Then H .7 = 0 for some non-zero 7 € X’} . Convolving
7 with a smooth function we can assume that 7 is a smooth function of over exponential decay. The
mean-periodicity of H(¢) implies that the meromorphic function w(s) coincides with the Laplace-
Carleman transform of H(#), and so the set of poles {+ia,} of w(s) is a subset of zeros of the two
sided Laplace transform of 7. Note that the two sided Laplace transform of a smooth function with
over exponential decay is an entire function v(s) such that for every positive integer m the function
[v(s)|(1 +[s])" is bounded in the vertical strip |Re(s)| < m. The choice of the sequence (a;,) gives a
contradiction. Hence the function H(?) is not X, -mean-periodic and its Laplace transform extends
to a symmetric meromorphic function.

3.4. Statement of the result. Let us encapsulate all the previous discussion of this section in the
following theorem.

Theorem 3.2—Let X« be € (R}) or € (R}) or %ggly(uqz:) or SRY)* and X; be €(R) or € (R) or
Cop @ orSR)*. Let f(x) be areal-valued function on R} of rapid decay as x — +oo and of polynomial
order asx — 0%. Lete = +1.

. Ifhfyg (x) = f(x) —£x_1f (x_l) is a X « -mean-periodic function then the Mellin transform M (f)(s)
of f(x) admits a meromorphic continuation to C and satisfies the functional equation

M(f)(s) =eM(f)(1-s).
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More precisely,
+o00o dx +o00 dx
M = S_ 1-s .
(s [1 fx)x . +f:[l flox - +wfe(s)

where wy ¢ (s) coincides on Re(s) > 0 with fﬂl hye(x)x*dx/x , admits a meromorphic contin-
uation to C given by the Mellin-Carleman transform MC (h fyg) () of hy (1) and satisfies the
functional equation

wre(s) =ewpe(l—35).

. Ifo,E(t) = hf,g(e_t) is a X, -mean-periodic function then the Mellin transform M(f)(s) of f (x)
admits a meromorphic continuation to C and satisfies the functional equation

M(f)(s) =eM(f)A-5s).

More precisely,

_ +o00o S% +o00o 1_8%
l\/I(f)(S)—f1 fox e +£f1 fx)x P Twre(s)

where w ¢ (s) coincides onRe (s) > 0 with the Laplace transform L (Hy ) (s) of Hy ¢ (t), admits
a meromorphic continuation to C given by the Laplace-Carleman transform LC(H fyg) (s) of
Hy () and satisfies the functional equation

Wre(s)=€ewpre(1-3).

4. ON A CLASS OF MEAN-PERIODIC FUNCTIONS ARISING FROM NUMBER THEORY

In this section, we show that for a certain class of functions, which naturally come from number
theory (zeta functions of arithmetic schemes), their meromorphic continuation and their functional
equation are essentially equivalent to the mean-periodicity of some associated functions.

4.1. Functions which will supply mean-periodic functions. Firstly, we define some suitable set of
functions, from which mean-periodic functions will be built.

Definition 4.1- & is defined by the set of complex-valued functions Z(s) of the shape
Z(8)=y(8)D(s)

wherey(s) and D(s) are some meromorphic functions on C with the following conditions
e all the poles of Z(s) belong to the vertical strip |Re (s) —1/2| < w for some w > 0,
o y(s) satisfies the uniform bound
Voela,bLVIt|=t, |y +inl<qpq |t 4.1)
for all real numbers a < b and every real number A > 0,
e Ifo>1/2+w then
Do +it) < |t|™ 4.2)
for some real number A,
o thereexists a real number A, and a strictly increasing sequence of positive real numbers {t;;,} m>1
satisfying
ID(0 +itm) = o(tf,‘f) 4.3)

uniformly foro € [1/2—w—98,1/2+ w + 6] for some 6 > 0 and for all integer m = 1.
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If A is a pole of Z(s) in & of multiplicity m, = 1 then the principal part is written as

A Cp(b)
Z(s) = mZ:l G +0(1) (4.4)

when s — A. Note that we can associate to a element Z € & its inverse Mellin transform namely

fz(x) = ﬁ )Z(s)x_sds (4.5)

(c
for ¢ >1/2+w. By (4.1), (4.3) and the fact that the poles of Z(s) lie in some vertical strip |Re (s)—1/2| <
w for some w > 0, we have

fz0)=0(x"") asx— +oo

forall A=0and
fz0)=0(x"*%¢) asx—0*,

As a consequence, fz(x) is of rapid decay as x — +oo and is at most of polynomial growth as x — 0.
Let Z;(s) = yi(s)D;(s) for i = 1,2 be two elements of & linked by the functional equation

Z1(8)=¢€Z,(1-9)
where ¢ is a complex number of absolute value one. Let us define /1, (x) by
hi2(x) = f7,(x) - Ex_lfz2 (x_l) (4.6)
and hy; (x) by
ho1(x) = fz,(0) —e 'x 7 7 (x71). 4.7)
The functions h12(x) and h (x) are at most of polynomial growth as x — 0* and x — +oo since fz,

and fz, are of rapid decay as x — +oo and are at most of polynomial growth as x — 0*. The purpose
of this section is to establish the mean-periodicity of these functions.

4.2. Mean-periodicity of these functions.

Theorem 4.2— Let Z;(s) = yi(s)D;(s) for i = 1,2 be two elements of & and € be a complex number of
absolute value one. The functions h1,(x) and hy) (x) defined by (4.6) and (4.7) are continuous functions
on R satisfying the functional equation

hia (x71) = —exhy (x). (4.8)
In addition, if Z,(s) and Z,(s) satisfy the functional equation
Z1(8)=€eZr(1—5) (4.9)

then
(1) hi2(x) and hy) (x) are limits, in the sense of compact uniform convergence, of sums of exponen-
tial polynomials* in € (RY),

(2) hy2(x) and hy)(x) belong to nggly(R:)‘

Remark 4.3—An equivalent statement of the previous theorem is
(1) Hya(8) = hya(e™) and Ho (1) = hyp (e !) are two elements of ng,fp (R) satisfying the functional
equation
Hya(=1) = —ge”"Hy (1),
(2) Hi2(t) and Hpj(¢) are limits, in the sense of compact uniform convergence, of sums of expo-
nential polynomials5 in €R).

4Remember that exponentials polynomials in € (R}) are given by x”lP(logx).
SRemember that exponentials polynomials in € (R) are given by P(t) e,
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Remark 4.4—D;(s) (i = 1,2) have infinitely many poles in practice. Thus, applying this theorem will
require some effort to check (4.3).

Remark 4.5—-0f course, the estimate (4.3) can be relaxed if we have some stronger estimate for y(s),
for instance some exponential decay in vertical strip. The main condition is that one can choose a
sequence {f;}m,>1 such that [ Z(o +it,)| = O(t;,) uniformly in [Re (s) — 1/2| < w+ 9, |t| = ) and for
some a > 1.

Proof of Theorem 4.2. Equation (4.8) is essentially trivial. From definition (4.5), fz (x) and fz, (x) are
continuous functions on R}, which entails that /1, (x) and hy; (x) are also continuous functions on
R} by (4.6). The functional equation (4.8) is an immediate consequence of (4.6) and (4.7). The second
assertion is implied by the first one and the fact that

(x71/2+w+6) as x — +oo,

h2(x), h21 (x) = { O(x—1/2—w—5) asx— 0%,

since fz,(x) = O(x‘”z_“’_‘s) (i = 1,2) for some 6 > 0. Let us focus on the first assertion for /;, only.
We consider the clockwise oriented rectangle 2 = [1/2—-w —6,1/2+ w + 6] x [T, T]. We get

! f Z1(s)x *ds= Z Z C (/1)( L™ llogm_l(x)x_;L
P 1 - m
2im Jo Apoleof Z; m=1 (m—-1)!
of multiplicity m,
|ISmA)|I<T

where C;;,(1) #0 (1 < m < m,) are defined in (4.4). We cut the rectangle symmetrically at the points
1/2+iT. By the functional equation (4.9), the integral on the left part of this rectangle equals —g162x° !
times the same integral on the right part of this rectangle in which Z; is replaced by Z, and x is
replaced by x~!. Thus,

(l)ml

hia(x) = Y Z Cn() 'logm Loxx™
ApoleofZ; m=1 (m-1D!
of multiplicity m,
[SmA)|I<T

+Ry(Z1,%, T) + Ra(Z1, %, T) — 162X (Ry(Za, ™, T) = Ra(Zp, x 71, T))

where Ry (Z1,x, T) (and similarly R; (7], x 1, T)is given by
1/2+w+6

1 .
Ry(Zy,x,T) = —— Zio+iTx " Do
2im 12

1 1/2+w+6 .
* o= Zio-iT)x 9 1 Ddg
It Ji/2

and Ry(Zy, x, T) (and similarly Ry (Z,, x™1, T)) by
1 [ )
Ro(Z1,x,T) = 2—f 212+ w+6+it)x V2 wo-itgy
nJT

1 -T .
+—f 2112+ w+8+it)x V2mwoomit gy,
27 J-co
Equation (4.2) implies that for i = 1,2,
Ry(Z;,x,T)=O(T™%)

uniformly on every compact set of R} and for every large A > 0. By (4.1) and (4.3), we can take an
increasing sequence () ;=1 so thatfori=1,2

R1(Zi, x, ty) = O(L,Y
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uniformly on every compact set of R} and for every large A > 0. As a consequence,

my (-1) m—1 ) 1
hya(x) = Yy Y Cnb) ' log" ™" (x)x~ (4.10)
Apoleof Z; m=1 (m-1!
of multiplicity m,
in the sense of the compact uniform convergence. U

A closer inspection of the proof of the previous theorem reveals that, in some particular case, we
also establish a kind of summation formula for the poles of the functions belonging to %. This for-
mula is described in the following corollary.

Corollary 4.6— Let Z(s) = y(s)D(s) be an element of &, € = +1 and ¢ be a real-valued smooth com-
pactly supported function on R}. If Z(s) satisfies the functional equation

Z(s)=¢€eZ(1-39)

and

dm
D(s)= ) —
rr;l m?

forRe(s) > oy then

A% (m-1) v
> 2 =M@V = Y d [P <) (m) — (@Y %< K) (M)

ApoleofZ  m=1 (m—-1)! m=1

of multiplicity m)

where ¢V (x) = x~1p(x™1), x (x) is the inverse Mellin transform of y(s) namely

o— 1 -S
K(x) = i f(c)y(s)x ds
forc>oy.

Proof of Corollary 4.6. 1If Z,(s) = Z»>(s) = Z(s) then we notice that

1
fz0=>3 dm5— f( )y(S)(mx)‘sds= Y dmx(mx),

m=1 m=1
which implies
hi2(0) = Y dp [x(mx) —ex 'k (mx™)].
m=1

Equation (4.10) implies that

my (_l)m—l 1

Y CnV)——— log™ ' (x)x™} = Y dm [x(mx) - £x_11<(mx_1)] .

Apoleof Z m=1 (m-1! m=1
of multiplicity m,

The corollary follows from multiplying by ¢(x™!) and integrating over R’ with respect to the measure
dx/x U

Theorem 4.7— Let Z1(s) = y1()D1(s) and Z»(s) = y2(s)D2(s) be two elements of & satisfying the func-
tional equation

Z1(8) =€Z(1-5)

for some complex number € of absolute value one. Let us suppose that Z,(s) and Z,(s) can be written
as
Ui(s)

Zi(s) = Vs
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fori=1,2 whereU;(s) and V;(s) (i = 1,2) are some entire functions satisfying the functional equations

Ui(s) =eyUz(1-59), (4.11)
Vi(s) =eyVa(1-3) (4.12)

for some complex numbers ey, v of absolute value one, and satisfying the bounds
U0+ i1, 1Vi(o +i0)] = O (1t70*?)  (1=1,2) (4.13)

for some 6 > 0 in every vertical strip of finite width a < o < b and every |t| = 1. Under the previous
assumptions, the functions hy»(x) and hy) (x), which are defined in (4.6), satisfy

l/l*xh12=0, Ug*xh21=0.

where v; € S(RY) is the inverse Mellin transform of V; for i = 1,2. In other words, the functions hjz(x)

and hy1 (x) are ‘ésgly(ﬂ%i) -mean-periodic and S(R})* -mean-periodic.

Remark 4.8—An equivalent statement of the previous theorem is that the functions Hy, () = hiz(e™?)
and Ha (1) = hy;(e” ") are S(R)*-mean-periodic and Cggﬁ’p(I]Qi)-mean-periodic.

Remark 4.9—1In general, %Sgly(ﬂ%i)—mean-periodicity (or S(R})*-mean-periodicity) of k2 (x) and hy (x)
do not imply that Z;(s) (i = 1,2) are meromorphic functions of order one. For example, let {1(s) be
the Selberg zeta function associated to a discrete co-compact torsion free subgroup I" of SL, (R). Then
{r(s) is an entire function of order two which has the simple zero at s = 1, order 2g —1 zero at s =0
and has the functional equation

(Co($)T2 (s +1)2872¢p(s) = (T2(1 - $)T2(2 - 5) 28 2(r (1 - 5),

where g > 1 is the genus of I'\SL, (R)/SO(2) and I'»(s) is the double gamma function ( [44] [26], [30]).
Put y(s) = (T2(s)T2(s +1))?872, D(s) = (s(s — 1))"2{r(s) and Zr(s) = y(s)D(s). Then we find that Zr(s)
belongs to % and its poles are simple poles s = 0,1 only. The function hr(x) attached to Zr is equal
to ¢o + ¢ x~! for some real numbers ¢y, ¢;, where hr(x) = fz(x) = x7! fz (x~1) with the inverse Mellin
transform f7 of Zr. Hence hr is ‘gggly(ﬂ%i)-mean-periodic. Moreover hr is € (R})-mean-periodic.
The Mellin-Carleman transform of hr is the rational function ¢; (s — 1)~ — ¢gs~!. However, as men-
tioned above, Zr is a meromorphic function of order two.

Proof of Theorem 4.7. We only prove the result for h;». Let u; be the inverse Mellin transform of U;
namely

1
ui(x)=—|[ Ui(s)x°ds
217 Jo)

and v; be the inverse Mellin transform of V; namely
1
vi(X)=— | Vi(s)x"ds
217 Jo)

for i = 1,2. These integrals converge for every real number ¢ according to (4.13). In addition, these
functions belong to S(R}) by shifting the contours to the right or to the left. Let us define f(x) :=
x1 f (x~1). We remark that

UL = U1 % fz, = €UTs *x [2, (4.14)
since U;(s) = V1(8)Z1(s) and Uy (s) = egUx(1 —s) = ey Va(1 — 5) Z»(1 — s) according to the functional
equation (4.11). In addition, v, = ey 7, by the functional equation (4.12). As a consequence,

EUﬁg =& (4.15)
since € = eyey . Equations (4.14) and (4.15) altogether imply

V1 *x (fz —81?22) =0
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which is the desired result since S(R}) < %;gly(mz:)*. O

4.3. On single sign property for these mean-periodic functions.

Proposition 4.10— Let Z(s) = y(s)D(s) be an element of & and € = 1. Let h(x) = h12(x) = hy(x) be
the function defined in (4.6). If h(x) can be split into h(x) = hy(x) + hy(x), where
e hi(x)is a‘éggly(ﬂ%i) -mean-periodic real-valued function or aS(RX)* -mean-periodic real-valued
function onR* satisfying hy (x~!) = —exhi (x),
e thereexists ty > 0 such that hy(e™") is of constant sign on (1p, +00),
o the Mellin-Carleman transform MC (h;) (s) of hy(x) has no poles in (1/2+ 8, +o0) for some0 <
0 < w where w is the positive real number in Definition 4.1
then all the poles of MC (hy) (s) belong to the strip |Re(s)—1/2| < 6. In particular, if MC (hy) (s) does not
have any poles on (1/2,+00) namely § = 0 then all the poles of MC(h1)(s) are on the lineRe (s) = 1/2.

Proposition 4.10 is a consequence of the following lemma ( [54, Chapter II, Section 5]) since

1
l\/IC(h)(s):/ h(x)xsg:f
0 X 0

on Re (s) > 1/2+ w, and MC(h)(s) = eMC(h;)(s) by the first assumption and Proposition 2.16.

+00
hie He s'dt

Lemma 4.11-Let f(x) be a real-valued function on RY. If there exists xy > 0 such that f(x) is of
constant sign on (xp, +oo) and if the abscissa o, of convergence (not of absolute convergence) of the
Laplace transform L(f)(s) of f(x) is finite then L(f)(s) has a singularityats=o.

5. ZETA FUNCTIONS OF ARITHMETIC SCHEMES AND MEAN-PERIODICITY

The main references for the arithmetic and analytic objects briefly introduced in this section are
[45] and [46].

5.1. Background on Hasse zeta functions of schemes. Let S be a scheme of dimension n. Its Hasse
zeta function is the Euler product

(s =[] a-1k™!

X€Sy

whose Euler factors correspond to all closed points x of S, say x € Sy, with residue field of cardinality
|k(x)]. It is known to converge absolutely in Re(s) > n. If S is a B-scheme then the zeta function {s(s)
is the product of the zeta functions (s, (s) where S, runs through all fibres of S over B.

Let K be a number field. Let E be an elliptic curve over K. Define the Hasse-Weil zeta function
(g(s) of E as the product of factors for each valuation of K, the factors are the Hasse zeta function of a
minimal Weierstrass equation of E with respect to the valuation. If E has a global minimal Weierstrass
equation (for example, this is so if the class number of K is 1), then the Hasse-Weil zeta function { g (s)
equals the Hasse zeta function (g, of the model &, corresponding to a global minimal Weierstrass
equation for E. All this follows from the description of the special fibre of a minimal Weierstrass
equation, see e.g. [34, 10.2.1]. The Hasse-Weil zeta function depends on E only.
Using the computation of the Hasse zeta function for curves over finite fields one gets the familiar
equality
(i (8){k(s—1)

(E(s) = W
on Re(s) > 2 where (k (s) is the Dedekind zeta function of K, and L(E, s) is the L-function of E. This
equality can be viewed as the definition of L(E, s).
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Let & be a regular model of E, proper over the ring of integers of K. The description of geometry
of models in [34, Thms 3.7, 4.35 in Ch. 9 and section 10.2.1 in Ch. 10] immediately implies that

Ce(s)=ng(s)CE(s)

where ng(s) is the product of zeta functions of affine lines over finite extension k(b;) of the residue
fields k(b):
-1
reto= T (10"
1sj<J

and q; = |k(bj)| (1 < j <]), ] is the number of singular fibres of &. See [22, Section 7.3] and also [4,
Section 1]. Note that ng(s)*! are holomorphic functions on Re (s) > 1.

In the next sections we study L-functions of elliptic curves, Hasse-Weil zeta functions of elliptic curves
and Hasse zeta functions of elliptic curves and last but not least Hasse zeta functions of schemes.

5.2. Conjectural analytic properties of L-functions of elliptic curves. Let K be a number field. Let
E be an elliptic curve over K, denote its conductor by qr. The L-function L(E, s) has an absolutely
convergent Euler product and Dirichlet series on Re (s) > 3/2, say

LE,s) =Y . (5.1)
n=1 1

The completed " L-function" A(E, s) of E is defined by
A(E,5) = (Nkig@p)ldi|?)"* Loo(E, S)L(E, 5)
where d is the discriminant of K and
Loo(E,8) = Tc(8)" Te(8)*".

Here, r; is the number of real archimedean places of I, r, is the number of conjugate pairs of com-
plex archimedean places of K, and I'c(s) := (27) ~°T'(s) as usual (see [46, Section 3.3]). The expected
analytic properties of A(E, s) are encapsulated in the following hypothesis.

Hypothesis Nice — Ell(KK)— (respectively Nice” — EIl(K)) IfE is an elliptic curve over the number field K
then the function A(E, s) is a completed L-function (respectively almost completed L-function) in the
sense that it satisfies the following nice analytic properties:

« it can be extended to a holomorphic function (respectively meromorphic function with finitely
many poles) of order 1 onC,
o it satisfies a functional equation of the shape

A(E,s) =wgA(E,2-5)
for some signwg = £1.

Remark 5.1-1f E is an elliptic curve over a general number field K with complex multiplication then
its completed L-function is nice by the work of M. Deuring (see [15], [16], [17], [18]). If K = @ then
Hypothesis Nice — Ell(Q) is completely known. This is implied by the fact that an elliptic curve over
the field of rational numbers is modular (see [55], [52], [19], [10], [6]).

Remark 5.2—Assuming Hypothesis Nice — Ell(K), the L-function L(E, s) of every elliptic curve E over
K satisfies the convexity bounds

|r1+2r2]IJE(§Re(5))+5

L(E,s) <ge [ISm (s) (5.2)
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for every € > 0 where
0 ifo=3/2,
uglo)=4-0+3/2 if1/2<0<3/2,
2(1-0) otherwise.

(see [28, Equation (5.21)]). Note that even if Hypothesis Nice — Ell(K) is relaxed to Hypothesis Nice? — Ell(KK)
then L(E, s) is still polynomially bounded (see section 5.5).

One of the purposes of this section is to establish a strong link between Hypothesis Nice — EII([K)
and mean-periodicity. This will be achieved by investigating analytic properties of Hasse zeta func-
tions of elliptic curves, in agreement with the philosophy of [21].

5.3. Hasse-Weil zeta functions of elliptic curves. Let K be a number field. Remember that the com-
pleted Dedekind zeta function of K is given by

Ak (8) = 1di "2k 00 () ()

where
{K,00(8) :=TR(8)" T'c(s)" (5.3)
with Tgr(s) = 77521 (s/2) as usual and T'c(s) has already been defined in the previous section. Ak(s)
is a meromorphic function of order 1 on C with simple poles at s =0, 1, which satisfies the functional
equation
Ak (s) = A1 -s).
Moreover, (i (s) satisfies the convexity bounds

r1+2r2]#ﬂ< ORe (8)+e

(K () <k,¢ [ISm(s)] (5.4)

for all € > 0 where
0 ifo=1,
k(@) =< (-o+1)/2 ifo<so<l,
1/2-0 otherwise.

(see [28, Equation (5.21)]). Let E be an elliptic curve over K. The Hasse-Weil zeta function of E may
be written in terms of the completed zeta-functions and L-function as follows

L (E, $) Ak ()AK(s—1)
(Koo (S)Koo(s—1)  A(E,s)

(e () = ldi M * Nk qp)*'?

The functional equation I'(s+ 1) = sT'(s) and the equality 2T'¢c(s) = I'r(s) Tr(s + 1), which is implied by
Legendre’s duplication formula, lead to

S_l)n(s—l)“ KD, (5.5)

a7 271 A(E, s)
As a consequence, Hypothesis Nice — Ell(K) implies the following hypothesis.

(E(s) = ldi|"*Nig(qp)*'? (

Hypothesis Nice — HW(K)— For every elliptic curve E over the number field K, the Hasse-Weil zeta
function {g(s) satisfies the following nice analytic properties:

e it can be extended to a meromorphic function on C,
« it satisfies a functional equation of the shape

(NK|Q(CIE)_1)S/2 (p(s) = (Nw@(CIE)_I)(Z_s)/Z D" 2wplp2-s)

for some sign wp = £1.
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Remark 5.3—Note that the constants in the conjectural functional equations of Hasse-Weil zeta func-
tions of elliptic curves are much simpler than in the conjectural functional equations of L-functions
of elliptic curves. In particular, they do not depend on the discriminant of the field. Note the absence
of gamma-factors in the functional equations Hasse-Weil zeta functions of elliptic curves. Even the
total conjectural sign in the functional equations does not depend on archimedean data associated
to K. Hasse-Weil zeta functions of elliptic curves are, from several points of view, more basic objects
than L-functions of elliptic curves.

Remark 5.4—Hypothesis Nice - HW(IK) implies the meromorphic continuation of A(E,s) and the
conjectural functional equation of A(E, s) for every elliptic curve E over the number field K. In par-
ticular, Hypothesis Nice - HW(K) recover the gamma-factor Lo (E, s) and the norm of the conductor
Nk (qEp)ldk |2 of L(E, s) by (5.5) and the one-dimensional study of (i (s).

Remark 5.5—The conjectural automorphic property of L-functions of elliptic curves is lost when one
goes to Hasse-Weil zeta functions of elliptic curves. It is then natural to wonder which replacement of
automorphic property should correspond to Hasse-Weil zeta functions of elliptic curves. This work
shows the mean-periodicity is one of such replacements.

Here we state the following hypothesis for the mean-periodicity.
Hypothesis Mp — HW(K)— For every elliptic curve E over K, if

Zg(8) = Ak (8) (N[KlQ(qE)_l)ZS/Z (E(25)
then the function
he(x) = fz,(0) = (=D 2wpx ! fz, (x71)
is c€°°1y(IR€jﬁ)-mecm-periodic (respectively S(RY)* -mean-periodic), or the function Hg(t) := hp(e™) is

po
<€§§p (R)-mean-periodic (respectively S(R)* -mean-periodic), where fz, is the inverse Mellin transform

of Zg defined in (4.5).

Clearly, the mean-periodicity for hg(x) and the mean-periodicity for Hg(¢) are equivalent. One
link with mean-periodicity is described in the following theorem.

Theorem 5.6— Let K be a number field. Then
e Hypothesis Nice’ — EIl(K) implies Hypothesis Mp — HW(K).
» Hypothesis Mp — HW(K) implies Hypothesis Nice - HW(K).

Remark 5.7—We have already mentioned that Hypothesis Nice — Ell(Q) holds. As a consequence, the
two other hypothesis are also true. Let us give some more information on the mean-periodic func-
tions, which occur in this particular case (see Corollary 4.6). If E is an elliptic curve over @ and

c
(eR9)=) —= (5.6)
m=1
then the mean-periodic function hg satisfies
my 1
H =Rl = Y Y Gl e
A pole of Zg(s) m=1 (m-1)!

of multiplicity m,
=2 Z (Z Cd) [eXp (—nnze_Zt) +wEeXp(l‘—nn2e2t)]
n=z1l\d|n

where the coefficients C;;, (1) (1 < m < m,) are defined in (4.4).
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Proof of Theorem 5.6. The second assertion is a consequence of Theorem 3.2. Let us show the first
assertion applying Theorem 4.2 and Theorem 4.7. Adopting the same notation as in Theorem 4.2,
we choose Z1(s) = Z(s) =y(s)D(s) = Zg(s) with y(s) = Ak (s) and D(s) = (N[Km‘}(q};)_l)z“2 (g(2s). The
functional equation satisfied by Zg(s) is

Zg(8) = (-1)""2wp Zp(1 - s).

In addition, Zg(s) belongs to & since Ak (s) has two poles and the poles of y(s) and D(s) are in the
vertical strip |Re(s) —1/2| < 1/2:= w and
« the estimate (4.1) follows from Stirling’s formula and classical convexity bounds for Dedekind
zeta functions given in (5.4),
« the estimate (4.2) follows from the Dirichlet series expansion of {(s) for Re(s) > 2,
« the crucial condition (4.3) is an application of Proposition A.2 and the convexity bounds for
the Dedekind zeta function given in (5.4).
From Hypothesis Nice” — Ell(K), the function P(s)L(E, s) is an entire function for some polynomial
P(s) satisfying P(s) = P(1 —s). Adopting the same notation as in Theorem 4.7, we choose U (s) =
U, (s) = U(s) and Vi (s) = Vo (s) = V(s) where

Us) = @m "@m) " |dkl"?@s— 1" (s— DAk (5) Ak (28) Ak (25 — 1) P(2s),
V(s) = (2s—1)s’(s—1)>A(E,2s)P(2s).
U(s) and V (s) are entire functions satisfying the functional equations
Us) = D"Mua-s),
V(is) = —-wgV(1-ys).

The estimate (4.13) is a consequence of Stirling’s formula and convexity bounds for P(s)L(E, s) and
the Dedekind zeta function given in (5.2) and in (5.4). 0

We get, arguing along the same lines, the following proposition.

Proposition 5.8— Let K be a number field and E be an elliptic curve over K.
« If Hypothesis Nice” — EII(K) holds then the function

hfgz) (x) := fzg (x) — x_lfzg (x_l)

with Zg(s) = Ak(s) (NW@(qE)‘l)ZS/ZCE(Zs) is %ggly(ﬂ%i)-mean-periodic (respectively S(R})™ -
mean-periodic), and the function Héz)(t) = hg)(e_t) is <€é§’p (R)-mean-periodic (respectively
S(R)* -mean-periodic), where fzf, is the inverse Mellin transform of Zé defined in (4.5).

o If hg) (x) is %ggly(ﬂ%i)-mean-periodic or S(RY)*-mean-periodic, or Hg)(t) is Cexp (R)-mean-
periodic or S(R)* -mean-periodic, then %(s) extends to a meromorphic function on C, which

satisfies the functional equation
_oys/ _
(Nkio(ap) ™)™ ¢4(s) = (Nigap) ™)

Remark 5.9—1If E is an elliptic curve over Q of conductor ¢gg, which only satisfies Hypothesis Nice — EIl(Q),
then the mean-periodic function hg) satisfies

2-95)/2
Y22 -s).

mjy 1

(e = Y y Cm(/l)—l'tm_le’”
A pole of Z2(s) m=1 (m-1)!
of multiplicity m,

=4y (Z cdoo(n/d)) [Ko2mne™") —e'Ky(2nne’)| (5.7)

n=1\d|n
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since

1 o0
— | Ak(9*xSds=4) oo(nKo (2mnx)
2im Jioy n=1
where Kj is the modified Bessel function, the coefficients C, (1) (1 < m < m,) are defined in (4.4), the
coefficients (¢y,) m=1 are defined in (5.6) and 0o (n) = ¥ 4/, 1 for integer n > 1 as usual. In addition, the
function

1 24 s n’x
v(x):= 2in @2s—1%s*(s— D*A(E,25)%x S ds = Z anW|—- (5.8)

2
(0 n=1 E

@ = 0 where the coefficients (an) n=1 are defined in (5.1) and

belongs to S(RY) and satisfies v *x h;

1
W) =— | @s-1%s*s-1*T2s)?x " ds.
2im Jo)

Remark 5.10—Using the series representation in the right-hand side of (5.7) and the right-hand side

of (5.8) one can directly check that h(2 (x) € poly([R ), v(x) € €°(R]) and v(x) is of rapid decay as
(2)

x — +oo. If one can prove that v * h’ = 0 and that v(x) is of rapid decay as x — 0" then it implies
the meromorphic continuation of %(s) and its functional equation, without using the modularity of
E.

Remark 5.11-Let E be an elliptic curve over Q and let /; @ (x)be€ (RX)-mean-periodic. According

poly
to (5.7), we can split hg (x) into

he (x) = Ry o (X) + B, | () + B (x)
where
h(z) x) = Z C, (0 )( 1) 1 m—l(x)
0,0 - m ) )
@ . : D™
hio (0 = Z_lcm(l)mlog (x)x
and -
(-1) - _
@ () m-1 A
hi) (%) = > Z Cn(V) -~y log™ ™ ().

A pole of Zz(s) m=1
of mult1p11c1ty my
A#£0,1

All these three functions are célf(‘)’ly(lﬂii)-mean-periodic by the assumption. As a consequence,

MC(h2) () = MC(RE),) (51 +MC(RE} ) 51+ MC(RE) ) (9),

where MC (h(z

E,0,0 ) (s) has only one pole of order

) (s) has only one pole of order four at s =0, MC (hgo 1

four at s = 1 and the poles of MC (h(zl) (s) are given by the non-trivial zeros of L(E,2s) according
to the conjectural linear independence of zeros of L-functions (see [11, Page 13]). Proposition 4.10
entails that if hg)l (e™!) is of constant sign6 on (ty, +oo) for some real number ¢, and if MC (h(z ) (s)

does not have poles on the real axis except at s = 1/2 then all the poles of MC (hg)l) (s) are on the line
Re(s) = 1/2. In other words, L(E, s) satisfies the Generalized Riemann Hypothesis.

We would like to provide some evidence’ for the single sign property of hg)l (e”Y tohold. Set Hg (1) :
=—e! hg) (e~ "), then the function Hg(?) coincides with the function H(#) defined in [22, Section 8.1].
Then the single sign property of Hy"(¢) implies the single sign property of hg)l (e”"). On the other
hand, the single sign of H;"(f) holds under the Generalized Riemann Hypothesis for L(E, s) if all the

6This function is said to satisty the single sign property.
"For numerical computations, see http://www.maths.nott.ac.uk/personal/ibf/comp.html
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non trivial zeros, except s = 1, of L(E, s) are simple and E is not of analytic rank 0 (see [50, Proposition
4]).

Remark 5.12—Finally, let us explain why the functions hg(e) and hg)(e‘t ) cannot be ¥ (R)-mean-
periodic neither € (R)-mean-periodic. For instance, let us assume that Hg(1) = hg(e™!) is € (R)-
mean-periodic and that A(E, s) is nice. We can choose a non-trivial compactly supported measure
on R satisfying Hg * u = 0. According to the explicit formula (5.7), the poles of the Laplace—Carleman
transform LC(HE)(s) are exactly the poles of Zg(s) with multiplicities. Thus, if A € C\{0,1/2,1} is a
pole of LC(HE)(s) then A is a non-trivial zero of L(E,2s) of multiplicity M, = 1 and a non-trivial zero
of (K (s) of multiplicity ny < M,. Let Ag be the multiset (with multiplicities) of poles of LC(Hg)(s)
(except 0,1/2 and 1 as previously) and let Zg be the multiset (with multiplicities) of non-trivial zeros
of L(E,2s). We have just seen that Ag < Zg. On one hand, there exists a constant Cg # 0 such that

N(R; Zg) = {A € ZE,|Al < R}| = CgRlogR + O(R)

according to [28, Theorem 5.8]. On the other hand, the set Ag is a subset of the multiset (with multi-
plicities) of the zeros of L..(u)(s) by definition of the Laplace-Carleman transform. According to [33,
Page 97], the function L. (1) (s) belongs to the Cartwright class C, which is the set of entire functions
1 of exponential type satisfying
f+oowdt<oo. (5.9)
o 1+12
Here, the fact that p is compactly supported is crucial. It implies that ( [33, Equation (5) Page 127]),

N(R;L+(w):=1{1eC,LL(w) =0,IAM| <R} = CLR+0(R)
for some Cl’E # 0. As a consequence,
NR;Ap) =l{A € AE,|IAl < R} = Og(R)

and
NR; Zg\ AE) =p—+00 N(R; ZE).

Statistically speaking, this means that if 21 is a zero of L(E,s) of multiplicity M, then A is a zero
of {k(s) of multiplicity greater than M,. Of course, such result would not agree with the general
admitted expectation that zeros of essentially different L-functions are linearly independent (see [11,
Page 13]).

5.4. Hasse zeta functions of models of elliptic curves. Let E be an elliptic curve over K of conductor
gg and & be a regular model of E over K. In the two-dimensional adelic analysis the Hasse zeta
function of & is studied via its lift to a zeta integral on a certain two-dimensional adelic space, see [22].
We assume that & satisfies all the conditions given in [22, Sections 5.3 and 5.5], i.e. the reduced part
of every fibre is semistable and E has good or multiplicative reduction in residue characteristic 2 and
3. If fp is a well-chosen test function in the Schwartz-Bruhat space on some two-dimensional adelic
space then the two-dimensional zeta integral (¢ (fy, s) defined in [22, Section 5] equals
Co(fo,s) = [] Aw(s/2)%cg *Co(s)®

1<i<I
where i runs through finitely many indices and K; are finite extensions of K which include K itself,
Ce = H Ey-
y singular

Let us say a few words on the constant cg. We know that

Nkig(qg) = I1 |k(b)|/?

y = &} singular
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according to [46, Section 4.1] and that

b {|/€(19)|f"+”“’_1 if y = &), is singular,
y=

1 otherwise

where my, is the number of irreducible geometric components of the fibre ( [22, Section 7.3]). As a
consequence, the constant cg satisfies
ce =Nkioar) [] a; (5.10)
1<j<J

since

[T a;= 1 k™"

1<j<J beB,
according to [22, Section 7.3].

In [22] it is conjectured that the two-dimensional zeta integral satisfies the functional equation

{éa(f()rs) =C(g)(f0,2_s)

namely
2-9)/2

_2\5/2 -
(cz2)""ts(9)* = (cz?) (g2~ s)?

(note that the completed rescaled zeta functions of K; will cancel each out in the functional equa-
tion). It is easy to check the compatibility with the previously seen functional equations. If {g(s)
satisfies the functional equation

(NK|@(qE)_1)S/2(E(S) =(-D)"" 2wy (Nw@(CIE)_l)(z_S)/Z (g2-39)
then
(e(s) = ne()(E(s)
—— _1_ne(s)
= (=) wgNKo(qg)® lm(é?(Z— s)

s—1
(_1)r1+rz+wa Nk E) l_[ qj) (e2-5)

1sj<J

(D" e wple2 - )
according to (5.10). Thus, Hypothesis Nice - HW(K) is equivalent to the following hypothesis.

Hypothesis Nice — H(K)— For every elliptic curve E over the number field K the Hasse zeta function
(s (s) satisfies the following nice analytic properties:

e it can be extended to a meromorphic function on C,

o it satisfies a functional equation of the shape
@2-9)/2

(1) ¢s() = 1 g (1) s2 - )
for some signwg = £1.
Hypothesis Mp — H(K)— For every elliptic curve E overK, if
—1\28/
Zg(s) = ( T A, 9| (cz") " ¢s29)
1<i<I

then the function

he(x) = f2,00 = (1" H wpx fr (x71)
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is %ggly(ﬂ%i)-mean-periodic (respectively S(R)* -mean-periodic), or the function Hg(t) := he(e™h) is
Coxp B -mean-periodic (respectively S(R)* -mean-periodic), where fz, is the inverse Mellin transform

of Zg defined in (4.5).
Another link with mean-periodicity is described in the following theorem.

Theorem 5.13— Let K be a number field.
« Hypothesis Nice’ — Ell(K) implies Hypothesis Mp — H(K).
o If Hypothesis Mp — H(K) or Hypothesis Mp — HW(K) holds then Hypothesis Nice - HW(K) and
Hypothesis Nice — H(K) hold.

Remark 5.14—We do not describe the explicit formula for hg (e~ ) here but let us say that such formula
should contain the contribution of the poles of ng (25).

Proof of Theorem 5.13. We have already seen that Hypothesis Nice - HW(K) and Hypothesis Nice — H(K)
are equivalent. Hence the second assertion is a consequence of Theorem 3.2. Let us show the first
assertion applying Theorem 4.2 and Theorem 4.7. Adopting the same notations as in Theorem 4.2,
we choose Z;(s) = Zy(s) = y(8)D(s) = Zg(s) with y(s) = [11<;<s Ak, (s) and D(s) = (051)25/2 (e(2s). The
functional equation satisfied by Zg (s) is

Ze(s)= (=D gpZe(1-s).

In addition, Zg(s) belongs to & since each Ay, (s) has two poles at s = 0,1 and the poles of y(s) and
D(s) are in the vertical strip |Re(s) —1/2| < 1/2:= w and
¢ the estimate (4.1) follows from Stirling’s formula and convexity bounds for Dedekind zeta
functions given in (5.4),
« the estimate (4.2) follows from the Dirichlet series expansion of {(s) for Re(s) > 2 and from
the fact that ng(2s) is uniformly bounded on Re(s) > 1/2 + w, w >0,
« the crucial condition (4.3) is an application of Proposition A.2 and the convexity bounds for
the Dedekind zeta function given in (5.4). Note that ng(2s) is a finite Euler product, which
may have infinitely many poles only on the critical line Re(s) = 1/2 but its set of poles is a

well-spaced set namely
2m

<< ]MZ.
From Hypothesis Nice” — EIl(K), P(s)L(E, s) is an entire function for some polynomial P(s) satisfying
P(s) = P(1 - s). Adopting the same notations as in Theorem 4.7, we choose U (s) = U»(s) = U(s) and
Vi(s) = Vo(s) = V(s) where

U(s) = (4m) " 2m) "2 dy V2 2s = ) s I TT A (5)

1<is<I

V()= 2s—Ds" (s = (") 7" (Niig (@) ™)" ne 297 AE, 25 P(25).

A (2s)Ak(2s—1)P(2s),

U(s) and V (s) are some entire functions satisfying the functional equations
Us) = (D"tlua-s),
V() = -D"opV(a-ys).

Note that the sign (-1)/, which occurs in the second functional equation, is implied by (5.10). The
estimate (4.13) is an easy consequence of Stirling’s formula and convexity bounds for L(E, s) and the
Dedekind zeta function given in (5.2) and in (5.4). (]

We get, arguing along the same lines, the following theorem.

Theorem 5.15— Let K be a number field and E be an elliptic curve over K.
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o If Hypothesis Nice’ — EIl(K) holds then the function
hg) (%)= fr2(x) - x_lfzé (x7h),

where Zg (s) := ([T1<i<1 Ak, (5)) (Cél)zw2 (6(29), is €3 (RY)-mean-periodic (respectively S(R})" -
mean-periodic), and the function Hg)(t) = hf;)(e‘t) is Gexp(R)-mean-periodic (respectively
S(R)* -mean-periodic), where fz; is the inverse Mellin transform of Zé, defined in (4.5).

o If hfg,z) (x) is %ggly(ﬂ%i)-mean-periodic or S(RY)* -mean-periodic, or Hg)(t) is Cexp (R)-mean-
periodic or S(R)* -mean-periodic, then {g(s)?* extends to a meromorphic function on C, which
satisfies the functional equation

(52" 29 = (c5?)

Remark 5.16—The first part of the previous theorem justifies the hypothesis on mean-periodicity of
Hg) (1) suggested in [21, Section 47] and [22, Section 7.3]

(2—-s)/2
Y-

Remark 5.17—For a description of the convolutor of the héaz) (x) which uses the Soulé extension [47]
of the theory of Connes [9] see [49]. Assuming the modularity of E, this work demonstrates some
duality between the two dimensional commutative adelic analysis on & and the theory of cuspidal
automorphic adelic GL(2)-representations.

5.5. Hasse zeta functions of schemes and mean-periodicity.

Theorem 5.18— Let Z (s) be a complex valued function defined inRe (s) > 0.
(I) Assume that there exists a decomposition Z (s) = £1(s) %»(s) ™! such that

o Z;(s) (i =1,2) are some absolutely convergent Dirichlet series in the half plane Re(s) > 01,
o Z;(s) (i =1,2) have a meromorphic continuation to C,
e thereexistsomeq; >0,1; =1, 1;; >0, Re(u; ;) > —01A; j (1 < j <r;) and|e;| = 1 such that the
function
i
Zi(5) =i Li(s) =q]? [[ T js+ pi, ) Li(s),
j=1
satisfies the functional equation Lis)=€;L(d+1-73) for some integer d =0,
o there exists a polynomial P(s) such thatP(s):@i (8) (i = 1,2) are entire functions on the complex
plane of order one,
o the logarithmic derivative of £, (s) is an absolutely convergent Dirichlet series in the right-half
planeRe(s) > 0, = 0.

Under the above assumptions, we define

2 _11()

Az(s) = — Z(s)=v(8)Z(9),
< A0 YZ(S) 14
As(s) = Az()
and the inverse Mellin transforms
1
fzm(s) = — | Ag®)"Az(d+1)s)x °ds,
2mi Jo
]' m =S
[z m(®) = pyr (C)A@(s) As((d+1)s)x ds

where ¢ > 1/2+ w. Then there exists an integer mx € Z such that the function

hzmX) = fzm@) —ex”' fz  (x7h, (=165 (5.11)
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is nggly(ﬂ%i) -mean-periodic and S(R})* -mean-periodic, and the function Hz ,(t) = hz mn(e” B is <€§§p (R) -

mean-periodic and S(R)* -mean-periodic for every integer m = mz.

(I) Conversely, suppose that there exists a meromorphic function y(s) on C and an integer m such

that

-1-6

Ag(9)"y((d+1)s) < g1, It (s=o+it,aso<b |t =ty

forsomed >0 forall a < b, and that the function hx ,,(x) defined in (5.11) is %sgly(ﬂ%i) -mean-periodic
or S(RY)* -mean-periodic, or the function Hz ,(t) := hz n(e”?) is Cexp R)-mean-periodic or S(R)” -
mean-periodic. Then the function Z (s) extends meromorphically to C and satisfies the functional

equation

Y& Z($)=¢eyd+1-5Zd+1-3).

Remark 5.19—1If Z (s) is real-valued on the real line, namely the Dirichlet coefficients of %£;(s) (i = 1,2)
are real, then Z(5) = Z(s) for any complex number s and Z(s) is self-dual with € = +1. This is the
case when studying Hasse zeta functions of arithmetic schemes.

Remark 5.20— Theorem 5.18 can be applied to the study of Hasse zeta functions of arithmetic schemes.
Let S be a scheme of dimension d + 1 proper flat over Spec Z with smooth generic fibre. Denote by
Zs(s) the rescaled Hasse zeta function {s(s) defined in section 5.1 such that its functional equation is
with respect to s — 1 — 5. The function Zg(s) can be canonically written as the quotient of two mero-
morphic functions with finitely many poles £ (s) %5 (s)7!, and the numerator and denominator are
factorized into the product of certain L-factors. In particular, all the assumptions of the theorem
above follow from the much stronger standard conjectures on the L-factors of the zeta functions, see
e.g. Serre ( [46]). The last condition about the absolute convergence of the logarithmic derivative of
the denominator follows from the fact that the denominator of the Hasse zeta function is the product
of Euler factors (1 — al(p)p‘s)‘1 e (l=ag (p)p~)7L, such that |a;(p)| < p® for some a = 0, for al-
most all p and finitely many factors (1—g( p~*)) ! with polynomials gp of degree not exceeding d +1.

Thus, we have a correspondence between Hasse zeta functions which admit meromorphic contin-
uation and functional equation of the type expected in number theory and mean-periodic functions
in certain functional spaces: for each such Zs(s) and every m = mz, we get the function hz, ;.

More generally, the previous theorem can be applied to the class of functions closed with respect to
product and quotient and generated by rescaled Hasse zeta functions (and L-functions) of arithmetic
schemes.

Remark 5.21-Note that the function hz,,, preserves the information about poles of the zeta func-
tion and essentially about zeros of the denominator %> (s), but not the information about zeros of the
zeta function. We can also apply the previous theorem to the function Zs(s)~! then the correspond-
ing hz-1 ,,(x) will preserve information about zeros of {s(s).

In dimension two the numerator of the zeta function of a regular model of a curve over a number field
is the product of one-dimensional zeta functions, whose meromorphic continuation and functional
equation is the one dimensional theory. The two-dimensional object is actually the denominator of
the zeta function and the conjectural mean-periodicity of the associated function % implies the con-
jectural meromorphic continuation and functional equation of the denominator of the zeta function.
One can imagine a more general recursive procedure, applied to zeta functions of arithmetic schemes
of dimension d + 1 assuming the knowledge of meromorphic continuation and functional equation
in smaller dimensions.
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Proof of Theorem 5.18. We show only (I), since (II) is a consequence of the general theory of mean-
periodicity as above.
We prove that there exists mz € Z such that for every m = my the function A@(s)mA 7((d+1)s) and
Ag($)™A 5((d+1)s) are in the class & (see Definition 4.1) and then we obtain (I) by applying Theorem
4.2 and Theorem 4.7 to Ag(s)" Az ((d +1)s) and Ag(s)™ A 5((d + 1) s) with entire functions

Ui(s) = Ag(®)"P(5)Z1(s),

Us(s) = Ag9)"PEZAE),

Vils) = P)Zls),

) = POZAE.

By the assumption of the theorem the function % (s) has finitely many poles. Using the Dirichlet
series representation of £ (s) we get £»(o+if) = ay, nl_” (1+0(1))) as Re(s) = 0 — oo, for some integer
n; with a non-zero Dirichlet coefficient a,,. Therefore £>(s) # 0 in some right-half plane Re(s) > ¢z =
01. Since Y2 (s) does not vanish for Re(s) > o1, the function ffz(s) has no zeros in the right-half plane
Re(s) > ¢ = 0. By the functional equation, :EEZ(S) # 0 in the left-half plane Re(s) < d + 1 - c,. Hence
all zeros of@(s) are in the vertical strip d + 1 — ¢ < Re(s) < ¢,. Thus all poles of Ag(s)" Az ((d +1)s)
are in some vertical strip, say |s—1/2| < w.

We choose

Ag()™y1(8)y2()7
L1(5)Lo(s)7!

v(s)
D(s)

as a decomposition of Ag(s)"* Az ((d +1)s) in definition 4.1.

Using Stirling’s formula we have (4.1) if m is sufficiently large. Using the Dirichlet series of Z;(s) (i =
1,2) we have (4.2), if necessary, by replacing the above w by a larger real number.

For (4.3), we first prove that

o %) (s) is polynomially bounded in vertical strips a < Re(s) < bforall a< b,
« there exists a real number A and a strictly increasing sequence of positive real numbers {z,}
satisfying %» (o + ity) ! < t;% uniformly for |[(d+1)(c —1/2)| < 1/2+ w+3.

The first assertion is obtained by a standard convexity argument. The function % (s) is bounded
in the half-plane Re(s) > 0, + € by the absolute convergence of the Dirichlet series. Hence we have a
polynomial bound for %) (s) in the half-plane Re(s) < d+1-01—¢ by the functional equation and Stir-
ling’s formula. Then the polynomial bound in the remaining strip follows by the Phragmen-Lindel6f
principle. From the assumptions for %, (s) we have

« the number of zeros p = B+ iy of £, (s) such that |y — T| < 1, say m(T), satisfies m(T) < log T

with an implied constant depends only on y(s),
« there exists ¢} > ¢, such that

Ll(s 1
2() _ —— +0dog|t])
L5(9) lt—yl<1 S~ P

for alls:0+itwithd+1—c£ <0< cé, || = ty, where the sum runs over all zeros p = + iy
suchthatd+1l-c<sf<cand|y—tI<1

as an application of Proposition A.1. The above two claims allow us to prove the above assertion for
%>(s)~! as an application of Proposition A.2, if necessary, by replacing w by a larger real number.
Combining the polynomial bounds for #; (s) and %5(s)”! we obtain (4.3).

Hence we find that Ag(s)™ Az ((d +1)s) is in & if m is sufficiently large. Finally, we show (4.13) for
Ui (s) and V; (s) for instance, having in mind that the same argument gives (4.13) for U,(s) and Va(s).
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Because ((s), P(s) and % (s) are polynomially bounded in every vertical strip, the decomposition
U1(s) = Ty (8)y1(s) - (™ P(s) %1 (s) and Stirling’s formula give (4.13) for Uy (s). Similarly, £ (s) is poly-
nomially bounded in every vertical strip. By Stirling’s formula and V;(s) = y2(s)P(s) %> (s), we have
(4.13) for V5 (s). O

6. OTHER EXAMPLES OF MEAN-PERIODIC FUNCTIONS

6.1. Dedekind zeta functions and mean-periodicity. In this part we apply the general results in sec-
tion 4 to the Dedekind zeta functions. Let K be a number field and
A (28)Ak(2s—1
Zic(s) = K (28) Ak ( ),
Ak (s)

which satisfies the functional equation Z (s) = Zi (1 — s).

Proposition 6.1— Let K be a number field. The function
hic (%) = fz,(0) = x 7 fz, (x7h)

is %ggly(ﬂ%i)-mean-periodic and S(R})* -mean-periodic, where fz, is the inverse Mellin transform of

Zk defined in (4.5). Moreover, the single sign property for hi and the non-vanishing of Ak on the real
line imply that all the poles of Zi (s) lie on the critical lineRe (s) = 1/2.

Remark 6.2—Equivalently, the function Hy (1) := hy (e™") is €

oxp (R)-mean-periodic and S(R)* -mean-
periodic.

Proof of Proposition 6.1. We can decompose Z (s) in Zk (s) = y(s)D(s) where
351 (00 (28) (i 00285 — 1)

= ldul’T ,
e e {K,00(S)
(k(28){K(2s—1)
D .
) (K (S)

The function Z (s) belongs to & since all its poles are in the critical strip [Re (s) —1/2| < 1/2 (w =1/2)
and

¢ the estimate (4.1) follows from Stirling’s formula namely

35 _3n a1 _3 _3n 2
Voela,blL VIt =1, yo+iD) <aps (|t|20 le 4ltl) (|t|30 le 2|t|)

for all real numbers a < b,
« the estimate (4.2) follows from classical convexity bounds for Dedekind zeta functions given
in (5.4),
« the crucial condition (4.3) is an application of Proposition A.4 and the convexity bounds for
the Dedekind zeta function given in (5.4).
Adopting the same notations as in Theorem 4.7, we choose U (s) = Ux(s) = U(s) and V1 (s) = Va(s) =
V (s) where

U(s) s(s—=DR2s—1)?Ax(29) A (2s—1),
V() = s(s—1)2s—1?Ak(s).

U(s) and V (s) are some entire functions satisfying the functional equations
Ul) = Uld-ys),
V(is) = V(d-ys).

The estimate (4.13) is a consequence of Stirling’s formula and convexity bounds for Dedekind zeta
functions given in (5.4). The mean-periodicity of i follows from Theorem 4.2 and Theorem 4.7. The
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final assertion of the proposition is a consequence of Proposition 4.10, since Z (s) is holomorphic at
s=0,1. (]

Proposition 6.3— Assume that all the zeros of A () lie on the lineRe(s) = 1/2 and that all the non-real
zeros are simple. If

Yo wkr2+ipTt < e 6.1)
A (1/2+iy)=0
O<y<T

for any positive real numbers A > 0 then the function hk (x) defined in Proposition 6.1 has a single sign
on (0, xg) for some xy > 0.

Remark 6.4—1In the case of the Riemann zeta function, it is conjectured that

>, lcarz+ iy)| 72k < T(log ) k-1
0<y<T

for any real k € R by Gonek [24] and Hejhal [27], under the Riemann hypothesis and assuming that all

the zeros of {(s) are simple. Assumption (6.1) is quite weaker than this conjectural estimate.

Proof of Proposition 6.3. Suppose that Ak (1/2) # 0 for simplicity. The case Ak (1/2) = 0 is proved by
a similar argument. Z (s) has a double pole at s = 1/2, and all the other poles are simple. Applying
Theorem 4.2 to Zk (s) we have

x“th(x)zcllogx+co+lim Z cyx ',
T®0<ly|<T

by (4.10), where {y} is the set of all imaginary parts of the zeros of Ak (s). Here ¢y and c; are given by

2

K
ci1logx+co= YWGIEE (Ak(1/2)logx + Ay (1/2)),
where
CK C[K
AK(S) = ﬁ +AK + O(S— 1) = —T +A|K + O(S)

Hence, in particular, c; is a non-zero real number. As for ¢y, we have

o= A RiY)Ak(1+2iy) (K00 (2iY){K00(1 +21Y) (K (2iY){K (1 +2iy)
T koo (L2400 A12+0Y) T {koeo(1/2+0Y) (arz+iy

Using Stirling’s formula, assumption (6.1) and the convex bound (5.4) of {i (s), we have

N
Y leyl<n T
lyl>T

for any positive real number N > 0. Hence we have

lim Z ny—iy

<iim Y leyl=00)
T=0 g jyi<T

=g jyl<T

uniformly for every x € (0,00). Thus
2y (x) = e1log x + O(1)

with ¢; # 0 and for all x € (0,00). This implies Ay (x) has a single sign near x = 0. U
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6.2. Cuspidal automorphic forms and mean-periodicity. The following proposition provides some
evidence for the fact that mean-periodic functions also appear in the context of automorphic cuspi-
dal representations. The analytic background is available in [38]. Let us say that if 7 is an automorphic
cuspidal irreducible representation of GL,,(Ag) with unitary central character then its completed L-
function A(rm, s) satisfies the functional equation

A(ﬂ:, S) = gﬂA(ﬁ) S)
where € is the sign of the functional equation and 7 is the contragredient representation of .

Proposition 6.5— Let @1, ,®@, in{+1} and y,--- , 7, some automorphic cuspidal irreducible repre-
sentations of GLy,, (Ag), -+, GLy, (Ag) with unitary central characters. There exists an integer mg = 0
such that for every integer m = my, the function

(%) = f7 (X) — (H 8?}) xfy (7Y
i=1

is Cgsgly(ﬂ%i) -mean-periodic and S(RY)* -mean-periodic, where

n
A" [ AGwi, 9,
i=1

Zm(s)

Zm(s)

n
A" [[AGE:, 9,
i=1

and fz,, (respectively f ) is the inverse Mellin transform of Z, (respectively Zm) defined in (4.5).

Remark 6.6—Equivalently, the function H,,(t) = hm(e”?) is S(R)*-mean-periodic and ‘ggfp(ﬂ%)-mean-
periodic.

Remark 6.7—We would like to focus on the fact that, unlike for zeta-functions of schemes, the objects
are not necessarily self-dual but the general results on mean-periodicity proved in Section 4 are still
applicable in this context.

Remark 6.8—The proof of the previous proposition is omitted since it is an immediate application
of Theorems 4.2 and 4.7. Proving that Z,,(s) belongs to & requires the convexity bounds for general
L-functions of GL, given in [38, Section 1.3] and, of course, the use of Proposition A.4.

6.3. Eisenstein series and mean-periodicity. In this section, we construct several continuous fam-
ilies of mean-periodic functions, the main tool being Eisenstein series. For simplicity, let us restrict
ourselves to K = Q. Let §) be the upper-half plane. The non-holomorphic Eisenstein series attached
to the full modular group I = PSL(2, Z) is defined by

S

7 y
E(7,5) = Ag(2s)E(T,5) = Ag(2s) ) *Z m
(c d)efoo\l"

fort=x+iyebhand Re(s) > 1, where I'o = {( »)} NT. Forafixed 7 € b, E(7, s) has a meromorphic
continuation to C with simple poles at s = 0,1 and satisfies the functional equation E (r,8) = E (r,1-39).
Fixa 7 € b, then

Zo(1,s) = —E(T’s)
QL - A@(S),
Ag(2s)Ag(2s—1
Zis = o@IMelsl
E(t,s)

satisfy the functional equations Zg(7, s) = Zg(7,1 - s) and Zé (r,8) = Zﬁ; (r,1-29).
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Proposition 6.9— The functions

ho(T,x) = froan () =X fzymy (x71),
. -1 -1
ho(X) = fzea)®) =X fzyq)(x7)
are ‘gggly(ﬂ@i)-mean-periodic and S(R})* -mean-periodic, where fz,(.,) (respectively f. zy (r,)) IS the in-

verse Mellin transform of Zg(t, s) (respectively Zé (7,5)) defined in (4.5). Moreover, if x — hg(7, x) does
not identically vanish then the single sign property for hg (7, x) implies that all the poles of Zg(z, s) lie
on the critical lineRe (s) = 1/2.

Proof of Proposition 6.9. Letus only prove that both Zg (7, s) and Zﬁg (7, s) belong to & since the results
are an application of Theorem 4.2, Theorem 4.7 and Proposition 4.10. Note that Zg(z, $) is regular at
s§=0,1and Ag(s) # 0 on the real line. Let us focus on Z&; (7, s) since the case of Zg(7, s) is very similar
to the case of Zg(s). We can decompose in Zé{ (1,8) =y(1,8)D(1,s) where

y(T,s) = Tr@s-1),
2s—1

D(1, ) M
E(z,s)

By Stirling’s formula, we have
Y58 Kany 1117 72!

for all real numbers a < b, all o in [a, b] and all |t| = #y. For afixed T € ), Z+ Z7 is a lattice in C. Thus,
the image of (m, n) — |mt + n|? is discrete in R} U {0}. We arrange the distinct values of its image as

0=c(0)<c(1)<cr(2) <+ — 00,

and define N; (k) ={(m,n) € Z x Z,|m7 + n|* = ¢; (k)}|. Then,

N; (k
Brs) =y ¥ Ne®)

_ e
= cr(b)S =N (D) (ye; (1)) +0(1))

as Re(s) — oo since N;(k) <; ¢;(k) uniformly for all fixed 7 € b, and ¥ (<7 ¢: (k) < T2. Thus,
E(1,s) # 0 for Re(s) >, 0, and E(t, s) "' is uniformly bounded in every vertical strip contained in some
right-half plane. In other words, there exists o; = 1 such that

Dy(t,0+i1) < |f|M

uniformly in every vertical strip contained in the right-half plane Re(s) > o; for some real number
A;. In addition, we have

E'(1,5) 1 « N:(k) (logy —logc; (k)
Ers Y PEY ,él e (k)

for Re(s) >, 0, where E'(7,s) = %E(T,S). Hence E'(t,s)/E(t,s) is bounded in every vertical strip
contained in the right-half plane Re(s) = U’T = 0;. Now we obtain

E'(1,5) 1
= —— +0;(log1)
E(T,8)  pu,p=E@prip=05 P
1-0.<f<0;
[t=yl<1

uniformly for —6”. <o <1+0} and =2, and

> 1=0;(og?)
E(z,0)=E(t,f+iy)=0
1-o0,<B<0o,
[t—yl<1
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with an implied constant depending only on 7 following the same lines as used in the proof of Propo-
sition A.2, since s(s— 1) E(t, s) is an entire function of order one &. These two facts entail the existence
of a sequence of positive real numbers{z,,} ,=1 and of some real number A such that E(r,0+it,;) "' =
O, (£;}) uniformly for —¢”. < o < 1+0".. Hence there exists a sequence of positive real numbers {Z,;,} i>1
and a real number A, such that

IDY(T,0 +iti)| <1 L

uniformly for o € [-0},1+ 0”] and for every integer m = 1. The above estimates imply ZG‘Q{ (t,s) is an
element of . (]

Remark 6.10-1If 7 € b is a generic point then MC(hg(7, x)) is expected to have infinitely many poles
whereas if 7 € b is a special point then MC(hg(7, x)) does not have poles since

E(t,s) = abs(@(s)L(s, (2))

for some positive real numbers a, b at certain CM-point 7 (see [56]). Thus, hg(7, x) identically van-
ishes in the second case according to (4.10).

Remark 6.11-It is known that E(7, s) has infinitely many zeros outside the critical line (see [8], [12],
[13] and [48]). Hence it is expected that the behaviour of the families {hq(7, X)};¢p and {hé(r, X)}zen
are quite different. The comparison of these two families is an interesting problem, from a number
theoretical point of view. In particular, we would like to have information on the single sign property
for both families.

APPENDIX A. A USEFUL ANALYTIC ESTIMATE FOR L-FUNCTIONS

Proposition A.2 below is used several times in this paper. Proposition A.2 is deduced from Proposi-
tion A.1 which holds for the “L-functions” defined in [28, Section 5.1] and is a slight extension of [28,
Proposition 5.7]. In particular, Proposition A.2 holds for the L-functions in [28, Section 5.1]. To prove
Proposition A.1 and Proposition A.2 we use the Hadamard product of order one entire functions,
Stirling’s formula and the boundedness of the logarithmic derivative of a function in a vertical strip
contained in a right-half plane.

Proposition A.1—Let ¥ (s) be a complex valued function defined in the right half plane Re(s) > 7.
Assume that

o ZL(s) is expressed as an absolutely convergent Dirichlet series in the right-half planeRe(s) > 01,

o £(s) has a meromorphic continuation to C,

e there exist some q >0, 1 =1, 1; >0, Re(uj) > —01A; (1 < j<r)and|e| =1 such that the
function

L) =y()ZL) =g [T s+ ) L(s),
j=1

satisfies the functional equation 2 (s) = P (d+1-3) for some integer d = 0 (the condition
Re(u;) > —01A; tells us that y(s) has no zeros in C and no poles for Re(s) = 01).

e there exists a polynomial P(s) such that P(s) 2L(s) is an entire function on the complex plane of
order one,

BE(T, s) is not a L-function in the sense of [28], but the proof of [28, Proposition 5.7] only requires that (s(s—1))" L(f, s)
is an entire function of order one and L'/ L(s) is bounded with respect to the conductor in every vertical strip contained in
some right-half plane.
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e the logarithmic derivative of £ (s) is expressed as an absolutely convergent Dirichlet series
L'(s)  { Ae(n)
L) =1 nt

in the right-half plane Re(s) >0, = o
Then
(1) the number of zero p = B+ iy such that|y — T| < 1, say m(T), satisfies

m(T) = O(log|T|)

with an implied constant depending on £ (s) only,
(2) thereexists c = max{o, (d+1)/2} such that all zeros ofg(s) areinthestripd+1—-c < Re(s) <c,
(3) there exists to > 0 such that forany s =o +it inthestripd+1—c—-1<0 < c+1, |t| = ty we have
ZL'(s) _
L)

1
—— + O(log|t])
[s—pl<1 S—p

where the sum runs over all zeros p = B+ iy of £(s) such thatd+1—-c<f<cand|s—p|<1.

Proof of Proposition A.1. We argue similarly to the proof of Proposition 5.7 in [28] which is essentially
the proof in [53, section 9.6]. First we prove (2). Using the Dirichlet series of £(s) we obtain £ (o +
it) = ay, nl_”(l + 0(1)) as Re(s) = 0 — +oo for some integer n; with a non-zero Dirichlet coefficient
ay,. Therefore there exists ¢ = max{o, (d + 1)/2} such that Z(s) # 0 in the right-half plane Re(s) >
c¢. Since y(s) does not vanish for Re(s) > o1, the function 2(s) has no zeros in the right-half plane
Re(s) > ¢ = 0. By the functional equation, 2 (s) # 0 in the left-half plane Re(s) < d + 1 — c¢. Hence all
zeros of 2 (s) are in the vertical stripd+1—-c<Re(s) <c.
By the assumptions there exist constants a, b and a nonnegative integer m such that

POZ(S) = (s(s—d-1)"e™? ] (1-2]e”,
p#0,d+1 p
where p ranges over all zeros of P(s) 2 (s) different from 0, d+1. This is a consequence of the Hadamard
factorization theorem for entire functions of order one. Taking the logarithmic derivative,
&' 1 ! P’
3 (S):_logq+y(8)_ . () m —Z(
ZL(s) 2 Y(s) P(s) s sdl pspp

(A.1)

We take ¢’ = max{oy, ¢} such that the polynomial P(s) has no zero in the right-half plane Re(s) > ¢’.
Let T=2and sp=c' +2+iT. Then

<! > A
(o) =y %(n)l —0(). (A2)
,5,”(80) = n¢ +2
By Stirling’s formula we have
1 Y (s0)
—logq+ = O(log|T)).
2 84 v (So0) 8
For every zero p = 3+ i’y we have
2 ( 1 ) 2c—d+1
=Re = .
2c—d+1)?+(T-7v)? so—p) 4+ (T-y)?

Hence we can take the real part in (A.1) for sp = ¢’ + 2+ i T and rearrange the resulting absolutely
convergent series to derive that

1
;—1 T - CloglTD. (A.3)

This implies (1). Here we used the fact that ¥, 4+ 1(% + %) converges absolutely, which is a conse-
quence of the order one condition and d+ 1 - c < Re(p) < c.
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To prove (3), we write s = 0 + i t. We suppose that d + 1 —c—1 < Re(s) < ¢’ + 1 and take £, such that
Y(s) and P(s) has no pole for || = fy. We have

_3’(5) __$’(s) L'(+2+ip

= + — + O(log|¢]).
L(s) L) ZL(+2+1ir)
By (A.1), (A.2) and Stirling’s formula, we obtain
&' ! p’ 1 1
~ (s):Y(s)+ (s)_ﬂ_ m _Z( 3 . + Odog|1)).
ZL(s)  y(s) P(s) s s—-d-1 o \s—p c'+2+it-p
In the series, keep the zeros with |s — p| < 1 and estimate the remainder by O(log|?|) using
1 1 - 2c—d+1
s—p cd+2+it—p| 1+(t—7y)?
and (A.3). Moreover we have
Y'(s)
= O(log|t])
Y(s)
uniformly for d + 1 —c—1<Re(s) < ¢’ + 1 and |¢| = ty by Stirling’s formula. Thus (3) follows. O

Using Proposition A.1 we have the following proposition which is used several times in this paper.

Proposition A.2—Let £(s) be a function satisfying the conditions in Proposition A.1. Let H > 1 and
T = max{2, tp} be some real numbers, and let a < b be real numbers such thata<d+1-c—1 and
b = c+1, where ty and c are real numbers appeared in Proposition A.1. Then there exists a real number
A and a subset &1 of (T, T + 1) such that

Vie&r,Voe(ab), ZL(fo+xin™'=0(t"

and )
LT, T+D\E7] < 7

where u stands for the Lebesgue measure on R.
Remark A.3—1In the case of {(s), this proposition is nothing else than [53, Theorem 9.7].

Proof of Proposition A.2. The following arguments are essentially as in [53, section 9.7]. We use the
notation s = o +it, t > 0. It sufficies to prove fora=d+1—-c—1and b = ¢+ 1, since £’(s)/ £ (s) has
absolutely convergent Dirichlet series for e(s) > ¢ = 0 and has a functional equation. We have

x/
©_ +0(log ) (A4)
L) pp=2LBrip=05—P
d+1-c<f<c
l[t—yl<1

uniformly ford+1—-c—-1<o0 <c+1and t = f by Proposition A.1 . The difference between the sum
in (A.4) and the sum in Proposition A.1 (3) does not exceed O(log #) according to Proposition A.1 (1).
Assuming that £ (s) does not vanish on Sm (s) = t and integrating (A.4) from s to c+ 1+ it, we get

log £(s) = > log(s—p) + O(log 1), (A.5)

ZL(P)=ZL(p+iy)=0
d+1-c<p<c
[t=yl<1

uniformly for d+1-c—-1< 0o < c+1, t = 1y, wherelog £ (s) has its usual meaning (-7 < Sm (log £ (s)) <
m). The fact that the number of p = § + iy satisfying |t —y| < 1 is O(log?) (Proposition A.1 (1)) is used
here. Taking real parts in (A.5), we have

log| £ (s)| = > log|s—p|+ O(logt) = > log|t—y|+ O(og?).
L(p)=ZL(B+iy)=0 ZL(p)=ZL(B+iy)=0
d+1-c<f<c d+1-c<p<c

[t=yl<1 [t—yl<1
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One would like to integrate with respect to ¢t from T = fy to T + 1 taking care of the fact that there
may be zeros of £(s) of height between (T, T + 1) where the previous inequality does not hold. Let
y1 <--- < ym be a finite sequence of real numbers satisfying

Vjiell, -, M},30€(-1,2, ZLo+iy;)=0.

Setting yo := T and Yp4+1 := T + 1 and assuming that £ (s) does not vanish on Sm(s) = T and on
Sm(s) =T+ 1, we have

M ryia M min (y+1,yj+1)
Z Z loglt—yldt = Z / log|t—yldt
j=0YYi  L(p)=2(+iy)=0 j=0 L (p)=%£(B+iy)=0Ymax(y-1,y;)
d+1-c<f<c d+1-c<f<c
[t—yl<1 Yi—1<y<yja1+1
M v+

1
log|t—vyldt

\%

j 0$(p):$(ﬁ+iy):0f1’—1
d+1-c<f<c
yi—l<y<yja+l

~
I

Il
Mz

(=2)

0Z(p)=%(p+iy)=0
d+1-c<f<c
yj—1<)/<_}/j+1+1

> —AlogT

J

The last inequality is a consequence of an analogue of [28, Theorem 5.8]. Thus,

> log|t—7y|>—-AHlogT
Z(p)=<%(p+iy)=0
d+1-c<p<c
[t=yl<1

forall tin (T, T + 1), except for a set of Lebesgue measure 1/ H. O

If L(f,s) is a L-function defined in [28, Section 5.1], Proposition A.2 can be stated in the following
form.

Proposition A.4—Let H>1 and T = 2 be some real numbers. If L(f,s) is a L-function in the sense
of [28] then there exists a real number A and a subset &1 of (T, T + 1) such that

15
VtegT’VUE(_E’E)’ L(f,(filt)_le(tA)

and
1

T, T+D\Er] < —
w( + 1\ &) H

where | stands for the Lebesgue measure on R.
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